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Chiral behavior of the rho meson in lattice QCD

D. B. Leinweber, A. W. Thomas, K. Tsushima, and S. V. Wright
Department of Physics and Mathematical Physics and Special Research Centre for the Subatomic Structure of Matter,
University of Adelaide, Adelaide 5005, Australia
(Received 30 April 2001; published 8 October 2p01

In order to guide the extrapolation of the mass of the rho meson calculated in lattice QCD with dynamical
fermions, we study the contributions to its self-energy, which vary most rapidly as the quark mass approaches
zero, from the processgs— wm and p—arr. It turns out that in analyzing the most recent data from the
CP-PACS Caollaboration, it is crucial to estimate the self-energy fpemm using the same grid of discrete
momenta as included implicitly in the lattice simulation. The correction associated with the continuum infinite
volume limit can then be found by calculating the corresponding integrals exactly. Our error analysis suggests
that a factor of 10 improvement in statistics at the lowest quark mass for which data currently exists would
allow one to determine the physical rho mass to within 5%. Finally, our analysis throws light on a long-
standing problem with thé parameter.
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[. INTRODUCTION tice results that needs further investigation is the discretiza-
tion of momenta inherent in all lattice calculations. In this

As the lightest vector meson, the is of fundamental regard we mention not only the finite lattice spacing but the
importance in the task of deriving hadron properties fromfact that there is a minimum possible nonzero momentum
QCD. Within lattice QCD, the ratio ofr to p masses is often available because of the finite volume of the lattice. This
used as a measure of the approach to the chiral limit. For isue is absolutely critical to the interpretation of the recent
long time lattice calculations were restricted to values ofCP-PACS data for dynamical fermiofi§], in which a first
m,/m, above 0.8. However, with the remarkable improve-result is reported aim,/m,~0.4. As we explain in detail,
ments in actions, algorithms, and computing power, there arthe only reason that it is possible to measuregimeass there
now lattice QCD results with dynamical fermions availableis that the calculation is done in a finite volume. We show
for hadron masses with current quark masses such th#bat taking the finite lattice size and finite lattice spacing into
m,./m, is entering the chiral regime. Nevertheless, in orderaccount is a necessary requirement when extrapolating to the
to compare with the properties of physical hadrons it is stillphysical region. These effects become especially significant
necessary to extrapolate the results to realistic quark massé the case of theg meson, which has p-wave, two-pion
[1]. decay mode.

In the past few years there have been some very promis- In Sec. Il we summarize the key physical ideas and the
ing developments in our understanding of how to extrapolat@ecessary formulas for extrapolating the mass optheeson
lattice data for hadron properties, such as njagsmagnetic  to the physical pion mass. This includes a discussion of the
momentq 2], charge radi{ 3], and the moments of structure limiting behavior at small and large quark mass. We then
functions[4], to the physical region. In doing so it is vital to show the result of our fitting procedure and analyze the un-
include the rapid variation at small pion masses associateckertainty in extracting the mass at the physical point. We
with those pion loops, which yield the leading and next-to-show that a factor of 10 increase in the number of gauge field
leading nonanalytic behavidiThis was crucial in arriving at  configurations at the lowest quark mass presently accessible
a reasonable value for the sigma commutd®l; for ex- would be sufficient to determine the physigal mass to
ample) However, a formal expansion of hadron properties inwithin 5%. In Sec. lll, we discuss the consequences of this
terms ofm,, fails to converge up to the region where lattice analysis for thel parameter and conclude with a brief sum-
data exist. The crucial physics insight, which renders an acmary and outlook for the future.
curate chiral extrapolation possible, is that the source of the
pion field is a complex system of quarks and gluons, with a
finite size characterized by a scale When the pion mass is
greater tham\, so that the Compton wavelength of the pion  The success of our earlier work concerning the extrapola-
is smaller than the extended source, pion loops are supion of theN andA masse$1] leads us to consider a similar
pressed as powers ah, /A and hadron properties are approach to the latest two-flavor, dynamical QCD data on the
smooth slowly varying functions of the quark mass. How-p meson[6,7]. Once again our guiding principle is to retain
ever, for pion Compton wavelengths bigger than the sourcénose self-energy contributions which yield the most rapid
(m,.<A) one sees rapid, nonlinear variations. Phenomeno-
logically this transition occurs an,~500 MeV orm_/m,
around 0.5—the region now being addressed by lattice simu-ajthough CP-PACS finds no evidence of residual errors for the
lations with dynamical fermions. lowest mass point, they caution that it is premature to draw firm

Another difficulty associated with the extrapolation of lat- conclusions based on the present low statistics.

II. CHIRAL EXTRAPOLATION FORMULA
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FIG. 1. The most significant self-energy contributions to ghe
meson mass.

variation with m_ near the chiral limit — i.e., those terms
which yield the leading nonanalyti¢ NA) behavior and the
dominant next-to-leading nonanalytiNLNA) behavior.
These processes are illustrated in Fig. 1. pheww term,
shown in Fig. 1b), yields the LNA contribution to the
mass. Thep— ma term[Fig. 1(a)] not only yields the NLNA
behavior but, of course, the width of the oncem,_ goes
belowm,/2.

In order to evaluate these self-energy terms, we take th
usual interaction$8,9:

_1
pmmwT 2

L fpmapt [TX(3,7)—(3,7) X 7]

)

and

)

’prw: gwpﬂ's,uvaﬁ(&ﬂwv)(aa;ﬁ) . 7;

These lead to the following expressions in the limit, where

the mass of the vector mesons énd w, taken to be degen-
eratg is much bigger than the mass of the pion:

2 2
so fmm ® dkk4u7m(k)
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FIG. 2. Variation with pion mass of the self-energy contributions
to the p meson, Eqgs(3) and (4), for a dipole form factor with
A ,,=630 MeV. The solid points indicate the value of the self-
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In analogy with the heavy baryon limit, we have neglected

2= 4

the kinetic energy of the heavy vector mesons. Hete and
2P correspond to the processes shown in Figs) &nd

1(b), respectively. The pion energy is given hy_ (k)
=k*+ mzw, andu,, andu,, are dipole form factors gov-
erned by a mass parameter reflecting the finite size of the
pion source. In the chiral limit these have the standard LNA
and NLNA behavior(independent of the forms chosen for
u,,andu,,):

2

_ pTT 4
Ef1)1"71'|NLNA__ 2 zmwln(mﬂ')a
w ,U,p
e 2
Ep _ /'LPngW' 3 5
7Ta)||_NA_ 24 T ( )

while they are suppressed as inverse powers pbncem,,
is comparable with the dipole mass paraméteinally, the
p— mr term contains the unitarity cut fom,<w,/2 (as
well as an imaginary piece determined by the wjdth

The formal solution to the Dyson-Schwinger equation for
the p propagator places the self-energy contributions in the
denominator of the propagator and thereby modifiesghe
mass a$10]

_ 2
m,=\mg+3

N 2
2mg’

~Mo (6)
whereX =3 +3° “and the bare mags,, is taken to be
analytic in the quark mass. Guided by the lattice data at large
m,,, we will takemq to becy+c,m>.

The dipole form factors are defined as

o o] At e -
i A2 +4w?
2 _u2\?

u"”’(k):(—/\iw+k2 ®

where i, and u, are the physical masses of theand p
mesons. The normalization of . is chosen to be unity at
the p pole and the coupling constafy,.,=6.028, is chosen

to reproduce the width of the (i.e., the imaginary part of the
self-energy. In the p— w7 case we takg,,,,= 16 Gev'!
[11]. Them? dependence of the self-energies of E§$.and

(4) is shown in Fig. 2 by the dot-dash and dashed curves,

energy when calculated at the discrete momenta allowed on the’Note that all masseée.g., thep mass,u,) and coupling con-

lattices considered in this investigation. The difference between thetants should, in principle, be evaluated in the chiral limit. However,
curves and points is an indication of the physics missing because @fs the variations from the physical values are typically of the order
finite lattice size and spacing. 10%, we use the physical values.
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respectively. The interesting behavior of tpe- 77 self- L, L,
energy has been noted in many earlier works. In the context — o <S5 (12)
of lattice QCD, it was discussed by DeGraft2] and by

Leinweber and Cohefil0] and most recently by Szczepa- Therefore to simulate the calculations that are done on the
n'{’l‘:f and Swans?rﬁ13]. O$2er.stud.|es have Io;nl:}ed at the |attice, we should replace the continuous integrals dvier
sr;?es_ggei‘g%yn?ii ee(lj ;nc[“&n_lq (invariant mass of the vector ¢ ) and(4) with a discrete sum ovek|. However when
Finally, the lattice data alone cannot separately determin&| iS Zero, the case of a pion emitted with zero momentum,
A._andA . In order to constrain them we have thereforethe integrands vanish, and hence do not contribute to the
made the reasonable, physical assumption that the size of ti§&/-€nergy. In iait there is no contribution to the self-
source of the pion field should be the same regardless dinergies untik,==2m/al . There is therefore a momen-
whether the intermediate state involvesaaor as. Thus we (UM gap on the lattice fap-wave channels, produced by this

require thatA . is chosen so as to reproduce the saméliScretization of momenta.

mean-square radius of the source as would be generated by W& have investigated this momentum dependence by
the choice ofA ., . Equating the mean-square radii results in €valuating the self-energy integrals, EG®.and(4), by sum-
the following relationship: ming the integrand at the allowed values of the lattice three-

momenta

27\ 3

B =
d°k v a

Aﬂn'ﬂ'zz\/Aﬂ'w_lu“sr' (9) ) 1
47Tf k2dk=f
0

An alternative procedure, which could be imposed in future KKy ke

analyses, would be to constrain the difference in the meson ' :
self-energy terms to reproduce the obsergedw mass dif- Where thek,, are defined by Eggll) and(12) andV is the

B spatial volume of the lattice. The results for the self-energy
ference[14-17. contributions are presented in Fig. 2. The self-energy calcu-
- lated on the latticgthe solid circles and trianglesliffers
Fitting procedure little from the full self-energy calculation in the high quark

As we hinted in the Introduction, the fact that CP-PACS ismass (n2) region. Furthermore, the effect in the— o
able to extract a measurement of tpemass atmﬂ/mp self-energy contribution is also small at low pion mass. The
<0.5 is at first sight extremely surprising. Once fhis able ~ biggest change is in the— = self-energy calculation, at
to decay one would expect to measure notghmass but the lower quark mass. This is the region in which one might
two-pion threshold. The origin of this result is the quantiza-eXpect the biggest corrections because one is approximating
tion of the pion momentum on the lattice and in particulara principal value integral on a finite mesh. This change in
the fact that the lowesinonzerd pion momentum available behavior, particularly at the lowest data poinim%
is 2r/aL, where isL is the spatial dimension of the lattice. ~0.1 Ge\#), indicates that ther self-energy contribution
For the relatively small lattice used by CP-PACS at the low-is significantly understated in the lattice simulations. Upon
est pion mass this corresponds to more than 400 Mews-  calculating the full self-energy contribution via the continu-
mentum. This is why the remains stable. ous integrals, the magnitude of the self-energy is increased

Motivated by Eq.(6), and wishing to preserve the correct by about 10 MeV, which is 30% of the self-energy contribu-
leading nonanalytic behavior of the self-energies, we havéion at this point. These results far, _and.?  are used in
chosen to fit thep mass with the simple phenomenological Eq. (10) to fit the lattice data.
form: Recent dynamical fermion lattice QCD results are pre-

sented in Fig. 3. The scale parameters relating the lattice
2P AL, m)+2L (AL ,m) QCD results to physical quantities have been adjugtéby
5% for the CP-PACS and UKQCD results. The effect is to
(10) increase the mass from CP-PACS and decrease the mass
from UKQCD, providing better agreement between the two
independent simulations. As the of the following fits is
dominated by the CP-PACS data, we focus on this data set.

Our fits using Eq(10) are based on the lowest five lattice
masses given by CP-PACS. We selected the lowest lying
masses because to move further away from the chiral limit
would necessitate additional terms beyond the first two ana-
lytic terms of Eq.(10). The results of the fit are shown as the
open squares in Figs. 3, 4, and 5. The parameters of the fit

:277% (11) Co, Co, andA ., , are then used in an exact evaluation of Eq.
#oaL, ' (10) using the full integrals in Eqg3) and(4). This result is
illustrated by the solid lines in Figs. 4 and 5. We note that the
whereL , is the number of lattice sites in thedirection, and  valueA ,,=630 MeV for the best fit, results in a softer form
the integem,, obeys factor than one might expect. We do not consider this to be

2
m :Co+ Com +
s " 2(co+c,m2)

Given the constraint relating ., and A ., this involves
three adjustable parameters. At large the self-energies are
suppressed by inverse powersof and thep mass becomes
a simple linear function ofnf, (or the quark mass

In the finite periodic volume, of the lattice, the available
momentak are discrete:

094502-3
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FIG. 3. Vector meson ) mass from CP-PACY6] (filled FIG. 5. The graph is as described in Fig. 3 except that the error

circles and UKQCD(7] (open circles as a function ofme. The bar on the lowest data poinnﬁ,~0.1 GeV?) has been reduced by
dash-dot curve is the naa three parameter fit, EqL3). The open  a factor of\10. This equates to an improvement of ten times in the
squaregwhich are barely distinguishable from the datepresent  statistics, which we do not consider an unreasonable goal for the
the fit of Eq. (10) to the data with the self-energy contributions future. The dipole mass of the best fit is th&n ,=660 MeV. The
calculated as a discrete sum of allowed lattice momenta. We havehaded area is bounded above and below by a&ttor bar.

used a dipole form factor, with ,.,= 630 MeV. The solid curve is

Eq (13) W|th the parametec;; fixed to the value giVen by chiral For Comparlson, we also show a popular three parameter
perturbation theory. fit, motivated by chiral perturbation theory:
of significant concern in the present paper because, as we mp=co+czmi+cgmi. (13)

shall discuss below, the current lattice results at tayare
not precise enough to constrain the chiral behavior. B

It is interesting to note the similarity of the results to those This nave three parameter fit is illustrated by the dash-dot
of Ref.[10]. There it was found that fitting quenched lattice curve in Fig. 3. However, since the valuefin Eq. (13) is
data with a linear extrapolation, and improving the extrapo-commonly treated as a fitting parameter, we are not guaran-
lation by adding on the— 7 effects, predicted essentially teed that it has the correct value required by chiral perturba-

the same physical mass, but that the chiral behavior waion theory (xPT). The value for the best fit is found to be
significantly different. —0.21 GeV 2. As outlined above, our expressions for fhe

self-energies have the correct LNA and NLNA coefficients
by construction. Indeed, if the coefficiety is constrained to

b2 the correct valué(—g? . /487=—1.70 GeV ?), the best fit
% 11 possible by varyingc; andc, is shown as the solid line in
) Fig. 3. As was also found in the case of the nuclgbjy the
2 10 lack of convergence of the formal expansion is such that it is
< not sufficient to fix the coefficient of the LNA term in a cubic
= 09 fit to that predicted bwPT, as the resulting form will not fit
§ the data.
=08 The importance of the accuracy of the lowest mass point
5 Diserete Sum Fit cannot be overstated. We stress that CP-PACS emphasized
*g 07 Continuous Self Energy Result -| the preliminary nature of the lowest data point, because of
> the relatively low statistics. Nevertheless, in order to prepare
0.6 ! ! ! ! for future more accurate data, we have carried out a standard

0.0 02 04, 0.6 0.8 1.0 error analysis including this point and the results are pre-
m,* (GeV?) sented in Fig. 4. The lower bound on the shaded area was

found by increasing the minimurg? per degree of freedom

of the fit by 1. We were unable to do this with the upper

bound. The result is actually limited by the physics of the

FIG. 4. Analysis of the lattice data for the vector mesen (
mass calculated by CP-PACS as a functionmﬁ. The squares
represent the fit of Eq.10) to the data with the self-energy contri-
butions calculated as a discrete sum of allowed lattice momenta.
The solid curve is for continuou§ntegra) self-energy contribu- 3 )
tions to Eq.(10). We have used a dipole form factor, with optimal ~In Ref.[18] them, dependence of the LNA term to themass is
A ,,=630 MeV. The shaded area is bounded below byraetror  given by — (1/127f%)(%g2+g2)m . This would result in a value
bar. The upper bound is limited by the constraint,>u,, as  of them?T coefficient of—1.71 GeV 2, in excellent agreement with
discussed in the text. the value used here.

094502-4
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TABLE I. Table of fit parameters,, c,, c3, A,,, the p-meson mass at ., the value of thel
parameter, and the pion mass at which dfgarameter is calculated. All values are in appropriate powers of
GeV. The cubic fit refers to Eq13) while the dipole refers to Eq10) with a dipole form factor. We find that
the error in the] parameter is halved if the statistics on the lowest point are increased by a factor of 10.

Fit form Co C, C3 A, M, J m2

Cubic 0.723 0.668 —0.207 0.735 0.44 (8) 0.223(7)

Dipole 0.776 0.427 32 0.630 0.731 0.45(7) 0.225(4)
process. In the case of a dipole form factor this means . J PARAMETER

>pun., and that is the upper limit we have shown here.

It is not unreasonable to expect an improvement in the A commonly perceived failure with quenched lattice QCD
accuracy of the calculated lattice mass values, and as @alculations of meson masses is the inability to correctly
Gedanken experiment we have explored the possibility of @etermine thel parameter. This dimensionless parameter was
tenfold increase in the number of gauge configurations at thproposed as a quantitative measure, independent of chiral
lowest pion mass. For the purposes of the simulation, we diéxtrapolations, thus making it an ideal lattice observable
not change the value of the data point, but simply reducefl19]. The form of the] parameter is
the size of the error bar by10. As can be seen in Fig. 5, the

improvement in the predictive power is dramatic. The uncer- J= ﬂ 14
tainty in the physical mass has been reduced to the 2% level. N dem2 (14
Additional improvement in the accuracy of the extrapolation Tim,/m,=18

would result from the availability of additional data in the

low pion mass region. However, it must be noted that the _m Mg+ —M, (15)
provision of data around 0.2 Gé\and higher would prob- K m2—m2

ably not assist greatly in the determination of the dipole mass
(A); it is primarily determined by points nearer the physical By using Eq.(15) and the experimentally measured masses
region. We present the parameters of these fits in Table I. of the K(495.7 MeV), K*(892.1 MeV), 7(138.0 MeV),

We have examined the model dependence of our paper l3ndp(770.0 MeV), Lacock and Micha¢lL9] determined
repeating the above fits with a monopole form factor. As can
be seen in Fig. 6, the model dependence is at the level of 15 J=0.492).
MeV at the physical pion mass with current data, and would ] ) )
have been at the few MeV level had the error bar been rebfowever, previous attempts by the lattice community to re-
duced by a factor of/10. This reinforces the claim in Ref. Produce this value have been around 20% too small. In the

[1] that this extrapolation method is not very sensitive to thec@Se of quenched calculations, this has been cited as evi-
form chosen for the ultraviolet cutoff. dence of a quenching err¢see, for example, the review in

[20]). It was noted by Lee and LeinwebEgz1] that the in-

0.80 : clusion of the self-energy of the meson generated by two-
- : pion intermediate state®xcluded in the quenched calcula-
5 07T ] tions) acts to increase thé parameter.
S ows | : . In Fig. 7 we present the value of tligparameter obtained
% o L | from Eq. (14) and our best fit to the lattice results using Eq.
= g (10). The vertical dotted line indicates the value mET
g07% - 7 where theJ parameter is to be evaluated, i.m,/m,=1.8.
& gws b i The horizontal dashed line, plotted between the values of the
f S~ squares of the physical pion and kaon masses, shows the
g 04 ] experimental estimate of theparameter from Eq15). This
;6 0.73 Memopole {599) Fresens error equation suggests that the evaluationJahay be approxi-
T e e (oo meduced errar mated by the slope of the vector meson mass extrapolation
.00 005 0.10 0.15 between these points. The cusp shown in Fig. 7, associated
m_? (GeV?) with the cut inX? _, suggests otherwise. We stress that while

the detailed slope of the curve is parameter dependent, the

FIG. 6. A magnification of the physical pion mass region of our Présence of the cusp is a model independent consequence of
extrapolation results. The solid and long dashed lines represent tH8€ two pion cut in the rho spectral function. _
best fit dipole and monopole results for a fit with the present accu- AS @ point of comparison, we have also calculatetsing
racy of the lattice QCD results. The dash-dot and short dashed lind§€ nave cubic chiral extrapolation, Eq13), described
are the dipole and monopole results for a reduction in the error bagbove. The results of our investigations are summarized in
of the lowest lattice data by a factor ¢fL0. The model dependence Table I. The value of thd parameter is similar for both fits
of the choice of the form the factor 8(2%). as it is evaluated ath~0.22 Ge\f. The effects introduced

094502-5
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0.8 T — behavior near the chiral limit. With the best data available

: one finds ap-meson mass of 731 MeV withd bounds at
675 and 1062 MeV. One could constrain the bounds by using
phenomenological guidance for the form factors, but we
would prefer to wait for better lattice data. Figure 5 suggests
that thep-meson mass could be known to within 5% in the
very near future.

Note addedSince the submission of this manuscript, the
CP-PACS Collaboration has released a prepi@#], with
work showingJ as a function of mass. We note that their
analysis does not address the chiral physics studied here. As
a result, their curves will omit the general feature of a cusp in
the J parameter as discussed in this manuscript. A similar
comment applies to the MILC Collaborati¢@23]. We look
forward to seeing a similar analysis to that presented here
applied to these new simulation results.

0.6

~ 04

0.2

0.0

0.0 0.1 0.3

0.2
m ? (GeV?)

FIG. 7. The solid curve is a plot of the value of thg@arameter
as a function ofmf, obtained from Eq(14) and the best fit to the

lattice results given by Eq10). The vertical dotted line shows the ACKNOWLEDGMENTS

point at which theJ parameter is evaluatedn(,/m.=1.8). The The authors would like to thank C. R. Allton, S. R.
horizontal line displays the experimental val(@48 plotted be-  Sharpe, J. Speth, and A. G. Williams for helpful discussions.
tween the physical values of’, andmg . We would particularly like to thank A. P. Szczepaniak for

drawing our attention to a correction in ther self-energy.
into the extrapolations by chiral physics do not begin playingThis work was supported by the Australian Research Coun-
a large role untitnfr falls below 0.2 Ge¥. Had thed param-  cil.
eter been evaluated ai>=0.19 or 0.09 Ge¥, one would
find perfect agreement with the linear ansatz of &d). APPENDIX

In this Appendix we present the evaluation of the leading
IV. CONCLUSION nonanalytic terms of th&? andX? _self-energy contribu-

tions to thep-meson mass. By the definition in EQ.0) all
We have explored the quark mass dependence opthe the nonanalytic behavior is contained in these two terms.

meson |n.clud|ng the constramts |mposeq by ph|ral symme;ry. We note that the form of the self-energy contribution from
The pionic self-energy diagrams are unique in that they give

! . S . . d p— 7w is the same as that for the procesg discussed in
rise to the leadingand next-to-leadingnonanalytic behavior Ref. [1]. Using the results found in that paper we can write

and yield a rapid variation of the meson mass near the chir k‘or the choice of a sharp cutoffé(A—K)] for the form
limit. These are the lowest energy states with given quamu%actoru ) b

numbers that have significant couplings to themeson.
Other meson intermediate states are suppressed by large

mass terms in th.e denominators of the propagators, and also sp JoprMp| 3 . N A3 A
by smaller couplings. T 2 | M-arctan o 3 M-
We find that the predictions of two-flavor, dynamical- (A1)

fermion lattice QCD results are succinctly described by Eq.

(100 with terms defined in Eqs(3) and (4) for m,  The chiral behavior of this expression is obtained by expand-
<800 MeV. We have shown that our formula gives modeling it in m,. aboutm,_,=0 (the chiral limiy. We find that in
independent results at the 2% level for the physical mass dhis limit

the p meson. However, firm conclusions concerning agree-

ment between the extrapolated lattice results and experiment A3 - 1
cannot be made until the systematic errors in the extractionsr — _ Gaprty  AMA A —mi—Imitro(mé
o > |3 m; + 5 m;, A m_+0(m;) |,
of the scale of masses can be reduced below the current level 127
of 10% and accurate measurements are mademat (A2)

~300 MeV or lower.

We have also calculated tligparameter by directly evalu-
ating the derivative of our mass extrapolation formula. We
find that the empirical estimate based on differences of me- ,u,,gfumT 3
son masses misses important nonanalytic effects in the de- 0o lna=— o4,y Ma- (A3)
rivative of m, with respect tcm,zT, as illustrated in Fig. 7.

Finally we have investigated the effects of an improve- The p— 77 self-energy contribution is slightly more
ment in the statistics of the lattice data. Present lattice dateomplicated. If we again choose éafunction for the form
are not yet sufficiently precise to independently constrain théactor we can analytically integrate E@) giving

with the leading non-analytic term being of ordef :
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A—(p,l2)+ A2+ m?

Mz — (u,/2)?

m-+ /2
+arctar( (1y/2)

Vme—(,/2)?

2

p _ _ _p7m
27777_

_ 2
672 2(1, /2) 23m7 = (41,22 = (11,/2) )[arctar(
t A+(p f2)+AZ+m2 L m2)
— arcta —arctan —————
Ve~ 2 V(27
JAZEmZ+ A
m

m

|

whereA regulates the cutoff of the integral. The region in which we are intergttecthiral limiy hasm,<(u,/2). Thus the
arguments of the arctans are complex. We use the relationship

(A4)

)—A(MPIZ)\/AZ—meT ,

—[smi—zwp/z)z](up/z)ln(

1-iz
1+iz

(A5)

i
arctariz)= =1In
2
to rewrite this expression in terms of logarithms with real arguments. Collecting the logarithms together results in the
following expression for the— 77 self-energy, fom,<(u,/2):

2. 1 )
2!7)777_ /2) _[(Iu‘plz)z_mﬂ-]glz

62 2(p

( M2 M2 — (1,/2)%]+ A2 —2(u,12)2]— 2A (pu J)N(A2+ m2)[(,/2)°— mi])
M2 A2+ m2—(u,/2)%]

VAT A
m

m

XIn

— A, /2) A+ mi] . (AB)

—[3mi—2wp/2>2]m,,/2>ln(

Looking at just the lowest order, nonanalytic, terms in the expansion abpat0, we have

2 4

3 m..
P —_pmm = 3_ _ 2
f2
_ pTT
=——>—m *In(m,,), (A7)
472 ,u

p

which is the result given in Ed5).
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