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"s.ulfll¿BI.

In this thesis ue present calculations of photo-

ionization cross sections for the diatomic rnolecules

N^, O^ and. N0. These are expected'to have irnportant¿¿
as trophysical applicati ons.

The necessary formulae and. the justification of

the one electron approach fcr evaluating electronic

matrix elements for many-electron s¡rstems are given

in CÌ:.epter 1, where an attempt is also matle to survey

briefly the relatively well known fielcl of atomic

calculations. The Chapter concludes with a resume

of previous theoretical work on photo-ionization cross

secti-ons for molecules.

fn Chapters 2 and.7 the electronic wave functions

need.ed. for the evaluation of the natrix elernents are

presented and discussed. It is apparent that approximate

ne thods ¡nust be r:sed for both the initial and final states.

S.C.F.-t.C.À.0.-l'{.0. uave functions are f ou¡d most

convenient for the bourd states and. analytic expressions

for these I1.0.ts are derived for the case cf Slater type

4.0. I s, using prolate spheroidal co-orclinates. For the

fj-rst attempt at calculatiôns of the ct'oss sectÍons,



!'lannery and. Opikts final state rnodel is chosen by

analory with coulonb rvaves which are a first approximation

for atomic calculatÍons.

The first parts of chapter 4 are concerned with the

evaluation of the electronic netrix elements with the

inÍtial and. final states of Chapters 2 ard 1' In tlæ

final part, a calculation of the cross section using

plane wave finaÌ states is presented for a ÍTY eleettont

this approach not being pursued in subseqrænt numerical

v¡ork.

The results of the calculations fcn fixed' nuclei

reveal several interesting features. Each bourd state

orbital type has a characteristic cross section curve and

this is explained.: In the high energy behaviour of ths

cross sections for lTly and. 3l¿ orbitals, we observe

peaks which are interpretecl as the basis of Cohen and'

Fanors trshoulderrr effect. lle also incorporate changes

in the parameters fc¡r fr¡- tl.O.rs and. a]so in the arnorrnt of

hybrid.ization for Cf. I,t.O. rs and d.iscuss their effects.

The inclusion of the vibrational eigenstates is

consid.ered necessary in the evaluation of the cross



section,s near threshold. and in Chapter 6 we develop

formul-ae for the cross section using the Franck-Cordon

factor approximation. comparison with experiÍent reveals

that our apploach is reliable for the llTã, l'ffn *'a 3{t

orbítals of N, and o, (if occupied.)" For the transitions

to or+( d,"i'r*, A'Trn) "n "rrotalous 
eff ect is fourd near

threshold. but for al-l ?-fy anð' 2fa orbitalsr the nodel meets

with a radical failure r+hich is d.iscussed in d.etail. Before

the total cross sections for N, ard o, are discusseil, we

investigate the vatid.ity of the Franck-cond.on factor

approxirnation in the case of photo-ionization of the lIî,

electron (of zero kinetic ettergy) in Or. We find the

variation of the electronic transÍtion moment with inter-

mrclear separation ard reach the conclusion that the Franck-

cord.on factor approxination is valicì. to within a f ew percent.

In Chapter ? we evaluate the electronic rstrix elenents

for the 27f electron of nitric oxíde. \{e fird that nuch

computational work can be avoidecl with an approximate

approach which pro\res reliable near thresholcl'

tr'inallyinChapterSrgeneralconclusionsaregiven

with a d.iscussion of possi.ble nethods for fr¡rther work

in this field.
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l"r" Jli

Abormd'systenofelectronsinanatommayirrtoract

irf th ;ohotons in a variety of d j-stinct rrays' Â photon of

frec¡ucncy '1fn¿ can be .,1Eory!q'r-q-9.r2-s-Iy--ggl!.tj-q.g! nìlen a transition

occuï's betueen tiro rliscrete lcvels of energÍes Fa ana 6nt )

i+here ,Ç,.r ;: (ç¿ ^ E")ft- , or photon emiesion can be

i!ti.r¡,.pe,1 by an external rad'latfon fiel-tl'' The presence

of ¿¡.n externa.l field. may also give rise to absorption of a

photon r,¡í.bh a transition from a lorser to a higher olectronic

state. If the incident r¿d.iation is of sufficiently short

wavelength, tle atom can absorb the photon and. an electron

rnay be ejected, in which cirse a transition to the continuum

of positive energy states occurs. This phenomenon is

called p-bpk:ùt¿!¿æ-t-þn and the kinetic energy f of tlp

ejected'electronisgivenbytheDinsteinrelation.

(r )

v¿here ,f í" the frequoncy of the incitlent quanta and Et is

the ionization potential of tl¡g initial electronic state.

For a molocular system the above remarks also apply

except that the bound. states available then consist of a

€ * At- Et



2.

series of vibrational and rotational eigenstates

superimpos€d on the electronic states. Thw the spectra

of ¡nolecules have many features not found in those cf atorns.

F\rrther, the absorption of a photon can poduce di-,ssociati-oJ

of a molecule into one or more of its atomic cornponents so

that the total absorption coefficient has this additional

contribution. Thw photons of sufficient energy to procluce

ionization can also produce dissociation and exlnrÍ-mentalists

have tþ ad.ditional task of determining the relative

contributions of photo-ionization and. dissociation froro

tlp total reasured absorbtion coefficients'

There is one other important ¡rocess that incid.ent

photons can pro¿luce. The photon energ] nay be suffieient

to ¡rornote an åtl¿-e-r ,gþ!f electron to a higher energy state

i.e. a bound.-bor¡nd transition nay occur. The final- stata of

this trarrsition may be in the continuum relative to the

ionization potential d a less negative stationary state.

This enha¡rces tJ:e probabiliþof an electron spontaneously-

or .4.!-9=i-9ni-zing. Thw the continuous absorption spectra

of atorns rnay be characterize{ by a nurnber of autoionization

lines. For rnolecules the corresponding process is called

-Prganiue.tien!.
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Ige*f llqqg-IqUI.USJlQli--gB9Ë-'''s-&cåIN"e'

Theexpressionforthephotoionization""o""sectiont(t,z)
for a bou.nd sy,: tem can be deduced by qgqpLu¡tl-*e."Le--.t-rotlvnanicg

or by the rnethod of -t-iuç- {eps.qd-e-gt- pertgrþgt¡.on theorv(t'4) '

Inthelatterappl'oachtheperturbationv¡hichensuresa

f Í¡Íte p:robability for a transition frorn a bou¡d state of

negative energy eigenvalue to a stato belonging to the

continuum of positive enorgy gtates Ís the vector potential

4(f,t) of tle radiation fielct, providins llf 2 F¿ '

Letting tho unperturbed. Hamiltonian Ho have eigenstates

according to the Schrodinger equation

Ho{n= E"y" (t.e)

shere I?" ( ( o) are the eigenvalues of the energy' ancl

then considering the pert,rbed. Hamiltonian H= Ho+ H'&) , ne

can write dosn the tirre dependent Schrodinger equation

satjsfiect by the wave sorutions v of the whole systern,

L* y, = | t[, + H'@J y (t .t))e c

as an expansron in terrns of the stationary states %(e) =

W^ e- 
i'E,e/t of the undisturberi system, rr:ì.th tirne clepend.ent

coefficients. Following the rnethod a¡rà notation of Scniff(l)

it can be readily shown that the differential cross secti-on



for photo-ionization is t

4.

a

(r.+)

where € = electronic charge,f;, = þ/* , fuÍin= GA-1")/*

4.tf = angular frequency of rad.jationrfÊ= elect,ronic masso

In d.eriving (t.+) tþ average has been taken over tle

polarization directions of tÞ incid.ent rad.iation. Two

assumptions have been rnpd.e, narnely that the final states

can be representect by momentum eigenstates e ¿SÚ ,

and that the wavelength I of the inciclent radiaiio,, i"

sufficientty greater tha¡r the dimensíons of tlæ atomic or

molecular systen involved in the proeess to render the

approxirnatlon etE't* | a varid one, K being the

propagation vector of the radiation. This latter

approxination is known as the Éipole aoPloxigltion because

it leads to the ovaluation of the ilipol-e length natrix

erenents (rt) U . Intesration or (t.4) over alr

( er, ø.) yieltls a formuta f or the total cross sectlon

vhich is essentially that quoteit by 1"t""(5),

onþ., F") = #rqs.l [r' 
¡&$ s,/^t'l

=, *:.ñ,' l(rn)ll f r,t rnl
ttJc T

c(r) = (r.¡)

rvhere !- is the velocity of the ejected. photo-electron,



5.

V/f being the rnore general final state wavs function'

The formu'a derivecr in euantun Erectr'dynamie"(t)r"

(t.o)

ilre different factors outsid.e tte rnatrix eleræn-ts being

due to the different normalization cond'itions' From'

equation (t.O) r.¡e obtain the for¡nula which is nost suitable

for caÌculations i t

usual.ly rvritten

o-(r) _= !4F l[Wtv/r*'l'

,rk) * ryt(e,+.)ä lll,so/nr,l
(r.z)

I

wher.e { = fine structr:re constant , &c = Bohr rad'ius and'

€¿ rE qre both neasurod, in units of Ir, the first

iouization potontial of atomic hyd'rogen (= tl'515 eV) '

Evaluating the constant factors Ín (l 'Z) gives the result

ú(e):' z'68? x (Fc +€)x

' +lÍntvlçnt l'- ¡,;t'-*"' (r.a).

In formul" (t.Z) the nornal-ization csnd.itions for the bound

states \//¿ and the contj-nuuru states /¡ arc respectivoly
1-

ITrV¿dc =! (t'g)

and



6.

î' J Ør G'lù tlu?lù tr = 6'le- e) (r . ro)

The application of (1.9) to the vBrious bo*ncl states

appropriate to the problems to be treatecl in this work,

will be d.iscussed in .Appendix 1; that of . (l 'lO) wiII be

d.Íscussecl in Ch.J.

There are tr,¡o other forms which the natrix elements

fn (1.6) nay take. These are knotm as the Épele-Je]ggift

ancl $!.jqo.}e eçE;Iesqtio-u forms antl the usefulness of having

theso arternatives r{as pointecl out by chandrasen""(6).

To derive the d.ipole veLocity form we utilize the

standard. relations

(t).rr= fQrtw¿t 
: (t^w+,T'(þ)r, (t 'tt)

and p *-¿fry (r.rz)

whenee the result follo st

(t.t1).

The ctipole acceleration form follows by using tho relátions

E + ttþ (r.r+)

and (þ)+t = lTrÇY.v)V¿ 
¿t (t.u)

',ihoreupon the final result ís

(t)+, ---*. (mu+f' JLrYlrar

I

(t)t, = -(m*hf'l frYV/,'tt (t're)
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Considering the tiipole acceleration form, it is clear

that ¡1re quantity yV wiII becone less appreciable at

large rl.istances from the bound system so this form relies

roost heavily on an accur&te knowlectge of V, and W¡ at

snall values of the rad.ial co-ord.inate r. similarlyr it

ca.n be argued that by virtue of the factor ¡ , the clipole

Iength forrn requires an accurate knoçIedge of. the initial and

fi¡aL stato wave functions at large values of r. The d'ipo]e

velocity form, by virtue of the factor V,W depelds for its

evaluatlon more on the values of V, urra W* "f interne¿iiate

values of r. Thus the choice of which of the tlirea

ec¡uivalent forms of the matrix elements to use for a

photoionÍzation calcuLation on a given systero depends on the

relativo accuracies of onets knoltLedge of the state functions

eoncerned at the various tlistances from the centre of masso

In our treatnents of N, anit o, r+e adopt the ilipol-e length

form of the rnatrix slernents f or reasons¡ which ,riit ¡""ot"

apparent in ch. J, where tlæ final state vfaves are presentecl

ancl discussecl .



1 . 3 . $Su-raBlrg^LElt4.yLLq^NgglallÞ- ôIJ-D--TILU..9IE

lLæ"lBo N--A!B"RAU M ¿U-ISI*

In a full treatment of photo-ionization of ah N -

electronsystem,orroshould'useanantisymnetricproduct

r,¡¿rve function tP of the Slater determinant type' in

accord.ance with bhe Pauli exclusion pri'nciple;

ty,(ùwk) ... w,G)
Wft'ttY,k),,- WLG*)tp(u,r,...tr) = (zu l)'

8o

(l.rz)

(t.le).

l,/* (*lG'IItl
YFIYl,r(t)

rshere the Vr 
( ¿';1r2,....N) are orF particle wave functions,

appr"opriately normalized.. If we denote the inítial and firel

rnany particle state functions by p. and tPf , tbn the

appropriatetiipolelengthnatrixelementstoevaluateare

ff+¿ z=

'{r*',
t,.. .tJ,

, [È¡*^] P,ft,È,-' r-)'t"¡/¿ "'ltn
/^= |

'tle wish to show that this many-particle matrix eler'¡ent can

be written as a one elect¡on transition integral nultiplietl

by a numerÍçaI d.istortion factor. To this end we write our

initial state d.etermlnantal function as

V, 
(1,þ,...ù) =

(r.r rií çco'yt,(r*)v,6u)"v,(ù"w@) 

(r 'tg)

I I



and our final state functlon as

fJ(¡,!Er

o

tr\rrthe rnore t

Then fron

6nr rrt +çf ø, (v) Á'Qù.. Ø*G). . Ø"(t")
( r .zo)

r+here E a..b..c..tl represents the sum over all
P

perrnutations of ¡-rzt...N, (-)P is .+ 1 if a per''rutation is

even and. is - 1 if it is odd. tr\rther, Vrþlr'-'V"

are the ind.ividual bourd. orbitals in the systen before

ioni-zation; Ø,,órr. .ø, are the corresponcting bourd'

state orbitals in the final system, and' generally V¡ ancl

9¡ (i+t¡ have the sane set d quantum numbers (nrll m¿, fte) .

fn (1.t9) Vi is the bound state orbital which is not present

in the final state and' in (l.zO) , /+ represents the ona

particle continuum wave function for'the ejeeteil electron.

We notice tle f {t anù /i V"ing, eigenstates of . the sane

hamiltonian of clÍfferont enerry eigenvalues, must be

J Ør/¿{.t = oorthogonalr so that

we require tbat

(t.la) we obtain

f F^V¿ar = /¿S&tQA'+t,l+ù (t.et)

anct this d.efines the factor='d¿ n lÍe now use the notation

of alternation¡ used by Roothaan(?), ,h"""by the quantities

in (1.i?) are written (t¡ I f V! V,' . . .Y,"

ú(t: 6t) I Iøl'ø1..Ør'..(nn' 
^

w

* lþj*) g,,t v,'. . V,', .ryuûlr, . , rrn

(r.zz)
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which, on Ínvoking Roothaants relation for an operator

which acts s¡rmmetrically on aII superscripts of an anti-

s¡nnmetric product wave fu¡ction, can be written

(t) (')...þr(ù...fl(")

V,'' v.'. Vrt, 
. .vuuJ dr, . . , /.r,,t

--9

x

Using the relation of aLternation to the deterrninantal

wave function we obtaint
tl

('t.25).

f,) '(').
..Ø¡(¿t...Ø"(*) L 7-*f .

f=t (t.24) .

' Zo'w@ Wrc). . . V¿@' " V, G) Jt, ' ' ' dc,t
?

Let

1-1 ,. = L Ui; F.zs)-r, i yt
r=,

where yt is the dipole length rnatrix eLeruent for the

/¿ -th electron. Then

fl[ = Z!.)'| l"'l-fL ? ¿
Ø,tù ç,¡,¡, .. þ/¿)...Ø,(Ð lr,

('t.26).
. V,þ) r/4&) . .. %(,) . ., gt"(¿) dq . ..¿c,,

supposef,t, = i and frrther that Ir 2..í.."J+[" u .."..a];

then at least one electron is in orthqgonal initial and finaÌ

bound states.ancl all such terrns vanish. Thus the onl-y

eontribution is
f.-

J' ' 'J þ,0)þ'(,)..fçØ..F*tùt; 14,(ù t¡t Q.-y; (t). . t¡/,tu) da--'dt'

I I ¡.



Corrsitler now the casef I l. The result is then

d¿-, dí,r, ... d.,t lt OV W(t) tt

nlø,t,) ... 9r (¿l .-. h)¡; *

= 1., d,

il

(t .27).

( r .29)

l"u l' lp,

, t//,(") W,&) . .. t/¿Ø. -. V,'@d'r, ' . 'dtu (i .ze) .

Then terms witrr f t 2..í..*]É {. ]b..C. .d vanish because

at least one electron is in orthogonal initial ard final

bound. states and. that witrr [r 2..i..NJ F

also vanishes by the orthogonaliff * P¿

Thus we can write, fron (t.27),

I Ír, l'= o' lfn ! v¿¿'l'

f " o. .". .uÌ

u,a þf .

uhich 1s the required result. Providing the fnitlal antl

finat ore-electron bounil states are not very mæh differentt

each d.2=/ so that lt=t and. the cross section for the Frocess

can be found. once the one-electron wave functions /¡ ana

Y¿ ^". known.
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1 .4. Agqlflç, PJ0TO-rQNIZ-ATIoN cRoss sbtrr,oNs'

Since 192? the quantum mechanical eaLculation of

photo-ionization cross sections for nany atoms ancl atonic

ions have been perforæd by one or more methods. surveys

of the progress made at different tirnes have been ruade by

Bates(a), oit"hburn and 0pit(9), "ta ¡1"t"(1o). The onry

systen that can be treated.'exactly is atomic hyd.rogen where

there exist analytic expressions for the bound state

functions and the lvell known couÌomb scattered waves expancietl

(r.fessiahrs notatioo(t t )), thus
oO

Y. :&')' z
2=o

(zûí) *eq F¿(v; lrl Pr6so) (r.¡o)

for the continuum wavesr. ÂIthough the experimental result

is onry known at a5o.6l, Oz) , the value ries precisery on the

theoreticrl "rr"u".(1J) 
tr\rrthermore, the calculations of the

photo-ionization cross section of 1s electrons have not been

restricteil to non relativistic energies. See for instance

the work of nrter(14)orrro eroployed exact Dirac vave functions

for the bound, and frea states"

Turning our attention to systlrns which contain more

than one bou¡d. electron, we recall that in sectlon 1.1 it

was indicated that in such cases suffieiently accurate

calculations could be performed. if reliable one electron
,/

wave functions could be found. for the photo-electroúls
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initiål and. final states. The best first approximationt

which hes the ad-vantage of an analytic formulation, is to
('15'16)ro" 

the bound statesuse SIater tYPe atomic orbitals'

and. ordinary Coulomb scattered. waves, as given by (1.J0) for

the final ltgtes. suclr a caleulation lsas perfOrrred. by

Bates(tz)ono wrote the bound state rattiar v¡ave f'netion as

f{,i,u 6) * çÇ a(s,c){e-<hù* (r.rr)

and. ad.justeä the values of tte coeffj-cients n{krt) so that

Ri,g(*) was a good approximation to the corresponding

function calculated. by the l{artrees usin6 the self consistent

field rnethod.(le) It can be seen that substituting (l'll) antt

(t.¡O) in (1.29) will give rise to contributing radfal

transition integrals whose forn ls
1-

| { e-vr,F,(n,t, ¡c)t¡ (t .rz) .
Jo

.A,n integral of thls type yields an analytic result, due to

+"' ( 1 .51)
whera l4 and zE, are the confluent hypergeorætric function

and the hypergeonetric function respectively. Generallyr tlue

to the clipole selection rule for the angular momentum quantum

(t.=+)
number

AE= t t
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thei'e ¿rr.o tr¡o fin¿¡I stato waves r*hich contribrrte. Tlre

c>;ccption of c ourse is a bound s- state nhich gives rise

o'Iy io ft-*orttttrn,'r 
rdaves. tho above nethod was dpplied

by Batcs(rz)ro the ions c*, Nt, 0*, F*, I'le+, ìla+ ¿rnd to

ncutr-:al Beo This work sttppJ-enientect hís previoul: *o"t(5)

r¿hcre the nerrtraL atolml,Crlf ,0;ìfrNe had been treated but

sel.f consisteirt field. rad.ial bound. state functions were

ernpl-oyed a¡d, a continugm function caleuLrted. from the self

consÍstent pobentia.I for the case of oxygon. It ls

inter-estl-ng to coI¡pare the results obtained for the in<j'ivid'ual

systeros. For Bs the cr"oss sectÍontdiminj-shcs r:api.d'ty frorn

its val1re at the spectral head (6 = 0) and. the rate of d.ccline

<l.eere¿rses as Z (atouic number) irc reases until Z=? (l{itrogett) ;

fot Z ) Z tir" cross section increases from threshold-r the r.ate

of increase itself increasing until Z=1O (Neon)' The

explanatíon of the d.ifferences in behaviour ne&r threshold'

lies in the retative ilacement of tho nodes of the continuum

functions with respect to the regions where the bound state

functions attain their maxiruu¡n or rninÍnum valuos. Such an

explanation will not be enlarged upon here, the reacler being

referred tó ttre relevant papers by sates(5'8'1?).

It + 'r îhe term cross section will hereafter mean

photo-lonization cross section unless stated

otherwise.
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I.îost attempts at reliable caleulations on atornic systerns

haveenployed.borrndand'freet¡avefunctionscalculatedby

the p e ì f -c.q-4,9j,s-tg¡-t,. -f igl.-4-J,lelf q{ ¡ o ri gina}Iy in trod'uc ed by

r1¿,.rt¡ce(2o)*r.¿ exporrrr."Led i"n severar texts 
(zl 

'zz) on atorqic

p)'ryoics. In the calculations of atomic spectra, i't is

essential to f ind. the bou¡rd t¡¿¿ve fu:tctions; if this ls

tlono by the Ilartree riethod tÌrcn the rcsulting self consistent

potentials een be used' in the Schr"odingor equatíon for the

coir.tinuum oigenfunctions ancl hence the d.ipol-e length natrix

elenents can be calcufatcd. numorically. Hor'rever, results

obtained by such rnethods rnay not be accurate unless

-q:'qry'n{e-Cflç*clg are taken j-nto account' This was made

crear by .the t'oo sets of resurts of Bates and t"tu""uy(2'),

rsho found. the cross sections for Ca an,I Ca* with and' without

tho inclusion of exchange torms in tho radjsl ecluations.

Thooffectofexcha.nger¡&stornakethenodesofthefree

rad.ial r¡ave functions occur at snaller rarlial distances'

Tlrus if ttre chances of caneell-ation in tho transition integrals

are high, then exchenge can have a radic.al effect on the cross

eectlon versus energy cÌìrve. Mol'e recent work, when airqed

at as accurate results as possible within the eontral field'

framslrork at non relativistic energies, has thus used the

-{eleþ-qee":þþ form of the wave equations which lnctuae thg

exchange integr.als. see for instance the calculations of
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Bstes srnd seatorr(z+)on C, N, 0 at tho spoctral head andr

tllos$ of Dal-garno et "r(25)ro" 
o at energies from

t)rrcsholù to photon rravolcngths of eSL (an¿ therefore

i.nc)-rläíng the !'hotoejection of the inner shell eloctronst

e-r:c':cFf, | s) .

Br¡foro d.lseussing reee:rt works wtrich have airnetl at

t:r,;a'[ing a large numbor of atoriric sys'bems Ín an approxircato

fr:.chÍon, v¡e mention tt¡o other refinernents in tho wave functlOns

userL in spocial eídseg. Tl¡,ese mako allo!¡¿¿ncs for ths

.¡'rl ,,:r:!fiçÍiel! of the eole electrons and the

of tl:e core elôstron functions togethor with 'bhe ínclusion of

gq-ti.r,ïlR1-¿An---ti:q¡¡: in tho bound' states. OtrLy ons calculatÍon

incJ-urllng oach of thess is known to the author.

Bates(26)rr,"rrraed. in the vave equation for tho continuu.n

fu.ncbions for potassium an attractive potential

Vr(Ð = -! (e/$'+¡Ð) U.t¡)
Ìl'here P is the polarizability (in "^') , "'¡ I is the

core ¡:aclius. This potential represents the influence of

the electric d.ipole induced in the core by the eJectetl

electron on the force fislcl in r¡hich the latter Ifloves. As

ne¡tionetl above, Ínclusion of exchange terrns tends to puII ln

the continuum fu¡ctions so in a sense including tho potential

U.lS) compensates for the neglect of exchanp.
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Values of P for atoms and their i-ons can be obtainetl

theoretically and experirnentally by many nethod's' as

indicatec in the comprehensive rsork of Dalgarno(zZ), and

previorrsÌy by Buckirrghr.(28). Houcver, because the

exper"Ímental curve for the potassiun cross section showed,

a d j-stinct ¡Li.¡¡i.E!I near thresho]d 
(e9)rnur"ating that

cancellation effects trould. bs so irnportant that small errors

in either the ini-tial or final state functions could. Iead

to di¿rstic changes in the results, Bates chose to treat P

as a pårameter. The effects of varying P from 0 to

2 X 1}-24"ro7 rtere investigated, ant the value at which

theory best agreed. with experinænt nas found to be

1.6 x 1o-'24t^7. That this v.as higher than the independ.ent

result of Buckingharn rlas attributed to the neglect of

exchan6e.

Turning to Taitrs ealcularrorr(lo)on the 2s electron of

lithiurn we see the onLy attempt to take account of ele-c-tron

c_o-Lqa1êlion. For tÌ¡e initial state the wave function of

Jarnes and. Coolia*(ll), " 17 terrn function d.epend.ing on

"1r, 
rZ, and r, and. also the inter-electron distances r, etcr

¡+as used.. For tle final state the ion + free electron

functions were written
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Y kt,*' ,¡) =

it [-V¿(t:,ü)\\(ù + W(r,+)Vt$) - tyr(r.,,t],¡,*(ri)J

(t.le)

where V, is the core function and VA is ths't of tho freo

electron, so that the g*e-paSe,ljÀifu of the core electron

furctions is not assuned. l{o e.Lectron correlation terms

r: : iìï'e included. in (l ,]6).rJ

cettm"n(J2)n.r¿ fou,nd. such terms made a negligible

clifferelrce to the cross section of Il-, and. correlation

effects should. be even ler:s irnportant j-n the moro compact

Li atom. Tait used. both the d ipole length and' dipole

velocity forms of tle matrix elenents (cf. section 1.1) an¿

found. that the length calculations gave better agreement with

the experimentar cross sections or la"t(31), incticating that

the wave functions employed. r¡ere less accrrate at interrned'iate

values of r.

Ttro facts that have probably becorne apparent by now are-.

that in seeking an accurate determination of tte eross section

curve f<xc,a given system, there is a large amount of conputational

labou¡ involved antt that each s¡rstem presents its o',*n special

d.ifficulties. tr\rrthermore, it is alnost too great a task to

work in a conpletely rigorous frarework and' include aII

possible rofineuÞnts in the wava fu¡tctionsr a sumnary of

nhich is given at the end of thls sectÍon. Orving to
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this state of affairs sore threorists have airned, at less

Lccuråcy and. sought application to a greater nurnber of,

systems. such.are the rnethods of cooper(r+)t* Burþees ard

s**too(35), *ho"u work r¿irr now bo briefry deseribed. before

we discuss the less invsstigatecl field, of molecular

calculatio¡s .

Cooper has ealculatecl croas section eurves for

He, l{o, At, Kr, Na, Cu+ ard Âg+. The ttunrelaxed ianic

Qr)ï,]tt e.ssumption t{B.s mad.e so that tle tiistortion factor

n in (1.2g) was essrrlred equal to unity. Furthert ths

redj-a} transition integrals

6ì,¿r, = Ë"* (*)* Ç,et, (t)d+ (t .tl'I
satisfyingwere evaluated by using bouncl orbitals

the radial llartree-Fock equation.

P,.t

r¡,
d,

A-rt
+ G"¿ (') # €*¿ - ¿(!'¡) Íì¿ = Xn¿ (t.ts)

tr
where 4¿ i" the potenti¿1 antt Xn¿ ,ep"esents the excleanp

terms, wiür continuum orbitals satisfying tls salne radial

equation but with tn¿ reptacecl by € , the positive energy

of the free electron. The results were in fal-r agreeuent

rvith experinent but somewhat surprising was the agreement to

within 1Øo of the length, velocity and' acceleration
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results, for He, Ne, C,.,+. Eovever, the bountl state function¡

have no nod.es and. herne, at retatively low eleetron energieet

there is no strong cancelletion in the t¡''nsition integrals.

This however' is in icontrast wlth the apptuentþ roore

accurate ebove mentioned calculations of t.it(1O)on llthiun,

where the length ard velocity resultg differed by a factor

of ahnost 2. Burg.ejs and' Seaton used, the quantum defect

method (eÐU) to calculate cross sections for He, Li, Nat

Irlg+, si+, .K, Ca+, o, o*, 0++ ard o#f fo" transitions

involving s, p and d electrons. QDI{ is based on the

ideas of Bates and Daroga"*(5e)ror carcurations on bounô-

bounil transi.tion probabilities. The major contributlons

to transition integrars t ntf n¡ac , which ariee in the

d.ipole length form for oscillator strengths may come fron

Iarge values of r. Ât such values the accurate Hartree-

Fock potentia I reacheg its esy¡irptòtic fora N ZZ/t and, t]ne

radlal vave functÍons for posltive energy tt"o. """"hetl 
their

asynptotic forn which can be vrltten 
'

ft(+)
s¡,n,(A* - *,¿n +Yhz*t +"¿,t1+ix) ¡ (t .19).

*+o

where 8G)

+ tG))

is t¡e phase shift with respect to ordinary

Forlowing se"ton(1?) t¡. efr"ctiveCoulonb ïâvgso
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qu*ntum nunvet 4(, of an energy level T"¿ is defi:rett by

Tin¿ = R z'/rÇ¿'
(r.+o)

t+her"o ß is the Rydberg constant, Z = tho reeiduar charge

on tire i.on after the rernoval of the electron. Coroparing

this with the energy lovel of the correspond.ing hydrogenic

systcra loads to tho natural definition of the S-1lqg"tU¡r--¿e|ei"!

/** (t.4t) .

As +\ incrêases for a givon !, , the energy levels of a given

geries become closer spaced until at /1 = eâ the spectral

head. is attained. rt had, been shown previously by s""too(l8)

that at such an energî the -plgse--Eh-if.! 56 was given by

"fff *¿ . In general E(Ð = tPø and' the values of

the quantun defects are obtained by extrapolating from }<nown

values of /^L for diserete levelg. Hith this

technique for fintiing the asymptotic form for the continuur¡

f¡nctions, Burgess and, Seaton derived general forraulae for

the,cross sections but these are too lengthy to P dlsplayed

here. In general, the results compare favourably with those

obtained. with Eartree-Fock ¡rave functions but in cases where

comparison with experiruent is possible, the results are ag

often as not in disagreement with measured' values.

-tí¿qLt
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The discussion in ttris section of calculatfons of

atornic croFs sections-has served a ueeful purposor we hopet

in that kraowleclge of the d'iff iculties and' relative
I

lmportarrces of the different approxi¡¡ations used may hel-p

in estÍnatlng the Ímportant factors in caleulations on

¡nolecular cross eectlons. l{e now give a list of the factors

which may or nay not bo important in a ¡nrticular calculatlon¡

most of which have aI¡eady be.gn d.iscussed in some d.etail.

(r )

(rr)
BeICJ¿yågÉg-g[fS-Ls. - neglígible at Ìow enorgies.

Seg*qþiÅijg of the many electron wavo functlons

into products of one electron f,rnctions.

Probably not a sÍgnificant source of emor.

-Er-egtro¡l -qorr - xoay be large near tlrreshold '
especially for loosely bounil electrons.

ExcÞ¡eq - nåJr be 1-arge noar thresholclr especially

in heavier.l systens.

Dtpo1e apprqrirnatip¡ - should be valåil for photor

rravelengths )* ZSÃ o

Corg distortion .- possible error ry 1ú.

Po}e-4lgeþlfi.lg of the cor€ - nay be very importent

for sensitive cases e.g. K.

C-onflgurat-i-q8 inteåactls4 - not yet investigatecl -

only irnportant for non closed shells.

(rrr)

( tv)

(v)

1vr )

(vrr)

(vrl)
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( rx)

(x)

TransitLons to e¿citetl- ststss of the ion - not

invastigated. Cou1d be appreciable.

Âuþ:-lo:nlseËan - catr be very f'nportant at ancl

near specifLc erergLes.

FinaIIy¡ it ùs worth polntlng out that the publishetl xûetho¿

and. resurts of Berman anct skill."rr(19)or calcurations of

potential functions and nor^nallzed ratlial waves fæ atOns

by the Bartree-Fock-slater rethocl shoultl nake Ít possible to

estimate, fairly reliably, by a nethod' such as that of

coop"r(r4)rn" ""o"s 
sectlon for any known atoroic systen.
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1 .5. PREVIQUå .lgoBK 0N ¡Igi,liluLils--

Cross sections for molecular systems have not

enJoyetl the same attention as atons and th-eir iong.

Thls is surprising if one realizes the importance of

absorption by notecules, chiefly N¿ and' Or' in upper

atroosphere stud,ies, and. of gases such as.N0, which is r¡sed

in ion chanbers for rocket experiments on absorptlon of

solar rad.iation ty oz so that the gas ctensity as a function

of altitud.e can be found. There havo been many

laboratory stud.Ë.es of absorption by the above gaseft

(sea Ch. 6) "s well as certain polyatomio nolecules such

as NHr, EZO, and CHO. The d.iscrepancy bet¡reen the advances

of the theoretieal ancl experinental stuclies is d.ue to the

d.ifficulty at present in fincting suÍtable one electron'

wave fu¡ctions for bound and free nolecular orbitals ln all

cases except the H,* iorr. The firet systen studled in

ttotail was thus Er+ as reported by Bates et aI
(+o¡.

lhe

bound. state functions for this system had' been given by

Bates et aL(41)rn "r, earl-ier paper vhere the Schrodinger

equation for the electronic motion was solved in\proì-ate

spheroidal- co-ord.inatee. l{riting the total wave function as

g (r,r, Ø)=t\ (r) m(d øa) (r.+e)



À=(n+r,)/R, f=h'r,\¡a, # = azimuthal
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(r .+¡)with

angle where r,, ard 12 are the tlistances of the electron

from the protons ard. R is the inter-proton distancer the

solutions for ff anil $ "*. tu obtainecl (see Ch' 1)

analytically. The boun¿ state u""¿1"1"f functions can

be written in the forn

^(À) 
= (À'- tü(\+ù€e-t^Y(t) (r.++)

after ¡"rr"(42). For the continur¡n waves M ana Q "*r,

agaiu be wrltten tlor+u but the ratlial fu¡ætions nust be

obtained nunericarly. (see ch. 1). Bates ., 
"t(4o)stuclied

in d.etail the cross section for the process in which R is

fixed. al2ÁowhÍIe the energy of the electron, Êrvaries,

and. they also consid.ered. the effects of d ifferent values

of R for the case t = O. In these cases the dipole length

rnatrir elerænts lrere regarded as firnctlons of t only anô

not of the interproton d.istanceo TransitÍons fron t}lelScly t

2Sryand, 3St, states were studied and. in all cases the

þlTn f1,;nal state ïraves gave the greatest contributions'
I

with appreciable cross sections for transitions to fnn
states only if R is appreciably greator or less than ?qn .

+ In future, we will refer to furptions of À in prol-ate

spheroid.al co-crrdinates as t{radial''' funetions, without the

uge of inverted commas.
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The ealculations rrere ertendecl to includ.e the vibrational

anil rotational eigenfunctions ancl hence neeessitated the

evalu¿tion of the electronic natrix elenents as functions

of Ro The final state vibrational l¡ave functions were

approximatecl by 6 - functions (titi" method. being due to

l{inans and stuectetuers(4J), ""u H"tzb""g(44)for further

d.iscussion) and trånsitiona were considered fron the zeroth

vibrational level and the rotational levels, J = O, 4' 8.

Tile cross section for a given J is snall near thresholtl

and" rises to a naxinum near photon wave numbers of

2.j X t05".-1, after which it decreases steadily as the

enerry increaseg. It will be seen in Ch. 5r tÞt this

behaviour is characteristic for bound. state nolecular

orbitals of the S€¿, type. Furthermore, the tlifferent

values of J in the initial state give rise to only rninor

d.ifferences in the rnagnitud.es of the cross section at a

given photon enerry.

(+¡)
Dalgarno had treateci the case of CEO bf approxiroate

¡nethods. The calcutation\w¿s essentially reduced' to an

atomic one because it yras assutÞtl that the rnotion of the

electrons and protons of the E atoms in the tet::ahedraÌ

CE, structure could be averaged. to give a centraL potentlalt
4
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rsith the occupation of electronic subshellg (f")2 , (ru)2. '

(zp)6. The effect of the 4 protons (fron the H atoms) on the

self consigtent fietd wave fu¡rctions had been found prevl-ously by

Bu.ckinghar "t "l{46). The value obtainecl for the cross section

at the spectraÌ head, is about tnice the erperimentel value

reported by Metzger a¡d. coot(4?)*nd Ditchbrrto(+e¡, assuming an

ionization efficiency of 1ø.

Txo d.istinct calculations for H, have appeared, one by

strimizu(49)"rr¿ more recently by tr'Iannery ard opik(50). shinlzu

deter¡ainect the ratio of concentrations of E+and Hr+, prod.ucect by

photon bonbard.ænt, as a functl-on of the mÍring parameter À ln

the synthesis of the 'Zr' state wrltten as ntt þ ìø;.'t .i

r*here þ and 6u are obtained as linear oombinatfons of îs atonio

orbitals. For the final states, momentun eigenfunctions gùt't

were useil and compared wlth uaves scattered f¡o¡o tvo half

elenentary positive charges separated by a tlistanee !. It vas

for¡ntl that the Born approxlmation should be valicl at photou íêv8-

lengths (ZOÅ n No rnagnltud.es for the cross sectlon were obtain-

ed hcnrever, but interesting results nere given for tlæ clependence

of the relative yield.s of E+ and Hr+ on the paraneter 
^ 

.

In contrast with the earlier calculatÍon, that of Flannery

and Opik, Has concerned vith the near thresholal values of the

cross eectl-on. The sane bound state functLons, i..e. thoge of

Weinbaunr(5t)ru"" ernployed. Results fronn threshol¿l to
o

photon r*avelengths of about 6404
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wero foulld for the case of flxect nuclel, using flnal statc

yaves approprLate to au electron noving fa the fieltl of tro

haLf e}e¡nentary positive chargee placetl et such a separatlon

that the quattnrpole noment of tlp systen (åq82, rlth q = *Ê)

ras the same as that of the Er+lon, rhich hail been'

prevlousry given by Batee and Poote 
(Sz) . Quantr¡m clefects

(see Sectlon 1.¿[) nere eetlnsted for several excltetl stetee

of E, but these vere not euployetl in the deternLnetion of

the final state ratllal rave functione. fhe results vere 1n
' ßl)

verXr good. agreenent vitb the erpariæntal results of lfainfaln

end Cook ancl lletzg"t(50)oo"r the rangs of energies considered'

ThE initlal state rotatlonal quantun nunbers J = O and

J = 6 ve¡e useô but again the effeets of including rotational ,"'

eigenfunctlons a¡e ena1l. I\rrthermore, at a photon ravê-
o

length of ?0OÃ, the relative transltion probabllltles for

tiifferent vibratfonal quarìtun numbers of the final gtate

rere forl.ttd ulth an assutrcd. zeroth lËvel ínitial såàåe 
(

( V = O:)¡ For the V = O vlbratlonel státe of E, a series

of harrnontc oecillator vave functions uas used whereas for

the vlbratlonal stetes of Er+ tbe Schrotlinger equation for

the eigenfunctions vas solved ur¡nerieally vith the prevlously

deterninect potential energy funetlon of Bates "t .t(41).

The resulte shor a vld,espreacl ctistribution over the flnal

vfbrational etates as f.a expected. vhen the lnltial anit
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finaÌ electronlc states have greatly tllffering equiltbrlun

LnternucLear separatione (see Ch. 6 for e detailed

erplanation). €

To conpl-ete our resume of calculatlone on rnolecules, ;

ne have yet to discuss the threshol¿l delen¿lenqg of the

cross sectlons and the relatÍvely high enerry phenomenon

of "ghou1deIg". fhe first topfc was studied. by *"ffJ55)

ehiefly for the photodetachænt of negative cliatoniê

noleeular l-ons. this process is similar to photo-lonizatLon

ercept that the produets a¡s e free electron and a neutral

molecule. The valiclity of Geltnanrs assumption tlzt the

ensrgy dependence of the phototietach¡ent cross section l-s

contained entírery ln the quantity fe líOltuo¿rl'
can be questloned on the followlng grounds. A photo-

d.etachænt process involves a t¡ansition fro¡n sone inLtial

moLecular ion state for whose conplete dlescriptiàn iu the
156)orr" 

needs a knowretlge ofBorn-Oppenheiner approrimation\'

the 5 eigenfunctions; electronLc, vibrattonal ancl rotational.

To accurately evaluate the transition probability to even a

sinsle final vibrational state, one nuet j.nclud.e tàe

dependence of the transftLon intecrancl on the internucl-ear

separation gEE the photo-electronr g co-ord.inatea.
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The integratlons can be carrled out by regarding the

electronic ¡natrir elerent as a function of R ancl then

performing the integration over tàe }atter variable.

.Àn easier treatænt is to separate tha R and I lntegratlons

altogether. Ia this case only vibrational overì'ap

integrals neecl be ttete::nined a¡rd these roultiply tha above

quantity involvlng the electronlc natrir elerents for

each ¡tossible eonbination of initial antl final vibrational

etates. These points nilL be enlargecl upon in Ch..6 where

sinilar problens arise in the case of photo-ionization of

N, ard, Or. Geltnanrs rexûarks are thus only approxinately

true but his regults for photod.etaor,*trL are nevertheless

interestlng in that they inclicate how the crossl eection

night d.epend. on the initial gtatefs conponent of angular

moroentum aLong the internuilear axis and, in the case of

homonuclear diatonic noLecules on the s¡rnrnetry type '

h¡rthernore, Geltnan has claimett that for photo-

ionÍzation of neutral cliatomic nolecules, the threshold

tlependence of the cross section shoultl be of the forn

4r(t- e''r/l):'(t *..¡*,'+o"¿i..) vherelf = frequencv

of radiation and k = p/h, independent of tbe lnitial

¡nolecular orbÍta1 or the type of molecule' this predictlon

can be inmediately eeen to be false if one consl¿lere the
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expression for the cross eectlon; the latter quantityrs

dependence on the ener8]r is clearly different for different

types of initial orbital because these wiII have different ¡.,

radlal functions. Âs the enerry increaseg' the crosa.

sectton nay faì.l or rise or remain alnost steady vith

respect to its value at the spectral head acconling to

the cages of ctininfehing, increaging or steatly transition

integral-s. This point too wlII becone clearer in Ch. 5

where the results for d.ifferent bound state nolecular

orbitals iu N, an<l O, will be d iscussed.

the tast topic in this section, that of the ehoulderg

or burnps ln the erperinental absorption cross sections of

N, antl o, as fou¡d, by Sarnson and Cai¡ns(fZ) ", photon ïBve-

Iengths of around 2OO1, ras first investigatetl theoretically

by Cohen .rra ¡*o(58). They regarde<l the atoms of .;

d.iatonic molecules as independent absorbers of J.ight antl

argued. that scattered. electron waves from each centre

should produce interference effects. Thus t\e undulation¡

in the cross seotions were explained qualitatlvely on the

basis of the resulting motlulatiot factor for the net

inteneity fron the t¡ro gources. It waa also suggested

on a quantr¡n meehanical basis thst slnce the selectlon n¡le

for atoms Le no longer valitl for an axially synnetrlc fi.eldt
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but rather AÍ 
""r, 

take any odd value, the transitlon

probabilities for successively higtrer 2 final state

waves shoul-cl irrcrease with increasirg êDêrgc tr\rrthert

an estinate of the photo-electron energy k2 at whleh cross

sections for a given -0 snouf¿ becore inportant is obtainett

from

4' * zzft - ¿Q+ù/t'=o
( r .+¡)

where Z is the effective charge on the ion. To investigate

tentatively their hypotheses Cohen and, Fano maile,an approxiute

calculation f or a lSf state of Er+ r.lsing a free spherical

"ro" 
( g lt f . ) fo" tle calcul-ation of the ctipote length

natrix eÌerents. Ìlith son'ewhat crucle argunents they

deduced an expression for the total cross section

6(e) = f,a¿= 
r, ft + s;-4n,/t4,ù)/(r+s¡ (r.+o)

whereCf, is the cross section for a hyd.rogen like g@t

and S ='46.

Thw the total cross sectl-on has the moilulation

factæl + s in k R/(kn) uut becar¡se qf U) is a rapidry

decreaslng function, the total cross section shoultl only

show urdulations of a snall nagnitude.
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In response to Cohen and Fanors wotk, Bates and

opi¡(5S)nave extenrtetl the ir cross sections for Hr+ to

electron energies of 16 tlat"tg". The results for the

-tgtsl cross section decline steatlily with no trace of e

shoulder effect at high energieso The partial eross

sections for {t ana {tf continuun waves do however

grow froro thresholtl to I'44 ryclbergs whereupon they aleo

steadily dirninish" The effects of the maxima in these

partial crose sections are nevertheless masked in the

overall cross sectlon, because of the dorninance of the

stead.ily decreaslng contributions fron the Pt antl

p7f continuu¡n waves. lfe will see in Ch. 5 that the
t

shoulder effect Ís noticeable in the conputed cross sectiong

fcn 3cr7 and tÍl (or tft ) orbitals.

Finarly, we note that Bates and opi¡(5S) have also

investigated. tle cross secti-on for a nodel cornpl-er noleculet

for which they used. the saroe final state Iraves as for Er+

and. initial bou¡d state ?Sr, functions approprlate for a

single electron noving in the field. of two nuclei separated

by R = 2ag antl each carrying a charge +2e. the results

obtained. sholr no tiiscer'nible shoulder effect clue to higher

angular momentum states but a slight bump near threshold as

ce¡tain eÌectronic natrix elenents pass through zero rhen

cancellatlon in the transition integrals is complete.
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CH¡.PTER 2-

ELE{TRONTC STATES 0F l{2' l{2 zt

2.L, @'

. 
In the Sorn-Oppenheimer approrinatlon the total wave

frrnctionfora¡oolecu].gisseparateclintothelcomponents

which describe. the electronic notion, anil the vibrational

and rotational notions r thus

p(t,e ) = Iyr,,.r.(t,g) f",sln) Llt,¡(ø,fr) 
(z.r)

frit. antl Y."t. can be regardecl as functions of the nuclear

co-ord.inates R(R,O,jp) on1y, becawe of the snallness of

the ratio of the electronÍc to the nucÌsar mFSSo !"¡rr¡Grß.)

can be regardeci as depending only parametrically on ! "

These topics are discussed' in greater d'etail in Ch' 6 rhere

the rotational and vibrational eigenstates are teken lnto

account in the calculation of the c ross sections' This

section is meant only to d'efine the spectroscopic notation

for the electronic states, further details cf which can be

found. in reference 44.

In atorns tho (ar,:sumecl) spherically symroetric

potcntial rendors the anguì'ar momenturn quantum nu¡uber ¿

B ,,ij,:,od.rr quantun nu¡nber hut for d'iatonic uolocules there

+ 0 o"*t
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is only qxia] svpnetrv about the internuclear aris' so that

only the conponent of angular nomenturn along this axis has

an associ¿,ted quantum number. Denoting this quahtun

nnnber by À , the electronic states are ca1led ZrTT, At

etc as l¡rl= Orl,2r.... tr\rrther, there Ís 2 fold degoneracy

when f :rl t' O o To further Ídentify the electronic

state t,l.e nultiplicity 2S+1 is used, S being the totel spin

quantun number, a¡rtl this Ís ettachetl as )'eft superscript

êog. tE 
, 

tTfr.... The synnet4¡ of the state under

igve-rsJ.on in the mitl point bett'een the nuclei is usually

attached. as a right gubscript which will be either I or u

correspond.ing to total rave functlons which are even or odtl

under inverslon. It is worth noting that inversion in the

prolate co-or¿inates defineil in equation ( 1.47) is equivalent

to the transformatlons

).+),Aa'f, l+/*f' (z.z).

z,statesarealsotlistinguishectbytheirpropertlesrrnder
refrection in a plane contalniirgì' the nucrei' Thus Z*

states are even under such a reflection whereas !-states

are odd. Finally lower and upper case letters are used

fol convenience to id'entify states of different erprgies'

X denotes the ground state, À, B, C are usecl for higher

etates of same multiPlicitY.

For N, antl 0, the ground eÌectronic states are XtET*
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and *tf,i respectiveLy. If we use il+rr ancl rr-tr to

repr"esent the 2 spin states for a roolecuLar orbitalt

then the electronic configuratlons of these states are

given in Table 2o1.

TABLE 2.1

Ð-I]EçTRONIC qONFIGURATIONS OF THE GROUITD_sTATES.

O R.BTTA L

tTt

++

tfrn
+-
+-

flf,.
+-

tÇt

+-

2Ç*
+-
+-

26r

+-

rq
+-
+-

tct
+

STATE
*

N¿( x':t )

o.(xlzt )

In the above table lÚyt/€w,. etco represent one

electron spatial wave firnctions, usually called. molecular

orbital-s (tt.O.), *d these togetler with the spin functlons

are nolecular spin orbitale (t't.S.O.). lfà lr'1ll noll see

hov the Ínitial state rave functions lor a given photo-

ionization process in [, ancÌ 0, can be found from the above

elec tronic configuratlong.



t7
åÈ2, $.c.F. - L.c"L0. - MotÐcuLAR SRBrrAr'S.

The etarting point for self consjstent fiefd, (S'C'F')

wave functions for the electronic states of nolecules is the

determlnantal erpression (t.t?), Each flt tfren represents

a one-e1ectron !t.S.O. The lnctividual I|Í.S.0rs are assuned

to form an orthonorrnaL set and, the total nave functlon

satisfies the nornallzation ercon¿itioo (t.9), nootfr."n(?)

has developetl the theory of two approaches to the problen

of deteruining the best Ivl.O.r8. The better but morc

difficult æthocl results in the Eartree-Fock-$.0.r9 while

that which is nore amenablel to computational work fincls

the best LJ.A.0. - M.Q.'s (Linear Conbination of atomic

orbitak). In the L.C..A"O. æthod an orthonormal set of

atonic orbltals X¡ tt used to construct the %

(z.t)

Starting

nith (2.r) 
"ncl 

(t"tZ), one asks for the sets of C¡d which

mininize the electronic energY

% = lrrr,,
¿ are the L.C.â..0o coefficients.where the cì

where #

#
where the

elec tron

r-
E =lY#Pdr e.+)

is the total haniltonian oPerator

= Ll|',^ + !e'I. 3* Q't)
r L r*t','

¡{fÀis the haniltonian operator for the ¡*'+1.-

consisting of its kÍnstic energy and' potential



energïr dus to tre nuclei onÌy. After setting up the 78

variational equations for. Ef=0, the task remains' havfng

chosen tho atomic orbitals, to solve the secular equatlon

Def(fs-gS)=o (2.ø)

whsre S 1s the natrix ¡rhose elernents are d'eflned by

(s)pv = Ixrxrdr e.t't

and foi F

(r)r, = IErF.t.x?*r (z.a)

where For. is tho Hartroe-Fock hamiltonian operator' The

oigenvaLues ê¿ ana the corresponding set of C¡i sive the

energies of the clÍffsrent orbitals a¡ltt the optimum L.C.Â.0.

coefficients.

Roothaanls treatment of ttre L.c.A.o. ¡nethod for cl0sed,

sheIl systems was¡ extend.ed to electronic configurations

with open sherrs by popre and Nesber(6o). Nany carcurations

of s.c.F. - L.c.A.o. - M.o.rs for d,ifferent nolecules håve

since appeared. in the literatr¡re. Those of s¡ecial lnterest

here are those of seherr(et )o' N, antt in particular those of

sahni and, Loren ro(") n rro treated. several electronic states
\

ofN Ne
+

2' 0 and oz a

The forrnulation of a given M.O. is in terms of a basic

set of p-fig-ilive-S-yryptrfi'1.-0.þ. Those need'ed' in the

+
2
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present cases have been given by Scherr:

oi rs = a-È ( ls* + ts¿) f,. ts = tt ( ts* - rs¿)
(z.s)

crÍzs =¡t (zsG + zsÈ) o;¿s = 2t(zs. - zsu) (z.ro)

Fþrfr* t* h¡ro* zfr) c"2Ìz=2-ï(2 pn- rProl 
(2. 

' )

ltXàÊr=2'f (zfrç.-2p*rl ff*2p.= z-t(zp,*+tp*o) (z.,tz)

.iiuz¡,r*z'*(rpy;tpüì f*apr= ¿t(rfuÍzpãcl (z.tt)

where 1s" represents a 1s atomic orbital on centre a etc.

and. the axes z" anct zo lie along ttre internuclear axis and

have their positive d'lrections tonards one another.

The normalizecl orbitals used are of the real Slater type:

ts = (S,tltt¡*€-3rù (z.t+)

¿s* = (Y,t/r")tnu's* (z "tl)

, p {\= (s.7ir)'+dy'+ { iäå:# (z.ro)

except that the 2st orbital is usuallf replaced by a 2s

function which is orthogonal and has a node:
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es il (¡ * $r')-i [zs* * S¡ re) (2"¡)

r+hore St = ( 1 s lzo*) is the pp;19-4=rq-]--e-g,ry*,-q-gel;l-.æ-j¿tgg,qel

which can easily be shotm to bo

(u:Iesnr) = P-\'s,F:(.g,llr/s)Èr'(.i + S')n (z"ts)'

S, antl \ obtainetl

5.= 2,275 for 0 and'

The values of the orbital exponents

from sl-st,or.b rures(t5)utu S, = ?"7,

-çr = 6'7, 9. = 1'95 for N.

Fro¡o the primitive M.0.rs dafined in (2.9)-(2.ß)

the r+ave function for a given M.0. is constructecl by (Z"l')

with the restriction that each primitive so used has the

samo symtnetry. CompJ-ete mixing within an L.C.Âr0. - Þ1.O.

class is allowecl so that, for example, the 3At U.O. consistg

of a combi-nation of lsdlr ZSfT and. Zþofl prÍmitlve orbitals.

For -close-d-¡hef,l--sjsgtures such as Nrr the spatial

parts of the I'f.S.O.rs for a given M.0. are the saroe ard there

is a 2-fold. degeneracy in the enerry eigenva)-ues for such

states. For an gp=9;¡--Ch9tlCl4¡g-tggg such as 0, there is

no such degenoraey anil in general the M.S.O.fs for a given

I'f .0. type have different spatiel ttave fr¡¡ctions (oxcept for

tho case of an I{.0. eontaining only one kind. of primitive
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I{.0. in which cass the spatial function is completeLy

<leterrrinecl by the normalizatlon äond.ition to unit total

probability tlensity, r*hether or not the systen is the closecl

or oF,en shell typ")" Sahni and' Lorenzo performecl two sets

of cal-culations for o, ( Xs¿i ). rn their resi'råc-ld

-tlç..rJiryr:-+! the spatial parts of the M'S'0' pairs for a given

l'f .0. wers identicar, whereas in their g'pirL-æl-Ê5:ggq

tr.eatment 2 sets of secular eqr.rations were solved, one for

eaehspinset"ilehavechosentousetheresu].tsoftheir

restricted treatnent and' this choice has one notable

consequence. The electronic matrix elerents in (1 .29) fot

two l{.s.o.rs of the same shell are then t}re same at a given

kinetic energy of the ejectetl electron' For transitions

involving such M.S.0.rs the only difference in the p'rtial

crosssectioncurveswillthenbed'uetothedifferenceln

ionization energies between the 2 processes' Since such

differences are only of the orrler of a few eV' and the

ionization potentials are of orrier 12-{0ev, the partial

cross section curves will differ only slightly (see Ch.5).

fn our calculations we have adopted the L'C'A'0' - l{'0'rs

of sahni and. Lorenzo as the one electron initial state wave

functions. The coefficients of (2.5.) which result from the

solution of (2.6) are thus basic input d'ata for our
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computatiü)'ls a).ld Írr-û dispia¡;cc jn ft:bl.e 2"2.

INÀ1:TEì Ô ¿)
J. r'L!t )J:t (- . ¿ .

A. !*j.=a,-Q,:l|.. o*!l_EQE 0z ( x3Eå) IBg.lLIJiE_tLUeIruq

uu¡:q,lr-ttl.( 
tt )

L.C.Â.0,

+o'01 zz (cr*zs)

rc.e05+(aizs)

+o.4232(9zs )

+o.0204(cr*zs)

+1 'O?98(A*zS )

+ In units of Ir.

16""
0

¿€?

3or

lu*

,trï

*20.5997

-1.4750

-4.5259

-20.599+

-0.8862

-o.4227

-'4227

çë,

-o,5965

-1.0820

-o.6965

-o,3969

-o.6965

-o.3969

986

Ë
+'lt

20

+
t

-20.

.61t t

-1.5

+o" ooo2 ($ rf. )

+o,2151@rzP.)

-o'6749 (flrPz )

+0" 0o65 1r"r¡r)

-0.201 o(crÌ, )

+o.9996( er, rs)

-o.04to(cr'¡s)

+o'0206(øt ts)

+1 .0006( o-,.rs)

+o"oo17 (Cr"¡s )

+o.gl4o(fl*¡ )

+1 '0824( I1rr)

+o.9l4o( Tr"7)

+1"0824( Íyy)
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Bo L.C,4.0.-M.0.rs trOR N

¡10. L "C . A.0.

t 0i-
(t

+o'9990( ctt rs)

7"a"t -o.oB1 5(rrrs)

3o;
6 -o.o4lo( últs)

l(f,. +i .oo25( d"rs)

n -o.0106( drrÀts)

+O.BB51( ff,.x)

l'¡ ri, +-o.BBf t ( Tf"t

2
(x,rf). ( 62)

-15..1219

-1 .4527

-o.5446

-15-7197
I

-o.7to6

-o"5797

-o.5797

tu

+o'0o26 (oit¡,)

+o.7tg1(aflz)

+o.B5t1(a¿¡.)

+0.0121(f*?l¿)

+o-1t59(6*2yz)

+o"01 16( crr¿s)

+o'6721 ( rTzs)

-o.55Be( Ö'zs)

+o.o272(l*rs)

-1 '0207(6r.zs)
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2.1 PHOTO-IOI{IZATION PROCESSES FROM O xlu AND N (X,UJ)

--t-
2

}.OR FIXIID }ruCLEI.

Ionization potentlaLs for noLecular or atomic systems

can be fou¡d by electron inpact or photon bonbard'ment

ex¡,erinents. At incident partiele energies of 12'O8 eV

and. 15'6 ev for 0, (X3E,f) and N, (X'Z;) 
"""p""tlvelv

the nost loosely bouncl eÌectrons, rhich occupy tlre tTTy$úf¡)

and lff.(cr ,n) orbltalsr mJ' be ejected accorcling.'

to the general scheæ

. M¿+Ar n{*ê (z.rs).

The theshold.s for digsociation are at 7"65 eY anô 9.?5 eV

respectively so that the

is-li-a-ite. at lo*er photon energies. Measuraent of lon

chanber currents, høever enables the absorption due to

ionization to be fouird., despite these eonpeting processesc

We ex¡rct that photo-i.onization would take preceder¡ce

ovar d.issociation a¡d d.issociative lonizatlon above the

l-st ionizatlon potentials on sccoutltt of tàe snallnese of

the ratio of th¿ electronÍc to the nuclear mass. This nakes

it difficult to urderstand. why the ionization efficienciest

Y' defired by

photo-ionization cross sectionv
l total absorptlon cross sectlon

X IOO
(z,zo)
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are rela,tively snall well above the Ist ionization potentials

of 0, anrl lÍ, (see for instance the erperlnental results of Cook

ard Metzge"(61)¡. tr\rrther discusslon on this and slnilsr

questf.ons will, houever, be postponecl until Ch.6. As the photon

enerry is increased. above the lst ionization potentiå}s, other

states of the ions l{r+ become accessible when the lonÍzatlon

potentials for the inner orbitals are attained. Many

dissociative and pre-ionizing tTarsitions also becone possible

but it is not our Frrpose here to investigate their absorptLon

cross sections" In table 2.5 are ilisplayetl the possible

ftnal. electronic states resulting fron the ejection of a single

electron fron the varÍous srb.itals in N, (X'Z;) ancl o, (X3Zi)

together r¡ith their corresponding appearance thresholds. Ue

ignore photo-Íonization fron the inner nost orbita:Lsr 16l
+o

anrl 16r. , from whÍch photo-ejeotion only occure for \-( tOL .

It is worth noting that many of the ercited, states of Or+ antl

Nr+ shown in Table 2.5 tøve not been erperinentally fctentifietl.

Most of these therefore carry a rr?n alongsicle tneir tern

clesignations. The ionization potentials for such states are

thus subject to consid.erable r¡ncertainty as they are obtained

by ueing the reLation t

€i=.(9")-E(fJ (z.zt)

+ The same syrobol X 1s used. for photon wavelength anit the

prolate spheroid.al co-ordinate (r,, + ,r)/n, but the context

should rnake it clea¡ whieh use is intend.eil.
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$here E(þ') ".ra 
g(QI) are the energies obtaireil frtr¡

the S.C.F.-L.C.A.O'-l{.0. method for the ground state of

lf, anit a partieular state of ltlr+.

For all transÍtions from N, to N
* th"t" are deggnerate

2

initial stateso For the process

. N.(X':l) + Ar¡ --r tti(A'Tr") + ë (z.zz)

there is a 4-fo1ô clegeneracy as each Ìf.S.O. connectecl with

the spatial orbitaÌs ltÍ,. and ,íf,. has the saûe êDergyo

For all other processes in N, the order of degeneracy

is 2. I{e follow g.t""(5) and assume that the total cross

section for such Processes as (Z.zZ) are obtainett by

nultiplying the croels section for one electron by the order

of degeneracyr dr 
d

6+o+= 7tt (2.27).
a=t

Sirnilarly for the Process

oz(xr:r) + l,t -+ o.+(x'[t) + ã 
(z.z+)

the one electron eross section is multipliect by 2 as the

orbitals lllu. ancl tfr" have the same energies. For
or t

transitions to 0r+ (AtÏf*)*r,u or*(c"Tf*) a lactor of 2

must also be ernployetl but for aLl other processes in 0,

no multiplicative factors are need.ed.
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TABLE 2"5

ELÐCTRONIC STAT¡]S OF N
*aNno +

2 2

0ro

Data obtained. from self consþtent f ield calcul¿tions of

sahni and Loren ,o (tgo5) '(62) The ren'¡aÍning data were taken

fro¡o üre potentiar energy curves of Gilmore (rg6f)'(o+)

I\ÍOLECULAR ORSITAI,

vAcArED ( lt) IN M2

3cre

lÍ* or, lÍ*
ZÇ*

zú?

llf¡ ol ,frt
I Í* o( lfi*
t'í, oß tf*

3tt
3€t
2€n

2Aw

2út
z%

THRESHOTD

ì (1)

795

742

661

714

1O25

770

754

681

6!.1

506

422

709

285

15.6

16"7

1B'8
I

59"5+

12" 1

16"1

i 6.9

18"2

20"5

24"5
Á

29.4+
r.¿

40.1 '

L

47-5+

STÂTE

X'zi
A.IL

dzi
7'.2;

x'Tf7

*ntf*

A.TT*

&'z;
?'ri

z;
E'

+

cþ

ì¡

?

?

I

¡zt

ION
llz*

N
-Þ

a

+
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2"4 EXPRESSIONS FO RR MTD STATE M.O. WAVE FUNCTIONS IN0

3E

' In table 2.2 we have given the Ir.C.A.O.-M.O.rs for

02 ( )(t>:P ancl N, (Xt¡f) . For a given photo-ionizatron

Drocess we take the appropriate one electron initial state

wave function % to be the roolecular spin orbital which fu

occupied in ttre rnolecule and vacated' in the lon. Thus for

the process (z.zz), for exarnpl-e, V¿ is the wave function for

the orbital tTt'* or |fr. . In order to conpute the

cross sectiong, we fÍrd it convenient to work in prolate

spheroidal co-ordinates. We now deduce exPressions for

each basic orbita). ty¡re fft rîl ,Ín rfrn, Ty ana Cw

in these co-orriinates. The 5 sets of axes involved, one

on each nucleus anil one at the C.O"M. are shown in figure

2.1 (c .f . s"rr""t(61 ) 
) .

rIg-?*!.
.qa:SBDLNATE, srsrElfs rN qHE ATþMS AND M9!ECUI&.

Yt lt
t

-.-+
ta\

z. zr

X¡

t
7

z
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With this choice of axes we have

(

and. since

we have

Vi
) c lo¡r¡ - Qfy)J

- e-f'\ sr^o¿ s^þrf

= cy tóþ'R/'Xr+Þ- .rsn"¡¿¡¡-rl1

y = (e/z)(x- r)*(r -t'Ès^1

lrr

= C [g-Bq+r sr,n,or sr,^y'r

Vr'oì= kx¡z)¡¡-¡t{r-¡)" sr,n/ , (z.zs)

* [.- 
r3.nle) r] 

[s- 
(R n7r¡r. 

¿cB 
e7+*,

: - cR ( x'- r¡t(r -¡^)t €-*\,
)r si^û, (n7-) s^f (z.za)

+
where {* = !rn/Z and C is a norrnalization constant"

Utilizing the expression

y = (n,/z)(\'- ¡)*(r-¡^)t cosf (z.zt)

rÍe see that the expression for a Tfy orbi-tal is id.entical

to (2,26) except that Søtf is replacecl by eosþ .

+ We have previously used the synbof o( to represent the

fine structure constant but that use will not oecur again

in this part., so no ambiguity shoulcl arise.
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Further, that the above expression (Z.zA) has g symraetry

can be verified. by making the transformtions (Z.Z) ana

observing that there is no change of eigg of V¿ c

For a IIr¿ orbital we have,

ancl f or a ffa stata \nf is replaced by øsl :

For the O- states the expressions are more complicated because

J prirnitive orbitals are involved. Thus for f¿ states we

Iet the !.C.4.0. coeffieients of table 2.2 be ^1, ^2, ^7,
for 1sfy, ZSfi7 anù zl"6g- prinitives respectively

and also r¡rite

rs s ¿,u-9*, zs*¿ 0,;dqi , zpr.{dsil"",

We let

so that

C¡ = arlrtl,tí ca=fi-stÌtl',o.rl{i¿)

(z.zg)"

(z.lo)

cr= (r-sfit¿, S¿a,fii , C*= qs¿tftî 
(2.7t)

(rt) 
= (c,-cs)¿s-9ûç e-rt) + c.(t,e-9ú*n,d&n')

+ c* (Îd9'tcos4 * ¡g-y'r'coso1) Q.lz)

\

w
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Sincs f,cos0,=2,=Z+Rlz = (\¡^+ t)Rlz- (z.ll)

-Ìrcote¿= Zrs Klz-Z = Û* >*.)e/z

we obtain

(2.7+)

(zJa)

VrGt\ = (c,-cr) [e-(Y, 
R/Ð(\+/")* 

d(9 
e/Ð(lr-n1

+ c* f{x¡*ùr e7r¡ €-( 3' VÐ(r7l

.u (r-x¡x ¡/.)e-(S.r/:Xf-¡Ðl ' (z.ts)

which after tetting P = 9, R,lZ ana sore simple nanipulation

yields the result'

V,Gù = z(c¡-cr)e-frcosÁ. (f/*>

+ A d "^[{c.x + cn¡ cos[q¡^) - fc,+c*¡hr tt lqdl

Similarly we find. for CFtr orbitals

Vr'n*' = (c,-cr)(e- 9,t, e-e,û) e.y)
+ cr(t,{9rt - I,e'ytr) + c,"(d grù q cosL,- d Bry.coso.)
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!2 -z(cr - €¡ ) e 

- P\ s;"1"( ¡tf)

g. ß e- "tf[.*t ¡cr] yøst'G'¡n)'{c*+c'x} t¡"At*"ú
(zJa).

The properties of expressions (z,za)r'(2"t6) ana (z.la)

undo=r tho operation of inversion can also be shown to be

correct by applyirg (z.z)c

In sections 5.5 and. 5 .4 ve will use the above expressions

for the molecular orbitals with different values of 'S¿

for Tl orbitals and clifforent values of the L'C'A'0o

coefficients for €l. orbital-s. These notlif ications mean

that the wave functions given by sahni ard Lorenzo which are

d.isplayecl in Table 2.2 are no longer normalized. Thus we

had. to d.eternine normalization coefficients from Þ"zO)(z'zar)

( 2.76)arø(2,1e)in accordance with (f "g) o The fornuLae

involved tentl to be sornewhat long ard of little__.interest

to the main purpose of the worko They are given, for the

sake of completeness in Appenilix I "

the above oxpressions for the bound, state molecular

orbitals wí]L be usecl in Ch.4 to evaluate the electronic

iurtrix elements for the processes shown ln Table 2.J. We

nor* turn our attention to the continuum l{aves that will be

enployed in the evaluation of the Lre'trÍx elernents.



CHAPTER I" 5'

EL!,TTRONIC Sî¡,TES OF TIIE CONTINTIU}'Í a

,.L pl$cussM_-oF TFE rux4l, STATE MODIÍ,.

lde have seen in Ch. I that for calculations on atonlc

cross sections one has the choice of the following

continuum wave functions:

(r )
(r r )

Plane waves

Coulonb scattered Ìraves fot Z = +1 or sonê

effective nucl-ear charg€"

l{aves calcul-atecl fron a Eertree type self

consistent potential.

l{aves calcul-ated fron a Bartree-Fock potential,

including exchange terrns.

(r r t )

(rv)

fro¡n (t) to (tv¡ the results obtained shoultl b€

progressively more accurate. Plane ïaves shoultl only

yielcl the correct rnagnltud.es at high energies where ( )) Y6l,

V(t) t"rtg the potentiar enerry function ancl e being the

photo-electlontg kinetic energr. As €-læ, the Coul-onb

rraves will of course approxirnate tb plane Haves. Coulomb

type func tions can give a reasonable degree of accuracy

even at low energies if the dipole length forn of the matrix

elements is used. and a suitable roethod. is used to determine

the phase shifts S(C) . The results of calculations
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with type (tV) fr'r",ctlons nay or may not give signlficantly

mor€, aceurato results than those vith type (t I I ) but in

any case the latter should generalÌy give at least the

right or¡d.er of raagnitude for tte cross sections even if

the details of tle variation with enorry are not correct.

The nost striking feature of the above continuun Ï¡aveg
¡

fo¡ atoros is that they are based' on nodels which assum

a central potential V = V(r) ( ercept in tbe trivial

c""e (1 ) wlere V = 0 ). Spherical harnonies can then

be used. for the angular dependence of the one electron

wave func tions which are used to cons truct eÍther the

proiluct wave functions (Hartree rnethod') or the deterrnin-

antaÌ wave functions (Foct nethod).

Turning to the present problerns connected' rrith findÍng

continuum ïaves for electrons moving in the fieltl of a

homonuclear ,diatoroic 
ion, such as Na+ or Or+, *" s"e

that type (t) ttave functions go straight over fron the

atonic caso provitting.the kinetic energy of the photo-

electron ls high enough. One has a convenient expansion

for free particle states in prolate spheroidal co-otdiJeã¿,

satisfying YtV i &ty = O

Z
nll

e ¿{'l = z (*rn¡rt*t(Ð), (l.r¡
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x çne ({,,nseo)"otL^ ç -l)) S^¿({",r)je^¿(4rà)

where 4 = (1,0", þ,) ,t = G, o, /) , N^¿ (*,) is the

N^¿ - I'ls,*el'4,,

+
normal-ization factor for the rrangular'r firnc tions S^¿

(l.z)
-t

4.-* Rß (t.t)

and. 6ro is the Neumann factor (=1 lf n = o¡ =2 otherwlse)'

The rad.ial solutions jr^, (X) can be erpanded in terrns of

spherical Bessel functions J^h) of the lst kird'¡

jrn¿u,z) = # (+)**,,@- GI: '^:', ,/ ¡ .¿n.\ (r.4).
* l'¿"'^-t¿^(¡l^,t)@.! i*^ (lt)

4__l n !
It can be seen that for any initial state V¿ , described

in section 2.4 for each molecrrl¿r orbital type, one rere1y

has to substitute (r.t) ana the expression for V, in

equation 1f.Z) for the difierential cross section whereupon

all integrations that occur in the eval-uation of the tlipole

length natrix elements can be perforræd analytically.

+ Functions of þ artd, ø in prolate spheroidal co-

ordinates will subsequently be referred to o" .rr-*r""

functions without the use of inverted conmaso
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IntegratÍon over al1 angles

give the cross section for the process in which V¿ is

vacatecl. We d^o not wish to pursue this roethod' in cletall

however, because we are primariLy interestecl in the cross

sectiòns at low energies. Furthermore the calculations

we shall describe should. give itlentical results to the

atove Born approxination calculation when used at high

energles. Nevertheless we did perform the above

integratlons for a ry 
initial state in 0, (see Ch.4)

but d.id. not find nume¡ical results"

since we are interestect in low energy cross sections

we seek an approxination for the final state waves for

d.iatornic molecules which is of the same clegree of sccuracy

as type (tt) waves for atoms. Such n&ves have already

been used. in the calculations of F1annery and Opik(5o)

on E, and were discussed by shimiøu(+g). These are the

w&ves for an electron rnoving in the fielil of 2 half

elenentary positive charges placed' at the nuclei. Such

spheroid.alt¡aves bear mræh tbe same rnathematical and

physical relationships to diatomic nolecules as coulomb

scattered waves d.o to atomic s¡rstems. \{e have noted

in section 1.5 that Flannery and Opik adjusted tho

(o" rø") wirr of course
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ssp&ration of ths positive charges in tle final state

so thát the quadnrpole rnoment was the same as that of

,r*. 't{hile thers is no doubt that such a modif icatlon

has an appealing physical fourdatÍonr we fourdr after

estimating: quad.mpole monpnts in 0r+ and. Nr+, based on

data from the ¡nicrowave col'lision experirnents of Smith

and Howarrl(eO), that suctr a nod.ificaf,ion.wourd. make the

integrations in the natrix elements exceedingly ttiffj-cult.

This woultÌ be the case if there were any differerrce between

the internuclear separation crf the ground. states of the

neutral moLecules ard. the separation cf the 2 half

elenentary charges, because, if we worked. in ¡ro}ate

spheroi-da1 co-ordinates there would be 2 sets (Xrriurþ)

ard (\rr¡ø,/) involved and no sirople relations

could be found to write either the bounil state functions

in terms of the set ()'r¡'ttrpl) , for the final

state internuclear separation or üre continuum naves in

terrns of ( \,, ¡,, Ft) o Consequently, we have

chosen the separation d the half elementary charges to

be the equilibrium internuclear separation of the grourd

state neutral- molecuLes, so that integrations over the

angular variables ean be perforned analyticall¡' ¿tt¿

those over the radial variable can be done straightforwarclly

by numericaL rethods.
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It i.s natural to ask why we should' stop our considera+

tions of final state hraves at the analogue to type (tf),

especially since typ" (11) waves for atons are only an

approximation and. can be improved by using llartree or

Ilartree-Fock methods. Â brief discussion should justify

our choice.

The d.ifference between the syrunetries of atoros and

d.jatomic molecules is the rnajor factor, as we have already

pointed out in section 2.1. It is true of courss that

the use of spherically symmetric potentíals is not conpletely

accr¡rate for atoms but the de¡nrtures fron the approxirnation

aro either expectecl to be sr"It(2l )o" 
"t least to take thern

into account is too rnuch labour for too little inprovement,

so in either case they are usually ignored.

Eowever, if we use the Hartree rnethoct, we óãn fird'

from the one electron wave functions at any stage of the

self consistency calculations a potential V(r) frorn the

charge density distribution function. Simílarly the

Hartree-Fock method, results in a potential function for the

rnotion of each electron. Since l{artree-}'ock M.0. rs

are not usually found but rather the best L.C.4.0.-M.0.rs

in the case of molecules, there is no analogous self
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consistent potential; the usuar criterion(62)is that the

energy eigenvaJ-ues reach a pre-determined. degree of

consistency in successive iterative solutions of the Fock

eqrrations (z.e). It js certain that a 'tself consistent

potentialrr could. be found from the resulting I.C.4.0.-M.0. rs

by obtaining the total charge density distribution fr¡nction

fron the ind,ividual one electron wavo functions. The

potential so obtained would, howover, be of little practical

use because it would be a function of the 2 variabl-e" \ *,1

l^ . On1y urder extrernely fortuitous conditions,

such as the f itting of this V 6, y) to a f\rrn tion of

tn" rorr(6?)

Y(¡,r) = Y(^) /(* -¡^)
3.s)

r+ouId. the Schrodinger equation be separable in proJ-ate

spheroidal co-ord.ínates. One could of course take

furctions of the rorm (r.5), as ri-sl((6u)*" done for studies

of elastic scattering of slow electrons by'd.iatomic

molecules, with adjustable paraneters. Such a method. is

not used in the present calculations but it is likely that

such an approach will be useful in futue rvork (see Ch.8).

lle have chosen Flannery and.Opikrs final state rnodel for the

contj.nuum s tates ürroughout these calculations.
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This nod.el is based. on effective screening of the

ejected electron fron the mæIeÍ by the remaining bourd

electrons in the ion. We expect of course that this

screening will be most effective for electrons ejected.

from the most loosely bound státes. Further, the use of

this mod.el also means that tÌÞ continuum waves should be

most reliable at large clistarces from the mrlei and. hence

l+e use the clipole length ¡orn of the natrix elerænts in

preference to their velocity and. acceleration forrns for

the reasons given in Ch. l.

\



61

'.2 
THE SCHRODI{gER. _EQUATION IN PROTATE SPHEROID4L

CO-ORDI}TATES.

The schrodinger 
"].*"rrrr"ate 

equatlon

l"f [/ = Eg ß.0)

for an electron moving in the field of 2 half elementary

positive charges whose separation is lß[: ß can be

easily found. Ths potential tern is simply

!= -e./¿t,-et/z+, +e./1r. .(l.l)

whero r' anl r, are the distances of the electron fron the

positive charges. The kinetic energ¡r operator Ís

-(*ZttùVt "o thar, on noting that ao =*/ne', where

is the Bohr radius, we obtain frornþ.6r)a
o

(¡.e) c

If we-let the energy of the electron h E" relative to

the repulsive energy of the positive chargest

E"= E^e'/+a

-çþ"'n*-t-*l V=EV

and write

3.g)

(1. t o)W = LE" /*oe'

rre obtain"--"[o'* 
å(t*t)*w]Y=o (l.tt).
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Using the relations

)=

v'= (Ð'*c[* {or)ir}

( a+J.
*¡ f¿ n (x'-rÐ

t

+T (t.tz)

and

fr,4*

. I 3.ts)
i4

lt
+ X-/^'

(x'ù0-¡*')
we obtain, using (l "+z), the unseparated. equatlon

,P

+" [cr-ùH] + ]^tú-^r#l {-
(r.t+) .

- [*, + 
Ë]V- 

*[ur.ry(x'-r)]V=o

Notins tha t _À:Æ_
(¡L¡Xr_rÐ

-J-
)i-¡

and introd.ucing the separation constants -n2 and. -4,

we obtain tne I ord.inary differential equations

dtø,lLþ' r nru'$' =6 (, ¡a)

ilV-uq)*[A 
- A.r' L

tn
t-/n'

H=oI (l.n)

/ |-(t"-14,rl
¿\L 4ìJ + [-n nn>, + {.'¡' --r"'-ln=o (r. r e)
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where l'= ßt€/+ , € being the kinetic energy of the

electron in Rydber*s (t Rytlberg = IE = 1st ionizatlon

potential of atonic hydrogen = "2/z"o)o 
/

The solutions of (r.t6) an¿ (7.t7) have been much

discussed (65, øg, ?O) anat in the next section a brÍef

suünary of their properties are giveno



3 .3 SOLUTIONS 0F_!E-E_j¡IqU!ÅE_q()UATI0NS .

The solutions of (r.le) ro" f, can be simply written

64

Q(ø) =
Cos
> 1,r1'

(* P)
ß "tg)

vìr.ere the periodicity requirenent makes n tako only

integer valueso Clearly for ^ I O we have 2 - fottt

rl,egeneracy because each solution cos(mþ) and' sW(^þ)

gives the same ensrry eigenvalue. Furtherr the wual

notation is that m = O waves are called Or rvaves;

m = 1, Tf waves; no = 2 I roaves; etc.

The solutions of (r.ll) oan be written as expansions

in associated Legendre functions of the first or secord

kintls. On1y those involving fr:nctions of the 1st kintl

are of physical interest. Furthor, these are obtained

only for diserete values of tlie separation constant A

which is thus raberrea a[ 14) ; with each (nr2) one

has a soLution whÍch js either odd or even in fl , the

eron solution beÍng written

þ\
l'1 ät''( k, r) -- l: " U'l n, !-) Pi * U),

{ = ¡n¡¡n1.2¡rn,f l¡. . .

(7 "zo)
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and the odd solutiont

(1,2t) .

2 fit*lr n-t3tr4+5r" ' '

I{e nobe that as !'-.->o (n g *'o) , AiU)*+ ['(l'+ù ,

which is the separation constant for a central potentialt

ani- fti -n Pi , so that as !,- -+ o the angular solutions

ulnuve as sphericar harmonics. rn (1.2o) a¡rd' (t"zt)

tho priues on the sunmations nean that only alternate

values of n are taken into account. the n\Utf)

aro norrnalizecl in the sense that fli(frL) *> PiØ

as t+ t .

The values of the coefficients ¿*&/r,l)rr, t¡"

oxpansions (l.zO) and (1 .21), for discrete values of h,

can be obtained directly fron the tahles of reference 69.

Further, in that rtfe"ånce, varues .f .Þä({) ."" t"¡-

ulated from whieh the separation constants can be fourd;

m'ä%,P = lî" $'l^tL> P^T*çù 
'

A?rr{) = { (o+ù r o'ltf#î + û el (3.22) .
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7.4 TI{E RADIÂL SOLUTIO}IS.

.A.nalytic expressions for the solutions of the ratli,al

equation (1.t4¡ cannot be found.. Clearly there wÍIl bo

2 linearly intì.ependent solutions 
^-, 

r and ./\. ,

e.nd. their behaviour near ì =l can be obtainetl fron the
+

indlÍcial equation to be,

^, 
(ì) f;{r- ùå* (, " åî" 

(>-r)')

./L. (r) .-,(x*r) r*( , * åç ¿r- D^)

3.zl)

ß.2+) a

^-'t
Clearly (l.Zt) provides the solution of physieal interest,

Iùrrther ne know the asymptotic forr¡s ot.À¡ and Â¿

must be tho sa¡oe rs iiose of the free ¡rarticlo solutions

togother wlth a logarithrnic term and. a phase shift E (Ð 
"

It can be shom by the amplitud.e and. phase method of

Buckinghar(Zr)that the asyrnptotic form at ìarge I rot

the sol-ution Â¡ which is regular at )r.= I should.

therefore bg

h=t

A)(¿;il ;r- 9fi s' ('ßx + 'Ko*\ -

-ip+r'n)n + 6(ß))

(t.zi) .

# ff tne recurrence relation for the coefficients b breaksn
dovln, a second solutíqn can of course be fourd of the form
A, l.5ir-ù +(r-r)'/'(,* fu.tt-$ but such a sorution is not
ne ed.-ed. þ re. ñ' I
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wher€ $({') are tho phase shifts anct C({)

i[= ßt-z.L'
o

r(r)= t+ZanT'
tt=l

is a normal-

(l.zt)

(1.2a)

(l.zg)

(l.lo)

ization factor.

The nethod. of numeri-cal solution to (r.ta) has been

gi.ren by nates(42)r*to"" nethod. niIl be briefty described.

Ä few alteratlons are required because of the slightly

different forms of the radial equations. Near l,=l

a poser series expansion is used¡ we write

^(Àl 
= (¡'-)'/'F (r) (t"zo)

with T= \-l

ial equationt

Then F(t) satisfies the d'ifferent-

,rr (t'.t- zr) + L(t+¡)(rntr) Fr +

r r [n (r +ù- A + {.'(t'+rr+ r)} ¡

+ P(¡T(rt+ù É 0
Wo put

t(= f'.(¡t+ùt(-A+/rt

c

and. obtain for the coefficients

ß.lt)Ql= - r</z(r^+ù
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0r= - [ r+ + 4, [L (m+fl + K]l f t{^"'7
ß.lz)

and for n ) 3 we have the recurrenee relatlon

4L*,

lrhsro

* l-la * ntf{,= - f {,tn" -l
(d-D + ¿("r,+D{, +r( I

þ.t t/ttD-r rtrn.tùlt+ù]

Àfter the first ferv values of

tho recurrence tulttton(?l )

3.tl) .

^ 
have been thus obtained,

(,-þ,)G,. (z*t"f)G,- (,- þ-,)G-, + A 3.t+)

A = t-(rlz+)s6 + (t/rrro)68- le' (l.tr)

þ6)=-[-n + K) * A'x - ^'/(^'-,1'# (t.tø)

W being the interval in À and' vrhere

G(¡) = (À'- Dt^ (x) , (t.tt)
is used to generate values of 

^ 
at greater values or \

the normalizatj.on condition (t.tO) when applietl to \

the contÍnuun r{ave" ttr/ (elÃ,r,þ) = 
^G/r) 

Hþlr)öb)

results in a specific 'aa1ue at a given energy for the

asyBptotic nnrplitudes of the normalizect,radial functlons.

Bates(+z)n"" shown that the varues or c(rr), the
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asynptotic anplitudes of tho

3"ll)' arc,

<(1,) = 2 (tÅ,KYi)'"

Gi(x)

Å¡*frÇ*þb)

defined, in

r¡hers tr

(1.rc)

(t.79) 
"

@võørq
o

/=
-¡

¡ RI -A

h

fi

Furthermore, the asymptotic anplitutles of the

unnormarized 6åT À) 
""u

Ð ¿4') " (rÆ)-i { l"(¡) + ^(r'["sec'< l\"]) +

tl¿

+[q(x) -r.,(>ù]]"1ec'<(r',']'["' (7'+o)

where c(r) = G¿À),fiõ (1.+t)

u (¡)

u(À)'

= r¡ô) + ¿,¡(¡) (l "+z)

*-, ß.+z)

tr(¡) = #æ(#)'-;r* ß.++)

u(r)¿l
ß.+s)

and \, and. \t are 2 values or \ so ,.:hosen that

they make ¿rt ((r ,

'q(r,,1) = iÍ,

The cLetaiLs of the application of the above
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numerical method.s will be discussed in Ch. 5" l{e note

that the somewhat troublesome normalization of zero

energy eigenfunctions for lrhich a method had been

givon in the case of atoms by lIargre.lr""(?e), is neatly

perforned by using (r.le) an¿ (1.+o) í-n the case of

van:i,:hingly srnalt h, because C(ir)/n(fr) i-s always fínite.

The d.eterrnination of V'h)

eouïse inmed.iate from (, .4r).

present case

ard ø'6) is of

llo have in the

A +a) +4'\)(z^)v-/(À) = (À'-D G+ tl,'x) .þ (-

á'-r)" $.+ø)

4> 0- ^)æ
(¡'-,)t

2(À\'ù( 6&'À, +3Âì - R'-a) -4\k&'\t + 3Ál¿-x(zA'+za)-rl)
r,/'/¡)

(X-r )t
(1.47) .

+ 4-(t*ffi)( sÀ¿ + l)
(\'- r¡*

Ttre application of (l.lg) is straightforward from (r.ZO)

or (7.21) togethor rrith the relatioí for assocÍatecl

Legendre functions
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rt

I e':ry> Piato)* * *r {ËPi
-l (l,+a) .

The resulting çxprer¡sions Y for the various continuum t'I¿ives

r¡hj.ch arise in the calculations for N, and 0, will be

givcrn i.n Ch. 4"

To conclud.e this section we wish to point out that in

calculating the continuum waves for the trangitions of

table 2,7, we have not included. the phase shjf ts X4) t"

ß"ZS). Rough esti¡oates of theso could probably be rnacle

frorn the energy level data for the excited statos of 0¿

orra tlr(64). I{owevor, tho quantum defect methott t¡hf.ch

has been used to estinate phase shifts for continuum

orbitaLs for atoms has not been rigorously developed for' ßz)
sca'btering by diatomic nolecuLar ionso Flannery anil Opik

have proposed. a method. of application vithout the theory"
foIf Er are the cii-screte eigenvalues for the 2 half

eJ.emenbary positive charge system, then put

_o
8ry. -,.t _

L4T'
tf=ttL" (r.4s) .

l'urther if E - aro thc co::respondi"ng ei.genvalues for

the iliatomic noLecul-o in question, then define the quantum
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d.efects 6¿ by
t:

2 (fl-* - fr)'

The¡r if the radial functÍon for the lst caso is

asyrnptotically

, 
^o 

(¡) eÍ 4L(\)s¿" f ûl'rtJ
\ +oo

(1. ¡o) .

3 ">t)

thon ín the second case lvo should have,

"z\ 
(Â) *3 ¿c (Ð s;nf@ô) + irsr] (3.52).

\'e.u ;

Using the extrapolation method. to find. S1¡ for continuum

rraves, Flannery and Opik estimated the quantum defeets

for excitecl states of Er" Horvever, the functions used

in evaluating the rnntrix eler¡ents lroro taken as the zero

phase shift solutions (7.51), chiefty because of the

unccrtainties in tho Q.D.M. phase shifts' Flannery ard'

Opik also ostirnated that the error likely to bo introd¿eed

in the cross sections by adopting (7"51) instead of (l,Sz)

ttas 1*/o" lfo consid,er that the orrors introd'ucecl in the

present calculations by making this approxiroation' should

not be signifÍcantly greator than thi-s" CIearIy more work

could lre clone Ín developi-ng the quantum defect methocl

(ttroueh this name is slightly nislead.ing) for d.iatornic ions

and possibly soræ improvement achieved in the calcul'ation of

cross sections for Tl,^ as well as N, ard Or.
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gu,AIT!&-4r

EV AÌ,IIÂTTOI{ OI' TT{F: UI,FICTIRONfC I'fATRfX ELEI'TEIITS.

In this chapter v¡e derive expr"essions for the d.ipole

length matrix elenents using the final state urod.el we have

discussed. in Ch. 7 and the expressions for the t.C.4.0.-

M.0. 's which oceur in the electronic confÍguratiorrs of O,

(X=:t5) ancl II, (XtEf) , for which expressions have

been found in Ch. 2. lle now bear in mind. that the cross

section depend.s on

lj:1 l'=l(t)n,¡. = llt,l' + I't'l¿l'* lJt"l' (+.t)

(q.z)

and. that for a given photo-ionization process 'lre must sum

over rlegenerate final state lraves. ltle have four basic

bourd orbital types to corrsi.der¡ 7f&, |fq , FA and. €.L .

It wil-I be obvious that the results for ff? and. F4 orbitals

are equivalent to those for Tfy anð' Tf,, respectively so r+e

do not treat thern soparately. I{e devote one section to

each of the above initial state functionsc

4.1 or ) rrrrral srATES.(

Examination of (2.20), (1.19) and the relations for

(*r' y, ,) in prolate spheroidal co-ordinates

x = (c7.¡1¡-¡

I = G/r)t\'-ù
Z = @¡z) X¡'"
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shows that for (úr, /tyr/t.) trr" f-aepenaences of the

reslæctive transition integrals are ( cosþ simþ, s,;^tþ,

sinp)x {i¡cn¡) ", ( { rr^ lfi, !(t- caszþ),s^p),[:"å^p,

Uhiì"izing the general relations

c

Q.t)

fron t - waves,

d¿ ^tro has contributions frcm I - lraves, and.

contributions from 7f waves.

t(z onuy lr,s

l,Ie can anticipate the sel-egtion _rulee- on þw for various

initial state functions. If v¡e let the initial state

have a þ-aepenaence of i?ibÐ, then via the integrals

ò".=otll _ (+.+)

where the first case always applies to the z conponent. For

initial ú states clearly /5.tne - I does not app1y.

I.'L'nn1ßcos^þ 
ey' = lrt,.'

!n"o;*n,þEta'-n,iclþ = 7t. frn¡
.l¡¡

f.'" t;n nf tot nf dÉ = o

we see thatlut* anð, /l¡have cont

Returning bo th¿¡ càse of 7f.
.,¡ x í/

i;hr] ¡otation U'L,.rrî- etc. for each

(lorni)onentr: of $. Thert '¿e h¿rve

ribut ions

orbitals, we decide on

contribution to bhe

4 i, u = 
ryflTr¡._D(, 

_r) t w ;,;1.n",,06) 

x
Q.s)



,l't z
oo

#Í,1
,

\'-r)t(r -¡¡ )t e' t^s 
;,r.J{g) .\¡u . 14, ¡ (¡) *

r A,,e(x) /',t'-yù471\
,r2

L

(4"a) 
"

The integrands of (+.5), (4.?) ,tr¿ (4.4), excluding the

functions fl^,¿(f) are odd, od.d and. evon functions of þ
respectively. Thr:s I'e have to ust e extrBnsions of the forrn

(7.2t) for the first two and one of form (l"zo) for túe last

for non vanishing contributions to the rnatrix el-enrents.

Then rYe have to fintl the sumsr,
@

I H*f _ Z, lr(i¿,,
14t..,. -'-' (+'g)

,Nät. = rî,;; , l,/t{"r' , Ë:!,rL!,nl' (+.ro)

êo

lfl"l' = Z' lt't,',ul'
2=lrs..

Our nntlix elernents for 5 - wave" are novr

;"A,to¡ ) .

(4. t 't ),

(q. tz)

cÞ

V' If*-,, (t-¡*)€
I -t

x\
,rL = sI

, L l'r^&t z,ù rJ'{*¡}À,,¿(À) (x -¡) çt x
n=t
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which we write as
@

ryhere we have defined the angular integrals

di,n = +j'/1.-D e-*h,,.(r) *

.li'1-tul.,Ðtx'(i'.-k) -H^r"., + rn(.t) -u^lÐfld'x (+.tt)

G^/:),H^/.),Epl = / n;,ø1sl,0,&¡)( t2/n\fÙ ç (4.'r4) .

(+.1l)

(4.t6).

(+.n)

For the contributions fron f waves we have,
€

útl, = # I f:- t)( r -Y) d"^'í'nu@r)'

' [-fr',a^ta I o, e) e^ bÐ A o, e(À) ( >i -y) d¡d,t

#llr,)€-'h.,a(r) '
, fir,'r^(&to,Ð{¡"(e. fn) -6^r"Ð) +cú,t)- B"r.Ù]dì

where t

An(Q,8n&),c^Q) = |^r*r rï,î{<Ð (,,r)rr)/r

l'inal-Iy f or Tl' continuum lraves we have

,n,fr = ïf' l', $,-l.^r-xt(t-¡^,)u,st,,R(oîn) 
\p,

6¿

' I i :" (!' I uù e'i 
" ÇùA 

"a 

(s) ( ;' -'nÐ & ¿ ¡



.I
nBo

l.¡here

DefÍne

and. utilize the series form of Legend.re polynomials

Þnl¿), Enlx) = ß -ø+ s*,-î- ("'r) P^1,*, Ç4 þr,f)+u (4. .¡ e) .

I^aS = li;"u"ø¡^*= "h f,'u* *^dx
o

-ù* e-\¡',,4(Ð '
Ë' 

^* 
(11, I t,ò [ t' u^1"¡ - E^l{ dr

11-'
a

P"t¡l = I e)t (zn-Ð!

,rrt å.
t6 J,

77

(+. t a¡

lle can evaluate the above angular integrals as follows.

z'r!(n-Ð!(n->")t

(+. zo)

, n odl,,

(+ 'zl)

n-2î

t:o

whence

Anþ),B^(nl,Gl¿) =

1\-t¡
z ?)îþn- Ð! Ín-, n-2r-)2rn-trtç (¿)

1=o t,l zn-'G.t-r)l (r\-zà! (4.22).

fn Append.ix 2 the coefficients in the above summations

are evaluated explicitly for the first six valueg of n.

fns;pection of tabLes of the coeffic jents d^ U"l^,y')"no*s

that including only the fi¡st six values of n should be

l\lrthermore the J"k)'sltisfy thesufficient Iy accurate.

rccurronc e re l¿ ti on

Jn= 4-h'' 
Df 

'z^rus44 -'r<n'lr,:'-f.n 'r

+ n (n'r) n"-'l^-r1
(q.zt)



Ì¡hich facilitates theÍr rechine computation.

so that

To eva¡¡ate D" ("( ) rnd E',,({:) ,r" *e the standard,

rel¿ ti ons

P,i*, þ) = ó-r)t Orn*,61 G.z+)

tr -r) fr 
Pnr, Ç^)= ft +r) L nfr', - ÍnP*' F))

(+,zs)

7B

(+.za).

(+,zl)

Dn(a) = Cn*¡ f[P^þ) -/'Pn*, t¡à) s ^\url¡*¡¡-
-,

UtiLizing (+"Ze) we obtain

D^("{)' (^rr) [i"C-)+frn- *;l à-zf

:;r
1:O

z"i!("-ð! (¡-zrl!

nl¿

* (r. r,) Z c-)rl¿n- +)i
1=o 2^-r (n-r)!(n-zô!

t(2 tì.t ¿-.t' +l-^r)
z/n+ t-r)(n+, - tr)

f

-2 l
ard a sinilar expression for Fr(x ).

Finally, we can obtain 6n (X ), [l^ (a ), In(o, )

by using
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with similar expressions for 4n(< ) ana l'n (r( ).

To d.etermine the cross section for a given finar state

wave there remains to find. the aS:gLto-!.!c- amqlltudeg of the

normalized radial functions in accordance witn (1,7A). This

means that we have to evaluate trre y(ir) given UV (¡ J9) fot
each type of continuum wave. lle trave for Ðrc f - waves,

Y,s&)= ñ o,e G. t f) ì7,, e (A I ¡ù 4¡+ (+.lo)

so that

6,"(n) *

@

= +7rZ
,t =, ( znn)

For ï'I- - continnum waves,

'l,eêJ = ,rÍ

P^i, f*o = a-/*) 
#*fnr,(r)

Ë*noe;^ - fÍ*,a, - J^-* *.Gl
t =o ¿n*tr! (n+z- *) !(n-zt)l L

(+.za)

(+.zg)

(4 "iz) ,

=,, l'( ieo,(ato,Q) 
P^'6))(ij^ul',ù P*q*)) F, -,!,'ni"t - ''^=t G'Y)

,

,1,,,(Ql,.,()Pnlr, ú^ù( fi y^ w,, o P^:., (/^)) 4ü .rtl



¿

= 2Tîl'dn ol,lt,¿) ll (n+t
r' t¡ê o (Zrr+ ¡

Finally, for t- warros,

BO
¿

Yr,eu.) = f"i;i(,ø)¿r
¡l-

I n,,t (tlnl r1,,¿G,lþ+* 
G.ts)

Ltf

(4,7+) .

G.ta)

-t

= o I' (i'Í r (tlz,e) P¡',, øù (þ 
^e 

I t, Ø P^i, ø) tr

= rrl'¿,^(Al ¡)6+ 2

C¿n rr)lì=,

ì{e note that the unnornalized asyrnptoticiramplitudes must be

found numerically for a given final state wêv€o

Q.tt) .



or f,. B14.2, -rt; ( ) tt¡trt.,u sr.{T¡ls.

I'Io havo noted in section 4.1 that tlæ selectipn nrle

on m is âm=o)!,. Sinct-" ll- orbital-s have m = 1 ne

again find, that f , 7f and f,-vraves contribute to tho

cross sections. I,le find for 7" orbitals, from (Z.ZA)

and the expressions for the anguJar solutions fl ard l{,

tha t equations (+.5)

applicable. In this case however when we consider the

parity of the integrands we obtain
*,

lfl* l'= u
(=¿rç,

l¿1-Ï,nl'

= [' t,r"LT¿l'* L' l,/qTrl'
1:¿,tf,.. Q.=oÌ-.

Q.ta)

G.tg)lu v

where G H
n

Þ,

lr{,1' = 7-' I,/L

ttie = y{l:\'-,) e-*)\,,¿(¡) '
-5,

^f Z'¿*(Rþ,ù [ñ ( G^k) - H;Ø) * r]6) - al @]Jdx (+. +t)LÀoo

L2
h2 (+. +o) "p=t1v..,

Following the same procedures as in the last sc,-:tion we find.
edt

, ,r' are d.efined by the expressions ir, (+.f +)

S;!*GÐ is repLacect by ^rK,'y'*) , anitexcept that
n



fLÍ* = t+{ l!\'-,)e-nY! o,e(^> *

o¡

, ¡ t'a^{*10,4) þ'(Ai(¿-ßJ(Ð +ciG)- ßJ('¿)j]41
q:0

0o

s
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r'¡here Arrt, Brrt, ,r' are defined. by (4.16) with sriÍ'çy*)

replaced. by coslúar")

and En

(+,+z)

G.+l)

(+.++)

(+.+o)

Furthor

are the sane as Dwhere D and Enn
replacement of

except for the

Equation (+.0)

',¿ 
(À) '

6üfx*DJ{*EJ(ÐJJlr

n

;&tq"l by c"d@)

also applies for T['r', orbitals.

I
îo evaLuate the angular integrals A' B

n etc. we cLefine

where the J satisfy the recurrence relation
n

4(a) = lo't^^,,k@ * = fr f"skxx^dx

în = ih'ôftt;lr< -n<"Ld,a + n6-î)n^-' 4-']
(+.+¡).

lle then have

(t

- A,l6),ßJ h),Qla1 = 2- ç-) r(z 
n - *) ! Tq - L r t 

^ 
*L* + L,

\

n-rrn,r(X)
'f ro

2^-' *! (t,'- r) .t (n - t *) !
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il,j(.t), En' (¿) a (rrr ¡) t-)+ (¡ n- t)!
I = ¿ ¡q-l(r\-.È)

C-)r(r,r-+ +v) l.

f=o Jh+ t+ (n+r -',àl(n-r+) !

I 
t*-,-,*,*+B -rr r".r - [S;+*î*;*F-n -.rrnt r-

[r,-"."r- T^ -.r""(ù

x
| (n- r*)l

.47)

Ì

4

-.(,Ò]

(

x

Git*) =

(+.+a)

with sirnilar expressions for H' (o{) ana rn ("().

For the functi.ons Y(rr) wirich are used in (róe) to

find. the asymptotic amplitud.es of the normalized. functions

G*, (fl,X) the expressiorrs (+.lz), (+.74) an¿ (4.JT) which

nele d.eveloped for the TTy initÍal state can also be used

æfor llr¿ orbitals except that tþ summations commence with

n = 0, 'l , and O respectively..
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4.7. INITTAT STÀTES.

fnitial f st,rtes r"I"n only give riss to continuum

waves with m = O or 1. lfe find then that on performing

tne / - integrations and considering the parities of the

f,c- ð,epen<lent parts of the integrand.s, that the contributions

to the matrix elerents are, in the case of a ft bou¡d. state,

.2t
lr{,f '= |<=t

,ltl,
{
tt2I

L

L
o

lrr*¡'= I{=t

I /,t v
lr2

(+.+g)

(+.¡o)

(+.rr )

and ctearty ú,i" ,/L r
ttl

(D

We fintl it convenient to write
I
t/ f [rtr, - 

cù d"l*r + e [ /u(,o- r.l4|/4 G,sz)

whers @

¡lï = l. J' Jt\^,t'(f/''X^'-q+ ( r7')+ ,
t -t 

x-L,,( l¡)fl,,,, (¡)(x'-y)çal G.st)
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"lI

85

g -Pl¿¡'- ùfÂ,,¿(¡)

, [ Ë'o^ (!..1t,(-) [xar¿) -*.Q,)))t, 
(+'r+)

h--o

with

For the second rboroponentrr of t(oru obtain,

lvL "- 
"^ [c'\ + cr]c"'Lqò ( 

^'-ù'/'. (+.se)

*('-,)t t\,,e 6) fr,,t(f) (x-o)ç't t

Q (p), î,^ (f),' l'*rt$r)t t*r)* P :., ç,) 
(t, ¡^') l7u

-t

¡so

and. for the third component t

,tLy = i, Í-,', 
-^'^ 

[ o * q\] r,'^.l'cuy¡ (* - ]t/',

, (t -y)41\,,o(x) H,,t h)tx'.-*)'ç..b

= J ,7- 
n^ 

¡c,or*r] (rL ù'^ ,,e(\) ,
a

x Lt'Í^(t.tr,e) [ ,l']n c*l- ar,.[Ja,l

Similarly ø" (tl| ," adopt the notation

@

G.¡s) .

Q.57)

(+. re)

(4.j9) 
"

ï= f,!,

¿{in - u{Þk,*c,) ú,' * n{lrf -niJ) (+. oo)
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6

= f, 
e- fÀ x A. o,4 (^) [ii" ( { | o, L) { x çtrl- K,p).Ð ¿ 

^

@oo

,rry- | ¿a 
\(r, 

+ r*r),\ A .,e (ù [ 11 ̂  
ttt',a) þ' B -tò - a aùJ u ( 4 . o5 ) .

I

with

t't

where

00

ancl finally

For the angular integrals we have

-t

ot

4 f= I I ,-P\,t 
f r) )r Ao¡6) rlo,e (ÐÎ,-r,)d¡ne,t

FnQ),tcQ) = f'^Lgr)P^ç.) h,rÐ*

(4.e r )'

(4.62)

(4.e1) .

For the Éecond part of ft, we find

nT'(" - (Yc.r 
r c*) ¡ Â., e(r) [ Ë'¿ ^¡i, I o,ù [ F¡*) l' - e^ CÙ] â

Q- qt) = 6lù I 'axþù Lp*t¡^)--/nPnn, Ç.t¿r

(+.eq)

(+.øo¡

so that, by cornparing thi,s equation with (+.2ø) for lrr(<)

we have immed ia teJ-y



cP,(P= ("IùZQJ'" -*) ! -f=o ¿"-t(r._r.) I (n - z*) J

tulz

r

^-l

x
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(+.et)

[t -",(p) - f(zn + z-.r)(¿r+l - *) ã-ot-.- (

¿ (n+ t -+) (n+ I - .¡.+)

with a similar expression for Rn( p ) . tr\-rrther, by comtrnring

the definitions or frrf ) ,¡td Àn(4 ) we finct

F,.,f),Kn¿Ð= Z 6-¡t(zru-+)! lì-.* * n- 2r tj (4.68)$:o +! 2h-t¿¡-r)l ln-¿r)!

The normalizatlon functions Y(h) in the case of trans-

itions fron €y states have already been given in section

{.1, because the final state functions for Tf and'f waves

are identj-cal to those torîl orbità}.s. I{e now turn our

attention to the bound. state orbital, fn c

\



4 .4. O-r¿ INITI¡,L SîATllS. BB

From (2.18) and the equations for continuum states we

find, as in the case of 17 orbitals, that only Tl' arû' C'

final state rraves contribute for a trw bound state. The

total cross section is obtained froro

ø,
lM*f ' = EJtLi"r"

lrt¡l'= I tflf"l

(+.zt )

(+. og)

(+.zo)

Q.tz)

lH,f'=L'1,ft:,"f- 
0-='o

â

r
ttLwhere again N ,/( v

,¿ c

To evaluate the contributions frorn ll - continuum

v¡aves we write

4,1"= ü[Cr'-c,){'tn'+ ß þ4,n-,4¡ø-0
whence,

,/t
0o

t I
,

u-f\ (x'- t)LA,,rí^) ,
. [L'¿n(Alt,¿) { \'L'^U) * î"t^ VD)d(^L¡=,

¡( G.tt)

G,l+)

with
t

T fi Q), rl"(p) 
= f,trÅ Fr) t, - r^)* P^'n, 0") (, *) 4^



ao

@

/'î: = le-"^tr*>rc.)(I'- 
t)'t'-A,,,¿ (r)'-' 

r L i',n" 
(Alt,¿) f À'a^'/n) - r^'ro)]] o(r

(4.76).

Q.ts)

G.tt)

l,{t

that

flr
@

[ {"'t, *+ c, ¡fx- à ^A,, u ç \),
' 

' [i,o^(Q(t,¿) f xr. f)-N^t^[]lr

n(íu= 
{"brr'-q),/"(,- 

+ Kt,lYi -,/Lr*jl

Further we find for transitions to f - continur:m states,

on letting

Ott

,rl: = lr-Ft^Âo,e 
ir)

I

tËi, (¿r,,¿)[trs" cp -ntp)JJ
,t=o (+.ze)

where ¡l
Sn(p,TnV) = I ,'&fù 

e"Ç^) (y,¡Ðd¡n
G"tg).

Furthermore, ¡re have f or the second. and thi-rtt parts .t 4íe
at
r -x\

,14 : = I n-'' ( c,*\ t a) \ A,,c (t)Lf=+An, ¿)b' s 
^! 

(") - G'd 4?o . uo)
I
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^4ç/ I )
1T[

üo

(,-
J"
t

* 
?r*+- c, l ) À Â,, e (Ð Lf| ;t,, ce ¡,,e) [ t S 

^ 
co)- n rnl],t I

and a sÍnilar expression for \(f ).
ntt

S,.(p),"r^{p)= f Clf(zn -+)J.9n-¿r+-r

(Z'. +r- -t)$^",, {p) - ¿ (rr+l- t) (rvr¡ -z+)

n- 2t tJ
*l r.*-'(n-.'.)J(n -*)!

(+.et ¡.

(+.ez)

(q.al)

Furthermore we f incl

(4.a4).

To eval-uate the angular integrals we note that

f...(p) r (n+'l f 
'';C tyrllP"tr) - /*P^*,$))4*

-l

so that by cornparison with D-({) we f intl"+n.
r^(Ð = (n+,> Z e)ig^-iì! ,. -

+ = o 1^-f (n -+) J (n-t+).1

r

f:o

lrre al-so note that for transitions from f,,+ states the values

or Y(rr) can bo obtained f rom thæe for TIrs initial states.

One final point on ggf,-eq.!,.iq4*4ule€ for dipole transitions

corcerrls the syrunet"y (e or u) of the initial and final

states. We have alreacly seen that the selection rule on

the azimuthal r¡uantlun numbe r ln is t6rna = o, t I . fn

addition rve find that thc sJ,mrnetry propertics v¡ith res¡.ect

to inversion must be d.ifferent for i.he initial ¿tncl final

electronic states. Thus we have



s uru --+ I (+.s¡)

as a further requirement for allor+ed transitions.

Combining'the trvo selection rules (4.4) and (+.el) we find

that the following transitions may occur for the d'ifferent

bound state orbitals . '

"r
-+ 6.
è lT* . 

/ÚLO\{ED ELECTRONIC

TR4T{SITIONSINPO -
TONIZATIOI{ OF IIOI'ÍONUCLEAR

nt
Tfi.

91

(4.e6).

D IATOI{IC I{OI},-CUT,ES
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4.5. liïGH Fl{ERcY CÂlC

In sectÍon 3"1 it was indieated. that plane waves

could. be used. to describe the ejectecì. elec'Lrons at high

cnergies and. that sl-ch. a f ormulation had. the advantage I

of being analytic by virtue of the expansion (7.1).

Though we d o not use this approach in find.ing numerical

values for the cross section, it is interesting to see

the for¡n that the ¡oatrix elements take in this f ra¡"ûework.

lfe restrict our attention to photoioniøation from lþ (or tÍry)

orbitals.

From the formulae of section 1.2 r¿e have for the

total cross section

rr(T 1= gt|trn'e'4'V Z
3L3e +

(4. e?) 
"

ft is clear that tlp selection nll-e on rn still applies"

Then, with the notatíon of section 4.1 rve h..r"*, f"ot
(z"za) and (7, t) ,

,n?o(&,00, /u) = - c'rT|,r1-)¿ i¿ l"lr¿ c'o t

çrl'flI

x
( +. eB)Nr¿(L)

¡ sî,*z/o N"2(4,n)

with oo

x',2({.,4 .= I,2Ín (!,12, Ð l^' {c,ø- u^ 1".Ì + T*(<) - tt^(ôf ,

^ 
g- *^(\'-ù,j€r¿ (l,rr) /.¡, (+ 'sg)

t 'ffre angular functions l-lu-,.,,¿are equivalent to flre S^¿of
r(7.t ).
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,Jî, 't(*,Ð",þ,) = ,fl?n ({,e,, F,)x

and _final1y,

(+.go)

(+,gt)

(q.gz)

Q.gl)

(4.94) .

"nu; oß(r,<)= /î'- r)e-*)'e" ¿(A,\) [f,*-r*, to,e)f\.(A"{n¡-

', - ß^(Ð + c,.(<) - e^/"<)]ldf

Þ M,¿ld)

* Xt,e(R,<)
4t

l'"1(&,<) = 
ft'*'jr,rlr,r)Àc¡-- r)tË¿* (ktt/) x

* lA'D^¿.c) - 8,.(<))al

ctrÐ s C'R'o T|6ñ'e1n.t¡
tå lN"n[A'*) l' +

6Å,',e

fntegrations ovcr ( Qo, þo) ."n be easily performed to give

for tle btal cross section

o t å' I X',1 (&,^)l' * +flrl xqø({,,ullJ
.L=t

(4.9i) .
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ft can be seen frorn (J.u[) anct the aboye expressions

for tlæ matrix elements that the evaulatÍon of the l.stter

will involve integrals of the types

l*^t ¿¡'- ù'À .- "'Jï (dr) ¿¡ (+.go)

G.gt) .
e

For these the asyrnptotic relation

j" ({>) '^-
t.3.9. . . {rn+ù

x j^(&>) d-r
ø

I Þ -u\

\
c-c (+.ga)

was found. to be not valid in the important range of I .

tr\rrthermore, although integrals of the above type rnay be

evaluated. analytically it would probably be more efficient

to use numerieal methods for then if the results of this

section were employecl to calcrrlate the cross section.

a
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CTIAPTER 5.

RESULTS AND DTSCUSSION FOR FIXED NIEI,EI.

l{e have noted in Ch. I thet the vibrationaL an<l

rotational eigenfunctions shoulcl be taken into account ín

accurate calculations of transition probabilities for

nolecular processes. In this chapter we give results

for the cross sections obtainecl by the formulae d.eveloped

in Ch. 4 where the nwlei were assuæd' firetl in the trans-

itions so that the integrand,s of the varior¡s matrir

elements have onty been regarded as fu¡p tions of gr the

.electron co-ordinate. In most cases where the equilibriun

internuclear separations of the gmurd electronic etates

of the nolecule ard the ion are not very much tlifferent

we expect that includ.ing the effects of the different

vibrational states of the ion (assuning a zeroth vibrational

Ieve1 for the molecule) will only affect the transition prob-

abilities near the thresholds for photo-ionizaf,ion.

Stuctying the variation of the eross section curves with

enerry for firred ntæ lei is expected to reveal their

inportant overalÌ features. This chapter d'ivid'es into

five parts, the first of which js concerned with tletails

of the numerieal procedureg, the remainder being concernecl

with specìfic results.
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For fixetl nuclei calculations four progranmest

one for each kind of initial state orbital, were wr{-tten

for a C.D.C. 6400 conputer. Listings of these arc

given in append.ir 5 together with brief explanatory

noteg.

The ¡arameter þQ'e/?)hrt the basic enerry variable.

varues of the coefficients d"(11n,2) in (r.zo) a¡ra

$.zt) and the t^e ß) Ítt (r.22) are given onlv for

tljscrete values of It . îÌÞ values enplôyeti were h = O('t)î;

h = 1 ('z)z'2 i h = l$)¡ , vhich gives energies above the

th¡eshotcts 1g.Z I, for O, ard' Z7'4 lg for Nr, if we we

the equilibrir:m interntrlear separations of 2'28]2ao antl

2.06?ao reepectively as given by Eerzbe"r(4+).

The no:nalized ratlial fr¡¡rctions An0(4rù r.r.

eveh¡atecl at intervals of '1 in 
^ 

fro¡n \ = 1 to \ = llr

at which latter value the bountt state rad'ial functions h¿ve

become neg1igibl.e. The power series expansion (t.lO) 
"."

used to find unnormalized L"e(ß,>) at I = 1 , l.i ,

1'Z arÈ. then the recurrence relation (t.t4) was enployed

to extend the corresponding 6o^g(4,ì) to \ = 11.

Correction terms as given by (t.75) were found. to be
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negligible in the cases tried. the application of the

normalization procedure as d.escribetl in section 7.4 ,tas

carried out by neans of a subroutine (¡Up) which generated

6n¿(A,r\) to \ = 4o'7, so that the functio" U(À)

could be d,eterrnined. in the interv"I f 79.71 4O'?l .

This Latter step was fou¡d necessary in ord.er to malce 0¡ ((r

The various continuum waves which-were taken into

account for the various orbitals are given in table 5.1.

TASLE q.l

Because e =!and 4 = 6 waves only play a minor role in

the total cross sections the inclusion of states with

higher angular momentum than those in table 5.I was not

rlecessary. In the evaluation of the raciial transition

integrals a subroutine for Simpsonrs rule (SttffZ) was

employed, lrhose a-ccu-racy haô been tested on certain stand.ard

integrals.

a

Initial State. Continuun l{aves o

f rr, f r*, htu, ) l7l* 2 ltr^, A f*

sc¿tßâ,Att ) sTt,4r¡ ,ãTt

púrfr*r{f^ ) lT", (tr^, Arr* ) fî",Åî*

s$ ,dg,¡-f¡ ; dTrT tlTt,LT¿; 6î¡ , 
d'g¿, ¿çà

Çl
fa

ry
1f*
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5.2 D^Dmf 
^t 

ôD^eq aIFmTfìlfq El T}JTìTVTTITTÀT. ôRRTTÅI,S AItrT)OR

THEIR BEHAVIOUR NEAR TER.ESHOLDS.

Cross sections for the nine transitions f::on Ot

anci for the four transitions ín N, ind'icatecl in table 2'

were calcuLated using Sahni and Lorenzors initial state

t.C .4.0.-M.0. f s. As rentioned in Ch. 2 trans itions fron

¡uirs of M.S.O.rs in O, which have-tùe game spaÛiaL wave

functions in the restricted treatrent have very sinilar

cross section cul:\res. Ïfe note that all results quoted'

in this section are for the photo-ejection of one electron.

The results for inclivid.ual orbitals are presented in

figs. !.1 to 5.9 where ttre independant variable is taken

as the íncid.ent photon wavelength. For

orbitals there is only ore transition i.e.

O¿+(Xtft) . (see fig. 5.1). The chief contributions

for this proeess rear thresholtt come from lft ql ffu wavea,

the transition probabilities to which both decrease

rapidly as the enerry increases. the decÌines can be

explainecl by reference to fi€s. 5.10 and' 5.11 , where there

are shown the nost important f inal state ::adial functions

for selected values of h, together with the bourd state

rad.ial function. the first nod.es oi tnu continuum

r.raves occu.r at relatively small values of ) (* f) for

h = O ( t = o, s¡æctral head). A-s h increases the node
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noves irn^rard earrsing the negative contributions to tls

t¡ans ition integrals lr-Cx'-,>r-*r^ o,2 ot\ and

l,?s'-ù+r-"^ /.¡¡4\ to increase with a conseq'ent

d.ecrease in the corresponding mtrix elements. The fact

that the cross section renains alnost steady (see fig.5.l)

is dw to the irpreasing value of € in the term, ( Et+ g )

in (t.?), which conpensates the above decrease, as r+ell aa

groçing contributions fron higþer angular roonentum stateso

(See section 5.5).- i

For orbitals, as the curves in figs. 5.t, 5.5, 5.6

anci 5.9 irdicate, the cross sections e::e high at tha

spectral læad a¡rd decrease rapidly as the enerry increases.

this beteviour is attrÍbutable to tùe decreasing mtrix

eLements for tl:e nost Ínportsnt continui:m Haves, ff,r- an|

þlTw , The fact tùat Ûl¿a bou¡d state f\¡nction
I

has a node near the nodes of the continuum waves enhancee

the possibilif of a rapid. d.ecrease. l{e note thet a

factor rhich makes the c ross section decrea"" ( it contrast

with ffi ) is ttr"t æ/E¿ is snall so there is litt1e
0

chance of the increase of 6 seriously compensating the

decreasirrg transition integrals. The chief reason for

a d.ecrease, hcn,ever, js that the þ'u waves completely
I

,lorninate the low enerry cross secf,ion so that despite

thej¡ increasesr- contributions flom higher angular
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Dornent1¡tr states have no effect until rnuch higher energies

where t;re ffw contributio,t" """ negligible' In section

5"4 ve wilL cliscuss the relative importances of Aå

various atoroíc orbitals Ln fir,ie FY L'C'A'0o Ìravê fu¡ctlons

in connection with t]-is near t]-reshold behaviour.

Thecrosssectionsfororbitalsofu-s¡rmnetrybehave

in the opposite fashion to ttrose of g-ayiuib'try near

th¡eshol-ct. In figr:res 5.2 and 5.7 ,".are 
shown the cross

sections for ¡nocesses to or+ (o'll^,A'lTn) and' Nr+ (e'fi*) '

The curves stead.ily increase because of the increaslng

natrix elenents inrolving dlfT anô. d'g¡ continuum waves

near threshold. lfe seek an explanation in terre of the

positions cf the nodes of the final state waves ard to

this erd. we have pLot tect these for tf,Ie c ase's ¡ = o and

þ = '6 in figures 5.12 and 5.13 fot or' (T}te toud

state radial function is the sa¡re as the lÇ tv:rtton

which is shown in fig. 5.1O). For the waves concerned

the fj¡st nodes at h = o are at relatively large values

of \ . The negative parts of the important transition
,6

integrals , l.1x'-ù! e-'\A,,, o(x ^nu lä'',) e-n^A,,ràÀ
,

are thus very small. As h increases the nodes rnove

inv¡ard.s but the negative parts of tfæ integrals, still

occurrj-ng at l-arge À and' henc e very smarl C 
**I 

' are

snìri'ì t; frrrther the positive parts of the integr:aLs ircrease t
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as can be seen by conparing the Ìraves -y'-,rl (h = .6),

Âr,t (tt =.6) with Âr,t (tr = O), Âr,. (rr = O) in

the region t (X/(Z.f where the bound function is greatest.

The net effect is an increase in the ¡natrix elements

nith a subsequent rise i.n t}re cross section above threshold.

Not u¡til 4"='I does cancellation become appreciable

enough to car:se tbe above transition integrals to d.ecreaser.

îhe remaining orbital type, f* , gives rise to cross

section eurves which increase even nore rapidly :l .r

fron threshotd then 7li orbitals as can be seen in

figs. 5.4 and 5.8. In this case the roajor contributiong

are f ron nnt and *nl states, t.l.e forær povicling the

dornÍnant influerce" Since these states have reLatively

high angular momentru ( I = Z), their first nodes occur at

J-arge \ and the near thresholtl behaviour can be explainecl

by the same arguments as for the 41 case.

The angular integrals A^hÐ , 6,tf <).... etc. have

Iittle influence on the variation of the cross sections

with energy but are important in determining bheir

ragnitudes at a given ensrgy. Tables 5.2 Lo 5"8 show

the conputed. values of these integrals.



TABLE q,2- -

AhIGUI,AR INTEGRÀTS FOR TRAITSIÎIONS IN O

102

(6 2)
USIIIG L.C .Ar0.-l'f.0. I S

2

cn({)

En

,5259æ

.oo1624

.00004,

cn(4)

1'595764
.810172

.027521

o22OBB9

¡"(d)
2.1 19751

'BO+782

"111676

"0067Bo

.OOO222

000004

m({)
3.213959

.478447

.o2g27t

-ooog52

.00001 9

.00000011

n

1

1

5

7

9

r"(d)

4.701555

16.487217

24.608654

nn(d)

7"88982,

2',1.751945

26.1575A1

26.6297|'6

16'415096

25.397306

26.585077

26'6jzz62

26,654178

n

1

,

5

7

9

11

Dn

1'ogqzoø

2.707602 1 "5617%

'586028 '994172

'Ø0575 '197706

'oo2127 '015159

"000056

n

o

2

4

6

B

10 .00071 6



TÀBLE q.2

ANGUTAR INTEGRALS FOR TRATISIIIONS IN

cn'(4)

2

B

10

ro,

(62)
USING L.C.A.O.-M.0. ISoz

n

0

2

4

6

cn'(d)

1'867997

1.241746

'460740

'oa6561

"ao7263

.ooot12

Bn'(d)

2"658280

1 .472855

'717789

.0Joo58

, oo1312

.ooooJ,

an'(d,)

5.11494e

1 .419946

'1 29542

"005646

.000f 42

'ooooo2

4

6

I

10

In'(d)
1.2525o1

10.624575

21'e55g7t

26.2851 41

26'911214

2'770A49

15-9916+5

nn'(od)

25.2275A'

26'87ttt6

26'94e424

7.47OOO7

22"914857

ze 'Ønz6

26"979926

26'9izi77

Et'(E)

1 '252501

1 .454023

"5O1 444

'059665

'@1269

.oo1 1 41

ln'(cl)

2.570849

1'179t11

,1 91 428

"o1 1 190

.ooo754

.ooooJ5

n

1

7

5

7

9

'r,1



ÎASLE 5.4

,AI'[GULÂ.R TNTEGR.{LS FOR TR.A.NSITIONS IN N

104

(øz)
USING L.C.A.0. -llf .0. rs.

2

¡.n'(d) ¡n'(d) cn'(4)

1.151296

"740581

-250269

.or7gg8

"002188

.ooooo4 "000062

1.697764

.878062

.158704

.oog570

.o0o258

1-657634
.717829

.o41917

.001 1 r5

.000018

.000000

n

o

2

4

6

8

to

rn'(d)

.821429

6.70517'

17.077504

15-07A650

15-270005

nn'(o()

1 -679404

10.276494

14.744517

15.25+777

15.27764A

cn'(()

5.A7961O

17.990550

1 5.21 4000

15.276599

15.278166

n

0

2

4

6

I

nn'(x) un'(d)

1 .6794q .821429

.8660'to

.214415

.01a576

.000622

.6gTsa

.061815

"oo224g

.OOO']4t

-.000084

n

1

1

5

7

9

11 ".oo5090



L4p-!E-1,5

ÄÌ[cuLAR INTEGRATS FOR TRÀNSTTIoNS IN 02

a"(f )

1 50.014646

496-91737A

442'266A51

11 .oooool

usil{Ê L.c.Â.0.-M.0.Is

105

(ez)

n"f )

96.2585aO

367.569674

4O7.617827

216"719568

e+.ttl+69

19-9947to

R"(<)

.7902ú

1'945gzg

'a79267

'107117

.006057

.ooo202

L98"757r19

54,o3r4%

9:e9t oeo

a"(a)

2- 476668,

2.21 2121

-.137898

.024547

'000664
.oooo1 4

n

o

2

4

6

B

10

xn(a) rnf )

497'263629

726-611114

157.18711O

51 -427078

12.468746

2"219497

1.867997

,824246

.169935

.01 4727

.0006r9

.ooool 5

r"(fi)

597.jzzzoa

152-875759

r40.1 91044

38.1 451 1 4

7.1411,47

1.O7t61O

rn('()

2,65az}o

.682572

.061962

.w271',|

.000069

n

1

t
5

7

9



r06E¿BI4-56
(ez)

n

o

2

4

¿]{GUL.A-R INIEGRAJ,S FOR TRANSITIONS IN N usüIG t.c.A.0.-1,1.0. I s.
2

6

I
ro .576057 1 .461522

e'677791

nn(p)

20.890777

71-51097.1

69.999478

72-404576

-.00001 8

.546468

1.211870

.4061 84

.oo7402

.00't204

Rn(*)

22,851558

4.777640

an(p)

76"121A58

1 02.1 97711

7o.277e56

q"('()

1.959470

.1 1 1227

.oo4r73

.000082

.000000

1 .1 58706

rnp )
ag.189682

54.831992

22"451362

6.15556t

1'1 45281

.1 4A677

xn(<)

1.151296

.466772

.o77067

.oo451 0

.0001 24

.000006

r"þ)
r I 0.68041 6

58.457582

1A.8497ú

t.872279

"574069

.o051 97

n'("()

1.697764

'731594

,01g67t

.0005rg

.oo0008

.oooo00

n

I

7

5

7

9

1 1



TABLE 5.?

ANGUI.A-R INÎEGRALS IOR TRANSITIONS IN O

IO?

Gz)
USING L.C.À.0.-M.0o IS.

2

ln(x) Ln )) un(<) I{n

241 "024510

426.792æ6

45.Ot2328

8"517026

1.577964

1.54O2t6

.778895 372'506447

"027775 149"281279

"oo1 141

"0@257

7r4"160899

52O.574069

717 "867647

109" 42478'

24.202890

5'7178%

7.282619

.998246

.091767

.oor952

9
I .ooo0gg

.o00oo9

n

1

1

,

7

11

tnp )

540"a40r77

42O.tzBOæ.

27r"28A757

92.512079

26"350954

.o00108 5.460917

tn(c)

2"119751

1.73O77O

"41972,

.o55194

.æ7708

snÇ )

65A"A9797O

4A1,A17521

273.616r7t

76"524286

17 .417096
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5.J E}'}.'}'CTS OF VARYING THE SOUND STATE PARAMETF,R 9'

&R F ons¡r.A.r,s.

The atomic orbitaLs used to synthesize the molecular

orbitals in S.C.F.-L.C..4,.0.-M.0. ts in nost calculations

done so far have been of the S1ater type. These are

chosen presurnably becauso of their simplicity anat

convenience in the fornulation of pimitive M.0.tg. It

has been pointed out by varioug authors that L.C.4.0.-

l{.0.ts are not as accr¡rate in their tlescription of roolecular

r+ave functions as Eartreer-Foclc M.O. rs. There is however,

consid.erably uncertainty about the best A.0ors to ræe in

an l "C .A.O'-M.0. Salculation; the S.C .F.-Hartree-Fock

A.0.rs which are best for atoms, apparently have no claims

to superiority in describing the electronic states of

molecules which contain those atorns. Further, the

accuracy of L.C.4.0.-M.0.rs can be testecl only by conparing

the two calculated quantities in the R"H.S. of equation (Z.Zl).

Thu,s even though ttre value of €¿ may be close to the

experirental ionization potential there u'ray be no reason

for assuming that molecular wave furc tions themselves

a¡e accurabe. For these reasorìs it seemed. worthr*hile

to ¡;ce the cffects of varying the l,ound state pararneter, $¿

nhich js basic in the forrnul-ation of "tr molecular orbitalso

Âs rneirtioned before, the norma.tization condition (t.9)
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eonpletely rtotermines these orbitals, and. the application

of 'bhis condition is straightforward from the formulae

in ÂppencÌix 1.

We have used modir :l.ed orbital exponunt" l,Ë/ for the

atomic orbitals, but rather than choose the new values ln

an arbitrary r{ay, thei¡ values were found fron

,5,'= (n/E)^Y, (¡.r)

irhelo E" and Ea aro the experinental and. theoretical

ionization potentials" The factor {n"/nr)+ was chosen

ín a heuristic yet physical-Iy meaningfuJ. wayr by consid.ering

tlre enerry levels of a hydrogen like aton, F4. o< ZTnt ,

- 
o(\

and. then regard.ing the term e in the l{.0. ¡+ave

function as analogous to the bound. state radial factor

- zt/tt-g ' in atomic states.

For, the lfl¿. (or tF7 ) orbital in Or, we obtain

E' = á'4og ur¡ the use of thi-s valuo lowers the r:::oss

section by about "6 Megabarns/electron fron threshol-d. to

the naximum of the curve after which there rs little

difference. The results for this are shown by the

cLashed. curve in fig. 5.1. For the l"l1* electron in

Ne (x'Zf), S: =2'@6 r.¡hích effects a reduction of

about lVfr in the cross section fr:om the threshold. to the



peak of the curve; see fig. 5"7o

In the ease of the fTF,a( or tf* ) electrons of O,

we eonsid.er the two¡fina1 states AÞII*ana A'lfn for

which .$' - 2.692 and' .f,' = 2'142 respctively.

The results for the quartet state are reduceð, by 4Ø

and those for the doublet increased by 1e/ from the

th¡esholcls to the region of the roaxina r which means a

net reduction in cross section for nost photon energies

where both states are energetícally possible.

It will be seen in Ch. 6 that the nod.ifiett orbita}

exponents lead to cross sections which are in better

agreerent with experiment for the above,orbitals.

Further discussion of ihis point is postponecl until

section 6.1.

111
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5.4 JlJGIi_EllEBÊI_lBpl{ÂVr0uR 0F TrrBleosì sL.cT_rONS.

At verJ_h_ieh -gn-eJgigg the continuun waves described

in Ch., J must approxiruate very clc;sely to the plane wave

solutions given Uy (r.t). Eventrrally, when the

De Broglie wavelength of the ejected, electrons is rouch

smal-Ier than the rnolecuLar d.irnensions, the positive and

rregative parts of the transition integra).s will- very

nearl-y cancel each other and the,cross sections become

very smalJ.. Herpe when the photon wavelength is 5O1,

-1C 2the cross sections are only of order 10 '-cr¡ ancl they

usually clininish further for \ <
o

50Â.

The uro-gt interesting wavelength region, however

is near À = ZOOÎ where for transitions to the well

knbr,¡n excited. states oi Or+ ard.'Nr+ the photo-electrons

lrave energies 3 75et| . At such energies the cross

sections f or lTly (or tnj ) an¿ 30r¿, bourd orbitals have

peaks. tr'le note that the maxima obtained (if a.ry) in

atonic cross seetions (..g. potassium) n"*re been due to

fluctuations in the transition integrals for a given pair

of intitial and fináI states. 'l'he maxima obssrved. in

the above rnolecular cross sections, hovrever, are of an

crrt ircì-y d.iffe¡'ent ori-gin.

\

llhe occurrcnce of such maxima has been anticipated. by
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Cohen "rd F"no(58), ,rho"e approach has alreacly been discussed.

in section 1.5. Their prediction of shoulders <lue to

Íncreasing contributions from higher angular monentu¡n

final state vraves is certainly borne out by our resultg

for J (y añ, /flg (or f i'fy ) orbitars ' as can be seen from

f Ígures !.1 , 5.7 and. 5.6.

'Ihe origins of the maxim at high energies can be

fully u¡rd.erstood by refererce to f þures 5.14 ard. 5.15 where

the partial cross sections are plottecl for the ¡nore

irnportant (^rL) contributions for the transitions to

the s tates or+ (X ' Wy\ 
^na 

N2+ lX 'ZÐ . Fisures

5.16 encl 5"17 show the corresponding inforr¡ation for

l'¡l-,* (or ,ff* ) and. fri, orbitals , the particular final

states invorved being wr+ (AtTT-*) *ra Nr+( 8'ã,r) .

ÏIe have aÌready d.Íscussed., in sectlon 5.2, .the
reasons for the different near threshold. behaviours

of the u and. g symrnetry orbitals, in terms of the relation

betneen positions of nodes and. angular momenturn quanhrn

nuinbers of \the f inal state waves. 't{e now seek an

expJ-anation of the difference in behaviour of the cross

sections at high energies where l'¡e find again that the

positions of the first nod.es of the continuum waves play
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an Írnportant part.

fn figures 5.18 arrt 5.19 are pl-ottetl the continuuro

waves flT,- anð. {ff* for the process to or+ (X'ffy)

and üre d"ny 
"na tT waves for transitions to

*ro (Atm) , for energies corresponding to h = i ,zrio
1i¡e ki:row fron section 5 "2 that the transition integrals

involving D'ffonuuns decrease fron thei¡ threshold values,

whereas those for {Oå. at first increase and. then,

at '!-Y.! they too decrease. Compare the h = 1, frf+.
lraves of figr.rre 5.18 with the ftn waves of fig. 5.19¡

for th.e same energ'y, a¡d bear in mincl the bound state

furi:ctíon of 'lT orbitals of fig " 5.1O. For the lower

fangu)-ar momentum waves there is a goorl chance of

cancellation in the transition integrals whereas for the
I't' waves there is only a srm,ll charce of cancellation

occurring. As h increases, the first nodes of both

Ì{aves of course move inward.s and. vrhen h = 2 cancellation is

very strong for the t = I rraves but is only slight for

the l, - J waves. Ilence contributionifrom the Iatter

d.or,ri.nate the cross section and a shoul-d.er effect occurs.

These rernarks are also applÍcable to transitions involving

elcctrons ejected from bound.3A'p orbítals , for which, in

our mo<l-cl, the rn = 0 and. m = I waves are the same as those

for' l'|f".- orbitals at a given enerry of the electron.(¡
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For the transitions involving bourd orbitals d

u-synroetry the situation js different. We consider

figures J.2O añ, j.21 where the dt2 ana ff continuun

$aves are plotted. for h = 1r2r7. At h = I the first

nod.es of both tl a¡rcl g waves are beyond the region where

the bountl state function is greatest. Cancellatiod

is thus not strong for either. .As h increases the

nodes again nove inwards but at h = 2 they are still as

far out as I - 2.7 for the d - waves and. À = f.?

for the g - waves. Examination of the J/- bouna state

rad.ial function shor+s that tlp greatest contributions

to the transitlon integra}s should. occur in the range
\of À fnon 1 .2 lþ 2.5 so cancellation is not strong

for even the lower anguLar momentum waves. Since

these have greater magnitudes than the 3T waveg in

the important range of \ , the latter cannot d.oninatE

the cross section. Most of the reuarks for Tl-a bourd

states apply to 0[ bounct states for which the m = Or

m = 1 continuum waves are the sa[Þ.

\
We have seen Lhat naxima in the cros¡s sectioirs oecur

at high energies for ltTyGr ,ît ) and 3$.:"ni.tial states.

Since the expressions for 2f¿ orbitats (ana tÇ ) orbitals

are fornally identical-, except for the coefficients with
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which the lsf, , ZSf¡ urd2/rfå- prirnitive orbitals

enter into tl¡e expressiors for the molecular orbital

wave function, it night be expected that a similar effect

should occur at hþh energies for the vacation of Ae Zy

and. I fy M.O .t s. The explana tion -of this apparent

anomaly lies in the relative raagnitudes of the L,C.A.O.

coefficients. I{e defer d,iseussion of this point until
the next section rvhere the effects of varying the L.C.A.O.

coeff icients for 367 ana !Cf¡a, orbÍtats is investigated.

cohen and. Fanofs sinple treat¡oent d photo-ionization

of diatomic molecules has yielded soræ of the general

features of the results of our more detailed carculations.

However they have taken a fyoùital containing only /S

atomic orbitaLs whereas the L.c.4.0.-M.0. wave functions

r-¡sed for 3fTorbital-s in our carcurations have ¿s and.2fz

orbital-s as well. In the next section, it wilt be seen

why cohen and. Fano did not obtain an Lppreciable shoulder

effect and that the reason may or nay not be the rapidly

tteelinirg 6H O) factor in (t .46), but is nore than

ri)æ Iy due to the na ture of iÌr {l i nitiar s tate wave fu¡rc tio¡r,

Furthermore, thejr prediction that the interference effects

should. resurt., in a shourder at ronger photon wavelengilrs

in O, than in N, is not borne out by the present results.
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In the case of ^ J€¡,bound. orbital where a con¡nrison ls

possible between the two molecules, we have obtained

peaks in the partial cross sections and. thus the

possÍbility of a shoulder effect in the total eross sectiont
9Oat 1B5A for 0, antl 2J0À for Nr.
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5.5 THE EFFECTS OF CHANGING TIIE .C.A.O" COEFFICTEI{TS

o¡' f oR¡ttals.

Thus far the i,esults have been glven for the case

of S.C.F.-t.C.4.0.-M.0. rs for initial states where the

{ orbitals consist of combinations of lS , ZS and

Zl, atomic orbitals " Besides the coefficients for

the molecurar orbitars of N, (Xtfr+) and o, (Xtry)
which were obtained by Sahni and Lorenzo (see Cln. Z)

we have tried. the extrere sets of coefficients which

ignore the presence of /S orbitals and take either

linear combinations of 25 orbitals onl_y or 21. orbitats

nnly, i.e. we remove hybridization a¡rd consid.er pwe ?nt

anù L6u functions. lhe rew þ were nornalized

which involves soræwhat Iengthy fornulae whose details

are given in Append.ix 1, ard. the sarne values for tho

intermælear separations and. orbital exponenrtb,,for

atomic orbitals as before were used..

In figures 5.6 ard 5.8 tàe results are shor+n for

the non hybrid orbitaLs in the processes leading to

nr* (Xt¿tr) and Nr+ (e'Z**S . rhe res'rts
for the forner case, involving a 3þAourß, state, are of

mu-ch interest. rt can be seen that high threshold cross
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section is due almost entirely to the 2tf, conponent

and that contributions fron this conponent diminish

steariily as the energy increases. Further, the cross

section for the ¿Ì, fY function rermins low until
o

photon r+avel-engths of arourd. 499¿ where it comrnences on

a high energ'y maxinum. Thw the peaks in tho cross

sections at high energies for 3fy oùitals in our

calc'.i.1ations which nere d.iscusseil in the last sectiont

can be attrÍbuted to the LÌ, eomponent of the L.C.A.O.

furætion. There is thus no discrepancy between

Baters results for Hr+ at high energies and ours for

OZ, N2 beeause the bound. state functions in the - +
^t2

calculations r{ere composed. of pure S states and. these

d.o not give rise to substantial peaks at high energies.

It i-s also very interesting to note the similarity of

the cross section curve in the case of a pure 3Sr¿orbital

ard. the results of Bates and Opik(59)for the nodel- compl-er

moLecule which has been r¡entioned in section 'l .5. The

simi.l¿rity is noticeable in the shape of the curve as

r,¡ell as in the orders of magnitude. lle would expect

this to some extent but it is sorewhet surprising that

the agrcernent js good d.espite the f,act that Ìre are

usi.ng positive char5æs of å-e vrher¿'as Bates and Opikts

I,t,;d.cl h:,,1. +2e.
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lfo can now see why cross section curves for photo

e j,,ction from 2d-¡ orbitals d.o not have peaks at higher

(jnür'gies. In the L.C.Â.0.-M.0. f,ormulation, the wave

frr¡ct:l-ons contain lS , )S ard. 2l* atomic orbitals

but for these M.O.fs the coefficients of the 'f,
cc,mponents are rmrch snaller than those for the 3T orbitals.

The j-rnmediate consequence of this is the absence of the

hj.gh energy peak for the reasons given aboveo

l{e offer a tentative explanation of the d.ifferences

in beh$viour of the cross sections for q'S and' Ç 
z/z

initial states. At higher energies the rrmolecularrr

fc¡rtures of the orbitals are lost to the outgoing electron'

so we can consider the effects of atomic selection rules.

For bound p - states, of which tlne F¡z/z rnolecular

o:rbitals are composecl, ¿ = o ard' (' = 2 final state

?rrrves are allotsed. rvhereas only L = 1 waves are possible

for bound S - states. The high enêrgy peaks are due to

transif;ions to 4 = 3 rsaves and these are more accessible

to eleetrons ejected from 5rP, states than those

ejected from Öí25 states. Thus the latter do not

have a perr-k in their cross section curves at high eno'rgies.

I'inaIJ-y, r.¡e note bhat LÌrc effects of ::omoving the
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hybr:'-dization of tho àd¿- orbitals has a rnuch less

strikj-ng effect on the cross section curves for such

s.i,ntes. The results for 26( ¿s ) ,td zf'- ( zfz )

It¡rurerr rnolecular orbitals are shor+n in figure 5.8 for the

transition to Nr+ (8'l-**) " The resurt for 26''a- ('/t)

is slightly higher ard. that for Zq ( zS ) slightly

lower than that for the hybrid' Zf<¿ orbital. Clearly we

do not expect to fid. a peak in the ì'ø',a(zfz) case at

high e,nergies by the argurnents given in section 5.4¡

explaining the abserce of peaks in the cross sectlons for

hybrid orbitals of u sYmnetrYo

Our discrrssion of the cross sections for the varioug

orbitals by calculations in which it has been assumed'

that the lnternuclear separation is fixed' has revealed.

nany ínteresting features. A brief summary r¡i1l be given

in Chapter B where the general eonclusions are presented.

tle norv turn to the inclusion of the rotational and

víbrational eigenfunctions and doternine the effects they

h¿rve on the cross sections for d.ifferent ionization

procertses in N, and Or.

ì
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trf^T lTef 
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Rôrn^qtTÕNÀT, IlTc],'ÌlÙsOF T

6. 1 . THE BORN.OPPENTIEIMER APPROXII,ÍÀTION.

The Schrod.inger equatioh for a molecularr systern

containing n electrons and N nuclei, the latter carrying

charges of +Ze, can be easily written down

f-- t i oi - 4' ío,'- 7 he'lzl
L 1^'r =r ¿¡t j- t 

"¡ 
ly-g¡l (6.1 )

¡rhere n and. M are the electronic and. nrælearnesses. In

the Born-oppenheirner approxi*tiorr(56), the nr¡crear a¡rtl

electronic motions are setrnrated by writing

( ßj) (e ,z)

r¡here the el,ectronic wave func tion P(e/ti)a"penas onry

pararnetrically on Bj" ff we let u(¡¡) be the enerry

çigenvalue of the el-ectronic state, according to

I *;i oi .'lY*,ktt) = uß¡) P^ ktÐ 
(o.t)

then as !
J

varies we can regard. U as the potential energJ¡



for the nuclear ¡notion and write

+

[-+- Ï o¡ | u(Ri))L^r((j) = s w(ßi)
L 211 j=t

Solutions to (6.5) fo" the electronic states have been

discussed in Chapte r 2" Turning to the case of a diatornic

nolecule we find. t¡at (6.4) beeoræsrfor the 8.0.11. particle,

sinilar to that for the electronic states of the hydrogen

aton. I

-*' v uk)yß) ¿ €yrùv

r2t

(6.4).

(0.¡)

(o.o)

(e .t)

where

,r
B =31 -R2

is the reducecl Dâss oana f

The Solutions to (O.f) can be separated in the

customary way

Vß) = fftl o>VUt@,6)

where R, A ,6 are the ,pherical poJ-ar co-ordinates

for the C.0.M., and. v and J indicate vlbrationaL and

rotational qrranturn numbers respectively. The angular

depend.ence of y( s)

spherical harmonics

can be nost simpJ.y represented, by
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Y )a 
(0,$) = cð*' (zr+ù( r- nr) tPl'(^,@)e¿t"Þ

w (r+ nì!

or"lttT

kin¿.

(e .e)

being associ¿ted. Legend.re functions of the first

The ràdiar functions t7 r(*ta) then satisfy

t ä 3' #) +['rte - ußÐ -'+JV=o (e .g)

It has been

whereupon on making the substitution ¡y = P/R we obtain

ü*, þ ,@P " #[n-ukÐP:o (6.10).

[he potentiaÌ enerry function U(R) can be fourd by

numerical rc thods such as the Ryclberg-Klein-Rees-raethod

(see reference 64 for a mod.ified. version) 'if tft" spectro-

scopic constants of the ¡oolecule are knovlno

fou-nd however, that potentials of the forn

Uln) = E¿ t l ]t- e-o((R-R'e

where D.= the dissociation energlr, R" = equilibriu.n

internrrclear separation, which were first proposetl by

I'forseQ+), provide excellent approxirrations to tie actual

potential energy ourves calcufated. by numerical rrethods.

lle fourd that lÍorse potentials f it the 1:otential energlr

curves for most of the electronic states of Or+ anci Nr+

with a fairly high d.egree of accuraey. I{orse had given

\
L

(e.rr)
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solutions to (e.tO) with U of the for¡n (6.tt) ror the case

J = O'only and. the more gernraL case, I / O was c,onsidered.

in detail by Pekeri"(Zl), using perturbation theory technigues.

The solutions have been d.iscussed by Learne"(76)"rn 
"t"o

for the case J = O by Nicholls Ol). The general solution

can be written, for J = O

' P(r¡/ß) = N*d{t zu',F, (-n,L'+ry z) 
G.tz)

where z = 4. e- c*-nù $,r)
4r= tt"/ hreXe 1e . r +)

lf¿ , $eXe being the standard spectroscopic constants,

j. ,(-t- ztr (6.15)

and F

whích is c,f course a polynonial of degree v j,n. z. The

normalization f,actor N' obtained fron the cond.ition

I te t'üR=t tu given by

i.s tÌ¡e confluent hypergeometric firrption
1f

¡E(r,t,rt¡)= Z?v)rt
t=o(L+r)* */

| " (*:g)"'
,tL r&))

1

$-

(e.to)

(e.r?).

Equations (e .a) "tra 
(e .lZ) provide r.rs with analytic

l¿ave furctions for the rotational and vibrational motion

of the nuclei vrhich are of sufficient accuracy to justify
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thetr use in the stucty of photo-lonization processès. llhe

rotational eigenfunc tions could be improved. upon by those

of the syuunetric top but slnce rctational effects arê

expectetl to be sIEII the slnpler rigitl rotator eigenfurctlons

will be employecl. '

I
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6"2 -WTllE CIìoSS S_!CTIoN.

In Chapter 1 formulae r,rere given for the cross

section for transitions between electronic states only"

I'le recall that the complete expression f or the cross

section is

c(n) := 8Tr+
(0. r a)3c d¿

where ZZ indicates summation over all combinations
i,ç

of degenerate initial and f inal states' d. is the nurnber of

d.egenorate initial s tates (statis tical- weight) .

lu € 
lVrúv+k

is the ctipole length rnatrix elerent¡

nolecule¡ the electric dipole morænt Ú

(0. r s)

For a diatomic

Trr
obtained from all- the charges of the system % and. their

positÍon vectors fl . FoLlowing Eerzu."u(44)rne c€ur

resolve $ into an electronic component U" and a nrrclear

eomponent [_. If we write a general molecular wave function'-n

\t/b,l,e I t, Ð = y(vlÐ V 
(r/ ø, Ð tlt(elt, r) (o.eo)

fJ

\ then

Art = ll V þ t t ùp ht a,Ð p ( e,l a 6) n e rl (q K ) y [n t øÐ tlt (+l t, Ò û ¿ ß

+



+!l q o, ¡ *> p (ri | 0,6¡ p kt ¡t, Ð rtu V 6t ¡ t R) tl ( a ! rî,Ð )

,ly(e+lt,ß)ü,rß
(a.x)

rthere the integrations aro over all olectronic and nuclear

co-ord.inates. t¡e a""ure that \ d.oes not d.epend on the

electronie co-ord.inates so that since the initÍal_ anit

f inal el-ectronic states are orthogonal the secord ter¡o

in (6.21) vanisheg.

Let E(VrrJr) Ue the energ,y levoL of tho ion and.

n(Vrr,fr) that of the molecul-e before photoionization,

both rneasuretl r¿ith respect to thei¡ zero point energ.ies

and let I be the enerCy. 'difference betr+een the initjal

level (Vrr.fr) and the vibrationlcss-rotationless state

of the ion. Consid.eration of figr.lce 6.1, which Ís an

energy l.evel diagraro for nolecule ard ion, shows that

the kinetic enerry €, of an ejected. electron is

((4,rÐ = /,r - ( T "Y r(t6rt)
(a"zzr.

providing of cor¡rse that a transition to tre (Vrr.fr)

level of the íon is energetically possible, i.e. that

€ (vr,rr) )
at frequency t-

i-s then

I2B

O. The photoionizatíon cross section

for an initial state phr;rTi>e¿f y,ß)
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FICTUR,E 6.1

a(v)=G ffc'A"' 2L ( t+ €(t¡¿,

2ï:,+ t î1¡; vtrlg î1û ., . .,' ., ',

(e.23) .

x 
i lO (e¿,t¿,v¿,€l,tr¿,r1,0)l

Consideration of Boltzroann factors for standard

temperatu"""(44)"hows that the v. = O level is most

probab).e for the initial vibrational states but that -:

t:, and. J = B aro the nost probable rotational states

for N, ancl O, respectively. .A.ssuning Ji = O is not
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expected. to have any significant effect on the calculated

eross sections. Á.ssuming v. - O, Jl = 0 we have

tJ (e¿,¿+ ,v+,r+,c) -- fjg(r r¡?ilttùt f kç,j+t€(,á tt,ß)4¡*g

Perfor¡ning the integratiorrs over @ , 0 gives a factor

of unity and. no change of the rotational quanturn nu¡rber

by virtue of tho orthonornrality of the ylt ( A,6) , 
'

l.Ie note that the resultant selection rule on J is 4J = O

in contrast with the case rqhere symmetric top eigenfu¡rctions

are ernployetl. $ now takes the simple forn

fl kt,et,ç,¿) =f/ff 'rol V þtk,n)tP(wtÐþGc,er,lt,R) d,¡"R

(e,25) ,

The simplest approaeh to adopt in evah-¡ating the matrix

eler¡ent (ø.Zl) is to assume that the electronic v¡ave

functions do not depend on the nrælear radial variabLe R.

Then we can write
I

(o.z+) c

G.z'l)

!\ k,, r+)v;,e )/' = I [, þ, 
^, 

e (v+ I *\a Rf Ft k¿l t) t fb,e ! ¡7 
tí.lr'r,

IÐt Ø kç,elt)Iruoo !lprca d,t
L
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where Ji(tr+,n) is the Franck-Condon factor, introduced

by Bates(Za), for the zeroth vibrational level of the.

ìoolecule ard the vr-th level of the Íon. Frenck-Condon

factors are usually calculated. for.the case r+here U (tn 6.1O),

is a lulorse potential in whidr ease the vibrational wave

functions are given by (O.lZ). Such caleulatlons have

been performed for transitions to the ion state" Or+( ¡rIT1,

a"rfindfT, \"rl) by wacks0ù, or*('Ef,) rv s.r'"(Bo),

arn tlr+( x^ãt n-¡lì, BtE"i by Nichol* (zz) 
.

" ä llçr., ts)g gar,us) rt 
I 
'

'l{ith the above sinplifications the cross section can

be writ ten

r¡(rl = (nr ot eo'r/s) L(E + € (r¡r))ylr¡r,o) 't-f

(o.ee)

wnere f, neans surnmation over the energetically possible
te¡

vibrational leveÌs of the ion. The use of Franck-Cordon

factors has tÌÞ consequence that the vibrational contribution

to the total transition probability is irdependent of tle

photon erêrg¡¡e This neans that to fird the tota]- cross

I
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section for all vf one needs to determine fr.om (e .ZZ)

at a given photon energy, subject to the conclitton €(¡¡l') )o,

the value of the electron kinetic ener¿fies for all vr.

The corresponding values of h(= RE'L/z ) c*n then be fourd'

and hence, by graphical methods the electronic matrix

elements. Alternatively the known values of the

electronic matrix elerents at tbe tabulatud values of

h can be used. to determine the cross sections for each

v, and then the correspond.ing values of the photon energy

so that the varÍation of the total cross section with

energy can be found by graphical nrethods. Both of

these methods were used for the transitions to the states

rnentioned above for which Franck-Cordon factors are knovfn.

The f irst n'e thod proved soreuhat laborious, especially

when up to 20 vibrational levels of the ion had

appreciabl-e Franck-Condon factors so a programme

(inclucted in Appendix l) was written for the secòrd'

method uhich provided. I more efficient ¡rethoil of evaluating

the total cross sectlon.
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RIÌSIII,TS] Ii'OR PIIRTTAI, CROSíJ SECTIO}IS C¡.LCIII,ATED }¡ÏTII

l¡R,,\l.l0K-COl,lD0N F^CTORS 
^ND 

C0l\lP¡.RISON 1'lIT II EXPIdRII'{I]NT.

"tn figures 6.2 'oo 6.7 are shown the results obtainetl

fron (6.28) for the transitions f rom the grrcund electronic

sl:ates of N, and. O, to ttre ion electronic states Orn( X'-tTy),

or*( Go'11* ), orn( A'l]; ), or*( !,"ri ), ort( 'r:l ),

*r'n( X.zf ), *r't( A'TL ), *rn( ß'ã,+ ). For arr or

'bhese the partial cross sections have been found fron

photoelectron s¡ectroscopy by Bl^dks and Carvet(ar )o rn

Chapter 5 the cross sections obtained for fixecl nuclei

r.¡ere discussed arid conparisons between Lhe cr¿'ves for

different efectronic states wete nurdc and the rlifferences

in v¿rriation r+ith energy explained. Those resul-ts

noul-d have been obtainêd by settinr ZW(lrtuo,ol) = ¡

irdependont of lÌre photon energy and putting aII €b+)=¿

in (6.28). Incì-uding the li'ranck-Cond.on fac r,"ors has

the rnost noticeable effect for those transitions in which

the grourrl electronic state of the neutral molecule and the

final state of the ion have appreciably different equilÍbrÍurn

internuclear sep:rrations. Und.er these cj.rcurstancesr the

Franck"'Condon factors are srual-l- for small vibr¿r'bion:rl

quanLum nunbers of the ion and increase slowly to achieve

a rnaximum at a hi¿;her value of vr. fn figures 6.2 to
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6.7, the expelinental points of Blake and. Carver in the

uavelongth ran¿1es from first threshoLd to 5841 are shown

for the a'bove transitions. ft shoulcl be rernembered.

that Blake and. Car.yer applÍecl tl¡eir blanching ratios to

the total photoionization cross sections of Cook and

ïtotr*r(6'ã)" 0ther reports of experirentar totar photo-

ionization cross sections have tend,ed to be sornewhat

highe r than Cook eurd. I'fetzger's results (see for instance

the resurts of t{ainfain et "t(53), ,ntuanuga and rfatan"o"(e1)

(0, onfy) ), antt these r.¡oul-d of course give rise to highor

partial cross sections. In the wavelong.Lh ranges of

1oz7l to 770L for o, ana ?961 tu 7$?for t{, the partial

cross sections for transitions to the ion states Or+( X'nr)
and. N^+( X¿UJ ) ""u of course id.enticar to the totar cross2 "' '*l'
sections. Further it is wor.th pointing out that there

are trro initial electron states to account for Ín the

transitions to o2+( x'q)' or*( a*Tl-*), or*( A.Tf, ),
*rn( X'Ll), t'tr+(B'äJ ), and. four Ín the transitions to
tlr'l( AtIf*). These nuff, í-plicative f actors have been

included in the final results.

1¡or most of fhe transitiors considered the ca]-crrlated.

values agree v¡el-r nith the experi.oeniat resurts near the

threshords. 'l'Ie nolr diseuss the resu.rts for each orbitar type.
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I'fï , The cal-cr-r1ated. cross bection near threshold has

large "top" d.ue to the large li'ranck-Cond.on factors for the

sr,all v'ibrational cprantum nurnbers of the ion, Or*(X'Tf¿) .

cook and I'fetagerts readings seem to ascend. in crose agree-

nent rrith the carculeted varu,¡s. Near 9501 honever, the

experimental points sre up to three times the calculated.

varues v¡hich may be attributable to ¿lrtoionization rines

vrhich we have not taken into accorrnt. From 95O1 to ¡g+i

the experirnental points tend to oscil_late about a mean

which is crose to the almost steady value of flre ealculated.

cross section in this wavelength region.

'ff* . For the tr.ansition to Nr+(ÆI[,. ) trre agreerent

of earcurated and experimentar partiar cross section is

very good tron l$l to 6601. At hÍgher energies hovrever,

the calculated. varues i.ncrease steadily in contrast to

the experinental resurts. This índicates that the critical
first nocì.es of the impor.tant continuum r.raves are not

occurring at sufficientry snalr varues of the rad.iar co-

ordinate À ar,l so not ca,sing the eorrespondin6¡ 
,transition

integrals to dimi.nis¡h at low enough energies. For the

transitions.to the "fiìn. 
"tr,tes of or-F the J.ast rcrnark arso

applies, brrt here the experimentar resurts rio l¡eLr abover tho

calcu.l-ated eross section f ron ZZol to ff:Sl,. since the
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Franck--Condon factors are responsible for the sluggish

iucrease of the calculated cross section just above the

dtfi'" threshold, it is dÍfficult to see why the exper.inental

points should show such a rapid. irprease in this region. A

tentative explanation lvould. be that the electronic rntrix

elenent is sensitive to "h*rg"" in internucl-ear se¡:aration

so that the Franck-Cond.on factor'approxination is no

longer valicl. 0theri+ise the threshold value of the

cross section for the case of fixed nwlei wouLd. have to

be severar ord.ers of magnitude greater than that calculated.

rrith our rnodel ancl sholr an extremely rapici decrease for

inereasing enerry. fn the light of the good agreenrent

for the corresponding orbital in Nr, however, lre suspect

that the calculated values cannot be too much in error.

3of. There is insufficient experirnental d.ata for the

transition to Or*( 'Zi ); the only avaitabte experirental

point j-s about one third. of the calculatett value. The

transitions to or+(åÞf'f ) "na N2+( X'¡Jl ) show sood

agrr:ement between experiuent and theory near their thresholdso

For thc forrner the agreeraent l.ern¿rins to aLmost 60oR an¿

again lre see'rthe Franck-Condon f¿¡ctors clominatíng the

caLculated. cross section and. probabry the experirnentar

rearllngs as welf . For N2+(X':r,f) the catculeted and
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expoïinental values detrnrt cons j-d.erably fr.om Z¡Oi to

65Oi after lvhich they approach one another. The drop

in the experimental curvo at energies above ?5ol r¡hich is

not noticeabry in the computed. resurts courd. possibly be

explained by the above B.rgul,rents for this phenomenon in

the caso of tre Tf,- orbital in Nr.

àd-,¿. The calculatecl resul-ts for the trarrsition to

N2+( ß"är+ ) are two to three ti¡res the experiræntal values

from threshold to 6f51 and the d iscrepancy may be Bien

greater than this at higher energies. Tho final state

rraves &re noro likery to be seriously in error than the

bourd state functions for the forlowing reasorur. rt is

unrearistic that the eontinuum r{aves for erectrons ejected.

from r/'n eurd. f* orbitals should be identical r.¡hich is the

case in our eaLculations for tn FA and. þ continuum

rraves for lnocesses involving the.se orbitals . - since

the agreement tetv¡een experinent and our approximate

theory is good for the 7î,.' ¡ourd states near threshold., we

consider that the continuum waves for electrons eJected

frorn thc {v orbita"l-s need to be greatly irnproved upon.

Cl"r"larJ-y ,,ve alre tt:sting Fì_annery aird 0pikrs finaI state
mcxlel to its l.imit r'rhen r¡e use it for phoboioniz¿rtÍon

of inneT shells l':ccâu$e ¡re cannot expect the screening of
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the irucl-ei to be ¿rs effcc'bive as in ilre case of ejeci;ion

f¡crn the rnolc l_oos,:ly beiur:¡l Il;.. arn îþ or'bita]-,t. It
is sorL.:r¡lr-nt srrrplising that the fi.nar state approxirnation

Ìr¿r.s procl.lrc ed. r'csul-Ls r*hic h .re of the ec¡r,rect ordcr:s of

nra¿lniturle for photoionizat:lon f rom even 3þ orbitals.
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TRAI$JITION I'lOl'lENT 0J ïNTERNUCIF,AR DISTANCE.

lle recall that in ,nu Uu"rvation of (O"eg) the

simplifying assunption was mad.e that the electronic trans-

ition moment was independ.ent of internuclear selnration.

Franck-Cordon factors were usecl to account for the

vibrational contribution to the transition probabilities.

This approach has been generally adopted in the study of

band intensities in emission and. absorptiorr(e+). ' ,o"

the latter we have

K.,¡.,.rn - Nv*q,rn lf V",Re(R)ty,r,,(ôrtRIL $.zs)
where Ne,, is the relatr,ru *nr,tation of the 'tf' level

of the initiat state rt,u,= ( E.,r, - 8." )/-t, ana R"(R)

is the electronic transition moment. Becar¡se the

d.ependenee of R" on the internrr lear separation r:sually

presents a dif ficult ¡oathenatical problen, the usuaL proced.ure

is to write

Ku,,n,, - Nrr,rlã, ,u, Rl (lr,u,) 
Tu,u,

L39

is the Franck-Cond.on

(o.lo)

vhere l/e,u, = l í lr" ?.' ¿R I'
factor and.

\,,,, = 
ír-, ^ 

e,', aa f J 
0," P'' t'u

(6.51)
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is the r - centro'u(45). The justification for taking an

&verage value for the transition rnornent has been the

assurnption that the variation of R" with R is slofl.

The above r: efinition of üre r - centroicl anrl the

inherent ass,mption is usuarly macte in the context of

bou¡d-bound. transitiors but it has obvious apprication

to bound.-free transitions. lle have therefore irwest-
igatetl tàe effects of incrucring the dependence of the natrix
el-enents of (a.z+) on the internucrear d.istance R. At

the time of writing we had only treated the sÍngte proces¡¡

q(x'zi,v¿=otr¿=o) + &* + Qn(X'nt)6, ,rr=) + €
(e .zz).

and found. the corresponding cross sections at the threshords

for each final vibrational Level of the ion i. e. zero

kinetic energy of the ejected. electons. _

For the process (e .lZ) the cross sections for each

value of v, are

ü (r¡+f e =o) = ú¡n<,r.'/¡) r(.¡Ð { I n (v¡,ea,€;,€ ".>l
(e .r)



5 (o*, €1,€;, € =o) =

ffVOr,-,ß)PGlÂ) ¡ þ(e+,€=ot!, e) P(vcta)t¿¿n

14r

(0.14) .

the fÌrstt-etage of the calculation was the evaluation

of the electronic transition moment as a furp tion of R 
.

R. (n) = JPf 
rr lt , R) t þ k+,€=ol!r n)Âg

(ø.ti) .

The previous program¡oe whjch we had. used. for the evaruation

of the electronic rnatrix elerents for fixed nrrcIei was

extend.ecl to calculate these quantities in the range of R

from 1:6 to J.O eo in steps of .O2 ao. The significant

range of R was obtained by the roethod. of Nicholt"(ZZ).

For the process (ø.lz) the chief contributions to the cross

section come from þa*ana frllcontinuum waves and. in figure

6.8 are plotted the corresponding rnatrix erements for these

final states as functions of the intermrcrear separatÍon.

It can be seen that the variation with R i-s indeed slow

which lends support to the assumptions which have been

previousLy nade in the ealculation of transition prob-

abilities between mol-ecular states. lle feel that this

result cannot be disregarded on the gr.ourd.s that our final
state moder is onry an approximate one. our justification

lies in the agreement of the nragnitud.es ¿rnd variation
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with enerry of the c ross sections near threshold as

indicated in the last section.

1o conplete the ealcul¿tions l¡e have to nuttipty 
.

n"(n) by the initial ad. final state vibrational wave

funetions and integrate ove¡ R. The vibrational wave

functions empLoyed were those for the Morse potentiaL

for whieh the solutiors have alread.y been given in

section 6.1. The relevant spectroscopic conrstants

ror or+( |1Tff ¡ "t"(zs) 
âJe= lrTc'f,^-r, t¡c,x¿ = t¡'s¡

câÈ-t, fe = t,tLz.tÃ> f n=7,i11i6. In figure 6.g we have

arso plottetl the nornalizecl vibrational wave functions

for the zeroth vibrational l-evets oî Or(X'ä ) "nd
O2+( XtTTt). f t can be seen that in the region of

appreciable contributions to the over).ap integral which

when squared g'ives the Franek-condon factor, the erectronic

transition moment is varying so slorly w-ith R that the

cross sections obtained by the methodl of this section

should not differ appreeúab1y from those obtained. by

using the tr'ranck4ond.on factor approxiretion. This is

certainly borne out by the cornprrted, result for the trans-

ition frorn the ri = O state of Or( X3 Zi ) to tt," ,f = O

state of Or'F( X'TTA ), which is given, together r.rith the

cross sections for arl v, at the correspording thresholds,
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in table 6.1.

+ ¿

r.oR vÂRTolIs v

tf

rt can be seen that the difference ín the resurts obtained.

by the trvo methocts is onry of the ord.er of a few per cent

for the most important contributions.

- AT THRESHOIÐS (€ = O )

CROSS SDCTIOTI USINC
FRÄI.{CK-C O}TDON TAC TORS .

CROSS SECTION INCTUDINC TEE
R - DEP}]IÍDENCE OF TTIE
TRÀNS ITION I{OI,ÍENTS .
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t
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Our conclusion that the Franck-Cond.on factor
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approxination is vaLid for photo-ionization carculations

cannot at this stage be generarizett. }Ie have restricted

our attentÍon to a single Iræess in o, antl onry considered

the case of continuum l¡aves fo¡ zero enerry. lle rrill be

ernploying the methocls of this section to investigate

other transitions in o, as werl "s pr,otoionization processes

Ín Nt in those cases where use of Frannery and Opikrs final
state moder has given good agreeænt between experiæntaL

and cal-culatecl crosa sections near ttrreshord.. 
.Ïle 

rlrr
then reach a nore general conclusion concerning the

Franck-Cordon factor approrim.tion, though the abor¡e

results point to its validity.

1
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6,5. TOTAL CROSS SECTfOl'lS FOR N2 AND 02 FROI,I

THRESHOLDS TO 5OA

Most experi¡nental. reports on photo-ionization of N,

and. 0, have given totar cross sections or total absorption

cross sectlons with or without photoionization efficiency

data. The total absorption coefficient, 
"{ , a"rtned by

.r = te-{' G.to)
has contributions frcm photoionizetion (above threshorrls),

pre-ionization, d.issociation, d.issociative ioniaation,

band absorption etc. the ¡næesses d bard. absorption

and pre-ionÍzation are expectett to have large cross sectior¡s

at and near specific photon frequencies (for atlowed trans-

itions).

The early experirental work of l{eissler and. ,""(AO)

on O, was performed with line sources and. r.esult_s were

given for the total absorption coefficient fron I¡O6Î to

7q'1,. rn 1955, t{ainfain et at(5f)u"r""rined absorption

cross sectíons ard photoionization cross sections for severaL
OO

gases incl-uding 0, and lÍ, from 4TjA to 9914. Ât certain

frequencies measure¡nents were made with rarge and smarl

ion-charnbers which usuarly give srightty d.ifferent results.
In figr:res 6.9 and. 6.10 these resuÌts are shown. Averages
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were taken for the two ion chaqbers if both were emproyed,

at a given freq'ercy. tr\rrther, as is the case for the

plottecl results of samson and cairrs (n,el) 
, the measurernents

a're averaged over loi intervare for the sake of crarity.
That such an âveraging procedure is necessary is unfortunate

because soÍÞ exceptionarry high readings which are probably

due to pre-lonization or discrete absorptlon, infruence

the photoionization results. îÌere have been rany other

reports of absorption ard photoionization crossr secti.ons
(aere9 ,go,67,at)', the reference list not being exhaustive.

l^Ie have chosen not to incrude the more recent resurts of

cook a¡rd lt"t"g""(6ã)*a Matzanuga and l{atan"u"(81)0"""*"

of the large fluctuations in the roagnitudes of the cross

sectÍons. These arise wlen the experirents are lnrforred.
with very accurate frequency neasurerÞnt and are crearly

not due to the trarrsitions from the bourd. states of the

eround. electronic states of the nolecul_es to the-continur¡m.

This explairs why we only shotú the nore smoothly varying
(¿ue to less accurate frequency measurenÞnt) resurts of
sare on a¡rd. cairns .qnd l.Iainfain et ar. The resurts of
sarnson and, cairn"(ez)give the photoioni zatíon cross

çections from threshord to lool. These experiraentarists

have also investigated the a-b+grpliq4 cross sections fron

55O?- - 2OOl and though no photoionization efficiencies
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lrere given we heve included this set of resuÌts in the

absence of any othér data in the above wavelength region.

The resuLts of our calcuratlons for tàe totaL photôionizatlon

cross sections for N, and. O, from fi¡st thresholds to
o

504 are also shor{n iu figures 6.9 and 6.10.

Results for Or. (See fig. 6.9) " ÌIe have alreacly

d.iscussecl tÌ¡e cross section fron L027l * Zgrl ir, "uction
6.1. At hlgher energies we mwt add. ttre partial cross

sections due to aII energetically possible processes, It
can be seen that the generaL trends o,f the carcuLated. and

experinental results are in corpurrence rro¡n ?961 to 6OOÏ.

lfe note that rrhereas the ongets of the transitions to the

ru states of Or+ result in fairly snooth increases in
the cross sectlon, those for the Zt státes are sud^d.en

because of the J.arge Franck-Cord.on factors. There is

rittl-e agreerænt between carculatect ard. observed cross

sections above 6OO1 tirough the general trerds t"ì"fn
si¡oilar to the onset of üre tran:sition ø Or+( CçZr- )

oat 5lOA. At higher energies the two cìlrves depart

radically irdicating a general fairure of the rnoder we

have employed in our calculations. More specifically
the results nhere trans.rtions only occur to the TI states,

and to the ( &'>3 , 
tll 

) states are in reasonable

agreement with experinent. lfhen our model'iE used,

ì
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for Zdr¿ ¿untt z1 orbitals (see Ch. 5) the calculatett

values are much too large. Finally we note that the

experimental absorption cross sections d.ecrease at irigtrer

energies to a value of about lOMbn near 2001. The :

calculated. cross secf,ions also d.ininÍsh at high erergies

but do not faII to 1Ol,fbn r¡nti} photon wavelengths of about
o

'lOA.

Bgsrults for Nr. (See fig. 6.10). There are only

four photoionízation Frocesses tor Nr( Xtã.; ) tn ttre

wavelength range ?96 5Ol. However, agreernent between

ealculated and æasured, cross secti.ons is fourd over a much

narrower wavelength range for N, t.l.an for Or. Only fron

the first ionization potentiaL to ttÌe N2+( ßtZ..t )

threshorcl do the tr+o sets d resul-ts resenbre one another.

This disagreerent was anticipateel in section 6.t where we

saw ttrat the trarsition involving the 2{ orbital gives

calculated. results rvhich are nearly three tir¡es as large

as the ¡neasured. values. The part5¿I cross sections for

the A.TT; and ß"Zr* finar states increase from

threshold to reach r.raiima st mrrch shorter wavelengths and.

the dirninishing contribution f rcn the X"Zt finar state

cannot compensats these increases. Consequently, the

caleulated. cross sections remain far t'oo hJgh even when
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the photon wavelength is of ord.er 1501. In Chapter 8

the failures and. successes of our moclel for the varlous

trensitions nill be discussed in greater detail.
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_cHAPTEe_?

PI]OTOIONIZÂTIOIT OF 
"T{E 

¿TI' EUICTnON 0F ill TRIC OXIDE

7.1. !_oullp* JTATE-]iAyE J:rJ{q.U-oJ. I

In heterom¡cIear diatomic nolecules the nol_ecular

orbitals can not be ascribêd;:,g or u - symnetry on

Írn'ersion because, in an L.C.4.0. framework, different

atomie orbitals fron which an I1.0. is synthesised. are

enployed for each centren S.C.F.-L.C.A.O.-M.Oo wav€
(gt,gz)

functiorrs have been found. for nitric oxide by Brion et ar.

The electronic structure of N0 was given as

f { fl (x'rL ) : (¡ o")" (z e)' (s e)'¿ Qo-)'6 Ô" (r Ðe (z n)
(z'r ).

ïn this chapter vre restrict our attention to the photo-

ionization of the 21T erectron whieh occurs at tJre first
Íonization potentiåL of the roolecuÌe, ard results in the

proCrie tion of the X,'à.-' state of NO+.

Brion et al have enployed. real Slater type A.0.f s
(with the orthogonar 2s frirætion)which have been d.iscussed.

in ch. 2- using subscripts 0 and. N to <lenote o"tit*t"
on the oxygen and nitrogen centres respectivcì-y, the

above workers forrr-¡i in their comprete tr-eatrnent that flre

cor:fficients a' and a, j-n the expression

U/(tr) = a, 2f ITw t- d'> z¡ni Q.z)Y
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should. be a,, = .B7Bl , ^Z = -.6976. Denoting the

orbital exponenôs of the oxygen a¡rd nitrogen Sl_ater

type ,fT orbitaLs by y" 
"td .h respectivety'we have

VGn) = 4,'¡ sLe, usft ê- Snt +aí¿sie.. øsþ.g- 3o1.

0.t)
where e,' = o,¡Sn"¡rr)'L and c¿J = .r(UJt)ry,
l{e can write (l.l) in prolate spheroidal co-ordfnates

I x'- ù'ô lr - ¡*)'^ :r:!frÏ
with

4n = l*c/z do = f,"R/z (l.s). Ç

CIearIy (1.+) has no clefinite symmetry ¡noperty u¡der

the inversion operation.

t¡)
Â
2 Q.+)
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7.2. MATRIX ELEMENTS.

lle have seen that Flannery anct Opikrs final state

¡nodel. has provecl fairly retiable for the rnost loosely

bouncl electrons in O, and Nr. Ïfe henee feel, ttrat

tlespite the oúvious Ìlnitatlon of the noder nhen appried

to heteromrlear d.iatonic noleÀl.r ions ln that the

fieril of the ratter wÍIr not be s¡rrunetric between ths

nuclei, we should. be able to obtain fairly reliable

continuum waves in such cases when the difference in
atonic nurobers cf tbe two atons in the ¡nolecule is not

too large, ltith this latter cond.ition certainly

fulfillecl 1n the case of NO, we now d.etermine tlre

ex¡ressions for the etectronic natrix ereænte for photo-

ejection fron tÌ¡e ZTf orbital given in (?.4).

CIearIy by comparison with the case of ejection

fronlTl-¡r,¡orbitals for whieh the electronic natrix

elenents have been evah-¡ated. in sectiorg 4.1 and 4.2, wa

find that only I , lT and t continu¡m waves

contribute in the lresent câs€o Th,,s the serection

nrle on m/ is stil1 satísfied. The analogous

behaviour ceases when we consid.er the integrations over

the angular co-ord.inate îhe expression (?.4)

crearly admitg nixtures of g and u s¡mrnetry waves in the



final states and. further we exlÞct that sirpe both

(1.2O) and 6.21) wÍtl be valid for the furptions ¡[(/.)
that the continuun waves will have both even a¡rct od.d I

T5'

¡

If we denote the conponents due to (l.ZO) -¿ (5.2t)
by I and II respectively, ttren

a

ll orl
x¡I I

IIÃt"
31

(À'-ñ(t-p')C\'-r) ' Q.s¡

f n,'e- 4")g- lrt -o(o)4e *'d 
' Z'(4*Q'to,e)) xe

û

,t=o

, Prl¡ðLo,€(r) +4^ ; 2= o't'v'-'

= arn i'a^{4t ",t) /ä.- ù Ao,e 6) { e,'e-"\ LX hi AÐ - B: k">
32 ¡.o ',

+ cl l+,) - s i r"t - a,'e- *t [t' (^ : (n ) - oi Gr.þ ((r.) - 6:lr. )ÌdÀ( 7. ? )

vhere

A I 6-1 0î (¿J, c¡la 
") = I' i^ ¡r) (,, ¡^\ ri e- 

¿ 
"þJrn (z.s)

4f (*,), 8? (n,),c i 1<S = l'e,t,.) 
( t, r', r*)'* 2n Q.g)

with n = o, 2, 4.....

when we consid.er ,/î::" we find that the expressions

are identical to those for ['l-o!,0, . Eowever, the

values of ¿ are now 1, j, j.... and those of n are
'.1, 3, 5....
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,/l:,,1 =^ï! = g l'r^t*t,,rl[ix'-ùÀ.,ch) ,
6Y a=o

'{eie-<'r¡¡'(çik,)-H:(*-)) r rJf(*)- pJ("Ð -
- q.'e- 'tolf ¡' (cl r<o) - H: (r")) + rfßt - uî(<'i)]u

Ìle fird. for the contrlbutions frcn f, - ,r..r"",

l= ¿ryt6..-

where

Gi Gô,H!(û, r:ø = I'P^î,ç)e- 
{"r0,r'rrÐd*

G^ol*), uik.'),ria)= f 'p^i.ç're*oþ(,,¡-rrÐ *

(2. to)

(z.t t )

(r.tz)

and for /L'* the varues of L a',e 5, 5, ,1.... 
and,

those of n are 1, 7r'5.... Finally we find for
contributions fron J7-- continuum waves,

/'¿';,: = ú 7 â^G, ,,e) [ti-,la't 4 (ù [c,t e-<,) ¡.r. Dj/<") -3¡ ìeo

- ri(çD - a.'€-st [r'uj l<") - 4l"Jì] rr 0.tt)
!=t,3tf-.. t /r;:L, e= r,ç,6--.,ne tr32s..-.. ;.

r+here

)l (¿"), El(v,) = !_r:-nrr e-<nþp^:,,Ç) (¡,¡s)a¡ 
0.t+)

Dl (*,), E:(",J ' !'6-n"1* ¿<or* P:,,ç)6, r^Ð*

L

(7.t5¡ .
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It can be seen that t.Le labour lnvolvetl Ln

conputing the cross sections for noLecuLar orbitaLe

in N0 w111 be at least fiwice that for those.of

homonuclear d.iatomlc moleculeg. 'The cross sectlon

coulcl intleecl be fou¡d froro the expresslons we have

d.eveloped 1n this section but we now turzr to an

approximte approach which we expect to yield

reliable res¡ltg,

þ
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7.7. APPROXIMÀTE CAICULATION OF THE CROSS SBCTION

o
FRoM 1540 - 1022!..

have noteil that the calculation of the cross

section for ejection fron even the Zf electron of N0

by the nethod.s of section'1.2 would. invoLve nuch

eomputational labouro Fr¡rthernore, since accurate

methods have not yet been d.evelopecl for firding continuu¡o

waves for el-ectrons ejected fro¡o hononuclear d.iatornlc

nolecules, it seems probable tåat accurate methods for

finding wave functions for el-ectrons ejectect fion hetero-

nr¡clear d.iatornic molecules will not be fourd, in the near

future. We thus feel that soun progress woul-rl be Gtle

in this fieltt if a fairly reliable approximte nethod.

couLd be devel-oped.

The most appealing sirnplification in the treat-

nent of heteronuclear ¡nolecules in which th'e atonic

numbers of ttre component atoms do not differ .rìty rræt,

is to regard the raolecule as composecl of two atoros

r+hose properties represent the averaæ properties of

the two indiviclual atoms.. \

In the case of N0 the difference in atomic

numbers is of course unity, Furthermore, IIO is
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isoelectronie with Or+, both having l5 electrons ancl

gronnd eleetronic states denoted. by XtTT . We have

constructed a Tt orbital on tvro centres separated by

the ground state equilibríum internuclear separation

of NO, te = 2.17471"o(ZS), using atomic stater 2fT

orbitals whose orbital exponent is the average of the

values for N and. O atous. This yields a r¡a1ue of

Í:' = 2.1125. The onJ.y other par&E)ter need.etÌ for
the programme used. in the evarr¡ation of ure cross secil-on

is the thresholtt erprry, which, fron.Gilmo""(e4)*

9'25ev for transitions to the zeroth vibrationaL rever

of NO+( X'Z* ). tr\:rthernore, to account for transitions

to clifferent vibrationar quantum revers of the ionrFranck-

condon factors are again 
.emproyecl 

and. we expect fro¡n the

diseussion in sectioñ 6.4 that this approximtion shoulil

be fairly reliable. Franck-Condon factors for the

transition

No(x'T[-) +b -+ No+(X'Z*) t ë (t.'s)
have been calculated. by rlaeks(zs)"rru these were enproyed

in the present carcurations according to the expression
\

6.28.
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7.4. RESUTTS AIID DISCUSSION;

In figure 7.1 are shotùn the ¡esults for the cross

section calculated. by the nethod. outlined in the ¡nevious
o

section for photon wavelengths fron ll4OA(thresholcÌ) to
o10224" Experiircntal cross sectiors in this wavelength

region have been obtairett by tt""ro(gt), *ut"nabe et .{tO),

and lfatan.o"(95'96)ard those of the last reference have

been shown in figute 7.1 for tàe wavelength region fron

:.,4ol, to 10601.

Since the equilibriu¡o internuclear separations of

No( X'Tf*) ana llo+( X'Zt ) are not very m:ch different,

the Franck-Cond.on factors are large for snall vibrational

quantum nu¡nbers of th_e ion. Âs we have seen in sectlon

6.4¡ this reans that the cross seetion has large steps

near the first ionization potential. Ifatanabers

experimental results show the onset of transitiàns to

the various vibrational levels of N0+ in a most striking

manner, the v, = 0, 1,2 and J threshold.s being nost

prominent. The general agreement between the calcutatecl

and. experimental cross sections in the above wavelength

region is surprisingly godr consicì.ering the approximate

methods rye have employed in determining the cross sections.
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TÌ¡ese results are sufficiently encouraging to warrant the

use of or¡r rnethod. for d.eternining the cross sections f,oi

the tl añ. possibly the ff electrons of NO. l{e wiII

also be able to investigate tbe reliability of our modeL

for carbon monoxide. tr\¡rthernore, the results for the

' ZTf electron in N0 can be easily extend.ed to higher

energies and. com¡nrison will then be possible with the

experiræntal par.tÍal cross seetton obtaLnect for the

processr (z.te) Þ¡ri Kunarbl). 
-1''
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CHÂPTER 8.

c0tlgjtusIqNq¿

Wo h.rve seen in Ch. I that photo-ionization cross

sectioirs for any bound. electronic system, whether atornic
+

or nqolecular, can be reliably cal-culated if accurate one-

electlon initi¿l anil final- state wave flrnctions ean be

fourd,. Further, for atomic calculations the protlern of

finding such wave furptiors can usually be solved. by

employing self consistent fieIcI methods, with or without

exchanp terms in the raclial equations. Thst the problem

can be solved in this manner is due to the high reliability

of the central fieltl approxination for atoms.

lfe are not suggesting that the problerns concerred'

with atomic cross sections are at all finalized. SouÞ

systerns Ïlave their special d.ifficulties, especially when

there is a strong cbance of cancellafion in the radial

transition integraì-s, However such difficultiesr though
I

they may not be removable by exact urethods, can at least

bo subject to a phenoraenological approach anti suitable

r.ç:the¡natical rootleÌs d.ete::nined.. Irle note that in atornic

calculations the arnount of labour involved in find.ing the

variation of the cross section with the incj-dent photon

+ Assuming of course, for molecules, that accurate
vibrational eigenfunctions are avaílabl-e.



t6r
energy j.s at least subiect to an upper limit insofar as

there are, for a grven bourd state orbital , at most tv¡o

final state waves which need to be taken into aecount.

Turning ou.r attention to molecules lle see that cross

sections for the simplest moJ-ecu1e , 11 ,+, as is the case

with Ure simplest atorn, H, ean be found oxaetly. The

analogy is not conplete hol¡ever, f or tvhereas in the case

of H the final state vraves can be expressed. analytically

(Coulorub scatteled ""v"s), in the case of Hr+ the important

radial equations mrst be solved nuroerically. Furthermoret

whereas for the grourd state of U(f=O), there is only one

continrrum wave, in tre case of Hr+ there are an infinite

number. Ilowever, only those with angular mome)ltrrr[ of

order I = L wiII of courso give rise to appreciable dipole

Iength natrix elements. Nevertheless there is mwh

moïo cornputational labour for Hr+ than H.

In the history of atoinic cross section calculations

for more complex systens, it was found that the best

simple approxirnation is to use Slater type À.0. f s and

Coulomb scattered 'waves for the f inal states. This latter

approxirnation has a physícal found.ation for c-l-ectrors

ejected. from outer shells in that the remainin¿; electrons

\
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should. screen the free electron froro the nuclej-, and.

a ¡nathern¿tical found.ation in that the dipole l-ength

nratrix elerænts rely most heavily on the form of the

r.¡ave fr.mctions at farge r where the continuum waves

a.chieve their as¡nnptotic forms. In a sense, our

calculations for d.iatomic nolecules, especially N, ard

O.,, have been of the same ord.er of approximation as the
¿

above nethod. for atorns. lle expect that for electrons

ejected from the most Ioosely bourd nolecular orbitals

the effective field. at large d.istarces f rom the rnolecule

will be approxinately that of two half etementary positive

charges placed. at the nuclei. Thi-s appnrxiuetion is

justified for homonuclear diatomie mol-ecules because

such systens have no dipole monent" Further, the

initÍat state electronic r{ave functions which were of the

S.C.F.-L.C.4.0.-l'f .0. type in our calculations shoulrt be

fairly reliable though as r{e have pointed out previously

there is soÍE urcertainty in the predicted ionization

potentials which c or,s titute one of the criteria for

assessing their accuracy.

The inclusion of vibtational- an<l rotational states

for molecul¿r calculations has no analogy in calculations

for atorns. fn Chapter 6 v¡e developc.d a r'lethod for taking
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the vibrational motion of the rnolecule into account, rnaking

use of t)re concept of Franck-Condon factors. lJith tlrese

three epproximations i.e. S.C.F.-I.C .4.0.-M.0. initial

eleitronic r{ave functions, Flannery and 0pikrs final

state model and Franck-Cordon faetors we found. ttlst the

calculatecl partial cross secti.ons for the |TIX , ,Tl.tr

anct 30-p electrons of N, ancl O,

with the experimental val-ues.

,

¡rere in fair agreerent

This agreer¡ent was very

good near threshold for transitions to orn( x'TTg,&+:; )

ana nr{'( At fÍ*),fair for the transition. to N2+( X"ã,i )

and uncertain due to insufficient experÍ.mental data for

o2+( 
*):; ). The calcurateil results for the transitions

to o2+( qt\''Ì-Trcr AtiT* ) orur" somervhat rov¡er than the

experimental read.ings but it is tlifficult to fird support

for the'latter if the Franck-Condon factor approximation

js va1jd. The experir,ental results show an extrernely

rapid irrcrease above ürreshold. whereas the Franck¡Cond.on

factors ird.icate a slowly increasing cross section. If

of courss, the ground state equilibriun intermrclear

separatÍons of o2+( 0Lç i-l*rÂt"l'T* ) orere revised so that

they were cÌoser to that of or( )i3J¡:;,\ ), there would. be

a greater clp.nce of agreement betv¡een the cal-cul-ated. and

icasured values for tr.ansitions to these states.

Furthermore the general trends of the calcul-ated and.

+ Altei:nati.rely agreernent v¡ouLd be be tter if the
experirnental thresholds were lolrer by about '4eV.
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exlìíjrir¡ental eross sections for these trarsitions are

similar and. the negnitud.es of tre sarne order. îhe najor

díffc.rence is that a given value of the cross u""tion is

attained at shorter photon rravelengths for the ealculatetl

results.

llhen we appliecl the above methods to the ?ffu. and?.6f¡

electrons in N, and O, a raclical failure of the

rnod.el was encountered. For all sueh orbital-s the

calculated results rvere far too high. I{e could only

compare calculated. and, experirental cross seetions for the

transition to No+(BtXå ), experi.mental figures not being
¿

available for the other transitions involving Zfforbital-s.

Nevertheless we can see that the calculated. partial cross

sections for these other transitions are far too high

because the total cross sections show no noticeabl-e

increases near the expected. thresholds.

The failure of the method in d.escr.ibing the processes

involving the?f*and 2þ orbitals can be traced prinrarily

to the final state,nodeL though we cannot deem the bourd.

state electronic vJave functions beyond impt'ovement by any

rneans. lle are led to suspect that the f inal state model

is th,e eause of the break*down for physi-cal and m¿rbhemat-

ical ,'.'casons. Physically, vre expect that the screening
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of the ejected. electron fron the nuelei by the outer

eJ-ectrons would not be as great for processes involving

thr:se orbital-s. Mathematically, we see that with

Flannery ancl Opikrs final state model the continuum

'w&ves for a given (n, I, h) are the sarne for transitions

ilrvolving Þf* and 2€3 bourd orbitaLs as for those

involving !'ifa and !Tl'g bourxl orbitals. !'or example, it

is clearly unrealistic that the'ff and fl continuum

r{aves for the tfþ case be t}re same as the correspording

f.iaves for the ã€fXcase. To further emphasize this point,

consid.er the atornic case rrhere continuum t{aves for I = I

initial states have I = O and. | = 2. For an I = 0

initial state there is only an I = 1 continuum r{&ve which

means different radial equations ard hence solutions for

the continuum waves in each case. Thr¡s the final state

inod.el is rnost probably at f ault. VIe have c¡f course onì-y

expláined why the results f or the?:6* and?6y orbitals are

in error, not why they are too high. A full explanation

is too difficult a task but tentatively it would seem

that the inner orbital electrors which are not vacated.

may have a repulsive effect on the free electron and

should. thelcfore diminish 1;he continutun rraves j-n the region

r,¿here the initial bouncl state f unc tions fot:2.(fwanct?.69 are

appleci.abl-e, bhr-rs lovrering the valucs of the transition,

i.ntegrals and hence tho cross scctions fon these orbitals.

I
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I{ith regard to final state rraves for electrons

moving in the fieltl of a homonuclear diatomic roolecular

ion, orrr firul conclusion ia tliat l'lannery and. Opikrs nod.el

is satisfactorXr, and. is in fact rluite good near threshold,

for electrorrs ejected frorn f lfy t tfty , lÏlro , tfi-,., ana

30þorbitals. Calculations for other molecuLes such

as F, or* Ne, would., if the experimental results were found.,

further substantiate or otherwise our claim vrhich so far is

based on FLannery and. Opikts results for I{r(50)ona tn"

results of this work for O, and Nr. l

fn Ch. I several results of interest were obtained.

lle had seen that in the ealculations f or fixetl nuclei,

the cross sections to, i(t and lTfg electrons have

pronounced peaks near 2@L r¡here the contributions from

higher angular momentum final state rdaves d.ominate the

cross section. This effect was found to be absent for

orbitals of u-symmetry and. a tentative explanation of thi-s

differerce was given in section 5.5. One of the nost

interesting phenomena lras observecL nhen we considered.

the effects of varying the d.egree of hybridization in

thc 3rlorbital.s. It rsas found. that when only 2s atomj-cd

orbitaLs vrere present the c-ross section steadily diminished
ofron threshold. to 5OA. fn fact r,¡-o found. that high energy
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peâks only arose vlhen there were ZPu atomic orbitals

¡:rcsent in the initial state wave function¡ In ad'dition

l,¡e foirnd. that the effects of hybrid'ization on the ,cross

sections for26*orbitals were far, Ìess inportant than

for 3cþorbitals. The use of Zpu atomic orbitals only

gave results which were higher at all energies than those

for the hybricl (s.C.p.-1,.C.4.0.-Il.O.) orbital, whereas '

the use of 2s atomic orbital-s only gave results which

l¡ere lovrer at alL energies.

í

The 'rshoulilersrr observed, near 2OO1 in the absorption

cross sectÍons for N, and. o, by Sannson "o¿ 
C"it* (5?)

have been discussecl recently by several workers

(¡e) 
' 
(rg) 

' 
(ee). our high energy peaks in the cross sections

for 3tf¡. and lfrt orbitals are pertinent to thås subject.

\r¡e feel that these peaks are definitely the effect

that Cohen ard ¡'"rro(5u) ur""overed in their sinpre

treatrnent of photoionization from a 6t state. Ìle suspect

that the failure of Bates and. Opik to fird any appreciable

should.er effect for Hr+ and for their model complex nolecule

rvas d.ue to the absence of 2pu orbitals in the bou¡rl states

which as pointed. out above are responsible for the high

energy peaks. The locations of our peaks are at the

¡i-ght wavelengths to be- consid.ereri. as the cause of a
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should.er effect. Eowever, in our total cross section

curves for O^ and N^ these effects are ¡aasked because¿¿
of the d.o¡oinance of the partial cross sections for 2d,¡arrl

2-€g states which we have noted are far too high.

In Chapter 6 we d.evoted a section to finding the

effects of i,nclud.ing the d.epend.ence of electronic

d.ipole matrix elenents on internwlear separatÍon for the

transition or(X3!i) + {"r+ or+(X'Tl¡) * ã . The

r - eentroid. approxi¡nation which has been often used. for

describing band intensities in enission and absorption

d.epends on the assunption that the electronic transition

moment is a slowly varying function of internuclear

separation. For the case we investigated we founcl that

this variation was indeed slow. tr\¡rthermore, by perforning

the double Íntegration over the electronic and. mrcl-ear

co-ordinates we were able to investigate for the e-ase of

zero energy continuum waves, the reliability of the Franck-

Cordon factor approxirnation. Ìle fou¡d that the results

of the double integpation rnethod. and the Franck-Cond.on

factor approach gave results which agreed. to within a

fevr percent for those vibrational levels of it'," ion Or+

which have appreciable partial crosrs sections. Thus

the results'of this investigation poÍnted to the validity
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of the Franck-Cond.on factor approxiroation though we coulil

not at the tire of writing generalize this conclusion.

Hordever, the fact that the shapes near threshotcl of the

partial cross sections obtained. bJ' usine; Franck-Cordon

factors for those initial states where Flannery and.

Opikf s ¡oodel- for tJ:e f inal electronic stages shoultl be

reLÍable were sinil-ar to those of the experirental partiaL

cross sections lends support to tre validity of the Franck-

Condon factor approxination for ionizing transitions in

hononuclear diatomic moleeules. 
(

Our final irwestigation presented in Ch. T coneerned.

photoioniZation eross seetions f or heteromrcLear d.ia tornie

mol.ecul-es. ÏÍe only had space to investigate the trans-

itiòn from the ground state of N0 to the grourd state of

NO+. lle fou¡d that since the initial states have no

definite symnetry properties on inversion in the rnid

point between the nuclei, both g and u-sSrmrnetry final

state continur¡m rraves were allol*ed. and. furthermore that

both odci a¡d even I continuum states contributett to the

cross section. Since the coraputational work would then

be at Least twice as much as for a hononuctear nolecule

vre pursued. an approxiuate treatrrent where the rnotecile

N0 nas replaced by a hononuclear no'l_ecule composed. of
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two atoms whose properties trere, in the sense described.

in Ch. ?¡ the average of tlle properties cf N and 0. lhe

results obtained with this approxiration were sufficiently

promÍsing in the wavelength range 11401 to lozzi trrat

rve feel it will be worthwhile to apply the technique at

higher energies for tle tra¡sition considered., for other

orbitals of N0 ard also for other heteronr¡cl-ear diatonic

nolecules such as C0 where üre atomic nunbers of the

constituent atoms do not tliffer appreciably.

I

At present, calcuJ-atiorrs on nolecular photoionization

cross sections have reachetl the stage that atomic calculations

had. reacherl in the late 1950' s when approximate nethocls were

being sought in ord.er to obtain results for rany systems

without too mrrch conputational labou¡. Ì,lodern conputers

make the numerical work rnuch easier of course, but it is

difficult to see exactly what forn the next steps should

take in estírnating rnolecular cross sections. At ¡resent

it does not seem that a r¡ethod anaÌogous to be'-the-'self

consistent field approach for atoms will be founil in the

near future. Thus a phenomenol-ogical approech, though it

would not incorporate rigorous rethods and generalized.

formulations of the various probÌerns, woulcl perhaps be

the best way of gai-ning insight into üte nature of the
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varioua effects involved. The greatest problen at present

appears to be the d.etermination of reliable continuum

waves for electrons ejected. fron the inner slæIls 2f..anil

htl . A phenomenological approach to this kird of problen

has alreacty been mentioned in Ch. 5r where the rethocl of

Fi"k(68)for caleulations on elastic scattering of slow

electrons by diatornic molecules was rentJ.oned. The basic

approach would. then be to try tlifferent g(À) 1n the

potential v(^ rtl) = e( >r)/(l'-¡"). One could. tìren work

with a Schrod.inger equatÍon whose solutions are separable

in prolate spheroidal co-ordinates whÍch has the distinct

advantage that sirce the S.C.F.-t.C.Â.0.-lt'1.0. rs can be

written (as in Ch. 2) in ahal-ytic forn if SÌåter type

A.O.rs are used (not necessari)-y with the original Slater

values for the orbital exponents), then ttre eval.uatlon

of the d.ipoJ.e length natrix elernents can be perforrned.

for a great part by analytic rnethod.s.

Calculatlon of molecular photoioniaation cross

sections presents difficult probleros which have not been

solved or to a large extent even tackled. In the light

of the important astrophysical applications, it is clear

that a vigorous research programme js neeclecl i-n ord.er to

bring this field. to a more ad.vanced level, or at least
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to the level that has been attained. for calculations

of atomic cross sections.
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CHAPÎDR q.

APPENDICES.

9.1. N0RMALIZATIoN 0F THE Jgqlm rt'toLECUtAR_QRBIT.AIS

OF CHAITER 2"

throughout thi.s work hre have enployeal L.C.A.0.-

If.O. wave furntions for the inttial el_ectronic states.

In soræ of or¡¡ calculations ïe enployed the S.C.F"-L.C.A.0.-

u.O.rs of Sahnl and. Lo""nuo(6t)orrt in several others,

such as those d.escribed in sections 5.r¡ 5.5, 6.4 ancl

7.3, we ernpl-oyed modifiect forns of the wave functions.

îhe algebra involved in the normalizatlon procedures ls

presentetl bel-ow, a¡d subroutines (XnOnU) were enployed

for their evaluation, tr\¡rther alL these formuLae

were checkecl by using the L.c.Anoo coefficÍents of sahnf.

and Lorenzo and then verifying that the condition

I tVt'oúr = , was in fact satisfied.

Tly Grîy ) oratars.

Fron (2.26) anct (l.g) we find. on nriting

Vt'¡,ît) = c(¿) (r'-r)t(r -Ì*,)oe-*ì.;l, (ay) Gx/,r^þ) (r.,,)



that a,

Eventually we finil

where

&pJ.icitly we have

r¡ = .r-' [s¿,!.zx/z - -tJ

c (<) = z¡; X-' / {xrr f ¡, ( r, -1,) + r,(d - ¡_r) + xt6,- t)\v, ß.1)
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(g.z),

(g.+)

(9.5).

(g.o)

(g.a)

(g.g)

(9. t o)

x,1r., t, = {;'*'(ç)lct,¡ir*)b

ît,!t,4 = .f e-t*a6rr\trle)¿¡
t

r¿= n-t[r;k <) [r*'/.+ lv)- ]'tcrst4lx) -nt/t) (g.z)

-Jl = i*-'e-t'

1¿= !{zqa-'L,* <-'*t* -l

fJ= e-'1-'Lt * <a +Ì*-'*È",-t*ï--t (9.').



L75

Il... (or ñ" ) orbit"ts.

If we write

then r:sing the above notatlon we flrd

Orbitals.

l{e hsve

where

,/ (n",î-) = c [<) O'-ù1{ ,-þ)"'€-a>øsL¡<¡-7 ( qs4,rà.þ)
(9.t2)

(g.tl) .
CU) = z,frK-/{(T 13 - lt * #t) + r,(f¡-l.) r

¡ Ír(ú -r) + ¡;s(î'-r,)J
tl¿-

V|ntl = c þt,p) þtr, -rr>e- Fr.-r lgrù #

r Re- 
*' 

{u*'1n7*t (C ç + cr\) - (c r' crÑ r ti'!' ('yàÐ

Applying the nornalization condition (l.g) gives.

c(*,p) ='/ {*'n ¡ (¿,p)) 7'

(9"r4).

(g. r ¡)

(s. t o)f = c;f, ç R'Trtzc¡ßI3 , (r= z0c,-cr\

o = if . 
-'f^o,rTr) ( x'-¡Ð d-rt>

t-t

(g. rz)



'Fl-

I = | | e-¿q^ {cosh("v¡ ) Ccç+c' ì) -(c. +cç\)y'¡ s':/<arrJ'. 
(9. r a¡

l-l

ð
\=(f

t-t
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, (\'-f') #t^

t-(e+Þ\usttp¡)f cost(*)(cç+c.s)-(c,+crlÞst¿('t+(9.19).

" (À'-¡Ð4A¿)

rr = !e-"P p-' ft*(t+f-'+t'/)^) -tt}
l{e find. Ìre can write

where

Iç, Cr =

which gives

l-';"'\P¡'t 
(t,7\ 4¡

(g.eo)

(g.zt)

(g.zz)

(g.z:).

Tt = ,lt-'C åt^^( 7 * ef)

rr = ,-p-t[ ¡'[fsi4z¡)+ p/ù - f'/t
- * {rn c.sLe1l -s;,kr¡tfi)

Ibrtàer we fird.

.tr = Gfrq,,C.cp-1¡66a\- frc"']

+ ¿3i L ¡,,(C.t+ c*r) - ccç(¡r rr,")]
+ Tt lc,, (\-rù + +,(îr,-Ð.) -zc¿cç(rg- r,)] 

(g'z+)

+ zfrl3rc*(T* rr) -Te(cr'+r.Ð + l*fTrcr. rTTcyL-zrgc,cuJ



n= 1," \^¿À i^=ott,¿,3,+.

so that
-2C{r -L< z

T6= Q.-'þ< i ¡t= e-'?-'f t* + *-J
_ _¿<

J-. = å e-'l-, ft* a--,+ td-,

4 =(e''Vn) * zl-,tt

where
eo

l{e have clefinetl

-rcI
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(g.zs)

(s.zs)

(g.zt)

ß.tt)

(g.ee)

(g.zg).

(g.lo)

(g.lt)

ß.lz)

T¡= *{-e-t*f ,*-lt- + åo(-.* *"-rJ

Ie ,Tt= l,'øsL@) C4¡Ð

L7, rn = !' s;nA' (<¡) (¡. r¡.,v) S*
-,

Ig, 1,, = ! 
t 

".,'lcn¡*) 
sì'A4,y7 Ç* rfÐ*

f6 ard. î1 have been d.evelopect for argurne"t f
Tç ancl 4r - see equations (g.zz) aø. (g.zr).

can be easily seen to be

I ; Iz = 2'(.-3 fq'{*lt< - q.l + a\/s

- * {t¿co¡lc¿") -¡*l"ct":}J

1n

Tt

and we have Te = t ^-'f 
z< ø'l'z< ' '¿J-z^) þ.1+)
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G.l¡)

(g.re).

(9.r7).

(g.¡e)

G.lg)

(g.+o)

rr - Lrf x,c.- trc"J + Lr{ x,cv -rr(.}
+ L, [K*cv+. K.cJ + t, [rc*.-k c*J

with (b = f,U -d+p) 
À^ dt

Ide finil tre can write

so that

a

(o = e-(*+fþ*fl t, ={*Ðlk+p'+Gar¡\)

L¿= e-(o("f) f|<*p)<¡ z(oGFY'* z(¿+ P-'J

[¡ - e-8'F)þ+p)-'+ 3fx+¡)-t + 6(<*f>-'
+ L(<+ fr-J

Further we have put

(9.42).

(g.+t)

G.+l)
k, ,K Ít -,

1rcsÀ(.¡) c"sk(¡¡) (,,f1 
*



k3,kç = [ ,Lryr>.ri^4 
G¿ll (r,rÐ *
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(g.++)

so that

+

which completes the calculatlon.

K= h-fþ;*ro rÐJ + 
;-[,Ågr-¿J

K.= Gþ, ft*-r'+ zJsi*t cn+ f') - z (,<+pr..AGrp)]

{"t [$l,-"')'* '] s'*f. {l - n) -L(f- <)c"sh(p-"'J

(g.+¡)

(s.+e )

k, = ö)'L**r)c'skQ:+P)- 
s'J-&rP\

+6+p'E* - P" ""r' 
( 

"r -P) - s-o.[ ( 
" - fI

kv = f 't .;L (a+¡)r. t si-t' (< -Ðf af'*n

=r*l' [{ c**p>t + ê (.( + P} c,osL(<t p) -
- {sc**P)'*c } "ùÅ e<+Plf

* (#f )" kr*- p)'* e {x-p)J cosh (a - r¡)

- [l (<-p)'+ oJ'LA ("r-pü

ß.+t)

(g.+e)

(g.+g)

1



6l-,. orbitaLs.

If we. write

t-l

y (c'tl 
= c(*, p) lct e-Pr''*(g¡ù t

+ K g - * ^ ft.. f c+ì)r.^- s Lq.^) - (cç + c. >,) "i&*>l ( g . ¡o)

then equations (9.f1) and (é.t6) can be used to fird

CG,ft) but that the following definitions apply;
qtl

r, = ll e-'P^sil'fr)Qr'-n)Åott

IBO

(g.¡t )

I¿-- i I ,L 
"' ftc,+Çr)l. cnsLta¡) -k,+c. ÐrlÅq¡.)] ',

, (t'-F) .+-. d\

- k * r c. r) s i,A l¿r*) J ì,J^fF ( t' -¡') t¡.tÀ

(g.¡z)

(6.>t).

ú,t

f¡ = f I U Q+f)^f{.. r<,\)¡,,/rry) -
t-.

ny

fn orrler not to make the append.ices urduty long we do not

clisplay the results for ü:e evaluation of I,, r I, anct I,

in this case. They are very sinilar to those for
orbltals.
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9.2. ANGU],AR INTEGRALS.

In sections 4.1 to 4.4, variow definitions of

angurar lntegrals nere glven as lreLr asr expressions ror

evaluating then Ln series fotm. In most cases we

evaluated these integrals for the first six values of
0t)n by using tables of coefficients of Legend.re pol¡rnomials .

In any group of two or three integrals ¡ ê.g,c Arr, Brr, Crr,

those whose integrands contain the higher powers of

f can be found. fron the expressions for the integral

containLng the lowest power of f sinply by acltting two

or four to the suffices on the angular integral.s Ir, or J'
in terms of which oì.rr expressÍons are written. Thr,¡s

for exarnple,

h¡(<) = [' P^(r) r&<v-)** = sft- sh
(ó.¡+)

whereupon

ÏIe then have

8rG) = rl'-s$s. (g.ii).

A,= zh A3=rts-st As = {("*r-zo|+,st) (g.¡a)

þ.st)At= f (vn t, - 613 9" + 3s 9r- 3s'9 )
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Aq = fr- (l,t$, - +6¿¿ J s t ßoß9r -'stw 17

+ rrrssJj )
(g.¡a)

(g.¡g).

(g.oo)

Att= tr( elzl,f rsorrJ¡ -?oolots + zt tnotT

- 23otVsJ7 ¡ suzt tr)

Further

and.

Eo -- L( J, - lt) Et = 3(LJr - lt - ç g,)

Ev= (7+)[st'' - ?sl, ¡ ros !, - ßÍrJ

EL= 7/e llzv97- 6 3o97¡ tr+ogr -rls-+zqg,J

t =:o(J,-9J G¡ = r(gçl¡-2,9, -Crlr)

G¡ = L (rcçL, - 9îs Ur + tlt th - ,oo l9r )
Y

4 = 9(-.sti, f 3¿3'¡$. - tr o rz )t -r rs ro?.tz
9\

- zzttLr)

(g;oi)

(9.62)

\

(g.er)

(9"64 )

G.ø5¡



G7 = * (to"tt, - 62os39" + 366349' - ee os rrg,

].B'

(9.To).

(g.zt )

(g.lz)

+ 97757 t 9, - tzrszs"*,,¡
(9.e6).

For the angular intcgrals for 'Íf.* orbitals, we find

{o,= }fe , A.r= 3Í¿ -To ,Aù= f(lSrr-3of¡-+ 3n) G.eù

Ai = f (.st fs -3rsr; r ¡osJi - s€) (9.68)

Agl 6

l_ (O*ttf, -l¿ot¿fs r-GÎ3of,r- -,¿cofrf rsø) (g.og)Þ

â,o'=

Â1so

.l_
t¿8 (VCr at ¡,o -toi3lrÇ +1oo1o { - 3oo3of,*

+ 3F6sÍ¡- -63G)

D,,= 6Cr¿ -3r*) , Drt = slrofr--3f¡,-7få)

Dr' = å(v"t Tt -zztfe -zgfÎ* + 3r-ã )

f (rs+"r {s - Lvtçúo -trvzr J? + 37fofe -

- 3rsr)
D7 (g.tr)
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Di = å (,..t"ff,ìo -{-ctel tL- tkrrToJ-c +

+ 6 6ob6ls -tzzosÍ* +613 IL)

(zzrzes+IL- 3oozzsç qo + tsl6teo:r,

- 5t lSZrî, + 78o7eîv - 3oo3JL

- s76oJ9 S+)

G.t>),

G.t+)

(g.ze )

D,,'=-Al¿e

Further we have

G

6o'= 6(fo -s¡-) > G¿t= ls(s.Ê-ro -7f*)

cv ( lsrr* - Ç7 f¿ -1\ 1', -¡Jr)

t
6

(reo,8.rr - no88+ + 2lr¿trL -G3S

3s
lÊ

I

I
I

(g.rt)

(g.za)

- - ioor re)

G¡

*totro¿Ir -tzz-f3 ¡i)

The extra integrals involved for 7 orbitals are

(9.?9).

9o=z(h-r) , 9r= s(Gn--no-srç) (g.ao)
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ç¿* = Ç 
( rosfr. - çrfr ¡ 3:.,o - ss îe)

F? = t (t" tttlto -2t7qÕ Ts +,gota T6

- ?6zoQ r 3t 6)

(9.er )

gu= i þr{.f6 - 63oT, + t?on¿- sll re -sø) (9.ae)

9g = fl(z uzsr, -3oo3of. f r fso G - tl-ts l¿

+ 3t fr -tzt çs ti.)
(g.al)

ot to- * ( z77t3rJi" - 3zt te s t; t r?o t Eaî6 _

- ¿rçoßlv+ WçgtL --L}ifo -?ttzlJiz)

(g.e+)

and F1=lf¿ , Ft= lÍç -3f¿ > ct=l(est6-7oîç+tst>)(g.al)

\
( s. eo)

F7 (g.ez)tG'l îe -6,.s ts r.st51Í.' 3s Ê)



fir I ( ot,tl Xj, -23o9çr Io f 2 tSlloea

- Too 9oxo * rro¡sf,, - s93 rÐ

Finally, for the extra angular integrals involved.

for Ú* orbitals we have

t¡ = 6(9, -ît) , L, = s (¡ o lt-3[, -7.¡'>
I

t-r = * (++, tç - zu97 - zrrJ¡ {-3r4)

r-, = j(rr?v.+ î, - gvsç91 - tzyzvg, +sztor,
- ss$)

LT = ,t" (,Tzor \ - Ybt s1 J,, - tyt szo !7

+ 6t o K"Jr - tz7of t3 r ef 3l,)

t_rll 
-

rr8

IB6

(g.gr )

(g.gz)

(9.e8).

(g.eg)

(g.go)

È, (rrtzcsy!,, -3oozztrf| ç ßl6tta!7 -

- fîî:;?rtr * 7torsL)-å (roo= +*rr¿orr(fit')
and. finally

5. =.t, {= 3'$-,t, fF = f?rh -3o9¿ +s9>
(g.g+)
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5s f (rt, Jt- 3t r I r + ¡o rÍ¡ - t9,) (g.g¡)

Si = ** (ev:,r\-'zonL7+6t3olr -neoJ, (g.g6)
+s],)

9o= (nt,sì}, - ro l3rrJ t þ I ooro)7
t

r¿8

(9.97).
- 3oo3o 9r + 3VesJ, - ¿¡J,)

\
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9.5 .

The calcuÌations of the cross sections reported.

in section 5.2 which were then used in conjunction with

Franck-Cord.on factors to obtaÍn the results of sections

6.J and 6.t were performed by means of four loain programÍres,

PHOTO'| , P,H0T02, PHOT03, PH0T04, one for each orbital type.

lle have included a listing of the prograrnme PH0f02 on1y,

all the others being very similar.

The basic input data need.ed for the programmos are

l-isteal in table 9.1.

f¡ÀRT.ft o - 1

r}IPUT FOR PHOTO2 o

ET

R

ù

nz(l,u,r)
D1 (r,N.K)
oz(1,w,r)
rz(L,K)
T1(t,K)
tz (¡,rr)

Variabl-e.

Threshold enerry I in eV.

Internuclear separation of n_olecule.

SIater ôrbital exponent¡ I¿
Coefficients in series (l"ZO) forfwaves

rt n rr n n Tln
tl It rf ll It 5 ll

Stratton et al's Ê.e (R)
(zo)

for trrfaves
fl' tt

t'
ll It ll It ll

ÍNh ll ll

Programme synbol"
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Throughout the progranme listing are insorted comrnent

calci.s which should explain the various stages in the

cornputartions. The follovring steps lrere taken in

obtaining the finaÌ results.

-qy-4!g.4TJ--Þj"PlMjIJQLc-oJis-!l4NTS-s rne t*., (h) tabulatedml'

by Stratton et aÌ are here used to find the values of

ttre Â..r(h) in u.ccordance with (1 .22). Four runs were

made for each process consid.ered in ord.er to cover the
o

vavelength range fron fÍrst ionization potentials to 504.

¿N![LAB*U!_Eç_R4!,IAIS.: The various angular integrals

defined. in sections 4.1 to 4.4 ard tabulatecl in 9.2

are here f ound f rom the values of the .lrr(t), the latter

being calted. X.l(f). Further, the recurrence relation

(+.+l) was used to finct all the J' needed so that by

means of three D0 L00PS all the angular integrals could

be obtained by uslng the durarny variables ¡X(f).

EVAi,*U4TE-_$*CATTERED }IAVES. This involved a tri-nested

D0 1,00P for values of rn = Or112, of 'l-, ancl of h, the

onerry variable, (th" correspording symbols beíng MrIrrK).

The_Ç_8ÐiIÇ.IIr'NTLE_"l9lI*-B_ ÅERIES sec tion is of course

deuoted. to the determination of tJ:e ar, Ín the expansion

for r(f) according to (l.Zo). Recurrence rerations
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vrere used. for the higher values of n. The values of À

for r+hich the radial functj-ons were evaluated. by this

nethod. nr""" À = 1'Or 1.1, 1.2 and. this gave the ,

uirnormalÍzed functj.ons C*(tirÀ) at theso val-u"es of

the radial co-ordinate.

EEç_IIBÐJ{L}i-EE!4T]"8S-f{"Qg_gff .D-.TL.çTI[EruT,E--ç.EUNç-TIQNS

.1t0: LJ$--I-Q.9.

rne c"r(h,\) are programnett as GZ rUre2(LrtlrK) for

{- , 'ff and f - continuum traves respectively. The

subscript N is used for the rad.ial co-ordinate À .

By means of the recurrence relation (3.74), the val-ues

of the G-, to \ = 1Q.! in .1 steps of \ are obtainedMI

from the first few values by the power series nethod.

The function I (Ð in (7J6) is programmed as the

dummy variable Xn(m) for aII m, I ard h.

Ì{Q¡}14!.IZED_4ÞJPI,JTUÐES! Here the values of the frr(ir)

given in (l .J)) are evaluated., the programme s¡runbols

boing'tZ, T1 and Y2(lrtlrf) where N now represerrts n Ín

the expansions of the type åj ur{n'/o,t)yn(¡r).

The first six*val-ues of n rrore eurployed whereupon the

values of the normalized. as¡rmptotic amplitudes of the

Crr(trr \ ) could be found. Theso araplitud.es ar.e called.
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YZZ, Y1Z anð, '12?'(LrK),

Eru,UATE UNNORI{ALIZEDJffTOTïC ¡.MPLIIUDES. lle fou¡d

that ca1cuJ-ating the values of u(À) and hencJ 4 ( I¡rÀJ

(see section J.4) was not satisfactory if \ vas less

than 1Q.$ becar:se the condÍtion w (( v was then not

alvays satisfietl. Thu,s we employed. a special sub-

routine AIIP which carried the calculations of the un-

normalized GmI(h'X ) out to \ = 4O'7 by means of (t.14).

The vatues of G( X);r in the range 179.7, 40.Ð were

then used to calculate the U( À ) in this range and.

eventually the values of orr(h) i" (¡.4O) coulcl bo

d.eterminecl .

EVÁLUATE NORMALIZED RÂDIAL FUNCTIONS. The normalized

GmI(h, \ ) are used to deternine the final raclial solutions

,{-rf (ftrÀ ) nhich are need,ed to eval-uate the electronic

¡natrlx elements. -

BADIAI, iNTEGRATIOI{s. Eaving found the À 
-., 

(rrr\ ). mI'

the prograrnme then computes ttre \- tlependent parts of

the na'trix elenonts in the range f t.O, 1O.9] . The

integrations for each mrl añd h are then perforrned. by

our subroutine SIMP2 which evaluates integrals by
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Sirapsonrs rule. The final radial integraLs so obtained

are then coupled. with the previously determined angular

irrtegrals and the resulting squares of the natrix

elernents obtained.. These latter quantities have the

pïogïamne names TS' TP Ând TD(trK) for (f , lf and.

6 - lrave eontributions. The total of the electroníc

matrix elements is then found (mfcO (K)) ttttereupon the.

cross section can be immediately found f¡tcm (1.8).

The output consisted of the photon wavelengths ancl

corresponding cross sections together with values of

the angular integrals, the normalized. radial functions

Aí"r.,-(nrÀ ), ancl alr the radiaì. integrals.

For the calculati-ons d.escribed in section 6.4 the

programme PH0T01 rvas nod.if ied and extenclod in the

following manner. Ins tead. of setting R = ru the valus

of R was varied frorn R - 1.6ao lo 7,0ao ín s'tepsrrôf

'O2a . The rnatrix el-enents Ì{ero then found (for zero
o

one"gy) for each R. The Morse functions needecl for

the vibrational wave functions were deternined. at the

correspording values of R rvheregpon the complete rnatrix

elements could be obtained. by using SïMP2 in ths range

f t., , 7,oJ. The modified part of the programrne for

this calculation is also shown in the listings, together
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to normalÍzeiuith exalnples of XtfORM rvhj.ch t¡ore useil

the bound orbitals of Ch. 2.



a

2. S-UJBQII'I-T}Ð_INCRM:.

5. S-UBROUI_IIüE :!MP:

4. PRO_GEAII YBIC_i

5, PROGRAM PHüTOI:

FORTRAN PROGRÀI,IMES.

Calculation cf photoionization

cross section for"fixed mælei

for an initial lffs molecular

orbital.

Evaluation of normalization integrals

îor ll|* nolecular orbital.

Celculation cf asynptotic arnplitud.es

of u:rnormaLized Ç¿(t,,r).

Calculation of, cross sections for

d.ifferent vibrational states using

Franck-Cond.on fac tors.

Moclifications to rrphotolrr to includ.e

the clepentì.ence of the electronÍc trans-

itlon moment on intermrc lear separation

for the transition to or+( Xtflì
(fo" zero kinetÍc energy of ejectetl

electrons).

PROcRÁ-lvÎ PHûI02 ¡



n

c
C

PlìQtiilAMPilOTOZ ( I l.tËrU't r OUTITUT )

CAL.CUI-A IOI,I OF PI\IìTTAL PIJO'TO*iONIZATIT)i.I CRTISS SIiCTTOI,I FROþI
AN L.C.A,U, lpI (U) 1,10LËCUl_Áhì ORBI rAl_
F0rì vArìI0l_15 TRANsI"rIor!s IN t\2 AhlD 02
[)It'"]ElrSjIOi\t)Z 13¡6tTl ¡''l Z (.lr'll ¡ù i (3rcrr7) r Il (3r7),t)Z(3r(rr7) r

lT2 (3r7) r/\7.(3t 7) çÉ\I (3r7l,,rtZ (3r 7) rX.J ( I0) rilX ('i ) ¡/\j\ ( /) rrj[,ì (7) rCC (7) r
zllD (6) rEË" (6) rGii (rr) r(18 (6) r II'(5)

irliuìËirlslor.lxx (3 ¡71 ¡P:ìc (6) IxLÞ" ({:) cG z(3q /r I 00) rGl (-lI /? I00) rG2 t3r7I 100)
I çXF ( r00 ) rXLAI',| ( 100)
L)I'i']ËivsIOI]YZ (-lr 6''-ll ¡YZç(3r(.¡r l) ryZZ(3r7) rYl (3r6 tlI çy TC(3 t6¡Tl t

I Y I Z (."j r 7 ) r Y2 (3 ,6 q-l ) r Y2C (3 r 6 ç 7 ) r y?'/_ (3r l I' trIi"iEr.JSlDiriYi\iq(I00) rYUM(100) rXirl-(100)rx¡iL.L(100) rPEx(tool rLIFN(I00)r;l ( 100) rTSA (:l ¡ | s(>) r'f sfl (.]¡-( c 6) rTS (3r7) ,sIGr.4bJ (7) r l't)rt (3r'Zró) r'tpi3 (3r7
rl,l sTP(:lr7) çPYr,'/Av(7ir'ID¡\ 13¡-lt5) rT{)rl(3r7r5) rtD(3;7) çDtìl-wV(Z) rfclicÓ
3) rCRI)SS ( /), r4//ivL ( 7)
DlziEtlsI0r.ll sl (3 r7l ¡'l Sz ( 3 r 7) r TPI (3r 7) r TP2 (:J r7) rl ûi (3 ç l) r TDZ ( 3ç 7)C RF:AD I r\l f )ATA
lìHADl r ( ( (l-tZ 1¡-rNrK) rL=I r3) rf'i=I rr:) rK=2r7)
RErrt:I r,( (TZ (t_rK) ,[_=1 r3) rK=Zr I)
[([-,\l-)l r ( ( (f)11¡-rl\rK) çL=I ç3) r[ri=Iç 6l tR=à¡71
Rlil\t)l r ( ('l'1(L¡K) rL=l r3) rK=ètf I
llF-i\t)l-r ( ( (i)2(LrlJçK) rL=Lr3) rf',1=1r6) rK=2r7)
tìÉi\tll r (('l'2 (l-rl() eL=l e3) rl(=2¡'l )

I Fc)RL4AT (ÉiF:10 .5 )

t_rrlZL= I r 3
ttO3irl=1,6
Il-- (l-.1îr,ì.[r!) Iü()4 t I ü(ì5

100¿+ l.¡/-(1"'l'Jr I ) =1.
tll(Lrl.lrl)=1.
Lr?(Lr[lrI)=I.
GO TO:I

L0ü5 DZ(Lrt',lrl)=0.
l)i(LelJ¡])=Q.
f)2(LrNrl)=i).

.l CCI¡lT It\ltJE
2 C( I{T It\UE

D0lì61-= 1 ¡ 3
1'¿lLrl)=0.' Ti(LrI)=ü.
T2(L'I)=u.

86 COi!T I f.ltJE

,
1

ic
frY;:.-J,l¿i15926
D(ll0t0IX=|e3
IF ( f.(.íj(1, I ) I(Jl I r IlJ¿

iUit ¡-T:lrr"7
il';1 " "1) 

/'líi9
!ì:: I o 

;l';i

S-:li;J,rl- ( [ì, | / 1|t, /'/4 ) *S
G0l0 I 013

l 0 L2 l:t=? nZr-)l rrr1 1 1

5=?^.7/5
lf- (lx.i"-i),2) IoI,ir t.(¡l'i



I014 E"t=lô..1
S=S0¡<I(ET/IL.b)+rS
G0T0I0t3

I0i5 ET=16,8
S=SrlrìT (f-T/ 18,9S) riS
EV^LIJATI.: STPARATiON CONSTAN"I-S

I o l3 Ll0r>L= L 3
Xl-;Z*L -2
D0lrK= | r J
t-t=(K-I),r,I
AII= (2.* ( XL+ttA) +2.l$Xl-- L.'t / ( ! (A. +XL ) -I. ) * ( (2.++XL) +3, ¡ ¡Az (LrK¡ = (xl+r (XL+i. ) ) + (H#',z t it.(Ailnri il_rr() l6 COI.IT I NUE
D0'fL=l r3
ll_=p*l_
D07K= ! ' 7ll=(K-l)+f.1

7

XL) -1. ) * ( (2.*XL).+3. ¡ ¡+[I (Lri() ]
xL) _I 

" ) 
+ ( (2.+¡xL) +3. ¡ ¡+ï2(LrK) )

CAI-LXl\ORM (RrSrCC0)
CCC=CC0.*SeR'f (S*.Þbl (l,+¡ey¡ ¡
h_'tfì=HT ltl.t¡95
åh;iËîíi;.) +Exp (-Ar) , /2.
5A= (F-Xt) (¡1L )-h.Xp 1 -ALl I /2.
PRIf'll325rR
F'OTlI'4AT ( I I'IT I I OX, ?4H INTËRNL,cI_F-AR Sh-PÁ\R¡\ T IOiv= IF9.I, I clI.{I]O11R RADÏ T )PRINt"3'/-6rS

Ffliilî]Jç:Êît / t t r0X r3THoRtrIIAL ExPOI\rENr Foî AT0,,rIc 0Rfir TALS=,FS,3)
F0RrYqT (2x ç,\(/ ) r [ 0X I I'/itTf{tìËsHùLD Et!ERGI= sF5,212ilEv)PRfi',Ì1000rCCO
froRi"lAT tZX r B ( / ) t I0Xr?3HN0Rr"tALIZATI0t\ Coi!ST¡\NT=rEIS.I¡
AI!GIJLAR J f'JTEGRAT I ONSXJ(I)= S¡1/AL
D0i00 I=2r9
ï 1 =il¿rI-¿
f I = II-tTZ = II +I
XJ ( Ï.) = ( (Al-ìÞl¡I I ) r¡S/\

(ril.+rt12¡
c0r.t 1 I NUE

c
C

325

326

3',¿'l

I000

IÏtr(AL*JIII).fCA ì ttI1.* (AL++1 ¡ i rFXJ ( r-r,, r /+
I

D010
Eix (l
tix (2
ÊJX ( 3
l'lY ( 4
L]X (5

I +"llr
ti/,tí

I ) +-Jzr

I
j=
)=
)-
)-:

1=lr3
??,'IYJ(I)
3,{rXJ(I+l)-XJ(I)

)=(

,'¿54t(35.iåXJ ( I+?) -=ì0.lrxJ( f +l) + 3"lrXJ ( t) )

' 125+i ( ?iI.l$XJ ( i+3)-3I5.rf X! (L+Z) +105..)rX,J (I+l ) -5..,rXJrj¿r..ìb 
" 

tsx.J 1 1+r+) - L A0lZ. ìrXJ 
1 | +3 ) + '6i):3ô;;i¡ 

il *21 - t eo0. +XJ.)tïr', 1 61+.

TI))(I+l)

ì'00

) = ( /r',¡ I19';rx.J ( I +5) -1 (¡ r3g5, t¡x.J ( I r 1¡r +t10ogo,#x.J ( I +3 ) -30030. *XJ ( I +2tir-r n;rx.J ( I +l ) -(_,3,¿rX.J (I', ) / 1Zù.



lìX(7)=(67603
IrrXJ(I+3) +ZZs
OO IUT II =]Lf(l-?)I03rI
AA(Il)= ijx(I
(ìtJ Iù l0l

9.*XJ ( I+6) -lç3993¡J.+iXJ
?¿5.nXJ ( I +2) -IEù IB,*XJ

08rI09
II)

(ï+5
(I+l ) + ?0f ¡tsu5.-:,.xJ ( L+4) -I021020.

)+2J1..;'xJ(I))/blZ.
çT
0/+r105
r)I03

10¿+

I05
I()I

tJti(It) = llx(It)
G(J f0 l0i
Cc(Il) = tìX(II)
COI!T I NUE
D010o I=Ir2
Bx (I ) = I+Ì)- XJ(I+2) )

BX (2) = 5.+ (10.,'$XJ ( I +2) - 3,rtXJ
BX (3) =.75rt (¿+41.+tXJ ( I+3) -Z3I.,t
tJX (4 ) = ( I 544¿+, +sXJ ( I +4) - ó435. r!

I -315.r¡XJ(I+l) ),rBr
BX (5)= 5,# ( I33205,'rXJ ( I+5) -40

Ì XJ ( I +3) -L77()5. +XJ (I +?l +693. *X
Bx (6)= 3.r$(?292654.rsXJ(I+6) j

t- 5ti55B5.tlXJ ( I+;3¡ + 7'ò078.*XJ (

(I+l) * 7"+XJ(I+3) )

xJ ( I +41-245. +XJ ( I+2) +35.tTXJ ( I+ I ) )

xJ ( I +5 ) - I',247!. $XJ ( I +3 ) +3',I80,'rXJ ( I+? )

I B 9 . r1 X J ( I + 6 ) - I 4 I 5 
'/ 0 . * X J ( I + 4 ) + 6 6 0 6 ó . *

J(I+Ill/6t¡.
3002285.*XJ ( I+5¡ + IBgó1S0.nXJ 1 ¡+4)
I+2) - 3003.ttXJ ( I+ I ) -b1t 039,*XJ ( I+7) )

2/ l'¿fl.
D0i06I1 =
IF(I*1)It)

TOI DD(II) =
GÔ TO IOI:

I r6
Brl
flx (

i 09
l0(r

HE(Il) =tiX(II)
COI!T I NIJE
DOIIri I=Ir3
t3X(I) = 6.ì$(XJ(I)- XJ(I+I)) 

;

BX (2) = 15.r¡ ( iJ. itXJ ( t + i ) -XJ ( I ) -7.r?XJ ( I+2) )

FX (3) = 35.iF ( I53. +?XJ ( I +2 ) -5'/.*XJ ( I + ] ¡ -99.nXJ ( I +3) +3.+XJ (Ll I /4,
tlx(4) = .6?5't (IflrJlE.*XJ(I+3)-II0Btl.rtXJ(I+2¡+2La2,ilXJ(I+l)-63.*XJ(I

I)-90il9.{¡XJ(I+1+) )

FjX(5)= lS.*(-I3¡"tbó7.riXJu+5)+231.¿¡XJ(I)+3427'lL.'iXJ(I+41-294294.,¿
1XJ ( I+3) +I02102.';rXJ (I +21-1224:1,#X.J ( I+ I ) I /64.
DOiI()II=I'5
il;(I-2)lIlrl12rti3
(ìrl(II)=t3X(II)
G0r0tI0
(rÊJ ( I I ) =ilx ( I I )
(tO'f()lI0'll(It)=BX(I1)
çgi'jT I NrJE
PRIi{T3]2
F O R M /{ r ( I l.t } I I rr X r 2 0 H lr i\i (ì U t- A Ír I ¡\ f'[ 0 R A f I () i.tS )

F,RiNT3I3
¡6ftt4AT (ZX q// tlt)X I Ilttrlr'/Xr4l"1rt (t'.t¡ r 13Xr/+tlr¡ (l'.1) r i.lXr4l-lC (N) )

DO3I+I=lr"l \

t'l--2tt ¡-2
PRIN 13l 5rr!rAA ( i ) rtlij ( i ),CC( I)
coi!T i r!t_iE

li(,)íltli\ f ( I 0X r I?r 3 ( IXrÉI5.8) )

f.'trIi{T3I6
l--llRi'1¡\T t'¿Xs// ¡I0XrlltNrTXr¿rliD (tv¡ r 13Xr¡rll-. (l!) )

Ilt

LL?

Ii3
TTO

31,2

313

)14
3i5

3ló



3It'j
3i7

3I9

320

l)01 i ./ I = I r 6
N=2* ¡-1
PRIi\iT3iBrNrDD ( I ) rËË ( I )
Fofll,r^T ( I 0x çIZrZ ( IX rEI5.B) )
c0r(rIt{tJE
PRIr!13t9
F0iìi"1AI (2X ç / / çI0x r IHNI7XI4flG (r\) r I3xI4HH (N) I |3XI4HJ (w)
D032r)I=Ir5
N=2* I -2
PRII!T3l5rNrGfJ ( I ) res ( I ) )TT ( I )
CONT I NUE

ËVALUATE SCATTERED I¡JAVES
0012,'4=1r3 . .

D0lzL=l r 3
0012K=I r 7
PRINTIg9TMTLTK

c
c

I99

t8

19

20
7l

F0Rl,lAT (2X r ZHf i= ç I?t?f1l= I I2 T ZHK= r I Z)
iF (M-e) IBr I9r20
XX (l-rK) =AZ (LrK)
GO TO ?L
XX(LrK¡=4I(LrK)
G0 T() 2L
XX(t-rK)=42(l-rK)
Xl'4 = li4- I
H=(K-I)#.1

OB IA i Í! S TART T NG VALUES
D022NN= I r 3
Xl-=(rr¡h¡-I)#.I
D032').J Z=I ç 6
XLP (,lZ ) =X.L-)r+JZ
COI!Ï I NI]E
It ( l'4. f:t".). I I 23 ç è4

l.)))/(4.rÞ(XM+Z,))
+r (6. +4ritxM+XK)', / (Ig.+6.rtXf,t)

F(Jiì RiTDJAL FUNCIIOhJS ANr) UNNORMALIZË.D G

c
L COTI- F ICIËNTS OF PO,¿iER SEIìIËS

Xl(=Xr¡rt ( Xi.,l+ I c ) -XX (L rK) +fi+HrsrFz
Xl"1=fì +2.+t ( Ht'+tZ )

PSC ( ] ) =-XK,z (2.* (xf'4+1, ¡ ¡
PSC (Z) =- (XlJ+pSC ( I ),.r ( XK+2.,r (Xr,l+
pSC (3) =- (H.)trt2+XH.rtPSC ( I ) +t,SC (¿)
D032rJ I V=3 r 5
V= I v
Psc(IV+l)=-((H'**2)+$PSc(Iv-2)+psc(Iv-I)+rxH+psc(IV¡,.r(v+t(v-1.)+?.*v+r

l(Xt't+1.)+XK))
l')Sc ( IV+ ] ) =Psc (Iv+ I I / (2,*V* (V+ 1, ) +2.1r ( xpi+ l. )+ ( v+I. ) )328 C0N'r I NLJt:

c
c

[¡ls
\

329

23

24

ç¿(LrK rl'Ji'J) =1. +PSc ( I )*¡¡¡r (l ) +PSc (z),ïxLp (z) +psc (3),.rxl-p (3) +psc (4) *Lxt-i) (4 ) +psc (5) *xt_p (5) *psc (ó) lrxLp (6)
GZ (LrKrNi.t)=SeRT ( (tL+1. ) rti?p-1. ),r(jz (t-rKrNjN)
(i0 i^(.)? 2
If-'( rl.l-_ir. Z l ?-S ç2'6
G I ( l- I l'i ' I'J tl ) = s Q lì t ( ( X I + I . ¡ +r +t 2 - I . ) +r ( p 5 c ( I ) ,r x L p ( I ) + f 

) s c ( z ) +t x L p ( z ) + I .
52



c
c

I psc (3)+rxLtr (3) +p5t- (4) JrxLp (4) +l)sc (5).Jrl_tr (5¡ +psc (5) nxLp (6) )
Gl (LrKrNrrl) =SeRT ( (xL+1. )rtrtZ-I. )*GI (LrKrNhl)
Gr) ï0 ?2

?6 GA (L I K rNN) = ( ( Xt-+ ] . ) r1+2-I . ) r, ( I . +PSC ( I ) +XLp ( t ) +pSC (Z) *XLp (Z)
I+PSC ( 3) *XLP (3) +pSC (4) ttXLp (+)+pSC iSl *XLp (E) +pSC (6) r.XLp (6) )

GZ (LiKf t{i.t)=SfiRT ( (XL+1. ) *++Z-I. )+G? (LrKrNN}
?? C0hJT i N( jE

RECUIìREI{CE RELATIONS NOW USËD TO GEI'IERATE'G FUNCTIOI!S TO L¡iM=I0.9IF(t"t'?)2¡ìr29r30
x7- = ^Z(LrK)G0 t0 3t
XZ= A1 (LrK)
G0 T() 31 t

XZ =AZ (L r K)
D027NN=2ri00
XL=(hlhl-I¡+r.l+|,
XF(Ni'll=(-XZ +R*¡L

l')++2)
XF ( Ni! ) =-. 0 I,rtXF ( Nf'l ) / I Z.

?7 CONT I hJIJE

D032ruti=/+ I I0 0
IF (l"r*2) 33r31+r35

33 G7-(l'rKrNt'l)

I

I

I

I

I

78

?e

30
31

+ ('lJrtrtz) {1 (xL*¿t2} ) / (xLtl*z-1. ) + ( l.-xM#ì}z¡ 71 1¡¡**z-l

3/+

35

3?

335

GZ (LrK¡Ni,l) =(ìZ (t_rr(rNN) - (1.-XF (hlN-z) )+G¿ (LrKrr!N-z)
GZ (Lr Krl'JN¡ =GZ(Lr¡( rhlN) / ( I.-XF (NN) )
(i0 T0:12
(ìI (t- rK rl\lrl) = (2, + I rJ.+$XF (NN-1 ) ) +tGI (t-rKrtrlrrl-l )

Gl (l-rKrl{r',1) =Gl (LrKrNN) - ( l.-XF (NN-2) ) *GI (LrKri,Jl't-Z)
(ìl (t-rKrl\l!) =G1 (LrKrf'iN),/ (1,-XF (NN) )(;o Ttl 3'¿
Li? ( L, K, Ni,l ¡ = ( 2. + I (i . nXF ( NN- I ) ) tÞGz ( L r K I htí!- I )
(i2 (L r K,l\t'l) =(ì2 ([-rKINN) - ( I.-XF (NN-e) ).n(ì2 (LIKIl\tJ-Z)
Ge (L r K r t,J[J¡ =fì2 (L ; K rNl.l) / ( l.-Xf'- (hJf{) )

Ctllr!T iNtJE
ilO'-ì35t\iV=IrI00
Xt-At4 (I'JV) = (NV-I ) +r r I + L
CONI I I N[JE

r'{01ìr{/il^ I zED Ai"iPL I Ï urJËs
If"tt'l-2)3ó¡3'¡r3g
l-lO39hl=l r 6
y7..(Lrl'J.K) =11,rr[-)y* (DZ il-rtJrKl* *'¿l / (4*f,J-3)
coí.rT l, i'ttJh:
YZC(l- r .1. r K) =YZ\Lç I rK ) .

UOl+0t t=2 t 6
Y'lt) ll- r i.J: h ) =Y ZC (l- r N-I r K) +Y Z (I- ¡ N r K)
C0l.l I 

,t 
Nl.l(:

y /.L (t.- I K ) s:), /S(JRT (PY*'Rny'ZC (L I ir I K ) )

$0 r0+ I
l)(.)42i{=t. ,6
Y i ( L r f'l r l( | = 

/¡, i?lLYtt ( l) I ( L I N r K )'Þ4t¿ ) ti 1 7ttiT r I ) *l\/ ( 4ìtí..1 + I )

C0r\j I l NÌJE
YIC (t.ç I rK) ==Yl (1,' l..K)

c
c

36

39

4()

37

42



43

3B

+4

45

4L

46

47

48
49

3/+ll

349

3\',¿

[tû113r.J=2 r 6
Y IC (l- rl\ I K) =YIC (L rf\-ì. çK) +Yl (L rNr K)
CONT I NUE
YIZ (LrK) =2./SQRI (PY+TRnYtC (Lr6rK) )

GOTO4 I
DO44rd=l r6
y2 (L; I,J I K ) =8. +rPy# ( D2 ( L I l!r K) *s2 ) * ( z+rN- I ) +N* ( 2*¡J+ I ) +r ( lrl+ I
COI!T I NUË
Y¿C ([-r I rK) =Y2 (l-r 1 rK)
[)045r{=z t 6
YZC ( ¡.- ¡ rrtr K ) =Y2C tt- r N-l r K ) +Y 2lL ¡N r K)
c0i\ r I NUE
YZZILTK) =2'lS0RT (R'nPY*YZC (Lr6¡6¡ ¡

COI{ T I NUE

EVII¡¡¡416 UNf.IORT"IALIZÊD ASYMPIÙIIC AMPLI'IVDq!
IF (r'1-?) 4r>¡47 tt+8
CALLAMP ( f,l r AZ (L r K ) i Hr R r GZ ( L ¡ K r g9l cGZ (L r K I 100 ) r Cl )

G0T0 49
CALLAMP(l"1rAl (LrK) rHrRrGI (LrKr9c)) rGI (LrKr100) çÇI)
G0ï0¿+9
CALLAMP ( 14 r AZ (L r K) r H I R r G2 ( L I K r 99 ) ¡QZ ( L ç K r I00) r Cl )

COI{T I NUE

,/ ( {*t'J+ I

c
c

c
c F:VALI.JA

i)05'll.lr{
YAi"] ( NINI

YUI"i ( NN

TE

=2ç
) =l
)=

NOfìt'lALl Z-ËD RAIJI AL FUNC.f I0NS
I00
,+(NN-l)*"1

I ./ S(ilìT[ ( YAt"r (Nt.l ) nìtZ-I . )

IË( i"i-2)SBç59r6o
58 GZ (LrKrNr,i) =YUl'1 (hli\) ttY ¿Z(LrK) *Gl (LEKrl\N) /C1

59
.G0 T..)57
Gl (L r K I NN) =YUl4 (Nrl) *YIZ (L rK)'þG1 (L rK rr\Nl /Çl
(i0 T0 57
GZ (l- ' K t NN ) =YUu (NN )'*Y2'Z ll I K ) {tiiZ ( l- I K I NN) /Ct
ç9i.tT I i.tuE
IF (M. E0. Ì ) c¿.lL rK r I ) =YZZ(LtKl /Cl '
IF (fq.EQ'2) Gl (LçKr I ) =0.
Il-- (14, EQ. 3 ) 6? (L rKr I ) =0.
c0r! r I NLjE
0034/i'4=!eJ
L)0-14lL=Ir3
D0347K=l r 7 .

KKK=K- I I -

Ptr IN'l3zru r i.1 r l- r KKK
ÈnRMAT ( IHI r I LrX I 2ill'1= ? I I ; t X r 2HL= r I I r t X I 2r1K= I I I )

PR IrilT349
lr()r?i"iAT (2x ¡ / / ¡!0X r2611t,JORi'4ALIzED RA0Int" r r.J¡tcT I0N)
rrtìIi!T352
f-Orìf4AT(I(jXrl+tJH t-,AM l-AM LAl"1)
lli):14lhlN=1r33
Il- (i'4.|-IQ.l)PRIr'JT35irXLAM(NNl tG¿ (LrKrNl!)rXl-/ìr'1(hlN+331çGZ(t-rKrlrlfrl+33)

I r XLltr"t (riN+61¡) rÇZ (L I K rl'Jl{+66)
IF (f,l.[-rJ.2) PRIt\'f35I rXLA¡4 (f.rN) rGl (LrKrNN¡ rf,l-Ar'ì (hll{+33) rGI (l-rK¡i.lfrl+33)

I r XLAí"i ( l',lN+í:l:) r rj1 (t- I K rNN+66)

60
s7

L2



c

3st
t4I

360

3ó3

3óI

362

68

B?-

70

390

Iþ- (M,t:o.3) Pi'iir .35I rXLAH (t:,if!) t
I r XLAi"l (NN+6ó) r LrZ (LrK rNN+66)

fOH¡vlAT ( I 0X r 3 (f:'5. I r IXr El5. tì) )

COI{T I NUE

ij2 ( l- r i, I l\N) I Xl-AM ( ui\i+33) I GZ i l- I t( I irjl,J+33 )--

RAt) I ¡\L I NTEGRAT I O['JS 
tD0360rrl=l; I 00

XAL(N)=1.+ (N-I);t,I
XALL ( f't) =XAL ( t{) **2-1.
PEX (irJ) =EXP (-i\t-#XAL (N) )

BFN (N) =PF-X (t,J)nS0RT (XALL (ht) 
'CONT I f'lUE

PRINT3É'3
FORMAT (IHI I].OXI3?HWAVELET\GTH (A) CROSS SËCTION(CM2) )DOBIK=IrT -
SIGi'44 i4AVES CONTRIBUTION TO CROSS SËcTION
f)082L=Ir3
D036ll\-1r100
Y (Ni) =XALL ( N) '.!PEX ( l"t) + ( XAL ( N) '¡+¡ 2l #çZ ( L r K r N¡
CONT I NUE
CALL SIMPZ (1. rI0¡ r rl TYTTSI (LrK) )

D0362N=Ì I I 00
Y (N) =XALL.(N) +IPEX (l\) ttGZ ¡¡'6¡1",1)
CONTINUE i

CALL SJMPz (I. rl0. r.IrYrT52(LrK) )
TSA(LrKrt) = DZ(LrlrK){'(AA(})-Éìfl(I) I
TSLi (LrKr 1 ¡ =DZ (Lr I rK) +t (CC ( I ) -BB I I ¡ ¡

t)O(rtJi45=2ç6
TS/\ (L r K rl"1S) = TSA (L I K ç l,4S-I ) + DZftr t"lS I K) lt (AA (FtS)-rjl3 (MS) )
ïsi-] ( l- r K r l''ls ) =TSB t L r K r t"4s- I ¡ rDZ ( L, [4s r K ) + ( cc t ¡ls ) -BrJ ( t,is ¡ ¡
C0NT J. r.lrJE

TS (L r K ) =TSA ( L r K r 6) +tTS I (L r K ) + 1'Sf3 ( L r K r 6 ) +rT52 (L r K)
TS (L I K) =CCC*pyì$ (Rn'*5) råT5 (LrK) /I6,
TS(LrK)=JS(LrK)+'r2'
COrrlT I Nt.¡6
SIGMT,¡(K)= TS(1rK) + TS(2rK) + TS(3rK)

PI WAVI-:S CONTRIBUTION TO CROSS SECTION
0069 t =Ir3
t)070i'l=1r100
I (l'J) =SQRI ( X.ALI- (îi) ) ì+ ( XAL (Ni) *+t3).rPËX (N¡ *61 (L rKrN)
CON T I NUE
Cti¡¡ SII'4P2 ( I. r I0. r .l TYTTPI (LrK) )
D(_)j9i.rl,l=I ç Iù0
Y ( l.r) =SORT ( XALL ( N ) ).+PEX (N) ÌIXAL (N) +r(ìl ( L r K I r,t)
C0i'J'f I I'll-jF:

CA[-L SIMPZ (I' r Iôr ! rI çYrTP2 (LrK) )
TP¡\(l-rKrI) = l)1 (LrIrK)*DD(l)
TfJrJ(LrKrl,) = Dt tlrlrK)+tÊ-(l)
D0 7?- ['1T =?ç6'IPA( LrKri,lT)= Tpri( LrKr f"lT-i) + 0t(l-ri'lTrK) ttl)D(i"lT)'rPd (LrKrrvT) = tPlS( LrKr¡iT-1) + rJI( LrriÎrK) +rf--E(Mr)
COiJfLl'ltlE '/

f P (L r ()= 1'¡ t:A (l-r t\ r (r)+rTpI il_rK) * f pi-J il_rK I ó) ì11p2 il- r K) ) ;r
i I ', '

c

c

l¿
CCC*py.r¡ ( R* +tSl /



c
c

TP( LrK) = TP(LrK)tt+z
69 C0r\T It{tJF-

PYwAV (K) = TP ( I rK) + TP (2çK) + 'fP(3rK)

DELTA'¡/AVE
0073L= ). r 3
0074ru=lrIo
Y (N) =XALL (

7+ CO{!TINUE
CALL SIMP2
D075N=IrI0
Y ( N) =XALL (

75 çgt'tT I NUE
CALL STI'1P2
TDA(LrKrl)
TDR(trKrJ.)
D0 /ó ¡"1[J=2 r
TLIA ( l- r K r iiiU) =TDA ( L'K r MU-I ) +DZ ( L r l{U r K ) * ( 0B (MU ) -ad (l"lu ) )

lDtì ( L r K I MIJ) = Il]il (L r K r MU-1 ¡ +02 (L r MtJr K¡ * ({-lrj (fviu) -TT (Þ1U¡ ¡

76'CONTINUE
f l, (r_rK) = (TDÄ il_rKr5) +tTDl (LrK)-TDÉl (LrKr5)t'TD2 (trK) ).rr

132,
Tll (t-rK) =TD (LrK) *sZ

73 ç¡rdTtNui:
ljELwV(K) = TD(tçK) + TD(?rK) +TD(3rK)
T0TCO (K) =SIGl.'li¡ 1¡¡ +PYi,tl\V (K) +2.*DELt",V (K)

ct:cttPY+r(R1tis5)/

cR05s(K)=T0TC0(K){r(ETR+(K-L)'t+?/ (25.,r(rl.nr}?)))'}5:377869+I.Ë-18
'FiAVL (K) = (4.rt ( ( (K-I) /10, )ìt+2) {tI3.595lRråìIZ) +ET
v',AVL (K) = I2398 . /vtAVL ( K)
PRINT3É'4 r 

.v/AVL (K) t CR0SS (K)
F0Rr'4AT (2x ¡ / / r I 0X I F6' I r5XrEI5. B¡
çgi,lT I NUE
PRINTOUT OF SEPARATE CONTRIi]UT IONS ANI) BO9ND RADiAL FUNçTION
PRII'JT454
F 0lll'1Af ( ll-.ll r5 (/l I L 0x ¡25¡5IGMA v'/AVES C(ii!TRItsUT fONS)
PRINT455
Frli1¡4¡T ( ¿X , / / çl [ìX r IHKTTX r1+ilL=U I I 3X I ¡+HL=2 I I3X r4Hl-=4 )

PtìIi'.1 l'3?t r (KrTS ( t rK) r',IS (2rK) I lS (3çK) rK=lr7)
FlJiìr,iA'i ( I0X I I2 r 3 ( IX I E15¡8) )

PRIi\T453
F0tìi'4¡if ( zx r 5 ( /l çl0xç?ZHp f r¡.rAvËs c0r"lTRIBUTI0NtS)

S

0
N) nPEX (N)'¡ (XAL (N) *it2) +GZ (LrKrf i¡

( I . r I ô o r . I r Y r TD I ( L r K ) )

0-
N) *PEX (N) $G2,ar6rfri)

( l. r I0 r r ! I r Y r TUIZ (L r K) ) i

=D?(Lr I rK) ìt (GB ( I ) -AB ( l) )

=l)2 (Lr I rK) ä (48 ( l) -TT ¡1¡ ¡

5

C

364
8I

+54

45!i

321

4 5_l



46I

456

458.

459

460

500

50I

PRII{Iz+6}
F0Rt'l¡f (2X ç / / r I0 X I l liK r'lX¡ 4llL=2 I l3X r 4HL=4 r l3X r 4HL=6
PRINI32l, r (Kr TP ( I r K) r TP (2rK) r ÏP (3rK) rK=I r 7).
PRINI+56
FOR¡"1À1 ("X I5I / ) I l (] X I Z5HDELTA t,,lAVES ÇONTRIIìUT TOf{5)
PR INT46I
PRINI32t r (KrTD(l rK) rTD(2'K) rfD(3rK) rK=1 r7)
PR i NT45B
FORM¡¡T (IHI IIOXI29HRADIAL PART OF BOTJI\D FIJNCTIOf\.I)
PRINT459
F-ORMAT(2X I5I/ ) II(]XI2IHLAI'iBDA BOUND FUNCTTOru)
PRINT460 r (XAL (trt) rtit'N (N) rN=I r40)
F 0tìt'î¡lT ( I I X tF 4. I r r+X r Ê15. B)
PRINTSOO
F0RMA'f ( IH] r 10X' I9HRADIAL INTEGRATI0NS)
PRIi\150I
FOI-'ir"1rìT (2X t / / ¡15X r 3HTSl r I0X T 3HTSZ)
D0502K= ¡ t 7
PRII!T503rK
F0rìÈ1AT ( I5X r 2HK= r I2l
[-)0502L=] ç 3
PRIN'r5(.)4 r L
FORi'4AT ( l5¡ 

' 
/¡l[-= e I2)

PRINTS0STTSI (l-rK) rISA (LrK)
F0Rr"lAT ( 1 0X'? ( lX r 815. A) )

COhJT I NLIE
PRINT5O6
FORICAT ( EX ç / / çT5X I3HTP I I I fIX I3HTP2 )

00507K=[ '7PRINTS03TK
D0507L=I c 3
PRINTStl4rL
PRINTS05TTPI (LrK) rTP? (LrK)
COÍ\T I NUE
PRINT5clB
F-Oiìrulr¡f ( 2X t / / ç15X r 3HTl)l r I riX r 3HTl)Z )

t)0509K=Ir'l
PtlINf503rK
D0509L=l r 3
PRIr'lTSt)4rl-
PRINIS05rTDl (LrK) I tt)2 (LrK)
CCJi'l I I I'ltJE
çgliiT I NL,E
ST0P
ENI)

s03

504

s05
s02

506

507

50tJ

509
IOIO



183

SUÍ3ROUTINEXNORT4 ( R I S' CCO)
DIf.lEf!SI0NP(10)
PY=3, I 4I 592ó
AL=R+IS/2, -"-'."."-':r---:-----'
00783J=I r I
P ( J) ¡AL#+tJ
COf{T I NUE
DA=?, r$AL

I

!

., . SD=.5i$ (EXP(DA)-EXP (-DA! )

CÞ=.5,r (EXP (t)A) +EXP (-DAl )
01=(,5lfSD-ALl/AL
02= (SD+¡ (.5'rtP (2) +,25) -.5råALTTCD-p (31 /3,1/ p (3)
03= (SD¿t (.5.*P (4) +1.5 tP l?l +.75) -.ZSüCD* (4,*p t3) +Q-:#AL) -.Znp (S)

t)/P(5)
0I=2.+ol
O2=02+ (2. /3.1
03=03+ (2./5.1
EÉ=EXP ( -2, #AL)
X0I =.5*ED./AL
X02=.si¡Et).'t (ll./ AL) + (L./P (2) ) + (.5/p (3) ) ) - . '
X03=ED+ I (,S/AL) + lL_/P(Z) ) + (L. ;/p(3) ) + (I.S/p (4) ) + (.75/p(5) ) )ccc=,2.¡q*$2¡*56RT(?.1tpy+$R)) ''-: '"
ccc=ccc/saRT (01* (x03-xoz).0?+ xoI-x03) +03* (x02-xoI) l
cc0=sQRT (2.ùrPY / ( Srt#5) ) nCcC
RE TURN
END



SUBR,JUTINE Ai.4P ( ivlrC0BrHrRrArtsrC)
L) Jr'lF-r!S IONFF ( 300 ) I GG ( 300 ) r YY ( I I ) r YL ( I I ) ç 0A ( I I ) r DYL ( I 1 ) r 0Z ( I I )

l rQY ( L l ) rDZLA ( I l, ) r DZLB ( I l ) r DALD ( I I ) rDr¡/ ( I l ) rUF ( I I ) rGUS (21 r Y ( I5)
2rDZL(Il)

XM=tq- t
DOII=Ir300
XL=(I-I)rt.ltl0.8
FF(I)=(-COB+R+XL+(Ìl+s-Þz)rf(XL{f+tZ))/(X[.;?rt2-]".)+(1,-Xt,4r**?'.l /l(XLn.*2-I,)

I*+2)
FF(I)=-,0IúFF(ft/L?.

Ì c0r{TiNrJE
G(ì(I)=A
(ìG(2)=B
tJ02I=3!300
GG ( I ) = (2.+I0.+f:F ( I-I) ) *GG ( I-t )

Gc ( I ) =GG ( I ) - ( 1.-F"F lI-?) ) i¡GG ( I-2)
GG ( I) =GG (I' / lI.-FF (I) )

2 çghJT I NUE'Xþ]= 1. -(l,t-I.)*+2
D052J=lrll
YY(J)=(J-1)*.I+39.7 '

yl_ (J) = ( -cotJ +-R+åyy (J) + (Hrtìiz) rl (yy ( J) "+21I / (y y (J) **z-1. i
I + ( l.-(r',t-I.lt+*21 / ((YY(J)rssz-l¡)+*2)
GQ(J) = YY(Jl#+? I'
ll? = ll¿,ttt¿
DyL(-J)=((a0(J)+(R + ?.*(H2)ìlYY(J))) +( RrtYY(J): C0ir + H2*

I (yY (.J) lt+r2) ) +t (2,ltYY (J) ) ) / (Q0 ( J¡ +*2¡ - 111.+Yy ( J) #XM) / (0G (J).:r*3¡
(lZ(.J) = YY(J)#+s3
QY (J) = YY (J) rtrtz
DALA (J) =2,+t (Lr,#Fje+tQY (J)+3,+tR+YY (J) -H2-COB )

D2LtJ (.J ) -1i, #HeråQZ ( J) +3..|rR+rQY ( J) -yY ( J) lt ( 2.+H2+2. ilC0Ë ¡ -R
DaLD (.J) =-+, ìtxivì+ ( 5 r ìtc¡Y ( J) + I . ) / ( 8Q 1.1 ¡ ++4)
D2t- (J) = (Q(1 (J) ìtf-J2LA (J) -4.+YY (J) +DzLti lJr 

' 
/ (0Q (J) t¡+t3)

DZI- ( ¡) =Dll- ( J) -DZLD (J)
Dr'r(J) = lj.*(l.lYL(J)r't+tll /(16,#(YL(J)ttnz) )' DeL(Jl / 14,sYL(J) I
uË (J) =Yt- (J)+Dr^J (J)
IF (UË (.J),LE.0. ) 400r40I
tJÉ(J)=1.
G0T052
UF (J ) =SIJRT (UF ( J) )

cc)t,tT tNuE
PRif.tT53
F0ilpti\T tI 0 X r ôllLAi-ltlDA r BX r I l-1t,l r 1 6X r 1 HV r 1 6X r I ¡lU )

D(_)(-i4J=I r 1l
É'Rfi'ltiirìrYY (.J) rtj\,ú (J) rYL(J) rUF (J¡
[- ORr.lirI ( I UX r l- lJ. 2 r 3 ( IX r E15. B) )

(l(l)Ì.Ì-f I lltJF-.

t-.tOir6,J= i I ?
.Jrl= (.J'- :l )')i I U +2 )0
Klr=(J-l)+?I0+l
GUS ( J) :S(lRT ( tit ( KiJ) )'n(ìG ( JH)

c 0r{ i I httJ r:-

D0345I=l r ll

400

¿+0I

5?

53

55
54

56



Y(I)=UF(t)
345 CONIT T NUE

CAt-LS Il'lPA ( 39.7 ç/+0.7 r . I r y r XA)
X A= ? 5+tXA
G^S=GUS(I)+ûUS(2)
GOS

GF-S
GTS

B(l)=0
D0+t<= 1

D04J= I

GU$(I) GUS(

L./
l./

(cosF(xA)r$+t2)
1 51i.rF (XA)+*2)

c =.5t'sçJRTF ( (r_ì45++T2) itGES+ (G05++r2) r¡GI S)
RF: TURN
END

PR0GRAMVBFC ( INPUT r OUTPUT)
D I r.lENS iO¡lEv IB ( el ) r Fc ( 2i ) r A ( 5) r B ( 5 ) r e¡¡ i S, Z t
CALCULATION OF PHOTOTONIzATION cROSS SEcTI
VIBRATÍ0ru¡I STATES OF O2+A?PIU

) rwL (5rZI)'ÇnisrzD
ONS FOR VARIOUS. FINA

READI r IEVIB ( J) I J=t rZl )
I F0RMAT(té'F5.3)

RHADZT (FC ( J) rJ=1. r2l )
? FORMAT ( l6F5

Do3J=ir?I
FC(J)=fÇ(J)/10.
EVTB (J) =EVIB (J) +16.8
EVIB (J¡ =¡VIB ( Jl /13.5e5

3 C0NTINUe
A ( I ) =.5628sA ( z)=,5629$A (3) =rsB94$A (4) =.ózB5$Ais) =.6g95

. qB ( 2l =,0 0768$B ( 3 ) =.030 73$F i 4 ) =. Q69 1 5$B ( 5 ) =. lZZqi
r5
!21

EN (KrJ) =FVIB (Jl +B (K)
l4lL ( K r J_) =9I 1. .953/Etl (K r J)
cR (Kr J) =2,6889rfEN (K I J) *

4 CONT I NLIE
PR I NT5

5 FORMAT ( tHI r5X, tBHpHOTON |¡JAVELENGiIiSI
DOóJ=Trai
K=J- IpRINTi;K rì,JL (IrJ) rt^,t- (?;Ji rl^/L (3r¡i rwu t+r.,r) r\,,L (srJ)

7 FORM 
^T 

l?Xr I3r5 (?XrF9.4l )6 COIJT INIIE
PR INT9.

9 F0RMAT tZXç51/) r5Xrt4HCR0Ss SECiIoñSl
D0flJ=l rZl
K=,J- I
PRINT'Z,K,cR(tçJ) rCR (zçJ) rCR(3rJ) iönt 4¡J'l qCR(S;J)

8 CO¡IT I NIJE
STOP
END



MODIFICATIONS TO 'PHOTO1I fO TNCI,UDE TIJE DEPÐNDENCE
OF THE EIECTRONIC TRANSIÎION MOMENT ON INTER-
NUCIEAR

tJX=14.073
RE 2 .281661 l.
UA=8. '.
ALP . | 7_887 2l + SQP T ( U A$ I'J X )
XKK=r./E/WX'

CALLGAVI',|A ( XKl"1ç GKl"l) ,.
C0N=.5Õ ( aL0G I ALP) -GKM,- .,.,---:-_--.i- -.. .

DATA FgR 02+ ixt ,

wEF=is7a.+ ,.-
WXF=l6.53 $REF=2.1"1604 $UAF=7.9998ó
XKKF=\.JE
Al-PF=.l 289721+56RT ( UAFllt^/xFl :

DO3000JR= I r 7l --- --':-- -''

-_-.--:..':-- :+-J--:;L-

c

R=1.6+,(JR-})+.9? 
;

hlAV (JR) =.5*XK14* 1AL0G (XKK);ALP+ (R-RE) ) -
tjAVI (JR) =_.5+rXKKrlEXp (_ALpä (R-ngl I
lfrAVI (.JR) ¡CoN+ldAV (JR) +t'JAVI (JR)-,-'**
\.JAV I (

PRiNT
30 0l FOR|4A

c

EXPIwAVI(JR))
TRTIJAVT (JR) -

;F5.7- çfXrEl5.8t

BBR=l-lY+l¡.---
CALLG/tl.4l'1 4 ( BBB T GBB )
CAl.-LGA!'41'1 A ( BVV r GRV)
CALLGAI¡M^ (VVIGVVI
c0i{F-.5+(ALoc¡ALPF

JB) 
=3p0l

If2X
C VIRRATIONAI. IIIAVE FUNCl¡QIIS FOR ION

ZElf(JR) =XKKF*EXP (-ALPFú tN-NEFI I
DO-1000JV=l ç l0
V=JV-L _

BV=Xl(lfE-1.-2.*V - -

NOPI.l^L I ZAI TON CONSTANT

STAfES.

VV=V+ t - -
BVV=RY+V + I ¡

c
) +ALOG IBV) +G BV-GVV).GBB . -

JV rBV r ZEX (JR) ,GIN) ---Confl-uent hypergeonetric subroutine.
N\,JF* ( ÂLOG ( XKKF) -ALPFå (R-REF)'
) =C0\lF-. 5ìtZEX ( JR) +ZEXX ( JR)
) =FXojilAVF (JRTJV) ) .-

) =GINI*'"1,rAVF (JRTJV) ---ron vibrational wave funetions.

!0r'iF =B\t /2 t
CALI.SIJÞER (

ZEXX (JR) =Þr/AVF(JRrJ\/
þIAVF(JPTJV
Ì,J^VF(JRTJV

3OOO CONITINIJE
PRlNf3002,._(RB(.JQ) r\rJAvF(Jnrl) TtJAVF(JR,?) rr¡JAVF(.JRrl) r,,JrlVF(JRr4) rtiAvF

I (.JRr5) rJR=1r l4L)
PPINT30O7-r (RR(JR) rl'JAVF(Jpr6) rWIVF(.JRr7) rt¡rAVF(.JÍìrB),r,tÂVF(.JRr9) TVJAVF'l (.JRrl0)rJR=l.l4l)

300?- F0Pr'4AT (2Y t l? 15 (?X rEl5, B) )
l.)0300a JV=Ì
tr030 1 0¡_=1 'D03008=JR=1.
Y ( JR) =TSR (

rl0 
"

3
r 71
LrJR) +r,jAVI (JR) +!ilAVF (JR,.JV)



300s

30I0

30t2

30tt

3020

30I3

c

3009

301/r

30I7

30te
3018

3051
3050

CONT ] NIJE
CALLSIMP? ( L .6r 3. 0 r . 02rYr TSV (LrKr JVI )

TSV (l_ r K r.f\./) =TSV (1._ ç K I JV) **2
CONT I NtJE
TVS (,JV r K ) =fSV ( I ' K r JV) +TS\/ (? r K r JV) +TSV ( 3 r K r JV I
D0i0lll-=lt3
DO30t2.tR-L '71Y ( JR).=TPR (L I JR) #i'iAVI ( JR) +WAVF ( JRr JVI
CONT TNI'E
CALLSInIPP ( 1'6r3, 0 r . 02 rY¡TPV (LrKrJV) )
TPV ([- rK r JV) =TPV (l- r Kr JV) +t{tz
CONT I I.IIJE
TVP (.IVrK)-=TPV ( I.KrJV,) +TPV (2IKIJV)+TPV (3IKIJV)
0030 13¡._=J r 2
DÕ3020.1R=1r71 l

Y (.JR ) =iNN (L I.JR ) JtI^rAV I ( JR) itwAVF ( JR I JV )
¡6I'JT I NI-JE

CAt-LSI¡{p2 ( J .6r.1. 0' . 02rY!TDV (LrKrJV) )
TDV (l- rK r-J\i) =TDV (L r K r,1Y¡ +å2
COI..JT I NIJE
TVn (.lVrK) =TDV ( t-.K'JV) +TDv (2rKr.JV) 

.

TOTV ( JV r K) =T\/S ( JV r K) +TVP r JV r K) +1.'ttTVD (,JV 
' K )

F0t-L0!^,lNG oNl-Y APPLIES AT THRESHoL.D FOR LEVEL
CÊOSSV ( JV ç K ) -TOTV ( JV T K ) *EV IB ( JV ) #2. 6BBq34E-I s
COI'lTINtlE
PÊINT3OI6,K
FOIìMAT ( lHI r 5X 

' ?HK= ' I2 )
PRINT3ltT
F0f.ìMAT ( 5X I t_ 3t'"t Ior..r V I B LEVFL r I3HcROSS SFcTION)
D030IBJV=Irl0
JJ=JV- t
PRINT:IITS I JJ ç CRÔSSV ( JV IK )

F0RÌ"4ÀT ( I 0X r I3ç 8x r EL5'8)
côNlT I Ì,ttJE

003050.JV=l rlD
KV=JV- !
PRT¡.1T9051 r r{V, Ev r ¡:r 1¡y ¡

FOpl4AT ( 2v ' 2tlV= r T 3 ç 9HËN LF. VEL= r F R ¡ 6 )

CONT T NIJE
S TOP
E NID
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