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ABSTRACT

Geotechnical systems often examine interactions that occur between continuum bodies
and granular soils. The systems and interactions can be accurately simulated by using
multiscale coupling approaches. The model for the continuum bodies is often
constructed into a mesh. The meshing however is time consuming for a huge spatial
extent system and if distorted is subject to adjustments. A mesh-free approach can be
used to eliminate these drawbacks. In this study, a mesh-free approach for simulating
continuum-—granular systems is presented. This approach combines element-free
Galerkin (EFG) and discrete element (DE) methods to approximate the interactions.
The capabilities of the coupled EFG-DE method are validated through its solving two
example problems: the cantilever beam—disc system and Cundall’s Nine Disc Test. The
proposed approach appears to be an efficient and promising tool to model multiscale,
multibody contacting problems.

Keywords: meshless, element-free Galerkin, discrete element, coupling, multiscale
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1. INTRODUCTION

Multiscale modeling offers solutions, usually better than the solo scale (i.e., macro- or
microscale) modeling, for geotechnical systems where a huge spatial continuum body
presents in an assembly of granular soils [1, 2]. In these systems, multiscale modeling
enables material response examinations at different scales of resolution, i.e. the
macroscale approximation for the continuum bodies and microscale insight into the
granular media [3]. To combine the multiscale examinations, coupling methods are
applied. A usual coupling method is to develop the finite—discrete element models
(FDEM) [4-9]. For the finite element analyses, meshing, re-meshing, or mesh distortion
sometimes adds to the computational expenses or comprises the simulation accuracy
[10-13]. Similar meshing problems occur to other mesh-based numerical methods, such
as the finite difference [14, 15]. As suggested by Liu and Gu [16], meshless methods
offer choices of solution for these meshing problems.

Meshless methods were developed in the 1970s with the intention of reducing
engineers’ dependence on meshes. Meshless methods emcompass a wide range of
varieties, such as the natural element method [17], the scaled boundary method [18],
and the element-free Galerkin (EFG) method [19]. Not until the 1990s, the EFG method
was developed by Belytschko et al. [19] as a tool to predict fracture and crack growth.
In this context, the crack propagation problem is modelled as an extending line. As the
crack develops, the nodal points adjacent to the crack paths will lose their domain

influence to the neighbouring nodes as they are separated. The EFG method defines a



49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

grid of nodes which are distributed over the problem domain (i.e, the continuum body),
thus enabling a meshless representation of the body. Based on the nodes distribution, a
shape function (for interpolations) is constructed. Where interpolations (for the inter-
nodes) are needed, the EFG method uses the moving least square (MLS) approximation
to establish algebraic expressions for the shape function. Overall the EFG method
adopts an open, global form [16], that enables its uses in a range of engineering
modeling problems [20-26].

The EFG method has been combined with other numerical tools in earlier
studies. Most often, such as [27-29], the EFG method is combined with the finite
element method in order to optimize domain meshing, improve computation efficiency
and increase results accuracy. For example, Ullah et al. [30] used the finite element
method to mesh the continuum domain at the outset and converted part of the domain
into EFG nodes where necessary. In some other studies, such as [31-33], the EFG
method can also be combined with the boundary method in order to improve the
solution efficiency and to take the full advantages of the individual methods. These
coupled approaches have proven successful in outperforming corresponding solo
methods, however, are generally applicable to problems of continuum domain. The
approaches are restricted, if not prohibited, from granular systems such as geomaterials,
where the particulate nature is of interest and should be replicated.

In this study, the EFG method was coupled with the discrete element (DE)

method to examine interactions that occur between continuum and graular bodies. The
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EFG and DE modeling was applied to the two bodies respectively. The granular body
comprised an assembly of discrete particles. The continuum-—granular interfacial
contacts were detected in terms of algorithms and used to transfer stresses and
deformations between the bodies. The coupling method was validated through it
solving two interesting example problems. To implement the method to the examples,
the coupling was programmed and executed using the MATLAB software package. The
single-platform programming avoids multiple-platform communications which

multiscale modeling often use and prompts the computation efficiency.

2. GOVERNING EQUATIONS

In this section, the formulations that are established for the EFG and DE domains in a
two-dimensional (2D) space are presented. The information obtained from the two
domains is communicated at the domains interface, thus updating the resultant contact
forces at each time step. The details of the algorithms developed for the transfer of
forces are discussed. The responses at each of the nodes and particles in respective

domains are examined.

2.1. Continuum domain
The continuum domain and its boundaries are represented by a grid of nodes. Although
the method of nodes development and the choice of the domain shape are arbitrary, a

grid of nodes in square, as shown in Figure 1, is usually used for simplification. The
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shape functions can be formed in a local support domain within the problem domain.
The problem domain and the local support domain are represented by Q and Q
respectively. Based on a Gauss quadrature rule [34], Gauss points are distributed in the
background cell as illustrated so that the locations of the influenced nodes in the local

domain are identified.

Geometric nodes

Gauss points

Figure 1. Schematic of the EFG domain presented by nodes and Gauss points.

The MLS approximation, as suggested in [16], is used to construct the shape
functions. The MLS approximation applies to the local support domain Q. As a set of
equations are to be solved at the point of interest, an ill-conditioned system, where the
solutions exist but difficult to find, may occur [22, 26]. To address this issue, an
orthogonal basis function together with the MLS application is used to approximate the
nodal displacement. Define the nodal displacement trial function, u"(x), as the

approximation of the actual displacement, u(x), at the point of interest. The trial
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function is written as:
u"(x)=3"0;(x,X)a;(X)=q" (x, X)a(X) 1)
j=1
where ;(x,X) are the orthogonal basis functions corresponding to the monomial
basis function p(x), a;(X) are the coefficients, and m is the number of elements in the

monomial basis function. To simplify the coupling framework with the DEM, a linear

basis function in the 2D domain is created as:
p (x)=[Lxy] (2)

By using the Schmidt method [35], the orthogonal basis function is obtained as:
k-1
q (X, X) = p,(X) - Zakj(Y)qJ'(Xax) (3)
J

where, k=1 to 3, and the coefficient a,(X) is expressed as:

3w () Py (%) (%, )
Ol (X)=- -
XI:Wu (X)a,* (%, ,X)

(4)

where the index n refers to the nodes number in domain Q;, and w, (X) is the weight
function and usually determined based on the exponential weight function or the conical

weight function [19]. In this study, the cubic spine weight function [16] is adopted:

2/3—4r? + 4r® r<0.5
wW(x—x,)=w(r)=14/3—4r+4r> —(4/3)r* 05<r<1 (5)
0 r>1

where r = di / dmi, di = [X—X,|, dmi = dmax X €1, dmax is the scaling factor, and ¢i can be
defined as characteristic length of the integration zone that contains the point x;. In a

2D space, the weight function is expressed as



W(X —X )= W(I’X )W(ry ) = W, W, (6)
119  where ry and ry are calculated respectively as

X=X, _ X=X,

rx B dmx drmxcxl (7)
r :|y—y||:|X—X|| (8)
’ dmy dmathxI

120  where dmx and dmy are sizes of the support domain Q, and cx and cy are coefficients
121  calculated at node I by searching for nodes to satisfy the base function in both directions.
122 In the Hilbert space span g, for the selected point x and weight function w, the
123 orthogonal function g;(X,X) should satisfy the expression as follows:

> (x4, %), 05, %) =0 ©)
124 wherem=3,k#j,andk, j =1,..., m. In terms of the MLS approximation, the difference

125  between the trial displacement u"(x) and actual displacement u(x) should be

126  minimized. Define the least square function as:

J =Y w0 %) (x,%,) - u(x,)F
(10)

n

=2 w(x- x)[a" (%, X)a (X) - u(x,)I*,

127 Minimizing J, the coefficients a;(X) are obtained as:

3w, (%)q, (%, X)L,
a;(x) = =L , J=1tom (12)
> w (965 x,.%)

128  Applying the MLS approximation, we have:

(0 =Y 4 (X, (12)
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Therefore the shape function ¢ (x) is defined as:

@ () =W, (x) \ nqj (%, X)d; (X, , X)

. = = 13
TS W (000,206, X) =
|
The partial derivative of the shape function is expressed as:
m i XaX i X 1X m Al_ A2
¢I,k(x)=Wl,k(X) - r?J( )qu( I ) +WI (X)z n 2 5 (14)
b 2w, (X)d;7 (%, X) T 2w, (X)a;" (%, X)]
| |

where the subscript ‘k’ denotes partial derivative to x or y, and parameters Al and A2
are expressed respectively as
Al= IiW. 000" (% ) (% X)a; (%, %)+ (%, ) (%, )] (15)
A2 =, (6,00 (% LW, (00 (%) + 25w (00, (%, 00 (%, 9] (16)

Note thatw, (x), d;(X,X) and g;(x,,X) are derivable with respect to x.

2.2. Dynamic equation
According to Liu and Gu [16], the dynamic equation for node I in the local domain is

expressed as:

[W, (o ; +b; — pti; —ci,)dQ = 0

Q

(17)
where W, is the weight function. In a discretized system, the dynamic equation for
node | is written as:

M, l(t) + C,u(t) + K,u(t) = F, (t) (18)
where M, K are the local mass and stiffness matrix respectively for node I, Ci is the
corresponding damping matrix, Fi is the force acting on node | at time t, and u,(t),

u, (t) , U, (t) are nodal displacement, velocity and acceleration at time t.

9
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On the traction boundary T, the boundary conditions are written as:
c-n=t (19)
where o is the stress tensor, n is the unit normal to the domain Q, and t are the
prescribed tractions. On the displacement boundary T, , the boundary conditions
become
u=u (20)
where U are the prescribed displacements. In order to satisfy the boundary conditions,
as suggested in Liu and Gu [16], the penalty method (i.e., optimization algorithms) is
adopted for simplicity and also maintain the symetrical matrix. By introducing the

penalty coefficient a [26], the Galerkin form [16] for a dynamic problem is written as:

[6uTptida+ 5 uTcud+ 6 €7adQ- [5 uTbdQ- [suTEdr+ [& uTa(u-
Q Q Q

Q I L

(21)
T)r=0

a, 0

where ¢ is the test function, and a:[ } The penalty factors ai are usually

a,
assigned a constant, large, positive number, and this study adopts i=10° x E. Using Eq.
(21), the discretized function for a dynamic problem can be developed. The detailed
process was discussed in Zhang et al. [26], and is expressed as:
MU+CU+(K+K*)U=F+F* (22)

In Eq. (22), U, U and U are global vectors for displacement, velocity and
acceleration of all of the nodes, respectively; M and K are respectively the mass matrix
and stiffness matrix in the problem domain, C is the damping matrix, F is the global

external force vector, K¢ is the global penalty matrix, and the additional force vector F¢
10
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is derived from the boundary conditions. And, these parameters are expanded as:

M,, = I(I)Iqu)JdQ (23)

Q
C” = J‘(I)TC(I)JdQ (24)

Q
K, = j B/DB,dQ (25)

Q
Ke = i BlaB,dQ (26)

_ T TF,

F_icp,bdQJrrjq),tdr 27)
Fa = _[(DlTaUdF (28)

T

u

where c is the damping coefficient, and the other coefficients are defined as follow:

4 0}
D= (29)
{0 é
$. 0
B=0 D » (30)
¢I,1 ¢I,2
and, for plan stress problems,
Vv 0
E
D= S|V 1 0 (31)
1-v
0 0 (1-v)/2
for plan strain problems,
1-v v 0
E

1-v 0 (32)

P !
EN=21  qeavy2

2.3. Granular domain

In the granular domain, the interaction between the particles, or the particles and wall,

11
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is determined based on Newton’s second law of motion and the force—displacement law.
The two laws govern the motion of the entities of interest and update the contact force
based on the displacement. Similar to the dynamic problem described in Eq. (18), in
the granular domain, as per Cundall and Strack [36], the particle motion is expressed
as:

Mp,i G; (1) +C U, (t) = R () (33)

1i6;(t) +¢"0,(t) =M, (©) (34)
where mp,i is the mass of disc i, I; is the moment of inertia of disc i, u,(t) and éi(t)
are respectively the translational and angular velocities for disc i, ¢ and ¢” are global
damping coefficients for translational and rotational velocities, respectively, and F (t)
and M, (t) are resultant force and moment at contact, respectively.

The DE model uses a set of mechanical elements (e.g., a spring and dashpot) to
calculate the contact force occurred between two entities (or particles) of interest. One
of the widely used models is the linear contact, as presented in Figure 2. A finite overlap
is allowed between the rigid particles to simulate the particle’s deformation. The
dashpot element is used to reflect viscous behavior at contact. The contact force is
determined in terms of the deformation of these mechanical elements, or the relative

displacement between the particles. In the model, the normal and shear forces between

S

the entitiesiandj, F and F;,

respectively, are calculated as:
I:ijn = I(nAn + pknAn (35)
Fy =kAs+ K As (36)

12
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where kn and ks are contact normal and shear stiffness respectively, An and As are
relative displacements measured at the normal and shear directions, and $ is a damping
coefficient. To model the stick—slip contact occurred between entities, a Coulomb—
friction criterion is employed as follows:

(F)mx <Fjtang, +c (37)
where (F;) is the maximum value of the shear force, ¢, is the smaller of the
interparticle friction angles for entities i and j, and c is the smaller of entities’ cohesion.
The moment acting on entity i is the result of all the shear forces applied at its contacts
and is expressed as:

M, = Zn: Fijsri (38)

where rj is the radius of entity i.

Entity / Shear stiffness

Q,

Entity j

Viscous dashpot
VVVVVY J Friction limit

Viscous dashpot

N

Figure 2. Schematic of the linear contact model used in DEM.
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2.4. Continuum—granular interface

The continuum—granular domain interface is examined to communicate the force—
displacement relationship between the two domains. The domains interface is modeled
as the disc—wall (or segment) contact, which is commonly used in the FDEM analyses
(e.g. Nakashima and Oida [37]). Specifically, the interface becomes disc—segment
contacts. At each contact, paired disc—segment contact forces are transmitted to the disc
centroid and the nodes of each element at the interface. A bonding strength can be
specified to transmit a tensile strength or a moment. The forces travel to the rest parts
of corresponding domains.

A similar concept is used in the EFG-DE domain interface as follows: a) detect
the valid contacts between discs (of granular domain) and segments (of continuum
domain), including contact forces and their positions; and b) compute the external force
matrix arising from the contacts. The computer flow chart is represented in Figure 3. It
is noted that the EFG-DE method processes the interface force in a way different from
that for the FDEM method. The granular contact force cannot be transmitted directly to
the node forces at the interface, as the shape function obtained does not have Kronecker

delta function property [16]. A new approach is developed to transmit the forces.

14
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| Search boundary co-ordinates |

v v
| Search disc at boundary | |  Searchnodes at boundary |
v v
| For Boundary disc O —>|  Determine the closest node |
v
Determine contact wall
segment

v

Determine projection point and
compute velocities

v

Calculate contact force

Figure 3. The computer flow chart used to determine the interface force.

2.4.1. Contact detection

Contacts occur in two forms: the disc—disc contacts in the granular domain and the
disc—segment on the domains interface. The former type of contact can be detected in
commercially accessible software packages, e.g. the PFC, or an open source code such
as Escript [38] or Yade. These packages however are not established to readily detect
the disc—segment contacts, or otherwise have to use a bridging scheme [39] to
communicate contact detections across the domains. There are algorithms [11, 12, 40]
developed to detect finite—discrete element interfacial contacts. These algorithms,
however, are not applicable to the EFG-DE interface and a separate approach is
required. To these ends, we developed contact detection algorithms in terms of Muth et
al. [41] and programmed the algorithms on the MATLAB platform.

To detect the EFG-DE interfacial contacts, the first step is to gather location

15
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information for the nodes and discs adjacent to the interface. Figure 4 illustrates disc O
and nodes i to i+N which contact and sit on the interface. To detect the disc—segment
contact, the following subroutines are executed: a) Calculate di o, the distance between
centroid O and node i, where i=i,...,i+N; b) Determine the minimum distance (di,o)min
and the corresponding node number j; c) Calculate distances dj-1,0 and dj+1,0; d)
Determine the interface segment. The segment is section (j—1, j) if dj-1,0 > dj+1,0, Or
section (j, j+1) if dj-1,0 < dj+1,0. If dj-1,0 = dj+1,0, the segment is dependent on the distance
between the centroid and the segments of interest which is discussed in the next
paragraph; e) Calculate dn o, the distance between centroid O and point H. Line OH is
drawn normal to the segment determined in Step d); and f) Calculate the velocity at
point H based on the shape function of this segment, and the velocity of nodes j and j—

1 based on the EFG method.

i i+1 o000 j—l j j+l o000 i+N
Figure 4. An illustration of disc position and boundary line segments.
The next step is to determine the contact geometric primitives. In the FDEM

coupling work, Zang et al. [11] categorized the contact geometric primitives into

particle—facet, particle—edge and particle—vertices problems. These contacts are not

16
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suitable to the EFG-DE coupling. Instead, two types of disc-segment contacts are
discussed, as shown in Figure 5(a) and (b) respectively. Figure 5(a) shows the particle—
segment contact where no nodes sit within the interface segment. Figure 5(b) shows the
particle—point contact where disc O contacts node j. At the particle—point contact, the
segment (j—1, j+1) deforms into two sub-segments, (j—1, j) and (j, j+1). In this case, the
contact force will be doubled. To eliminate this error, distance dn,o is replaced by djo

in Step f) in the contact detection subroutine.

A\

(a)
Figure 5. Schematic of disc—segment contact: (a) particle-segment contact, and (b)

particle—point contact.

Based on the finite difference method, the discrete equation used to calculate the
increment of disc—segment force is written as:
AR =K, (Vo =V, )AL+ SK, (Vo =V, )AL (39)
AR =K (Vo =V )AL+ K, (Vo —Vy )AL (40)
where vo and vy are the average velocities of centroid O and point H on the segment

during time step At. The velocity of v4 is expressed as:

17
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!
Vy =V (v, V) (41)

ii+1
or, if dj-1,0 = dj+1,0, is simplified into

Vy =V, (42)
where v;i and vi+1 are the velocity of nodes i and i+1 respectively, lin is the distance

between nodes i and H, and lii+1 is the distance between nodes i and i+1.

2.4.2. Determination of contact force

In finite element modeling, contact forces are usually acted as a point load on the
boundary nodes [42]. This point-load approach cannot be directly applied to the
boundary nodes in the EFG domain, which otherwise invalidates the use of MLS
approximation [19]. Alternatively, each load is regarded as a distributed traction, and
multiple tractions are superposed. According to Zuohui [43], if a point load F acts at

position (Xo, Yo) on interface 7t as shown in Figure 6, the following equation is obtained:

[@tdr = [®] F3(x—x)dr =@ F,

Iy I

(43)
where ¢ is the Dirac delta function. Assuming a total of N point loads act on the

boundary, the superposed traction is expressed as:

B N N
t(x) =2t =2 Fo(x-x,) (44)
i=1 i=1
EQ. (43) then becomes as
N
Jolur=> o'F (45)
I, i=1

Substituting Eq. (45) to Eq. (27) leads to:

18
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F=[®bde+ i [®TFa(x—x)dr = [@bde + i(l),TFi (46)
Q i i=1

i=1 T, Q

Figure 6. The interaction between a disc and an EFG domain.

In Eq. (46), the external force F acting on domain Q contains two components:
the body force such as the gravity, and the point load. The latter part of the equation
refers to the following physical meaning: when a point load Fi acts at point (xo, yo) on a
continuum boundary, this load is distributed to the surrounding points in the local
supporting domain €, based on shape function ¢ (x) which is determined by Eq. (13).

The supporting domain area may be affected by the chosen domain scaling factor dmax.

3. TIME INTEGRATION

In the EFG-DE simulation, the force—displacement relationship is discretized into finite
time steps. To enable a converge of the simulation, the value of the time steps is properly
determined to ensure the algorithms are stable in both DE and EFG domains. This

section describes the method developed to determine the time step and to present the

19



290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

corresponding governing equations in the two domains.

3.1. Time step

Atime step is determined either explicitly or implicitly. Belytschko et al. [44] discussed
the differences between the explicit and implicit methods and suggested that the choice
of method should be determined in terms of the governing equations, smoothness of
data, and material response to examine. In the discrete element analysis, the central
difference method is often used [36]. This method guarantees numerical stability so that
each time step does not exceed the critical time step in the explicit time scheme. Also
when the particle number increases, the implicit time schemes may require solving
multiple matrices at each time step, which significantly increases the processing time
[45]. Due to the above reasons, one common method in the coupled model is to
determine the time step using explicit—explicit schemes [12, 40], which is expressed as:

At < min (At, At, ) (47)

where At; and At are the minimum time steps in the continuum and granular domains,
respectively. To optimize the time step determination, Elmekati and EI Shamy [46]
suggested to use the predictor—corrector method, a two-staged iterative process. This
method arises from the fact that Atz is usually much less than At:. Therefore the time

step in the main routine is expressed as Ati:

m
At = At, = nAt, =n, /?” (48)

where n is an integer, mp is the particle mass, and K is the contact spring stiffness.
20
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In this present study, an explicit—implicit time integration scheme was adopted.
In the continuum domain, the iterations are stable due to the advantages of the implicit
method, if relatively a small- to medium time step increment is used [26]. Therefore,
time steps only need to be determined in the DE domain. Also, the calculation is
consistent in the combined model because the results of the DE simulation can be
transmitted to the EFG domain at each time step. In this context, important information
such as the contact detection on the interface should be attained, so that the conditions

at each node and particle can be examined explicitly while executing major iterations.

3.2. Partial difference solution

Difference method is used to discretize the time domain to solve governing equations.
The governing equations relating to accelerations, velocities and displacements arising
from the force acting on the two domains are updated at each time step. It is noteworthy
that the governing equations for the two domains are solved in different processes. The
differences are illustrated in Figure 7. In the EFG domain, the governing equations are
solved based on a matrix, which arises from the nature of continuum body. In the DE
domain, stiffness matrix dimensions may vary in different steps as some particles may
not in contact as shown in Figure 7 (b). Therefore, the contact conditions need to be
determined at the end of each step. It is computationally expensive to compute a
stiffness matrix at each loop. Where appropriate the responses of individual particles

are examined, which avoids excessive iterations of the stiffness matrix. In the EFG
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344

domain, the nodes are numbered sequentially and the displacement, velocity and

acceleration are obtained in matrices (i.e. U, U and U respectively). In the DE

domain, the displacement, velocity and acceleration are calculated for disc i, i.e., u;,

u, and u, respectively.

Particle

(@) (b)

Figure 7. Schematic illustrating EFG-DE domains: (a) EFG domain with difference

nodes, and (b) DE domain with particles at contact.

Table 1 presents the sets of governing equations used in the EFG and DE
domains respectively. These equations demonstrate the motions occurred in a time step
increment from t to t+At. The two sets of equations are tabularised to compare the
difference in conception when computing nodes (or discs) motion. Specifically, in the
continuum domain, an external force matrix is a major target; in the granular domain,

internal disc—disc contact forces are computed to provide the force—displacement
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350

relationship. Regarding the equation solving processes, the continuum domain uses the
Taylor expansion to obtain the recurrence relationship at the end of the time increment.
The granular domain uses the central difference method and determines the velocity at
At . . . . .
t+? which is known as the average speed during a time step increment. Extra rolling
behavior at disc i, such as rolling angle ¢,, rolling velocity éi , and rolling acceleration

6., was added in the DE analysis.
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Table 1 Governing equations to depict the motion of elements in EFG and DE domains.

351
EFG domain DE domain
; o (ui)t+At = (ui )t + (ui)t+At/2 x At (50)
Displacement UHM _ Ft+At +M ((;1[:2 :—O;ZZUI +(13Ut) (49)
' (9| )t+At = (9: )t + (Hu )t+At/2 x At (51)
_ _ - - U)eacs2 = (Ui _peso + (U;), x At (53)
Velocity U, =U, +(1-B)AtU, +B,AtU,, (52) _ . )
()eearrz = (@) _psa +(6), x At (54)
N
) o (6), = QR /m, DAt (56)
Acceleration U, =0, —U)-a,U, —aU, (55) =
.. N
(ei)t = (ZMU / Ii)At (57)
j=1
(Fij)t+At = (Fij)t +K(U; ) a2 AU+ BK(U;) a2 AL (58)
Force External forces determined in terms of Egs. (27-28)
(Mij)t+At = (Mij)t +ks{(ui)HAt/ZS}riAt (59)
352
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where in Eq (49), the parameters are respectively expressed as:

K=K+K®* (60)
2

1 ﬂzAtz (61)
2

2 = B,AL (62)

Q= ﬂ% -1 (63)

where, two constants 4, =1.5 and 3,=1.6 are used as the Newmark parameters as per

[26].

4. EXAMPLE PROBLEMS

Two example problems were examined and solved using the developed EFG-DE
method, aiming to validate this coupling method. The first example problem is to assess
a cantilever beam which is subjected to a disc acting at the end of the beam. The second
example problem is developed based on the Nine Disc Test [36]. The test reproduces a
bi-axial test on an assembly of nice discs. Contact force evolution and stress distribution
between the discs are estimated. The two example problems consider multi-body
interactions, but involve less number of nodes or discs than required in other large-scale
problems. This means the computational costs are affordable, and these special settings
satisfy the aim of developing and validating the EFG-DE method. The deformation, on
both continuum and granular bodies, however, is executed in a large scale so that the

advantages of the mesh free method can be demonstrated and confirmed.
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4.1. Example 1

This section presents a study on the dynamic interaction that occurs between a disc and
a cantilever beam. The EFG-DE method is applied to the example problem, and the
numerical results are compared with the analytical solutions developed for the same

example problem.

4.1.1. Problem description

In this example problem, the cantilever beam is fixed to a rigid surface, and the disc sits
on the other end, as shown in Figure 8. The beam measures 1 (L) x 0.2 (H) x 0.025 (D)
m. The material density of the beam is p» = 2,000 kg/m3. The radius of the disc is r =
0.05 m, and its density is pq = 1,000 kg/m3. It was assumed that the material of the beam
exhibits linear elastic behavior with Young’s modulus E = 2.1x10® Pa and Poisson’s
ratio v=0.3, and that the disc material is simulated with the linear contact model with
stiffnesses of kn = ks = 10° N/m. The system is assumed un-damped (i.e., damping

coefficient is zero).
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Figure 8. Schematic of the disc falling down against the end of the cantilever beam.

In the simulation, the beam is discretized into a node arrangement of 20x4. The
node grid is refined by a 4x4 Gauss quadrature scheme. At time t = 0, the beam is at
rest, and its upper—right boundary is in contact with the disc edge (no overlap or
deformation). The disc centroid sits at a small distance A = 10~ mm inward from the
beam end, to ensure that the centroid falls inside the boundary of the beam. When t
increases, the disc goes down under the gravity and penetrates the boundary of the beam.
Meanwhile, the beam displaces, in particular at its end, forming a convex profile,

prompting the disc to fall out.

4.1.2. Termination condition

The termination condition was determined in terms of the trajectory of the disc centroid.
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399  The centroid tends to move outward when the beam is bent downward. Where the
400 projection of the centroid falls out of the boundary of the beam, the interaction between
401  the disc and beam becomes unstable and the simulation terminates. To determine the
402  fall-off moment, the vertical displacements of the beam end and the disc centroid are
403  captured and plotted with time as shown in Figure 9. Where the two displacement
404  values disagree, the corresponding time is when the fall-off occurs. It is shown that the
405  corresponding time point ist =0.1431 s. It is noted that excellent agreement is obtained
406  between the two displacement curves before this fall-off time point is reached, thus

407  demonstrating the stability of the simulation.
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408

409 Figure 9. Displacement profile for the end of the beam and the centroid of the disc.

410

411  4.1.3. Model validation
412  The numerical results are compared with the analytical solutions developed for the

413  same example problem. The problem was solved in a plane stress condition—a point
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load P acting at the upper right corner of the beam. According to Euler—Bernoulli beam

theory, the axial stress, o,,, and the deflection of the beam, wy, are respectively

expressed as:

o, = P(LI—;X)Y (64)
wx) = X8 (65)

m

where (X, y) is the coordinate of the cross section of interest, and I is the moment of
inertia of the beam.

The axial stress profiles at two cross sections l at Ly =0.3mand Il at Lo = 0.5
m as shown in Figure 8 are obtained. For the simulation results, the axial stress at the
same cross sections is captured. But, due to the beam acting without damping, the
results where the beam is in its minimal acceleration t = T/4, are used. The results are
presented in Figure 10. The axial stress is plot as a function of the vertical depth y for
both the simulation and analytical results. At either of the cross sections, excellent
agreement between the simulation and analytical results is obtained. Similarily
sastisfactory agreement is obtained for the deflection profile of the beam, as presented
in Figure 11. The results agreement verifies the capability of the EFG-DE model in
simulating the dynamic response of the beam. Furthermore, the orthogonal basis
function was used in the iterations, and this function avoids the occurrence of any ill-
conditioned problems. The similar advantage in simulation stability is obtained due to

the uses of the explicit-implicit algorithm for the time step and the penalty method for

29



432  the boundary conditions.

400 _
30 [ © Numerical O/o
000 L~~~ Analytical O/,of’:o_,o
L LT o
< 100 r /8_’,0'@
o L 8%~
X e
\-:q O " %ﬁoe \
S 100 L o--2%" Cross section ||
- e Lo
200 {o--°7 o-”
300 or-® Cross section |
400 b
-0.1 -0.05 0 0.05 0.1
433 y(m)
434 Figure 10. Axial stress profile plot at two cross sections of the cateliber beam.
0.0
-1.0
2.0 Analytical
. 30
S
£ -40
= 50 t o
60 L Numerica
-71.0 r
'8.0 1 1 1 1 1 1 1 1 1 J
0O 01 02 03 04 05 06 07 08 09 1
435 X (m)
436 Figure 11. Deflection profile of the cantilever beam.

437
438  4.1.4. Variation of contact force with time
439  When the beam is subjected to a dynamic vibration, the contact forces acting on the

440  boundary change over time. The results of the contact forces are provided in Figure 12.
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In the figure, four critical time steps are identified: t = 0.001, 0.05, 0.1, and 0.143 s,
which correspond to points (a), (b), (c), and (d) respectively. It is shown that the contact
force gradually increases with time at the early stage of the test. At t = 0.05 s where the
contact force equals the gravity force, the acceleration becomes zero, and then negative
when the contact force exceeds the gravity. In the meantime, the disc velocity gradually
decreases, but the contact force grows at a similar gradient. The contact force attains
the peak value when t = 0.1 s, and at this moment, the disc attains the maximum
displacement and penetration into the beam. After the peak point, the penetration
releases gradually and the contact force goes down. At t = 0.143 s the contact force is

less than the gravity, and the disc falls off the end of the beam.
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Figure 12. Development of disc—segment contact force over time.

4.2. Example 2
Example 2 was adapted from the Nine Disc Test [36]. In the original test, two pairs of
plates were used to compress an assemblage of 9 discs. The plates were assumed ideally

rigid. In example 2, the plates were allowed to deform to avoid the rigid body
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assumption. The Nine Disc Test is employed because of the following reasons: a) this
test is designed to record the single contact force occurred between the discs and walls
(or segments), enabling force gauging; b) the test can capture the effects of the plate
deformation on the contact force; and, c) the test uses a small number of discs and

facilitates contact detection and simulation in a short time period.

4.2.1. Problem description

An assembly of nine discs is sandwiched by two pairs of plates, as shown in Figure 13.
The setup remains the same as in Cundall and Strack [36], except the left-hand side
plate which is replaced with a deformable strip plate. This strip plate dimensions are 50
(L1) x 300 (H) x 1 (D) units, which enables a plane-stress scenario. As per Cundall and
Strack [36], no physical unit but a number is provided to the properties of the setup or
elements. Specifically, the radii are 50 units, the density is 1000 units, and the normal
and shear stiffness are kn = ks = 1.35x10° units for the linear contact model used for the
discs. In the DE domain, the object wall is not assigned physical properties such as
Young’s modulus, Poisson’s ratio or density. However, in the EFG domain (i.e., the strip
plate), the material properties are specified in order to constitute a motion. These
properties include Young’s Modulus of 2.1x10% units, Poisson’s ratio of 0.3, the
density of 2000 units. The plates were assumed to be undamped (c=0 in Egs. (24)), and
fixed at the top and bottom boundaries. To cross check the capacity of the proposed

coupling method, we also simulated this example by using an FE-DE coupling method.
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The EFG domain was replaced with the FE domain with a mesh coinciding with the
background grid of EFG domain. The setting for DE domain remains the same as

provided in Figure 13.

EFG domain: DE domain l

L1 L2

Figure 13. The nine disc test performed with deformable boundaries.

4.2.2. Model validation

In the simulation, the assembly of the nine discs is subjected to the bi-axial compression
provided by the two pairs of plates. Two tests were performed. In Test 1, the plates
travel at a velocity of 0.12 units and stop after 40 cycles. In Test 2, the velocity reduces
to 0.04 units, but the plates continue to move until the 120" cycle. As per Cundall and
Strack [36], both simulations continue to the 150™ cycle and use a time step At =
0.01525 units and damping coefficient of 0.1. The continuum domain (i.e., the left-hand

side plate) uses the cubic spine function [16] and a 3x11 nodal arrangement. In this
33



493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

arrangement, the assembly of discs falls into the choices of the disc—segment and disc—
point contacts, depending on the disc locations as discussed in Figure 5.

The normal contact force at point C (i.e., the contact of discs 4 and 5) is
examined. The results of the contact force are presented in Figure 14. The results
include the simulations provided by the EFG-DE method, DEM, and Cundall and
Strack [36]. In the DEM simulation, the plates were modeled as rigid walls and the test
was reproduced using PFC programming. Excellent agreement is attained on both tests.
In Test 1 however discrepancies occur in the early- to middle stage (i.e., before the 80™
cycle). This means that the discs contact force is sensitive to the loading rate and the
plate modulus. Specifically, when the rate is as low as in Test 2, the discrepancies fade
off at the 20" cycle and are relatively small compared to the results arising from the
rigid plate based simulations (i.e. the DEM and Cundall and Strack [36]). Where the
rate is tripled as in Test 1, the discrepancies increase in amplitude and extension,
meaning a stronger dynamic response. It is plausible to suggest that stronger dynamic
responses of contact force occur where the loading rate is further increased or the plate
modulus is decreased. Although the discrepancies exist, the trendline agreement on the
two tests verifies the capability of the coupling method in approximating the dynamic

response occurred between the continuum and granular domains.
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Figure 14. Normal force at contact C in standard unit versus simulation cycle

determined by different simulation methods.

FE-DE simulations provide some new outcomes. It appears that Newmark [
method was only conditionally stable in the FE domain, probably due to the relatively
large mesh sizes used. The allowable maximum time step At was coupling method
dependent. For example, given the modulus, the time step for a stable simulation is At
= 0.01525 for EFG-DE coupling and is reduced to At = 0.00001525 for FE-DE
coupling. It appears that EFG—DE program was stable under a lager time step. Even so,
the FE method offers advantage in simulation efficiency in simulating small
displacement problems, partially due to it updating interfacial contact forces be means
of movable loads [47]. This offers simplicity as opposed to the interaction adopted in
the EFG-DE coupling. On large-scale displacement problems, FE simulation cost can

escalate due to re-meshing requirements as per Liu and Gu (2005).
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4.2.3. Influence of Young'’s modulus

To gain an insight into the effects of plate deformation on the discs contact force,
additional EFG-DE simulations were performed on scenarios where Young’s modulus
for the left-hand side plate was varied. Where the modulus is small, a large contact
overlap tends to occur, and the results likely become unstable which is called contact
buckling [37]. In this circumstance, as pointed out by Kanto and Yagawa [48],
numerical oscillation may occur at contact because of the discontinuous velocity and
acceleration when enforcing geometric compatibility. To prevent a severe contact
overlap, Young’s modulus was trialed and assigned E = 2.1x10%, 2.1x10%3, 2.1x10%?,
and 1x10%° units respectively for the plate. Similarly, Tests 1 and 2 that were used in
the nine disc test were performed to examine the effects of the simulation cycles on the
results. The results of the normal force at contact C obtained in the two tests under the
varying plate modulus conditions are presented in Figure 15. In either test, the plate
modulus noticeably influences the development of the contact force. The higher the
modulus is, the greater the contact force will be. This relationship is more pronounced
in stage two of the tests, i.e., the period when the plates stop mvoing and compressing
the assembly of discs. Where the plate stiffness is relatively high, i.e., E > 2.1x10%
units, the result curves coincide and approach equilibrium at the end of simulations.
This trendline agrees with the results obtained in the DEM simulation (Figure 14). This

means that the plate modulus of E > 2.1x10% units is high enough to satisfy the rigid
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547  assumption made in the DEM simulation. Where the plate is less stiff, the contact force
548 attenuates over time. This is probably caused by the discs penetrate the plate when the

549  plate deforms, decreasing the overlap at contact C.
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551 Figure 15. The relationship between the contact force in standard unit and the cycles

552  for test scenarios that assign the plates with varying Young’s moduli in standard unit.

553

554 To gain a further insight into the response of a less stiff plate (i.e., E = 1.0x10*?
555  units), the deformation occurred to the boundary nodes of the plate as shown in Figure
556 16 is examined. An enlarged view of the nodes displacement captured at the 40" cycle
557 is shown in Figure 17. Due to the use of the deformable plate, the actual displacement

558  at the plate boundary is not uniform. The central nodes displace significantly greater
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559  than those occurred on the upper and bottom plates. The location dependency agrees
560  with the observations occurred in the tri-axial tests [42, 49] where the central section of

561 the samples dilated and thus presented greater deformation.
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563 Figure 16. Boundary nodes location on the plate—discs interface examined for the

564 plate deformation.
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Figure 17. Displacement in standard unit of the boundary nodes on the plate—discs

interface recorded at the 40" cycle.

5. CONCLUSIONS
This paper presents an element-free, multiscale EFG-DE coupling method. This
method is developed to simulate multibody interactions, in particular, the continuum-—
granular contact problems. This method uses a transient disc—segment contact
algorithm for the contact problems and is applied to two example problems. This study
arrives at the following conclusions.

The coupled EFG-DE method is free of meshing or re-meshing, thus enabling

reasonable computation costs and stable calculation. This method applies the
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Newmark-£ method to the continuum and the central difference method to the granular
domain to solve the dynamic problem in a discrete form. This method uses an explicit—
implicit time scheme and attains satisfactory computation stability. This method
develops a transient contact detection algorithm which enables accurate, seamless force
exchange on the domains interface, and accounts for deformable boundaries. The
method is applied to two example problems and verified against the existing analytical
and simulation results, thus confirming its capabilities in simulating dynamic
interaction occurred between continuum and granular media. As opposed to other
coupled numerical approaches (e.g., FEM—-DEM or FEM—EFGM)), this current method
is capable to conduct numerical analysis with less external interventions. In addition
the method is able to separate different domains and examine the particular behaviour
of interest. It is envisaged that the proposed method will be applied to large-scale, multi-

body interaction problems to further verify its performance.
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