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Abstract

In light of recent experimental progress in determining the pressure and shear distributions in the proton, these quantities are
calculated in a model with confined quarks supplemented by the pion field required by chiral symmetry. The incorporation of the
pion contributions is shown to account for the long-range distributions, in general agreement with the experimentally extracted
quark contributions. The results of the model are also compared with lattice QCD results at unphysically large quark mass.
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1. Introduction

A quantitative understanding of the nucleon structure in
terms of quarks and gluons is one of the most challenging topics
in modern nuclear physics. Many aspects of this structure are
encoded in form factors, which means that their study is of vi-
tal importance to our understanding of QCD. The gravitational
form factors (GFFs), which contain the basic mechanical prop-
erties such as mass, angular momentum and internal forces, are
currently receiving a great deal of attention [1, 2, 3, 4, 5, 6, 7].
There are three GFFs, which are related to the nucleon matrix
element of the energy moment tensor (EMT) [8, 9]. The critical
D-term form factors, which parametrize the spatial components
of the EMT, carry information about the pressure and shear dis-
tributions experienced inside the nucleon [10, 11].

Theoretical developments connect the GFFs to the moments
of generalized parton distributions (GPDs) [12, 13], which are
accessible in hard exclusive processes, particularly deeply vir-
tual Compton scattering (DVCS). Recently the quark D-term
form factor of the proton at a scale µ2 = 1.39 GeV2 was ex-
tracted from a DVCS experiment at the Thomas Jefferson Na-
tional Accelerator Facility (JLab) [14, 15]. This led to the
first experimental determination of the pressure distribution and
shear forces inside the proton [16, 17] (referred to as BEG).

It is worth noting that, in order to extract these distributions,
it was necessary to choose some functional form, in this case
a tripole, to extend the form factor, D(t), beyond the limited
range of momentum transfer accessible in the experiment. This
does introduce some degree of model dependence into the re-
sults. This same D-term form factor was also used to derive
the 2-dimensional transverse light front pressure density [18].
Most recently, the first attempt to extract experimental informa-
tion on the gluon D-term form factor was carried out using the
photoproduction of the φ and J/ψ vector mesons near their re-
spective thresholds [19]. While the individual quark and gluon
GFFs depend on the scale µ, the total D-term Dtot = Dq + Dg is

scale invariant as a consequence of conservation of the EMT.

On the other hand, the GFFs of hadrons can also be com-
puted from lattice QCD (LQCD). While the quark GFFs of the
proton have been studied extensively [20, 21, 22, 23, 24], the
first LQCD determination of gluon GFFs was presented very re-
cently [25], albeit at a quark mass considerably higher than that
found in nature, corresponding to mπ = 0.45 GeV. The pressure
and shear distributions of the proton were then extracted from
the calculated D-term form factors [26], finding that the gluon
contributions are dominant compared with the quark terms at
the scale µ2 = 4 GeV2. Once again there is some model de-
pendence in these results associated with the need to assume a
functional form for D(t).

There have also been a number of theoretical studies of the
proton’s GFFs. The MIT bag model, which is attractive due to
its simplicity and incorporation of confinement, was the first to
be applied to GPDs and EMT form factors [27]. This frame-
work was recently extended to study the pressure and shear dis-
tributions inside the proton [28]. The first chiral calculation of
the pressure and shear in the nucleon was carried out some time
ago by Goeke and collaborators [29], using the chiral quark
soliton model. For a recent formal study of the chiral correc-
tions to the EMT we refer to Ref. [30].

Here we calculate the pressure distribution and shear forces
in the proton using the cloudy bag model (CBM), in which the
nucleon is treated as a three quark bag surrounded by a pertur-
bative pion cloud [31, 32, 33, 34]. Since Neubelt et al. [28]
have recently calculated the valence quark contribution, we fo-
cus on the contribution generated by the pion cloud. The pionic
contribution to the quark and gluon D-terms in the EMT of the
nucleon will be shown to be a product of the distribution of pi-
ons in the nucleon, Dπ/N(t), which is scale independent, with
the quark and gluon D-terms of the pion, Dπ

q,g. For the latter
we use the LQCD calculations of Brommel [35] and Pefkou et
al. [36], respectively.
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2. Theoretical framework

Within the CBM the dressed nucleon state vector, | Ñ〉, may
be expressed as

| Ñ〉 =
√

Z
(
|N〉 + |Nπ〉 + |∆π〉 + higher order terms

)
, (2.1)

where the |Nπ〉 and |∆π〉 components have probabilities of or-
der 20-25% and 10%, respectively [37], and the higher order
terms are small [38]. There have been very detailed studies
of the structure of the nucleon within the CBM. The model
provides a good description of nucleon properties from elec-
tromagnetic form factors [33] to the parton distribution func-
tions [40], including nucleon spin [41, 42].

The coupling of the pion to the three-quark bag is

Hint =
∑
B,B′

∫
d3~k(B† B′ a~k vBB′

~k
+ h.c.) , (2.2)

where h.c. denotes the Hermitian conjugate. B† and B respec-
tively create and destroy the appropriate three-quark bag. For
the nucleon, for example, the vertex function, which suppresses
the coupling of high momentum pions because of the extended
size of the nucleon bag, is calculated directly from the model

vNN
~k,a

=
i√

(2π)3ωk

gA

2 fπ
u(k) τa ~σ.~k . (2.3)

Here ωk =
√

k2 + m2
π, gA is the axial charge of the nucleon

(1.27), fπ is the pion decay constant (93 MeV) and u(k) is the
form factor, u(k) = 3 j1(kR)/kR, calculated in the CBM, where
R = 0.8 fm is the radius of the bag.

Denoting the contribution to the EMT of the nucleon from
the pion in the |Nπ〉 component of the nucleon wave function
as 〈N |T i j(0) |N 〉πN , we find (in the Breit frame for momentum
transfer ~∆)

〈N(~∆/2), s |T i j(0) |N(−~∆/2), s 〉πN

=
3g2

A

32π3 f 2
π

∫
d3~k

E
|~k+~∆/2| u(k) u( |~k + ~∆| ) (k2 + ~k · ~∆)

2ω2
k ω

2
|~k+~∆|

〈 π(~k + ~∆) |T i j(0) | π(~k) 〉 . (2.4)

Here, as usual, Eq andωq denote the energy of a nucleon or pion
of momentum ~q, s is the nucleon spin and following Ref. [36]
all hadron states are normalised as 〈 ~p | ~p ′〉 = (2π)3 2p0 δ(~p −
~p ′).

The ∆-nucleon coupling takes a similar form, namely, in
Eq. (2.3) we replace ~σ by ~S the transition spin operator and τa

by Ta the transition isospin operator, and insert the appropriate
SU(6) coefficient [31]. Furthermore, the energy denominators
ω2

q are replaced with ωq(ωq + ∆M) in Eq. (2.4), where ∆M is
the 300 MeV mass difference of the nucleon and ∆.

Using the standard expressions for the EMT of the nucleon
and pion, for example in the pion case

〈 π(~∆/2) |T i j
q,g(0) | π(−~∆/2) 〉

= 2KiK jAq,g(t) + 2m2
πc̄
π
q,g(t) +

1
2

(∆i∆ j − gi j∆2)Dπ
q,g(t) ,

(2.5)

where t = ∆2 (t = −~∆2 in the Breit frame) and the subscripts de-
note the quark and gluon components of the respective EMTs.
We then see that the pion contribution to the D-term of the nu-
cleon associated with the |Nπ〉 component of the wave function
DπN is directly related to the corresponding D-term of the pion
by

DπN
q,g(t) = Dπ/N(t) Dπ

q,g(t) , (2.6)

where

Dπ/N =
3g2

A

32π2 f 2
π

∫ ∞

0
dk k2 u(k)

k2 + m2
π∫ +1

−1
dx

u(y)
√

m2
N + z (k2 + k∆x)

y2 + m2
π

. (2.7)

To simplify the expression in Eq. (2.7) we have defined y =
√

k2 + ∆2 + 2k∆x and z = k2 + ∆2/4 + k∆x. In addition, there
is also the Dπ/∆ term from the |∆π〉 component, which takes a
form similar to Eq. (2.7), with changes previously described.

The product form of DπN
q,g given in Eq. (2.6) means that in

coordinate space, the D-term is a convolution of the distribution
of pions in the nucleon with the distribution of quarks or gluons
in the pion. As a consequence of the long-range nature of the
pion cloud of the nucleon, this means that the pion contribution
to the EMT of the nucleon dominates at larger radii. In terms
of the Fourier transform of DπN

q,g

D̃q,g(r) =

∫
d3~∆

2E∆/2(2π)3 e−i~∆·~rDq,g(−~∆ 2) , (2.8)

we can readily calculate the pressure and shear distribu-
tions [10, 11]

s(r) = −
1
2

r
d
dr

1
r

d
dr

D̃(r) , (2.9)

p(r) =
1
3

1
r2

d
dr

r2 d
dr

D̃(r) . (2.10)

The pressure and shear distributions for the bare nucleon
component |N〉 (the three-quark bag) are calculated using the
MIT bag model, under the approximation that the bag is a static
spherical cavity [39] of radius R. The solution for the ground
state quark wave function is

q(~r) =
N
√

4π

(
α+ j0(ωr

R )
α−i~σ · r̂ j1(ωr

R )

)
χs, (2.11)

where α± =
√

1 ± m/E, m the current quark mass, χs the two-
component Pauli spinors, j0 and j1 are the spherical Bessel
functions. E is the single quark energy and the eigenfrequency
ω is derived from imposition of the linear boundary condition
in the usual way.

The spatial components of the symmetric energy-momentum
tensor for the valence quarks are

T i j
q (~r) =

NqN2

4π
α+α−

[(
j0 j′1 − j′0 j1 −

j0 j1
r

) rir j

r2 +
j0 j1
r
δi j

]
θV .

(2.12)
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Here Nq is the number of quarks (Nq = 3 for a nucleon), and
the primes denote differentiation with respect to r. From this it
is straightforward to extract the pressure distribution and shear
forces in the proton,

p(r) =

[
NqN2

12π
α+α−

(
j0 j′1 − j′0 j1 +

2 j0 j1
r

)
− B

]
θV , (2.13a)

s(r) =

[
NqN2

4π
α+α−

(
j0 j′1 − j′0 j1 −

j0 j1
r

)]
θV . (2.13b)

These quark contributions inside the bag are in agreement with
the calculations reported in Ref. [28].

3. Results

The pionic contributions to the D-term of the nucleon are
directly computed from the product of Dπ/B (where B is either N
or ∆) and Dπ

q,g. The latter are obtained from LQCD calculations,
with the more recent calculations at mπ = 450 MeV [36] and
the much older pioneering work [35], which has a significantly
larger uncertainty, giving the value at the physical mass through
an extrapolation formula. We stress that the present calculation
of the pion distributions in the nucleon, Dπ/B, may be combined
with any future calculations of the quark and gluon distributions
in the pion when they are generated. To that end we provide a
fit to the functions Dπ/N and Dπ/∆ [43].

The individual quark and gluon EMTs are dependent on
renormalisation scale, with the evolution of the operators be-
ing the same as the second moments of the parton distribution
functions. The scale associated with a quark model like the MIT
bag is low, typically [40] of order 0.2-0.3 GeV2. Therefore, the
bag EMT is evolved to µ2 = 1.4 GeV2 and µ2 = 4 GeV2 to
compare with the experimental data and LQCD calculations, re-
spectively. Given the computational complexity of our results,
the calculated DπB

q,g terms are fitted with the usual functional
form, namely, the tripole ansatz to the quark and gluon D-terms
following from [16, 36]. Furthermore, with limited knowledge
of the functional form for lattice D-terms, we use tripole forms
for both quark [35] and gluon [36] components.

In Fig. 1, we show the individual quark contributions to the
pressure distribution and shear in the proton at a quark mass
corresponding to the physical pion mass. In a more sophis-
ticated treatment of confinement one would expect a smooth
distribution, rather than the discontinuous behaviour shown in
Fig. 1. With that in mind, in Fig. 2 we show a fit to the distri-
butions at physical pion mass with a smooth function. The fit
functions are applied to total pressure and total shear separately,
using the simple forms

p(r) = Ae−Cr + Be−Dr, s(r) = Fe−Gr , (3.1)

where A, B,C,D, F, and G are real constants [44].
The only experimental data that we have at the present time

is the distribution of quark pressure and shear coming from the
analysis of Burkert et al. [16, 17]. This is shown in Fig. 3 in
comparison with the smooth fit to our model calculation. Even
allowing for the considerable uncertainties associated with the
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Figure 1: (colour online). The quark pressure and shear distributions inside
the proton from the contributions |N〉, |Nπ〉, and |∆π〉, at quark masses corre-
sponding to the physical pion mass and µ2 = 1.4 GeV2. The green vertical line
indicates the bag radius.
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Figure 2: (colour online). Calculated total pressure and shear distributions and
the corresponding smooth fits using Eq. (3.1) at mπ = 140 MeV. The green
vertical line indicates the bag radius.

LQCD calculations of the D function of the pion, it is clear that
the calculation reproduces the features of the data quite well,
with the contribution from the pion cloud dominating beyond
0.8 fm.

We also show a comparison of the fit to our calculation with
the LQCD calculation of pressure and shear at mπ = 450
MeV [26] in Fig. 4. In this case, the calculated total distri-
butions also include gluon contributions from Eq. (2.6). The
qualitative features of the lattice data are reasonably well re-
produced, although at this mass the distribution of both pres-
sure and shear reported in the lattice calculation are somewhat
larger in the region beyond 1 fm than those found in the model.
Further work will be needed to determine whether this differ-
ence arises from the input quark and gluon distributions in the
pion or the nucleon calculations themselves.

For comparison with the LQCD result of Ref. [26], we have
also calculated the so-called “mechanical radius”, which is de-
fined as

〈r2
mech〉 =

∫
r2Z(r)d3r∫
Z(r)d3r

, (3.2)

3



0.0 0.5 1.0 1.5 2.0

0.50

0.25

0.00

0.25

0.50

0.75

1.00

1.25
CBM Quark
BEG Quark

0.0 0.5 1.0 1.5 2.0

0

1

2

3

4

5

6

r (fm) r (fm)

r2 p
(r)

(×
10

2 G
eV

fm
1 )

r2 s
(r)

(×
10

2 G
eV

fm
1 )

Figure 3: (colour online). The quark pressure and shear distributions fit in the
model, evaluated at the physical pion mass and scale µ2 = 1.4 GeV2, are shown
in comparison with the experimental results of Burkert et al. [16, 17].
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Figure 4: (colour online). The pressure and shear distributions for mπ =

450 MeV with corresponding quark mass in the bag, in comparison with re-
cent LQCD results [26].

where Z(r) = 2
3 s(r) + p(r). The LQCD result is 0.51 fm2 using

the z-expansion and 0.57 fm2 for a tripole representation of D(t)
at mπ = 450 MeV. We find 〈r2

mech〉 = 0.41 fm2 at the mass used
in the LQCD calculations.

4. Conclusion

In summary, we have calculated the pressure distribution and
shear inside the proton using the cloudy bag model, which
restores chiral symmetry to the MIT bag model. Compared
with the experimental result for the quark contribution, the pion
cloud, which peaks at the bag surface in this simple model, ac-
counts reasonably well for the nonzero distributions at larger
radii. Given that the LQCD results correspond to a much larger
scale, it seems most appropriate to compare the total distribu-
tions with our model results. While the qualitative features are
reproduced at mπ = 450 MeV, there is some discrepancy for
radii beyond 0.8 fm. It will be fascinating to see whether this
discrepancy persists in future lattice calculations. On the other
hand, at the physical quark mass, the comparison of the quark
contribution to the pressure and shear inside the proton with

the chiral model reveals quite satisfactory agreement. The pion
contribution dominates for radii larger than 0.8 fm.

The model calculations presented here can be improved in
future work. Rather than using a static (infinitely heavy) nu-
cleon one can generate approximate eigenstates of momentum
in various ways. These will have the effect of smoothing out the
discontinuity at the bag radius. However, such improvements
will not change the qualitative features reported here, namely a
positive pressure distribution in the interior of the nucleon as-
sociated primarily with confined quarks and a negative pressure
distribution outside generated by the pion cloud.

We look forward to the new experiments at JLab and the
future Electron-Ion Collider (EIC) [45, 46], which will have
much extended kinematical coverage and should provide more
precise information on the gravitational form factors of the nu-
cleon.
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