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Àb¡tract

The problem of adJusting conductivity structures so as to

reproduce electrornagnetic rosponse s obtained in the f ielil is
still ar aotive aroa of research. llost of the current conputer

prograns for calculating responses are expensive to run, as they

reguire large computation tines.

Tbis thesis presents mears by which tho response of a

layered earth can be calculated more rapidly. The algorithns

have been designetl with the Australian prospeoting system SIROTEM

in nind, and thus all responses are calculated directly in the

tine domain. One algorithn, an asynptotic erpansion, yieltls the

lesporse very rapidly. The asynptotic expansion is valid only at

late times, but it is very easy to determine the regions in which

it is not va1id. The other algorithm, a nunerical intergration
of an inte gxaL, works only when overlying layers are more

resistive than the half-space. Thís is because the poles in the

Laplace transform of the voltage rospoûse have been ignored.

Poles only exist for overlying layers more conductive than the

half-space.

Both algorithns can cater for variable ramp rise tímes,

intergration over tine windows, and a variety of loop geonetries.

These methods have been incorporated within, a routine for

inverting srRorEu data. Run times are of the order of a few

seconds. rnversions performed on synthetic data, in regions when

the methods aro valid, illustrate a number of interesting
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lessons. This iaversion routlne oan be usod for obtalaing an

i¡itial gness for a sloyer routino, or alternatively the

algorlthns c¿n be inoorporated w ithi¡. currently e:,isting routl.ae s

to speod conputation timo significantly.
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Soctioa 1 - Introduation

1.1 Tho Traasioat Bloctroragrotic Prospcctiag Icthod

Over the past decade the trans iont electronagao tic (TEU)

method has becone increasingly popular as ar. exploration too1.

The nethod involves excitlng the earth with o tine varying

'primary'nagnetic field which is getrerated by a cnrrent carrying

transmitter 1oop. The variation of the prirnary magnotic field

induces eddy currents in conductors within tho earth. The time

taken for the decay of these ed<ly currents depends prinarily on

the conductivity of the conductor. À 'secondary' magnetic field

is produced by these eddy currents. Electromagnotic methods give

a measure of the rate of decay of these secondary fields. This

is normally done by measuring the electronotive force (enf)

induced ín the receiver coil by the tine rate of change of the

flux of the secondary magnetic field through the receiver 1oop.

In the tine domain the measurements are made while the primary

magnetic field is constant (for example zetol so that the primary

induced emf is zero. ItÍeasuring the secondary f ield whil st the

primary field is zeto allows for greater sensitivtty and an

enhanced signal to noise ratio particularly at late times

(C.S.I.R.O. (1978)). It has been reported that conductive

overburdens do not have the samo shieliling effect in the tine

donaia as they do in the frequency domain (Spies (1976)).

Early attempts to apply electronagnetic prospectíag methods

to the Australian environment net with ilifficulties. For
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eranple, the comEon occurrence of sal ino ground water and

conductive host rocks sbield the effect of conductivo orebodies.

fa L972 the Comnonwoalth Scieatific and fadustrial Research

Organízation (C.S.I.R.O.) initiated research into the transient

electromagnotic tochnique. The tine donain system was chosen as

it ras thought to be moro suitable to the Àustralian environment

(c.s.r.R.o. (1978), llccracten et al (1980), spies (1976)), anil

capable of distinguishing between highly conductive oreborlles,

and coniluctive host rock and overburrton (Buse11i (1980a)). The

C.S. I.R.O. set out to nake inprovements otr the time domain

equipnent which was available at the time such as the Russiau

uPPo-l systen (Buse11i í97411. since the secondary fieltls take

longer to decay for conductive rocks than resistive rocks it was

essential that the new equipment should nake measurements at

later tines so as to nonitor this decay (Buse11i (1974)).
I

Furthernore, the Russian ìtppo-l system was susceptible to non-

geologic noise such as lightning (sferics), power 1ínes and VLF

and R.F. radio transmitters (22,44 and 800 kEz) (Buselli í977')

and Spie s e t al (19 81) ).

The rese arch carried out by the C.S.f.R.O. resulted in the

release in 1978 of the SIROTEII prospeoting systen (Busel1i and

O'Neill Í977rr. Tbe final nodel released could record the

signal at delay tímes as great as 177.4 nilliseconds. The unit

was light (16 kg), sinple to operate and recordod data

automatically onto nagnetic tape, as well as providing a printout

of the data in the fie1d. Filters rejoot the noise fron radio

transnitters and po,rer l ines. Digital staoting of up to 4096
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readings helps to nininize tandom noise. In addition to this the

SIROTEII unit contains a I[6100 microprocessor capable of

rejecting sferic noise, nornaliziug the voltage response relative

to diffe¡ent transmitter currents, and for each reading it

calculates the meatr peroentage error and the apparent

conductivity (coincident loops only). llany loop configuratlons

are possible with SIROTEII, but the most connonly used are shown

in f iguro 1.1.

The use fulne s s of SIROTEU in ca se s when conduct íve

overburden shields atr orebody is illustrated by Buselli (1980b).

If hen SIROTEU is used w ith colncident transnitter and receiver

loops the depth of penetration of the SIROTEü signal s is

approximately equal to the loop size (Busel1i (1931)). Recent

results obtained with Backus-G ilbert inversion of SIR0TEü data

suggest that in resistive cases the depth of penetration may be

up to five times the loop size (P.K. Fullager - University of

Toronto Sem inar, Jan. 1984).

t.2 f,oilclling of TBI Datr

The task of a Geophysicist is to deduce the subsurfaco

structure which produces the TEIiI response obtained in the fielil.

This can be done with scale model studies, but with increased

access to computiag facilities trumerical nodelling is becoming

more popular. In numerical and scale nodelling the subsu¡face is

approrinatoil by sinple shapos, and the forn of the subsurface is

adJusted until tho responso obtained adequately ropresents the

field data.

To be able to calculate respotrses n,unerically requires that
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Itlaxwell's eguations be solvod subJect to: (i) the relevaat

boundary conditions at interfaoe s of nedia w ith differert

sotrstitutive parameters, and ( ii) the boundary conditions at

infinity. Solutions have only been obtained ln a linited number

of cases such as a horizontally layered earth, or the cases of a

conductlng sphere and an infiníte cylinder in free space (see

Tard (1967)). The aEsumption that conductors are suspended in

free spaco is in general an unreal istic approrimation (Singh

(1973)), particularly in the Australian enviroament. When

lfaxwellts equations have not been solvod ana1ytical1y, numerical

solutions nust be sought. This is a itifficolt oomputational

task, and is currently the subject of resea¡ch (recent exanples

being Wannamaker,'Iohmann and S¿n Filipo (1984), and Das and

Verma (1982)). The numerical solutions to lrfaxwell's equstions

a¡e in general so time consuming that inversion is only really
practical for problems to which analytic solutíons have been

found. The work discussed in this thesis has been restricted to

the TEITI response of a horizontally layered grouail (see f igure

t.21. This problem has boen solved analytically, and IÍait (19S2)

gives a good guide to the literature. The response of a layered

earth can be yritten in closed form after Laplace (or Fourier)

transfornation of tho tine variable, and Eankel transformation of

the radial cylindrical oo-ordinate. Thus in principle the

problen is solved, hovever the inversion of the Laplace and

Eantel transforns is diffioult. Morrison, Phill ips and O'Brien

(1969) used tho trapezoidal quadrature rule for the inverse

Eantel transform, and then a Fast Fourier transform for the
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inverse Fourier transform. Loe and Lewis (19741 and Raiche and

Spie s (1981) have al so solveat the layered oarth problon by

subtracting out the half-spaco tesponse. Lee aad Lewis fit cubio

sp1 ine s to the frequency response, and transforn the spl iae s

analytioally to the tine donain. Accordiag to Lee (1982) thoir

progran is inaccurate at late tines. Raiche and Spie s al so

subtract out the half-space response, but they perforn both

iuverse transfornations with Pattelson's (1973) algorithn.

Aocording to Knight and Raicho (1982) the nethod of subtracting

out tho ha1 f spsce responso results in diffícultie s, as it

involves the subtractíon of two terns çhiah are the same order of

magnitude at late times. The developnent of ttigital filters for

Eankel transforms of arbitrary order I al1ows mor e effícieut

programs to be written. Efficiency may bo increased further by

forrnulating the Fourier transform as a f,ankel transform of order

'Ð =L|2, and using iligital f ilters. Exanples of work with tligital

f ilters have been presented by Koef oed et al $9721, If al1ick and

Verma (1978) and Audorson (1979)).

By reversing the order of the inverse transformations and

enploying the Gaver-stehfe st (Gaver (1966), Stehfe st (1970))

inverse Laplace transform algorithn followed by an adaptive

version of Patterson's (1973) nunerical intorgration algorithn

for the inverse tankol transforn Knight a¡d Raiche (1982) made a

further inprovenent in efficiency. ft is because the kernel of

tho iategral is tnown analytically rather than numelically that

the Gaver-Stehfest algorithn can be ernployed, and this al1ows for

gains in the speed, and in the accurrcy of the inversion (Knight
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and Raicho (1982)). The adaptlve Gausslan quadratnre for the

inverse Eankel transforn in Knight and Raiche's routiue has sinae

been replacod by a digital filtor, aad the new algorithn is

currently the best avail able. Further extensions outl ined by

Raiche (1983) allow the algorithn to calculate the response for

ranp function input s and separated transn itting aad receiving

1 oops.

Lee and Lewis (L974) have shown that at early or late tines

the TEI{ response approachos that of a half-space whose

conductivity is eqrral to that of the top or botton layer

respectively. Rather tha¡ perform tine consumiag nrrnerical

integrations a more rapid neans of obtaining a TEM response would

be to approximate ihe integrals by asynptotic expansions. Lee

(1982) ha s devel oped a two term asymptotic expaasion for

coincident transmitter and reooiver loops over a layered earth.

The exparsion is only valid at late tines. Lee's result subsumes

the results of Kamenetski (1969) and Kaufman (1979). Asynptotic

expansions are sinple to program, and very rapid to cal culate.

They work best at late times, when it seems that the algorithn of

Knight and Raiche is slowest (in íts pre-digital filter forn).

the algorithms discussod above (such as that of Knight and

Raiohe) provide a ureans of calculating layered earth responses at

relatively 1ittle cost. Eowever a Geophysicist's task is not to

calculate the respoûse from a given ea¡th model (the forward

problen), but rather, to infer tho layered structure from the

response of the layered earth (the i¡verse problen).

In practice the inversion problem is solved by enploying an
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iterative optimization algorith¡r which autonatically adjusts a

layerod earth nodel (fron some initial guess) in such a lranner so

as to minin ize a cost fun'ction which is a measure of the

discrepancy between the response obtal¡ed for the adJusted nodel

and the dosi¡ed rssponso. The 'solutlon' obtained by sucb an

optinization algorithn will be the 1oca1 mininizer of the cost

function, and ercopt in exceptioaal circumstances tho solution

obtained is dependent on the initial guess used in the

optinization algorithn. The 'best' solution can only really be

obtained after a number of initial guesses have been tried for

the optin ization program. The choice of these initial guesses

must be guided by the geophysicist's intuition, knowleilge of

geological information, and the results of previous ruas of the

algorithn. It is therefore essential that if the geophysicist is

to gain a feel as to what the solutiou space looks 1ike, then the

inversion (or optinization) runs ¡¡ust be nade in real tine whilst

the rser is waiting at an ínteractive terninal. To achieve this

every possible efficiency must be incorporated into the code

which calculates tho forward problen.

1.3 Layered Barth hvcrsíon

Several layerod earth inversion schemes currently exist
(such as those developoal by Anderson for the EU library of the

United States Geologioal Survey), but the program developeil by

the C.S.I.R.O. and Itlaoquario llniversity calleal GRENDL is the most

notable. GRENDL has the following features:

(1) The forvard solution is the Knight and Raiahe routine

discussed above.
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Ql Tho inversion algorithn is r modifieil Marguardt

algorithn (danped least squares) which ïas developed by Jupp and

Vozoff (1975).

(3) The progran allows for simultareouE Joint inversion of

tro data sots taken at the sarne locality. The program currently

supports resistivity and TElf layered earth inversion (either or

both). Joint inversion has the advaatage that it nay be capable

of resolving the parameters associated with a certain layered

structure which one data set would be unable to do alone. This

is because TEM and reslstivity respond differently to certain

layered strr¡ctures. Thus j oint inversion could be useful for

resolving thin resistive layers to which TEM sounding is not

sensitive.

(4) The parsmeter statistics of the fína1 nodel give aû

estínate of a para¡reter's effect in ascertaining the final model,

aud an indication of the error or reliability associated with a

particular parameter.

GRENDL provides atr ercellent means of inverting layered

earth data, but it is subject to two weaknesses:

(a) If TEM data is being inverted, then GRENDL runs slowly.

This is particularly true for sna1l and nedium sized conputers,

and this nako s it diffícu1t to run the program interactively.

Therefore it is tlifficult for the user to develop and apply an

intuition to the problon. Seeing the results of an inversion

soon after ar initial guess has been made provides the user with

quick feedbact, and thus confirns or denies any suspicions wbich

guided the user towards that initial guoss. fn such a way an
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idea of the forn of solution space nay be built up.

(b) Like nary other inversion scheme s the Marguardt

algorithn only finds a loca1 mininun of the cost function. The

statistics estinates are dependent on the shape of the,val1ey,

aEsociated with the 1ocal nininun of the cost function, and thus

they will only be cor¡ect if the valley found by the optimization

routine is the correct val1ey (g1oba1 ninimum). Statistical

infor¡ration should only be takon note of if the user is confident

that the correct valley in the solution space hds been obtained.

Overconing the problem outlined in (a) above (i.e. naking

the program quicker) would a11ow the problen referred to in (b)

to be partial ly overcome. If the al gorithn was to be quicker,

then many initial guesses could be t¡iod, and thus the user could

gain an indication as to how stable and how geologically feasible

the solutions obtained are. This would substantially decrease

the users reliance oû the paraneter statistics calculated by the

inversion algorithn.

L.4 Possiblc B.ef inercnts

The ain of this thesis is to investigate nethods by which

the TEItÍ response over a layerod ea¡th can be calculated more

rapidly. If this is achieve¡l then it may be possible to ref ine

or conplenent the GRENDL program at a later stage.

The TEI[ prospecting systen considered cotrsists of a

horizontal receiving loop (R) and a horizontal transmitting loop

(T). The current floving ia the nagaetic loop has the following

tine dependence.
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such a ra.Ep input function can model various prospectiag
systens such as IITEI! (Lanontagae et al (1980)), but f or snal 1 t
or in the l init as r+ 0 it nodel s the SfROTEITÍ system (Buselli aart

O'Nei11 (1977) ).

Define tho following scaled dimensionless variables

QUANTITY IINTT

r,

I can be any leagth, but

the radius of the loop (or oae



l,ooa1 V / Ip

Where V is tho electronotive force (enf) induce¡1 in the recoiving

loop (Vo1 ts), Ip is the peak value of the current in the

transmitter loop (Anps) and oo+1 is the basement conductivity
(soe figure L.2'). Z(t, is related to the nutual inpedance of the

transmitting and receiving loops over the layered mediun.

O'Brien and Snith (1984) (see appendix for rletails) show

that the Mutual inpedance can be written

z(tl tl (2nI) exp(st) Z(s) tls

11

rectangular loops).

We wish to compute the dimeasionless quantity

z(tt

(1.2)

where

Z(s) -tl (4n) sI(s) d1 P(1) K(1,s) (1.3)

The forn of I,P and K can be obtained from the appendix. It

is suffic ient to point out that K depends on the earth's

geometrical and electrical propertie s and can be computed i¡

terms of elementary functions. P (tte loop function) depends

solely oû the loop geometry, and is indepondent of the electrical

propertios of the ground. The contour of into gration must lie

to the right of any singularities of Z(s). In the appendir it is

shown that in the quasi-static approrimation K has a square root

branch cut on the llne t- -, -121 and a possibility (ín cases of

layors more coaductive than the basement) of a finite number of

c

@

o



pol e s ia tho re g ion [-t2 ,Ol.
confined to the negative real

vertioal line in the righj half

is reversed, and the contour is

axis. Thus

z(t)= -tl (4nl .11 P(1) {
o

t2

the singularities are therefore

aris, gnd the coatour nay bo any

plane. The order of integratioa

deforned around tho negative real

-L/

ils exp(st) sI(s) D(1,s) + residues
at poles

(1.4)

pole s the

fo1 1 ow ing

(1.5)

dx erp(-x2t) z 2(i-1) s(x) (1.6)

S(r) Í12 dn P(nx) D(n,x)
o

00

)
-o

where D is the discoatinuity function of K ac¡oss the branch cut.

D(1, s) Ll (2¡il 1in^ [K(1,u-iv) -K(1,u+iv) Iv+or

where s=u* iv.

By

order of

result is

discarding tho effect due to the residue at the

integration car again be

obtained:

exchanged, and the

z(t, (rlr)t 81(t) - 81(t-r) I

where

@

Bi(r) Íl n2l

and

1

x and n are defined by
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s=-12 1=m¡t

'i
Taking the linit as rt 0 gives

z(tl = - B2(t) (1.7)

The solutlon obtainod for layered earth lespotrses

by (1.5) and (1.?). The results derived are subJect

is givon

to the

followiag assumptions :

(1) The tine depeudence of the current is as shown in figure

1.3.

Ql The transnitter and receiver lie on a flat earth. The

transmitter and ¡eceiver wires are filanental.
(3) The earth geometry (as shown in f igur e L.2) consists of

a finite nunber of layers with differíng thickness (di) and

conductivities (oi). The layers are of infinite horizontal
extent, and 1ie above a half space of infinite horizontal and

v'ertical extent.

(4) The quasi-static approxination has been made (e + g¡.

Grant and Ilest (1965) have justified the valid,ity of this

approrination. Lee (1981) discusses the validity of the

approximation for a uniform half space.

(5) That the residues duo to the poles can be ignored. The

validity of this approxination is discussed later.

Given this fornulation of the problen the purpose of this

thesis is to invostigate means by which the calculation of TEIïI

layered earth responso s can be perf ormed more rapiil 1y. The

fornulation also offers a nunber of advantages over previous

+(
:l
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formulatioas. The efficiencies and advantages of the formulation

are outliaed below.

L.4 .t Âs¡nptotic Br¡rrn¡ion

Equations (1.5) and (1.2) a.xe in a form to which Watson's

I enma (Olver t97 4) can be appl ieil.

o

Bi(t) - Ai(t) <ttzn2l[ s" F((r+1) l2+ír¡-((r+1) l2+i)

(1.8)f=o

where Sr are the Taylor oo-efficients of the function S.

o

S(x) ,rL sf tf

r=o (1.e)

O'Brien and Snith (1984) show how the terns of the erpansion can

be computed. Cornputation times &re very rapid - beíng measured

in terms of hundredths of a second for the first tine, and

thousandths of a second for all subsequent times. The saving for

later times is because the Sr can be computed once and then

stored for later nse. The sr are independent of tine, and vary
only with the loop and earth geometry. The advantage of this

asynptotio expansion is that the region of 'convergetrce'can be

determined. It is therefore possible to decide whether to enploy

the expansion to calculate the TEM respotrse, or to use the more

costly Knight and Raiche routine. The incorporation of the

asymptotic expansion into GRENDL should reduce the total

computation tine for GRENDL significantly.

-.+
t?

t



¿l

15

1.4.2 Nuroricrl Intcaretion

Knight and Raicho dscreased the computation tine and the

instability of layerod earth oalculations by incorporating the

Gaver-stehfest algorithn for the iaverse Laplaco transform. The

Gaver-stohfest algorithn reguires that tho function t'o be

inverted must be known analytically. To achíevo this Knight and

R¿iche nust perforn the inverse Laplace transform prior to the

Eankel transform. As a coaseqnence of this the tine variable is
contained ín the inner integralr aûd thus iaverse Laplace and

Eankel transforns must be conputed for each time at which the

respotrse is required. fn the formulation of this thesis the time

variable appears only once - in tho outer integral of equation
(1.6). This is a consequence of the fact that numerical

instabilities have already been overcome because of the aaalytic
continuation inherent in the deformation of the coutour of

integration around the spectrum of the integrand. À direct

numerical integxation should therefore provide further

efficiincies, as the response at all tines can be caloulated with
one evaluation of the inverse Eankel transforn (tne m

integratíon). rn testlng this hypothesis standard nunerical

integration packages catr be enployed. The ¡nethod only works when

the basement is more conductive than any of the overlying layers.

There are tvo reasons why this is so for resistive overburdens:

(i) The ternel K(l,s) has no poles ia the regioa l-Lz,Ol,
and thus no errors are iatroduced due to onission of the residues

ia equation (1.4).

( ii) The funct ion S(¡) is snooth, and therefore the outer

'I
rtl

'';

lr

l
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integration is easily conputed.

For cases of layers more coaductive than the basement it is

possible for the fuaction K(1, s) to have poles, and the pole

terms, although they havs ro effect or the asynptotic analysis,

do become inportant at early timos. Al so, there are zeros

associated with the discontinuity function D(1,s). They occur in
conplex conJugate pairs ín the complex x p1ane. As the

conductivity co¡.trasts increase these zeros nigrate tow¿rds the

line of integration, and cluster towards the origin. The keruel

of S(x) the¡efore develops nasty peaks, and this nakes the

numerical integration exceedingly tlifficult. It is possible to

evaluate the function S(x)'tV usinE zdaptive integration

algorithns, but the cost of such calculations is not justified.

The nunerical iategration of (1.5) or (1.?), is therefore only

suitable for resistive overburdens.

I.4 .3 Integration Ove¡ Tinc Íindors

In practical TEIII prospecting systems the quantity measnred

is not Z(tr, but rather the average of. Z(tl over a f inite time

interval (window).

t i+1
z(t') dtZ(t7,ti+i) 1/(t1a1 -ti) I,

Nornally this aversge woulil be calculated nume¡ically, but

clearly this is erpensive. Formulae (1.5) and (1.?) and (1.s)

can all bo analytically integrate<1 with respect to tine, and thus

the integration over tino windows caa be perforned with a

negligible increase in tho conputatioaal cost. There is a marked

_t
l,l

l
¡

I
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differenco between data which has boel integrated over a window,

and data whích has rot (particularly in the early SIROTEITI

channels). This, and the effect of altering the ramp rise tíne
(t) are illustrated later.

L.4.4 As¡nptotic l¡vcrsion

The asynptotio erpansion (equation (1.8)) can be calculated

so rapidly that when it is iaoorpotated as the forward problen in

ar inversion routine it is possible to conplete an inversion run

on a Cyber 173 in approximately 5 seconds. On smaller nachines

the inversion would also be oompleted in real tine. As the

region of corvergence ís known, it is possible to devise

algorithns which discard data for those channel s at which the

expa¡rsion diverges. The asynptotic fornula can therefore be used

to develop the geophysicistts íntuition concerning the problen,

and to provide the user with a feasible initial guess for a more

sophisticated progran such as GRENDL.

The asymptotic formul¿ has been incorporated into a non-

linear least squares optimization progr¿n which permits arbitrary

linear coastraints to be inposed or the paran¡eters. These

constraints allow for positivity oonstraints on the

conductivities and thicknesses, and constraints which are

dictated by geological evidence and the user's intuition.

Eaving a TEU fitting program which can be run in real tine

is a signific¿nt step towards quantatíve nodolling of TEI{ fielit

data. It proyides an ability to aliffereûciate be tween the

lesponse of a non-layered conductor and tho surrounding layered

strata. It also provides a sínple neans of bodrock napping, and
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the napping of conductive layers such as coal seams.
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Soctio¡ 2 - As¡rrptotic Br¡reasiors

2.L Goncrrl

The asymptotic fornula for Bi(t) is as given in oquatio¡
(1.8).

B1(t) ^, A1(t) <ttzn2ll sr f ( ( r+1) l2+il¡-( ( r+11 l2+il
1=O (2.L''

and thus we have

z(tl (Llrl tBl(t) - Br(r-r) 1 (2.21

of, as t{ 0

z(tl = - B2(t) (2.3'],

The details of caloulating the co-efficients S, is contained

in the paper listed in the ^A,ppendix. The first two terms of this

expansion reduce to the fornula given by Lee (1982). For the

uniform half-space the erpansion reduces to the formulao given by

Le e and Lewis (1974 ) anrl Raiche and Spies ( 19 81) .

The expansion for P(nx) D(n,x) is a divergent pover series,

and thus the elpansion for Ai is ar asymptotic series. Therefore

the expaasions for the'scaled voltage'(.Zft)) will in general be

divorgent.

Consider the layered earth and loop geonetry shown in figure

2 .t.
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O g- 0.05 Sremens

Figurc 2 .1 The layered earth
co¿sidered.

and loop gcoDetry

The tine dependence is a step fuaction input (r=0).

The nagnitude of tbe first zt terms in the expaasion for
the voltage (evaluated at tíne t=5.?54 nilliseconds) are shown ia
Figur e 2.2 for th¡ee different value s of s2. For sZ = .01
siemeas the erpansioa caa be regarded as essentiarly
convergeat, as all the te¡ns calculated are rapidly decaying aray
to zero. Eowever for 62 =.3 Sieneas the terms decrease in size
until about the eighth ter¡n whea they start to inc¡easc. This
situation can be terned'apparent conriergerce'. Note that the
odd a¡d even terns differ substa¡tially ia nagnitude. rn the
case when o = 1 the ternsize increase s inuetliately. In this case

40m
2o

û1 = 0.01 Sremens20m

100 m
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the erpaasion is divergeat.

Erdelyi (1956) has shown that the error in using i terms in
the asynptotic erpansion for

o

xp(-rt) / (1+t) dt (2.5)

the individual te¡ms of the expansion and Ti-1 and

o

is given by the Eagritude of the (i+t)th tern. By <lraw ing an

analogy with equatlon 2.t it is possible to gain aa iadication of

the magnitude of the orror of the asymptotic expansion by

defining the Error factor!

1

Error factor E¡ rt/ L rj x 100
j=1

where T¡ are

Ti axe the

defined such

smallest two

tha t

i

cotrsecutive ter¡ns. T¡ and T¡-1 are

1

T and ri-tl L "j I
(e

j=i J=I

where e is some small tolerance (e.g. .5 x 10-4). This

definition is required, because (as can be seea from figure 2.2r,

the terms in the expansion oscillate in size, and thus requiring

that two consocutive terms be negligible is a Dore stringent
tconvergencef criteria than requiring one be aegligible.

Figure 2.3 is a plot of Z(f) obtained by using the
asynptotic oxpansion for different conductive overburdo¡s with a

thictness oqual to the loop radius. r=0, and the times are

l"t ,X j
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scaled times. Tbe tlotted linos ropresett the scalod voltages

rhere tho erpansioa is dlvergent. Fron the contour plot it would

be possible to obtain the voltage for any of the times and

conductivíties plotted on the diagran by nultiplying by the scalo

factor In / ooa1t. For this particular voltage plot the factor

Ef is plotterl on fi.gure 2.4. The nunber of terms reguired to

calculate the voltage is plotteil on f igur e 2.5. The voltage s in

the same region calculated by the Knight and Raiche (1982)

algorithn are shown on figur e 2.6. The differetrce betweon the

asymptotic ¡rethod and the nethod of Knight and Raiche (1982)

erpressed as a peroentage of the asymptotic voltage is shown on

f igure 2.7. Sinilpr plots (figures 2.8 to 2.L21 have been done

for resistive overburden (coincident ciraular loops, layer tlepth

is one scaled unit). In the range of cases for which

verification has been done the asymptotic expension provide s

excellent answers for Ep ( 0.1. This verifies the hypothesis

adopted that the most accurate answer will be obtained after the

adilition of the snallest two consecutive terms in the series.

The tine takon to calculate all the voltages on Iú,ap 2.3 by

the asymptotic method was.921 seconds of CPU ti¡¡e on a Cyber

t73. The Kuight and Raiche routine took 1200 seconds of CPU tine

on a Vax (runs courtesy of CRÂ). The Knight and Raiche algorithn

toot longer for the most conductivo case conpared with the least

coaductive case (440 seoonds compateit with 11 seoonds). Eowever

the asynptotic expsnsion obtained ro neaningful voltoges for the

nost conductivo case.
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2.2 Conclu¡io¡

The asymptotic approxination to the integral leplese¡ts a¡r

oxtremely quick nethod of calculating the voltages. As the

region of'convergence, is tnown, ths gain in run tine is
obtained with no loss in accuraclr however it is only valid at

late tines (seo f igures 2.4 anil 2.9). The formula can cater for

iliffering ramp tLmes, aad a rarlge of loop geometries. Although

this thesis has restrioted discussion to oircular coíncident

loops, snith (1982) has shown that for times when tho expansion

is valiil circular and square loops of the sane area have very

sinilar responses (1ess than 196 discrepancy).

l



Scctior 3 Nure¡icrl Intogratior

asymptotic expansion ís divergent,

integrate equation L.6 numerically.

fornulation outlíneil in Section 1 is

ir
The

that
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may seem

advantage

the tine

reasonable

offereil by

de pe nde nc e

calculated

stored for

This could

investigate

must look

relation:

When the

to

the

appears only once - in the outer integral. The S(x)

are independent of time, and can be evalua ted and

use at all tines for which the response is desired.

a1low substantial savings in computing times. To

whether such a numerical integration is possible we

at the,integrand. Define R(x,n) by the following

_Ì
!r

R( x, n) P(nx) D(n, x).

The functional forn of P and D are given in the appendix.

Consider circular coincident loops lying on a layer over a

half-space. The layer thickness is equal to the loop radius.

The function R(x,n) has been calculated as a function of D and x2

(for ease of programming) and plotted otr figure 3.1. 3.1(a)

shows the function when the top layer is 100 tines more

conduotive than tho basenent, and 3.1(b) shows the function when

the top layer is 100 tirnes more resistive tha¡ the basement. For

the resistivo case tLe function is snooth, whil st in the

conductive case large spike s occur. To illustrate the man!.er in

which the function changes as the conductivity changes the 1og of

R(x,n) has been plotted for o = 0.01, 0.1, 1, 5, 10 and 100 (Seet
I

þ
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figuros 3.2 to 3.4). For the resistive cases the function is
smooth, however when the top layor conductivity incroases, ridges

due to the compl ez zero s assoc iate¡l w ith the function D(n, x)

develop. These zeros occur in the complex plane, and as they

niigrate towards the line of integration, tho ridges becono

sharper and larger, and they cluster towards the origin. Figure

3.5 has been plotted on an erpaD.ded scale 0(x2(1 to show the form

of the ridges close to the origin. The position of the,valleys'

in each plot are unchanged, as these are the zeros of the Bessel

function contained in the loop function P(nx).

For resistive overburdens tho integrations can be done

easily. Figure 3.6(a) shows the voltages for a resistive earth
(Motlel #L) made up of three layers with conductivities 0.001,

0.01 antl 0.005 siemens and thicknesses 10, 2o and 30 metres (fron

top to botton) above a half space of 0.01 Siemons. The three

methods used to calculate the voltages a1l give identical
voltages (to 4 significant figures). The graphs in figure 3.6

were drawn using 20 srRoTEM channels, but so that the graph would

not be clustered only 10 channel s are displayed. Figure 3.6(b)

shows the voltages for IttodeL #2 (two layers, both with

thicknesses of 20 metres and conductivitios of 0.1 and 0.01

siemens above a hal f-spaoe of 1 siemen). The asynptotic
expansion has broken down at 4.97 nilliseconds, but the ¡umerical

inte gr ati on and Kni ght and Rai che's a1 gorithn agree to 4

signif icant f igures. The calculation tines for the asynptotic
expaD,sion is .24 seconds, çh11st the numerical integration can be

perforned in less than 2 seconds. The aunerical integration canf
ì
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bo eff ícieatly performeil with a 15 point rule f or the m

integration on [0,1] (see appendir), and a 15 point Laguerre rule

for the r integratlon (Abranowitz and Slegun (1970) pago 923r.

For conductivo overburdens the ridges in the function R(n,x)

make the lntegration difficult to perfórrn. Adaptlve integration

must be used so as to placo the quadrature nodes near where the

function varies rapiilly. For the D integration Patterson's

Í9731 ZZS point rule vas used, whil st f or tho x integration an

adaptive 3 point Newton-Coates rul e was used (O'Brien D.Ì1. (1978

- unpublished)). Rosults obtained were found to be stable with

respect to the relative error requested from the integration

routine. The voltpges obtained by such aumerical integrations

were found to disagree with the results obtained fron Kaight and

Raiche (1982), and from the asynptotic erpansion when it was not

divergent. The error in the numerical integration was attributed

to the fact that tho poles in the spectrum of K(1,s) have been

ignored. As the asynptotic erpansion gave valid aDsrvers when it

was not divergent the effect of ignoríng these poles was

concludod to have no effect on the asynptotic analysis. The

nunerical integration of equation L.6 for TEM respotrse s of

geoelectric sections with layors more conductive than the

basement is not useful. Tbere are two reasons for this:
(1) Tho function dovelops nasty riitges which are iliffioult

and inefficient to integrate, and

(2, tho results are unreliable due to the fact tlat the

poles of K(l,s) on [-12,o] havo boen ignored.

Eowever for resistive overburdens R(:,n) 1s snooth, aad c&¡t
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be evaluatod rapidly for many different tirnes. ft should

therefore be possible to incorporate ths numerical iategration of

equetion 1.6 iato a program such as GRENDL for such resistive

case s.
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Scctior 4 - Thc Effcct of Iltogration Ovc¡ CLenncls
rnd larp x.ise Ti¡o

4.L lathcuetic¡

For the SIROTEM system, tho voltage measured in channel i is

the average voltage over a tine window from t¡ to ti+1 (Buselli

and O'Neil 1 (1977)). The vol tage is thus cal cula ted by

ev a1 ua t ing

t
Z (ti' ti+t) t I (ti+r - t¡) I,

For the asynptotic expansion we obtain:

i+1
z(t, .lt

A1(ti*1)

(ti+t

F'or the nomerical integration:

Ao(ti.u1) - Ao(ti - t) + Ao(ti.'1-t) t)0

r(tr*, ti)

A1(ri) t=0

ti)

Ao(ti)

Z(ti,ti+t)

o

z (tí, ri+1) = 1l h2(r¡a1-r1))
{

(erp ( -t2ti)-erp (-r2ti+r) )

(-r2r (-r2l) s(x)dr

where the function I has the forn given in the appendix.

The integral ov€r a SIROTEM window can the¡efore be done

with 1 ittlo additional conputational effort. This elininates
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assumptions mado by previous workers that the srRoTEM voltage in
a particular channel can be approxinated by the voltage at a tine

somewhere in the niddle of the ctannel.

4.2 The IDtffcrent X.ospoascr

The effect of iategration over channel windows, and of

varying the ramp rise tine is showD, on f igure 4.L. For a fixed

layered earth geometry, and coincident circular loops, the

voltage for the flrst 15 SIROTEU channols has been calculated ín

four different situations:
(a) The voltage ls that measured at a time in the niddle of

the window (i.e. not averaged over a windorr). The ramp rise time

is 0.0 nilliseconds. The tines chosen to reprosert the channels

are those chosen by the GRENDL routine.
(b) The voltage is íntegrated over a window. The ramp rise

tine is 0.0 nilliseconds.

(c) The Voltage is not integrated over a window. The ramp

rise tine is 0.2 milliseconds.

(al) The voltage is integrated over a window. The ranp rise

tine is 0.2 miLliseconds.

The earth/loop geometry used is a conductive overburden 100

metres thick of 0.0025 Siemens over a basement of 0.001 Siemens.

are use d.

rhich allows the

coincident loops of rad,ius 100 netres

actual situation to be nodelled more closely. rt can bo seen

that integrating over tine channel s alters substantially the

value of the voltage obtained, psrticularly in the early

channol s. The value of 0.2 nilliseoonds for the ranp rise tine

Circul ar

Ea ch caloulation displays a ref inement
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was chosen arbitrarily to illustrate the point that having In

idea of the r&Ep rise time will al1ow a better approximatio¡ to

the voltages obtained with a SfROTEM unit ovel the prescribed

earth. The effect of raEp rise tiue was a1 so co¡sidered by

Raiche (1983).

4.3 Fitting tho lliffcrcnt Bespoasos

In Section 5 the inversion of layered earth data is

discussed. So as to consider what effect the channel integration

and ramp rise tine have we will apply the techaiques dissussed ia

that section to a certain earth node1. Synthetic data was

generated for a conducting overburden of 0.02 Sienens, 50 uretres

thict over a basenent with conductivity 0.01 Sienens. The loops

are coincident and have a 100 metre ¡adius. This is denoted as

Model 3, and is shown in f igure 4.2.

O 2 -,AL Srenens

Figure 4.2 The nodel used f o¡
da ta.

50m 01 -.02 Sremens

100 m

gcaeratiag the sYathetic
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The ramp rise tine was 0.05 nilliseconds, and the data was

integrated over channel windows. IIsing the correot atrsrer as an

initial guess, this data was inverted¡ however the ramp time was

varied, and the forward problen rvas utilized both with and theu

qithout integration over a window. The inversior¡ results are

illustrated on table 4.L. SSQ is tho sum of the sqnares of the

discrepancy between the firal model data and the d¿ta of the

nodel to be inverted. ø is a factor which describes the layered

earth geonetxy. This a factor will be discussed more in Section

5. For this earth model the final solution depends critically on

the ranp rise tine, and whether or not voltages are integrated

over a window. If,reasonable inversion results for such oases

are to be obtaiaerl the voltages must be integrated over a window,

and the ramp rise tíme nust be known fairly accurately. For

SIROTEM the ramp rise ti¡ne varies with loop size and the

conductivity of the earth. This presents a difficulty with the

design of the SIROTEM system if quaatitative interpretation of

SfROTEII{ data is to be carried out. The inprovement gaiued by

integrating over a window and using a ramp function input is

c1ear.
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The effect of Ranp inputs and integratioa over windovs

0 .05

0 .04

0 .06

0.00

0 .05

0.0

Ranp tine
(nillisec)

YES

YES

YES

YES

NO

NO

fntegration

50 0.02

o.o2

0.02

0.02

o.02

o.02

0 .01

50 0 .01

50 0 .01

50 0.01

50 0 .01

50 0.01

INTTIAL GIiESS
61 62

'11

50

48.255

s4 .93

57 .44

68.66

55.81

0.0200

0 .0208

0 .0188

0.0209

o.oztL

0.0247

0 .01

0 .00997

0 .01

0 .00985

0 .00934

0.00933

FINAL SOLIITTON
_61

'11
c2

-.500

-.526,

-.485

-.64L

-. 966

-.91 87

c

10-11

-2.3x10 "

.27xl}-4

.15x10-1

.133

.161

ssQ



Soction 5 - As¡rnptotic Inversion

5.1 Thc Iavotsc Problen

The run tines for tho forward problom a1low

be calculatod interaotively. The rapiility of

32

SfROTEU voltage s

the calculationto

aad the refi¡ement of integrating over windorvs mako.s the forward

probl em an attractive ne thod of inverting SIROTEIII layered earth

data. Using the asymptotic oxpansion alone as the forward
problem, run tines for the inversion program are about 5 seconds

for a 2 layered earth above a half-space. The rapidity of the

calculation meatrs that many runs can be dooe interactively. This

will allow the interpreter to gain a feel for the data. Whea the

expansion breaks down at early tines the rumerical integration

can be used, however this s1oçs the run tines considerably. By

using the asynptotic expansion only, and by restricting the fit

of the data to the later times when the asynptotic expansion is

valiil it is possible to obtain a good initíal guess for one of

the longer runs. The idea of gainiag an approximate solution for

use in a 1o¡rger inversion program is sinilar to the ¡rethod

advocated by Petríck et a1. (1981) with threo ilimensional

resistivity inversion programs.

Regul sxization programs such as those of Jupp and Vozoff
(1975) have been enployod to hanó1e the instability of the

layered earth inversion problen. The unconstrained non-linear

least squares IIISL (fnternational llathenatical and Statistical

Library) routino 'ZXSSQ' ras tried on the iaverse problen. In

general this proved unsuccessful, with the routine roturning

large negative depths and conductivities for somo cases.
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r¡verting to the logarithn of the parameters places positívity
constraints on these parameters. This rofinenent was tried but

no signiflcant inprovemeat was achieved. A non-linear least
squares algorithn vith lile¡r co¡.strrints suppl ie<1 by Eo1t, J.

(persoaal comnunication) was incorporatod for use in invertiag
layered earth SIROTEIII data. This algorithn therefore a1lows

positivity and geologically feasible coûstraints to be placed on

the parameters. The instability of the problen requires that an

interpreter has an understanding of how the initial guess for the

routine will effect the final outcome of the inversion. To

illustrate this a large numbe¡ of inversion runs on synthetic

data, generated by the forward problen, will be presented.

5.2 Iaversion of Synthetic Dat¡

The data was generated by the asynptotic expansion. A

single layered earth geometry was chosen such that the asynptotic

expansion would be va1 itl at each srRoTEM channel. Because

inversion rutrs coulil be conpleted ia about 5 seconds a large

number of ru:rs can be ca!ried out in an interactive conputing

session. This al1ows tho interpreter to use the results fron the

previous run to act as a guide for the next initial guess.

The layered earth and loop geonetry used was Itlodel 3 defined

in section 4.3 and illustrated on f igur e 4.2. The ramp rise time

is 0.05 nilliseoondsr and the voltages are integrated over each

srRorEM chanael. see Table 5.1 for the voltages obtained.

Al though Itf odel 3 may rot be representative of f ielrl eramples

which require interpretation, and it may be possible to determine

tho layer geonetry by existing nethods (e.g. Raiche and spies



ÎABLE 5.1

srRolEr{.

( fro¡)

flrdov

(to)

(nlll tsec)

o.25
0.65
1 .05
t .45
1.85
2.25
3 .05
3.85
1.6s
5 .,15
6.25
7.85
9 .15

11.05
12.65
t1 .25
L7 .45
20.65
23 .85
27 .O5
30.25
36.65
,13 .05
49 .45
55.85
62.25
75.05
87.85

100.65
tt3 .45
726.25
151 . 85

1.
1.
1.
2.
3.
3.
1.
5.
6.
7.
9.

11.
L2.
14.
L7.
20.
23.
27.
30.
36.
13.
49.
55.
62.
75.
87.

100.
113.
126.
151.
177 .

6
0
4
8

2
0
I
6
4
2
8

1
0
6

2
1
6
I
0
2
6
0
1
8
2
0
I
6
4
2
I
4

MOI'EL 3

Vol tage s Apparent Conductivlty

1.102 ¡
7.373 t
4 .511 x
2.085 r
1.154 ¡

_a10'
1 0-3
10-4
1o-4
1 o-4

0 .013 9
0.0132
0.0125
0.0t22
0.0119
0.0117
0.0115
0.0113
0.0112
0 .0111
0.0110
0.0109
0.0108
0.0108
0.0107
0 .01 07
0.0106
0 .01 06
0 . 0105
0.0105
0.0105
0.0104
0.0104
0 .0104
0.0103
0.0103
0 . 0103
0.0103
0.0103
0.0102
0.0102
0 .0102

5.936
2.913
t.67 3

1.062
7 .227
4 .510
2.612
1.700
t.169
8.434
5 .597
3 .183
2.338
1.658
1.225
8.345
5.332
3 .647
2.623
1 .961
1.351
I .146
6.038
4.374
3 .287
2.280
1.48s

I
I
¡
I
l'
I
I
x
I
I
I
I
:
I
I
I
I
I
I
I
I
I
t
L
t
I
I

1 0-5
10-5
10-5
10"
10-6
70-6
10-6
10-6
10-6
10'
LO-7_,10'
ro-7
LO-7
1o-7
10-8
1 0-8
10-8
1o-8
10-8
10-8
10-9
10-9
10-9
10-9
10-9
1 0-9

MODEL 4

Vol tage s Apparent Coaductlvlty

9.322 X,

7.209 7,

4.049 ¡
1.896 ¡
1 .059 :
5.501 ¡
2.7 25 t
1.576 t
1.006 ¡
6.869 ¡
4.306 r
2.531 t
1.636 x
1.128 t
8.158:
5.128 t
3.387 t
2.27 9 t
L.679 t
1.198 x
8.L72 z
5.231 x
3.583 x
2.580 r
1.930 ¡
L.332 z
8.63 0 r
5.964 t
4.323 r
3 .25L ¡
2.257 t
1.171 t

10-3
1 0-3
1 0-4
10-4
7o-4
10-5
10"
10-5

-a10"
1o-6
1 0-6
10-6
10-6
10-6_,10'
1 0-7_n10'
10-7
10'
10-7

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

.0L25

.0119

.0116

.0114

.0113

.0111

.0110

.0109

.01 08

.010?

.01 07

.01 06

.01 06

.0105

.0105
010,f
010,f
0104

10-8
1 0-8
1 0-8
10-8
1 0-8
10-8
10-9
10-9
1 0-9
1 0-9
10-9
1 0-9

.01 04

.0103

.01 03

.0103

.01 03

.0103

.0102

.0702

.o102

.01o2

.0102

.0102

.0102

.0101
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(1981)), the inversion of this model does illustrate a numbe¡ of

inportant aspocts of layered oarth inversion.

At late times the expansion for the voltage beoones

dominated by the first term in the series. The first term is

proportional to {512. Therefore when the results are plotted in

log-1og space the voltage response will be close to a straight

1ine. This is shown for this particular earth geonetry on figure

5.1. The first term of the serie s is independent of layered

earth geonetry. Thus, in situations where the late tine tesponse

is a straight 1íne of slope -512 in 1og-1og space it is possible

to determine the scale factor In/o,,a1À from the axis intercept.

This will fix the basement conductivity. From figure 5.1 it can

be seen that the voltage response is very close to that of a.

half-space. The effect the top layer has on the voltage respotrse

is only seen in the early channels.

5 .2.t Apparent Conductivity

Raiche and Spies (1981) define the apparent conductivity at

a certain ohannel as the conductivity of a half-space which would

give the measured voltage response at that chaanel. By inverting

a half-space to the voltage in one channel it is possible to

obtain the apparent conductivity for that channel. These and the

relevant voltages have been depicted on Table 5'1 (as Itlo'le1 3)'

The apparent conductivity at lato times tends quite clearly to

the half-space conductivity (0.01 Sienens). Thus in this csse

the basement conductivity is obtained with litt1e difficulty.

Above this basement there are obviously conductive layers, how-

ever the conductivities and depths of the layers is not clear

.+
Lf

,'i

;

I
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from the apparent conductivity data. The apparent conductivity

data give s no indication of more than oûe layer above the

ba seme nt.

For the inversion routine two types of initial guesses can

be nade. One involves choosing the top layer conductivity equal

to the basement conductivity and making an intelligent guess for

the tlepth. The second involves using the earliest tine apparent

conductivity for the top layer conductivity and an intelligent

guess for the depth. Table 5.2 shows the first guesses, the final

parameters returned by the inversion routine and results from

subsequent guesses.

The answer with the best fit to the data is the result with

the least sun of squares. Clearly one run is never sufficient to

obtain the best result. For technique 1 the first guess

indicated that 61 and r11 should be larger. This was used in

subsequent gues ses. For technique 2 the first guess indicated

that o1 should be larger while d1 should be smaller.

These runsr &nd those on Table 5.3, show how the nodel

returned by the inversion routine is strorgly dependent on the

initial gue ss.

For n layers above a basenent excited by coincident ciroular

transmitter and receiver loops it is possible to show that Sg and

51 in Equation 1.9 are given by

$

I

þ
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TABLE 5.2

TECENÏQIIE 1

Rua 1

Run 2

Run 3

20 .oL4

.015

.015

.01

.01

.01

30

40

TECENTQIIE 1

Run 1

Run 2

Run 3

Run 4

Run 5

100 .01

.0161

.ot7

.o2L

.03

.01

.01

.01

.01

.01

82

70

60

60

INITIAL ITODEL

depth 6! 62

68

49 .98

49.98

.ot7 4 .009988

.01

.01

.02

.02

82.3L

82

68

49 .99

49.99

.0161 .01

.01

.01

.01

.01

.0161

.0L7 2

.02

.02

FINAL MODEL

rlepth 61 62

- .507 4

-.5

-.5

-.5054

-.5054

-.494

-¡

-.5

a

10-3

1 0-7

1 0-7

.002

.oo2

.001

10-10

8 r 10-10

Sun of Squares
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INITTAL GUESS DEPENDENCE - TNVERSTON FOR UODEL 3

INITIAL GI'ESS

a2at1 6!

0 .015

0.035

0 .04

o.o2

0 .004

0.01

0 .03

0 .03

0 .01

0.o2

0 .01

0 .01

0 .01

0.02

0 .01

0.02

100

60

40

10

20

20

20

100 0 .0147

0 .0199

0.0228

o .0L47 7

0 .0152

0.0569

0.02

0.0l-47

.00997

.00999

. 009 97

.00997

.0099 I

.0101

0 .01

0 .00997

L09.7

113

10

99

38.7

50

50

1L3

-.536

-.500

-.49s

-.528

-.519

-.466

-.500

-.534

.011

0.4xl0-10

.00004

.00L2

.0013

.0014

10-10

.00109

61 c2d1 o

FTNAL MODEL

Sun of Squares
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s0 Zn2lt5 ( intlependent of layered earth geometry)

n

s1 nl32 l.-2 Lu, n-6i1r2l
i=1

= -n3 al]-6

where o =Xdi(1-o1)
II

i=1

The subsequent si depend on the conductivitie s and

thicknesses in a more complex manner. Note that the top layer
conductivity anal thickness are poorly determinedi however the

basement conductivity and a in the next to last column of Table

5.3 are in alI cases well tletermined. For late times in the

asynptotic region the expansion will be doninated by the first

two terms. It is therefore possible to see why the paraneters o1

and d1 are not well determined for this case b:ut a2 and c are.

Note also that in each case whore o is rvell determined the sum of

squares is sma11. Therefo¡e for late times different layered

earth geometrics with the same c and basement conductivities will

give sinilar voltage responses. The inversion routine minimizes

the sum of squares, therefore it will in general find tho correct

a very quickly. The o1 antt rli are highly correlated, and thus

the routine will have difficulty finiling the correct combination

of 6i and di. The difficulty is conpoundert by the fact that for

snall sum of squares the step length in parameter space is snall.

Therefore many iterations are required to reach the correct

an.swer. Often the routine will find the correct c quickly, but

if the oi and ili which mate up the a, are a loag way off their
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oorrect values then the routine will keep lterating slowly, and

stop pr ior to reaching the correct answer (".g. run 2 on

technique 2 Tabl e 5.21. For the oases above which converged to
the correct answer the first iteration resulted in the top layer

thickness or conductivity being to withia 30% of its correct
value.

rt is inportant to ensure that guesses are made on either

side of the paraneters which are finally decided on as being the

correct value. This etrsures that these paraneters are correct.

I[here possible ínitial guesses should be in the convergent region

of the asynptotic expansion.

5.2.2 A¡ f¡itirl Guess lith Iany Laycrs

Table 5.4 showó tte results from a set of inversion runs

with more than one layer in the initial guess. Fron the five

layer inversior run the conductivity of layer 3 w&s set to 10-4

(tte lowe¡ bound constraiat used for this run). This is a highly

resistive layer which the'snoke ring' of current (Nabighan ll.

(1979)' Lewis and Lee (1978), Eoverstein and Morrison (1982))

travels rapidly through. rts effect on the voltages is ninimal,

and thus can be ignored. Lryer 4 has had its thickness set to

zeto and this layer also will have 1ittle effect considering its
conductivity is so clo se to that of layer five. IIsing the

previous arsver wíth layers 3 and 4 ignored gives a result in

which the effect of the third layer would be negligible. rt ca¡r

therefore bo ignored. Two subsequent 2la,yer runs show that the

top layer carl be ignored. Finally two one layer runs are

required to yield the correct nodel.
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1 I aycr

2 laycrs

3 laycts

5 laycrr

40

30

11
40

10
10

20
30
30

't162
d3
d1
d5

20
20
20
20
20

rNTTI¡L

ThlcLao r ¡o ¡ Co¡ductlvltlc¡

.o21

.01

.03

.01

.006

.03

.01

. 015

.015

.01

.0618

.0381

.0145

.01

o1
d2
63
64
o5
a6

.o2

.02

.o2

.01

.01

.01

38.2

49.94

6.1
39.25

.01
49 .98

11 .01
11.66
31.82

20.98
28.O4
35.92

.1
31.88

. 006 18

.0381

.0001

.0158

.0145

.01

FINAL

Thlctao¡¡o¡ Colduct lv lt lo ¡

.o229

01

o2

o1

.0001

.2125

.01

.001

.02

.01

.0059

.o29

.0001

.01

-.4 9s

-.500

-.1991 .5 ¡ 10-5

-.f99 .6 ¡ 1o-11

-.457 .8 ¡ 10-2

-.4 98 .1 ¡ 10-7

o Sun of Squator

.23 z tO-1

1o-8
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5 .2.3 The Bf f cct of Noise

Noise was added to the Voltage data (Table 5.1) by using the

CDC Cyber Fortran random number funstion RANF. The data rvas

corrupted three tines and five alifferent noise 1eve1s tvere

selected. The iaitial guess for the inversion was the correct

answer, and this was tept constant for ¿11 runs. The results are

shown ín Table 5.5. The figures in brackets are the percent

standard deviation ((standard deviation ne¿surement ¡l measure-

nenti) x 100). The percent standard deviation for 61 and d1

ln,creases more rapidly than the noise 1eve1. The percent

standard deviatíon fox a2 increases more slowly than the noise

1evel, while for c the noise 1evel and percent standard deviation

increased at about the sarne xs.te. These f igures conf irm that o

and 62 are well deternined, and that 61 and r11 are poorly

determined for this layered earth. This is probably because the

effect of the top layer manifests itself in the early channels.

The result s f or d1 and o1 are etrcouraging f or noi se 1evels

of about 1%, as this is of the order of the randon noise which

may be expected in the fie1d. For the figures presented the

initial guess used was the correct answer. If an inítial guess

away frou the correct answer was used then the results would have

appeared wor se.

5 .2.4 The Thin lesistivc Laye= Problcr

The voltage output and apparent conductivity of the nodel of

Figur e 5 .2 is shown on Table 5.1 (Moilsl 4 ) .

The resistivo layer is not seen in the apparent conductivity

data (Tab1e 5.1). Apparent conductivity figures will usually not
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5

1.0

5.0

10.0

Porcc¡t
Nol¡o Levcl

49.55 ! .639 (1.29)

19.79 ! 1.57 (3.15)

49.27 + 2.86 (5.80)

45.28 !2s.3 (55.8)

25.18 ! 26.t3 1102.55,

Dopth

.02008 I .00012 (.597)

.020025 + .00029 (1.44)

.02013 ! .OO57 (2.85)

.0243 ! .0099 (41.74)

.7771 + 264 (148.36)

<tl

.010002 ! .0000026 (.o2s)

.0100001? f .000008 (.08)

.0100008 ! .00002 (.2)

.009995 I .000071 (.7)

00997 ! .000133 (1.334)

o2

.4996 I .00053 (.105)

.4988 + .0035 (.70)

98 t

t

.0055 (1.104)

18 5 026 (5.34)

.471 ! .01411 (8.72)

c

to-1

10-3

.0008

.02

3

Son of Squares
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O2 -0.005 Sremens10m

O1 -0.02 Sremens40m

100 m

Figur e 5 .2

ú3 -0.01 Sremens

Model used for
resi stive layer

geaerating the data for the
probl on.

detect thin resistíve layers becarrse the snoke ring (Eoverstein

a¡d lrlorrison (1982) ) passe s through the layer guickly. In
general thin resistive layers are of 1itt1e iaterest to the

Geophysicist. rf a TEll interpreter had ao ,a priori, informatio¡,

a one. layer case rould be used to fit the nodel. The final nodel

obtained fron a one layer fit is shown iu Table 5.6. The ¡esults
fron using the techaique of fitting too naay layers is also showa

on Table 5.6. Tbe f ive layer f it.gives little iadication of a

resístive 1ayer, and it is only with ,a priori, infornation that
the interpreter would look closely at the resistive layers.



TADLß 5.6
The thl¡ rcslstlve layer problen

Run I 1 layer

Ru¡ 2 5 layer

Ru¡ 3 3 laycr

Ru¡ 4 3 layer

Run 5 2 Layot

Run 6 2 Layer

Run 7 2 Layet

Run 8 2 Layet

Run 9 2 Le,yet

50 oL
62

o2
01

20
20
20
20
20

.o2

.o2

.o2

.01

.01

.01

,t0
15
t4

.019

.01

.009

.01

30
10
30

.03

.009

.001

.01

31
26

.015

.008

.01

10
50

.0,f

.008

.01

20
10

.02

.001

.01

38 .02
.005
.o1

8.8

38
I I

.02

.005 (fixed)

.01

INITIAL IIOI'EL
dt o1

31.95 .02096
.01

3.17 ( snall)
19 .18
20.83
11.27
29.38

.0171

.0180

.01 95

.0096

.0089

.01

35.6
8.3

30,2

.02017

.0101

.0096

.01

38.18
.t

26.

.0198

.0 56

.00 88

.01

88.127
50.55

.0139

.0105

.01

10.33
41.L6

.03¿l

.012

.01

38.8
23 .91

.0198

.0086

.01

40.35
8.78

.02

.003 9

.01

39 .97
9 .97

.2

.005

.01

FINAL I{ODEL

'11
øi c Sun of Squares

-.3 505

-'.3497

-.3 5

-.3 5

-.355

-.3 51

-.35

-.35

-.35

-n4 tl0'

.175 ¡ 10-5

-a1r10"

.28 ¡ 10-8

75 ¡ 10-3

.53 ¡ 10-6

_n.13¡10'

.15 ¡ 10-10

.42 x. ]-o-II
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Subsequent 3 and 2 layex nodels do not aid in resolving the

probleE. Runs 7 and 8 have guesses very close to the actual

snsrer' but the correct answer is stil1 not obtained. An initial
guess where the thin layer conductivity is known and fixed will

yieltl the correct result (Run 9). This serves to illustrate the

difficulty ir distinguishing resistive layers unless there is
good geological control. For a resistive layer between two

highly conductive layers the effect would become more marked.

For the synthetic examples discussed above the instability

of the TEIiI problen is shown. The alifficulty is anplifietl by the

near non-uniqueness of the problem, &s earth geometries with

identical c and basenent conductivities have sinilar voltage

responses in the asyrnptotic region. The blind inversion of TEII{

data can be dangerous as any answer can be obtained for a poor

initial gue ss. Geological control is required; how ever the

oontrol should guide the interpretation not dictate the f inal

ansrer. The use of geological infornation is best used to place

feasible bounds on parameters. The interpreter must always be

careful to tlistinguish between what is a geological fact and what

i s interpretation

The abil ity to place feasíbi1 ity bounds on certain

parameters is of particular advantage in the constrained notr-

1ínear least squares inversion progran of Eolt (personal comnuni-

cation), as it restriots the paraneters to foasible areas in

parameter space (Geologica11y feasible and nathematically

feasible - positivity).
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5.3 Stratogy for Lryorcd Bartl Invor¡ion

Prior to using a layered oarth inversion algorithn the

interpreter nust flrst chock that the data is representative of a

layorod earth. This can be done in a number of rays.

(1) Provided that the oarth is non-poLarlzable (no Induced

Polarization (IP) or dispersion effects) D,ogative voltages cannot

exist for a coincident loop geornetry (weirlelt (1982)). Thus if

such regativo voltages e:ist, it will not be possible to

adequately represent the induced currents of ary earth structure

adeguately without taking into account IP effects. To attempt to

fit the data to a non-polarízabLe layered earth nodel will there-

fore be of little value. rt may be possible to obtain a layered

earth model which fits the data set in which the late tine

channels with the sign reversals have been rejecte¿ (p1us some

before, and those after the reversals). Eowever the accuracy of

thís fít cannot be guaranteed, without a priorí iaformation of the

cole-co1e model for the conductivity (Pelton et al. 1978)

relevant to the layers in question.

Ol check to see if at late tines the voltage respotrse has a

-512 slope when plotted in log-1og space. If so¡ this will fix

the basenent conductivity, however it is not always possible to

obtain voltages at late enough tines to observe the -512 s1ope.

(3) Check that along a traverse there is only a gradual

chaage in the Voltage respotrse. rf two perpendicular traverses

both erhibit gradual changes thon the earth will approximate a

layered nediu¡r.

(4) Look to the geological napping of the area or dri1l hole
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information.

Eaving ascertained that the earth approximates a layered

nediun the following strategy should be adopted:

(A) If the number of layers is unknown then determine the

number of layers by:

Either (i) Ascertaining the mininum number of layers

indicated by the apparent conductivity data

or (ii) Fit a half space to the data. Eaving found the

best half space insert additional layers until any adalitional
layer becomes redu¡,dant

or (iii) Start with as many layers as possible and

eliminate then one by ore until a satisfactory solution has been

obt aine d.

(B) Both when the nunbe¡ of layers is known, and when it is

unknown, the asymptotic expansion should be used initially, and

guesses should be made within the convergent region. The initial

Sness should be varied so as to al1ow the inversion routine to

cover as large an area of parameter space as possible. This will
give it the best ohance of obtaining the global mininum.

(C) If the asymptotic expansion breaks down in the early

channel s the se channel s shoulit be discarded. The discrepancy

between the erroneous voltage given by the asynptotic erpansion

and the actual voltage will be large and this will dominate the

sum of squ&res and therefore adversely effoct the results of the

inversion. using only the late channel s the effoct of shallow

layers will not be felt, however this nethod shoulil give a quick

indication of an inítial guess which could be used in the more
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costly invorslon programs.

(D) Tle appl ication of the numerical integrar of eqnation

t.6 should only be used when the layers above the half space are

resistive.

Alternatively the asymptotic expansion aad the rumerical
integration of equation t.6 for resistive layers oould be

incorporated w ithin a rout ine such as GRENDL to spo ed the

computation. The data should stil1 be checked to see that it is

represontative of a layered earth. The strategy outlined in (A)

can still be used.

In all cases many initial guesses should be used so as to
gain an idea of the shape of parsmeter space. rn particula¡
guesse s around the ri,nsreer deemed to be the ,solution, should be

tried to test the stability of this solution with respect to

variatíon of the initial guess.
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Scction 6 Conclu¡ior

The currently available large loop layered earth inversion

schemes are cor¡putationally tine consuming. The aim of this
thesis was to examine meatrs by which the invorsion of layered

earth data can be made more efficientr o¡rd thus interpretation
made easier and cheaper.

The analysis in the Appendix of this thesis has resulted in

algorithns which have a number of advaatages over the nethods

Presented by previous workers (Knight and Raíche (19s2) , Lee and

Lewis (1974), Raiche. and Spies (1981) and Morrison, Phillips and

O'Brien (1969) ) :

(a) The tine dependence of equation 1.6 means that:

(i) The voltages can be calculated Eore

efficiently. Ifhe¡ the asymptotic expansion is val id the

coefficients of the expansion are independent of time, and

therefore having calculated the coefficients for one delay

time they can be re-used for all subsequent delay times.

This results in an ertremely rapid computation of the

response. At tine s when the asynptotic expansion is not

valid, and when the overburden Ls resistive the integral can

be evaluated numerically. This is also efficfent, as the

tine dependence appears only in the outer integral, and thus

the S(x) can be evaluated and stored for use at all the

required delay tinos. The asymptotic expansion can be

evaluated nore quickly than the numerical integration.
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(ii) The voltage can be intograted over a time wíndow

with 1ittle extra computation tine being required. The

srRorEM equipment is therefore be ttet repre sented
mathematically. This is of particular value in the early
SIROTEU channel s.

(b) A variety of loop configurations can be nodelled. This

means that the voltago respotrse can be calculated for coincident
and separated circular 1oops, and coincident and separated

¡ectangular loops. The sizes of the receiver and tra¡snitter
loops may be varíed lndependently. rt is also possible to obtain
expressions for other loop configurations.

This meatrs that the half-space response can also be obtained

for these loop geometries. Therefore using a one variable line
search inversion routine it is possible to obtain the apparent

conductivity at dif f erent SIROTEIU channel s provirled that the loop

geometry function P(nr) is known. Apparent conductivity is È

useful interpretative tool, as it can give a good guide as to the

subsurface structure, and a1 so give an indication of a good

initial guess for ar inversion algorithn. This formulation
provide s a means of rapidly cal culating the apparent
conductivities for loop geomet¡ies apart fron the coincident loop

conf iguration.

(c) The incorporation of linear constraints in the non-

linear least squares inversion routine is useful. The

constraints al1ow the interpreter to place geologically and

mathematically feasible bounds on the perameters, and to prevent

the routine f¡om deviating too far fron an initial guess.
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(d) A1 though Raiche (19S3) has al so obtained result s for a

variable ramp rlso tirne the fornulatíon presented here a1 so

allows for that sophistication - the usefulness of which is
illustrated in section 4.

The asynptotic and the numericar evaluations can be

i¡oorporated into ar inversion routine as the sole forward
algorithns. For channels when ¡either nethod gives an accurate

answer the data from those channel s must be discarded. This

nethod was tried on very conductive field data, but the

algorithns were only accurate in the last four channel s. The

iaformation obtained fron the inversion algorithn was therefore

inconclusive. In less conductive ci¡cumstances this method would

provide a good initial guess for a slower more general
algorithn - such as GRENDL.

However, if it is possible to include the asymptotic

expansion aud the integration for resistive overburdens iuto a

routine which oan calculate the response at early times for

conductive overburden, then in certain circum st&nce s the

conputation tine would be decreased. The inversion could

tberefore be perforrned in real time, and interpretation woultl be

significantly easier. The decre¿se in run tines allows more runs

to be done in a given tine, and thus, for the interpreter to

builil up a better idea of what the solution space looks like.

This would also decrease the interpreter's dependence oa the

parameter statistlcs usod by GRENDL (see Jupp and Vozoff (1975)).

The strategy outlined in section 5.3 represents a systematic

scheme for spproaching layered ea¡th inversion, regardless of the



forward problems used. The iacorporation of constraints into
inversion routine is reconmended because of the advantages

cont ains.

47
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't'.ri'rçhn.:i.rTr.tt,r* l,n {hi:r rJ.rït',ri*ct.i.cln cl'Ê nrj.rrr+1.,:¡.1.s. An [:r;\:{::f¡.l.lri.rn{', gTt.rjr.r:lri: tn

¡.rrrli.l.:i.t';hrirtl r'*cÈ'iììt1.q. lig hJ':r.i.t l-::1.1. l.rr pr..i.r'ic.i..p.l.*, 1',ht': l[::M ì"r+fiiTrçÌnÍ:i11ï

'f tlr' r:l l. r:iUti:rì-ri.rd i::c¡t'tilI.l t:'t..:i,t'tg tit(Ìiili.r..ttit ì"rir.(.[r.l (::fi::i i:.n ':tì't $r 1 ['itrìüil'L':rl"!t

citlt'tli.ì't':ttri'r, hr.t't .'i..tr F¡"':rf{:..i.c:úi thri'r rrr.l[rr:,r^i.c':r]. l.rt¡rirt'*i.'i..c¡rt m'Ë tlrr+ 'tr¡r.-r

i.n'l,elgr"r.l. {:.r'':it'ts'fnt-nr* pr}iiif'l$ rf ¡:rr-clh1.*r'r. l,lc¡r.r*.:i.çinn, F'h:i. .l, l.i.¡.is; ,tllld

0'lll'j.ri'rtr l-1/rl g¡fVr? ':Iì'ì r'¡':it*l.U so.l.r.lt.i.orr whr.çli r.l.iirrd 1',hr* {:.r'.':rì.ir:l:;it::.r1.':.1

i.fl.l':irl'i"':itr.lì''ri'r t'r.t1* {'or tht¡ i.t1vtilr'ç;ri,r }'lrlnl:td.rl. {:.t',:ittri,'frnr.¡t r:iìd {',li*.fj'¡:*i'L

l-nrlì"-i.ú1r ':].!int*ithnt 'Ênl t'.hu irrvrïr''::;rrr l-'mr..tì''-i.çii* '[,r',lrrri,'Ê$r*¡ir. ô'f]t',r¡:r 'bhri'r

rlrlrVrirl.cl¡:ntri.rnt', nf r-li.gi.t':.l. fi.l.{:.rlrl'ri fc¡r 1'.l'i* l"'1,1ì'ì1.:.rï.1, tr":irrr:i'fc¡r'nr n'fr

r:¡¡''þj'[¡-¡'¡¡'g c¡rdet* J r tirîr\rrtt'',fl ì]ri:rtqr f,'ì''oüì"'ltr¡fI. t.Jri:ì-rit ulr-i.t'.tçrtr hrl"\j.ch r.lsrïrr.1

tl:i.gi.t,:1, fi.l.tur¡ fnr' i',hç'r l-l¡rill::r,rl. tr":¡.nsfr¡rn ¡t't'ìri IJ$çir;i.bl.U 'fl.çii.i fclr"

't he Fnrlri.et' t t-,tttt+f c¡t'nr, *in ce thril l. ':t'her c'rlt l¡e 'Êsr-¡rrl 1,:'l:.*d rls 
':r

l"'lrrtl[::* ]. t:t'':t'tsf ut-nt r.rith cti.d et" )) ::t:1. /f. . J'l'rrlrE.t¡r pì'ilüì'.':rntÍi krÈïT'ri:r

conçlirlrirt',rlrIU nìoì-r3 e'Êfi.ci.erlb. (f(ne.Ênr¡,1 [t$], M,rl.J.i.ctrt 'tìld Uû¡t-rìrr

l::1ii:1, Anrler'*,otr til-l .) t(rri.qht ,]ì'ìd t{,:.i.ctrt+ f.?-l nì,rrjcl,f f¡.rr.'l,hr".rr

s.igtri'Fic,iIll'L intpt-ov*trtuin'b .i.rr ú'ffj.c.i.L?t1(U trU t"rlrvËiit.siì't!T 'tl'rrl ot'dtirì' o'F'

th* i.ttv*.:rl'*s.r' itrt.*gr,r l. '[r',rns{¡oì''tììç; r r]rì'ìd '}Fp l. i.r. d t hr.l firtvrìlì'- lìteh'Êrr*ù

,tt

f
I
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fi - -... "!r r.r!.'l t1'.' r)

f-C), l.fJ, l,?:1 ,rlgc¡r'ii:hnt t',o l',h* i.t¡vrlì'çir..r 1...,r\IJ.l.¡fcrr l',r*,lrrgfclr*nr {'n.l..l.c}lrrúd

hLJ rfì't 'rd'rpti.ve vÈì'si.olr cl'Ë l-',:'t,'tri¡r'tion/r¡ l-1.71 'll.goì'i.thrì fr:r ßr:¡rfif-r.i¡rr'ì

qu'tdr'l.tut"r:'r tr: ÉrV¡flu.'f1',t: l',ht¡r l'lrtnl::c.1. l',r''rnsfc¡r'nr. T'he $r-rcc:Éijslç; fi{.'

l{ttigh'b ,1ì1d lî,richs'E çi'Lr"r'[,eüU .i.s rjr-lr* 'L.r: t:hu¡ ü':irr j.rr rüf:rtÉil r]nd

':ificr.tl''fcU o'[ the [ir]vtîì' [ìt:rilhfrrçit 'r.1.üolithni krhÈil ').I]li.l.i.r+¡.1 tn

futrc'Lic)¡rE l:lllrlHrr rf,t't¡-¡lgticnllg r-':rt.hÈr" th,rn ìlrir¡ìrïì"-icr:i1l.U. l{ii-i.glÏt ¡filrl

Ët':i chr¡ ' + n l gcrr.ithnr i* cr.n.ì-d¡ìlt l. !J tl're l'.rer"t', ¡tv¡ti l. ':h.1. *r .

tont¡.rlüinìl3ì'ìtrrì'U tn 'L.hr+f;t:-1 finFìpr.Itfrr' l--rì'ctgì-'r1nìÍ,r ul-rich ,:'1.'ber'¡l:il',

tcl -'i..i'tvc-t*t {htl i.t'tt,tlgr',:.1. 1',r"rrrifilì'nì$ T¡unìürì"i.c,:1..1.U, .i.* th$r l"Jfir'l:: r:¡il

'l$UniF'ho'hi.c ri:i;\:Ti¡':iìlsi.Lrlls $'F t'.hr,¡ IL.M t'Êïrirf.Tilì1fi,rir '1'l', hn'th üi¡lrlLJ ,rrir(t l.'r'1.r3

1',irtr.'rçi. [..*l;l *trcl L.u*t¡içi [.1.41 *s,'L,:h.l.s.*hr.rd i;hnt', ':.t È']ì'-:l.U fiì'' ].,r.'t',r,r

'1..'i.ntsrs '[he 'IHl'J r'rilEfrc]t'rfi('i 'tfrpì'n'tt:hfi-<i 'tli,:t cl'Ê ,f, l"r':rl.'F fiprlç'¡., u,rhn':lri,r

r::nndr.tct;i.vi.tU i,:i Érqr.1r1.l. tn th':t o'fl {,hr* t',m¡.r 1.,:tUrîrr'' nr l:,liri,r Irc¡t'[.c¡rit

l.'r!.Ir+t'.' ì'Éfif-rr;rc1,iv*1g. l...riïrr l-1.;Tl ':!1.$o dr:r¡tr+1c¡.rr:d ,:¡ 'bwr: '[',rilr-¡i

r.ts':i'FI.l I prn¡.r*t"'l:.9 'bh':'b 'bhri*y rtroì''l-:t hril:i't urltu,rì'l 'Lhti' ttì(rì'r:? grïirrili"rl .1.

rntriT.ir..t'l',c',ì'' pì"clgt'':rtììE 'ft'i.il r'tc¡g{', cct+{:.1.g. l::'ciìa Êr;\:r:tntI¡:1,ù:ir l{rr;i.ght '.'rìlr::l

lT,r.í.chr¡'s 
'1 :1.üori.'tl-rnr iiÉú:irìis 'L.n h* r*.l.ou*s't 'f'1. l.,ttr,, 't,.i.u*¡r,[rrritc;i.**r1.t¡

t^tltr:ilt l...ri*r:r 
r !i ':tfiUFìTlt',clt:i. fi {¡nr.nrr.l.l.,: il; 'tI:lIl l. i. cnh l. cr .

Ï'Ê 'L.ltu= oh -1ul rL. rdÉì'Ê 'L.n t:onrpr-qf.¡.1 'L.htl ]'Ël'i i"H:rf-,fiTr:i.ûr n'[' ,:J.

*-J-ngl.e l.':!rl:..lr'*d nteqfi.rlnt, 'l:,lir*rì tirritì'tU clf l.;hri:r t'r,¡'Ê.j..nrl,nturr{:Ei r:rhilvü,r urc¡r.r.l.rl

tln'L- he ì1Êt:ri*giËrlr"Ur br*crru'riirr ü.IVÊì1 t',lrr¡, ntns'1. Ir,rsic 'tIgüri.'1.1"\nì r.l:i.l.l.

c¡h'1,:L.i.u Ìlre 1'[::M r'"rçiFcnlËirï fnr rÉi].'iti.vri,i:l.U Li.t{l.rl cn*iL. l'lor¡rirvçrr', .:i.¡'r

Ë'r']c't',.i.cÉ urt? t.rrlì1't tr: infurtl-rr¡ :i¡1:.ì-uil'tr.tì'$i of ,l lrrUrrlrïd grmutrcl 'F'r'nrrt

ilhçirîit'-v'.1ti..otrç; o{t i.tE TE:l{ ì*ri..r'i:iËc]t'r*irîr ,]ì'ìrJ 1',n ¡:.[ru t:io r'Jr.ï,tnrpl.ct¡¡ ':iì'ì

r:p't,inris'r'L.ir:rr 'rlgorithnr u,rl'rich ,tctJr.rii''L$ 'L.h* ntorlr-î.[ irr ürc[Êì'''L.o

nt.i.n.i.nt.i.g'tL, rr cns'L frllrcl'.i.mri r¡lt.i.cli rì¡ù:rr:rçir.rì''rî:i t',h* r:li-:irrrl¡.i'3rr cU hr'¡1.;wtilri.rlr

'L.hi* 'r.c"[,r.]':II rl¡:t'L.r: r]tììd 'Lhri. rl¡t'l,r:i f.rrri'rd.:i.ct',rrrl trU 'L.hH ntodrll.. 'Ihrü,
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ap{,i.nii..su'bintr'¡1ürr:ri'thm kr.i.l.l hr* -i.{r¡r"l'L.j.vr* ,Lnd hril.l. ÞrocfrELl 'Êt'nni ,:tì'i

:i.rii.1'.r.'rl. g'1,',,siç; fo¡' thu,¡ ntode,r.l. to rr f.i.r':r.1. 'r.;nl.r.l'L.i.ott', t"lltr.ch .i.r:; ¡tI

loc':l ¡i.i.rrinrisr:rr' n'F th* co,:i'1. 'Fr:rrc'l,iolr. 'l'hr¡ 'Enlr-r'ti.on' i.ç,

dependen{: r.lT.:,on t,l.re j.ni.ti,:i. guri:rsi!,r Ê!fi, íì't ':lrJr:li.ùinlr {.,o ,:1..1. thc,r

.i't et'':t.ione o'F the op'[,.inri.*r:'h.i.orr ': ]. üor".i.'t hnt, .i.t .is ri?ËtirirTtt.i.¡r 1 'L.n

ri:i¡:pÉrinrÉìlt', wi.th r.[-i.{¡'firirr-erlrL i.n.i.{:.i.,:rl q'.¡.¿lris*s. ]:'fi ':¡.1.1 1',hi.ti

c'11t.ul.'r'l,i.otr .i.s 'to .[re per''Ênrnrri:r1 .i.rr r"ri]r:1. t'..i.ntui,., riu 'l',h'rl.. r:1

g*ophgt;i.*j.:iit c:':iì'l j.nrrrr..rdj.':r'Lu1.g i.rrtr+r*¡lle.lt', hi.E f:rr.lì'vÉ:rU i:l'i't'.':1, tttún thtil

cnntprj'Lú¡ì- cmr.lrl urhirh f'r1il:r.lI':t'[r;rç t',ht:':l 'fHM Ì^ç¡F-'I.]{liltirii ctf 'L.l"ttll l.,it!-fri.rt''*:rl

r'¡t'nrlnd ntr;st f..jt1ìTJ:l.ctU rii\rrtrì^U l':it1(i}trtì'ì {',.i.¡trir ri'lv:i.t'iü rJ.a'rr¡.r.cril.

tl.i.t h t h.is rrìßt.iv,:r'Lioì'ì., wr:¡ r'rob.r 'Lr.tt'trt c¡ thrl r:c¡t't't,r¡trt i:¡'l:

l"his IJrrIJr.rì''

lJe rl['JV[iIüP rl .l.,rt:tl {',.:i.¡t1;1 ':If:iUnìT]{',Ot',.i.c f.',r1,'il'jr':lì'Ìr:;-i.(lIl 'Í};:r' t',|.trir l'[:.¡'i

r'ÉsF()ì'ìfi'3 cl'F 'L.hs .1.'rUr*t*Èd ç{trrdur::{:i.rr¡¡ ür*Êrlr¡rl rJ*¡.ri.C'hÈ{:l ;i.t't Êigr.¡¡',", 1.,

ter¡tE o'F tlr* u;1:Ë"1ì1ãìoìl ':rì*r* u.¡r:çi.1U cnnt'¡:'rrltr.rd rltlci t:rft't l-.'rl l.rl-r3¡li'rli.lrililÉd

nìl 'ri.nrosl', ¡rì'rU rìt.i,tT'o cnnr¡:rr.rùer'. J'hc' f.':'íp'fr'¡$ii.ilil nì'1!J hr+ r.l-¿;rird ill'T .i.{:tii

okrì'ì fmr ,r vÈr'U i'':Fid fir:i'1. i..nt',rrr*lire't':'t..i.n¡r g'fr 'firi.lrl ci':'l'.'1., Lìi-' ni,:r!J

he cor"tpl.r,lrl r¡i.th er;':iE'l,i.r'rËt E,c¡'Ëtr.,':r'r"- sr.lilh ,:.rrï. t,he f i::i'l T.lt''ilUì'"tnì n'fi

l'{night ,--rìld l-{':i chrl [?-1 , 't n f.rrorlr-r cüi 'Ê'r:¡'t er' .i.ttvr'*¡*'r.:i.or¡ F,ì*r]qì'¡ttìtË. .

1'hrr tr',lrrç;¡ri.'1.,t-i.rrg ¡:rì'ìd r"ecËr.i.u.'¡.ìrü 1.un¡ii:; nìr.lri'L iir.l

hr:t"i.:;iotlL,tl., l¡rl'L o'bhs:,ru,r-i.::e t.hr¡ir Eh,f,ì:lri*ß ¡iì]d ¡:osit.icitr'n ':\¡*r¡

,:rhi{:.t"¡lt*U, ':rl.thorlgh i.rr pr''fc{',i.t:Ìir r{r:J [.Ji.].1. ì''t*qr¡i.¡'-ç:' th* l.uct¡:it; t''n hri*

gi.'L.hrrr c.i.tr (::tl l. 'lì' clt' ì'Fi ç:'L'tì'tür.r .[ 'rt'- . .[ rr Ë,'1r'1..i. fi¡.t .1. r:rr" 'L.ht* L onps Dì':I!J hri*

*ithr'rr cni.nci.derrt', oT' d.:i.:¡'Li.r'¡ct. lrle ':lsriurììr:i {:.h'rÌ {:.he.r t,t.':¡.il$nt.:i.'Lt.i.n¡¡

IÕLlf.r c'1ì"ì'.i.É$ rf cr-lrr"*trt da:rr:li.tg

¡!(1,t) =' flix) :ï(t.) , (J.. l.)

urhet'g I ;i.E hori;ir:rt'1.':1., '1.i.vrirÏgurttcr'-r 'Fr'Élri:r ¡trrrl h,:tti colllË'1fi1:. :iirllir[-r(]tì'''tr

,ii ìr rtl l. .r. çi {', h (î T":utì T:r { ¡.r n r: t', ;i. n n

{i
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Sr-tclr 't tr:nì[¡$t'':1 vrrt''i,':'b.i.otr nìodÉ..'].r:i 'thr;r t.JI'tit4 [¡ì'{]'iifrr:ct',.i.r'rg t;i!J'i;','Lr,:riì

(1..'lnìoììt':Igì'li.:rr 1...r:rlh,rr iul¡it(::ì't')È rtì'rd Nrirg{'. l-1.;il), 'Ll'tril [:'F:i'l pì''cilipri:ifi'Li.Tl!l

s!J-$'l,r:nì (Cì'oìlr,'r Ilr]), rtnd ,tlço tìtodüll$ $TÊnl'Hl'1 (.T-ït¡s¡¡L'¡.1.¡. rrì1d l.l'l{urr..l..l.

l-31') j.n l,hri'r .1..i.¡rr.i.'l:, -E+0.

Lrle k'i.l L

v':tt".i.':ilì I f¡ gi ! tl *f iiru=rd
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rr l. t¡ ctri c 'Ëi.*.1.,1 :i.l'r1'.orr*

C. r.t rI' ür ì'li" tl rl n':ii,.:i.'h g

l-lriïr'rîr ). df.iì'ìüt',$s ,i).ì'tU t¡¡'¡:ii. r::,: l. l. çi

Ëi u fi:l¡ rf f5 t', h r* r 'f cl.i. r..t Íi ü ì" 1} r. cl ri: l. r:¡

t\r i. l. l. r n nt p r.l t * {', h e i:l i. n¡ w n çi.:i. c} Tì l. Èr ii ç;

ï(t) "= 
.^ q,*, V/'.1:.

tnlhr?:ì''rit U i.*; thtl {rnl'Ê .i.rlr:lr: cç.rr:l

vn.l.'t,::i, rlì'ìd I p i.s {:hr f-rrl.rtif:i

{'.r',rrtçiu.i,tt.i.rig 1. iln¡;r ¡ lrlrir¡trfiir.tì''tird i.rr

þJilÌr''l:: Ér;r:c:.1.r.t*.{.vrirl.U w.i.th Íicrrri.l.ririlr di.n¡tllt'i*.i.t:iil.l.ririiifii

r:r'i: 'Ên l. .1. ot¡ç.
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Z^eq\' lr A

:i. t ¡¡ i¡ c¡ l. 't', si ¡'r: rr:i. 1. ti ( ¡n l. È¡ d .1. cr t't t¡ 1', lt

r:i liì ì-r fä / ll ll.i. t. ti r:: r:¡. .1. É tl r:.( ì'' tr I:t

il!tr1.h chürirîlì r:).1; thri,r r.tu:i.t', n'Ê .l.rilrigtli,

rìüth il'f thç* t.r"rriri'nr.:l'l',t.i.nry .l.n*T:. l¿lrir

q r.l'r Tr Ì i. t !J

P , (J.. .äl

:i.r'r th* ì'r.iii:É:r.'i.vii.nlî 1.mn¡r! titf."tsr.rì-f.'ril i.lr

v ¡r .1. rl e c¡'F '1, h rir (:: r.t 1" r'rr.i ri 1', .i. t'l t h n

¡:ilrrIJËi. ?l ( {: ) ;i.$ cl. *'rr'.1.U rç:l,,rtri,riÌ {:.t:¡

thrir nlJ'l,r.t,ll. i.nt¡.rr'=11,fì'tcr:-r n'fl 'thu: 'tt-'rrtgnii.'L'h.irig riuld r'û:icü{.i.viriü lnup:ii ilvuir

ths :l.,]Ut*ì''tird ntt...jrl.iu¡r .

'l'hm 
l,:$. U to th* 'lsgrrrpto'Li r: ,1n,f l. Ui:ii.si üf {',h*:* 1'Ët{ ì'h:r$Tioìti;{.1

l.irils itr {:he tt'e':tnten'b c}'F 'thu -i.nvet'Erl l-.¡1ì-.¡},lt1rrL.t"'rtrii'Fr:t"nt. t.lc¡

É:l;\:':itrt.i.ì'ìùi tha+ Eing¡.rlr:lri.t,.i¿lç; r¡'Ê t,h* f¡.lrict',i.c¡n to Irç* t¡'':.r¡efr:r-ur;:Ll rritìd

$hç!lnr th':'t t',hr:i coì't'L.n¡ll nf i.rrt,':gt'':'L..i.c¡rt ru'rU hri'r de'Fc¡r'nt*d ':ii'rrrJìld r:I ßut

':t1.flì'ì!¡ t',ht+ ì'ì{.rgr;¡{iç¡ ì''rl:,r.1. r:r;r:i.s. 1'herrr f (t) h,}Íi t',ht+ 'lriUrììËtn{,i.c. 'Êclr'¡t

Z(t) N l-Ilr(i;) - tt.({:'-ï)J./T , (:1.. 4)
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dr*tririrnrJ.ä sn.l.erl.g nrr tlr':.r di.*pn'*.i.'l,.i.r:n c¡'Ë 1',hrl .[nn¡.r'::i r]ìì1r.l iit:'t, ilr't {:hrir

l.;r¡ F, i t ) ,)r'¡fl r,JË.'j r¡ht,:.in {:hr+ ¿*grir¡:rtn't',.i.c expanston

B{t)* rt, ( 1) ( ï Í2)-l si"ftti. -((r+ t)/z+ L)
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I'h*ir cn*'ffi.c-t.*t'ttti; I't, $r , d{:j11(ïit'ìd r.lllfiTt hm't,li 'l'.|'içr g'....jotì1È1',T'U i:i'F {',hri,r

.l.ctn¡..i.li rt\ì1d t'.ltr* ti¡tt'¡.trt¡.li'rî cl'Ê 'l,hrir rrtrîidi.r-lriì, hr.rt 'Lt'rir i.ndr+¡rri+ndu'rrit c¡t'

t j.nte . iclt'rsiüiquÈ:'r1t'l. U ¡ the cr:t*f {î.'i. c;i.*trt',s nn l. g ì'ìtirürd hrt rnlr¡rr.l{:.clil fn f{:j

.i.'Ê the frìr.l'tu¡:tl .i.r'tçrrlt{'ftlcr:-i iri r'rrrT¡;i.r'r¡.rl ':'b s;r?vr¡r"rfI 't:..i.nt*'l-,i. l:'F thçr

1',.:i.t'¡te v'tì'.i.'lt.i.otl c¡'fr thtl sc)r.lrclil cr.rr.T'F..,il1', .i.ç; rf st',cr¡.r rr:.the.rr t',|'i,:.ril r:r
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iiansform and the fast Fourier algorithm for the inverse Fourier transform' After

the development of digital filters for the Hankel transform 
ï:rt'r:t"iJtå:t#i

several new progra,nt= *"'" written which used digital fil

transform and pássibly alsc for the Fourier transform, since the latter can be

formulated * " 
H"t$í,'un'fo'rn with order ' 

: à',l!t*e programs were consid-

rl- Mallick and Verma [15]' Anderson [2]')
t imProvement in efficiencY bY

forms, and aPPlied the Gaver-

Place transform followed bYan

adapúveversionofPatterson's[1?]algorithmforGaussianquadraNretoevaluate
theHankeltransform.ThesuccessofKnightandRaiche'sstrategyisduetothe
gain in ,p""¿ 

"nJ 
u"curacy of the Gavei-stehfest algorithm when applied to

functionsknownanalyticallyratherthannumerically.Afterpublicationof-their
p¡rper, Knight and Raiche ieplaced Patterson's integration with a digital frlter'

and their modified algorithm is currentl'
comPuter invert- the

allY, ìs th ions of the

and late ti shed that at

early or late times the TEM resPons

conductivity is equal to that of the top

[3] also develoPed a two t

subsumed earlier results bY

simplicity and speed, the asymptotic

that theY work best when the more g

able.

nse of a single laYered medium'

be necessary, because even the

mostbasicalgorithmwillobtaintheTEMÍesponseforrelativelylittlecost.
However,inpracticewe\ilanttoinferthestructureofalayeredgroundfrom
observations of its TEM response' and to do so we employ an oPtimisalion

algorithmwhichadjuststhemodelinordertominimiseacostfunctionu'hich
measures the discreiancy between the actual data and the data predicted by the

model.Theoptimisationalgorithmwillbeiterativeandu'illproceedfroman
initialguessforthemodeltoafinal.solution',whichisalocalminimiserofthe
cost function. The 'solution' is dependent upon the initial guess' so' in addition.to

all the iterations of the optimisation algoriihm, it is essential to experiment with

different initial guesses. Ii all this calcrilation is to be performed in real ¡ime' so

that a geophysicìst can immediately interpret his survey data, then the computer

code which calculares the TEM response of th. loyrt"d ground must employ every

known time saving device'

57

69

t
I

i

I

86



With this motivation, we now turn to the content of this paper.rJ/e develop a rate time asymptotic expansion for the rËru response of thelayered conducting ground depicted in Fþure l, and we establish the region ofusefulness of the expansion. The terms of the expansion are easiry computed andcan be programmed on almost any microco.put".. rn. .*punlion may be used
rapid first interpretation of field data, or may be coupted

¡uch 
as the TEM p.rogram of Knight and Raiche ¡fi. to

- 
The rransmi,,ing 

"nåTllå,"tiJ'trops musr be horizonral, but o,t..*ir. ,r,.¡,shapes and positions are arbitrary, although in practice *" o,¡rt require the loopsto be either circurar or rectangurar. in particurar. the loops ö ;; ;ñ:;coincident or distinct. we assume that the transmirting toop'"urri.. a currentdensity

J(x, r) : M(x)/(r), (r.r)
where M is horizontar, divergence free and has compact support, and I is theramp function

(1.2)

87

94

108

rt7
118

99

102

I(â¡: 0 if r < 0
r/r if 0 < I < r
1 ifr<t.

I
I

¡

such a temporal variarion moders the urEM prospecting system (Lamontagne,
Lodha' Macnae and west u2r), the pEM prospecting system (crone [5]), and arso
models SIROTEM (Buseili and O'Neill [:¡¡ in ttre fi;i¡ I - 0.

It is worth noting that the extension of the anarysis to receiving loops which arenot horizontal is straightforward, and only requires the introduction of a newloop function. However, the extension to than horizontal loopsrequires more substantial changes. Fo complications arise:firstly, the electric field intey'nsity has component which isdiscontinuous across the interfaces between the rayers: and secondry, a tensorrather than scalar Green's function is needed. Nevertheress, the anarysis is thesame in p4Bipl", although more cumbersome in practice.
We will work exclusively with variables scaled as follows:

coordinates x-x/l (dimensionless);
conductivity o -> o/on*, (dimensionless);
trme t+t¡(l2pon*), (dimensionless);
permitrivity e _- e/(zpoj¡, (dimensionless);
elecrric field E - E/ (volts/unit scaled length);
current density J - J/2 (amps./unit scaled area).

þ

.t

r+

,'i



Hereldenotesanytypicallengthchosenastheunitoflength'suchastheradius
or side length .í ,Ë transÑtting loop. We will compute the dimensionless

quantitY
Z(t) - lon*¡V/Io' (1'3)

where lzis the e.m.f. induced in the recei ß. and ro is the

peak value of the current in the amps' Z(t) is

clearly related to the mutual imp receiving loops

f

:

z(t) - [¡'(,) - B'(r - '\l/'' 
(1'4)

where

B,(t\ : r-' f 
dx exP(-x2r¡tzti-r5(x)'

and

s(x) - ,' tt a^1t - ^z¡t/2 
ntP(mx)/Q(m' xl'

Here p is a function which we call the loop function, because it depends

the disposition of the loops and not on the structure of the layered

whereas the function, Ë the opposite dependence'.w*::i-ì lemma

t¿ll "un 
be applied to B-,(r) and we obtain the asymptotic expanston

) = (2n2)-t i +t((, + 1)/2 + i\r('+r>/2+it, (1'7)

wherese,sr,...arethecoefficientsinapowerseriesforSconvergentforsmall

133

t6tml2ó 138

143

145

148
..,1
,l,l

(1.5)

(1-6)

solely on
medium,
(Copson

(1.8)

156

16r

168

x ú
S(t):"tES.t''

¡-O

I
I

The coefficients Ss, S¡,... depend upon

structure of the medium, but are indepe

cients only need be comPuted once if the m

times. If the time variation of the source cur

the appropriut" urymptotic expansion is obtained in the limit as I -' 0' namely

z(t) - -Ar(t)- (1'e)

Listed in T¿.ble I are the times raken to compute the coefficients by the CYBER l-13

I

machine at the University of Adelaide'
t7l



36 msec.

49 msec.

66 msec"

99 msec.

l8l msec.

I
2
3

4

5

Time to compute Ss, "' S¡5Number of Layers

The extra time required to sum the asymptotic series is negligible, approximately

I msec per time.
In ali praciical prospecting sysrems, the quantity that is actually measured is

not the mutual impedance at a particular time, but rather the average of this

quantity over a time channel

to<r<tr )

Thus, the observed quantity is

Z(to, tr): (rr - ,o\-t [" dtz(t)- (r'10)
,to

Provided that both fo and l, are sufficiently late, then the asymptotic expansion

may be substituted f.or Z(t) and integrated termwise to give

T,{Brs l.

AuQ _A (r )-A (r -T +A _T

r(lr - ro)

18

18

rf

18

z(to, tL\ :
rlO,

r: 0.

(1.11)

The asymptotic series in (1.7) above is divergent (except for the degenerate case

of a half spa t, for any fixed number of terms, will

provideanylatetimes.Hgwever,beforethe
asymprotic se roblems of ch$ing the number of

terms and of late' must be addressed' We will

shorv that

l¿,(r) - ¡,"(r)l < KEzu+t'F(W + Z(i + 7)' ltr/z)' (1'12)

where Bf is the sum to N terms of the asymptotic series and

F(m' z):1(m/2\/z-'
The number { is computable exactly in principle, but in practice is given

sufficiently accurately by the following exPresslon

2

2

,)



Ê-r : x<0,
x> o,

(1.13)
dlol(t *l*1"'),
dl0j0 + x)'/',

where

x: (0, + 0r)/0!
n

ot: d'r | (r - ø,) d,
,-1

0z: d-z É ft - o,) d,(dt+ " ' * d,-t - d,*r- "'-d) (1.14)
¡-l

and finally

¿: i a,. (1.1s)
l-l

lf Ê2t > 1, then the bound, regarded as a function of /V, decreases at first, passes

through a minimum, and then diverges. If {21 ç 1, the bound simply diverges.

The minimum of F(m, z) occurs when

,þ(^/Z):2logz, (1.16)

where ,/ is the psi function, and typical values of F at the minimum are listed in
Table 2.

Tlsrp 2.

2.27 x 7o-2
1.03 x 10-4
7.03 x 10-8
6.95 x 10-12

9

19

33

5l

2

3

4
5

F(m, z) at the mediumra at minimumz

On the basis of these results, a reasonable strategy for truncating the asymp-
totic series might be as follows.

(l) Compute ¡ and { from formulae (1.14) and (1.13).
(2) Check whether

Ê2t > 3. (t.tz)
If not, set a warning flag to indicate that the time is too early.

(3) Find the closest integer N to the solution of (1.16). This is easily done as the
values of the psi function can be generated by recursion and then stored.

(4) Sum the asymptotic series to 1V termsy'We implemented this strategy and

218

226

237

234

242

24
245
246

248

251



found it successful but too conservative, no doubt because the estima¡c (1.12) is
not sufficiently sharp. Instead we adopted the following pragmatic strat¿€y.

(1) Compute a running average of the moduli of two tenns.
(2) Choose N corresponding to the minimum of the running average.
(3) Take the average of the moduli of the last term and the frst omitted term as

a measure of the 
"ttor.þ. 

found the running average necessary becaus€ the odd
and even order terms occasionally had different orders of magnitude. The success

of the strategy is shown in Figure 2 where we plot contours of th_e erroi','!or a

medium with a single conductive layer with unit thickness above the basement.
The prospecting system is SIROTEM with coincident circular loops with unit
radius and a step function current source driving the transmitter loop. The
variables in the plot are time and the conductivity of the layer. The errors were

computed by comparison of the asymptotic series with the program of Knight
and Raiche [9]. Also shown on the plot are thetheoretical curve

{7t - 3 (t.ra¡

and the curve along which the pragmatic algorithm believes it has achieved an

accuracy of l%. The'algorithm clearly is reliable.

2. Derivationol Z(s)

We begin the analysis with the following expressions for the Laplace transform
of the e.m.f. induced in the receiving loop:

Ir( s) : I^o* 
. E(x, s), (2.1)

E(x, s) : * frdt*'g1*,x', s)J(x', s), (2.2)

and

B(x,x', s) : (az)-t to* o^{^¡ro¡"lo(Àlr -' 'l)[e*p (-*olt - ''l)
+exp(-ko(z + z'))n7al (2.3)

Here V and E denote the induced e.m.f. and the electric lield intensity. The
bles /<0, ky...,kn*l are defined by

k,:(e,sz*o,s*^')"',

255

256
257

t6?m2t5

269

Fig2

274

277

283

t

a
a
a

(2.4)

290

293and ¿ and å are elements of the matrix I defined as follows:

ab ]:Iexp(,tr* rd ) 0

0 expGk"-rd) '' . ',[l j¿] '
(2.5)

k n+l
-k n*t

A- cd Itl



where 30(

33i

(2.6)

This result may be derived along the lines followed by Morrison, Phillips and
O'Brien [6J. Alternatively, one can prové that the special properties of the source

current density J, that it be horizontal and divergence free, imply that there are

no charge distributions on the interfaces between the layers and that Maxwell's
equations reduce to the telegraph equation for a single scalar field. The telegraph
equation separates in rectangular coordinates into ordinary differential operators,
whose spectral kernels can be constructed by standard techniques. Convolution of
these kernels yields the spectral kernel for the telegraph operator from which
Green's function g is constructed. The remaining steps which lead to Z are then
trivial. f

The function å represents the eftct at x of a source at x' and contains
geometrical optiç{terms which must be isolated and treated separately. To do so,

let i' represent the reflection of x'in the plane z : 0. Then

g(x, x', s) : go(lx - x'|, s) + pgr(lx - *'1, s) + /(x, x', s), (2.7)

where

so(r,s): "*p[-(ro12 
+ oor)t/'r]/{aor) (2.8)

and

./(x,x', s) : (4ø')-t 
to* 

o^1^1os)Jo(Àlr - r'l)exp(- kr(z + z'))lu¡a - pl.

(2.e)

The first go term is usually called the primary field in the geophysical TEM
literature, and is the field that would remain if the earth were removed, whereas

the second g0 term is a reflection from the air-earth interface. The constant p is
ultimately fixed by boundary conditions, but its actual value will not concern us

because it will cancel from the asymptotic expansion. The interpretation of I
becomes apparent after we compute its inverse Laplace transform:

so(r, t) : expLT/tJ 
fu,, - r/c) +nQ - '/')¿'((Ê -."/")'/'/to\)
L"'' 

'/ '' ' 
ctr(t2 - 'z¡¿2)t/2 I

cosh /t,d, /<¡sinh,t¡d

k,-t sinh k,d, cosh k,d,

3l(

321

32,

12

where

(2.10)

34:



^É¡J*tud

lo = 2e¡/os,

" - 
¿6,t/2,,

and ¿l is the step function,

(2.11)

\-.

(2.r2)

346

351

369

375

376

H(t):

The case of most interest is that obtained by setting oo: 0, so that the ai¡ is a
perfect insulator, for then

go|,t): ô(¡ - r/c)(anr). (2.13)

Here c is the speed of light in air (in scaled variables!), so the first term in (2.7)
represents the passage of a wave front directly from x to x', whereas the second
represents the wave .front reflected from the interface betr¡'een the air and the
earth.

In the application to geoprospecting systems, the contributions from the go

terms occur at times too early to measure. Indeed, if Eo denotes the contribution
to E from go, then

Eo(x, r) : -(/o,*¡)-t Io o,'¡rd3x'go(r, t - r')i(x', t')

: -(lo,*rr)-t IrOt*'*(x')H(t - r/c)H(r -(t - r/c))/( nr)

(2.14)

Since the speed of light in air is so large compared with the separation of the
source and receiver, the terms involving c may be dropped to give

Eo(x, r) : -(to,*rr)-'H(, - ,) Irfx'M(x')¡(anr). (2.15)

Consequently, Eo vanishes for times later than r. Since our aim is to analyse the
signal at late times, we may discard the go terms throughout the rest of the paper.

If we combine formulae (2.7),(2.2\ and (2.3), we obrain

z(s) : -(42)-'s/(s ) lo* axlxTko)p(À)exp[-(ro - ÀX' ¡ ,,)llø/o - pl

(2.16)

where

,'(À) : I^o* - 
frotrrol^lr - r'l)N,r(x')exp[-l(z + z,)1. Q.tl)

I

\

0 if r < 0,

t if t:0,
I if r > 0-

356

359

We call P the loop function, because all the geometric information concerning the

382



disposition of the loops is êmbodied in p. So far we have nor restricred M, apart
from requiring M to be horizontal and divergence free, but we will now impose
the 'thin wire approximation' in which we assume that M is concentrated on the
axis of the transmitting loop. Thus, we nsw let 7" denote the axis of the
transmitting loop, rather than its volume, and parametrise Iby the curve

q*x'(q), o<q<14.
where flf isthe circumference of r. Then dx'/dq is a unit vector tangenrial to r
and

M: dx'/dq. (2.1s)
Hence,

P(À) : I^o*. Irontr{^|, - r,l)exp[-À(z + z,)l ax'¡aq. (2.1s)

An alternative expression for P can be obtained by repeated application of
Stokes' theorem to formula (2.19):

p(À) : I* lr^Uo1^lr - r,l)exp[-À(z + z,)], e.zl)
where the integrations arenow over the areas of the loops. This form for p is
generally more convenient for calculation because it involves only scalar quanti-
ties. For example, when the transmitting and receiving loops are circular, with
radü ¿ and ó, and centres separated by a distance d, repeated application of the
addition theorem for Bessel fun@ns gives

P(À): 4n2abJr()ta)4(Àå\/o(À/). (2.21)

The TEM response of the layered medium is obtained from z(s) by inverse
Laplace transform,

z(t\: (zni)-t I a'z¡'¡"*p(rr). (2.22')Jc

where C is a contour parallel to the imaginary r axis and which lies entirely to the
right of the singularities of Z(s). Our strategy is to locate these singularities and
deform the contour about them in such a way that watson's lemma can be
applied to the integral represenlation of ZQ). ;

3. Singularities of Z(s)

We observe that sI(s) is an entire function of s, namely,

s/(s): It - exp(-sr)]/(sr),

I

4

4

4

4

l('T(X}ÁtXl

4

4

(3.1)



so tve can focus upon the functions ¿ and ä which appear i¡r the matrix l.
Each factor l which apPears in the expansion of ,{ is an entire function of

k?:r,s'*qs*À2, lçdçn, (3'2\

and so is necessarily entire in both s and À' Consequently I is a holomorphic

function of s excePt when

&3:rort+À2<0 (3.1)
'\.

of
k|.: en*rst * o,rrf + À2 < 0.

A short analysis shows that. for any fixed À,1 is holomorphic in the variable s

throughout the plane cut as shown in Figure 3'

Note that the endpoints shown for the cut on the real axis are only correct

asymptotically as e,*1 - 0.

Lei us compute the discontinuity of b/a across the cut on the real axis. To do

so we establish the convention that the value of k, on its associated cut is taken to

be its boundary value from above. Let

s: tt * iD,

and define for u on the cut

D(u) - (2ri\-t )y*-Í(ut" - P)(u - iu)

-(b/o- p)(u + ¡u)].

Since the sign of kn*, reverses when s crosses the cut, and since

b(-k,*r') : d(k,*t\,
a(-k,*r): c(k,*¡),

we find that

D(u): (2zri)-t ,fi,Ía4, - b/al(u + iu)

(3.4)

: (Zri)-t j3. [{oa - bc')/(ac)l(u + iu).

(3.6)

(3.7)

Now

ad- bc: detA: kn*1/ks, (3.8)

so

D(") : k,*r/(2tikrac), (3'9)

where the limit sign has been omitted on the understanding that all quantities are

defined on the cut by their boundary values from above.

The analytic structure of ,4 simplifies if we now introduce the quasistatic

approximation which sets

431

437

439

Fig 3
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(3.s)
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sj 
= 0, i : 0, 1,...,n * l. (3.10)

ede to infinit¡ as does the left hand
for fixed À,I is holomo_rphic in the
along the real axis from -co to _À2.

T

D(u) - (^2 + u)t/2/(2rri)rac) (3.11)since

and 
fto-À ß.tz)

&a+r: (^2+ùt/2
in the quasistatic approximation. 

- u 

' (3'13)

,rlft:î'.','Jåi"o:t"Ï:l-ttion is nearlv alwavs used in the anarysis or geopro-
passed itre observ.r. Un¿ dter the wave fronts have
diffusion rqu"rion ru,rr", lds evolve according ro a
approximation for the rest of the paper ow keep the quasistatic

In addition to the singurarities' .t-îrrl associated with the branch cuts of Éoand ko* r, there wit arso Le por.r uiirr"iJros of ¿. Here we regard a as a functionof s with parameter À, and *" d;";;;" nu,nb", of zeros by z(À) and their

ï:t.j:Ï 
bv s'(À)"",r,trr(À). Th"." ..ìo, co*espond ro eigenvalues of rhe

where 
L--d2/dz'*o' 

(3-r4)

q = esz + os, (3.15)on the Soborev space I/2(R). That this sho_ur_d be so emerges naturary from the
;ï,"ii:îi|1"ï"'' tu"-"tj- g atonf tle lines sketchä ut *," beginning or
introduce"";;;;;"i:;i#,i:ffi!'"ffi iî:ï;:ï11î:ru*:._l{,,";,""*i:
:iï:-'must 

rie in the interv"i¡_li,;]"*;il;¿iËä i^ o surricientry
From the positivity of the opera tor -d27dzz. it is easy to show that

("' - ,')(1, 
".f ) 

+ u(f ,oÍ) * 
^z 

< o, (3.16)

whers r : ,, * , 
",0.{:_,1: d:i::;iJJl1"',í1ji,T".o""',", ,, *:;iof a. In the quasistatic approximation, these inequalities reduce to
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u(Í,of + À2 ç 0, (3.18)
u( oÍ):0.

From (3.18) an :'.:^--:' (3'1e)

axis. Since the t the. zeros of a lie on the negative real
interval (-"o, _

Lr¡raue' Let o- denorc the maximum aarue of o, and suppose rhar o- is greater thanl. Thenn (À) rs zero d

^2 
< ì,r : ,r/fq¿r(a _ r)1. (3.20)Any zeros of a must satisþ

r,(À) < _¡¿. 
ß.21)

Let q. denote the .potential, 
with ø replaced by the function

' \ íl' tt-d'o*lz):(o-, ;d<z<o, e.z:2)to, o <;,

(f, t*¡¡ +(1,[q - q.lÍ): f < s.
Since g - Q * is both bounded and positive. it follows that

(Í, r,Í) (å. 
",
echter [lg], Corollary 4.4.t), and
result from quantum mechanics

< M (Schechter [tg], Corollary 3.3.f).
tive overburden; for which
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rms22

o(z) < I forz < 0.

Then
(/' o/) < r

and so (3.18) implies that

r¡ < -À2.
'This is a contradiction and so the function ¿l cannot have any zeros if the

overburden is resistive.

The conclusion of the analysis is that the singularities of b/a consist of a

square-root branch point at the point -À2 and a finite number of simple poles in

thie segment [-À2,01. The branch cut for the square root lies along the segment .

(-æ,-fz] oittr. negalive real axis. Consequently, the contour C for the inverse

i-aplace tiansform can be any vertical line in the right hand s plane.

in tfre next section we will deform the contour C around the negative real axis

of the s plane. It is interesting to note here the role of the quasistatic approxima-

tion, without which the three cuts would pinch on the origin of the s plane as

À - 0. Whether or not the contour C could be deformed would become quite a

delicate question.
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4. Derivationof ZQ)

The TEM resPonse of the layered medium is

z(t) : -{tr' i¡-' ! rds 
exp( st ) s/(' Ur- dl\ P ()\\Íb / a - PIQ\'s )' (+'r)

with the contour c in the right half plane, we may interchange the order of

integration. Having done so, we deform the contour C around the negative real

axis. Then

z(t\:-(aøzi¡-r/'- arrlr¡(/* dsexp(sr)sr(')r;1¡. llø/o - pl(" - iu) -lb/a - plþ + iu)l

.u (À) \
+(2ni) | residue[exp(sr)s/(s)(t/o -d1]. Ø'2)

' 'ã s-s,(À)' - 
,

Because the zeros s,(À) are strictly negative for all À and are bounded away from

zero, it follows that the contributions of the pole terms are all exponentially

damped in time. In fact, the second term in (a.2) is bounded by

(42)-rexp(- ,ù I: arlrtU 
-É, 

':::îf; lsl(s)(b/a- r,tl

581



since we are interested in late times, we discard these terms and obtain

Z(t): -(tr)u Io* dÀp(ÀUr- n dsexp(sr)s.r(s)D(s).

Reverse the order of integration again and substirute

s ì -x2 and.À : ¡nx.

Then

Z(t): [¿,(r) - Br(t - ,)l/r,

B,(t) - o-' Io* dx exp(-x2 t)x2(,- r).S(x),

s(x): x2/ot drr(t - ^z¡tnmP(mx)¡e(m,x\,

Q(^' *): 4Ñac'

5

(4.3)

(q.+)

(4.5)

(4.6)

(4.7)

(4.8)

(4.e)

6

6

6

and

where

In the limit as I -' 0, we find

Z(t): -Br(t).

5. Asymptotic analysis o1 B,(t)

we now apply ttratson's lemma (copson [4]) to (4.6) to obtain an asymprotic
expansion for B,(t) at late times. we develop s as a convergent power series for
small x,

6

æ

6')

6l

62

62

63

63

63

S(x): r, I S,r', (5.1)
¡-O

substitute rhis into (4.6) and integrate termwise to obtain

B,(t) - A,(t): (zn'¡-' Ë ^t,a(f r + t)/2 * i)t<1.+r>/z+it. (s.z)

In this section we wilt develop ,*o .-*fr".rrons for the Taylor coefficients ^i,, rhe
first of which will be a convenient tool for the analysis but unsuited to numerical
computation, whereas the second will have the opposite properties.

The first step is to develop Q in power series for small x, which we achieve by
expanding the factors in the matrix I in series and then multiplying the series
together. Next we develop P in series and compute the ratio p/e- Finally we
integrate over m.

The matrix f has the series representation



where

T,, -l I
" La,l(2i,+ l)

If we let X : T^T,_t. . . 1r, then

where

where

¡-O
æ

¡-O

lL27: tfttrl

Fzr-t : ßr,

2i,/d
I

¡-0
æ

r-O

azr+l: ffilr,
9zr: õr.

(5.s)

(5.6)

(5.7)

(s.s)

(5.e)

(5.10)

(5.12)

642

645

648

655

658

662

665

p,Q,7

']

and

Let

æx: E x,x2',
r-0

X,: Ð (^'- or)"...(^, - o,)t,Xi,
lil- ¡

*::ffir,i""ri,,
i: (i1,...,in),

lil: j, + "'+ i,.

t-
lô X, lr4

A short calcularion yields that t

g : (aÀ + p)r+ x2(l _.rXyÀ + ô)r,
so we obtain rhe series for eby further multiplication.

(aÀ + ß) : ^L o,*"*, + E ß,x2, - L p,x,*r

Bd

(rÀ + ô) : . L Lt"*t + I 4.r2' : I v,x, (5.u)

r-O
æ

t-O

674

679

Q(^, *): x2 L Q,x',

Hence,

¡-0
(s.13)



ló7ûró4¡l

where

Q,: I \urur*Q - ^2)r¿ol- (5.14)
P+ 'l- 

?

Note that Qo : l and hence is independe nt of m. Since x. is a polynomial in ,, of
degree 2r, it follows trivially that

degree(pr,) - 2r * l, degree(r,r,) :2t, .\,.

degree(pr,_ r) :2r, degree(zr,*, ) : 2r t l,
and hence that the degree of p, does not èxceed r I 2.In fac!

degree(@,) : ¡. (5.15)
To prove this, firstly observe that c,, ß,, L and E,are polynomi qls in m2,and then
establish by induction on r that er, and, m-ter,*, .u* also be polynoariars in
nr2. Thus, Q, will have degree rlr tn. coefficient or m,+2 is zero. But this
coefficient is independent of o¡,. . .,o,, so we set

Ol: 02 = 
... 

= On:7
and find that

Q(m, x¡ : ,2,
which clearly demonstrates that the coefficient of m,*2 is always zero if r > 0.It is quite apParent that formulae (5.6) and (5.7) are unJuited to numerical
computation' because the number of terms in the summadon for x.becomes
extremely large for more than two layers and the cost of computing the parritions
gf 1 

and the matrix products is excessive. Fortunately, it is not difficult to prove
by induction rhat

682

687

692

699

701

704

709

7t5

723

726

729

f: IC, cosh.B. ft, sinh .B,

(t,k,)-t sinh .8. kr(e,k,)-rcosh.B,
(5.16)

E2 ft

where

B,: krd, * e2k2d2 + ... I e,kndn,

C.- 2r-"(l + e2ky/k¡)(l t erkr/e.kr)...(l + e,k,/e,_rko_r|,(5.17)
The summation is over the signs e, : t, So the number of terms in thesummation is 2o-1.

The ratios k,*r/k, y't "pp"ar 
in Ç are independent of ¡, so it is onlynecessary to expand the hyperboric functions in order to obtain the serie's

development of X. A short calculation gives

x: Ë x2,lx¡,t, (5.18)
¡_O !

u'here



(5.1e)

and

P,: (^' - o,)'2, (5.20).

Kr- ptdt* erprd, + ... + E,np;dn. (5.21)

Note that the earlier expression lor X, indicated that its elements were po!y-
nomials ut m, but the present formula docs not even show clearly that the
elements are real! Nonetheless, formula (5.18) is well suited for computation for
the following reason. Let

x:,1 l- I zrpt/K, f
Lx,/(r,p,(zr + t\) 4/G,n)l

_ c"k?'
(2r)!

734

and define

X:

lt\t): ^o!'t,
tlÍ)q: ß1"'

ay) p:",

ôr(t)

vll,t*t : mYl't,

'l1l - 6l't,

(s.22)

740

743

748

752

7s7

763

765

:u,l'l

(5.23)

so that

F, : Ii/l') , ,, : lrr' . (5 -24)

Then ¡rf;') and z,(d satisfy the following recursion formula,

Fllz= p(:tx!/Iþ + t)(r + 2)1,

vllz: v!ox!7lQ+ 1)(r + 2)1, (5'25)

with the initial values

,1{;l : mCc, ,['l : C,pr/(",pn),

rhisrecursi".,",.,;Ï:;'.;::î. r::^:^l::(:l::,:r.^ 
(s'26)

The loop function is also an entire function and from the representation (2.20)
it is clear that it has a series development of the form

P(mx) : ^'r'ior,(^*)'. (s.27)

Expressions for the coefficients P, are given for coincident circular toops and
arbitrary rectangular loops in Appendix l.

Both P and Q have a zero of the second order at ¡ : 0, so provided that ¡ is
less than the modulus of the closest nonzero zero of Q, the series for P and e can
be manipulated as follows. Let

769

772



F: P/Q
æ: m2 E F,x',
¡-O

where
(s.30)

and

4:m'P,-fQrr,-r, 4>o- (5'31)

P-l

It is easy to prove by induction on r that .Ç is a polynomial in 
'n ' 

that

degree(d) < r, (5'32)

and that Fr,and m-rFz,*tare polynomials in n¡2.

Within lhe region of convergence of the series (5.29), we may integrate

termwise over rn to obtain
æ

S(x) : "tIoS"" 
(5'33)

where

s.: ft dm(t - nf)t/2m3F,(m). (5.34)
,JO

To evaluate S, two oPtions are open.

(1) For odd orders, Fz,*r hæ the form

F2,*t : m' PolYnomi alin m2'

Hence,

s2'*r : 
'-'l:' 

dnt(l - ^z'1t/2m3Fz'*'(^)' 
(5'35)

These integrals can be evaluated exactly by Gaussian quadrature rvith weight

(7 - ,¿21/1. interval [-1, +1], and Chebyshev polynomials of the second kind'

(Stroud and Secrest [21]). To evaluate the even orders, let

w:nl2
and obtain

tr,:'-'Il dw(l - ")t/2nFr,(w'/')' . (s'lo)

Recall that Fr,(wtlz¡ will be a polynomial in w. Thus, 52, may be evaluated

exactly by Gaussian quadrature with weight (l - w)r/2, interval [0.1] and Jacobi

polynomials. (Krylov, Lugin and Yanovich [11].)
(z) Rll:.natively, quadrature rules may be developed for the interval [0,1] with

(s.28)

(5.2e)

776

778

782

785

787

790

793
794

796

804

806

814



I

I

l

twenty Doints. In order to compute d, exactly for .. .. ----^.- *:_- _
\.

0<r<N-2M-1,
we chose the rule with M points:

q: Ë w,F,(m,),
- r-l

where w, and m¡ aÍe the computed weights and nodes. In Appendix 2 are
tabulated the weights and nodes for the 8 point rule, sufficient to give the first 16
terms of the asymptotic expansion.

The algorithm for computing the coefficients S, is summarised in the flow chart
below.

Compute Ps, pþ. . .rpN for the loop configuration.
Set .S, - 0, r : 0, 1,...,,iV.
Set rz, to the first quadrature node.

Label 1: Sel F,: 0 and a,:0.
Set er: *, €3: *,...,€r: *.

Label 2: Compute B, and C".

Compure pf), pÍ.) and z[.), r{.).
Compute ¡rf') and ,1,, by recursion.
Increment p, , and !,. F rz: lL , t lrlr), yr:: yr * v!,1
If nor finished all sign combinations, go to 2.
Compute Qo, et,...,e,from ¡r,and r,.
Compute Fs, F1,..,,,Fn, recursively from p, and e,.
Increment S.. Sr:- S,* w,F,(m,).
If not finished all quadrature poinrs, go to l.
Stop.

weight (l - ¡nz¡r7zm3, so that both the odd and even order s, may be evaluated
exactly with the same quadrature rule. This approach leads to a simpler program
and is the one we have followed. we computed Gaussian rules with from one to

6. Thin layer approximations

At this point we can establish the relation between our asymptotic expansion
and the expansion to two terms obtained by Lee [13j. To do so,lei

827

831

161ú)7ú

851

855



k

eút : ,'LoQ¿', (6'1)

and call g(*) the kth thin layer approximation to Q' Since X, contains a factor

i,,, ... l:t^,it is clear that the terms in the expansion of X(and hence of O) will

become very small if the layers are thin, so it is reasonable to truncate the series

as in (6.1) above. Explicit calculation yields l

Qo- |
Qt - 2md\ (6.2)

Qz: d2[(4, * o)(2m2 - 1) + dr2l

where 0, and d, are given by (1.r4). 
lurrence formulaIf the series for Q is truncated at the first term, then the rec

(5.31) degenerates to

F,- m'P, (o'¡)

from which we obtain

Sr: crPr, (ó'4)

where

,,: I' dm(l - ^z¡t/2^t+t,
r 3 r rl4 /2 (6.s)

2r( r + 7\/2)

867

869

871

873

862

878

890

Thus,

A,(t): (zo'r-' i c,r,r((r + l)/2 * i)t-t?+rt/z+it' (6'6)

r-0

This is the response of a uniform half space with the conductivity of the

basement, as expected, because all information concerning the layers was con-

tained in the terms droPPed from P.
The first order thin layer approximation gives

e\t: x2[1 + 2mxdlrf. (0.2)

Note that O(t) can vanish if 0r < 0, corresponding to a conductive overburden' so

the thin layer approximation has introduced a spurious zero on the x axis' The

recurrence relation for f can again be solved explicitly, because equation (5'31)

reduces to

884

885

Fo: Po

Fr: fr'P, - QtFr- t,
(6.8)

which has the solution
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where

F,- L Çer),^,-op,_r,
P'O

: mlLr,

P-O

(6.e)

(6.10)

899

902

904

Thus,

Sr: crL,

and

A,(t) : (2r'r-' i c,L,l((, + 1')/2 * i\tlrt'+urz+i>- (6.11)
r-0

Lee [13] obtained the first two terms of this asymptotic expansion for the case of
coincident circular transmitting and receiving loops-

7.E;rr:or estimates

If the function Q never vanishedfor nonzero x, then the series for S would
converge for all ¡ and the asymptotic expansion would be a convergent series.
This happens only for the case of a uniform half space, for which

Q: x2'

so in principle the transient response of the half space could be calculated with
arbitrary accuracy by summing sufficiently many terms of the series. (In practice,
however, the series is so slowly convergent at early times that the finite word

-lengin-lof 
the series are summed.) In all other cases, Q is an entire function of

order j, and so has an infinite number of isolated zeros. The proximity of these
zeros to the origin limits the radius of convergence for the series for S, and hence
reduces the range of times for which the asymptotic series is useful. For low
conductivity contrasts or thin layers, the zeros of Q are well away from the origin,
and the asymptotic series 'converges' well, but, for larger conductivities and
thicker layers, the zeros of Q crowd in around the origin and the'convergence'of
the asymptotic series is poor.

To make these intuitive ideas, precise we will develop an estimate for the error
in chopping the asymptotic series at N terms. The estimate will be in terms of the
quantity

910

915

928

931

€: inf
0<rz<l

Ê(^\, (7.1)



\ilhere

t(n) : jnr,lxr(nr)1,

and

éhe 0 : xs(tn), xr(rr), x2(m)': "
areldistinct zeros of g, regarded as a function of x with parameter n' Çlearly Ê is

thfclosest approach to the origin of all the zeros of Q as nt is allowed to vary over

the range [0,1]. In principle { is computable, because Q is an elementary

combination of hyperbolic functions and its zeros can be found by a number of

well established algorithms. However, the cost of such a search is not justified,

firstly because the pragmatic algorithm works well, and secondly because we can

upprl*i."te € by the quantity €(A), defined analogously as the closest approach to

the origin of the zeros of Q(o'.lt is easy to see that

t/1to' : zdlr,l' Q'2)

and a rather lengthy, but straightforward, calculation yields

a¡a,l(+txlva),X < o

dlorl(l + 7ç)r/2,7 >- o.

This is the approximation quoted in the introduction. Higher order approxima-

tions could be computed numerically, but again the cost is unwarranted. To

illustrate this, the figures in Table 3 compare f 
(l), 

€e) and € in the case of a single

conductive layer over a basement, for which f can be computed exactly:

f : rog[(ofl2 + t'¡¡(ol/z - t)l¡(zo'r/'ar)' (7'4)

Tesr¡ 3.

Ê(t¡

ë(zt

€

0.556

0.833

1.035

0.500 x l0-3
1.000 x 10-3
1.000 x 10-3

o, : 10, dr - 0.1 or : 1000, dt: I

These figures also illustrate the general rule that the zeros crowd in around the

origin as the product of conductivity and thickness increases'

We now turn to the derivation of the error estimate. Let

934

937

948

950

l/EQt - (7.3)

(7.5)

(7.6)

958

^,
Fn : ^'D rr*'r-0

973
974

977

¡

I

¡
tj

ló7û)8tt:

and

s": rt"/ot dm(l - nf )t/zmFN(m)'



Leirlrr,n. There exists a constant K such that Jor all x

ls(') - s"(')l < Kx3(x/f),/l* - €1. (7.7)

Pnoor. For each ¡n, Fhas only simple poles, so the sequence

{(nt)'lr,(m)l, t : 0; J, 2,
is bounded. Hence, there exists a constant C(nr) such that

Ê,@)'lF,l^)l < c(¿¡) for au r. \-'

Since € < E@t) for all rz, it follows that

lnfu)l. c(^)/e' forail¡.
Considerx < f. Since the series for Fis convergent for such x,

s(r) S"(*) -,rlo dnt(t - ntz)tn¡:t î _r,(^)*,,r- Àr'+ I
and

ls(*) - s"(')l = *r l;' dm(t - ,,2¡t/z^3 f .<^¡1x/Ë), \
r-N+l

= x2c(x/t)n*'/(t - x/Ë),
where

,: 
Io' 

dm(t - nf)t/zm,c(m).

Thus, (7.7) holds with K : C.
Now consider -x > Ê. The series is no longer convergent, but ir is certainry true

that

ls(r) - s"(r)l . *^lo' dm(t - ^2)t/2^lr(m, x)l

*rt 
lo' 

dnt(t - ^z¡r/2^t l,)r@)lr,
r:o

Since 
f 
Jof < l, it follows from (2.20) that

lP(À)lqlfl lRl,
where lrl and l,Rl denote the areas of rhe transmitting and receiving loops. The
function

(l - ^z¡rtzm3x27e(m, 
x)

has at worst an integrable singurarity in nl, so there exists a constant z such that

Iot o^1, - n 2)t/2rrlp(ntx)¡e(nr, x)l< t for all x >- Ê.
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Hence,

ls(")-st(')l <xzL+x

Choose Kso that

- ,'fr + c(l -G/E)n*')ltt - */Ð1.

2

Io'

N

e-O

1028

t035

1039

1041

70u
1045

1053

1071

L + c(x/E)N*'/G/t- r) .'K(r/Ê)n*' /(x/E - r),
a condition which will be satisfied provided that

. K> C + LNN/(iv+ l)¡'f*r.
Then

ls(') - s"(')l < x2K(x¡f,)n*' /(r/Ë - t).
Again (7-7) holds and the proof is complete.

Define

n |Q) :'-' Io* dx exp(-x2t)r2('- !)s^t( x)'

choose any small positive number e, split the integrarion in¡o three ranges,
[0, € - €], [Ê - e, { + e] and [f + c, oo), and use the esrimate forlS(x) - S^'G)l
in the first and last ranges.

n2ln,Q) - ¿,"(r)l . It-" dxexp(-x2t)x2(i-rrKxt(x/E)* /G - x)

* Ir'1, ' dxexp(-x2r)xzti-ulg1x) - ^sÈ(x)l

* Iri, dx exp(-xzr) x21ì - \Kxt (, / Ê)n / (* - E)

. r-t K 
fo* 

dx exp(-x2 t) *t,* t (, /Ë)n

* Ir':," dxexp(-xzt¡"zri-trls(-r) - s"(r)l .

The first integral is trivial. Apply the mean value theorem to the second integral.

n2lo,(t) - nTQ)l< Qe)-tx[2(,*"t(N/2 + i + t)/(gÌ/2)N+2i+2

i 2c exp(-221 ) z ztt- ttl5( z) - Sry(.a )1,
where z is a point in the interval [t - e, f + e]. provided that 0 < e < f and also
that f is not too small, then the dominant term is ùe íirst. In any case, we can
always increase the constant K in order to obtain the following bound. 1082



lB, ( r ) - ¡i( r )l < (2212 e)-t K€2(', 
* ttl ( N /2 + ¡ + t) / (EÌ/2)N + 2i + 2

This is the bound menrioned in the introducrion.

Appendix I

We assume that both the transmitting and receiving loops lie on the surface of
the ground, so that z : z' : 0. \.' 

:

Consider firstly the case of concident circular transmitring and receiving loops
with radius ¿. Formula (2.27) lor the loop function rêduces to

p(À): [z'ø,(ra)]'?. (8.1)

Insert the series for Jr2 given in formula (9.1.14) of Abramowitz and stegun [l] to
obtain

Pzr+t: 0,

p.-: (22¡a\2(-t)'(a/zl?'12(zr + z)t (8.2)
'r ' ' ,,.f(r+t)!]2(r+2)!

The sequence of P, is best computed by recursion, since

P2,+2: -pr,az(2r + 3)/Iz(r + 1)(r + Z)(r + 3)1, (8.3)

and

Po: ¡¡2a4. (8.4)

Now consider rectangular transmitting and receiving loops with sides parallel
to the x and y axes. Suppose that the transmitting loop encloses the area

a'< x < å'.
c' < -y < ,/' (8'5)

and that the receiving loop encloses the area

a<¡<å
c < -y < d. (s'6)

Insert the series for Jo (Abramowitz and Sregun [1], formula (9.1.10)) to obrain

P(À):ÀtIP,tr, (8.7)
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where

Pzr*t: 0

p2,: Gl)'v,¡f22,(r)21

(8.8)

(8.e)
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and tt22

1126

1134

1138

1150

¡ ó'tot o to ,,: Io d,l: dyl:,: *'1":' ¿y'l¡ - *'f' +(v - ,')'l'- (8-1r)

Use the binomial theorem on the power to reduce the integrand to a sum of

multinomials which can then be integrated trivially. Thus'

',: Pr(o\ur(o'b'a"b')(I'-r("'d'c"d') 
(8'12)

where

un(o,b,a',b'):ltu -o')'r*'-(a-o')'r*'-(b-b')'o*'+(a-a'¡tn|'l/l(2k+L)(2k+2)]'
(8.13)

Formulae (8.8), (8.12) and (8.13) give an easily computable expression for the

sequence Pr.

tl47

Appendix 2

Listed in Table 4 are the points and weights for a Gaussian quadrature rule

with weight (7 - 12¡r/zrr? onthe interval (0,1)'

Tlsrr 4

I 0.908248748533967848D + 00

2 0.9765 32380300760677D + 00

3 0.801322605L59335985D + 00

4 0.66544s63677505?757D + 00

5 0.5129S6701125{6676D + 00

6 0.357914686098593863D + 00

7 0.2',t4550949748259760D + 00

8 0.960799955038826807D-01

0.27 88 59 65 427 47 77 499 D -Or
0.9 3 4197 46 4302680t 89 D -02
0.379453

0.322020roo441273207D-0r
0.1 80965420802834124D-01
0.648 895926666688655D-02
0.728223 423390867 5 59 D -02
0.903 9 I 793 9 419827 43 5 D -04

Points Weights
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