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Abstract
This study proposes a time-domain spectral finite element (SFE) method for simulating the second
harmonic generation (SHG) of nonlinear guided wave due to material, geometric and contact
nonlinearities in beams. The time-domain SFE method is developed based on the Mindlin-Hermann
rod and Timoshenko beam theory. The material and geometric nonlinearities are modeled by adapting
the constitutive relation between stress and strain using a second order approximation. The contact
nonlinearity induced by breathing crack is simulated by bilinear crack mechanism. The material and
geometric nonlinearities of the SFE model are validated analytically and the contact nonlinearity is
verified numerically using three-dimensional (3D) finite element (FE) simulation. There is good
agreement between the analytical, numerical and SFE results, demonstrating the accuracy of the

proposed method.
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Numerical case studies are conducted to investigate the influence of number of cycles and
amplitude of the excitation signal on the SHG and its performance in damage detection. The results
show that the amplitude of the SHG increases with the numbers of cycles and amplitude of the
excitation signal. The amplitudes of the SHG due to material and geometric nonlinearities are also
compared with the contact nonlinearity when a breathing crack exists in the beam. It shows that the
material and geometric nonlinearities have much less contribution to the SHG than the contact
nonlinearity. In addition, the SHG can accurately determine the crack location without using the
reference data. Overall, the findings of this study help further advance the use of SHG for damage

detection.

Keywords: Nonlinear guided waves, second harmonic, spectral finite element, material nonlinearity,

geometric nonlinearity, contact nonlinearity, breathing crack

1 Introduction

Structural health monitoring (SHM) has attracted increasing attention in the last two decades as it has
played a vital role in maintaining the structural safety and serviceability in civil, aerospace and
mechanical engineering. Different techniques were developed to provide early damage detection in
structures. For example, conventional non-destructive evaluation (NDE) techniques, such as visual
inspection, eddy current [1] and ultrasonic technique [2, 3], were developed to provide offline
inspection of the structural integrity. However, the majority of the NDE techniques are not suitable
for online and in-situ monitoring of the structures due to the sustainability of transducers and cost
issues. Most NDE techniques are not applicable to inspect inaccessible location of the structures.
They are costly, time consuming, and under manual operation according to schedule maintenance
cycles. Vibration based approach is the other commonly used damage detection technique [4-6]. This
method concerns the variation in physical properties, such as mass, stiffness and damping. And these
properties directly affect the values of modal parameters, like natural frequencies and mode shapes
[7]. For instance, cracks will be identified if there is an indication of the stiffness reduction. However,
there are two reasons limiting the application of this technique to detect damage in practice. The first
limitation is that significant damage usually causes very small changes in the modal parameters. The
other one is the change of modal parameters caused by damage may be undetected due to the varying

environmental and operational condition.
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1.1 Linear guided waves

The other approach that has attracted significant attention is based on guided waves to evaluate the
integrity of structures. Guided waves are mechanical stress waves which propagate along the structure
are guided by the boundaries of the structures. They propagate at high speeds, up to thousand m/s.
Guided waves could be used for in-situ monitoring of relatively large area of the structure. In other
words, this technique is good for long-range inspection. Different techniques were developed to
employ the guided waves for damage detection of different types of structures, such as beam [8, 9],
pipe [10] and metallic plate [11-13] and composite materials [14, 15]. The damage detection is
achieved by the change of the characteristics of the guided wave responses at the same frequency of
the input signal. But this technique is only effective when the damage size is similar or larger to the
wavelength of the guided waves. The majority of the techniques based on the linear guided waves
require reference (baseline) data when the structure is intact to extract the information of the damage
from the measured signals. However, the stability of the baseline data is significantly affected by the
varying temperature [16] and operational condition [17-19].

To achieve early detection of damage, nonlinear features of guided waves, such as higher
harmonics [20-22], sub-harmonics [23, 24], shift of resonance frequency [25] and mixed frequency
response [26], have been used for damage detection. Specifically, the generation of higher harmonics,
which frequencies are in multiple times of the input signal frequency, has been widely used as an
indicator for early detection of damages. Compared to the linear features of guided waves, the
nonlinear features are more sensitive to the micro-structural change and less influenced by varying

temperature and operational condition of the structures.

1.2 Nonlinear features of guided waves
Early research into nonlinear guided waves focused on the bulk waves and Rayleigh surface waves
[27]. Different from bulk waves and Rayleigh surface waves [28], the guided waves can be highly
dispersive if it is generated using inappropriate excitation frequency. Guided waves generally contain
multiple wave modes and their group and phase velocities usually vary with frequency. To effectively
utilize the nonlinear guided waves, different studies have investigated the conditions on the
cumulative second harmonic generation (SHG) of guided wave, such as internal resonance, group
velocity matching and guided wave modes interaction [29]. The results showed that under such
conditions the detectability of the higher harmonics in nonlinear guided wave could be improved
significantly.

Higher harmonic generated [30] due to the nonlinearities existed in the structures, which are
attributed to material behaviour, geometry, structural joints and damage. For an undamaged isotropic

homogeneous solid medium, geometric nonlinearity and material nonlinearity can distort the passing
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guided waves to induce the higher harmonics. The geometric nonlinearity is due to the finite
deformation of the structures. The material nonlinearity is mainly generated by the discontinuity of
the medium at lattice level, i.e. imperfections in atomic lattices. The effect of higher harmonic
generation is enhanced when there are additional imperfections in medium, such as distributed micro-
cracks. In the literature the higher harmonic generation has been employed to evaluate material
thermal degradation [31], fatigue microstructure [30, 32], micro-corrosive defect [33] and the
dislocation substructures in metals [34, 35].

The higher harmonics can also be generated due to the contact nonlinearity at the contact-type
damage. When guided waves propagate in a localized fatigue crack, the compressive and tensile
stress at the damaged medium closes and opens the contact interfaces, respectively. This behaviour
alters the stiffness of the structure and generates the higher harmonics. In the literature the contact
nonlinearity has been investigated for a number of contact-type damages, such as fatigue crack [36],

kissing bond [37, 38], debonding [39, 40] and breathing crack[41].

1.3 Numerical simulation of nonlinear guided waves

In the literature different numerical simulation methods have been proposed to simulate the nonlinear
guided waves. For example, Shen and Giurgiutiu [42] proposed an analytical and finite element (FE)
method to simulate the nonlinear guided wave propagation induced by a breathing crack. The
piezoelectric wafer active sensor was implemented to generate and receive the guided wave signals.
Wan et al. [43] utilized the analytical and FE method to study the higher harmonics induced by the
material nonlinearity in plates. Approximate phase velocity matching condition for the generation of
nonlinear signal was investigated using the low frequency primary mode Lamb waves. Hong et al.
[20] employed the FE method to simulate the nonlinear guided wave in aluminium plates with fatigue
cracks. Zhu et al. [44] utilized the FE method to study the plastic damage in martensite stainless steels.
The nonlinear guided wave due to material and geometric nonlinearities was analyzed by
incorporating a nonlinear constitutive relationship to FE models. Yamanako et al. [45] proposed a
two dimensions (2D) finite difference (FD) method to analysis nonlinear guided wave. The
subharmonic generation at closed stress corrosion cracks was successfully reproduced. Shen and
Cesnik [46] utilized the local interaction simulation approach (LISA) to simulate the nonlinear guided
wave caused by the clapping mechanism of fatigue cracks. Joglekar and Mitra [47] proposed a fast
Fourier transform (FFT) based spectral finite element (SFE) model to study the nonlinear guided
wave in beams due to the breathing crack. He and Ng [48] proposed a time-domain SFE method,
which employed a crack-breathing mechanism to simulate the contact nonlinearity. They investigated
the performance of the fundamental symmetric (So) and anti-symmetrical (Ag) mode and also the

mode conversion in generating the higher harmonics in the breathing crack.
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The existing numerical simulation methods have different advantages and disadvantages. The
FFT based SFE method is computational efficient in modeling guided wave propagation, but it is a
semi-analytical method assuming infinite length of the structure. The FD method can simulate on
large scale model under regular grids. However, it is incapable of simulating the guided wave
propagation in waveguides if material property changes with geometry [49]. The LISA is efficient
and effective in simulating complex geometries but it requires careful discretization to obtain accurate
solutions. The major distinction between FE method and SFE method is the use of shape function.
Although the FE method is suitable to simulate complex structures, the efficiency of computation is
unsatisfied since the shape function is not in a high order. The discretization of the FE elements should
be very small to ensure the accuracy of the simulation.

Overall, it is found that most of the simulation concern only the contact nonlinearity or, to a
less extent, the material and geometric nonlinearities. Very limited papers [20] considered all the
contribution of material, geometric and contact nonlinearities in the second harmonics generation
(SHG), especially for beam structures and time-domain SFE method. In this study, time-domain SFE
model is proposed to study the SHG in beams with a breathing crack with the consideration of
material, geometric and contact nonlinearities. The findings of the study can provide physical insights
into the SHG due to the material, geometric and contact nonlinearities. This can further advance the

development of using SHG for damage detection.

1.4 Time-domain spectral finite element method

The time-domain SFE has been found to be computationally efficient in the simulation of guided
wave propagation and capable of modeling complicated geometric structures. The time-domain SFE
method is as flexible as the conventional FE method in modeling different geometries of structures.
The computational efficiency is significantly improved by using the high-order approximation
polynomials. Gauss-Lobatto-Legendre (GLL) nodes are applied in a higher-order interpolation. GLL
integration points are used to simulate guided waves since it turns mass matrix into a diagonal form.
The model can efficiently calculate the solution of the dynamic equilibrium using the explicit central
difference method.

The time-domain SFE method has been widely investigated by a number of studies with
respect to the linear features of guided waves [50] and damage detection [5]. However, there were
limited studies focused on using time-domain SFE method in simulating nonlinear guided waves
induced by material, geometric nonlinearities, and contact nonlinearities. In this paper, the
computationally efficient time-domain SFE method is extended to take into account the effects of the

material, geometric and contract nonlinearities on the SHG.
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The arrangement of the paper is as follows. The time-domain SFE method for simulating the
nonlinear guided waves is proposed in Section 2. The nonlinear guided waves resulted from material,
geometric and contact nonlinearities are formulated in this section. The proposed SFE method for
simulating material and geometric nonlinearities, and contact nonlinearity are then validated using
analytical solutions and three-dimensional (3D) FE simulations in Section 3. Section 4 carries out a
series of numerical case studies to investigate the performance of the proposed SFE method in
simulating the SHG at fatigue cracks with the consideration of material, geometric and contact

nonlinearities. Conclusions are drawn in Section 5.

2 Time-domain Spectral finite element method

The simulation of nonlinear guided waves using time-domain SFE method is presented in this section.
The basic SFE formulation is described first in subsection 2.1. Then the modeling of material and
geometric nonlinearities, and contact nonlinearities using the SFE method are described in

subsections 2.2 and 2.3, respectively.

2.1 Spectral finite element formulation
The dynamic equilibrium of the time-domain SFE method is the same as the conventional FE method,

which is defined as [48,52]

MU +CU+KU =F(¢) (1)
where M, K and F(7) are global mass matrix, global stiffness matrix and global force vector at time
t, respectively. The global damping matrix C is a function of the global mass matrix denoted by
C =M, where 1is the damping coefficient. U, U and U denote the vector of acceleration,
velocity and displacement response, respectively. The elemental mass matrix M°, elemental

stiffness matrix K and elemental force vector F¢ that form the corresponding global terms in

Equation (1) are given as [10]

M= SN () e, (& )det(/ () @)
K° =~ iwiBe(éi)TEeBe(éi)det(J(éi)) 3)
F(1)= SN.(8) 1. ()N, (6 )der((2) @

where &, is the local coordinate of the i-th node at the element, i€1,...,n, and n is the number of
nodes. J =09x/09¢& is the Jacobian functions transferring the local coordinate ¢ to the global

coordinate x. w, is the weighting function of node i defined as w, =2/{n(n—DIL, ,()T*}
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r,=diag| pbh K} pbh’/12 pbh K pbh®/12 | is the mass matrix, where f is the density of the

material, b is the width and # is the height of the beam. E, is the material property matrix and fe(t )

is the external force vector at time ¢ applied to the element, respectively. Different to the conventional
FE method, the SFE method employs the GLL nodes in the element, which results in a more efficient
solution than the FE method [48]. The local coordinate &, of the GLL nodes can be determined from

the roots of the given equation
(1—5[2)L;_1(§i)= o for ’éi e[-11] and i€l,...,n (5)

where L’

n—1

denotes the first derivative of (n-1)-th order Legendre polynomial. N, is the shape

function of the SFE element, which has the matrix form [15]

Ne:[Nl(f)’---’Nn<f>]®I where N (&)= ﬁ £-¢, ©)

i &1 6
where m is the sequence of the n GLL integration points in the element. I is an identity matrix with
the square size same as the number of the nodal degree of freedom. ‘® * denotes the Kronecker
product.

In this paper, the first-order shear deformation theory considering the independent contraction
due to Poisson effect is employed to formulate the beam element. The displacement field is defined
as [15]

ﬁ(x,y)zu(x)—qo(x)y and V(x,y)zv(x)+l//(x)y (7)
where u(x)is the longitudinal displacement in x axis direction, » is the transverse displacement, § is
the rotation of the cross section and ¥ is the independent contraction accounts for the Poisson effect.
The Lagrange strain [52] is employed and the strain field in the element is defined as

e =Bq =(B; +B;, )q (8)

T e . . . e e
where q°=[u",y°,v*,0°] and B° is strain-displacement operator. B , and B, account for the first

and second order terms of Lagrange strain and they are defined as
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ai 0 0 0 w'd o I

* ox ox ox ox

0 é 0 0 0 w0 o

Bj=| 0 — 0 0 [N and B,=+ 0 0 0 0 [N (9
ox N

5 0 0 0 0

0 0 — -1 0 0 0 0
ox - B

0
0 0 0 —
- ax -

2.2 Modeling of material and geometric nonlinearities
Considering an isotropic homogeneous solid with purely elastic behavior, the material and geometric
nonlinearities can be represented by the constitutive relation between stress and strain using the

second order approximation [54] as

,=(0L, +1/200 &, )¢, (10)

where 0, is the stress tensor. € and €, are the strain tensors. O’ is the second order elastic

mn ijkl

tensors, which can be expressed in a matrix form for two-dimensional plane stress situation as

O Oin 0 P 1 o 0
100)=]00 Ok O :(1—02) v 1 0 (11)
O 0 Q3LISI 0 0 1
L 2

where v =0.51/(A+ u) is the Poisson’s ratio and E = u(3A+2u)/(A+ u) is the Young’s modulus

of the material. A and || are the Lamé constants. Qi%mn is the tensor addresses both the material and
geometric nonlinearities. If Q%mn is not considered, Equation (10) can be simplified into the linear

situation following the Hooke’s Law. The form of Qﬁmn is given as [20, 43, 54].

NL
Q[jklmn - szklmn szln km ank[ im Q]lmn ik (12)

where

1

Q;k,mn=5A(5.1_ +8,0 4 48,1, +8 0, )+2B(8,1,, +8,1, . +8, 1,)+2C8,5,5, (13)

ik™ jlmn il™ jkmn ilmn jj = klmn ki~ mnij

In Equation (12) and (13), 5[] and its similar forms with different subscript indexes are the Kronecker

delta. [ij.k, and its similar forms with different index orders are the fourth order identity tensors.
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The material nonlinearity is described by the third order elastic tensor Q;Zmn , Where the
geometric nonlinearity is addressed by the last three terms in Equation (12). The subscript ij, &/, mn
= 11, 33, 31 in this paper. The third order elastic tensor Qi?,’jmn is determined by three third order

elastic constants 4, B and C. Their values can be measured from experiment for the investigated

materials. Let O, = Qifk] +1/20™ ¢ | the material property matrix E, in Equation (3) is expressed

ijklmn ™" mn ?

as
_Qllllbh Q]l33bh 0 0 O ]
Ql 133bh Q3333bh 0 0 0
E = 0 0  0,,K"bh’ /12 0 0 (14)
0 0 0 0,5, K/ bh 0
0 0 0 0 Oyysbh° 12 |

where KIM:LI , K2M=3.1 , KIT:0.922 and K2T=12K1T/71,'2 are adjustable parameters that

calibrate the accuracy of guided wave propagation simulation [9]. Using the material property matrix

E, in Equation (14), the time-domain SFE method can include the effect of the material nonlinearity

in simulating the guided wave propagation.

2.3 Acoustic nonlinearity parameter

For one-dimensional (1D) longitudinal wave propagation, Equation (10) can be simplified as [21, 43]
o=(E+Ez)e (15)
where O , € and E, are the stress, strain and the second order Young’s modulus accounted for the

nonlinearity of the medium [53]. E, can be calculated from
E, :—%(3E+2A+6B+2C) (16)

In order to investigate the nonlinearity of the material, the acoustic nonlinearity parameter f
is introduced as the ratio of the second order Young’s modulus to Young’s modulus as [20]

E
1(3+2A+6B+20) (17

=2 _ -
P E 2 E
Equation (17) shows that the acoustic nonlinearity parameter f is a function of the Young’s modulus,

which accounts for the linear behavior of the medium, and the third order elastic constants A, B and
C, which account for the nonlinear behavior of the medium. This shows that the acoustic nonlinearity

parameter f quantifies the degree of material nonlinearity of the medium without any defect or plastic
deformation. In practice, the relative acoustic nonlinearity parameter 3’ can be employed as an

indicator to study the second order of the medium nonlinearity [55], which is defined as the ratio



303
304

305

306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322

323
324
325
326
327
328
329
330

331

332

333

334

between the spectral amplitude at the second harmonic frequency (42) and the square of the spectral
amplitude of the fundamental frequency (41) as
A
pr="2 (18)
Al
According to the reference [56], the relative acoustic nonlinearity parameter S’ is linearly proportion
to the nonlinear parameter f§ and the wave propagation distance if the measured guided wave modes
are cumulative. Hence B’ also has the following expression
B’ o< Bx (19)
where x is the distance of propagation. Hence, the relative acoustic nonlinearity parameter [’

indicates the nature of the nonlinear property of the wave propagation.

2.4 Modeling of contact nonlinearity

In this paper, the contact nonlinearity induced by a breathing crack in a cracked beam is also simulated
by the proposed SFE model. To achieve this, a SFE cracked element is proposed in this section.
Considering a cracked beam with length L, width b and height /4, the breathing crack with depth d. is
modeled at location L. of the beam. Figure 1(a) shows the SFE discretization of the beam. The intact
part of the beam is modeled using the SFE beam element and the cracked part is modeled by the
proposed SFE cracked element. Eight GLL nodes are used by the SFE beam element while two GLL
nodes are used in the proposed SFE cracked element. The nodes in the crack element consider three
degrees-of-freedom (DoFs) i.e., longitudinal, transverse and rotational DoFs. The length of the crack
element is assumed to be very small, i.e. / =~ 0.001 mm, in the model. When the proposed cracked
element is connected with the SFE beam element, the lateral contraction DoF induced by the
longitudinal wave propagation is not considered due to the very small length of the proposed SFE

crack element.

[Figure 1. Schematic diagram of a SFE model for simulating a cracked beam, (a) discretization of

a cracked beam, (b) two-node SFE crack element when the crack is opened and closed]

The contact nonlinearity due to the breathing phenomenon of the crack is modeled by a contact
mechanism indicated in Figure 1(b). The nodal longitudinal displacements #, and U, at the SFE
cracked element are examined to determine the status of the crack at each time step of the simulation:

u—u,< 0 when the crack is opened (20)

U —u,>= 0 when the crack is closed (21)
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Based on the status of the crack, the stiffness matrix Ki of the SFE crack element can be determined.
When the crack is opened, the stiffness matrix KZ of the SFE crack element is calculated as [48]
K¢ =PG P’ (22)

where P is the spatial transformation matrix as a function of the crack element length /

100 -1 0 0
P’=| 010 0 -1 I (23)
001 0 0 -1

G, is the flexibility matrix for the open crack given as follows

g & &
G.=|g &, &» (24)
g &n &3

with

/ xl r [

g12:g21:lclg2’ 4;=4; :_IgZ’ 9% =99 ="5 (25)

where K =10(1+V)/(12+11v) is the shear coefficient for rectangular shape of the beam cross section.

Ig], Igz, Ig3 and Ig , are the functions of the crack depth defined as

1,=ZaFda. I, 12”jFFar I
* ")

2K7z 727 §
j Fjda, 1 ;

g4 =

Cda (26)

g2 g3

where [ is the crack location in the SFE crack element. ¢ =d_/h. F;, F, and F, are the empirical

boundary calibration factors accounted for tension, bending and shear of the surface crack,

respectively. According to [57], the factors F,, F, and F, produce less than 0.5% errors for the

simulation of the crack with any depth dc . Their formulations are given as [48]

3
O.752+2.02a+0.37{1—sin(ﬂzaﬂ

2 o
Fla)= Etan(Tj cos(w] (27)

2
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0.923+0.199| 1—sin (”“j
2 (mj 2

F,(a)=,|—tan| — (28)
a cos(m]
2
1.122-0.561a +0.085a* +0.18¢°
Fy ()= N 29

When the crack is closed, the crack element is considered as an intact beam element. The SFE crack
element stiffness matrix KZ in Equation (22) becomes
K =PG P’ (30)

where G, is the flexibility matrix for the closed crack and is defined as

g1 &, &i
G =g g» &xn (31)
g5 & &%
with
e L e[, T e _ L
S5k 527\ Ga 3E4) 5P TED
12
e:e:e:e:O’ ¢ — o ——— 32
8258783785 En=8n 2E] (32)

3 Model validation

The effectiveness of the proposed model is validated in this section. The validation is conducted in
two situations. First, the model of material and geometric nonlinearities is verified similar to the

approach in reference [43]. It compares the ratio of the relative nonlinear parameter B’ between two

different materials calculated using SFE and the analytical approach. After that, the conventional FE
simulation is used to verify the contact nonlinearity generated due to the interaction between the
guided wave and the breathing crack. The results of validations are presented in the following

subsections.

3.1 Validation of material and geometric nonlinearities

The aluminium beams with the two different material properties, e.g., Al 6061-T6 and Al 7075-T651
are considered, where the material properties [43] are shown in Table 1. The beams have the same
geometric dimensions, where the length L, width b and height / of the beams are 1 m, 12 mm and 5

mm, respectively. The schematic diagram of the SFE model is indicated in Figure 2(a). The excitation
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signal is an fo = 100 kHz, narrow-band, 16-cycle sinusoidal tone burst modulated by a Hanning
window. The So guided wave is excited by applying the in-plane displacement at the left end of the
beam, in which the maximal amplitude of the input displacement is 1x10°® m. The displacement
response is calculated by the SFE simulation at L,= 0.5 m and the FFT is then employed to determine
the spectral amplitude of the first harmonic (41) and the second harmonic (42) generated by both

material and geometric nonlinearities.
[Table 1. Material properties of AI-6061-T6 and Al-7075-T651] [43]

[Figure 2. Schematic diagram of the SFE beam with (a) material and geometric nonlinearities, and

(b) material, geometric and contact nonlinearities]

The spectral amplitudes of the SHG 4> with propagation distance for Al 6061-T6 and Al 7075-
T651 are calculated in Figure 3. It shows that the magnitude of the SHG increases until it reaches the
maximum cumulated propagation distance (504 mm for Al 6061-T6), after which it decreases due to
dissatisfaction of the cumulative condition, i.e., the non-synchronization of the phase velocity
between the harmonics at fo =100 kHz and 2fy =200 kHz. It also shows that the spectral amplitude of
the SHG A> does not increase linearly. In order to use Equation (18) to determine the relative
nonlinearity parameter S’ effectively, the linear regression analysis is utilized to determine the
maximum linear cumulative propagation distance, where the coefficient of determination R? is set
larger than 0.99 in the analysis [43]. Based on the analysis, the maximum linear cumulative
propagation distance is calculated (376 mm for Al 6061-T6) and within this distance the higher

harmonics are considered ‘cumulated’.

[Figure 3. Spectral amplitude of second harmonic against propagation distance for Al 6061-T6 and
Al 7075-T651]

The calculated relative nonlinear parameter B’ with propagation distance x and the

corresponding linear regression are shown in Figure 4. k is the slope of the line, which is proportional

to the nonlinear parameter '. As shown in Figure 4, the slope k& for the material 41 6061-T6 is larger
than that of A17075-T651. Also, it is shown that the nonlinear parameter 3’ increases linearly, which

indicates that the SHG of So guided wave is cumulated in this propagation distance. Hence, the ratio

of the  nonlinear  parameter of Al  6061-T6 to Al  7075-T651 is

ﬁAl606l/ﬁAl7075 = kA16061/kAl7075 = 0.0298/0.0267 =1.116, which is closed to the analytical result, i.e.,
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1.12, calculated using Equation (17). This shows that the SFE simulation is able to take into account

the material and geometric nonlinearities in the guided wave simulations.

[Figure 4. The relative nonlinear parameter ' calculated from the measured displacement against

the wave propagation distance for the Sy incident guided wave at 100 kHz]

3.2 Validation of contact nonlinearity

This subsection validates the contact nonlinearity of the SFE simulation by comparing the SFE results
with those calculated by conventional 3D FE simulations. The material of the beam is Al 6061-T6
and the properties are shown in Table 1. The length L, width b and height 4 of the beam are 1 m, 6
mm and 12 mm, respectively. The crack is located at L. = 0.5 m and the crack depth is d.=3 mm. The
excitation signal is an fo = 50 kHz, narrow-band, 5-cycle sinusoidal tone burst modulated by a
Hanning window [Error! Reference source not found.]. The Sy guided wave is generated by
applying the in-plane displacement at the left end of the beam. The displacement response is
calculated at the same location as the excitation location. The simulation duration is long enough to
cover the incident Sp guided wave propagates from the excitation location to the right end of the beam,
and then reflects back to the left end of the beam (the excitation and measurement location). 100 SFE
beam elements are used to model the beam to ensure the convergence of simulation and each of SFE

beam element has eight GLL nodes. The damping coefficient 1 is assumed to be 200 s'!. The time

step of the simulation is chosen at 2.5x10% s.

The conventional 3D FE simulations are carried out using the commercial FE software,
ABAQUS v6.12-1, to simulate the wave propagating in the cracked beam. The eight-noded 3D solid
brick elements (C3D8I) with the incompatible mode are used to model the cracked beam. The option
of second-order accuracy is enabled in the incompatible mode in the simulations. The mesh size of
the elements is 0.4mmx0.4mmx0.4mm to ascertain the stability of the FE simulations. The crack is
modeled by duplicating the nodes at the crack interfaces [59, 60]. The contact nonlinearity due to the
breathing phenomenon is simulated by assigning the ‘frictionless hard contact’ property to the crack
interfaces. The So guided wave is excited by applying the in-plane nodal displacement at the vertical
surface of the left beam end. The excitation signal is the same as the SFE simulations. The explicit
solver, ABAQUS/Explicit, is used to solve the dynamic problem. The time step is automatically
controlled by ABAQUS/Explicit in the simulations.

The simulation results are shown in Figure 5. Figure 5(a) shows the response displacement in
time-domain, which is normalized to the peak amplitude of the incident wave. There is good
agreement between the results of the SFE and FE simulations. Figure 5(b) shows the FFT of the

displacement response. The figure shows that the results of the SFE and FE have the same spectral
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amplitude of the second harmonic at 2fp= 100 kHz. This demonstrates the accuracy of the proposed
SFE method in simulating the nonlinear guided wave induced by the contact nonlinearity at the

breathing crack.

[Figure 5. Comparison of SFE and FE simulated results in (a) time-domain; (b) frequency-domain]

3.3 Three-dimensional finite element validation

A material subroutine developed in ABAQUS/Explicit is used to ensure the accuracy of the proposed
time-domain SFE model. The subroutine applies Murnaghan’s energy function [61] in order to model
the S, guided wave in Aluminium beams. The material nonlinearity in ABAQUS VUMAT is
formulated by a set of constitutive equation. The deformation gradient F links the reference

configuration X (material) to the current configuration x (spatial) and is written as [62]

__0x

F=2 (33)
The Green-Lagrange strain tensor is employed in this study and is defined as
E=-(C-1) (34)

where C is the right Cauchy-Green deformation tensor and I is the identity tensor. C is related to the

deformation gradient F

C=F"F = U? (35)

where U is the right stretch tensor.

The nonlinear strain energy function of Murnaghan is given as

W(E) = (A+ 2u)i? — 2piy + (B + C)iZ — 2Ciyi, + Ais (36)
where 2 and u are the Lamé elastic constants; A, B and C are the third order elastic constants. i; = trE,

i = % [i? — tr(E)?], i3 = detE, respectively.

User material subroutine VUMAT in ABAQUS/Explicit can define the mechanical
constitutive behaviour for material nonlinearity in modeling guided wave. The Green-Naghdi rate of

the Cauchy stress tensor is utilized in VUMAT.

6 =RToR (37)
where R is rotation tensor, and R is a proper orthogonal tensor, i.e., R = RT. The terms F, U and R
are related as follow

F=RU (38)
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The relationship of the second Piola-Kirchhoff (PK2) stress T and the strain energy function in
Equation (36) is given by

_ OW(E)

T Py (39)
The Cauchy stress and the PK2 stress are interrelated and written as
6 =], 'FTFT = ]{W%FT (40)
where ]J; = det (F).
By substituting Equations (38)-(40) into Equation (37)
6 =], 'RTFTF'R = ], 'RTRUTUTR™R = ]1‘1U%UT 41)

Depending on the values of F and U provided in the user subroutine at the end of previous
time step (t), the updated stress equation at the end of an integration step (t + At) is stored in

stressNew(1).

3.4 Comparison of the proposed SFE model and FE model using subroutine

The material properties of 6061-T6 aluminium beam are used for both the SFE and FE models. The
length L, width b and height /4 of the beam are 1m, Smm and 12mm, respectively. A 3D eight-node
linear brick with reduced integration (C3D8R) are used to model the beam. The dimension of an
element is 0.4x0.4x0.4mm?>. The excitation signal is a f, = 100kHz, narrow-band, 12 cycles
sinusoidal tone burst modulated by a Hanning window. The excitation signal of the S, guided wave
is applied to the in-plane nodal displacement on the vertical surface of the left end beam end.

For the SFE model, 8 GLL nodes with 0.01m long in each SFE element are used. The time
step is selected at 5x10°% s to ensure the simulation to be converged. The S, guided wave is loaded by
applying the in-plane displacement at the left end of the beam. The excitation signal is the same as
the FE model with VUMAT subroutine. The displacement response for both of the SFE simulation

and the FE model are measured at L,, = 0.5m.

[Figure 6 Comparison of SFE and FE simulations for linear and nonlinear perspective in terms of

(a) time-domain, (b) frequency domain, and (c) the triggered signal in frequency domain]

The solid lines represent the signal in nonlinear response while the dashed lines refer to linear
response. The SFE signals are shown in red color and the FE signals are labeled in blue color. The
amplitude of each time-domain displacement response in Figure 6(a) is normalized. Figure 6(b)
shows the corresponding signals in frequency domain. It is shown that the linear signals of both the

SFE and FE models does not carry any second harmonic information. After implementing material
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nonlinearity, both the SFE and FE simulations generate second harmonic at 2f, = 200kHz with

similar second harmonic peak.

4 Numerical case studies and discussions

A series of numerical case studies are carried out in this section to investigate the performance of the
proposed SFE model. The performance of the SFE model in simulating the material and geometric
nonlinearities is studied first, which investigates the influences of different numbers of cycles and
amplitudes of the excitation signal on the SHG in Section 4.1. After that, the contribution of the
material and geometric nonlinearities, and the contact nonlinearity to the SHG is studied in Section
4.2. The beam with length L= 1 m, depth d=5 mm and width »#=12 mm is simulated in this study and

the material is assumed to be Al 6061-T6 and the material properties are shown in Table 1.

4.1 Second harmonic generation (SHG) due to material and geometric nonlinearities
In this part, the influence of the geometric and material nonlinearities on the SHG is studied in Section
4.1.1. The influences of different numbers of cycles and the amplitudes of excitation signal on the

SHG due to geometric and material nonlinearities are studied in Sections 4.1.2 and 4.1.3, respectively.

4.1.1 Influence of material and geometric nonlinearities

This section studies the influence of the material and geometric nonlinearities on the SHG. The
excitation signal is a 100 kHz, narrow-band, 16-cycle sinusoidal tone burst modulated by a Hanning
window. The Sy guided wave is generated by applying the in-plane displacement with the maximum
amplitude of 1x10°° m to the left end of the beam, and the displacement response is measured at L,,=
0.5 m. Based on Equation (12), the first term on the right hand side of the equation accounts for the
material nonlinearity and the other three terms address the geometric nonlinearity. This section

considers three different situations: 1) linear, 2) only geometrically nonlinear, and 3) nonlinear with
both material and geometric nonlinearities. In the linear situation, the term Qgimn in Equation (10) is
not considered in the simulation. For the geometrically nonlinear situation, the first term of right hand
side of Equation (12), i.e. Q;klmn , is neglected. For the nonlinear situation that considers both material

and geometric nonlinearities, all the terms at the right hand side of Equation (12) are considered in
the simulations. The calculated time-domain displacement responses of these three situations are

shown in Figure 7.
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[Figure 7. The calculated time-domain displacement response at L,= 0.5 m for linear situation,
and situations consider only geometric nonlinearity, and both material and geometric

nonlinearities in the SFE simulation]

From the time-domain signal shown in Figure 7, the difference between the nonlinear
situations and the linear situation is hardly distinguished. Figure 8 shows the FFT of the calculated
displacement responses at L,= 0.5 m for the three aforementioned situations. Compared with the
time-domain signal, the SHG in the nonlinear situation (with geometric and material nonlinearities)
is clearly observed. Furthermore, the results show that the spectral amplitude of the SHG for the
situation considering both material and geometric nonlinearities is about 10 times greater than that of
the situation considering only the geometric nonlinearity. This demonstrates that the SHG is mainly

due to the material nonlinearity.

[Figure 8. FFT of the calculated displacement responses at L,= 0.5 m for linear situation, and
situations consider only geometric nonlinearity, and both material and geometric nonlinearities in

the SFE simulation]

4.1.2 Influence of the numbers of cycles of the excitation signal

The influence of the numbers of cycles of the excitation signal on the SHG due to material and
geometric nonlinearities is studied in this section. The excitation signals with 8, 12, 16 and 20 cycles
are considered in this study. The signal is a 100 kHz narrow-band sinusoidal tone burst modulated by
a Hanning window. The So guided wave is excited by applying the in-plane displacement with the
maximal amplitude 1x10°° m at the left end of the beam. The displacement responses are measured
at L, = 0.5 m. The FFT of the displacement responses for the cases considering different numbers of
cycles of the excitation signals are shown in Figure 9. The results show that the bandwidth of the
fundamental and second harmonic become wider for excitation signal with less numbers of cycles

and the amplitude of the SHG increases with the number of cycles.

[Figure 9. FFT of the calculated displacement responses at L,= 0.5 m for different excitation
cycles]

Figure 10 shows the SHG amplitude versus the fundamental amplitude for different numbers

of cycles of the excitation signal. Analytically, because the relative nonlinear parameter g3’ is a

constant within the cumulated wave propagation distance x as shown in Equation (19), the ratio of

the SHG amplitude to the square of the fundamental harmonic is also a constant from Equation (18).
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Therefore, the result is a straight line in Figure 10. There are good agreements between the analytical
results and the SFE simulated results for different numbers of cycles. Overall, it is found that the
magnitude of the SHG induced due to the material and geometric nonlinearities increases with the

numbers of cycles of the excitation signal.

[Figure 10. The second harmonic amplitude versus the fundamental amplitude for varying number

of cycles of the excitation signal (solid line: analytical results;, markers: SFE simulation results)]

4.1.3 Influence of the amplitude of the excitation signal

The influence of the amplitude of the excitation signal on the SHG due to geometric and material
nonlinearities is studied in this section. The excitation signal applied at the left end of the beam is a
100 kHz narrow-band 16-cycle sinusoidal tone burst modulated by a Hanning window. Eight different
amplitudes of the excitation signal are considered and magnitude increases from 1x10°m to 8x10°
m with the step of 1x10°%m. The displacement response is calculated at L, = 0.5 m and the measured
time duration is the same as that in Subsection 4.1.2. The amplitudes of the fundamental harmonic
and SHG are extracted from the FFT of displacement responses. Figure 11 shows the SHG amplitude
versus the fundamental amplitude for different excitation amplitudes, in which the asterisks denote
the numerical results. The results in Figure 11 show that there is good agreement between results of
SFE and the analytical results obtained from Equation(18). It is found that the SHG amplitude

increases with the excitation amplitude.

[Figure 11. The second harmonic amplitude versus the fundamental amplitude for varying

excitation amplitude (solid line: analytical results; markers: SFE simulation results)]

4.2 Contribution of material and geometric nonlinearities, and contact nonlinearity in second
harmonic generation (SHG)

The contribution of the material and geometric nonlinearities, and contact nonlinearity in the SHG is
studied in this subsection. The excitation signal is a 100 kHz, narrow-band, 5-cycle sinusoidal tone
burst modulated by a Hanning window. The So guided wave is excited by applying the in-plane
displacement with the maximum amplitude of 1x10° m to the left end of the beam, and the
displacement response is measured at L,, =0 m. The breathing crack is located at L. = 0.5 m. Because
the crack location L. < 0.504 m, it allows a simulation of the cumulated SHG from material and
geometric nonlinearities as discussed in Section 3.1.

Two situations are considered: 1) only contact nonlinearity and 2) both material and geometric

nonlinearities, and contact nonlinearity in the SFE simulation. The spectral amplitudes of the SHG as
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a function of normalized crack depth (d./h) are investigated for both situations. The short-time Fourier
transformed (STFT) is used to obtain the spectral amplitude of the SHG induced by the crack. Figure
12(a) shows an example of the spectrogram obtained from STFT, and the corresponding time-domain
displacement is shown in Figure 12(b). The data is obtained from a beam model with a crack having
d.=2.5 mm. It should be noted that the amplitude of second harmonic guided wave reflected from the
breathing crack is labelled as 42 in Figure 12(a), which is normalized by amplitude of the fundamental

harmonic A4 of the incident guided wave.

[Figure 12. (a) Spectrogram obtained by STFT and (b) the corresponding time-domain

displacement response for a beam model with a crack having d. =2.5 mm and L. = 0.5 m]

Figure 13 shows the ratio of the SHG amplitude of the wave reflected from the crack (42) to
the fundamental harmonic amplitude of the incident wave (41) as a function of normalized crack
depth to beam depth ratio (d./%). The results show that the amplitudes of the SHG calculated by the
SFE model with the effect of both material and geometric nonlinearities, and contact nonlinearity are
in general greater than the results calculated by the SFE model considering only the contact
nonlinearity. In the case when the crack size is small, the SHG amplitude is mainly contributed by
the contact nonlinearity. This can be explained by the fact that the amplitude of the wave reflected
from the small size of the crack is small. Figure 11 shows that the contribution to the SHG amplitude
by the material nonlinearity is linear proportional to the wave amplitude. As the amplitude of the
reflected wave is small, the material nonlinearity has only a very limited contribution to the SHG. In
the case when the crack size is large, although the contribution of the material nonlinearity to the
SHG is larger (because the amplitude of the reflected wave is larger), the SHG amplitude is still
mainly contributed by the contact nonlinearity. The largest difference of the ratio of the SHG
amplitude of the wave reflected from the crack to the fundamental harmonic amplitude of the incident

wave is less than 3%.

[Figure 13. Normalized second harmonic amplitude of the displacement responses as a function of

normalized crack depth (d./h)]

4.3 Determination of breathing crack location using second harmonic generation (SHG)

This section demonstrates the use of the SHG to determine the location of the breathing crack in the
beam. In the numerical case studies, the SHG due to the effect of material and geometric
nonlinearities, and contact nonlinearity are considered to simulate a practical situation. Since the

proposed method relies on the SHG, which can be extracted at the second harmonic frequency, the
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proposed method can determine the existence and the location of the crack without using the reference
data. This means that it is feasible to be used as a reference-free damage detection method.

When the incident wave is excited, it propagates from the actuator to the breathing crack. The
SHG from the contact nonlinearity is generates when incident wave interacts with the breathing crack.
The generated second harmonic wave then propagates and then reaches the sensor. First of all, the
appearance of the second harmonic wave in the time-frequency spectrum (spectrogram) can indicate
the existence of the breathing crack. The arrival time and the group velocity of the second harmonic
wave can be determined at the second harmonic frequency from the spectrogram and from the
material properties of the beam, respectively. Thus, the crack location (L.) of the crack can be
calculated by

| _|eden) |, -

' cg (fc)—f_cg (2fc)>

where ¢ (f) and ¢ (2f,) are the group velocity of the incident and reflected guided wave at the

excitation frequency ( £, ) and second harmonic frequency (2 f. ), respectively. Ar=r, —¢, isthe

time difference between the arrival time of incident wave at the excitation frequency (7, ) and the
arrival time of the scattered wave at second harmonic frequency ¢,, . Using Figure 12 as an example,
t, and ¢, are the arrival time of the peak amplitude for the incident wave at the excitation frequency

A1 and scattered wave from the breathing crack at the second harmonic frequency 4», respectively.
A beam made by Al 6061-T6 with length L= 1 m, depth d=5 mm and width b=12 mm is
considered in this section. The material properties of the beam are show in Table 1. The So guided
wave is used as the incident wave in the damage detection. The So guided wave is excited at the left
end of the beam using the in-plane displacement with maximum amplitude of 1x10°® m. The
excitation signal is a 100 kHz, narrow-band, 5-cycle sinusoidal tone burst modulated by a Hanning
window, which is the same as Section 4.2. The group velocity dispersion curve of the beam is shown
in Figure 14. The group velocity at the excitation frequency (100 kHz) and second harmonic

frequency (200 kHz) are ¢ (f)=4848.5m/s and ¢ (2f)=4585.1 m/s, respectively. Since pulse-echo

approach is used to collect the guided wave for the damage detection purpose, the measurement
location is assumed to be the same as the excitation location, i.e. L, = 0 m. To take into account the
effect of the measurement noise, it is assumed that the measured time-domain guided wave signals

contain 5% root mean square (RMS) white noise.

[Figure 14. Group velocity dispersion curve for AI 6061-T6 beam]
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In the numerical case studies, there are three damage cases and they consider the beam having
a breathing crack at different locations and different crack depths. A summary of the damage cases is

shown in Table 2. Case 1 considers the breathing crack is located at L = 0.8 m and the normalized

crack depth ratio is 0.4. Case 2 considers the breathing crack with the same normalized crack depth

ratio but the crack is located at L_= 0.92 m, which is closer to the beam end. Case 3 considers the

most challenging situation, in which the normalized crack depth ratio is 0.2. The crack is located very

close to the beam end at L =0.95 m.

Figure 15 shows the measured signal in each damage case. For Case 1, the first wave package
is the incident So guided wave. The second wave package is the scattered wave from the crack and
the last wave package is the reflected incident wave from the beam end. For Case 2, since the crack
is closer to the beam end, part of the scattered wave is mixed with the boundary reflection. For Case
3, the scattered wave is completely mixed with the reflection incident wave from the beam end.
Without the reference data, it is very difficult for the linear guided wave based damage detection
methods to detect the crack. Figure 16 shows the corresponding spectrogram of the measured signal
for each damage case, which provides the time-frequency information of the measured wave signal.
As shown in Figure 16, the second harmonic wave can be extracted at the second harmonic frequency.

In each damage case, the arrival time of the scattered wave at second harmonic frequency ¢, and the

arrival time of the incident wave at excitation frequency ¢, can be determined from the spectrogram.

Therefore, At can be calculated and the crack location L_ can be estimated using Equation (42). The

predicted crack location and the percentage error are shown in the fourth and fifth column of Table
2. Overall, the all predicted crack locations are very close to the true crack location and the maximum

percentage error is 0.95%.

[Figure 15. Measured time domain signal for a) Case 1, b) Case 2 and c) Case 3]

[Figure 16. Spectrogram of the measured signals for a) Case 1, b) Case 2 and c) Case 3]

[Table 2. Summary of damage cases]

S Conclusions

This study has proposed a time-domain SFE modeling of SHG of nonlinear guided wave in beam
structures, which takes into account material and geometric nonlinearities, and contact nonlinearity.
Specifically, the material and the geometric nonlinearities have been modeled by adapting the

constitutive relation between strain and stress using a second order approximation, and the contact
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nonlinearity resulted from a breathing crack has been simulated by a bilinear SFE crack model. The
time-domain SFE simulations of the SHG due to material and geometric nonlinearities, and contact
nonlinearity have been validated using analytical results and 3D FE simulations, respectively. The
results show that the time-domain SFE method is able to provide an accurate prediction in the SHG.

A series of numerical case studies have been carried out to investigate the influence of the
material and geometric nonlinearities and contact nonlinearity on the SHG using the proposed SFE
model. The numerical case studies have considered the SHG due to the material and geometric
nonlinearities. The results have shown that the material nonlinearity in the contribution to the SHG
is much greater than geometric nonlinearity. In addition, the amplitude of the SHG increases with the
number of cycles and amplitude of the excitation signal. The numerical case studies have also
investigated the amplitude of the SHG at a breathing crack, in which the time-domain SFE model
takes into account both material and geometric nonlinearities and contact nonlinearity. The spectral
amplitude of the SHG has been studied as a function of the normalized crack depth. The results have
shown that the contribution of the material and geometric nonlinearities to the SHG is generally
smaller than the contact nonlinearity. It has also shown that as the crack size becomes smaller, the
SHG due to the material and geometric nonlinearities become smaller. In Figure 13, the material and
geometric nonlinearities contributed a very little effect on the SHG, and most of the response came
from contact nonlinearity. The material and geometric nonlinearities can be potentially ignored in the
practice of damage identification. In addition, a series of numerical case studies have been presented
to show that the second harmonic wave can be used to accurately determine the crack location without
using the reference data. Overall, the numerical case studies have gained insights into the SHG due
to the material and geometric nonlinearities and contact nonlinearity. The findings of this study could

further advance the development of damage detection using SHG of nonlinear guided wave.
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Tables

Table 1. Material properties of Al-6061-T6 and Al-7075-T651 [41]

Material p(kgm?) 1(GPa) u(GPa) A (GPa) B (GPa) C (GPa)

Al-6061-T6 2704 67.6 259 -416 -131 -150.5
Al-7075-T651 2810 70.3 2696  -351.2 -1494  -102.8
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Table 2. Summary of damage cases

Case Actual Predicted Percentage
Crack depth d. (m) Crack location L. (m) Crack location (m) error
Case 1 0.002 0.8 0.7924 0.95%
Case 2 0.002 0.92 0.9191 0.10%
Case 3 0.001 0.95 0.9426 0.78%
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