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EXOTIC TWISTED EQUIVARIANT K-THEORY

FEI HAN AND VARGHESE MATHAI

ABSTRACT. In this paper we introduce exotic twisted T-equivariant K-theory of loop space
LZ depending on the (typically non-flat) holonomy line bundle £Z on LZ induced from a
gerbe on Z. We also define ezotic twisted T-equivariant Chern character that maps the exotic
twisted T-equivariant K-theory of LZ into the exotic twisted T-equivariant cohomology as
defined earlier in [9], and which localises to twisted cohomology of Z.
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INTRODUCTION

In [9], we introduced the exotic twisted T-equivariant cohomology for the loop space LZ
of a smooth manifold Z via the invariant differential forms on LZ with coefficients in the
(typically non-flat) holonomy line bundle £? of a gerbe, with differential an equivariantly
flat superconnection V£ — 1k + H in the sense of [13], where K is the rotation vector field
and H is a degree 3 circle-invariant form on LZ that is completely determined by H, the
curvature of the gerbe.

This exotic twisted T-equivariant cohomology theory has two applications.

First we introduced in [9] the twisted Bismut-Chern character form, generalising [2], which
is a loop space refinement of the twisted Chern character form in [4] and represents classes
in the completed periodic exotic twisted T-equivariant cohomology h$(LZ, Ve L H )of LZ.
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More precisely, we define these in such a way that the following diagram commutes,

BChy

(0.1) K*(Z,H) he(LZ,VE" - H)
Chy res
H(UZ)[[u, u™ Y], d + v H)

where res is the localisation map, degree(u) = 2.

Secondly, in [9] we establish a localisation theorem (about the map res) for the completed
periodic exotic twisted T-equivariant cohomology for loop spaces and apply it to establish
T-duality in a background flux in type II String Theory from a loop space perspective. Con-
tinuing along this clue, we recently used in [I0] the exotic twisted T-equivariant cohomology
to enhance T-duality on twisted differential forms on circle bundles, where we also showed
the exchange of winding and momentum for the first time in the model of [5, [6]. For an
alternate approach to T-duality on loop space using twisted chiral de Rham cohomology
instead, see [12].

In this paper, we introduce erotic twisted T-equivariant K-theory, K3 (LZ, \VZol G), for
the loop space LZ, where G is the weak T-invariant gerbe on LZ whose Dixmier-Douady
class is H. We also define an exotic twisted T-equivariant Chern character,

Chyes g K(LZ,VE" 1 G) — h§*™(LZ,V*" . H)
that make the below diagram commutative :
(0.2) KLz, V" -
K*(Z, W (LZ, V" H)

u ], d + u‘lH

It follows that the exotic twisted T-equivariant K-theory is the correct version of K-theory
that corresponds via a Chern character map to the exotic twisted T-equivariant cohomology
as defined in [9]. However we would like to point out that the map BChy in figure (0.))
does not make the upper triangle of figure (0.2) commutative.

Our construction of the exotic twisted T-equivariant K-theory can be done on more general
spaces rather than loop spaces, namely on the good T-manifolds, which apply to the circle
bundles in the T-duality setting. Actually this paper lays the foundation for work in progress,
[T1], where we will use the exotic twisted T-equivariant K-theory on LZ to enhance T-duality
on objects in (twisted) K-theory on circle bundles, similarly in spirit to what we did in [10].

The plan of this paper is as follows.

In Section [Il we introduce the concept of weak T-invariant gerbes and study the coupling

of them to T-equivariant line bundles on possibly infinite dimensional good T-manifolds. A
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pair of coupled weak T-invariant gerbe and T-equivariant line bundles will be the initially
input data for an exotic twisted T-equivariant K-theory (see Section ().

In Section ], we establish the correspondence of the exotic twisted T-equivariant cohomol-
ogy about differential forms on M with coefficients in a line bundle & to certain cohomology
theory about differential forms on S¢, the circle bundle of £ (see Theorem 2.3)). Such a
passage from M to S¢ is needed to be established because when we attempt to develop
the exotic twisted T-equivariant K-theory, we realize that it is difficult to be done on M
itself, instead one needs to pass to the circle bundle of £. This space has more room to de-
velop the correct K-theory, who possesses a Chern character landing into the exotic twisted
T-equivariant cohomology.

In Section [B] we introduce exotic twisted T-equivariant K-theory for possibly infinite di-
mensional T-manifolds, and the exotic twisted T-equivariant Chern character that lands into
exotic twisted T-equivariant cohomology. We also establish the transgression formulae in this
context, using a new version of Chern-Simons forms.

Acknowledgements. The first author was partially supported by the grant AcRF R-146-
000-218-112 from National University of Singapore. He would also like to thank Qin Li
for helpful discussion. The second author was partially supported by funding from the
Australian Research Council, through the Discovery Project grant DP150100008 and the
Australian Laureate Fellowship FL170100020.

1. COUPLING OF T-EQUIVARIANT LINE BUNDLES AND WEAK T-INVARIANT GERBES

Let M be a (possibly infinite dimensional) T-manifold. We call M a good T-manifold
if M has an open cover {U,} such that all finite intersections Usya,.a, = Uag N Uay -~ U,
are T-invariant. Let K be the Killing vector field of the T-action.

Definition 1.1. The system ({Us}, H, Ba, Aup) is called a gerbe on M, if
H e Q*(M), By € Q*(U,), Aap € Q' (Unp),
such that ﬁH has integral period,

H=dB, on U,,

1.1
( ) Ba — Bﬁ = dAag on Uag,

and there exist Copy € C®(Uapy, U(1)) such that

Aaﬁ + Agfy - Aaﬁ/ =dln Cagfy.

It is easy to see that different choices of Cypy differ by a U(1)-valued constant scalar on each
connected component of Uap.,.

Remark 1.2. Our definition of a gerbe here is slightly more general than the gerbe in the
usual sense. We don’t require Cﬁﬁ,gC;,yl(;CaggCojﬁl,y = 1 on each nonempty intersection U, N
UsnNU,NUs.

3



Definition 1.3. A gerbe ({U,}, H, By, Aap) is called a weak T-invariant gerbe on M if
(i) H, By, Aap are all T-invariant;
(11) tx Ao + Ltk Aap — Lk Aay takes values in 2mi - Z on each connected component of Upyp. .

Remark 1.4. The second condition is equivalent to
LKCa57 = 277'7;72,0&57
for some n € Z on each connected component of Unpy. Actually we have

LKAQB + LKAQB — LKAOW = lK (C_l dC’am) = C_l LKdCagfy = C_l LKCQBV.

aBy aBy aBy

If all the n is equal to 0, i.e. Cyupy’s are T-invariant, we call it a T-invariant gerbe.

Let ¢ be a T-equivariant complex line bundle over M equipped with a T-invariant connec-
tion V¢.

Definition 1.5. The T-equivariant line bundle (€, V*) and the weak T-invariant gerbe ({Uy}, H, By, Aug)
are called coupled on M if under some T-invariant local basis {s,},

(i) —ti By is the connection 1-form of V¢ on U, for each «;

(i1) e~tx4as s the transition function of & on Uag for each a, 3.

Lemma 1.6. [If the T-equivariant line bundle (£, V®) and the weak T-invariant gerbe ({Uy}, H, By, Aug)
are coupled on M, then the equivariant super connection V& —urgx + v H on £ is equivari-
antly flat, i.e.

(1.2) (VS —uig +u H)? +uls, = 0.

Proof. The proof is similar to the proof of Lemma 1 in [9].
O

We provide some examples of coupled T-equivariant line bundles and weak T-invariant
gerbes.

Example 1. Let M be a smooth manifold. Let {U,} be a Brylinski open cover of M, i.e.
{U,} is a maximal open cover of M with the property that H*(U,,) = 0 for i = 2,3 where
Ua; = Nies Uays || < 00. Then the free loop space LM is good T-manifold with the open
cover {LU,}, where the T-action is the loop rotating action.

Let 7 be the transgression

(1.3) 7:Q%(Uy,) — Q7 Y(LU,,)

is the transgression map defined as

(1.4) (&) = / ev*(&1), &r € Q' (Uy,).
T
Here ev is the evaluation map

(1.5) ev: T x LM — M : (t,y) — (t).
4



Let w € QY(M). Define w, € Q(LM) for s € [0,1] by
(16) @S(Xla cee aXZ)(fY) = w(Xl}»y(s)’ T ’Xi}-y(s))

for v € LM and Xy, ..., X; are vector fields on LM defined near «. Then one checks that
dws = dws. The i-form

1
(1.7) o= / yds € Q(LM)
0

is T-invariant, that is, Ly (w) = 0. Moreover 7(w) = txw. Here K is the vector field on LM
generating rotation of loops.

Let ({Ua}, H, By, Aup) be a gerbe on M. Associated to this gerbe, there exists a pair of
coupled T-equivariant line bundle and weak T-invariant gerbe on LM.

The holonomy of this gerbe is a T-equivariant line bundle £Z — LM over the loop space
LM. L£P has Brylinski local sections {04} with respect to {LU,} such that the transition
functions are {e” Jo oy _ eTTap)) e o, = € Jo e op. The Brylinski sections are
T-invariant. £” comes with a natural connection, whose definition with respect to the basis
{o,} is
(1.8) VE” = d— 1x By = d — 7(By).

For more details, cf. [§].
On the other hand, averaging the gerbe ({U,}, H, B,, Auap) gives rise to a gerbe
({LUa}a Ha Bon Aaﬁ)
on LM. First it is not hard to see that ﬁf[ still has integral period. It is evident that

H=dB, on LU,,

(1.9) Bu— By —dA., on LU.s.

If on Uapy,

(1.10) Aup + Apy — Ay = dInClpy,

then

(1.11) Lk Aap + L Apy — tkAay = T(dIn Cyp,) € 2miZ

on each connected component of LU,g,. By (IL1I), if x( is a fixed loop in U,s, and z is any
loop in U,g,, then

(1.12) oy AaptAgy—Aar)

does not depend on the choice of paths from zy to = in LU,g,. By (LI0), it is not hard to
see that f;f) (Aup + Ag, — A,,) is pure imaginary. Then we further have

(1.13) Agg+ A, — Ay = dIn ey (Aot A —Aay)

where efzo(AertAm=Au) jg oy U(1)-valued function on LU,s,. Therefore ({ LU}, H, B, Aag)

is a gerbe on LM.
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It is obvious that H, B,, A,s are all T-invariant. Combining (L)), we see that the gerbe
({LU.}, H, B,, Ayp) is a weak T-invariant gerbe on LM.

As under the Brylinski sections, the local connection 1-form of (EB , V£B> is
_T(Ba) = _LKBom

and the transition function of £? is

e_fol LKAQB — e_LKAaﬁ,
we see that (EB, VEB) and ({LU,}, H, By, Asp) are coupled on LM.

Example 2. In [5, [6], T-duality in a background flux has the following settings. There is
a principal circle bundle T — Z 5 X with a T-invariant connection © and a background
T-invariant flux H, which is a T-invariant closed 3-form on Z. Let {U,} be a good cover of
X. The cover {7'(U,)} makes Z a good T-manifold.

The T-dual circle bundle T — Z % X with a T-invariant connection © and a background
T-invariant flux H. The cover {#~(U,)} makes Z a good T-manifold.

Denote v, ¢ the Killing vector field on Z, Z respectively. The gerbe ({7~ Y(U,)}, H, B, Aap)
on Z and the gerbe ({7~ '(U,)}, H, Ba, Ass) be the gerbe on Z satisfy the following relations

(1.14) e A = Gog, —1,By = Tla, L, H = F°
and
(115) e_LvAaﬁ e gaﬁ’ —L{)Ba —_ 770” L{)I:I — FQ’

where gap is the transition functions of the bundle Z, Mo is the local connection 1-form of
© on U,, F® is the curvature 2-form of © on X and the similar meaning for the notations
without hats on the dual side.

In the setting, B,, A.s are all chosen to be T-invariant. Moreover as e™*vAas = g5,
we conclude that t,Ays + tyAap — tvAay takes values in 27i - Z on each U,g,. Therefore
({7Y(U)}, H, Ba, Asp) is a weak T-invariant gerbe on Z. Similarly ({7~ (U,)}, H, Ba, Aag)
is a weak T-invariant gerbe on Z.

(Z , é) and the standard representation of circle on complex plane give rise to a complex
line bundle with connection (£, Vg) on X. Dually, there is a similar (£, V¢) on X coming
from (Z,0). As

— i A

€ b = f]aﬁ, _LUBOC - ﬁaa

the T-equivariant line bundle (7T VA ) and the weal T-invariant gerbe ({7~ (U,)}, H, By, Aap)
are coupled on Z. Dually, the T—equ1var1ant line bundle (7*¢, #*V¢) and the T-invariant gerbe
({# Y (U.)}, H, By, Aus) are coupled on Z.



2. EXOTIC TWISTED EQUIVARIANT COHOMOLOGY AND U(1)-BUNDLES

Let M be a good T-manifold, i.e. M has an open cover {U,} such that all finite intersec-
tions Ungay--ap = Uag MUy, -+ + Uy, are T-invariant.

Let K be the Killing vector field of the T-action. Denote by Lﬁ(, tx the Lie derivative and
contraction along the direction K respectively.

Let & — M be a T-equivariant Hermitian line bundle over M equipped with a T-invariant
Hermitian connection V. Let H € Q% (M) be a T-invariant closed 3-form (see [3] as a general
reference for differential forms) such that the equivariant super connection V¢ —uty +u=*H
is equivariantly flat, i.e.

(2.1) (V¢ —uig +u™ H)? +uls, =0,

where u is a degree 2 indeterminate. For relevant references to equivariant differential forms,

see [13, [1J.

In the previous section, we have seen examples that satisfy these settings.

Let m : S¢ — M be the principal U(1)-bundle of . Let v be the vertical tangent vector
field on S¢, i.e. the Killing vector field of the U(1)-action.

It is clear that S¢ also admits the induced T-action. As the action of T on the fibers of
€ is linear, i.e. g(A-v) = A-g(v),Vg € T,\ € U(1), one deduces that the T-action and the
U(1)-action commute. Therefore we have
(2.2) [K,v] =0.

The condition (V¢ —uwg +u~tH)? —|—uL§< = 0 is equivalent to the following three equalities,

e = Ly — V&, 1x] = L — Vi =0
(2.3) (V)2 — g H =0
dH =0
Let © be the connection 1-form on S¢ for (£, V).

Lemma 2.1.

(24) LK@ = 0, LK@ =0
and
(2.5) d© = g7 H.

Proof. Let {U,} be a T-cover of M. Choose a T-invariant local basis s, of £ on U,. Let 1,
be the connection 1-form corresponding to s,. By the first relation in ([Z3]), we have

0 = pic(sa) = (L — [V ix])(5a) = (txa) ® e,

and therefore we have

(2.6) LN = 0.
7



As s, is T-invariant, we get a local T-equivariant diffeomorphism ¢, : U, x S' — 7= }(U,,)
such that on the left hand side, T only acts on U,. Then as ¢.(0)|y,xs1 = 1o + db, we
deduce that

LK@ = 0, LK@ =0.
By the second relation in (Z3)), we get
1
de + 5@2 —gmH =0

or

dO® = g7 H.

Consider the C*°(M)-module
(27) Q*(S€) 1= {w € 0(SE) nw = 0, Lyw = —w}.
Theorem 2.2.
(ﬁ*(sg)??[[u’ uw ' d =y —ug 4+ O + u‘%*H)
s a chain complex.

Proof. We need to show that:
(i) if w € Q*(SE)T, then

(d— 1y —utg + O +u'm" H)w € Q* (56,
(i)

(d— 1y —ug +0O +u'r*H)* + uLg = 0.

(i) holds as we have following three equalities,
[d— 1, —utg +O +u 7" H, 1,
=Ly — [Ly, ty] — ULk ) + 1,O + u (7 H)

2.8

(2:8) =L, + 1,0

—0 on Q*(S¢);

[d— 1, —ug +O +u 7" H, L,
(2.9) =[d, Ly] = tjp,0] — utir ) + L,O + u ' Ly(7*H)
and

[d—t, —ug +O +u " H, Lg]

(210) :[d, LK] — lv,K] T UW[K,K] + LK@ + U_ILK(TF*H)

=0.



To show (ii), we have
(d— 1y —utg +0O +u 7" H)?
=(d — 1ty —utg)® + (d =ty —utg) (O +u 7" H) + (0 + v '7*H)?
(2.11) =—L,—ulg +dO — 1,0 — "1 H
=(—Ly, — 1,0) + (d© — g H) — uLg
— — uLg on Q(S¢).
U

Let 7*¢ be the pull back bundle of £ on S¢. Clearly this is a trivial bundle which has a
canonical global nowhere vanishing section

vi(z,y) =y, xv€Myct (v).
Consider the map
(2.12) foQ (M, €) = Q(SE), wy !,
It is not hard to see that N
Im(f) = Q*(5¢), ker(f) = {0}.
We therefore get an isomorphism of C'*°(M)-modules:
(2.13) For (M, &) — Q(S€).

Since 7 is a T-invariant global section of 7*¢, we see that f sends T-invariant invariant
parts to T-invariant invariant parts. Hence we get an isomorphism of C°(M)-modules,
which we still denote by f:

(2.14) Fo (M, 6" — (56",

Theorem 2.3.
(2.15)

o (0 (M, &) [y ™), VE — wege +u H) — (ﬁ*(sg)T[[u, w ) d =ty — g + O + u_lﬁ*H)
s a chain map and therefore induces an isomorphism on cohomology

(2.16)  f.: RA(M,VE:H) — H* (ﬁ*(sg)T[[u, w Y d— 1y — g + O+ u_lw*H) ,

where hi(M, V¢ : H) is the completed periodic exotic twisted T-equivariant coho-
mology [9].

Proof. Let w € Q*(M, &) [[u,u™]]. We have

(d— 1y —ug +0O +u'm*H)(f(w))

(d—Lv—ULK—I—@—I—u 17T*H)(7 7rw)

=(d—wg+0)y ' 1mw)+u T H(y T ).

Let {U,} be an T-cover of M. Let s, be T-invariant local basis of the £ on U,. Suppose
Wlva = Wa @ Sq.

(2.17)

9



Then
diy' - m*w)
(2.18) =d(m*ws - (Y1 - 754))
=1 (dwa) (Y- T¥50) — T (wa)d(y ™ - T¥54).
Therefore locally, we have
dy™ ' m'w) +O(y T Tw)
=1 (dwa) (7 T 54) — TH(Wa)d(YH - T 84) + O(mrwa ) (v T Sa)

" (da) (7 750) = 7 (@) (7 7w)[O = (77 ww) Ty ws)

(2.19)

=" (dwa) — 7 (Wa )Ml (V7 - T 5a),

where 7, = © — (v} m*w)~td(y! - 7*s,) is connection one form for the basis s, of the
connection V¢ on U,,.
Moreover, we have

(2.20) =ik (T (Wa) (77 - T"50))

Therefore,
A7) + 00 7w) + k(o - w ),
=1 (dwy + Walla — Utgwe) (Y - T 54)
(2.21) =y 1 [(dwe + Walla — UlkWa) @ Sq)
=y (VS = uek)w o,
=f((VE = wg)w)],-
And so we have
(2.22) (d—ty —utg +O +u 7" H)(f(w)) = fF((V® —utg +u " H)w).

3. EXOTIC TWISTED EQUIVARIANT K-THEORY AND THE CHERN CHARACTER

3.1. Gerbe modules and twisted K-theories. A geometric realization of the gerbe G =
({Ua}, H, Bo, Aag) is {(Lag, V5g)}, a collection of trivial line bundles Lag — U such that
there are isomorphisms L,3 ® Lg, = L4, on U,g, and collection of connections {Vﬁﬁ} such
that Vgﬁ = d + A,p. Note that as here we are using slightly more general version of gerbe
(see Definition [Tl and Remark [[.2]), isomorphisms L,3 ® Lg, = L, are not uniquely fixed,
but may differ by a multiplication by a constant U(1)-valued scalar. Then we have

87

(3.1) (VEs)? = Fly = Bs — Ba.
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Let £ = {E,} be a collection of (infinite dimensional) Hilbert bundles E, — U, whose
structure group is reduced to Uy, which are unitary operators on the model Hilbert space
$ of the form identity + trace class operator. Here J denotes the Lie algebra of trace class
operators on §). In addition, assume that on the overlaps U, that there are isomorphisms

(32) (baﬁ : Laﬁ ® EB = Eav

which are consistently defined on triple overlaps because of the gerbe property. Then {E,} is
said to be a gerbe module for the gerbe {L,s}. A gerbe module connection V¥ is a collection
of connections {VZ} is of the form VEZ = d + AZ where AF € QY(U,) ® J whose curvature
FE on the overlaps U,z satisfies

(33) GoA(F )by = FEesT 4 FPs
Using equation (B.0), this becomes
(34) Gop(Bal + FF)bap = Bsl + Ff.

It follows that exp(B) Tr (exp(F¥) —I) is a globally well defined differential form on Z of
even degree. Notice that Tr(/) = oo which is why we need to consider the subtraction.

Let £ = {E,} and E' = {E/} be a gerbe modules for the gerbe {L,3}. Then an element
of twisted K-theory K°(Z,G) is represented by the pair (F, E’), see [4]. Two such pairs
(E,FE') and (G,G") are equivalent if E & G’ & K = E' & G & K as gerbe modules for some
gerbe module K for the gerbe {L,3}. We can assume without loss of generality that these
gerbe modules E, E are modeled on the same Hilbert space ), after a choice of isomorphism
if necessary.

Suppose that VZ, VF are gerbe module connections on the gerbe modules E, E' respec-
tively. Then we can define the twisted Chern character as

Chy : K°(Z,G) - H*(Z, H)
Chua(B, B') = exp(~B) Tr (exp(~F) — exp(~F"))

That this is a well defined homomorphism is explained in [4] [14]. To define the twisted Chern
character landing in (Q°*(Z)][u, u‘l]])(d +u-11)—a» SIMply replace the above formula by

Chy(E,E') = exp(—u~'B) Tr (exp(—u_lFE) — exp(—u_lFE/)> :

The above theory can be extended to equivariant setting with a compact group action on
all the data [14].

3.2. Exotic twisted equivariant K-theory. Let M be a good T-manifold with an T-
invariant cover {U,}.

Let & — M be a T-equivariant Hermitian line bundle over M equipped with a T-invariant
Hermitian connection V4. Let 7 : S¢ — M be the principal U(1)-bundle of &.

Let G = ({Ua}, H, B,, Aup) be a weak T-invariant gerbe on M.

Assume that (£, V¢) and ({U,}, H, Ba, Aag) are coupled on M.
11



Associated to these data ((£,V¢);G), we will introduce a version of twisted K-theory and
twisted Chern character in this section.

It is clear that the open cover {m~!(U,)} makes S¢ a good (T x U(1))-manifold. Here to
distinguish the two circle actions, we denote by T the circle acting on the base M and by
U(1) the circle acting on the fibers.

Denote G¢ := ({771 (U,)}, 7" H, 7 By, 7" Aup), which is a (T x U(1))-invariant gerbe on S&.
Let {(Lag, VEo# = d+ 7 Agg)} be the system of (T x U(1))-line bundles with (T x U(1))-
invariant connections on U, X U(1) be the geometrization of the gerbe G¢.

Let v be the vertical tangent vector field on S¢, i.e. the Killing vector field of the U(1)-
action. Let K be the Killing vector field of the T-action. Let u be a degree 2 indeterminate.

Definition 3.1. £ = {E,, VF} is called a (T x U(1))-equivariant gerbe module with
horizontal connection for the gerbe {L.g} if
(a) the (T xU(1))-invariant connections V= ’s vanish on the vertical direction, i.e. VE> = 0;
(b) there are (T x U(1))-equivariant isomorphisms

Gap : Lag @ Eg = E,,

which respect the connections and are consistently defined on triple overlaps because of the
gerbe property.

Let (E, E') and (G,G’) be two pairs of (T x U(1))-equivariant gerbe modules with hori-

zontal connections for the gerbe {L,s}. We say they are equivalent, denoted by
(E,E") ~ (G,G)
if there exists some K, a (T x U(1))-equivariant gerbe modules with horizontal connection,
such that
E®GOK2EoGoK

as (T x U(1))-equivariant gerbe modules with horizontal connections. Clearly this is an
equivalence relation. As usual, we define
(3.5) K} (M. V¢ G) = {(B. V", B, V*)}/{~}.
If the horizontal gerbe module connections are forgotten, one defines the exotic twisted
T-equivariant K-theory of the coupled pair ((£, V%), G), denoted as K(M, V¢ : G), by
(3.6) KM, V¢ : G) i= {(E, E')}/{~}.

3.3. Exotic twisted equivariant Chern Character. Let E = {E,, VF} bea (TxU(1))-
equivariant gerbe module with horizontal connection for the gerbe {L,s}. For the equivariant
curvatures along the direction v + u/K', we have

_ 7 L, E
(3.7) G (F7 + 105 ui)Pap = (F 4 1, Lg )T+ (F7 o+ g1, L)
where p stands for the moment. However
(3.8) Flet = 1*By — 1* By,
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(3.9) ,ufjiK = (ty + uL)m Anp = UL Anp = 2miubs — 2miub,,
where 6, (resp. 03) is the vertical coordinates of 7= (U, (resp. 7 !(Up)). So we have
(3.10)  GLH(FPo 4 ufe i + 1 Bo + 2miuba) bap = F + 2 s + 7 By + 2miub,

Let E' = {E!} be another (T x U(1))-equivariant gerbe module for the gerbe {Lqs}. Then
exp(—u~'7*B, — 2mif,) Tr (exp(—u_l(FE“ + ple k) — exp(—uTt (FPa + Nfﬁ[{))) can be

glued together as a global differential form in Q*(S¢)[[u, u™']]. Simply denote this form by
(3.11)

chyeg(VF, VF') = exp(—u'7* B=2rif) Tr (— exp(u™ (FF + py ) — exp(—u™ (F¥ + uf@ﬂ)) :
Theorem 3.2. (i) The following equalities hold,
(3.12) chyeg(VE,VE) =0,  Lychoeg(VE, VE) = —chgeq(VF, VE),

(3.13) (d — 1y — utke + O 4+ u™ 1" H)chye,g(VZ, VF) = 0.

(ii) If (VE VE), (VE,VE) are two horizontal gerbe module connections, then there exists
cs(VE VE' . VE VE'Y) € O (S¢)[[u, u™]] such that

(3.14)

chye.g (VY VEY) = choeg(VE, VEY = (d — 1, — wig + O + u'n*H)es(VE, VE' . VE VE),

Proof. (i) Consider the local expression

Chvg:g (VE, VE/) |7r*1(Ua)

— exp(—u 7 By — 2mifl) Tr (exp(—u (F 4 1)) — exp(—u (F 4l )))

Obviously, t,m* B, = 0. On the other hand, as V% is horizontal connection, we have
VEe =0, but this equivalent to
[VEe 1] = L.

Therefore
Lo (FF) = [y, (VF)?] = (L, — VP00, )V — VP (L, — 1, VF) = [VF L] =0,
as VP is T x U(1)-invariant. Similarly, ¢,(FF>) = 0. We therefore have
Lochye.g(VE, V) o1, = 0.
As VEe is T x U(1)-invariant, clearly L,(F**) = 0. The moment
MfiuK = Lusur — [torurc, V7.
Since [v, K| = 0, it is easy to see that
Lo ux = 0.
Now L,m* B, = 0 and Lye 2™ = —e2™0a e have

Lychge.g(VF, V) i) = —chgeg(VZ, V) i)
13



At last, as (&, V) and ({U,}, H, B, Aas) are coupled on M, one has
27T’i¢9a — W*LKBQ == @‘ﬂfl(Ua)u

where O is the connection 1-form on S¢. Hence

(3.15)
(d —ly — ULK)ChVE:Q(VEa VE,)|7T71(UQ) -

(d — 1y — utg) [exp(—u_lﬂ*Ba — 2mif,) Tr (exp(—u_l(FE“ + ple ) — exp(—u~! (F¥ + MféuK)))]
[(d — 1, — utg) exp(—u " 7B, — 27?@'«9(1)} Tr (— exp(u™ ! (FFe 4 ,ufi‘uK)) — eXp(_U_l(FE& + Mf—%uK)))
= [exp(—u_lﬂ*Ba —27i6,) (—u ' 7*d B, — 2midf, + LKW*BQ)]

T (= exp(u™ (FP + puf2,0)) — exp(—u™ (F% + ulf, )
= [~u'7"H — (270, — 71k By))]

Jexp(—utn By — 2middy) T (= exp(u™ (F5 + uff, ) = exp(—u™ (F% + ul%,)) ) |
= (—u'7"H — 0) chye.g(VE, V) 1),
and therefore

(d— 1y, —utgg + O + u_IW*H)Chvﬁ;g(VEa VE,)‘nfl(Ua) =0.

(ii) Let
VE=(1—t)VE+tVE VE = (1 —t)VE v
and FF FF' uF uF be the corresponding curvatures and momentums.
Let
AP — yBa _ygla  pFo _ yEa _ gl
We have

_ N 1. . 1, E E 1. .
¢aﬁl(_u HEPe +I““E—iuK,t) —uT T By — 210 )pap = —u " (F, +/J“U-qu,t) —u”'m" By —2mifs

and
G (—uT AB)Gop = —uT AT,
Similarly equalities hold for E'.
Therefore we have

(3.16)
exp(—u"'m* B, — 27if,)

1
e (B e e ) A el 4 )
0
can be glued together as a global differential form in Q*(S¢)[[u, u™']]. Denote this form by
cs(VE, VE' - VP VE). Since 1,AP> =0, L,AP> = 0, similar to proof of (i), we have

Les(VE VE . VP VEY =0, Lyes(VE, VE VP VE) = —cs(VE, VE . VE v
14



and therefore
es(Vi, Vi VT, V) € @ (SE)[u, u™ ).
Moreover, by the standard Chern-Simons transgression, we have
(3.17)

1
(d =ty —utg) / Tr (—U_lAEQ exp(—u" (Ff + pls, ) +u AP exp(—u~! (F® + IU’UEiuK,t))> dt
0
_ 1, B E!
=Tr <exp(—u Y PP 4 MUEiuKl)) — exp(—u" ' (F + MviuK,l)))

— T (exp(—u (B + pnfuic0)) — exp(—u ™ (B + pulfu i)
Then similar to (BI5), we see that
(d =ty —utg + 0 +u ' H)es(VE, VE . VE V') = choe.g(VE, VE) — chye g (VE, VE).
U

This theorem shows that chye.g(VE VE) is (d — 1, — utg + © + u='n*H)-closed in
Q*(S€)[[u,uw"]]. Theorem 3 then tells us that £~ (chye.g(VE,VE)) is (VS —uig+u~'H)-
closed in Q*(M, &) [[u, u=].

We call

CS(VE,VEVE V) = 7 (es(VE, VE VE V) ) € (M, &)l u™]

the exotic twisted equivariant Chern-Simons transgression term. By (3.I4) and
Theorem 2.3 (formula ([2:22))), one has

(3.18) Chyeg(VY, V') = Chyeg(VE, Vi) = (V& —w +u " H)CS(VE, V' VY, V).
We therefore can define the exotic twisted equivariant Chern character:

Chye.g : KM,V :G) — hi(M,V* : H),
Chyeg(B, B) == [ 7 (chyeg(VE,VF))]
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