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.trB6[tìACT

Thernal regenerators have been widely usecl in metal

reduction and glass furnace industries for rvell ove.c past

150 years. Tfith the renelved i-:rterest i:r gas turbine and

Stlrling engines for land transport, it has beconre more

desirable and necessary to study regenerative heat

exchangers (i. e" 1 thermal regetlerators ).

In this,thesis on Digital Simulatíon of [hermal

ilegenerators, at flrst the baslc prlncÍples and lndtrstrial.

slgntflcance of thermal regenerators are reviev¡ed, A

comparison betrveen a recuperator and a .regenerator is

p-resented and then an outl-ine of the scope and purpose of

this v¡ork is presented, Here tt ls noted that early effor*ts

are di¡ected tot¿ards determlnation of tirernal eff iciency

rvhích is a useful parameter tolvards the conve.rgeilce of

nethod of solution.

The second chaptcr presents the physical assunptions,

na'thenatical nodel and review of previours theories j-û

regenerators. In tiris conriection at f j¡st the "Open"

nethods of solutions are looked ât. Then a number of

"Closedt' nethocls arc revierved and it is noted that ldahavandi

and lleinsteinrs (tWtl) closed method stands out to bc the

nost reliable of the closed methods. ft is a-'ì-so noted

that open nethods are in general very tine consun.ring and
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naynotgiveasaccurateresultsasclosednot}rods.Hence
a closecj method based on l{vf ls vrork was required to be

d eveloPed.

[herefore¡ the third chapter is devoted to deve]oprnent

of a ne\ï nethod of solving the regenerator problen' [his

nev¡ nethocl although based on ltrIrlrs nethod bowever avoicls

the use of quacìrature formulae (,useO by i{\f to evaluate

courplicated f orrns of Bessel functions) apd uses nurocrical

inversion of Laplace transf o.rns. The method developed

cons id ers a general ¡ non-symmetric , unb al ancecl regcnel:a'bor

r,vhereas lt ls noted that Nltlrs netT¡od' r^¡as developed fcr a

balanced, symnctric thernal regenerator' This proposed

method is developcd j.I} terns of tlvo noflnalLzed paraneters

qandz-scalesseparately.Thiswasrequiredasinthe
fj¡st case of q-scale the rnatrices to be inverted had tcrms

which could becone very large fo¡ targe values of Q. so

z-scale v¿here z e lOrl] v'as enployed thus avoiding lack of

precision ancl o1,her problems as reported. It should be

noted that full forrnulae for the various temperature

profiles and other requìreO parameters such as thcrrnal

efficiency a"re derivecl in this cþapter f or the tv¡o scal-es

c ons id ered.

The f or:¡th a]1d final chapter describcs the conputer

programs lvritte¡. and conpales the re sults obtained. It

is found that the results obtained conpare very favourably
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\¡ritb those obtai¡red by earlier workers such as lffillnott and

sone of the results concerning the limiting steady-state

profiS-e are also found to be in agreenent. After an

anal-ysis of il}-conditioning it ís observod tirat i11-

condlttoníng exparienced by iniilLmott through Illiffer s

method does not occur with the proposed rnethod for the sane

parametsfS¡ "lesu]-ts of computer programs for single and

double precisions using g and z-scalê are conpared apd

it is concluded thai; the proposed nethod being relativeLy

superiox than the existing methods .revieÏfed wíll- be useful

in calculation of tenperature profiles, thermal efficiencyt

etc. [his work also includes a finite stage nethod which

\¡vas developed earlíer and is presented in Appendjx 44.

arl
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CI{AHIER 1r INTRODIICTION

fhe Regenerative }leat Exehanger was first proposed by

StirlÍng in 1816 in connection with his regenerative hot-

air engine. Since thenn the thernal .regenerator has been

widely used for the pre-heatine of the blast for netal

reduction furnaces and fo¡ the pre-heating of the

conbustlon ai¡ for glass furnaces. Iilith the possibílity

of gas turbine engines and [itirIíng engines now bei-ng

explored as alternatives to the internal combustion engine

for land transport, there is a renewed interest in the

regenerative heat exchanger due to promise it shows in the

effecting of fuel econony.

In this chapterr sr€ first review the basic principles

of [hermal Regenerators (Regenerative Heat Exchangers)

and their industrial significance. Then a conparison

between a regenerator and a recuperato¡ is nnade. This is
followed by the scope and purpose of present work.

1.1 FaÊic p$ineilclg,s _ggd .industfial ,sienåficance of

the¡mal ¡eeeneratorss

A thermal- regenerator is a device which increases

the efficiency of an industrial operation by storing
rwaster heat produced at one stage of the process and

returning this heat to the system when requi-red at a

later stago. It effects the transfer of heat between two

fluids, generally gases.



The simplest form of a thernal regene¡ator conslsts

of a heat retaining solid cal.led a tnatrixr or rchequer*

workt. lhe method of operation of regenerators is
cyclic. A hot gas is passed through the heat absorbing
(and storing) matrix for a period of time. [he hot gas

is then turned off at the end of this thot periodt with
the natrix now holding the heat transferued from the

hot gas. [his heat is then used to ¡aise the terope-

ratu¡e of a coLd gas which is passed through the matrix
in the opposite direction to the flow of the hot gas

earlier. \Ilhen the cold gas is turned off the end of the
f cold perÍodt ís reached. lhe totat time tlrus involved
in the hot period and coLd period is known as a tconplete

Oycref of the regenerator. [hese regenerators a-re termed
rCounterflowt since hot and cold gas flow in opposite

di¡eetiofrs r

ït must be noted here that it Ís possible to find
regenerators in which the two gases flow in the same

direction, cal1ed rFarallel Flowr regenerators. i]ühere

the gases flow at right angles to each other the regene-

rators a.re said to be r0ross I'lowt.

A complete cycle of operations consists of a pair
of successi.ve hot and cold periods, and after a suffi-
ciently large number of such cycles, the temperature
behaviour of the sol-id mat¡ix becomes periodic, the
perlod being the duration of the cycle, At this stage,
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the regenerator is said to have reached rcyclic

equitÍbriumr which is independent of the initial tempe-

rature conditions v¡ithin the regenerator.

Regenerators have remained significant in the steel

industry for sonetime. lhey are used to pre-heat the air

for both open bearth and blast furnaces to improve the

efficiency of tbe steel and iron making processes. fhe

regenerators connected to a blast furn.ace are called

rBlast Heatersl, Tlvo o.r nore of these blast heate¡s

wotking !n conjunction can heat hourly 2OOTOOO cublc

metres of air, to approximately IIOOoC cold gas (f5OOoC

bot gas) inlet temperature. These.regene.rators ajre

associated with high temperatures. For nedium and Jow

tenperature Jlegenerators, the packingS i.€ . r solid naf r:ix

are very often netall-ic. They are desi-gned to maximise

the area of surface available for heat transfer whilst

keeping the volune of the regenerator down to .reasonable

proportions. Sheet netal strips and beds of spheres

arranged parallel to each other are two sinple examples

of such pacltings. These metallic regeneratols are ve.ry

efficient. In low tenperature .regene.rators with a height

of only 4 metres, a heat exchange efficiency of 98 to 99

percen'ü is attained whilst in blast furnace stoves the

efficiency is only about BO to 85 percent, A Staggered

Parallel or a By-Pass-Main system is normally used in

blast furnace stoves in order to ensure a constanb blast
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tenperature. Regenerators a.re also being used in
indust¡ies naking use of 1ar6e boilers, gas turbíne
engines etc.

L.2 . Reg enerat o-r v s . Recuoerat or, :

In a recu.Berator i,e.r ârr o-ndinary heat exchange¡ two

flutds of dlfferen'b tempera'bures flow continuously 1n spaces

separated by a wa]l, and they exchange heat by convect-
ion at and conduction through 1,he i,vall-, 0n i;he other hand, a

regenerator is built up of solids, rvhich alternately
store internál ene-rgy taken from the urarmer flui-d ancl release

1t to the colder fluÍd whl-le the fluids pass, one at a time,

each being in contact with the solids during a certain
period of time, A diagranamatic representation of both
a segenerator and a recuperator is presented in Figure
(1.1) .

fhe necuperator is operated continuously i.e., two

gases are passed continuously along their app-ropriate

channels and when the heat exchanger has been running
for a sufficient tength of time the temperatures of the
separate output gases are constant. rrr contrast by the
very nature of its c,onstruction it is not easy to
provide everr a continuous supply of heated gas using a

singre regene.rator. At the v.ery least two regenerators
would be required to provide continuous heated gas.
Even then it is impossibre to operate the reßel1e-rators

in order that the heated gas be constant in temperature.
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Intherecuperatorrafteroperatlngforsufficlent
tine,t}retenperaturesv¡ithlnthetreatexchan8erbeoone
independen'b of tir,re and are functions only of Bosition

down the bed (or body) of the recuperatort ßêasured f'r'om

the gas entrance. on t}re other hand, affier the j?e8ene-

[ator has been operatlng fOr a sufficlent ]ength of tlrne

Gas ] Gas I

1

Gas

rLdctlPurl,aTOrì

Gas 2

R'jüGsNE!ìA[OR

J

ÞP
4:l
o
hl
h-l
H
î]J
.c+
o
H
k

tÞP
cl
o
.h
Þ
çùct
o
Hq

Gas I

1

-) 

Gas 2
Gas 2 --+

.¡Èec uper at or and iìel1ìo u-re (1-1)
co r:nterf lov¡

enerat U th i:r
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under constant conditions, the ¡eversing flows of the

hot and aold gases through the saae channels caìfse the

temperatures wíthin the rege4erator to becoae periodic.

The tenperatr.ue of the gas of solid at any point in the

regenerator is thus a function not only of position but

also of tine.

Thus, in the regenerator the heat is transferred

under unsteady state conditions, namely, in a cyclic

process, whereas the recuperator generally operates under

st eady-st ate coÌ1d iti ons .

In the design and control of regenerators in blast

furnace industry most work to date has been done assuaing

constant flowrate of gases, in order to compute the

temperature distribiltions etc, when cyclic eguilibrium

has been reached. However, since heat transfer co-

efficients are strongly dependent on flowratee the

paraneters of the system change during a blow if the

flowrate is variable. In blast fur:nace stoves eithe¡

for Staggered Parallel or By-Pass-Main systems a variable

cold flowrate is necessary in orde¡ to enstrre a constant

blast temperature. Hence it is of interest to look

ínto variable mass flow situations in regenexatorsr

L.t Scooe a¡rd DurÌlose of oresent workt

Here we give a brief outline of present workr a

detailed treatrnent follows in later chapters,



7

a) Early efforts are concentrated towards 'the

determination of a real nunber the rlhermal Efficiencyr.

[hermal efficiency is useful to indicate whether ox not

eonvergence has occurred.

tOpenr rnethods such as those of V/illmott LZrrZqJ

require the equations to be solved repeatedly for a nero

initial tenperature dist¡ibution until the cyclic

equilibrium has been achieved or at least until the

conputed thermal efficiency is constant for successive

cycles. Although the true crite¡ion for cyclic equi-

librium is that tenperature profiles at identical stages

of successive cold (or hot ) blows should be the same to

a specified accur'acy, the achievement of constant thernal

efficiency in successive cycles is also a good indícation

that equilibriuro has been achieved. lhe open nethods

a.re in general very time consuming since nany cycles aay

be required for convergence to take place for which

computational time may be excessive. This is where

thernal efficiency calcul-ation is useful as after solving

the equations only thermal cfficiency is conputed and

this is done for successive cycles without obtaining the

actual tenperatu¡e profile and when thermal efficiency
¡emains constant for a number of cycles, only then tbe

temperatu¡e profiles are obtained. This thermal effici-
ency rn¡ork has been enployed mainly in obtaining sol-id

(ctrequerwork) temperature distributj-ons and fluid exit
temperature time histories for ìrse in control of blast
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furnace stoves by Jeffreson [g]. We also note that

Jeffreson tg] nnethod has been developed to allow constant

nass flow solui;i-ons to be transformed to variable naSS

flow i.e., constant nass fl-ow solutions have been used

to o'otain the solutions for variable mass flow co¡¡ditions.

b) lVlore detailed review follows in next chapterst

but here ïqe note that the m.ai.n object of the present work

has been the investigation of and extensions to rclosedr

method of Nahavandi and Vfeinstein [1?] which reguires

siurultaneous solution of (analytical ) integral equations .

As noted above ropenr methods Ín general are very

time consuming and may not even converge sometimes and

although closed nethods are rdifficultr analytically'
once a solution is obtainable they may be considered to

be mo.re efficient, hence the interest in the cLosed

mei;hod of NVf (Nahavandi and Vfeinstein) [ff].

[he method developed here based upon Ntr{i nethod has

following rnain features ¡

(i) It extends NIV method to general unbalanced non-

symmetric case, which is a more appropriate con-

sj-deration sj-nce NIT method is only applied to a

rBalanced Synmetricr regenerator (to be defined in
ne:(t chapter). The need for this extension arises

fron the fact that nnost industrial regenerators

are unbalanced and non-syrnmetric.
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(ii) 1qW neúfroO relies upon conputation of speciêI

functions like Besselts function wt¡e.reas this

extended nethod avoj-ds these calculations by

enploying Nuneri-cal laplace inversion, IÍle notet

however that this nethod is also not totally
Itrouble freel '

(fti) [he proposed method extends Nlf nethod to permft

the generation of exlt fluid tenperatu¡es at

cycl,ic equilib¡iun.

Tn eonnectíon with NtT netbod sCIne eonputational

problens reported by Vfillnott |ZAS are also investi-gated '

c ) Sinal-Ly¡ tÃr€ mention that an earlier attempt Tuas

made to obtain closed form s,olution us.irrg a finite stage

model¡ this is outlined in appendix,.

-
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CTIAETER 2 S PIITSICAI, AS SUMFTI oNs. IIAT]IE I'ÍATICAI, IVICDEL A}TD

REVTEIV OF FRE\¡-IOUS WORK

2 .L. Phvsical as sumDt io and nathematic al fonmul-ation

of modell

2 .I. I. Assumpti-ons ¡

In the aatheaatical treatment of the regenerato.r

problen, a nuaber of simplifying assumptions have been

nade and used successfully €.g., Nusselt [fg], Willmott

and rbonas lza1, Heggs and Carpenter t+] etc.

Before going on to aatheaatical treatment of the

regenerato.r nodel we list tbe physical assumptions used:

I) Fluid thernal capacitance is %eîo at the end of each perlod.

2) The thernal conductivity of the solid is zero in the

d ir ection parallel t o the f luid fl orv.

t) The thernal conductivity of the solid is infinitely
large in the direction pe.rpendicular to the fluÍd flow.

4) The thernal conductivity i¡ the fluicl is snall in the

direction of fluid flov¡.

lhe first assunp'bion is quite justified because for
most practical regenerator work the thermal capacitance

of the sol-td is so large relative to that of thc fluid
(the .r'atio being about 1O4 usually) ttrat the rate of

accunulation of heat in tire f luid nay be ignored.

The last th¡ee assumptions are of great practical

significance as the regene.rators employed tirese days are
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such that there is no app¡reciable tenperature di-ffer'ence

i¡r the cross section. So the thermal conduc hivity of

the solicl is inf initely large i-i1 direction perpendicular

to tþe fluid whÍch ís ou-f assunption ]). Jeffreson []e]

points out that Haus.:n tf] and others r:port that j¡rternal

packfurg resistance plays no part in the dynanics of the

systea sj-:nce heat haS no tíme to penetrate into-Lhe packfng

especially when pr:r'iocl is snall. This aea¡s that assunpt-

ions 2) and 4) are irvell justified.

2, L, 2 . UA!.þ..;-qLA!;-c3l-,J.ç-i3B¡Lq!-iSë ¡

v'/e now derive the regêne¡a-Lor diff crential equations

from. f irst p.,inciples bascd on Jeffres01L [f+] using syrnbols

as defined in Nornencla-turc. Ac1ditional symbols a're defined

as theY occl1i".

For a thernal balance over i.]-*f-Q--gb*åç. between 1er:gths

x and x*A.x along the rcgen'3rator ¡

¡tate of heat input at oistance x and tirne y due

to convection is il.s.tr(xrl ) J/sec or ïtiatts

r¡,¡he.re 'tr(xrV) is tcioperair.rre of fluid a'i; distance X obtajned

at tine Y.

If fluid tlrernal concluctivity is def ined as3

kf J/ (sec-*z-oc¡*) or kf 'y'{nT-oc ),

the rate of heat tra.nsfer at dístance x due to fluid

c onduc{: iv itY will l¡ e ¡

ä t't
Ac ltt -a"'-;: \tlatts

- itx

whereA"ístlieãì,iC¿l,a,vai]-ab]-efo.rf-]-uidflor¡¿norma]-
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to fJ-ow direction. [4" = n/(Et L), where r, is the

density of fluid in the regenerator at. any tine].

Supposing the temperature gradient aty'*x i.s

qositiys¡, then heat transfer due to conduction wlll be

asainst the fluid fl-ow í. e .t Rate of heat in to volune

of gas between x and x *Àx due to condustion and con-

vection wiLl be ¡

òtr (2.L.2.(1))lústl (xry) - A"kr (xry) tl"atts
è"

Similarly rate of heat flow olru at x *A x will be:

aa

Àt'
W$tdx *Axry) - A" k-:--(x +lrx,y)c ï àx

r\ trtlx,y) + -i- (x,y)
#X

Vr/at t s

or
I
I
¡
I
IiAx
x

(x *¿!x,y)i #t(x,y) 
-|.+Tt(x,y)

(2.1.2.(z))

.l
t
t

IJ
X

if tdx+[x,x) i

and
àtr
è*

WSri - A k^
I CI àx

-ts Ètl,&x + A
àx

.Ax

(e.1 .2. (3))aa

the qet rate of heat INPUI due to cot]vection and

conduction is then approximatelyå

àtr åtr
èx

å2t r-:]-z, AX
rlx'"kf

at (2.1.2.(4))
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where à'.1t urru È-t 
t are evaLuated at cristance- b*2 òx

Besides this, heat will be transfer¡ed from the

L3

Xr

solid to

the fluid at the rate of:

A
h-Àx (Tr- tt Watts (2.L.2.(5))

L

Tbe dlfference between the rate of heat input and the

rate of heat output must be tiLe rate of accuniulation of

heat in the fluid stored between x and x *[5x, a roass

of nax/t Kg i.€.¡

ta

-*, *;tox 
* a"k, 

**x 
* h 1a*(rr- tl

' m àtr
= -Aì( 5 7L òv

multiplying this equation by T'/axt \Ie obtain;

o"n*#- wsl t+ nl(rr- tl àtr
mS

à,y
(2.r.2.(6))

tr'or solid se a similar treatroent of heat balance

over the solid between x and x *Àx Sives:

>2br òtI
A k IJ -Y :-- hA(tI- ff ) = A{C ::'--s s òx2 'r L' òy

as there is no convection tern present.

aa (2.1.2.(7))
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ôõ
CtLt NormalLzation o ---e-çJåaLiÆ.s

Define nornßalizeddistance % = x/L r .x =L/z;
y = (nr0/ur);normaliz¿d !.:ige g = Y(lil/n);

denot ing steady s-bate tumpe ratures with a ovc:: them;

using I for hot btow aa,J " for cold blor,¡ tcrnperaturesi and

by d ef ining normal tzecJ f]:æ'-o- -!-e-p3e¡3-tqp.q as 3

t(z 
'0 ) [tt()r'y) - fï in] / t fi in - Ëi ir,l

Ii.e.o o .< t(zr}) ( 1,o]

wher" T'i i* ruprrs;nbs the steady sta,-be nolnal (or design)

inlet t,ei.irperabr.u:e for hot blow, anO Ti in .eepresents the

steady statc normal (o¡ design) intet tenperature for cold

blour ¡

d,Þ .

al ongw ith s irrrii ¿L¡ nor nal- j¿ ati on f or .åoJ-Lq;[Pgge"å*!-W.9,

T[zre) [rr(x,v) - fî ir.] / [ Tr io - Tr irr]

ancl substituting into (z'1.2,(6)) vrc ob'bain:

A"kf b2t

o.c

L ðz ¿

a
¿-

ò t ¿t

¿t
vvs ---* -1-

:¡-tl ¿¿

hA(r - r) àt.\,fs 
-,--ðs

t ¿t
ðe

ôa (2.2, (1) )

P ò22 ðz
T

v,;he¡e

1 A"kf hA
-_,
vlS

t
Pf I,iJú$

â
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Pt is called the tfluiri Peclet nunc.berr and â represents twlce

the tnumber of transfer unitsr (or rreduced length

paranetert ). Sinilarly substituting into (2.1 ,2.(7))
'we obtain:

Now for zero fluid conduction

becomes:

(2.2. (2 ) )

of fluid
A/o

o, so (2,2. (1) )

(2.2. (,) )

1

Ps

t2T+ +À(t r)
àz' =d,

¿r
òe

a

where Ps is the rsolid Peclet numbert and 6 - NIC/(mS),

Note that 
^/o 

= (hA/MC ) (n/vl ) is ind epend ent

specific heat. So although S --) 0, cr I t& t

can be kept finite.

t/P r

XT t) ¿t ¿t
ðe àz

Hence using normalization based upon Hausenrs normaliz-

ation as follows: :

q = Az, r
').ã

d. q.

ðt
èe

because for time values of interest 0 >> z and

being ve.ry sr¿al] is ignorcd. ,

Hencer w€ have f or (2.2. (t) ):
¡t
òz

i.e., l(T(q,r)-t(e,r)l = $Ce,r)àz
as z and e are arbítrary.



So,

but,

frtn'''
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(2.2. (4 ) )

Hence¡

or

1.ê.e

åi.
ðz

¿t àq
T- (Qrr). l-öq Ðz

11

l (o*rr) =

^I ¿t r).¡= +-:(q,r).=T-;ñ (Qr 
ðq

aa

Ëlmllarly for the solid z Zero conduction ínplLes tbat
1

-=0 
and

P,
(2.2. (z) ) becomesl

ã(r - T) ¿r
'åe

q ¿f
--

,¡- rnh àe
... (2.2r(r))

q. ¿f
-f- ã 

(q'r) t(q.nr) r(qr¡)

since g =72¡ r=(h/a)e and ecï a.rearbitrary
as before, but

cr à[ , \ q, àT ðr
T- àe 

(q'r) = -ã- Ë 
(q,¡) 

òe
q, àæ ã ,r\T

= 

^-å"(Qrr';= 
ð"(q'r)
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Hence
¡. fTt

$ (qrr) - t(qrr) - T(qrr) .. (2.2"(6))
dr
lle notice that with norrnalj-zed distance ze we have

O$z $ I since z = */L. ltr/hereas Hausenrs normalLz-

ation uses e = â z for the distance paraneter í.e. r

O ..( q $ 1 . fhe advant age in using q .rather than z

variable is that one obtains rather simpler set of

differential equations (2.2.(4)) and (2.2.(6)) to deal

with as conpared to the equations (2.2. (1) ) and

(2.2. (Z) ) where the second order terms tn(2.2. (1) ) and

(2.2.(Z)) are not involved because of conduction being

uero. Similarly nornalized time O has been utilised
to obtain Hausenrs -r parameter in order to obtain

simpler equations (2.2, (4 ) ) and (2,2. (6) ).

2.1. Thermal efficieney and thermal ration

Define efficiency by

Heat out in cold blow above datun (tin)
E

Heat in during hot blow above same datum

Since the exit fluid temperature during cold blow tärrt

varies wíth ti-me, the mean exít temperaturee
rl

ll
out a

)L

r"
I
I

o

1
{t

outt
It il t dr must be used in
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(2.1. (1) )

(2.3. (z ) )

E

'wrr sil (tä,rt

E
rj1r Sr hlrA ht Pl

t'l )Piln l-n'

\frir s' (rlr, - tl*)r'
where Pil and Pt are periods in seconds for cold and

hot blow respectively. so, in terms of normalized

paraneters:

htA, lrrrtgn hrrPrr täot m tio
!luin - L

L
il
in

Í ïr,

tt

out m
n

ilt +
U in

¡" nt ti*

t

+
U

il
r-n

l1ilLnott IZSJ deflnes a rhot side thermal ratÍor asr

t-n
trout m

la

t t fi
in

and a rcold side thermal ratior as3

t lt J-
tJ

il
out m in (2.3. (t))la

t fi
rn

Hence for \'= Å" , îtt = n" thermal efficiency can be

connpared with \i!/illnottrs cold side thermal ratio.
Efficiencv in *e rm s f Iid temï)erature distríbutions¡o s ô

Råsc
I

ín

Rilnc
t!

l-ri.

Ttle know that the heat rernoved frorn the packing

during the hot blow is equal to the difference between
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tbe total Ìreat stored at the beginning of the cold blow

i'e. r 1

^- ..

Mc J T" (zrO)dz Joules
o

and t,hat left at the beginning of the hot blow, So¡

E
Mc[ åtr"(z,o)dz å1n'(z,o)dz]

llJrs'Pr(t!- t-n

(2.7.(4))
t in

2.4. Sinele trlow solut I ons of Anzelius and Nusselt:

The stage of in-fancy of the theory of regenerators

can be traced back to raiddle L92O's rvhen consideration

rilas initially devoted to the t Single BIowr problen.

Here the fluid is assumed to flow i;hrough a heat storing

solid natrix in one direction, the problem being to

determj-ne b,ow the sotid and gas temperatu¡es va.ry with

distance dor,vn the bed for the duration of the "Blow".

AnzelLus fAJ tn 1926 and then l'{usselt [fg] were the

pioneers who tackled this problem.

Anzelius derived the 2-D equations governing the

heat transfer in the following form:

¿t r t (2.4. (1) )

)

ðq

àr

aa

òr
t T (2.4.(z))



To solve these, a transformation r¡ras proposed:

q.+x
À(q.' r ) =e (t r)

and this resulted in the equationr

è
2

AA
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(2.4.(3))

(2.4. (4 ) )

ðqþ¡

fhe notation in use here is not that of Anzelius,

but q and .r are dimensionless paranieters conparable

with those described eanl-ier.

Assuming an initial solid temperature distribution
T(q.r0) = To and the entrance fluid tenperature

t (0, r) = tirr, the closed solution was derived as s

t(qrr) = tLN t-1L ) "-tJo(zi lff )os(t T

q
I

¡.1

0

--rA
o

and
.r

T(q.'r)

èr ñÀ (t r)
MC

ro (.rr, - so)"-n 
å "-uJo(zi llËE )¿s

where Jo(x) is the Bessel- Function of o.nder ze-ro and

is real for a pr.lre imaginary argument,

Nusselt extended Anzeriusr work by fi*rst establish-
ing the simultaneous equatíonså

aa

þr
(2.4. (¡) )



àt hA (r - r)
I¡¡SI,bq.

ïuith the .boundary conditions
r(q,0) = f (q).

t(O'r) = to and

2T

(2.4. (6) )

(2.4. (z ) )

(2.4, (s ) )

In deriving above equations Nusselt did not take
into account the heat content of the fluid resident in
the regenerator packing i.e., solid. [his is reasonable

when the period of operati-on of the regenerator ís
measured in hours (i.e., large periods), however for
shorte¡ periods (nreasured in mÍnutes) a term must be

included in the equations to account for this resident
heat. The tern to be included is mS/(!üSt-,) (àtl ð¡)
which becomes significant as p is such that a

aBproaches l'l/P.

However, in solving (2.4. (5) ) and (2.4. (6) ) Nusselt
set fr.A¡çMC) = p, ñ{(vt,Sf,¡ - n and eliminated f for
the equations (2.4,(I)) and (2.4.(6)) yieldingr

i
ó

aa

al

à2t

-+D
òqbr

Ätr

-+I].&q
èj
ðr

0

Using Riemann's method (2.4. (T) ) was integrated to
obtain the solutionc

q
t(q,r) = e-nQ-Pr lroJo(zi rfÞff ) + n

"*tfç"¡.
¡¡Èå_f,_ 

--iþnq(r-s )d s J

Tit
o

ePsJo (2Jo(ei /rñ¡66¡u' + pr
o

Q'
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Differentiation of (2.4.(B)) wiüh respect to y and

substitution into (2.4.(6)) yields the solid temperature
profile as follows:

.þo¿.{n,l ) iJI (zl pnqr )+T(q.,¡) = f(q)e-P" e-nq-PrIto

+
q

{
ensr(s),ffilfÇg (q.-s))ds +iJ QtI

pnq(r-s ) )d sl

" (2.4. (9) )

The solutions t(qrr), T(qrr) are heavily dependent

upon evaluation of Bessel functions Jo(x) and Jr(x).
They involve rengthy carculations v¿hich \ryere not practic-
able in an era prior t.o that of the digital conputer.

Once the digitar computer was avairabre, the speed

and length of carculations were no longer deterr.ents for
practical carculations. Hov/ever, the methodg of solution of
the regenerator problem lncorporatlng the rreversal corrdltlonl
were developed before the advent of digital computers.

2.5, Reversal conditi ons 3

Basically the reversal condition is defined as
Ithe condition rvhich specifies that the temperature
distribution at the beginning of a period is identical
to that at the concrusion of the previous period. r

Iviore expricitly they can be defined as follows¡

r
+J

0
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For the rhott blow¡ the et = Q tenperature

distributions in fluid and solid a.re the same as the

correspondirg distributions at the end of the cold bLow.

Similarly¡ for the tcoldr blow, the e'r = O temperatr.l¡e

distributions are the same as those at the end of the

hot blow.

It is advantageous to reve-rse distance coordinates

in describing hot and cold blov¿s so that zt (or zt')

inc¡eases in direction of the hot (or cold) b1ow. [his
p¡eserves the fo¡m of equations (2.2.(1)) and (2,2.(Z)).

Now if Pt and Prr are assumed to be the period of
bot and cold blows respectivety then coordinate reversal
irnplies that ¡

z 1-zt

and time starts agai-n at the beginníng of each blow so

that ¡

PI lffI
g'l 0r

ta

la

(2,j. (1) )

(2,5. (e ) )

(z .5 ,3) )

¡¡l

assuming 0r to be ?,ero at the beginning of an arbitrary
(repeating) hot blow,

Hence using Hausents normalj.zation (i.e., for
dinensionless time parameter r = kg/q) r ï\re have n as

the nornarized duration of a blow v,¡hich is related to
P as f ol-lows:

mü̂.

PW

t 1l ¡a
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So for time scale 0 of (2.2. (1) ) and

nultiply n by a/^ and add 1.0 before

the reversal conditions.

fhe reversal conditions then becomer

For the Sol

[t(2tret - O) = T"(I ztt,

atrd

(2.2,(z)) we

substituting for

o" / 
^")

(2,5. (4 ) )

id

il
TI at

aa

a

lt'(z"ng" = o) = Tr (I zt , fit at / 7, )

and siroilarly f or the lluid:

(2,j. (¡) )

(2.j. (6) )

(2.j.(t))

¡t(strQt = O)

and

t¡¡ (zrt , e,' = o)

It
llta/ 2\

- tt(1 zts nt ar/ Àr)

where Tl, Trl are solid temperatures for hot and cold

blow respectively, and tt, tt' af,e fluid tenperatures

for hot and cold blow respectívely.
We note that the fluld temperatures at the end of the heat-

lng perfod.. do not have to ec1ual those establlshed at the begin¡n-
lng of the next because of assumption 1) ln Sec.-2,1,1n Therefore
future behavJ-our of the bed depends at any time only on the solid
packing temperatures.

Thd methods of soluti<r.n of: the reßenerator problenl lncor-
porating the reversal boudary conditlons fall into two distinct
class es: ' :'

a) The ttope¡" nethod. and. b) the rrclosedrt method.

We now review ttopentt methods.
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Z .6. Bgvj'eq , 
g.f 'l0ne"nrl Ee$þgo.Ê, r

the "open" nethods are those in whj.ch sone arbitraryr

but lf possible well chosen distribution of temperature

is inposed upon the solid matrix. Subsequentlyn the

tenaperatu¡es at the end of successive periods a.re evaluated

repeatedS.y until the nathematical model achieves cyclic

equílibriun.

îhe solving of equations (2.2. (4) ) and (2.2. (6) ) is
regarded as an initial value pr:oblem and typical of these

nethods are those of tambertson [16] and fi¡il,lmott lz7J,

üIith tbe advent of digital computersr tire caleu-

latíons involved in continl¡ous cycling of the mod el to

equilibrÍum no longer presented major practical diffr -
culties. It is interesting to note however, that

imnediately before digital computing machines became

generally available, open methods of solution of the

differential equations were attempted using Analogue

computexs. A review of the Analogue nethods will not be

attempted here but Heindlhofe¡ and Larsen Il], Tipi-er

IZZJ are cited as refer€l1c€sr

2,6.I. Ï¡anbe¡tsonl s method :

Just after digital computers became more readily
avallabJ,e¡ lanbe¡tson If0] described his method for ¡e-

Bresenting the regenerator. A,lthough he analysed the
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case for a tRotaryr regenerator, the uoethod of obtaining

the tenperature profiles is of substa,nce here and this ís

why we review his nethod which is considered to be one

of the earliest schemes involving finite differences and

digital conputing machines.

lanbertson did not solve the differential equations

in an explicit aanner, he considered the tenperature

behaviour of sucaessive equally spaced sections of

.regenerator packing. A step-by-step procedure suitable

for digital calculations was adopted j-nstead of obtaining

the tenperature variations in a continuous manner.

Larnbertson [f0] obtained a finite dífference schene

for the tenperature distribution in a rota.ry regenerator

by expressing the heat balance equation directly in

differential forrn. This had the advantage of avoiding the

derivatíon of the controlling differential equations and

then subsequently discretising these to obtain a numerical

solution. He obtained the outlet temperatures in terms

of the inlet temperatures in the following formt

tn out = tn in - Kl(tm in - [irr) . ¡ (2.6.1(1) )

Tout = tirr*Kz(tain-tirr) .. (2.6.r(e))

where m refers to the maxj-num heating fluid flow and on

the coLd side we get s
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t =t + *7(rin to irr)n out nin

in in tn i*)

la

a?

(2.6.1(r) )

(2.6.1(4) )t T - K4(rt
where the subscript n refers to the cold side of the

regenerator. The constants Ki, i = L""'4 are

functions of naxinum and ninimum fluid eapacity ratest

solid capaeity rate, the nunber of subdivj-sions of these

capacity rates, regenerator heating surface area and bulk

heat transfer coefficient.

['he fluid and solid temperatures can be obtained in

the order indicated by repetitive use of (2'6'1(1)) to

(2.6.I.(4)), given the starting valueu Tir,., tm. int tn in'

In lanbertsont s scheme the regene-rator is represented

byarectanglewhichisobtainedifthetrotary|
regenerator cylinder is opened out. The fluid and matrix

streams have been divíded into three equal substreams to

form differential elements. The left edge is then

physically the same as the right edge. So the matrix

inlet temperature for a substrean on the left must be

identical to the outlet temperature of that substream

on the right. [hj-s of course is the reversir:g cordition.

If the tenperature distribution obtaíned on the

right is the same as at the left, then equilibrium has

beenreached.Ifthisisnotthecasethentheresulting
temperature distribution is now used on the left and the

plocess repeated until the reversaL condition is net'

ou
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Iambertson [fO] also calculated the efficiency of

the regenerator and tabulated his results for a variety

of ranges of paraneters. These calculations were used

to determine the convergence of the iterative scheme"

Hs poÍnted out that the convergence depended on both the

physical conditions of the problen and the second law of

thernodynanics. It was observed by him that a greater

nunbe¡ of subdivisions wilt i-nprove the aecuracy and

enhance the conve-rgence at the same tine. But an increase

in number of subdivisions causes an increase in computing

tine so sone conpromise must be reached. Lanbertson

com.puted the efficiencies of several values of the sub-

division and then extrapolated the results to zeta element

area.

tr{hereas lanbertson considered the 2-D model of a

rotary regenerator, Vüillnott lell used a sinilar
techníque in modelling regenerators in rconventionalr

c ount erflow operation,

2.6.2. lilillmottr s I zZ1 trapezoid aI method ¡

In 1964, lllillnott inrplenented a finite difference
method for tr'emanti Pegasus digital counputer. In his

method equations (e.2.(4)) and (2.2. (6) ) are rep.resented

in a dj.fference form usÍng the trapezoidal rule.

Equatíon (2.2. (4 ) ) is 5-ntegrated using I

ti*r,k ='i,o -i t, il )¡+r,k * ( ðt )i,ul
ðq

aa (2.6.2(r)'
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and equation (2.2.(6)) ís integrated as3

rn - rn Ar lT
r¡,k+r = ti,u * ? t, fr. )¡,o*, * ( òr

) l
ð" it k

where the subscripts j and k refer to distance and tim.e

positions on a finite diffe¡ence grid, Âq Ís the dist-
ance step length and A, ¡ the tim.e step length. But from
(2.2.(4)) and (2.2.(6)) *e haver

aa

ft

aa

aa

i'k

(2.6.2. (e ) )

(z .6.2. (1))

and

à r
( ) =(t T )=(r_r) irk " (2.6.2. (4) )

(z .6,2 . (5) )

òr i'k jrk i'k
so (2.6.2,(1)) and (2.6.2.(z)) becomes

1-b b
tlt\r¡

1+b

ti*r,k ='i,o. # [(r-t)¡+],k * (r-t)¡,r.J

r¡,k+r ='i,o . ï [(t-n)¡,r+r + (t-r)j,k]

'Now setting e = 
^q/z' 

b = $r/2, TVillmott a*ived at
the two equationss

1-ati*l,k = ( ;; )tj,o * (r¡+r,k * tj,o) (2.6.2.(7))

(2.6.2. (6))

)
[¡,k+t=(ñ)ti,o* j, k+l +t

aa (2.6.2. (g ) ,\
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So the fluid and solid temperatr:re distributions through-

out the regenerator can be obtained via repetiti-ve use of
(?.6.2.(7)) and (2.6.2.(B)).

As ín the Lambertsonrs method the whole proaess is
repeated until- the state of equilibriuno has been ¡eached.

lVillmott found the results of his method to be in
excellent agreement with those obtained by tbe rclosedr

method of Iltiffe [O]. He gave the truncation errors
associated with the difference equations (2,6.2.(5)) and

(2.6.2.(6) ) ase

( a.q) ] ò t1
E,i q

er -æ ( )

i'k

+irk taa

(2.6 .2 . (g) )

(2.6.2. (10) )

( ) + aaa

T2

(4")]
òq]

aa

aad:-
àt]L2

Uhese errors decrease for decreasing values of

Aq and Ar so the errors depend upon the size of dist-
ance and tine steps. on the other hand the size of the

derivatives àtt/<òqt) and fr/ç¡tl) also natters.
rf the variations of temperature with respect to q ard r
are approxinately linear then resulting truncation errors
will be low. This suggests that for these cases larger
tine and distance steps can be taken.

ïfil]mottrs method forms the basis of a nore recently
developed open nethod by Jeffrcson [a]. [his is reviewed

next.
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2 .6.1 . Jeffresonls B method ¡

This rilethod simulates the dynamic behaviour of any

number of btast furnacc stoves sinultarÌequsly. It

involves trapezoidal integratioÞ in thc distance co-

ordinate and subsequent integration of thc resul'bant

Iumped sysl,ern forward in time. For integral,ion a for"rth

order Runge-I(utta tiure step is used. The method has

been used in deveJ-oping a sinulation package v'rhich has a

teletype plot facitity and other featu¡es likc forcing
.*

of "holdt'- statôs from the sinul-ation subroutine, ability

to reset t'i¡rtegrato¡.S" during execution, provision for

changing of parameters v¡irilc the systerit is in a hol-d

state, etc. Bascd on equatiorr (2.6.2'(7)) obt ained on

apptication of trapezoidal integration, the thot rolovu

eac h tille node was

(2 "6.1. (t ¡ ¡

equation for fluid tenPeratu¡e at

rev.'rit ten as :

t j*r = Bt j t- C(T¡+t + Ti)

where B (l-a)/(t+a¡, C a/(t+a) and

I.Iere f or a bed of unit normalized length divided into

l/l intervals, j '. O,1r...¡lti-Ii a =1ff/(ziü'f), H =h/6,
\T is the rcferencc fluid flowrate through .rcgenerator

(I{g/sec) and ã= ñAl(f{s).

(2.6.J. (1) ) has a truncation e.rror of order (f/M)

as cj ef ined in Section 2.6

to = tlo'

z

lÊ trholdrr state refers to the state during simulation orr a
computer in which software itself asi<s for inpu'b of any nev¡

(cì'ranged) parameters before executing furrther.



3z

For a tcoldr blow, distance integration ïuas perforraed

in the reverse direction Yielding:

*j-r = utj+c(Tj-t+Tj) ..(2.6.3.(Z))

where B and C are as defined earlier (but for cold

blow) and tM = 0l i = M*I'M¡...¡I.

Tine de¡lvatives of solid tenperature for each blow

are alSo evaluated at eve-ry nodal point in the saae order

as fluid tenperatu¡es in (2.6.r. (1) ) and (2.6.1.(Z)) fromt

ðrr H.Hr(tk - Tro) (2 .6.1 . (1) )oo

ðr
where

ratio
H is as defined above; 11¡$ is defined

fr/nn where of course H* = 1 for a cold

as the

b1ow.

These time derivatives are then used by a Runge-Kutta

integration subroutine in forwa¡d integration to yield

the next array of solid temperatu-res.

For the cold blow integration, cold blow flowrate

is ad justed depending upon the,-bIow exit temperature¡

appropriate heat transfer coefficients are applied in
order to obtain ae B and C as a function of the final
exit temperature tU+l, which is obtained only v'¡hen

integration is cornpleted, So, each distance integration
should be an iterative process.

It was considered by Jeffreson that since fourth
order R-K integration in effect involves sllccessive



71

estinations of the derivatives and hence of t**t, the need

for iteration would be elininated by reducirtg the nesh

spacingl\f.Ingeneral,amaxinunofthirtydistarrce
steps (M = Z9), with relatively low values of ât , â"

were used. fhe tine step increnent þ'r $tas selected to

be no nore than snnallest value of frl(fO.g.H*) where

l/(H.Ht) is the "time constant'r of equation (2.6,5(1)),

He found that the period converged towards zerlQ as cold

bl,ow fluid flowrate lril'r approached its analytical liniü'

[he question of computationa] efficiency of iteration was

not investigated by Jeffreson in his paper [S]'

2.'l . Analvt ic a1 S olutions U and Vs

Starting with¡

ðt (2.7. (t ) )[-t
ðq
ðr

aa

aat I (2.7. (z ) )

(2.7. (¡) )

þr
ïve first laplace transform these equations with respect

to the distance paraaeter to gctl

Ñ ttrr(r ) T

or

or

t

,\+rl,\t

(p+r )t in

I
It

p+1

- '¡' (r)+r̂

in(r) aa



where q is the laplace transformed variable resulting

in p. The Laplaced functions are denoted by ^ i

tirr(r) = t(q = orr); and for (2.7.(z)) *e have¡

^òr (2.7. (4 ) )

I
It

p+1
(r) - #l

v4

(2.7. (¡) )

,\^
= t-T

àr

using (2.7 .(7) ) in (2.7. (4 ) ) we obt ain¡

^ I
!

p+1
òr I t r]Ê* (r)in

al

ta

ðr p+1

or

or

1\
ðr

a

òr ín

À
dT t\

bt (r)*at
dr in

as only the variable r is involved in differentiationt

so can. use full derivative instead of partials;

b=1/(p+1)anda=-pb.

(2,7.(¡)) has a complete solution in the form of a

honogeneous equation (depending only on the initial

solid tenperature distribution) and a particular integral

or forced solution dellending on the inlet tenperatt¡re

function, trrr(r ) :

T

â(p,*) = "ut.â(p,o) 
+ J u(r-w) o tro(w)dw

o .. (2.7. (6) )



^Now definíng V(Prr) = e

where a = -p/(p+l) and

A a(r-w)V(prr-sr) = es\t-rv/ =

,\A
V(p, r) .V(p, -w)

A
^i.€., !(s-a) = blrrr(s) + T(p'o)

^T,[V(err)] = V(prr); Tue haves

ar

ar -âWe rO

t5

(2.7.(t))

(2.7. (B ) )

(w)dw

(2.7.(9))

Thus transforming (2.7.(¡)) again with respect to nornalized

tine variable .r (resulting Laplace transforn variable s)

and writing l-,iâCp,r)l = â(p,") = t, v¡e have¡

/\^^s! - I(p,O) = b!rrr(s) + aI

ot

at

aa

in

r̂n
1^

So,

[herefore,

^ I 1
(-)v(p, r)

S-â

Hence (2.7. (6 ) ) implies:

.\^r\
f(prr) = V(prr).T(p,O) +

(T(p,0) + ugrrr(s))
s-a

I
(prr-w) 

- 
dït¡

p+1

a-r

"-nr,/(u+l) 
.eI

-IIf

rt/\I v(p,r
v
o

)
T

!

p+t

For uero initial conditions throughout the bed and fo¡
trr.(w) a unit step function the I step responser or

rbreakthroughr o¡ rsíngle bfow responsel results:
,\ r

=rJ
0
r=r
Õ

t-

u(p' r )
¿\
V

p+1
e-P/(p+l). (r-w) o*

aa (2.7. (10) )
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where r,[U(qrr)] = 1(p,"), which may be inverted to

yield the distribution of temperature along the regenerator

ao a function of tine. For ttrr(r) a Dirac or inpulse

function ô(r), the rimpulse xesponse functiont (or tHeat

Folef function of Ï{ausen) resultse

^]s(p,r) = v(prr) = (e-prl(p+l) )1(p+r)P+} .. (2,7.(1r¡¡

Substituting (2.7.(rO¡¡ into (2,7.(9)) and inverting
(2.7. (9) ) one can obtaín solid temperature distributions
as3

q

T(q.rr) =U(qrr) + f U(urr).T(q.-vrO)dv

¿

by making use of Convolution theorenr.

aa (2.7. (12 ) )

From (2.7.(1) ) rn¡e obtain the fluid temperatures aså

t(q.,r) - L H rô*ri"(')r]

q
r
J
0

-L

qq.
= f "-(9-v).T(rr,r)dv * Ei' J *-"a"

00

where ç** is either constant (step input) or zeÍort].
during hot or cold blows.

So, for hot blow (2.7.(fe)) beconess

(2.7. (1' ) )

V' (vrr¡ ).Tt (qr -vrO)dv

. . (2.7. (14 ) )

Tr (qrrxt) = Ut(qrrrr) +
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and for cold blov,¡ since tfrr(r) = o' (2.7.(I2)) yields:

,,' çn,, rr,, ) = |"u,, (rr",,),T,,(g,,-uro)dv r. (2.7. (r5) )

b
using Convolution theorem and noting the assun'rption that,

V(q.rr) = O for q(O, (2.?"(14)) and (2.7.(15)) can be

vrritten as:

f t (qr ,rt) = U¡ (qr ,rr ) + V¡ (qt -v,rt ).lt (vrO)dv

.o (2.7.(16))

and
q

T"(q",r") r
I
o

v" (q"-v¡r'l ) .[" (vro)dv (2.7.(I?))

Similarly f o¡ hot blolv (2.7. (1r) ) becomes e

q

r
IJ
o

ilq

= I u-(qt -v).1,,(vrr,,)dv
o

a

aa

.O

q.
I

I

U

tt (q.rrrl)
"-(qt 

-v).t'(v,rr )dv * lj-r. e ov

(2.7. (rB) )

q
r

=l
I

ö

and for cold blov¡ assuming fi' O, we have:

tt'(q" r¡" ) (2.7. (19) )

This analytical solution subject to reve¡sal conditions

could be used to generate cpen solution by repeeited cycllngrbut

ft is envlsaged tliat the closed f orn solution v¡iII be

potentlally nore efficient.
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2.8. Reïtçw o.f 'lcLose.drr neth.oÇq:

In the ff closedrr methods, the reversal condíti-on, which

specifies that the solid tem.perature disüribution at the

beginning of a period is identicai to that at the conclusion
of the previous period, is incorporated directly. By

embodying this condition for both hot and cold periods

sinultaneously, withÍn the mathematical nethod for the
solving of the differential equations, one speclfies
implicitly the cyclic equiribrium condition that the solid
temperature distribution at the beginning of a conplete
cycle of operation, a eycre eonsi:sting ,of, a hot/cold period
followed by a cold/hot period, is identicar to that at
the beginning of the previous cycle.

In ch¡onological order the methods of Hausen [fJ,
rIl1ffe [o] and l\iahavandi and vüeinstein [17] stand out as

milestones on the path taken to obtain closed forn¡ solutions.
lile review theso fìowo

2,8.1. Hausenr s [f ] method r

Hausen proposed his "Heat po1e" method in 1971 to
determine the temperature distribution within the regene*
rator. This nethod, although not the nost efficient of
its tyBer sti1l deserves emphasis as it was the first
method of its type to be used on this problem and it
shourd be rated as a tsígnificantr contribution.
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Hausenrs nethod u/as based on the linearity of the

dífferential equations enabling him to add particular
solutions of the equatj-ons together. At fj¡st the initial
tenperature distribution of the solid natrix is decompose.d

into several parts, then the finar teroperature for each

of the parts is deternj-ned and finally the total tenpe-

rature distribution is obtained as the sum of constituent
part s .

The regenerator length is divided up into N equal

strips each of width.an, the mean values of the initíal
excess temperatures of each strip above the constant inlet
temperature tr* are denoted by flrfe,.,.rfN.

A "Heat Pole" is defined to be a single strip of
height I and of width ån between the points g = n and

g = n * An. The trïTeat Pole functiontf denoted by V is
the temperature distribution established in the chequer-
work after a time r of passing a fluid which enters at
a tenperature ti* flowing through the .regenerato¡ with
a particular temperature distribution. as the fluid
passes from left to right the point wi-i;h the heat pore

is gradually coored while elements to the right are

wa¡med up by the passing fluid.

v depends on the widtir of the pole Àn, the position
in the regenerator q and on the time .Fr VlrV2r r r r ¡V¡.
a¡e the mean varues of this function in the strips 1 to N.
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lhe influence of each of the strips on the final
temperatu¡e distribution is obtained as followsc

A heat pole of height fl plaeed at strip I would

produce tlre strip tenperatures: frVrrflV2, ...rfIVN
because the mean initÍal temperature excess in strip 1

is fl.

Similarly the effeet of the second strip on the

final tenrperature in the Î{-strips is: OrfrVl_ rf 2YZr 
.. . '

feVil_t. [he total final distribution is the sunn of indi-
vidual contributions:

Strip ls T

Strip Zi T

Stríp j: I

I
2

3

t
t
in
in

\1

1',1ï
f
T1
v

tYz * f 
z

Ir- .F-ir +fuin - tl uN

vt
+f ta (2.8.1(1) )+-

].ï1
€'1

r¡Tfj - tz'z t 1

zvm-t + +f v

V

a

rip N:St mr-"".
I\

aa N

So, once the heat pole function V is known it is
straightforward to obtain solid temperatr:re dist¡ibution
T(qrr) where q is normalized distance (position 1 to
N here for N strips ) at any given time .r f or any

arbitrary initial temperature distributj.on. The f luid

teraperatu¡es can also be obtained using a sinilar approach.

So the problem was reduced to determining V. Ilausen

applied two approaches" The first CIne was a graphical

nethod which used the curves obtained as a solution to
the single blow problem.
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[he second approach w]:ich is m.uch ao.re interesting

was an analytical one in which the solution of Anzelius

lvas adopted. For calculation of Vr evaluation of the

integral:

e-s Jo(2i v@ )ds (z.e.r(e) )

,IE

r
J

aa

is necessary, where î, is a normalized period associated

with bulk heat and since l{ausen proposed numerical

nethods to evaluate this integraL it is noticeable that

a direct application of nunerical quadratu¡e to the

governing integral equations u¡ill be more suitable thus

undermining the computational value of the Heat PoIe

method.

[he integral equation:
q
r

J
o

r(r) + f(À- q) + f (w)K(q-w)dw = tl' t lt
in
(2,8.1(r) )rÒ

where K(q-w) = u-(Q-w+r) / (q-v,¡) . iJt(zi (q.-w)r)-r

vtas obtained by Hausen as the governing equation for the

case of infinitely narrow heat pol-es. Hence the Heat

Pole nethod can be consj-dered to be an apB.roximation

roethod for solving the governing integral equation

(z.B.l. (J) ).

Hausen refined his Heat Pole method in 1950. The

technique used was alnost identical to that of Illiffe [e].
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Hausen acknowledged ILliffets contribution which we review

next,

2.8.2, IlLiffers t0] method:

In 1948 llliffe [0] published his method for so]ving

the differential equations (2.7. (1) ) ard (2.7. (e) ). This

nethod of steady-state calculation was based on the solution

of these equations by l{usselt Ife] (as described earlier for

a si-ngle blow proble m),

fhe simplifying assumption used lvas that the cold fluíd
entry temperature should be zero and the hot fluid entry

tenperature unity. By introducing the concept of reduced

tenperature he simplified t\Tusseltrs solution from an equation

containing four terms, two of vuhj-ch contained índefinite
integrals, to two terms of which just one contained aÌl

indefinite integral.

0n the reduced temperatr.lre scale with f(q) in Nusseltrs

rrethod becoming ¡'(q), the solutíon is given ass

For the cold blow ¡

It

J Q (q -s )r'I )["(q",r") = u-r"u"(q.") í
(q ll r ll

-S Jr

a (",, 
"-[ 

(q" -s )+rrr J ¡¡,, (s )d s ao (2.8.2(1) )



and fo¡ the hot bl-owl

tr (q.rrrt) = L e-rr [f-¡'r çqr ¡] +

47

(2.4 .2. (z))

(2.8.2. (t))

:j i 'rrI a et-s)rt j
rr e-[ (qt-s)*rt ].

\Åqf;F
+

a Ir-r'(s)Jds

lühen the reversal conditions were applied, following

sinuJ,taneous equations ïvere obtaj-ned for Fr ard Fff ¡

a¡

.O

o" -, q"
Fr (¡'(r - ir, = "-n"tr'çn,) 

* j K" (q" -s )Frr (s )d s

(q-s ) nl
ït u-[ (e-t )+n]

Kr (q.'-s) [t-Ft (s) ]os

.. (2.8.2.(4))

and

where

l-Ffl ( Í'(r - Ë, , = *-n' [r-p' (q' ), .j;

Jr[2
x(q.-s) = - i

/G)m
This pair of equations vi¡as solved by making use of

Sinpsonrs rule to approximate the value of each of the

integrals. this produced a set of e(n+l) siraultaneous

equations of the formå

AX b aa (2,8.a. (i) )
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ïvhere
Ix (FårFl'¡..'Få'Fä,u|,...,F[) .

The solutLon of (2.8.e.(5)) is¡

A-1 bX aa (e.B.z. (6) )

which exists if the natrix A is non-isingular. the nethod

j-ntroduces significant eruo.rs in ühe conponents of x if
the determinant l¡t l of A becones very snall i.€. ¡

approaches zero. The set of siraultaneous linear equations

(obtai:red as a result of discretisation of the integrals )

becomes increasingly ill-conditioned the larger the ratio
of the ¡educed length â to the reduced period nt In such

cases it is advisable to adopt an alternative approach,

perhaps the method of Nahavandi and i/üeinstein [1?].

2.8"1, lVahavandi and Vi/einsteints [ff ] nethod:

A detailed review follows in the next section; here¡

vre revierr this nethod very briefly by virtue of its being

a close method,

Nahavandi and l{Ieinstein (in short NTf) in 1961 solved

equations (2,7. (1) ) and (2.7. (e) ) by a Laplace transforn
technique. The equations thus evolved were similar to

those used by llliffe, but lVrtú approached the solution to

these latter equations in a different manner, by intro-
ducing infinite series representations for the initial

{
\
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aatrir. tenoBerature distribution as follorÃ¡s s

For hot blor¡¡¡
oo

rt (qr)
n=O

and for cold blowc
sû

\*L

î-
¿_*

"å 
qto (2.8.3. (1) )

(2.8 .5. (z))nqlt
anf" (q" )

aa

aa

n=O

If ¿¡1 ¡¡-poinr€r series is assuned the Z(n+l) coeffi-
cients of qrn and qiln are found by solvfng the set of
sinultaneous integral equati-ons arising fron substitution
of (2.8,3.(l) ) and (z.B .3.(z)). Then in a sinilar nanner

to that of rltiffe [o], Newton-coates fornurae are used üo

find approximate values of integrals involved such as in
(2.8.2. (1) ) and (2.8 .2.(z)).

219. Detailed review of Nahavandi and lileins teinrs nethod I

Nahavandi and vfeinstein (Nyf) [rr] forlowed Anzelius
and Nusselt (see section 2,4) and derived the equation:

jþ = a .. (2.9.(1) )òqà r
using the custonary transfornationc

A = (.Q*r)t.\v , "in

Equation (2.9.(1)) r¡uas then soLved using J,aplace trans-
forms to obtain the following equations s



For hot blcn¡r:

-Ql -r I Ir-r'(s)]"ti

46

r(qt-s))ds

(2.9,(z) )

(2.9.(t) )

r ,r

ilq -Þ

(2,9. (4 ) )

(2.,9. (5) )

aa

1r r (qr rrt ) = l-e-rt¡I-f t (qt )] +
q.

I
o

r
+e J Q ¡3Igl-s

qr

$tr (ql rrl ) = ]-s-Qr-l3l Ir-t'(s) ]esJo(2 1_ ¡3 (qr-s) )ds

at

IO

aa

aa

and for cold blowl

ilq

J
o

o[r-rrçqr¡] +

[,,(q,,rr,,) = "-r"fu 1nil)_e-e'l-r" fil(s)es i

. JI(2i " (q"-r) )ds

{'
I

o

a

t"(q"rr") = "-glr-trt
f" (s) "tJo(zi v6fr,-*-) )ds

where as usual Jo and JI are Bessel functionsr f(q)

represents the initial matrix tennperature distributj.on and

the temperature scale is chosen such that tlo = Ir tLr, = O

(which are identical conditions to those of Tlliffe).

[he unknown functions tt(qr ) and f"(q") were

deternined by app1ying the reversal boundary conditions

fron¡
o'

,J
0

-r ll

¡t(gt) = e f"(q") + f " (s)K'r (qrf -s)ds (2.9.(6) )

ql
f"

J
o

Ir-r' (s) ]Kt (qt-s)ds

. o (2.9. (?) )

f t'(q." ) =L-e
-r



$/he.re rå and

variables rl
rfl

o

ard

47

are the known values of nornalized tine

rt' when the matrix leaves the hot o-r cold

-r!-(q'-s)
l-

rr

nedium. respectivelY,

K' (qr -s) J -e (ai ¡rl
oo I

Or

-tJ

qrs
(q'-s) )

.. (2.9.(B))

and

K" (q"-r) :l -"
-ri- (q"-r )

ilr
-f- rr (2i
q-s

1- "f(ø"-s) )

aa (2.9.(9) )

It was assuned that tt(q.r) and f"(q") are represented by

their power seri-es exPansions 3

rt (qt) q tn f"(q") =

(2.9. (10) )

where al and a[ are coefficients of the power series'

These coefficients cari loe evaluated by wríting each of the

equations (2.9.(6) ) and (2"9.(f ) ) for a number of n points

chosen arbitrarily along the natrix. fhe result will be

2n equatÍons in 2n unknowns fron vrhich the coefficients

al and aI and consequently rr (qr) and f"(q") could benn
conputed. This then allov,red the evaLuation of hot and cold

period tenperatures for solid and fl-uid through equatlons

(2.9. (a ) ) to (2.9. ( 5) ) .

The procedure adopred by }ì'v,l v;a.s to initially fit a quadratic

nüq^ 
f t

a n

@
ç*-

rr=0
al

o
î-
¿
n=0

a
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(t{ = Z) for f I ard f[ and to lncrease the order of the

polynonaiat till eonvergenee occurred i.ê.t till the tempe-

.ratures calculated viith a polynonial of degree N were

sufficientty close to those with the polynomial of degree

N+I. For a range of paraneters comparable with those used by

l,ambertson the results obtained by lv'il v'¡ere in good agreement

with the ones reported by Ïrannbertson'

It is noted that N!í conside::ed the rather sinplif ied

case of a balanced¡ synmetric r.egenerator and their method

used evaluatioh of integrals through quadrature which can l¡e

classed as a problen v¡ithin itsel-f.
Wil1mott LZOI deflnes a rbalancedr. regenerator as the 

:

one whore Ar/Ar, = 
^r/nr, 

= k; when k = 1 it is sald to be

tsynroetrlct ãnd À=â'=â', rE= rl = rlt'(v¡here O(q*(â,

o .( r ( ") ¡ also the tenperatu¡e behaviour of the solid

(chequerr,vork) in the hot period is exactly symnnetrical with

that in the cold period at cyclic equilibrj-un. In these

particular circumstances, the reversal conclition can be

rewritten as: f r (q) = l-ftr(q.), thus reducing the problem

to a ¡single period r boundary value problem.

2.10. An overview of c l-os ed method s usine consistent

not ati ons 3

so far in the review of cl0sed me'bhods in order to

explain the methods more completelf, the notations used by

the authors we.reltailo¡edt and equations presentec) in forrns
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sinilar to the Ones given by the authors. Hoi¡¡ever, a clea.[er

picture of the closed nethods and their j.nter-relations can

only be obtained if consistent notations are used to

explain the various featu¡eg. fhis is now done using the

notations of section 2.7.

Taking the hot blow conditions and considering the

soLid tenperatures (dropping the superscripts t ) we

obtain f or (2.7. (t0) ) :
q

J
0

T(qtr) = U(q'r) + V(q.-vrr).T(v'O)dv (a.10. (1) )

and for cold blow the solid tenperatures (again dropping the

supe.rscripts " ) (z.7. (1?) ) becomes s

at

aa[ (q.' r)
q

J ucn-urr).f(v,O)dv
o

(e.10. (z ) )

The closed methods basicalty involve the evaluation

of a function f(qrO) whieh xepresents the solid tempe-

rature distribution at the beginning of a period and q is

reduced distance down the regenerator.

Hausen and Illiffe replace the integrals in (e.10.(1))

and (2.1O.(e)) by quadrature forr¡ulae so that tl¿e integral

equations are reduced to a set of simultaneous lj-near

equations which are solved for the "/alues of torTlrT2t...
wherer Tì = n(i¿QrO) ; i - Or1 12¡... '. (2.10.(5))

d

and ¿\q. is the distance between the equally spaced

positions where T(q;O) is evaluated.
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The approach of Nahavandi ard ',,ìieinstein (l\lrr¡) has been

to represent the initial tenperature distribution T(q.rO)

by a poïver seri.es ¡

T (q.' o) (z.ro.ç+¡¡= âo * arg * ... + a*gm aa

Here alsoe the integrals are replaced by nunerical quad-

ratu¡e fornulae. A set of sinnultaneous linear equations

i-s generated which is solved for the coefficients âorâle r..

ïn both approaches, it is required to solve a set of

linear algebraic equations of the general formc

Ax (2. 10. ( 5) )b tt

This nethod breaks down if the deterninant l¿l of A

becomes very small, i.e., if the u'ratrix becones almost or

exactly singular.

In fact for the llliffef s rnethod the set of simul-

taneous equations represented by (2.1O.(5)) become i11-
conditioned if the deternninant lAl beeones very sn¡all. In
such circumstances, suaa1l ¡rerturbations in the elenents of

A cause large pertr.lrbat.ions in the solution x. In the

Illiffets methodr âs the ratio of the reduced length to
the reduced period , Á/n j.ncreases, r'lii1lnott and [homas

lZA3 report that the determinant lAl decreases in si',ze.

lhe nnatri-x A

associated with the

is perturbed by the truncation errors

quadrature representation of the



5l

integrals v,rhich give rlse to errors in the conrputed values

of the elenents of I. This il1-conditioning is ¡elieved
by increasing the nunber of levels in the .regenerabor at

v¡hich the temperatur e f (cf , O) is conputed n [he larger t].:e

nunber of levels, shorter the step length betv,¡een levels

resulting in smaller'truncation e.rrors. But with an in-
crease in number of leve1s, the number of simultaneolls

linear equati-ons a1.so increases thus creating problems of a

different nature v¡hich however can be controlled on a

d igit aI c om.put er.

The NliI method does not suffer fron this ilI-condition-
ing, in fact the reverse effect occurs. As 7 /n i.ncreases

in value, the deterninant {Al becomes large ard if
stretched to the Limits may cause computational problems.

Sumnarising the three methods we note that Hausen in
his heat pole method adoptcd a forn of finite difference
representation of the differential eguations, rvhilc IlIiffe
and NaL¡avandi and l/einstein considered the problem, in its
ÍntegraÌ equation forsl. AII three uethods, divided the

Iength of the regenerator into strips bub where Hausen used

the nean tenperature of thc strips in Ìiis calculations,
IIIiffe and li]¡l used the bemperatur¡es at the enri points of

the strips. Ntrú nethod wLich does not s€cm to suffcr fron
ill-cor¡Citioning can bc classed as the most ¡oliable of

the three closed nethods, horruunt, in their paper i'l'r,T
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cover a synaetric balanced fegene-eator and do not give
explicit forns for general rrorrigypmetgle, uabalanced ,

Cä,S@O

2.11. Outline of a tFinite StaE t method ¡

A tfini-te staget raodel is an approxirnation to the
continuous noder obtained by dividing a paranete.r .cange

into say l\ stages of length VN, where the distributions
are treated as unifo¡m throughout each stage by the use

of finite difference approximations to the derivatives
with respect to the paraneter being divided lnto I stagesr.

Razelos and Paschkis (Rp) [19] utirised a finite
stage approach to solve for di-mensionless temperatr¡res
f or each lolow for solid as welr as fluid . As they were

using a Blast Furnace stove Regenerator, terns such as

'gasf for hot fluid and rairr for cord fluid, along with
rwall r for solid I brickr natrix ïvere us ed. The method

itself is welt documented in terns of L4 steps which can

be attempted manually with the help of plots and inter-
polations. Iloweverr oírcê the values go outside the
ranges of plots or otherr,vise the nunber of calculatlons
increases, the need for a digital computer becomes

absolutely essentíal.

¡tP attempted üo sorve equations similar to (2.7. (r) )
and (2.7.(Z)) on the heat and aass flow analyzer but
found that the results iffere unsatisfactory due to equipment
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linitations. So the equations were then expanded into

a set of ordinary differential equations wherein the

space derivative was discretized but tine kept continuous

í. €. , bed length lvas d ivid ed into finit e stages. The

resulting set of ordinary differential eguations was

solved analytically, the constants of integration being

obtained fron cyclic equilibriun conditions. [hj-s

resulted in a number of algebraic equations which was

twice the nun¡ber of nodes used along the }eagth (or the

bed) of the regenerator. This set of equations ïuas

then solved on a digital computer. As aany as 4OO nodes

r¡rere used in this analysis. Then assuming an initial
rblastr temperature (dimensionless) along with an

rair exitt temperature tä,rtr a nel¡¡t value of *1,r, was

conputed from a heat balance equation, Tn most cases

the resultirrg value was not found to be the assumed

value of t:.,*. Only after several- trj-als vras an accept-
ouE

able match achieved. The process ïuas required to be

repeated if the tblastr temperatr¡re did not rconvergef

either.

A similar method was developed, based on Jeffeson

tg] by the author of this thesis whereby a progran

FISZEFC has been written to obtain profiles. It was

observed that the truncation error limits accuracy. v'

IToweverr the derivations, p-rogran ard sone results
are presented as an appendix.
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2 .J'2. Ç,hap,t e-r _rlglgarJ:J:

This chapter h.as been called tPhysi-cal assurnptions,

lvjathenatical rnodel and rl,eview of previous workl and so as

the title suggests at first in section 2.1 the physical

assumptions and mathenarlical fornrulation of regenerator

nodel are p-r(;sentcd. The fou¡ basic assumptions made are

well justified as supported in the worli done by authors

such as Nusselt [fA], I'lillmott and [homas lZøJ, Heggs and

Carpenter [4],. Jeffreson la] and o,che.rs.

The mathernatical f o¡nuration is presented next and

here equations are derived from f j¡st principles. Noüe that
here subscript I refers to ¡e al (i.e.¡ TLon-rlormalized)

paraneters. So i¡: this section urost gen=ra} form of heat

balance equations (e ,L.2, (6) ) and (z.r .z(T)) -representing
a thermal -regenerator are obtained. rn sect Lan z.z at
f irst r thc real paraneters x ancl y are rrojlnûalized to
obtain nornralized paranieters z and e. rlhen the fLuid and

sorid temperatures theinselves a.-re noraalized and equatj-ons

(2.2.(1)), (2.2,(Z)) are obtained. fhis is followed by

application of physical assumptions and Lr.sage of Hausenrs

tl] normalization to give us equations (2.2.(4)) and

(2,2. (6) ) which a.L.e sinpler than bef ore. In secüion 2.3,
a desc¡j-pti-on of rhermal efficÍency and ?hermal ratio is
given. This is foLlo¡¡ved by a treatise o:f single blow

solutions qf Anzelius and îüussel-t in scction 2.4 i-n lr¡hich
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solutions a.re obtained in the form of equations (2.4.(8))

and (2.4.(9)) r,vhich j:tvolve evaluation of BesseI functions

Jo(x) and Jr(x). section 2.5 describes the reversal

conditions. lhen j¡r section 2.6 a reviev¡ of t'open" methods

of solution of lregsnelrator problera is doae. fhe slethods

reviev¡ed a.re Cue to lambertson If]r WÍllrnottrs 1'rapezoidal

nnethod 12;. | and Jef:Îresonts nethod [S]. Sect Lon 2.'l deals

with. obtaining anal-¡ziical solutions U and V where

equations (2.7.(1)) and (2,7.(Z)) are Laplace transforned

ivith respect to the dist ance parameter q and through

further analysis functj-ons U and V are obtain':d which

are then used in deriving [l and T" through equations

(2.7,(fO¡¡ and (2.7.(1?)) follov,ied by 1jr anC t" through

equations (2,7.(fA)) and (2.7.(19)) respectively. It is

no'bed ttrat this analytical solution subject to reversal

conditions cOuld be used to generate "oper'tt solutions by

repea.bed cycling bub 'rclosedt' form solu-hions may be found

to be nore efficient.

Theref ore, seetion 2,B reviews "closedt' nethotls.

Jn Barrrcutar, Hausen [t], Illiffe l6] arrcl l\ahavandi and

r¡Teinstein t f ?] methods a-re looked at. In section 2'9'

a detailed revíev,iin-g of i[ahavanoi and llej-nstein (iÙlì,)

nethocl is done. It is noted here that NÏl considered the

rather simplif ied case of a balanced syminetric regenelator

and thej-c nethod used evaluation of integrals through

quadrature. [his is followed by an overvíew of "clo5ed"
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aethods using consistent nCItations and it is concluded

that l'il¡l rnethod can roe classed as the nost ¡e1iable of the

closed aethods revierued.

trinalty j.n section z.LL, â f j:rite stag,e urethod due to

¡lazelos and Faschkis tt9] is outli¡ed and it is noted that

a sinritar method is presented as an appendj-x. (Ëee

þpend ix A4 ) .

tal
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CHA9IER ãt A NEW i\IiE THOÐ FOR SOLvrNG THE COUI\TIERFLOII

REGENB RATCR PROBIEM

It r,vas noted !n section 2.1O of the previous chapter

that Nahavandi and Vüeinstein (NW) nethoÔ [1?] can he

classed as one of the most reliable nethod s for solving

the counterflow regenerator problem. Holvevert.N\lT only

considered a symmetri-c balanced regenerator and the j¡

method depended on evaluation of Bessel funetj-ons '.which

involve evaluatienç of integrals such as:

-22r, cos(s) cos(s)dsiJ (zLnz)

'fi1r
=

tvo
aa (¡. (r) )I

obtained by using a quadrature formula.

In this chapter $re develop a method based on the

approach used by NW; hov¡ever it avoids bhe use of

quadrature fornulae by making use of numerical irn¡ersion X

of Laplace transforms. A general non-symmetríc,

unbalanced regenerator is considered here as opposed to

lVrrrJts balanceci symnnetric treatment. In the later pant

of this chapter u/e descriloe the particular numerical

Laplace inversion technique developed by Za]rij.an lZlT-
However, for present the method assumes the existence

of a reliable numerical Laplace inversion schene. lT/e

shall describe the advantages of using a numerical

Laplace irrversion technique as the analysis of the nethod
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continues. [he proposed method has been developed for

the normalized distance paraneters n and q separately

as in each case different matrix equations arc solvedt

nevertheless resulting in comparable final values. .r\Ie

first deal v,¡ith the analysis using variable q.

7 ,1. Pro sed analvt ic clos ed nethod us ine ameter qE

În this section r,¡e f írst derive eqr"rllibrirrq solid

teooperatr.r¡e distribution i'n polynonial forur' this is

f ollov,red by derivation of equilibrium fluid temperatures '

Based on a pefsonal comnunication vuith Jeffreson Iro] we

soTve the follorring:
rJ-o-u 

= T t .. (1.L.(1))
ðq

ðT 
= t T r. (r.1.(z))

òr See sections 2.2 an'd 2.7'

where Q=hzs i.€.eO{egA since 0r(z-(1'
Now Làplace transforning tbe above equations with respect

to q (transform variable p) implies:

+ Tp.t(prr) = t(q=Orr) t
and

al

at

(7.L. (r) )

(1,r. (4) )
dI r-ô
dr

where /r refers to the transforned function, ¡(q=Orr)

= t,.^(r) is tennperaturc of fluid at bed inlet'
t-fI
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vue have t

+-
dr P+l

d̂I p in
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t between equations (7.L.(r)) and (7,L' (4) )

t (r)
6 æ (7,L. (5) )

(1.L. (6) )

p+1

Solution of (1,L.( 5) ) is given bY:

(p'r).[(pr0) +A/\T(p,r) - V ^
ttrr(w)

(p, r-w) Æ' dr¡¡
p+1

r

$î
0

aa

a,

where ¡

v̂(p' r)
pr

exp(- ) .
p+1

For hot blor¡¡:

t(qt=Orr) = f, (r) =in

and for cold blowl

t (q"=Or r) o.

= pl(r) o the unit
steP function

f
t 1,

0 t r{.0
r70

so, for hot blow (3.L.(6)) inPlies:

r
^¿\/\Tt(Brr) = V(prr).Tt(pr0) +

î(n,"¡.â, (p,o) + ltp,r)

$
0

,l u(w)
V(prr-ïr) 

- 
flç

p+1

aa (1.L. (r) )

whe¡e

1(p, n.,)
-.,-.*; flq¡

p+1

and for cold blow (r.I'(6)) impliesr

ô"(prr) = î(p,").â"(p,o)

t\
U

r
=l

0
)r,p(

aa (i.L, (8) )
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Inverse transforaing

theoren gives us3

il

T" (qt'rr) = I
.l
0

(1.L.(?) ) ard usir.rg convoluti on

[r(qrrr) = Ur(Atrr) + vr (qt-vrr).Tt (v'o)dv

.. (3.L. (g) )

zt = L-ztl

ql = Atzl

q" = ttz"

q

J
o

0 {.u'S 1

o .( q'$ ât

o ..( q"6^"

during hot blow ard inverse transforning (7,L.(B)) yieldsr

q
v"(q"-v¡r).T"(v,o)dv (3.L, (10) )aa

during cold blor¡ur where T(q.r0) is the initial solid

tenperature distribution. Apptication of reversal

conditions inplies:

t

t

t

So,

qr/Å = l - qu/d' j..ê.r gt ={(r-q"/d')
and q" = â'(l*qr /âr )

Based on equations (2.5. (4) ) arrd (2.5. (5) ) the reversal

cor,:ditions for solid can be written ass

gr(qt,O) = Ttr(q"rrrt') .. (1.1.(ff¡¡

Tt'(q"ro) = [t(qtrrl) .. (1.t.(12))

so (3.L. (9) ) and (1.L. (10) ) inaplys

Tr (q: ,r'=o) = Tr(:( (r-q"/^')rrf =o) = Trf (q"rn")
o"

= 'f u" (q"-u ,n").llr(vro)dv .. (t.Lr(L7))
0
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and

T,,(q,r¡rr=O) = Tn( å'tf-qr /Ñ )¡rÍ=O) = Tt (qr rru' )

= Ur(q.r ,rcr) + Vr (qr -vr7rr ) .Tr (vrO)dv

. . (j.1. (14 ) )

So, it can be seen. that solid temperature profiles aay

be obtained from arbitrary initial temperature distri-

butions via equations (1,L.(t1) ) and (t'L' (r4 ) )'

tfifenowemp}oythetechniqueusedbyis¡fandasst¡.ne3
iY .:

1r (qr ,0) = ,4 al(a')t-r, r" (q.'l,o) = f "lçn'¡i-lL=I

So, ï,apJ-ace transforning (1,L'(1r)) with respect to the

distau.ce Parameter i¡/e have¡

r( v'l (q"-vr Trtt) .Tt'(v, o)dv)

q

q

I
o

ltq

Í
0

NT¿--
i=1

v" (q"-v, fi" ) . (v) i-lorr)ai r,( J
O

È ul 1"(p,n").ry
i=l L P*

and sor

using convolution theoren¡

t
J
0

(t(f *e) = t(f )r(e) ) where f *g = r (w) g (t-r,v) dw)

(i-l) !
al(a: )t-t = !-r( å u'i î (N

ã"I
,p TI #

p
) )

L
aa

i
(1.L. (15) )
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Similar1y from (1.1. (f +¡ ¡ lve obt ain:

^ 
(i-1) !

vr(prnr) .-- )

.'.' ,r.r, (16) )

So we norr see that the problen of evaluating the integrals
(as in the case of NW) has been reduced to obtaining the

l-1Cû,(prrç,) + f,
i=1

a!
l_

coefficients ul, af. Using

require N values of qe

uj-rai; i=Lr}r..,¡N.

N terms in each series T¡re

q! twice to obtain coefficient s-t_

So, (3.t. (f ¡) ) and (1.L. (16) ) impty :

N

t aJ (q-l )
i=lrJ

= L-l(ût(prr,) +
IV

f
i=1

N

E
i=1

i-1 -1 1"(prrr") g )] ,.-pr' q=À(l-q

.. (1.L. (rz) )

I, ( a'!
l-

a!
l_

3/d )

and

N

E
i=1

*l { d'( r-q j/ a' ¡ ¡ 
i-r

A
V (p l)',r.

(i-l) !

pr-
J

(t.r. (re¡ ¡

)t
-qq

iJ l-t2t... eN'

tlttrÍting (1.t.(1?)) and (1.1.(18)) in' ma'brix form i¡.¡e haver

ta

lBt lat Ic" ]g" aa (3.L. (19) )
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(3 .L. ( eo¡ ¡

(oi)N-
(oi )

N*1

[8" ]g"

Í
I

g + [ct ]at

aia

aa

where,

a i ci (a!)2 ?.'
1 aþ (el? "ta

a

a

I

2

qh

n.a [n'] :''
?

t

a

a

a

a

I

t
a

a

a

a

2 (cfn) N-I
rS )( a{1

'c'{r-r17t )... ( d' ::-ri/*))N-1 -

xe-q;L/å' ¡' .' ( fl'(t-q L/fi'))N*l

Òa a

tc:'l = Cci¡)Ig"l=

c

and

I
a

a

I

,
aa

d'(r*qñl il ) . . . ( d' (l-qiy * I Ito-1

a

rr:l

where

J

j

(C!.) and U- rJ',
(ui )

il
i )l .

q=

l.q=
Ii

r-1 (
1,,(n, n,r)

pJ I?,îllå,zn'r

^. vt(prnt )
t-r(-*)

pJ
(i-1) t
al

,-tC I [r exp( ]Y '')l)Jp P+l q=qiLU



sinc e

Û(prr) =
1(p,r)

-flry

B+1

64

exp(-pV(p+r) )¿w

i i = 1r..'eN

(e
=[o

!

T
o

Ir
f
o

p+1

1
-: Iexp(-puy'(p+r))]

I

w=Op

1
[r - exp(-prl(p+1) ) ].

B

rfie note that, Jeffreson i9 ] has already shsrrne

lim
r-àO

Ut(qrrr) !Ee qrc

Now¡ initial value theorem. for Laplace transforns sayss

sF( s)lin f(t)
r-+o

= lim
s -åæ

therefore t

-1 Ir exp(-pru',/(P+1) )]) l
g=O

lin Ir exp(-pn'/(r+1))J = 1 exp(-nr)
p +cß Ò. (7.L. (ar¡ ¡

],

and

1
p

^
1lm

p+o* p

v(p' n)v(pr.lt)
l
q

L r(
) #

pJ j -r_

exp(-pn/(p+l) ) ;i=I
;j=2rlr..¡N

Ti

1im
p -+æ

=Q

p j-1
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(7.L. (zz))

(3.t. (zt) )

or

p
o.r

^ _ 1_
t'(p,r) [1 + -]

p

¡3r'l-l [q + [cr ¡ur ¡¡ta

[St,] -1 u + [e,,] 
-l¡C t 3ut

Theref or e ¡

t l = [c,, ] ( [e,' ] -1 g * [s" ] 
-1[tt ]g' )

Hence

and

g,, = [g,,]-t g * [e,,]-1¡Cr1ar

i=1

aB

¿1

So having solved f or coefficients al and tt', one carÌ

easily obtain the solid tenperat¿res as f ol-lovrss

N

Tr(qrr0) = Trr(q,,r*',) = t al(ot)i-} rÒ (3,L.(e+¡¡
-L-I

and

Tr,(qr'ro) = Tr(q'r¡t) = f ul{o")i-l (3,L" (AS) )

N

aa

.aa

J'

So, nOw the ftuid temperatures can also be determined

using equation (3.L.(1)) as follo¡¡¡s¡

,\1-r\r\.'t'(prr) = [t(q=O,r)+f -t]

1,\
It(q.=o'r) + î

p
l



Thereforer

^1t (p, r) = : [t (q.=o, r) + 6(P, r) ]
p+1

So for hot blowl

tt(prrt)

and

1 ' ¡\-- 
- 

[r + C(p,r') ]
p+1

and for cold blow¡

t,,(prr,,) = 
t 

ô(p,r,,)
p+1

Hence 
- r N

tf (qr ,O) = L-rt 
- 

(1 + E, al
p+I i=} ¡

(i-r) !

-*"rpr
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(3.L. (eo¡ ¡

(7 .r. (zl ) )

l
q=gl

(7.L. (ze¡ ¡

(1.t.(zg))

aa

aa

aa

il

oa

)

t't (q'r, o) = l-l t-p+l

Nt
i=1

1
'(i-r) 

r
¡--.-...-ã..:-

pt
^Í4,.

1-
l
q=q

sLnce

Í-l-r(q I

But,

r-1(

(i-l) t
¡ i = Il2rcro¡N¡

I
t*

-ve

q

I
0

I
o *l_

-t,

)(q) =
(q*u) i-l
--fly(i-I) r

using convolution theoremr âs

- i_I
t(e-Q¡ = :,1(.L. )p+l (i-1) !

I
p1
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e-8 + u-u(qt -o¡ i-leo (1,L.(ro) )a

q

f
o

ti
N

Ei=l
aa

Henc et

tr(qtro)

and

I

tt'(q.", o) O'

aa

iIl"ii

aa

(t.t. (7t))

(1,r. (tz) )

Lr2 r. . eN-l

q

J
0

q.

{"-u(q-u)ooo
o

L

Nr
i=1

u-o (q,,_u¡ i-1Ouü
a

Cons id er

rrn n), oi n e

So, usíng integration by parts, we have ¡

ï t} -(q.-v)n l
v=O

qn nï i ft = J-tZ¡... eNn-1

where,
-v q

v=0 1 e

Hencet

tr(qrrO) = e-Q +
N
f. -1i=1

a"l Il-

wherer

"-Qt , and i(q' )

set of Natural
nunbers

-q

q.
q.

I o(q-o)o-t "-u do

o

-ve

q

= Ie
0

o
ï -o dv =-e l

I
l-

TI
1-

Iro

and

t,r (qr,ro)

where t

a il
1-

N

Ll-=I
I tt
i-1 (1 .r. (13) )

il (q")itå=t e
It

i
il
i-1-q

t and ï -ir ; i = Ir 2¡.. rN-I.
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Using reversal conditions we have

tt(d¡o) = t,r(g,t,n")

and

t"(qttro) = t: (qr rr¡r ).

so fluid tenperatures have been derived in terms of the

coefficients ai and "lt i = 112r " ' ¡N'

7.'2,@¡

Fron equation (2.7.(4)) v,¡e have thermal efficiency E

given by:

E

If
ð

il

MC
{

1
u"(zro)dz - 

$ 
t|(zro)di¡

IúC hI A

v\i I Sr Pt (tln in
!

d'

)

So for *ir, = O, tir, = 1 and using tt¡e q

no¡mallsation (0 ,.( q( â )' we havel

E:

btAPr U¡rÉrl ."1-

^'1

À' J
o

* fj
f
It

I c
Tt'(q" , o)dq J tr (q',o)dqil - æ

I
J
o

Ir (qr ,O)del

']

*'
{
O

1

â'fir ^ o

aa (7.2. (1) )



or

^E ul (t" ) 
Í-}dq',
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(t.2. (z ) )

f
I

^t'
Ì{

i=1¡l .À., t

_f'

d "=o

I

^'

I
â'

I
i=1

o

ã' I Nf
i=1

fl
t

(q")t
a %i .Ë. uii tg-t 

rt li=l ¡ í 
er=O

îr i

Therefore,

?

J

( 
^..)i!-

I
t-

N1
{
{i.

N

E
1 rf

7rl .À"
rL I

( 1')i I
a

1- â'
a

i=1

Here arso it is noticeable that the integration has been
done anarytically and there is no dependence on quacl-

ratures as such for cal-culation of i_ntegrals.

1.3. Steady sta te 1i-roit ins temoe rature dist ri but i ons ¡

Fo¡ the pu'poses of coinparisons with the t¡ansient
states it is advantageous to obtain the steady state
tenperature distributions for liniting recuperator.
V/e obtain these now.

Differential equations prior to complete normarization¡

Fo¡ rcold I fluid ( from( 2,1 .2. (6) ) vrlth z-x/L and zero conduction):

-wrrs'r 3-!"* h',ÀçT t,,) = m,,s,, €-:" r. (3.3.(1))ò z ày 
r' \-"''-'"\r
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For thott fluid(from (2.1.2.(6))

àtlVilrSr,i - 4 b'A(f tr) = mrsl
Òz

sorid temperatures ( from( 2,i.2.(Z) ) with z=xfL, ze?o concluction):

òT ,t
Mc --- = ht A (tr [) +h'' A (t" T)

ày (1.r. (r) )

v¡ith z=xfL and. zero concluctj-on):

àtr
by

(3,). (z ) )ta

al

where z is normalized distance re,'lative 1,o bed length

(o ( z -( 1)r ,y is real timer T ancl t aro non-

normalized solid and fluid t enrperatu-res,

For rsteady

bar over them..

We knor,v that for
to time is zero.

stater, variables will be denoted by a

t steady stater derivatíve v¿ith respec'b

Hence (7.3. (1) ) to (1.1. (l) ) become r

d t-"
_ç't $il =0 (3.1. (4) )

(3.3. ( D) )

(3.1. (6) )

h¡r s

dz
aa

ta

¡ra

nq=q. = Å'r, Y1 =
hrA

y" Àt' = =- since At='J- ñilSfi

-T)=Q

E¡ ¡.
,

ñ,,A

:-u7 tt't'l Þh ,fA

S

2

lirrS'r ñ¡A
v_
'J- lî' St ñ.,,A

,.I

Y A'/ Å' =
\írsr



Therefore e

T2 W" S"
.-.:. 

= 
æ afir $r

dTt' ñr'À
+ (n - E")

so (3.7. (4 ) ) imPlíes on division by t'3",

(3,v. (r ) )

Y1

dTr

ðz
(T - ['t1

o

o

o

(1.3. (B ) )

7L

(3,1. (9) )

ðz lfil st'

and (3.7.(5)) gives on division by ff'St;

at

aa

aa

ñta
o

ffir $t

r¡rhile (3,3. (6) ) b econes after division bY ñ"4¡

ñt ¿. (1,-Î¡+(T"-T)
ñ*'A

[herefore'

Y'(T - Tt) - (Ë" - T)

Now dg C' ðz
,

Thereforer ðz dq/^"

So (3.7.(f)) imPlies

dE' , ?ñ tr¡
-æ-rIU

dq
0 aa (3.3, (ro ¡ ¡



(7.r.(B)) gives

7z

(7.V. (11) )
oTt

dq
+

dTt

o

Yt \z

vr-Ii
Y1+1

vr(T - T' ) aa

Hence the steady state equations to be solved are (t.7,(9))'

(V.7.(ro ¡ ) and (1,7.(rr) ).

l'ron (1,1.(9)) we have:

f,r (v.7.(rz ¡ ¡n = æ + T,' aa
Y1 I

Yt+l Yt+I

Substítuting (t.3.Qz)) ir) (r.3,(fO¡) w" have:

oït' I* = flrç 
- 

- f ) +dq Y1+1

Yrr- /=ll\u - Tt)
Y1+1

and (1.7.(rz ) ) in (7.3. (u ¡ ¡ gives:

\2
)

?ltr - Jz. 1ç,, - T' )
Y1+1

(7.7, (ê1) )

Ò .-æi.

dq

d(lu' - Tt ) \2 Y1

- 

(Tr' - Tr)
Yl +1

Yt+1 Y1+1

So,

a'a

dq

Integrat irrg Yie1ds

q. T2 - Y1

-Q

rn(ï" - T't )l
CI Y1 +1



i.8., ln(ü"(g) - ir(q)) - rn([[r,

where v =
tz -' J\
Yl +l

ü,,(q.) _ tr (q)
or In vq

üout vq
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(3.7. (15) )

(1.7. (ro¡ ¡

)

îl¡uín

Therefore¡ T"(q) - Tt (q) /lll\ uin låo. ) utq

utt¿

(3.7. (r+ ¡ ¡

But ln steadY state¡

Wr S" (8" (q) - fåo* ) f,f r B' (T'(q) - rl-rr)

oa

aa

aa

so E" (q) ]l ,, ,n'
y2

Y1 _
läot - 

î' 
ti"

(7.3.(f+)) inpties, at q = â", ïi¡e havel

:rlluout 6L * (rir, - Tåo*) 
"oa

i. €. , Tå,rt Ei* n *lTr, - vulfrr*

where w = exB

Y1

1*@

\2 Y1

Y1 +1
'ï

(3.3.(f¡)) means that at Q = or we have;

r'rr :rlltrin - 'out
(råot - rLo)

\2
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substituting (1.7,(1?)) into (3,1.(16)) ,l¡te have¡

y2

i.ê., låot
T2

=[* (ri' Ëäot¡ + r[ 1

Y1

r ¡ (3r7. (1? ) )

î¡tuín

. . (v,t. (re ¡ ¡

:rlluout

[herefore,

tl,. + * rt - ',[ 
! ri*
Y1

:tr1!uout + r1r, j

rlluout

f,'rouï

1_1¡r 1 vr/ ta
+w

1 - w vz/\t 1 'w Yz/\t
-tl"in

and so (V.7.(16)) gives:

t2 (r - t2l''rr) w-1

[ îL, -(

I r'in(] - ïr )+ rLol

lherefor e,

t'lour

Y1

\2 (I-w) I - v2/t1

1 - w yz/^\ 1 - w rz/yt

* Tl,,

=llt.
t_n

+ r' n
I
]"

Y1 1-wYz/\t 1 - rff r2/q
. . (3.V. (19 ) )

Hence lrre can sorve for l"(q) and Tt(q) from (3.7.(14))

and (7.3,(L5)) as follows¡

"tiglrt h"and side ("li{S) of (3.7. (14 ) )
'(z (r - w) I

Y1 1 - w tr/Vy
t tn

1 - "t2/\a
*-Tirr)J "t8r - w \Z/\I
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r t2/t1
(rir, * tlr,) evq

1 - w Yz/\t

RHS (3.1, (r¡ ) )

(
Y1

-*+
l-w

l - tff V2/V1

r- v/ vt
)ll,r+w 1-WY

rltuin
\2

1

z/ \t

i (r á y{yz)fir, + w(L

1 ' w Yz/"\

t-

L - ,(z/yrFLr, - Tln) evq 

]
1 \y'vz)îir, + v'¡(l- f2/ty,fiJ

(

(

Iret B

Now A

L - w \z/\t

1 yy'vz

Hence Ag = å where ! I T"(q), f(q)Jr

and

f ron (7.3,(14 ) ) and (7.7, (15 ) )

'Yy'"re-

-1
A

-1
t Yy' vz

-1

-1A BIIence !.
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vy' tz L-y z/.\) G[o-f¡o).un

ll:
1

!.

1

r - yy'vz -L L-yy' yz)flr, + w(l-y 2/ q)T
l,

a

so t" (q) =

I - w yz/Tt

[ (eve " * 'frlrîr, + (r eva)ã;, II - w yz/Tr
. . (7.3. (Zo ) )

and

1 - w yZ/"'(t

1 q t2/vy
1 yy'yz

\2
Y1

i cr - E.'q)lL, * 
(ft*"q - ï/ flri,:

. (3.3. ..2t¡ ¡

I
tt(q) =

sLnce

Hence (9.1,(fz ¡ ) inplies¡

r(q)
L

Yl+1 ¿

[ ( (vr+r)(r-evo¡ + (yL-Tz)"tq)Tl*

+ ((vr+r) (evq-wy 
r,/ yt)-(v1-î2 ¡evq)lh I

.. (7.j,(zz))

1
a

(vr+r )(L'wvr/vr¡

So equations (r,3.(zo) )' (3.7.(Zf ) ) and (3.V.(.:Z) ) give the

steady state limiti:rg tenperatures in terms of arbitr-ary

steady state j-nlet fluid tenpexatures flo and Fi* o
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For oujr regene¡atorr \¡Ie chOose to normalise the fluid

temperatures so that Tlr, = 1' [Ir, = O.

(yr Y2)evQ1 evq
So, õ ( )q +

1 - v,r t2/ty (yr + r)(r . * yz/yt)

1 evq

\2 Y1
Now because v =

Y +1t

t - vr \2/,fa (r - v yz/yl)

I r evq u"uQ ]

ve vq
ASV=

T(q)

^(2 Y1

îr F t-_-

I
I;- w \2/ty

For lirniting recuperator we must fiif'

and v¡

l int
'(1rT2 -+ l-

e
V A''

as '.(Z-)Yf -+1 v¡ehave v-)O and so w-+1'

Therefore, lin T(q) --+ O/O
\ar^(2 -+ I

So lirn T(q) tim T(q)
T1 -à1
^(2 =t

Y1r Y2 -à I

Iim
YI-tl

1-Y1 1-Y1
q)(r + 

- 
) l

Yl-l-l- YI+l

I
I r exp(



?B

Now applying Ltôpltaf ls rul-e we have

d l-Y-

hrt-exr(Eif
¡l
L

t)tqry)1
lin T(q.) = Iin

TL'\Z -+1 T1 -å1

-exp(
t:Jr.
Y1+I

furt-"*p(îä r" )/v1l

q.) (
-(r +1)-(}-V )

( v1+r ¡

2
q) - +

f1

1-Y' 2
+ exp (* q)æ

lin
Yr-àr t-It

Y1+1
[ -exp(

-1.( -¿q/a)(z/z¡ + z/4 1+q

-z at'
i')( ¡;;p r" +

l-Y-
€xp ç i-JÀ x" fi/ t!

Yl+1

-r[-2 x"/47 + I ã" -Fz

Hence the liniting solid ternperature prof ile for steady

state is given bY:

l+q
. Ò (r.1.Ql))F(q.)

q e [0, n"] a

f'+z
where
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t.4 Propos ed method j::s -oa¡anete¡ z,z

In section 3.I the dinensionless distance paraneter q

wasusedwhere O-(q(¡¡ since Q=32 andwehave

Oo(z$1.

rt is noticeaþt-e that for the q scate with large 'i

values of â (>10¡ and large N()z2O), t-erms sirch as j

lnu ¡IY-l in 
å 

u'i{t" )N-1 become very rarge' arso

the last rows õf-rnatrices [Bt] and [gt'] j"n section J.I¡
nAy overflow thus resulting in il}-conditioning anð/or error

prone values for the coefficients url and .i". To avoid

this, parameter z can be used. As O .( z .( 1 and

å 
rr,z¡i-t for j:ritiat solid temperature distribution

ls used" lack of precision due to near overflow is not

lihe1y to occu.r.

Hence, u¡e nolii¡ develop the proposed method for the

length scale 0 to I using the paraneter zi

.tìequired to solve¡

-È:
bz (3.4. (r ) )aa

àr
òr

where

ar¡d

rl.n
=tJ-r

ogiz{r,
t(z = Or r)

0 d "S n

t Ln
(r) r



80

lapJ.ace transforni.ng (5.4.(1)) along the distance coordinate,

with resulti.:rg vaxiable pr and transformed functions denoted

by^¡wehave¡

p t (p,r) t (z = o, r) + 1(ô - tl

and
d Î
dr

A,\
ù tTlUqr

i.€,, I (prr) A t\r
p+^

I+*.*tp+l
(v.4. (e ) )in(r) aa

aa

A,
dT P ^
- 

+ --.;- T
d r p +l

1
and so ; ;t 

tt"(r ) (7.4.(7) )

Solution of (3.4.(7Ð is given bYt

^^r\,'trî(p,r) ='Ì (p,r).ô (p,o) *J î
o

t*(w)
(prr*w) 

- 

dt
p +^

-p
exB[-r]¡ L p +x

aa

ai

(7.4. (4 ) )

(r.4.(¡))where v̂ (prr)

Now for hot blow¡

{

o, r(O
t )rO

t(zt = Or r) t*(r)
1,

p(n)



ard for cold blow, t(ztt = Orf,) t rr¡(r ) o.

).â,(p,o) . J
ît (p¡r-1n )_*:_*J p(w) dv¡

p* 
^'

B1

(3.4. (6) )

Ëo f or rhot blovut (7,4. (4 ) ) inpliest

.r

Î .rp(vr(p'r)
o

Therefore,

t (pr" )
,\^r\
1'(prr).Tt(pr0) + Ut (prr) aa

^where ît(prr) is the transformed unit step respons€

gíven by:

ur(pr¡)

p
where a = ææg

p*1'

-1
.F p+âr

t :i: (e-aw)tl=o
p

r
=$

o

!

f
J
o

Vt (prvu)
*:..--* Sy¡

B+âl

e - äJ¡I

p+âl
dwâ

U \p ) t
I
- [r e-
p

*l

1-p
- [r exB ( J*- r)]
p P +ãl

aa (3.4. (r ) )



and for ,cold blow'¡ (1'4'(4)) givesl

1"(p,") î'(n,").6"(p,o)
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(1,A. (s ) )

Now l-1 (7.4.(6)) usirrg convolution theoren æ:d iater-

changing the order of terns yields for hot blow;

Tr (zt or ) Ur (zr rr) + ,{t.(zt - vrf ).Tt (vrO)dv

.r (7.4.(g))

giuilarly, L-l (1.4.(S)) using co111/olution theorens

gives us for cold blow:

7,

I
o

aa

aa

aa

["(z" rr) v"(r" q vrr).["(vro)dv (7.4. (10 ) )
z'

J
o

Applyi:lg the reversal conditionsr lûê obtai¡rl

It (zr ,r=0 ) = v" (2" -v rîr'l ) . [t' (vro )dv (1.4. (rr ¡ ¡

llz

f
o

and

Snployi.:rg

f"(r"¡.r=0) = Ul(ztrfil) +

aL

Yt,(zl -trn t ¡nt (v'O )dv

. r (7.4. (12 ) )

Zt

I
o

u (nt, ) 
í-f

NIN

f
i=l

It (zr ,0 ) ult(,t ¡i-f-, T"(z"ro) =
i=1



B'

rffe have after laplace transforming ,ìHS (3,4.(11)) w.r.t.

distances

ørrl .u' 
( zrr -vrlr¡t ). T" (.r r o )dv ]

ai

ai

v"(u"-vrnt' ).(v)i-r dv ]

ü

o

Nf
i=l

Nt
i=1

I t
7)

J
o

t"(nræ"). ryp using convolution the orem;

N

T
i=1

1{

T
i-=1

and so

arr (zr )
i*1 -I *i" v"(Præ" )ï, i

Nt
i=1

(i-])¡
.---.F

l_p
l

Sirnilarly r

uit'(rrr ¡i-1 r

(7.4. (t1))aa

N

ar" (1 ¡ ¡L-L

r-t p(U tt )

i-l

Nr ^ 
(i-l)l

Vt (Brnr ) ----q- J
p*l-'ll, +

i-=1

a

aa (1.4. (r+ ¡ ¡
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t-erns ín each seriesr Ïr€ require N .values

i i - 1r...¡N twice to obtain coefficients

1= 1;..'¡N.

$o (7.4. (I1) ) and (3.4. (14 ) ) inpS'yt

Using N

of øz z,

ai t

i=1

and

J
il

,ai

N

f ui'(rj' )i-l
i=l

i\T

r-1 tl
i*1

Ic'] gl

ui" î"(præ") # rl 
- rp z=L-z 

al

and

N

T ui"(r-z¡t) i-r

. Â 1{ 
^.' ¡\ (i-l)l

L-r t î,(p,æt) + *t ":îl 
(P,æ') -;r- 

"u=,I-I

i¡uritj.ng i¡. natri:r nota'bion¡ we have¡

[3' ] gl Ic"] -a"

j

(3.4. (15) )

(7,4. (16) )

aa

aa[8"] g" =U+

where
(uf )2 ,.

(rr' )' ..
az

ar

az

øI
zz

(urt

,u:'

a

(uNt

)N-1
u1

a

I
I

a

1{-1
n

¡l

a

t

1

a

a

T

)

[3t]=a ¡ a

a

(u*')' )
h{

^lt -¡9

hT
zN aa

i{-l

,
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[s"] =

1 L-z

(c

I\T-1

-t
2

I

) artd U

t

t

Lim
p -+cCI

I
I L-uz (t-zrt )

2 (L-z

(L-zyt )2 (t-21¡)aa

aa

), [c'] = (c

)i{

aa

aaaa

l- l-ul'r (I-"rvt )2 . . (l-zi.¡' )N-

Ic"]

where

^ll'ij

"ij

L

t¡

ij (ui)
}J

1 .1,'(p,n,,-rr ]|.:A,,(i-r)r' z=]-zLt '

and Ui L-r I I tt exp(
-p

..--.*- ¡l ) lll
p p + 

^l z=z Lt

I'rom j¡ritiat value tireorern of Laplace transfotnrs!

L-I t
vt (prnr )

---TrB.J

-,-ll*
p+^l

ll (j-r)l
ù'=zLl

.I
L-r t - [r exp(

-pfi t

[r F 
"xp(*--:)]p + 

^l
)l I l

L-l t

p

æ

z=O

ll
z=A

f"
lo

I exp(-ær ) and

,\
v(p 'r ) lirn

P -âoo
j - 1r...rl{

I

:A\T
¿ = llotoStr

v(p'n )

j-r
p

Iin
p -+æ

j

-Ð11
[ "xp 

( -Y-:'" 
) ]/pJ-1p*

,

p

-fi

2
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Às in section 5.1r the solution of (1.4.(15)) and (7'4'(ro;¡

Ís obtained asl

(1.4. (rr ) )

a,, = [g,'] -tg * [S,'] -][ Cr ] ar

aa

aa

Having found coeff j-cients ai and *i it is an easy step

to obtaín solid temperatures a,t the beginnipg of the hot

and cold blov,r periocls rcspectively fron;

(7.4. (rs¡ ¡

(r.4. (19) )

(v.4. (2O11

[¡ (zr ,0 ) f alzr ¡i-r
i=1

lv

N

aa

at

Tr (qtoO)dqt ]

and

Tt'( ztt ,o ) fi ( rrr ¡ 
i-1

Í=1

[o calculate the thermal efficiency we rnake ìr'se of

l'E

CI

,l

f
o

l_ I ¡i

J

Tr (zt rO)dzt J

fir â" r

v,¡hich i-s equat ion (7.2. (1) ) in a g eneral c as e '

Now as dz" = dq"/*t dzf = ðot/7' we have¡
!,

1

T" (q" ro)dq

I r" ( z" ro )dz"
J

t

al

^
"t

lr

1
l'
J
o

'':r
IJ t

o



l'úa
.¡.l¡ L

N

T
i=1

NT
I\I

i-=1

$

I
a

I

I
o

I\t
t-L

(u" )Í-1 Uurr
t
i

Nt
i=1

ET

f (z' )i-1¿"r l
o

(7.4. (er ) )

t
ñt

!t

1 ai
t

al
l

îr

J. ! Derivation of exit fluid tem eratures usi z amet er c

It is evident from the section ],4 that the solid

tempcrature distributions yicld the thr¡rma'} eff icitlnc¡r of

the system at cyclic equililorium. The e:cit fluid tenpe-

ratures are also required to be evaluated as bhey are

useful for two nain Purposcs;

a) 1ro allow prediction of the rca]- period of cyclic

equilibriun operation for variable flov¡ from the

constant flow periods fit and ft". [his is dealt with

in thc next chaPter.

b ) To allow the noaxinurn exit tennpcrature during the hot

blov¡ and the nninimum ocit tenpcrature during the cold

blow. The fírst allows a designer to deternine

u¡hether maxin"run allowaþle fluid tempera.ture rnrí1l l¡o

exceeded and thc seconð cletcrrnínes the blast temirerature

attainable for a given set N, l,tt, fir and tt" of

constant flov'¡ Parameters.

1-
l-

4



(3,5.(6)) has a solution:

At v̂r(zrs).î (z=Ors) +

B9

z-s¡rs) - 3--1çwro)dw
s*1

zur\

l vr(
o

(z's)

^v'¡hef e vr(zrs) e)cp C ll s'- 
u )s+1

(r.j.(z) )

(r,5. (s ) )

(3.5. (9) )

at

aa

Hencer we need to invert the following tine Laplace

transfornned equations :

X'or hot blow;-

t,(rrns) = q
z

J
o

. Tr (w, O )dw

f¡C rr -rir/r s ) .(zt rs).î(zr=ors) * -3*s+l-

aa

where

lr(w,0 )

t"(u* ¡s) : -l*s+1

t'(ur=o,s) = r, ttlo(r)3
1

Ð

N

I al *i-r and î;
i=1

(zrrs) = exp( :,CS'-, u') is+L

and for cold blov¡¡-

I
z

f
o

f;{ 
"" 

-srr s ) . [" (wro )dw (1.5, (ro ¡ ¡

whe.ne

Btr(wro ) = T a.
l-

i=1

, , _c's
= exB( 

- 

vtt )s*1
N

lt

ti, {r)since o.

(w) i-1
, îf{u", r 1
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So, (V.5.(9) ) inPliest

tt(ztrrt)
- ¡t'SexB(- -':'Y zt) / s I

s+1
L-L

+ IJ- 1 x exp( -I l, (w-z r ¡ ¡ tt

z

J
o i=L

f, *L *t-t d* 
J=",i=1

"l_ 
*t-t dw, l

r=f, I

.. (J.5,(11) )

(t.5. (rz ) )

d.t- ,*- zt ))
s*l-

*

r=f I

N

+

ao

Consld er

s+l-

exp(

s+L

N

L

Nov¡ l-et

ï

-1 ; tLT
%

J
o

L-1 t
N

f
i-=l-

exp( J"s (w-zr ¡ ¡ryí-Iow )' . ,s*l f=.tr'

ø

J
o

ai )
s*1

zt

J
o

exp( ,ft (w - z')) *i-1 dw

zl rr-
f uu* oui-l dw where a = J!-
J s+I
o

-azl

-azl I (saY )i-1

"ffi ** 
d* = I [ "tu 

t (u, )* - nïrr-1l
a

i n = Lr2t...¡N-]

fron using inbegration bY'Parts.

i¡re have
zl

f
o

ï
1L

ot (7. j. (1' ) )
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and

Fron (1.5.(17) )r therefore'

ï I

Íz

! iu*r' u,
a

.øll=fe
0

ï
o

aw dw

(k-i) I a7

i-
- [e
a

2
--e

a

azt _ 1]

2 zt

I
zt --e

a

a {-
I
-l
a

zI i"*"'
a

r.io-

1_

Zt --ê
a

1.ã%l
- Le
é,

- 1 uu't (u, )'
a

1)azl
- Le
a

k
I iuuu'(u,)k (r + r<r Ia i-'ì

\ ¡""u' (r, )2 - ?,

aa

1.
k rL a,zl--e

o.

t ã a,zr

azl
cl
L'+* e
a2

azl +

azl l

l
1

-l
a,

clÇö

7

zt

(z')

(zt)

(zt )

zl
J*.n
'tv

1

azl
zl

¿t + l7
AJ A'/

k-t(z') +

azl

kt 
"uu' 

(u')k'2

)+

ï
3

ï.
K

zl

a

a

1 . ãZ,l- Le
a,

k!
# e

(k-2) I a2

^u, (u,)tt-ão . ro + (-)k+1
lcl

:E
@

l

(-) j

(tr-¡) I (z' a) j

(-)k+1 4: Ò. (1.5'(14))

i k = Lr?r...1N-1



so fron (1. j. (rz ) ) ¡

r-r- r f
i=1

NTt\

r-r- r f
i=1

exp( Jf- (w-2, ; ¡uri-l oïvl
s + ]- ---r

z

I
o

(Iaí
N

s+1

^' ) ô

-Ð,Zl ï li-1 94

q)

â's
s *1

^
)

-t'd.t ç-å)e
s*1 f=f I

I
N

T
L=2

(-)

;[..'s*1
-azl i-1L t a.t

( (z' ) a

i-l- (-)J
[r + (i-r)t

L
(i-l) !

(i-l-j) I (z'a)l
j=1

l +

1o'.i r ¡i- ) e-az' I C "*u'-l)lJ ¿ s-ll a r=rt

t-1

T

t
a.l:r (r
s s*l

a í-l-

(s' )
i*1

I

3
s

N i-1 (-) J s+1
[r + (i-r)l X (

j=1 ( i--1-i ) l )t' sz r
)J +

i=2

-*'
Nszl

1l1"=",
I(-)i(i-l)l c '=11 )r-r exp(

âÌs s +L



so from (3.5.(rr¡) we obtain¡

Js-
s*1

..^ts
s*1

91

)+tt(1rrr)

s*l- i-](-)r(i-l)
eâts

Using initial value theorem¡

i*s
EîT

tt(1,0)= lim Ie
s -)@

i-1

a..r I r + (i-I)l
ê r^

s*l-

"-'{ r +

t--t

j=1 âs

(re
^li4-

l_

;

N

ã
i=2

(- )j
rffijII ¡l +

(7.5. (15 ) )
â's
S+T

ì

Ïl a)

N

x ";. t 1 + (i-r)l I

n-n I

+

j=L

?fs
ãîTi-L ô ll

.ltA- (1-e

.L

(-)J s*l .ì
| 

- 

\d -L

(i-l-i ) I åts

â's
ËTT

) +

i=2

(-)i(i-1)l (j:')
â,s
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tr(1,0) e*â' * ui (r - e-tr' ) + ã "l I r +
N

L=2

ã
Çt/ ¡,)i .i r
.-.^'::* - (-r/*)i.I (i-l)t *-â'l
( i-l-i ) Ij=l

ilquation (3.5. (15 ) ) reduces to:

i-1
(i-l)!

aa (1.5. (16) )

ñs
ETT

):
s

)(
J

k
(

j

ã

ô

rr(1,rr) = ui ,- (r "i) t-l ¡ 3
s

+1
J.

f=f I

N i-l- (-)r
æ¡
( i-r-i ) !

,1s*Iir-rt-(-).11s î(sf aiIr+(i-r)t f
.i 

-ôL_L j=l-

+ (-)i(i-r)l r-1 ¡ ç'13¡i-r å
â's

) J

-f=.13 |

ts
Ë-T Il

.r-nl

Now

I
x

t-

(

(

:
s

s*1
(

lrts s

i
s

J

s

k,

k=O
r )

using Bino¡nial- Theorem
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[hereforet

fr-I t

Hen-ce,

s*l j
)l's

J

) 
j r,-1

I
â'

(I
s

( l
--- l
l-!

)(:
s

t
J

Í
k=0

I
s

)(
j
k

k
rl*nt

( )

)

1

x

I
l'

1

î

t-1 t

j

T
k=O

j
k

) r-1
J
1.(

( )(

t( I .k+1 1

; j i=",

: )k+r l
s .f=r I

j (
Jr(

)(( J

k=O

j

I
k=O

J

k
(rt )

k

k!)

fs
s*1

tt(1orr) Ì
1-

N

T
i-2

+ (r-i) r-1 r :s l
r=f I

+

i-1 Çt/ân)i
uL t r. + (i-r)t t ( i-1-j ) r

-!+æ a

j=1

j i (rt'k
F (,- ).-../- - (-t/x)i-1(í-t)! .
¡b. .(\ ì"? t
k=O ¡r'

ds
F1

r-1 t :
s

s*1
( i-l_1. I -.(1.5.(1?))J)'-^-'¡ Is

)
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s*1
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r=I t

It

tt' (øttrrt) t-l t

il _tttt aI e +

i-1
(i*l)! x

j=l-

*U) exp( f' 6* - z" ) ).
N

T
i*1

ilai (
z

J
o

*i-1 ow l

Fromwhichwithsinilaranalysisasjnthecaseofhot
blow¡ we obtain¡

aa

aa

(i-l)¡

(3,5.(ra¡ ¡

(5.5. (19) )

N
Ir [ "i[1+

L=2

( i-r-¡ ¡ ¡

t"(rro)

and

(. 
Yfi'.)1 _ çV* )i-r(i*t)¡ .di

å"s
ær

+^

s

S

:
s

l
--n I

N

ã
L=2

j
î
k=O

i-l (-L/ Å')
j

"iIr+(i-l)lX j=1

j ("" )k: ¡ :-:- - ('t/ x)n k!

s*1

+æ

(i*l-i ) !

i*1

a

t
1-L r' l

--- |!*!
I,-l

*å
( ) aa

a

(3.5. (zo) )
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.6 Proposed nethod for a Symnetric Balanced iìegenerator ¡

As noted earlier Nahavandi and llleinstein [17] consider

the regenerator to be symmetríc and balar:ced' ì[hereas the

proposed nethod outli¡led i:l previous Sections treats the

general problen thus increasing the conplexity of the

algorithm. Ïle now develop the case for a synrnetrict

balariced regenerator and thus shc,v,r a com.paratively sinpler

algorithm as opposed to the general case which has already

been discussed.

Vüe start off v¡ith equations

as upto ttris poi.nt the analYsis

and

(j.t (rr) ) and (3.r. (r4 ¡ ¡ '
is iCentical; so:

Tt(ql ,¡l=0) vt'(qt'-vrlrrr), T" (vro ) dv (1.6. (1) )

q'

=J
o

aa

T" (qt'¡r'l=O ) Ut (qr ,fit ) +
q

J
o

vt (qr -vrîr',.::,,;ll.ir,,

Now consider the syrlmetric, balanced case where

À =}t = Àt' 2 ît = 'ltr = î[tl 3-

l,et [tt(q"ro) = Ft'(q."); T¡(qtro) = Ft(qt)'

So (1.6,(1)) and 'ìeversal Conditions i'rnplyl
¡l

tI"(q"-vr1tr).F"(v) dv

¡ , (1.6, G) )

\¿

f
J
tt

Fr(â- q,') = I - Iltt(â- q") =
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and (7.6.(Z)) with j¿r0. Yieldl

I é,

j=1

and (V.6.(4) ) impLÍes;

I F"( ¡-q.t )

Y *lc l-qr ¡j-rGJ
j=1

Ur (qt nru ) vt (ql vrÍ) Fr (v) dv (7.ø, (4))
qr

+J
o

q

J
o

J

NN

ilq

J
o

N

X
j=1

rt (â -er )

lherefore, fron (1.6.(V)) we have:

ã
il
j (A -q" )j-r x a v" (q" -vrlr )vi-r dv

¡t

ta

aa
j=1

+

(].6. ( 5 ))

N

Ut (q.r ,fi )

N q.

r
o

I

ã
I
i
Q,

vr (qr -vrfi )vj*L dv (1.6.(6))ø,

j=1

Hence

T X J

N
il

a v"(qt'-vræ)v j-1 dv* ( ñ -q" )j-1 li

and

j=1

a
t
j t ( h -8r )

j-1

q¡

I
0

Ur (qr ,r¡ )

v' (q.r-vrlr)vj-r dv ]
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(7.6, (? ) )

|[hese can be rewri'bten i¡ matrix forn as:

I [P" ] ê"

and Ur = [pr ] Ar

where

.. (7.6.(g))

] = [trt,...r1]T, Àr = tui, uL,...,{JT, ê" = i4rirrruri]*,

[p"J = (ni¡), [P'] 5É Cpl"¡) and g' = (u );t-

pi¡ = tr-} t

¡ *-l- rPt-l = -I¡ L

uxp(-w/ (p+1 ) ) (i-1)r + {â*r[)i-l et,,
Q=QiJp

exp( -pn/ (p+1 ) ) (j-r)r + (1-ai¡j-r ,
pJ

(1 - exp (-pn/(p+r))) l
Q=

il
ai (N-i)aq for i = le...rN

lr
Q=Qi

I

i

Iiq.

U

l-1 t

I
p

L-l t Iai

(i-r)aq;

exp(-pn/(p+l ) )

ard âe = 2rl (tq-f ) .

Noter &s before use of Initial Value Theoren yieldsl

{

t
-1Í, ie''u i J = l-

l
p J Q=O

0 t i = Ztrrr¡N



L-l t 1 it .*pGvn/(p+r ) )l l = I r e:rp(-¡)
p

Hence, (3.6.(?)) can be

from:

[P" ]-1 1

and

and ¡rr I -1 ur

q=0

solved for coefficients A.l-

(3.6. (9 ) )

a

100

(7.6. (1o ) )

Iâi,

n
.4

A

))

a

Fron these, temperature prof iles can cìasily be obtained.

It Ís noticeal:le that equati-ons (3.6.(9) ) and (7,6.(10) )

a¡e fairly sinple and straiglrt forward to inoplenent on a

digital computer wiren compa.ned wíth other closed methods

revi"er,ved earlier.

3.7. R.eview of Zakianls inverse Laplace transforn method:

From sections 3,L, 1"4, 7.5 and 3.6 it is quite

evident that an acci"rate method for irrr¡ersion of traplace

transfornrs is requi-red. fhe following equations describe

the relaticnships between a furrction and its laplace and

fnverse Laplace Transforms 3 -

I,aplace transforrn:

æ

J r(r)
o

F(s ) t(f(r)) eoT aa (1.7. (1 ) )
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1 -. 1,:

ïnverse Traplace transfora (Brorwrich integral) :

c* joo

Jc-
F(s ) *t" dç .. (1.7.(2 ) )

1
f(r) t-l(F(s ) ) 2nj joo

where c ís such that 'ì'e(s) 7¿ c'

Jeffreson and chow lrrrrz] .report that a]-though there

exist a large nunber of different methods and approximation

f ornulae to (1.7.(2 ) ) ¡ tlre numerical appr oxímation of the V
1\

i-ntegration irl (1.7.(2 ) ) using Gaussianr s quadrature

coeff ícients as used loy Za,L<Lan 1277 seems quite si-ritalole'

T,akLan 12il nethod requi.res that displaced impulse or

delta function ô(t-1) be approxinated by a f inite suur

of exponentials either by least squares approxj-nnation or

by a Pade¡ approxination. For a deLta function¡ we have¡

æ

f(r) = ttt*").ô(ê r-) do '¡ (7'7'(¡))
0

Approximatirrgô(t-1)byairveightedsunofexpo]æntial
functionsr wQ can write¡

N

ô(r-1) g ô*(r-1) f K1 exp(-cir) ta (3.7. (4 ) )

i=l-

snbstituting (3.7.(4) ) into (3.7.(1)) and interchanging the

o¡der of sumnation and integration gives:



N øo

I f r(or) exp(-oie) de

ao2

(i.7.(¡))

r(r ) ^, r*(r ) KL
i=l 0

or
KN

f*(r ) I t-
úL

F( )

i=1 "ç

where as defined i-ïl (7.7.(1)), F(s) is the Laplace

transf orn of t(t ) ; 0 1 "c 1û '

Ëquation (J.?.(5)) is straightforv,¡ard and siurple to use'

besides coeffic j-ents Ki, di, once deternined for a

particularvalueofl{,al]eirrcependenüofthefunction
p(s) being irwerted. so for a given N, or;lce an optimal

set of Ki, sii i = Lr}r... rN aee founo 1 a Latge range

of functions ca* be inverted by using equa'bion (1.7'(5))'

Jeffreson aÐd chow []rr12] have cornpared a nunber of

sets of the coefficients di, Ki and concluded thåt'

f or a given N, the Gaussian coefficients in generaL give

good approximations in (3.7'(5))'

Zai/'Lan ancl Edivards lZA rTa) bave obtaíned s ets of "Pader "

coefficientsbyapproxinratingtherationalfr.actionl

T

N

Ø1¡( z ) l(ô*(r-1) ) T
Ki

. r (3,7. (6) )
z*s,i=1

to the Taylon seties expansion of the exponentíal functi'on

i

exp(-z ).
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Zakiag and Ga¡non 1291 earlj.er derived a se'i; of

elra$i-least-squa,res coeff icierrts (lii) for a chosen set

of (ai) which $/ere t¡sed by Jeffreson anC Chor¡¡ (JC) [12]

in a conparison r,¡ith Fadet coefficients. JC lfZ] report

that these quasi-1east-square coeffic ients l29l are

generally unsuit able f or (3.7. ( 5 ) ) arrd can produc e poor

approxi mations .

JC t12] havç produced a set of what they tern t't¡.ue"

least-squafes $rS) coefficients (a1rKi). fhese along lvith

Padel coeff icients YreJre tested to invert f ive test

functions for 1\ = L5 ín order to colnpare the two sets

of coefficients by thenr. They report trhat alttrough the

delta function cårl be more accu.rately aoproximated using

least-squafes approxÍmants thap Fade I approxinants,

thei¡ corxesponding coeff icients, v¡hen used in Zakianrs

J,aplace inversion fornula (1,7.(l)) do not necessarily

produce ao.re accura.te approxiruations to f (t). In fact,

f airly accurate results can be obtained using the Padel

coeff ici-entB as Integral Square Egors (fSg) defined by:

, e=t
ïsE = ã Àe [f*(e) - f(e) f .. (3.7.(?))

0=O

for N = t5 . is found to be in the range of tO-) to 10-24 by

JC I12J for the test furctions used. They also found

that T$1I using least-sQüares coeffícients was greater for

eacb function tested r¡¡hen compared vuith Padet coeffic j-ents.



r,o4

Hence Pader coefficients for N=15 as listed by JC [12]

wer:e used in conjunction with (7'7.(5)) in order to obtain

the i¡rverse of l,aplace trarrsforn functions occurriug in

sections3J*andl,4.T}:eycanbefou¡djJlsu.broutines
zAcoFsi.rrprog¡aniCI¡OZAK].istedj¡rtheappendices.

Zakianrs roe'bhod using Pader coefficients was

particularlychosenbecauseofitsaccuracy,reliability'
simplicity ¿rnd eass Í-n programnilg' The urethod is

conputationaÏ.Iyfast'a:Lthoughitrequlresatleast|-N/2)
(= i-nteg:r part of Ñ/2) evaluations of F(s) at every

value of t as rePorted bY JC [:Z]'

Drawbacks of Zakianrs method seem to be:

a)Itdoesnotp:ovicìeareadyestimateofthee.nrorof
an approxination of an rrnknovrn functj'on'

b) It requires a nunnber of evaluations of F(s) at each

value of 'c¡ so nay take up a lot of conputer time

especially i-f F(s) happers to be a conplicated

function.

c) The foro¡ula (7.?.(5)) cannot be used to conpute

at ^E = O. lhis is why one has to resort.to the

valuetheorenj.:rordertoevaluatef*(t=o).
d.) The need for a lonq cornputer word length restricts

impl-ementatlon on al-). machines '

r*(r )

init ial
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] . s Çþaptså-sl¿ssegx.¡

This chapter desc-ribes a neu method for solving the

counterfloriv regenerator problero. At f jrst reasons' for

developing tbris new method a¡e outlined and j.t is noted

'bhat altlrough this m.ethoC is based on lTahavandi and

li/einstein pethod [fZ], it avoj.os the use of quadrature

formulae (uSed' to, obtain. coaplicated forms of Bessel

f r.¡nctions ) and utilizes numerical inversion of Laplace

transform. 'vlfe a}so note that the proposed method considers

a general non-symmetrj-c, uïlbalanced Iegenerator aS compared

to i$I¡rl nethod tf-?] i,vhich only took the balanced, syurure-bric

regenerator into account.

The proposed analybical closeC method is developed in

section J.I and v¡e not e that ecluations (7.L. (e+ ) ) and

(7.L.(et)) can be utilLzeð to obtain solid temperatures Ín

terms of coefficients al and *i respectively'

Analysis jj1 thís s ection beyond eqr-ratio n (7.f . (Z f ) )

derives equations (3.L,(32)) and (7-L.(71)) which

dete.rrnine fluid temperatures in terms of coeff icients

ai and ui. tfe note that these equations are very easy

to program on a digital computer as they are sinple

sums or¡ce qoefficients a are known.

Insectionl.2,thernralefficierpyhasbeenderived
in terns of coeff icients a and other para"meters and
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once again ïue note that this ís very easy to progra$l'

sectLonJ'JderívessteadystatelÍmi.bir:gtemperature
profile, this is requi.:red as the liniting case of perioc

becoming z,era car':.not be handled through the laplace inversíon

method used. Thus a separate derivation for the liniting

case solid teraperatur e profiles in steady state determines

equation (3.1"Q1)).

]laving developecl the proposed nnethod fof g-scale it

vras noticed that f or large values of À (7+O¡ and ]-arge

values of 1\ (VZO¡, terms in t'le initial solld tenperature

prof i1e such as (qt' )I{-1 in å ui çnrr ¡N-l becorne very
i=1

Iarge r¡uhich may causê overflow in rov,¡s of [gt] ard [8"]

natrices j¡ sect Lan 1,L, thus re sulting in Íll-conditioning

and/Ot erfqr p.ronü rcsult s. Theref orer nor mali¿ed paraaeter

z2 ,e[orl] was used in 
å 

ar(z)t-' for ínitial solid

tenperature distribu'bíon-iã order to avoíd overflo¡r and lack

of precision. This ¡neant that the proposed method lvas to

be rederived using the -z-pararneter arrd thjs is what is

done in section 3.4, and solid tenperatures ar€ obtained

through equations (3.4. (19) ) and (7.4. (20) )' {lre thernal

efficiency is also derived once again (see equaüion

(1.4. (et ¡ ¡. It i-s oric e again noticed that f inal equatj.ons

obtained in these sectioi:s are very easy to program on a

di€it el computer.
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Section 5,5 ðevelops exit fluid tenperature equations

(1.5.(19)) to (3.5.Qo¡) usjr¡e the z-paraneter'

In sect Lon 7.6 the case of a symnetríc, balanc ed re-

gen"erator is considered and equat iors (7.6. (9 ) ) , (3,6. (10 ) )

for the coeff icÍents of proposed nnethod a5.e derived. Tt is

noted that these equations are extremely sinple v¡hen corapared

with N\T nethod tl"?] which v¡as developed only for a synnetric,

bala.nced case.

[his is foltowed by secti on 1.? whích is a review of

the inverse Laplace t-ransform method tæedr the .reasons why

this nethod i¡¡as used along with its advantages and

disadvantages are also presented.

a ra
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RüSIII,IS AT)üDcHAs[¡]R 4s Ðllsa.-@
COI,IFAiISONS

4.1. D.e-sc.ripþign of 9prnpr¿t e,F. P,t.oerqps :

Based on sections 7,L, 7.2s 5.4 and 7'5 cowuter prograas

have been written in FOIIRAI{ for t}re CDC 6000 Computer System

housed at the university of adelaide. A li-sting of these

prograns can be found in the apperdices'

Append jr( al lists the Foil[l'ìtu{ progran which obt'ains

eoeff icients ar and a" as exilressed in equations (1'L'(22))

and (3.!.(Zl)) respectivcly for a specific set of paranreters

N (number of terms in the finite series approxinnation of

fnitial solid tenperatule profile), nt ¡ 1t" (trot and cold

periods i¡r nornalized dinensionless tine units) and l[t, Í'

(frot and cold blow reduced dinrerisionless bed lepgths). The

coeff icients al arrd att are output. Note that eacb are N in

nunrber . Follo\ñiíng thisr oD demard, t+mperature profil-es

for solid are ob'cained through equations (7.I.(24)) afld

(7.L.(25)) for hot and colcl blow. This is followed by

calculation and printing of therna'l efficiency E as defined

Ín equation (3.2. (1) ), Íf recluír ed. The progran is flexible

enough to allov¡ a consecutíve nuinber of runs $ftth dífferent

parameters just by enteri-ng the new set each time as pronpted

by the prograa. a.Lternatively results can be obtained fron
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the progran for dífferent orders of polynoni-al approxiiuation

of initial solid temperature profiles (i'e'r for different

values of t[) whi]e keeping, the other paraneters unc]ranged'

[he progran uses Zahiants coefficients for Padet approxi-

mation to obtaj¡ inverse laplace transfo¡ns as requÍ-eed in

section 1.1 to determine matrices [ct], [c"] a"td vector g.

All the arithme''cic is í:r single precision and inversion of

matrices is done by using the control Data library nilATRXl

routine. This progran uscs (as do sections 7. L'atú 1'2) the

dinensionless distance paraneter q s [0']]'

lbe FORTRAI{ progr:am lj-sted in appendi: AZ eval-uates

coefficients at and a", but this tirne double pfecision

arithnetic is wed and distance paraneter z' . [Orf] scale

is utilized insl,ead of q scale which was used in append jx Al-

In this progran, aftcr initial set of paranetrrs¡ iV, a" âttt

ß I and 1r" have bcen entered, evaluation of al and a" is

undertaken anii these a-re obtained via equations (1.4'(1?)) arrd

(3.4. (IA ¡ ¡. fn these calculations the de-berniinarrts of the

matrices inverbed via Library MAIRI( routine a're Output'

Af ber calcul-ation of eacb set of coeff icients ar On a" the

valuesfor ar arÅ/ or at' are p.rinted on demard. After thÍ-st

if requi-red, vtihen nunrber of bed mesh points has been input

solid temperatufes a-re calculated and output on denard via

equations (3.4.(19)) and (t.4.(zo)). Then, if exÍt fluid

tenperature prof iles are requÍrecì they are obtained by
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subroutj-ne FIU[ji r¡r¡hich nakes use of equation-s (3'5'(16))t

(1.5. (r?) ), (7.5. (r9) ) and (t'5' (zo¡ ¡'';'rithin tlre subroutine

FI-,UT;1 there is provision to obtain variable tine íntegral of

cold blow exit fluid ternperatr.lre, Tf required, then this

valueisobtainedwithinFI,l}rl,byevaluatingafunction
nl[As[lAR which makes use of the derivatiors i¡¡hich fo110'n¡ in the

next section 4.2. As in the case of appendix A1' here also

flexibirity has been built into the progran so that a nunber

of confiecutive runs can be nade rvith changed paranreter(s)

without having to execute the progran separately each ti¡te'

AppendjxA}comprisesofth.cFo;lT'ìAt\Tpros"ramwhichforms

thesingleprecisioncounterpar"boftheprograi]linA2.Ill
factthisB.eogranvraswrittenbeforetheoneinA2.}Towevef¡
it r/vas felt that for greater accuracy double precision nust

be used and so changcs $¡ere mada in'bo À] to incorpora'he

this feature r¡¡hich resulted Ln L2' [he sequencê of cotlpu-

tations cescribed for L2 therefore holds good for the prog'Paa

in ApPendix !'7 as lrell'

4.2. D riva A!ItJ Ðv rr aïì.s a o for var

Ïnchapterlnthenecdfonvariab}etimeintegralofcold
blow exit fluid tenperature was streüsed'

fìtarting with ecluati-on (7.5.(fe¡ ¡, lre l-et¡

ii'fe derive this rlov*v.
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Hencer (4.2.(5)) inPliesl

lt = "î r" 
ê uî 

"-t 
("xp( - Å'r/ ( s+t ))/ '2Ì=r,,

+

I i a[ (i-r)t r,-1 t, Ë )i-1 exp( -Å'u/ (s+l))/'2]r,, +
N

N

(- )

L=2

t
L=2

í-1t (-) j

(i-r-i)i a)(
1

^

J.i ["" + (i-l)l
j=1

j
f J ("1' )tt*l (4.2. ( 6) )

)( l ta
t

work done bY NW [1 7] and. he rcPorts results

k=O
(1,,+1) I

lhis expression (4.2. (6) ) can be utiliz ed to obt ain tirce scale

transf orrnation for variable florv'
[zrl n". expandecl on

which compare
4.5.C ris off esults: Because \oll]-lmott

favourably rvith earlier authorst tt seems flt to compare

results wlth those obtalned by him' 
-1^In table 

-t:i, 
values tor tnernal efficiency obt ained

using q and z-scal-e prog.rans are displayecl along r¡¡ith the

values obtalned by Willnott 12il in tablc 4 of that paper'

¿ls noted j¡r sec.bion 2,7t Ï{illnot'b lzTrz>) uses a thernal-

ratio în¡C (clenoted as 'ìnUC in secti on 2'3)' lor ¡ = Àt'

îrr = fitt thernal eff iciency is conparable l'¡itb' \ïillnottrs

colcj side therural ratio.
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¡¡ff ici.ency !j as def ined tu (2,7,(4)) has been utiliscd

to derive (7.2.(e)) from vrhich values for b) i.€.r

efficiencies for g-scale síngle prccision have been calculated

in thc p.cogran. Éiim.ilarly efficiencies c) fo¡ z-scaLe double-

p.recision have becn obtained through the use of equation

(1.4. (at¡ ¡. llre values a) bave bcrrn obtaLned straight from

the table 4 of uiiillnott 1251,

In table 4-1 it shoulcl be noted that only the

and largest bed length useii by lÏillinott, namelyr I

are used in conparison. Although oi,her values Can

easily obtained and a numbet of tables producedn it

that tLre tabte 4-1 alone uil] sufficc.

snallest
a¡d I0

be

is hoped

tr'ron table 4-1 v¡e can ccrlclude thali; the proposed ¡rethod

(noth for q and z, scales) is quite compatible with the

results xeported bY itîillrnott.

For becl length l - I and peciod 'Ít = 1 ag.ceement

with Willraottts values iS very close, i.ç., upto 4 decinal

digits for |tð to Bth order of polynonial. Iüe notice that

b) values oscillate starting from 5th orcler and so vaLues

beyond 6th ordel \¡rere not obtained. Jllso c) vaLues shovr

a similar trend and become steady at ?th a¡¡d Bth orde¡.

ft is tlrus safc cnough to concluoe that for these pararaeters

4th to ?th order polynonnial can be used.
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For bed length | = I arrd period TE = 2 also veily

close agreenent ís found with T,/illmottts valu;. Here b)

values increase slightly as the order of 'bhe polynomial in-

c.rcases but ihere is a very slight dro1"r (in the 9th decj-mal

place) when the thernr¿r,} eff iciency f or the 6th order poly-

noß1"41 is compared r¡vith that of the 5th order polynomial.

So it is assuined that f or b ) values this is v¡here the sba,ble

value of thermal efficiency has occumed a.nd no furthe.e

b) values arÊ cal-culated f or thesc pacameters. i,tihereas,

for c) values a sirnilar t.rend is noticÊable and values renain

constant for polyrromial oracrs 6, 7t I and even 9. It Ís

thus ooncluded that for à = Ir Tt = 2 tL:e sr-ritable order

of polynonj.al Ij.i;s j¡r ihc ilangd 5 to B.

tinilar conclusi-ons can be drali¡n about the i;hernal

eff iclenci.es for â= I and 'rt = 1. Af i;hough it is c1ear that

b) values oscilLate aftcr 6th order and c) values aftcr

reinaining steady at $th ancl gthr start oscillating and

everrbually achieve 4 decinal placc accuracy at 14th order,

thc bghavior¡r of c) value s beyond $th c,rder does not

represent the gcneral trendo i;hi.s is dl¡., to ill-condÍtioning

setting in at l0th orcier of polynomial' [io, v¡e concludc

in general that for short becl lengtirs and pcriods of 11 2 and

J very close agreenerrt (at least upto J c)ecj-rnal places)

v¡ith ltriltnottrs values takes place for srüall ordef of poly-

as¡Lial aud an}' of 4, 5 or 6th oldor polynomial w111 be
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suitable for these short bed lengths.

Ilowever¡ for Larger bed length \ = 10 and period rÍ, = 1,

agreenent v¡ith tVíllnrottrs value to 4th decínal pla,ce occurs

when the ôrde.r of polynomial is 7 or 8. Bo'blr b) ærd c)

values show the same trend of reaching upto a stable value

and then degenerati-ng.

Irle note that f or becl tength N = 10 and period Tt = Q

sin¡ila¡ (upto 4th decinal place) agreenent requires orde.c

of polynourial to be Br 9, 10, 11, LZ or 1] but tÌ¡ernal

eff íciency fo¡ both b) anii c) oscilla-bes (:n tfre 6th

decinal place) after l0th order of Folynornial.

For bed tength A = Io and period Tt = Ir i':r onder to

obtain ve.ry close agreenent tvith \rVillmottrs value the order

of potynomial should be 1I or rnore but not greater than 13

as b) values decrease after 12th order. However, c)

values j:rcrease up'i;o 13th order and thcn coae down for 14th

arrd 15th order of polynomial. So, any of 11, LZ o.r J.}tn'^

order of polynonial is quite appropriate for these para-

meters. Hene€, it is concluded that for larger bed lengths

where Beitiods afe 1, 2 and 7, the or:der of polynornial should

be chosen from 81 9, 10, 11, L2 or L7, fn generalr higher

orders must be chosen for shorter period and smaller orclcrs

f or J.arger period.
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Conparing b) values against c) valucs, if one does not

consider the ]5th order polynonial (f or v¡hich unsatisfactory

result:s occur), then a f airly close agreernent at least upto

5th decimal place is found. On averager most of the values

agree at least upto 6th decinral place ancl a faj¡ fetv even

upto Bth decimal place.

This indicates that there is not nuoh difference in
precision of the tr¡¡o methods despite the fact that c) values

have been obtalned by using double precision calculations.

But, we noticr: that in gcncral c) values shsw a aore
Itsmooth and stalrleil trend than b) values which app€ar to

be ao.re oscilla'bory Ð.8. c 7¡ Br I and 10th orde¡ values

for fi = I in table 4-L. rhi;refore, th.e ilethocl fnvolv{¡g
the z-scalê double l).recision couLd be gíverr a preference ovex

th-i single precísion nethod although the r:isults naf not be

alrprecia'oly different. It is hov¿ever ínirortarrÈ to note that
the preference may heive to be exercised at'bhe cost of rr¡n tirne.

4.4 Comparison of profiles¡

Graphs I and iI inoicate thc belraviour of $o1id

Temperatures at the s'üart of hot and cold bLows respectively

along i;he whole l-ength of the bed. fhe liruiting steady

state prof ile is a J-inear graph rep.eesented by:

T(q)
t+g (3.7,Q1)) as derived in

$ectíon 3.3.
X'+ z

wbe¡e q e [0, ?f'].

aa
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rn Graph r the reduced length I i"s 40. [he cu.rves berow

the lirnitíng steady state profile represent the tenperatures

of solid matrjx along the r¡¡Ïrole bed length at the start of

hot blow for períods fir = ! to ær = 40, as irdicated.
Tbe curves above the limiting profile represent temlre-

ratures at the start of cold blow. As here a large

reduced length â = 40 vuas being used v¡ith periods va.ry-

ing from 'fi = 5 to r¡ = 40, a fairly "avcrage" value for
the order of tbe polynomial v,ias to be chosen, hence

initial solid temperature was chosen to be of lth order.

An off-line CA"Lt0lilp plotter jffas used to obtain all
the curves except the liniting profile r,'vhieh was drawn

manually via ectruation (i.5.(23)). The plotter rout ines

(not attached here) vuerc written so that ji-Y data, frora

the prograin could straightav,ray be taken aad plottcd.
Provision for drawing many cillrves on the sane ptot rvas

deliberately included so tha-b maíìy crlrves could be plotted

once the data had been taken up by the plotting routine

fron the driving program. and interactive terminal.
Graphs I and II a.re a draughtsmanrs true copy of the

original CALCOI\/IS plotlier output.

It is quitc evicient from Graph-I that for a f ixed

reduced J.ength the solid temperature prof iles approach

the straight line liniting profile as the period is
decreased from æ = 40 down to lt = 5.
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A similar behaviour is noticeable in Graph-ÏÏ where

the reduced tength å = 10 is snaller and hence only a

lrd order polynOmial was u,sed. Her.e also curves belor¡¿ the

linritinE proflle are those at start of hot blow and the
.l

on"es above represent temperatures at thc sta¡t of cold

blow for the paraneters indicated'

4.5 Ðiscus s on ill-conditi nins ar:.d other I imit ations ¡

The progran CLOZAIi (see appendices 41, A2 arrd Li)

uses CDC library rIUÌAT,ìXCt routines to invert matrices and

perform other matríx operations (see appendix M for full

details ).

I¡Ie strall discuss the irn¡ersion of rnatrices with

respect to q-Scale. Discussion with respect to z-scale

will follow on parallel arguments so the argurnents will

not be repeated for z'Êcale.

I{owr with respec-b to c¿-scale the matrices to be

inverted arei

[B', ] and [Br ] [ c" ] fsrr 1-1- [ ct ] see section ].1 for
def initiolLs o

As af = o, q; = e'7çrrr-r) and qi = (i-r)ti for

i = 1r4 r. . . ¡i{ a.re evaluated in the pxogram, it is impossible

to have two rolivs or two columns eclual i;ri [9"]. As r¡¡e
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considgr the case N > 2 only, it is expect ûd that in

general linear dependence betuÍeen llolvs o-r colunns will not

occrlIi as we are taking povüers of each eleu'rent of the second

column to obtain the rest of entries in a rovìi. Iloweverr

ill-conditioning may occur if elements of the seconrd column

of [g"] are sna]l because then the rest of the elenents

become smaller jn colunns , omt¡ards.

ljfe note (see output-I attached) for small À=f =7" *1

and period .Ít = Tt,r = fi'r = I, the detçrminants of [¡"] and

[B'] [C"] [arr 1-1 [C'] respectivel-y are of the order

lO:5 and 10-6 for a 6bh order polynomial, and 1O-B and 1O-9

for a ?th order polynomial, yet coefficients a¡e calculated

and the value for l,herinal eff iciency differs from !úi]lmottrs

12il value in the 4th deci-mal place.

For greater values of ã the values of these deter-

minants were found to ha.ve increasedr So much so that for

Â: â' = Þ." = 10 a.nd polynomial of 1tth order the deter-

rninants wer.e of the order 1O'B and LAt6 respectively¡

yet thermal efficiency was obtained and íts value differed

in i;he 4th decimal place fronn the value reported by vtiíllmott

LZSJ¡ s€e table 4-1. At the same tine it was observed that

for lrt = L5t determinants \¡rerc extremely large (fO5O and

lO47 ) anO although the proglam itself did not stop executitg,

the thermal efficiency obtained was unsatisfactoly.



UUI PUI .J.ff
cpt IJh{A+1 = ¡36178, t't¡AÛÉiR uSEi} 475rJ0ts

E$TER HOf AND lHEri C0¡Jt I-¡AisÍiÐA--2C. ?iÌ'

E}ITER HOT AND TH[¡\¡ COTJT, PËf(TOIr.-1. 1.

gt{lER N 5
DgTã r274668-û3
DETg ,17 *388-06
ËIAREG= ,9050390i5
åilÛTHgR RUNF TEå¡l 1

EI{TER !* 6
ÞET¡¡ -. X 13258-05
ÞETr¡ | 301548-09
EIARüGT .906859û11
AHOT$gR RUNB IESÊl 1

El{tER !'¡ S

Þtle t27 2648'1,2
Þgl¡r ¡ 235?50-16
EÍAREGF .9{r B 26{406
AN0IHER RUNÎ TES=I I

H${rËR àt 10
$Efs -r210248-21
DEfs .867028-26
EIAREG¡Ê ,908 654424
À$0rfiA8 RUN$ IES=I I

Et'lTgR f,¡ 12
Ð81= . t[92748-33
DfiTs .115718-37
ErÀtrEGF .908 Tt1527
AHOTHER RIJ¡¡3 YES=I 1

ElcîER f,¡ 14
DEf¡ -,339098-47
ÐEl¡¡ Ç496218-5?
ÊgåREGF .908964?55
ÀHüTHER frTINÊ YE5=1 1

ENTER N 15
ÞEE¡ -.313468-ã5
DETI¡ .l3S973E-60
ETAREGF .908635536
¡(NOÏäER RUIvF lE$sl 1

ENTER l1I 17
ÞEl¡¡ 

" 
¡25528-73

ÞETc '25933Ê-78ËIAREG€ü* **rt ** ** +*
À!{OÎHER HUN? YES=I 1

NHf gR ¡¿ 16
DËlc .66972E-64
ÞETc r641678-69
ETAREG*tt *** {r t * * * d'1.

ANOIIIER RUN! YEs=! 0

srop
,.4,432 CP SËCCINÞS EXECUTION Trr4E
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ïi.ence it is collcluded that as verî/ large order poly- ï

nonnial (beyono N = 14) will be used, íL]--condi-tionlng is

expected to creep iJL'

The above mentioned fact about ill-conditioning is also

borne out by the z-scale progfanr wtrerer âs expectedt the

detcrninants beconne exceedingly snaller as tbe order of

polYnonial is i.:acreased.

rleferrirrgtooutput.Il(resu].tofprogxa'¡wriùten
for z-scale ¡ust for testin8 the convergence of thermal

efficiency), we notice that for â'= â"- ZO and

rr = lru = I the s[A¡ì¡iG (i.e. r thernal eff iciency) converges

snoothly upto l\ = 14 (having started f¡en l{ = ,')' Butr

as}i=LSj.susedil}-conditloningtakesoverandbeyond
this for I\ = 16 arrd $ = L7 ]l¡TA,ìrùG values become so

small tSat ihey are not output ( asterislcs are printed )'

lïe also note'bhat ile'cerninants to the order of t0-?1 and

fO-?8 are used in the inversíon of ma'i;ricesr let the

progranrdoesnotstopbyitselfandfurthercalculations
(if required) are camiad out'

As the inversion of tal = [Bt] [ct' ] ¡3"3-r [ct]

is mai:rly dependent upoll [g"]-t, judgíng fron the

def in*ions of tBt], [C"] and [C'] (in chapter 1), it

is r saf er to say that if [e"] can loe inverted so can [A] '

Íhis is åt"o noticeable from the proxímity of the absolute

value of the deternj¡rants of these natríces (see Output-II)'

r']
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So, víe conclude that although iIl-conditioning is a

pa¡ticularly disadvatrtageous and liniting but unavoidabLe

aspect of these pxograas, the prograns thenselves are

fairly "flexíb1e" anc; can be stretched to linits such as

10-75 and LO75 in calculati-on of deterni-nants for inversion

of matrices.

lïe now turn to other limitations of these prograns

(see appendices Alr L2, A] for }istings etc.).

fhe progitans have been v'¡ritten to acconmodate an N

value of upto 20, if a higher orde¡ elementary distributi.on

is required¡ the dimension statements will have to be changed.

Tt is worth a nention here that on CYB,trû 6000 with dinension

statements of 5Or the core space vüas used up and the program.

would not work.

As the library routine IVIATR])( (see ai]pendix i\,li) is being

used to invert and'bo do other operationsr if a matrix is

singular; the deterninaiet j.s set to zero and no fu¡ther

calculation is done. One should obtain ttD¡¡[ 
= 0" (or v¡ords

to this effect) in the outputr ând further execution will

cause an 02 mode a-cithmetic eruor on the FOIìIRAIVcompilen.

As noted earlier, N value entered should be greater

than I otherurise division by uero is llkely to bo aütcnptod

and this r¡ould causo an O2 modc ,[osBonse to be ouüput.
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Nunber of hot ancl colo bed üesh ¡:oinbs should be a'i;

Ieast 2t othervllse d j-vision by zero weulð be attenpteð'

As such ther.e is no restriction on the nu-'ober of int er-

vals of hot and colcl bed lengtbt

nu¡t'u-er of iltervals, greater the

(cential ¡/rocsssor) 'i;ime linit coul.d be exceeded lf very

fine intervals aJe ussd.

4. 6S n conc rc fi k

In this chap-ber at f irst a ilescription of the courputer

prog.rans p-resen'i;ed in appendices A1' LZ an'd È1 is given'

[this is f ollorred by clerivat j-oi¡. of time scal<; trans-

f orniation f or vali¿rble f10w v¡hich a110v¡s constant nass

flov¿ solutions to be transf orored to variabte !Ûass flqw'

l{ben comparing results r"iit}r those obtained by i'tri]Inott

t25] it \'\'as found th¿rt for shor'c bcd lengths ( 2 = 1) vsry

close agreement (to 4 cleciinal Crgit s ) uas obt a j-ned betr'¡een

trillnottls I'ihermal ratios" and the proposcd closed f orul

nethod v¡ith only 7 t,o 5 te.rns in the polynonial expa'nslon

for reduced period verlues of }t 2 and 3'

llowever¡ a longcr bed lengtir ?' = 1O rec*ui.r ed a

greater nunber of tctms (up'co N'= 15) for the sane degree

of gonvelgence. This ::esult is generally es predicted by

Willnott and Thonas ¡ae1.

but obviouslY g,reater the

execution tírae, Íjo CP
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A comparison of solid t,araperature profiles with those

predicted by tiniting "zelo period'r moiiel by Jeffreson [S]

$ras nacle. the solid profiles are f,ound to be converging to

the Limiting profile. Íhis coraparison explaj-as ar¡d s¡rpports

sone of the tesults repolted by TlSJInott and [honas [eA]'

whicb $rere found in agreenent in the pxeceding paragraph.

ån analysis of ill-eonditionj-n€; j-s tben reported along-

with tbe ltn¡itations of the Broposed nethod. It Ís found

'that ill-aonditioaing expstienced by TüiJtnott through

Itltjfe¡s sethod does not occu.r with the proposed nethod

fo¡ the saae paraneters. However, it is reported ùhat

ill-colrditíonirl8 is iikely to take ove.r if the o-eder of

polynoaial N bscones 15 or aore.

ïn conparing Willnottrs open trapezoirial method t25l

with the pfoposed method, it !ïas found thai; for the saae

paraureters the proposed nethod ís relative3-y noxe

efficient €.g' a typÍ-cal run for a 6th order polynonial

of CI.,OZA?i used L.642 CP seconds conpilation and ,906 CP

Seconds execution timr¡ for l= 2Or ¡¡ :r 5t whereas the

trapezoidal plogram (rnuch sinpler to write) for the same

paraneters colverged after JJ cycLes and took .797 CP

seconds conpilation and 4.6Q2 CP secgnds execution tine.

It is obvious {;hat fo¡ such norraa} pa-rameters there is a

rgoodr (to tire ord',jr of 3 CP seconds) savir:g of i{UlY tine.

It is expected tha't for largel parametels tire open
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[¡apezoiilal nethod will reguire nore cycles üo conve.rge anð

so will need aore executfon tlnoer wbereas the lnorease

in CL¡OZAIII s execution wí}I be oonparatively snaLlsr.

So, i¡r conclusion we state that the proposed nethodt

being relatively superior than the existing rnetbods, wlll
be useful in caLculation of temperature profiles, tbern¡al-

efficiency and othe¡ results connected with a thernal

xegene.rato¡.

It is Cecoümended that the z-scale dc'uble precision

progran be utiliaed although single precision g-scale

progran is not very far in precision.
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APPsi\Dïf it¡i

ABOUÎ CDC LB'ùAdT d0UtIi\¡li t{All¿jiD t À{AftìIXl

Bhe mai.n external routi-nes r¡sed in progran tlOãAK

are used for f indíng ínverses and uultiplicati.oa of

ruatrices. îü'e will not discuss the nultíplication routine

as it is quite stra.eghtforward and self explanatory Ín [tf].
Here we descrilre the subroutine used for ínversron as

explained on page L} of [lfi. [he ca]líng seguence is as

follows ¡

CAtrL 1VIAT.ì,Ð( (t0rulrorkop, arkarb )

r¡¡trere 1O calls the inversion subroutine.

Itr is nunber of .rows of A (tfre natrix to be inverted ).
n is numbel of colunns of A¡ n >l IlI.

kop <ietermjnes hour thc search for pivot ís nnadç.

If koB = g, the entire matri-:r is segrched eacb tåtæ.

If kop = I, the fi¡st ror/r is searched l[he fi¡str the

gecond the second tj.me, and so orl.

If, kop a 2t ¡ìo search. lhe diagonal eleuents¡ ftrom

uppe.r left to lovver rigttt are used in tu¡n

as pivot elcnents.

a is lúlatri,x A,

fhe first n cc¡lumns contain the matrix of co-

efficients. If n) rrr tirc remaining n-n colunns



12B

contaín the right-hand sides of the fi-|tr s€ts

of linear equations to be solved.

(lrTote¡ f or j.:rversion onlyr wê need have

r1 = m).

ka is column siz<¡ of A¡ k" Þ n (as rese¡ved iJI

the dimension statehent for A).

b is deternjnant (obi;ainable on output).

llhe subroutine rfses Gauss-Jordan eliminatíon nethod enploying

the pivoting option as requested by value of kop. For the

progra,B CLOUA¡{ kop is chosen to be zero because tlris j-s

enyíSåged to be the slost efficient vray of reducing a

natruc. If at 8oy tine the pivo't is such that a division

by uero is f-ikely to occur andr/or de'bermi-nant is zerol

exit fron subroutine is rnade vuith b = O'
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Thisappendjxhasbeenbasicallywrittentoincorpo-
rate the FORT|ìAN pro8-ran CLOZAK attacheÕ herewith' I¡or a

description of conrpr-rter p.rogran seetíon 4.1 of the last

chapter slrould be eonsulted. äere I'/ve oui:line the purpose

of this program. [iris pro8raln obtains coeff icients al

and a" as given in equations (,.1. içZ¡) and (1.L.(21))

using síngle ;orecision arithuretic ¿rnd q-scale where

q e [0, â ]. [he pararneters j;o be input to the progran

a.re¡ N, Ttt r fi", Âl ¡ À". The coefficients at and a" afe

output. Then if required rtemperature prof iles for sotid

are obtained and prin-bed f or ho'i: and cotd blow. [lhis is

folloi¡¡ed by calculation and printing of -Lhermal efficiency

i! CIn deinand. fhe p.cograa is written j':r such a Ïvay as to

allow a consecutive nurnber of runs wíth different

parameters in the same execution.

A typical output is also attached in this aBpendÍx

wb.ere the f o11ov'ring sequence of events take placei

rnihen the progran J-s TRIINT at fjrst the question

t IS THI$ YOU/. Sn;CQND rtUN? jrNTdR Y$S Orì N0 I is

prompted (alorig with comBilation time and other systen

details). An answe.E to this rïas given as NO (tfre last

characters on fífth ti.ne of output), Then as a reply

to til¡NT¡lR YAI¡UI¡ OF N --t 5 is errtercd thereby defining
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i\T = 5, Then the values lt = L9.7254 and 
^" 

= I7.r557

alOngvuith 7rr = î[" = 8,5 a::e entered as required. rlilis

is followed by printing of i;he Deterr¡inant values of

natrj-ces i;o be j;nverted, here vre no'l,e that dets are fairly

Iar:ge(neing of the o.rder of fO9)yet 'bhe progranc cJoes not

report any i1l-conC j,'b ioning. Then the c o ef f ic ients al and

a" are printed. iilote tl:at these are N = 5 i11 n,r,o¡er.

hlhen the question v¡hether solid prof iles a-re required is

ansv,¡ered in aff j¡mative, the nunrber of bed mesh points

i.e., nuabe-r of points on the q-scale a¡e rcquircd to be

input. f,his value is given h*re as 7L, on v¡hich solid

temperature prof iles arc output fol h.o'b and cold blow.

Tben tbe thernal efficiency is output as it v/as askcd for

and here it is noted that for the paran'retcrsit is a

f airly eff icient thermal .regenerator. After this progr.an

sonìes to a STO? as no inore runs r¡rith different para,neters

o.r oj-ff c.t:ent order v'/erê required.

It shoulcl be ¡ro'bccl here that outpul,s obtained from

CuC 6000 Coutputer Systen havc besn pf ini;ed using D*C-1O90

systen housed at Ïrlclj-an Institute of Science, Bangaloret

fndia, viith thej¡ kind permissÍon.

aa
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PLEASE NOTE:

The computer printout pages A1-1 to A4-4
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An unsuccessful attempt was made to obtain
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J\ssÍstant Registrar iñ September L982'
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[he X'ORîIìAN progran CIOZAK attached to this appendix

evaluates eoefficienbs al and 4", but this time using

% paraneter in double p.rücision where n e [Orf] j¡rstead

of the e-scale. lhís program besides ob'baining the results

output by the progran in Al aLso works out the followingl

Fluid exj-t temperature profiles for hot and cold

blows and variable time integral of cold exit fluid

tenperaturerwhich aro printed on denand. Hetre also

p¡.ovisions exist foI' consecutive runs with changed para-

nreters in the same exe.cution.

A typical output is also attached here with sequence of

events as fo]Iows¡

'.{fbe¡ the run command, value of N entered is 5t this
j-s followed by input of â' = L9.7354, Vtt = L7,3553r

rf = firr = 8.5. [hen the f irst result output is T7, which
lå.represents 
ã 

Kt/oi whích should be .equal to 1 fo¡
the given Zakíanrs coeff icients obtainable from ZACOI'S;

it should be noted ti:a,b here IZ = l,0exactly. Values

of dets of the inverted matríces are outpllte this ti¡ne

they are f,ound to be r¡ruoh smaLler (to ti're order of 10-')
instead of 109 as was the case for e-seal-e. Coefficients

of hot and cold blow are thcn output but onfy on demand.



L32

As temperature profiles for solicl Tirere lequiredt the

nunrber of bed nesh points vfeI,e to be inpu'b¡ this is given'

asTl*,uponvuhichsolic]tenperatureprofilesforhotarrd
cold blow are-obtained. It is noticeable that normalísed

distance varies from o to I this 'binre as opposed to

O to ât vuhich was the case with q-scale. Follor¡qing this

on demand exit fluicl tempera'bures arle output for hot and

cold situations respectively. Then, as regui¡edt valiable

time irrtegraL of cold exit fluid tenperatr'¡re js obtained

ar¡d printed. Thernal eff iciency is also printed on denand'

Here also f aqility f or coxtseclrtive -rl'rns witlrin tbe sanûe

execution are provicled. It shoutd be no"bed here that as

i\r 'ras 
ninadvertentlyrr entered to 'oe L9.7354 instead of

Lg.T2S4theresultsalthoughcomparab}ewi.bhvalues

obtained in A1 are not exac-b1y the safiie and there is a

stight diff erence which is an indication torvards g@'i#¿

of the system (i.e', to say that s}ight disturbances in

inputon}yproducesljghtchangesi:eoutput).Itisalso
noticeable that because of double p¡.ecision arithm'eti'c the

total execution time is L4.268 0P seconds'

aaa
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Attaohed to thjs appendix is a Fotl,T,lAlT p'rogÏaß again

nanned c,Trauffi v¡hich is the single precision form of the

program in 42. Hele z, e [0rr] scale is used but

arithrnetic is all single precision, A typical output is

also at'bached. [he seqllence of events is exactly the same

here as tha't in appendÍx A2, hoi;vever nz Value is not

calculated hele. So thc parame'i;ers input here afe exactly

the saüe as in A2 lout )t = L9.7254 ins-bead of L9.7354,

the results obtained are cluite conpatible lvith those

obtained in A1 (agreemer:t in ge.ne.ral at least up to sixth

decinal place). Obviously here normalised distance

z e [0,1] is utilised in printing solicl ,cemperature

prof ile vrhich is cerbaínly a more I¡ ,3PIlêsentative presentat-

ion than the çase in A1 v¡here the normalised distance

q e [0, âr] f ep.resents the distance values for both hot

arrd cold blows especialty wh¿n cold blov¡ 
^" 

/ ¡t' The

xesults obtained rn a.j ere only slightly different from

those in L2 maínly because of slight diffefence in â'

value between tire -bv,¡o cases as noted earlie.r. Ifowever

'here executíon tinrc ís only 3,705 CP seconds which makes

the prog.cam in 'bhis å.ppendlä A1 much faster than that

in A2 (as there the value is 14.268 tP seCor¿ds for

r virtuallyr the s ä,me paranret ers ), lhis c an onl"y be

explaíned jn tec¡ts of additional tirne talceu in double



L3q

presisj.on arithmetic and calls nade to su.broutine AIìÏTH

in Appendix AZ j¡n order to achleve doubte precision conplex

result s.

We conclude tha'b if fast runs are required the prog¡am

ín this appendix is adequate enough but if mo.re procision

ís the aimTprogram in Á.ppendix A2 should be used¿

aró
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APPIrì}TD]X ¡,4

A finite st age mcthod for re en e¡r at or nroblem:

BasedonafinitestagemodeldevclopedbyJcffresorr

ti] in 19?5r brere rve dcvelop a finit'; s'i;ag'e nethod f or the

thermal .ru$eûelator problen' [iris r'¡as the f irst attempt

bytheauthorto.,.lardstacklingtheregcneratorproblen'
Hotlevcr,lateronanuchbetternctlrod,nanelythatof
Ï,aplace inversi:on V¡as developsd vlhicb Ìras been describcd

in ChaPì;er 7.

\{estartoffwi.i.hfollowinScquar,iorrsr.¡hichare

equallyap¡llicablcforhotorcoldblollsitua.bions.As
obtained by Jeffreson Ii], for zelo f]uici capaci'banc:;t vrc

bave ¡

at
àz

àr c(t T)

o ll

a¡

(A4. (1 ) )

(A4.(2 ) )

èy

rvhere t is fluid terope rature, T is solid .i;cnperatutc 
'

â is numbe¡ of transf ur uni'ts, ?, is the distan.ce para-

mete¡ along bed length, y !s the time (in seconds)t

and c = ^/Vn 
v¡here VH is ¡atio of thcrmal c¿lpacitarrcc

of solid (i.e. ¡ clrequerv¡or'k nratrÍx) to 'birai; of fluid
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inregeneratoratanytine.lYovucrnployingbackward
difference fornula on ôþ/ô z and disc¡etLzLn& (v'rith mesh

spacing = VN), (*4'(1)) and (44'(2)) become¡

(A4.3))N t +
N +â j*1 N +â

s(t j j ) ; i = L1"'¡NT

It j

Ic]

# j at

aa

aa

òy

(44.ç))canbedj¡octlylvrittenintonratrj:cformasi

ðr

! = tcl ! + I ro

where

(a4. (4 ) )

(¿4.(5))

k2

kzkt

or4
k2

kekl k2 o

aa

aa

a

a

oroT-t kzkt kz
a

t.rrt

ta

Ikr,4,o? -t
l" for hot blov¡

0 for cold blow

also l-kf = kz

I to(v )
t
tlD

N

xN

7æ,k1
+

k2
m +å

and k, = L-kZ a



Now subst it ut i¡s (L4.(l)) into (44. (a ) ) :

¿[ I
J a(krtj_t * kz[j n¡ )

L17

(A4. (6) )

Þy

e(ke r)rj * drtj-r

which beconres in matrix forn:

dT
o([C] - irl) ! + s Ð ro

[a] s, + å ro

dy

where tAl

trl
and Ð,

ar

= o(tc] [r] ) i

being the N x N ídentitY matrixl

øD.

$o the problem reduces to solving (44.(6)) for the solid

temperature distribution !. From this, the fluid

temperature profile can be obtained via (44.(¡))'

As noted eariier, to(v)
o for cold blo.r¡¡

I for hot blow{
,

henoe to solve for g fn the two blows respectively (using

rfor bot and " for cold blow) we havel

d llr

dy [A,] g' + å' ro ra (A4. (r) )
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d q'l

[A" ] g"

'ì(u)ouj

(A4. (B ) )

(a4. (9 ) )

(a4. (10 ) )

aady

Plpes and Hovanessian Iii] give the solution of¡

d¿
[A] x. + t(y)

dy

[¿]v v

f
o

-[A]u
ag s(v ) e

where % x

lx+'-O e

(o ) t

Hence solution of (44.(7)) is

3'(v)
[¿']v

g' [ 4" ] (y-nt ) l"(y - mr)

[*']vSrrbstitutirrg IVt (y)]

[g'(o) .l T
o

-¡tr I u
e B I clu]

as [n=1

where y e (Orrut ), 'nt being period of a hot blow.

aa

ta

where y e (rcl, Rl{-ru"), 'ft" belng period of a cold blou¡.

At cyclic equilibriumo lt(y=O) !t'(y=tt t {'ru" ).

[¿"]yand [ç"(y)] = e

ît'

I
o

Ip'(n')]and def,infurg l,'(nr) Iq'(-u)Jåt du t



we have for (44.(9)) and (44.(1o))¡

tr(¡t ) [Vt {n' ¡1 g' (o ) + !.' (nr )

!" (ntt + r¡t ) f"(y = rüt )

I rn] !' (n' )

L39

(a4. (11 ) )

(A4. (rz ¡ ¡

(A4. (17) )

,r (æ,, ) ]It

aa

at

Using the revt¡rssl conditions.¡ we note¡

I r*] !,r (æ' ) and !,(o) = [re] 9,,(n,, + nr)3" (æ' )

where

I I¿J=

Tt (r¡r )

g" (ntt + ær )

o

L

I
TJ

a

O

i. €. , thv reverse diagonal
iCentity,

So we have for (44.(fr¡¡, (44.(ra))¡

!' (r' ) [Vt(æt¡] [In] g"(n" *rlr) +l,(nt)

Ig" (nt' ¡ I

aa

aa (A4. (14 ) )

substituting (44.(f+¡) into (44.(1')) and separatiJlg

Tl(fit ) ouü we obtain¡

t trl [v'{n'¡¡ [rs] [9" (n" )] trrrl J-I 1t(ru')

I

aa (A4. (15 ) )
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ånd then resubstituting (44.(15)) j.:eto (44:(f+¡) v're get

3"(n" + ¡t)
¿

Iq" (rr" )] t t rl -[q' (n' )l I r¿] [ 9" (rr" ¡] [ rsl J .

Lr(rit) ., (44.(ro))

V(tt + å ), ä/(tr + ¡ )

Jeffreson If] has terrned tq] matrj-ces as ttransitionl

natrioes and in order to obtain these nat'rices he obtains

elenents Pj-, i * 11...1N as follov¡s¡

kt kz

x I
A,lso deffure kI ^kl' k2 å_

s *â,k2 t P l.',..,.¡..+

1,k VH

P2 (s + âr)
kl

Pj (s+

Ð
,L j

k=1

j-2

t rl1i-e

J 3r.. . ,N

;t P2[i + ,

Uslng Bj-nomial fheorea li,e havel

j-r j-2
[r+ x (j-1¿i*

kr ( i-2-k) !

ff"

,
K̂2

'-q
k l) t

)2

J 3r... rN

(i-2)t kÍ-1 k+l )

Xt kt(i-2-t )l (s + )

ki-r t
---¡5--..É-(s + âr)z

+
k=L

i = 7¡... ¡I\[

l;
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Hence

I oi-t t, o-tt c

2)lI
--Ã-s*ktï,

J

îhe use of formula

tt( )r l
-':(*s +kt

+

j - 5r...lN

(P )

once t*]
from¿

* (i-2)
)* r -,Ë# oi-'â!t+r) r,-1 ,.å)k*2) l 9

j tII

is available 'Jeffreson Ii] obtains

N

SrY
v

(j 1)l3

ismadetocalcula{,etheírn¡erseJ.,aplacet¡ansform.

!.(v ) símPlY

I(Y) [1 X- e1i(r),1
N

Tl[
I (y)'
2L

a.a t

i=1 l=1

X e*i(v ) 1n

i=L

where 9ij are elerrents of trar¡gition roatrix tq] '

Then Ur (rut ) and g"(n" * nr ) can be obtained from'

(44.(r5i) åno (44.(16)) respectivery'

1-
t .¡. , *
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AttachedwiththisappendjxisaFÛIiT'ìANprogrannamed

FfSiZi{f'C which has the fo}}owing nain stepsl

1. calculatc [g r (nt )l and sto¡e in [cp]] (using PFIII!{AI )

2. calculate [g"(rr'l-r" )] u.nd store jrl [vz1 (using PHIMAT)

3. Ca1culate iI]-itpl][cpz] and store Ín [ç] (using I\{'ATMUI.,)

4. Calculate iql-l arrd storc j:r tVzi (using IINV2F)

5 Calculate Iqz].DüT-,tA(nr ) and store ín I (usíng MATVEC)
a

[his gives T,' (rtr ) .

6. To calculate !." (n" ) replac e fit by

j.:rr steP 2.

ît,
il above excePt

5.n

l[ote ¡ As IITjSIJ subrout ine LIi,iV2F is used f or iVlatrix

i.nversion, the A¡T!]BB , ÇY'=Ja library module is required to

be attached beforc execution of the progilan'

A sample output of the prog-ran is also attachedt

v¡hereameshspacíng N-10, i\l = À"=1O'røl=d"

and fil = ¡" = 3.i rlave been o,"d.

Itisnotedthaj,matrj:<inversioniscarriedout

successfulty as the jirros Parame'be'r = O' and nurnber of

digi-bs after improvennent remain r.i:rchanged at 6' although

here the transi'bion matrices have been suppressed for

printj-:rgotheycor:-ldhavebeenpríntedjustbyanswering
I Yr if requir ed.
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Although the values obtai.ned for tenperature profí}es

for sotfd and fluio a.re certair¡ly v¡ithj¡r the proper. f ange

Of expecteö values, this rrethod has bcen considered to be

inadequate because of the follov¡ing main reasons s

I. il,eversal conditions 1r€.Ce ngt prope¡.ly incorporated.

2, Calculation of Tt(V) is based nore on physical situation

than matheinatical derivati-on as it is "difficultt' to

obtain thu i:rtegreul "5 [ç(-o)]gdu.
o

3. BaOkwarO dj-fference fornula has been used to discretise

the system of equations originally considered' No

conparisonsv¡ith other difference fornulae vuere done and

no particulerr .rgason given why backïvard difference was

used. A thorough analysis vüas required involving

various difference formulae and the best scheae should

have been adopted.

4. ùfith the above three c;isadvantages it is quite nati.lral

that truncation er.ror fo: the profiles even l-f obtaÍned

will not be represenbative of its true value. Ït is

inOicated by the results obtained that the truncation

er^rol itself would be large, I{ence the results are not

truly representative anC therefore subiect to suspicion.

It is conc]J¡ded that although in the present forn

thl*s finj$e stage me-bhod is not very ":leliablet' but with
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further planned nodj-fications it can be developed Ínto a

useful- sinpte sche¡ne v¡hich v,rorks. overall¡ the exercíse

in ítsetf was \Árortl¡¡vhile.

Referenc es ¡

tr] Jeffreson, c.P.; "A f init* stage approach to a problent

ln regenerator theory a progress xeportrr ' Departnent

ofÇhenical;:.hgineering,AdelaideUniversfty,Marc}r
(19?5 ) '

tiil Sipesr L'4. and ¡íovanessian, S'a'; t'Matrix-Computer

Afiethode ln fingtneoring", [Chapter 4]; lliley (L969)'
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