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Abstract
We investigate the geometry of almost Robinson manifolds, Lorentzian analogues
of almost Hermitian manifolds, defined by Nurowski and Trautman as Lorentzian
manifolds of even dimension equipped with a totally null complex distribution of
maximal rank. Associated to such a structure, there is a congruence of null curves,
which, in dimension four, is geodesic and non-shearing if and only if the complex
distribution is involutive. Under suitable conditions, the distribution gives rise to an
almost Cauchy–Riemann structure on the leaf space of the congruence. We give a
comprehensive classification of such manifolds on the basis of their intrinsic torsion.
This includes an investigation of the relation between an almostRobinson structure and
the geometric properties of the leaf space of its congruence.Wealso obtain conformally
invariant properties of such a structure, and we finally study an analogue of so-called
generalised optical geometries as introduced by Robinson and Trautman.
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1 Introduction

In a recent article [25], the authors give a comprehensive review of the notion of
optical structure on a Lorentzian manifold (M, g), simply understood as a null line
distribution K on M. Many of the geometric properties of this distribution and its
orthogonal complement are encoded in terms of its screen bundle HK = K⊥/K ,
which is naturally equipped with a bundle metric h inherited from g. One may natu-
rally wish to endow HK with further bundle structures. In the present article, where we
assumeM to have dimension 2m + 2, we equip HK with a bundle complex structure
J compatible with h. Such a structure was introduced by Nurowski and Trautman in
[63, 113, 114], where it is equivalently described in terms of a totally null complex
(m + 1)-plane distribution N . The real span of the intersection N ∩ N then deter-
mines the line distribution K . Following their terminology, we shall refer to the pair
(N , K ) as an (almost) Robinson structure. The structure group of the frame bundle
is reduced to (R>0 × U(m)) � (R2m)∗, which is a subgroup of the group Sim(2m),
which characterises optical structures, and as in [25], we shall describe the geomet-
ric properties of an almost Robinson structure in terms of its intrinsic torsion. Our
approach is analogous to that of Gray and Hervella in the almost Hermitian setting
[30]. In our case, however, it is the decomposition of the screen bundle with its com-
plex structure, rather than the tangent bundle, that encodes the geometric properties of
the almost Robinson structure. To this end, we exploit the interaction with the optical
structure and use results already obtained in [25]. The main results, contained in Theo-
rems 3.15 and 3.18, give an invariant description of the module of intrinsic torsions of
an almost Robinson structure. On the basis of this description, we proceed to examine
the implications of the torsion classes in terms of geometric properties.

Such geometries have already been studied, notably in dimension four, and we shall
briefly review some existing results below. As is well-known [25, 63, 77, 113, 114],
an almost Robinson structure (N , K ) in dimension four is essentially equivalent to an
optical structure. The key point, here, is that the involutivity of the totally null complex
2-plane distribution N is equivalent to the congruence K of null curves tangent to K
being geodesic and non-shearing, that is, the conformal class of the bundle metric
h is preserved along the geodesic curves of K. What is more, the rank-one complex
vector bundle N/CK descends to the leaf space M of K, thereby endowing it with a
Cauchy–Riemann (CR) structure. This CR geometrical aspect of Robinson manifolds
was particularly emphasised by Robinson, Trautman and the ‘Warsaw’ school [52, 64,
66, 88, 97, 98], and in parallel, by the twistor school [56, 57]. This property is useful
when seeking solutions to the Einstein field equations [53, 67, 99], a problem that is
in turn linked to analytic questions regarding the embeddability of CR manifolds [35,
54, 95, 97, 98].

There are also three important theorems worthy of mention in the development of
mathematical relativity in the present context:

• The Mariot–Robinson theorem [55, 87] gives a correspondence between analytic
non-shearing congruences of null geodesics and null or algebraically special elec-
tromagnetic fields in vacuum.
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• The Goldberg–Sachs theorem [26, 27] relates the existence of non-shearing con-
gruences of null geodesics to the algebraic degeneracy of the Weyl tensor for
Einstein spacetimes.

• The Kerr theorem, as formulated in [75], tells us how such congruences arise
in Minkowski space from complex submanifolds of three-dimensional complex
projective space.

In higher (even) dimensions, the congruence of null curves of an involutive almost
Robinson structure (N , K ) is always geodesic, but shearing in general [114]. The leaf
space of K nevertheless still acquires a CR structure [63, 113]. In addition, (almost)
Robinson structures are Lorentzian analogues of (almost) Hermitian structures, to
borrow the expression fromNurowski andTrautman [63]. In both cases, the underlying
geometric object is that of an almost null structure, that is, a totally null complex
(m + 1)-plane distribution. This perspective allows one to have a unified approach
to pseudo-Riemannian geometry in any signature. In dimension four, the analogies
between Lorentzian and Hermitian geometries were already pointed out in [64, 65]
especially in connection with the aforementioned theorems of mathematical relativity.
For instance, theKerr theoremfinds an articulation inRiemannian signature as follows:
any local Hermitian structure on four-dimensional Euclidean space corresponds to a
holomorphic section of its twistor bundle [21, 93]. A Riemannian counterpart of the
Goldberg–Sachs theorem is given in [5, 28, 64, 86]. In split signature, one obtains
analogous results—see, for example, [28, 31].

Almost null structures are also intimately connectedwith the notion of pure spinors,
and thus hark back to Élie Cartan’s seminal work [13], which was subsequently devel-
oped in [9, 10, 47, 48] among others. It is then no surprise that in dimension four,
the spinorial approach to general relativity promoted by Penrose and his school [74,
76, 77, 118] shed much light on the complex aspect of congruences of null geodesics,
and was influential in the development of twistor theory [75]. These ideas were later
developed in higher even dimensions in [37–40, 43], and most notably in the article
[41] by Hughston and Mason, where the Kerr and Robinson theorems are generalised
in the context of involutive almost null structures. These results were expanded by the
third author of the present article in [102, 103, 107], where a comprehensive study
of almost null structures according to their intrinsic torsion is given in both even
and odd dimensions. The recent articles [24, 71, 78] also touch on related topics on
pseudo-Riemannian geometry.

Non-shearing congruences of null geodesics are ubiquitous in four-dimensional
mathematical relativity, see, for example, [96] and references therein. One question
that arises is, which of non-shearing congruences and (almost) Robinson structures
have most relevance in higher dimensions? On the one hand, Robinson–Trautman
and Kundt spacetimes, which are by definition characterised by the existence of a
non-twisting non-shearing congruence of null geodesics, have been well studied in
arbitrary dimensions, see, for example, [81, 83]. On the other hand, the Kerr metric
and its variants admit a pair of twisting congruences of null geodesics, which are non-
shearing in dimension four, but fail to be so in higher dimensions [85]. Nonetheless,
as was first brought to light in [59], these metrics admit several Robinson structures
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in any dimensions.1 Almost Robinson structures can also be defined in terms of a
maximal totally null complex distribution on odd-dimensional Lorentzian manifolds:
the black ring in dimension five is equipped with a pair of Robinson structures,2 but
does not admit any non-shearing congruences of null geodesics [101]—see also [104].
In dimension three, one can similarly obtain analogous results—see, for example, [68].

Considering the length of this article and the technicalities involved, the following
section includes a detailed summary of our main results, section by section.

2 Summary of results

Our journey starts in Sect. 3, where we introduce the algebraic notion of a Robinson
structure on a (2m+2)-dimensional Minkowski space (V, g), as a pair (N, K), where
N is a totally null complex (m + 1)-plane distribution and K the real null distribution
whose complexification is given by N ∩ N. Proposition 3.11 gives various algebraic
characterisations of (N, K) as

(1) a totally null complex (m + 1)-form;
(2) an optical structureKwhose screenspaceHK = K

⊥/K is endowedwith a complex
structure Ji

j compatible with the induced metric hi j ;
(3) a 1-form κa and a 3-form ρabc satisfying ρab

eρcde = −4κ[agb][cκd];
(4) a pure spinor of real index 1.

Using the characterisation (2) above, we determine the stabiliser of a Robinson struc-
ture as a closed Lie subgroup Q of the stabiliser P of K in G = SO0(2m + 1, 1).
We can thus apply the findings of [25] to describe in Sects. 3.5 and 3.6 the space G

of algebraic intrinsic torsions for m > 1: the basic idea is that the group Q induces
a Q-invariant filtration on G, and the associated graded Q-modules split into further
irreducibles linearly isomorphic to U(m)-modules. The main results are collected in
Theorems 3.15 and 3.18, and while comprehensive, they are also rather technical.

Having all the algebraic machinery at disposal, we proceed to apply it to the
geometric setting in Sect. 4: thus, an almost Robinson structure on an oriented and
time-oriented Lorentzian manifold (M, g) of dimension 2m + 2 is defined as a pair
(N , K ) where N is a complex distribution of rank m + 1 totally null with respect to
the complexfication Cg, and K a real line distribution such that CK = N ∩ N . The
quadruple (M, g, N , K ) is then referred to as an almost Robinson manifold or geom-
etry. Considering the large number of classes of intrinsic torsions for almost Robinson
geometries, we shall split almost Robinson geometries into a number of broad types,
and we will focus on the cases most amenable to geometric interpretations.

An almost Robinson structure (N , K ) induces an optical structure on (M, g) in the
sense of [25], namely a filtration of vector bundles K ⊂ K⊥ ⊂ TM. The orientation
and time-orientation onM induce an orientation on K , and the screen bundle HK :=
K⊥/K of K inherits a positive-definite bundle metric h from g. An optical vector
field, that is, a non-vanishing section of K , generates a congruences of null curves,

1 These are not explicitly referred to as Robinson structures there, but may be interpreted as such.
2 In [101], these Robinson structures are referred to as optical structures in a sense similar to [65]. This
terminology is now obsolete by virtue of [25].
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and one of the main points is to investigate its geometric properties together with
those of its associated leaf space. Dually, we may also consider any optical 1-form,
i.e. a section of Ann(K⊥), which, by virtue of the almost Robinson structure, has an
associated Robinson 3-form ρ, which encodes an Hermitian structure on HK . There
are other natural objects that can be used as specified in Proposition 4.4, notably a
pure spinor field of real index one, defined up to scale.

As it will emerge, the leaf space of the congruence generated by an optical vector
field in many cases turns out to be an almost CR manifold, that is, a triple (M, H , J ),
where M is a smooth manifold of dimension 2m + 1, H a rank-2m distribution and
J a bundle complex structure on H . When the ±i-eigenbundles of J are involutive,
we refer to (M, H , J ) as a CR manifold. Section4.6 is devoted to the subject, which
plays an important part in this article, and one of the aims of the subsequent sections
is to relate the classes of intrinsic torsions to the geometric property of the underlying
(almost) CR structure.

This is in fact the main focus of Sect. 4.7 regarding so-called nearly Robinson
geometries, that is, almost Robinson geometries for which [K , N ] ⊂ N . This condi-
tion alone tells us that N induces an almost CR structure on the leaf space of the
null geodesic congruence tangent to K . They include as a subclass the so-called
Robinson geometries for which [N , N ] ⊂ N , and in fact, generalise the notion of
non-shearing congruence of null geodesics, central object of mathematical relativity:
these are generated by a null vector field k that satisfies £k g(v,w) ∝ g(v,w) for any
vector field v and w orthogonal to k. Among the most striking results of this section
are Propositions 4.18 and 4.22, which state that any almost CR structure (M, H , J )

can be ‘lifted’ to a nearly Robinson manifold on the trivial line bundle M × R, and
conversely, any nearly Robinson manifold arises in this way. A normal form for the
Robinson metric is provided therein, and we discuss its various consequences. For
instance, if the congruence is maximally twisting, in the sense that any optical 1-form
κ satisfies κ ∧ (dκ)m �= 0, then the underlying almost CR structure is contact. Propo-
sition 4.28 characterises the existence of a so-called partially integrable almost CR
structure (M, H , J ) and an auxiliary subconformal structure on H in terms of the
intrinsic torsion of its nearly Robinson lift.

Section 4.9 shifts the focus to another particularly interesting class, which consists
of almost Robinson structures that are twist-induced, meaning that if one starts merely
from an optical geometry and choose any optical 1-form κ , then κ∧dκ is proportional
to aRobinson 3-form. In otherwords, the optical geometry has a canonically associated
almost Robinson structure determined by the twist of its null geodesic congruence.
The most remarkable aspect of such a configuration is that such an optical, or almost
Robinson, geometry admits a unique distinguished optical vector field, as pointed
out in Proposition 4.34. Twist-induced nearly Robinson geometries are also natural
generalisation of twisting non-shearing congruence of null geodesics from four to
higher even dimensions, and one obtains further characterisations of their intrinsic
torsion in Propositions 4.40 and 4.41.

In dimension four, the use of spinors provides another potent approach to the study
of geometric structures on Lorentzian manifolds, and Sect. 4.10 explores this theme
further. Theorem 4.44 notably characterises a number of classes of intrinsic torsions
in terms of irreducible equations on a pure spinor field, which had already been in
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obtained in [102]. Proposition 4.45 gives a description of the intrinsic torsion of any
Robinson structure in terms of a non-linear spinorial differential equation, which
generalises Penrose’s well-known equation νA

′
νB

′∇AA′νB′ = 0.
After a brief review of the Gray–Hervella classification of almost Hermitian struc-

tures and its relation to the present article in Sect. 4.11, we move on to the study of
almost (and in fact nearly) Robinson geometries for which the associated congru-
ence of null geodesics is non-twisting and non-shearing. They fall into two classes:
the Kundt type in Sect. 4.12, where the congruence is also non-expanding, and the
Robinson–Trautman type in Sect. 4.13 for which the congruence is expanding. In both
cases, the idea here is that, since the congruence is non-twisting, its leaf space admits
a Riemannian foliation, each leaf of which is in fact an almost Hermitian manifold.
We can then associate the class of intrinsic torsion of the nearly Robinson manifold
to the Gray–Hervella class of this almost Hermitian foliation. as described in Table 7.

The very brief Sect. 4.14 concludes our exploration of almost Robinson geome-
tries in the metric setting by considering compatible linear connections, described by
Proposition 4.70.

In Sect. 5, our definition of almost Robinson manifold is extended to the conformal
setting in the obvious way by simply replacing a Lorentzian metric structure by an
equivalence class of conformally related Lorentzian metrics. Many of the properties
investigated in Sect. 4 carry over, and the only aspect that really need to be taken care of
is which classes of intrinsic torsion are conformally invariant, and the answer is given
by Theorem 5.4. Just as in the metric case, one can ‘lift’ a given almost CR structure
as a conformal nearly Robinson manifolds on the line bundle. This construction is
particularly interestingwhen the almostCRstructure is contact andpartially integrable,
in which case Proposition 5.8 show that changes of contact forms induce conformal
changes of the nearly Robinson lift, not unlike the classical Fefferman construction—
see Example 5.10.

Sections 5.5 and 5.6 review two theorems of importance stemming frommathemati-
cal relativity, namely theMariot–Robinson theoremand theKerr theorem, respectively,
and how they generalise to higher dimensions. The former is concerned with solutions
to an appropriate generalisation of the vacuum Maxwell field equations, while the
latter provides a geometric construction of Robinson structures in twistor space.

Finally, in Sect. 6 we consider generalised almost Robinson structures, which can
be viewed as an extension to higher dimensions of the notion of optical structure in
dimension four presented in [60, 88, 90, 91, 110–112]). A generalised almost Robinson
structure on a smooth manifold (M, g) of dimension 2m + 2, is defined as a triple
(N , K , o), where N is a complex (m + 1)-plane distribution, K := N ∩ TM is a real
line distribution onM, and o is an equivalence class of Lorentzian metrics such that,
for every g ∈ o, N is null with respect to the complex linear extension of g, and any
two metrics g, ĝ ∈ o are related by the relation ĝ = e2ϕ (g + 2 κ α), for some smooth
function ϕ, a 1-form α onM, and κ = g(k, ·), with k some non-vanishing section of
K . In particular, for each choice of metric g, (N , K ) is an almost Robinson structure
in the sense of Sect. 4. In Theorem 6.4 we determine which subbundles of the bundle
of intrinsic torsions do not depend on the choice of metric g in o. We can therefore
start from a given almost CR structure, and construct a family of nearly Robinson
metrics on a trivial line bundle parametrised by a 1-form and a conformal factor. This
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is particularly useful in application to general relativity since we may wish to add the
requirement that one of these metrics has prescribed Ricci tensor. In Theorem 6.8
we extend the results in [25, 90], obtaining a characterisation of the integrability of
generalised optical structures as G-structures.

Section 7 discusses the possible generalisations to other metric signatures. We have
relegated to Appendices 1 and 1 a number of technical formulae that are used in the
main text.

As pointed out earlier, the notion of nearly Robinson structure provides a gen-
eralisation of non-shearing congruences of null geodesics from four to higher
even dimensions. These are intrinsically connected to algebraically special Einstein
four-manifolds, and one of the current and future applications of nearly Robin-
son structures is the construction of higher-dimensional solutions to Einstein’s field
equations—see, for example, [3, 4, 59, 106]. We have scattered a number of relevant
examples throughout the article to illustrate the point: the Kerr–NUT–(A)dS met-
rics, the Taub–NUT–(A)dS metrics in Examples 4.50 and 4.51, respectively, Kundt
and Robinson–Trautman metrics as in Example 4.69, and the Myers-Perry metric in
Example 6.10, to name but a few.

We also provide examples to illustrate some of the algebraic conditions that the
intrinsic torsion of an almost Robinson structure can satisfy, focussing essentially on
dimensions greater than four. Considering the rich range of classes of almost Robinson
structures, this article does not aim to cover every possible case, but it leaves the
construction of almost Robinson structures with prescribed intrinsic torsion as open
problems—see for instance Remark 4.12. We do not touch on questions related to the
curvature of almost Robinson manifolds, these being dealt with in [105].

3 Algebraic description

3.1 Notation and conventions

We set up the notation and conventions used throughout this article by recalling some
basic notions of algebra—see, for example, [17, 92] for further details. The fields
of real numbers and complex numbers will be denoted R and C, respectively, the
imaginary unit by i, i.e. i2 = −1.

Let V and W be two real or complex vector spaces with respective duals V
∗ and

W
∗. The annihilator of a vector subspace U of V will be abbreviated to Ann(U). The

tensor product of V and W will be denoted V ⊗ W, the pth exterior power of V by
∧p

V, its pth symmetric power by
p
V.

If g is a non-degenerate symmetric bilinear form on V, the orthogonal complement
of a subspace U of V with respect to g will be denoted U

⊥. The subspace of 
p
V

consisting of elements that are trace-free with respect to g will be denoted by
p◦V.
Let us assume that V is complex and of dimension 2m. Under the Hodge duality

operator � : ∧p
V
∗ → ∧2m−p

V
∗, for p = 0, . . . , 2m, the space∧m

V
∗ splits into the

space of self-dual m-forms∧m+V
∗ and the space of anti-self-dual m-forms∧m−V

∗, i.e.

∧m
V
∗ = ∧m+V

∗ ⊕ ∧m−V
∗,
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where �α = ±(i)α for any α ∈ ∧m±V
∗.

Suppose now that V is real. The complexification C ⊗ V ∼= V ⊕ iV of V will be
denotedC

V. There is an induced reality structure,¯ : CV → C
V onC

V, which preserves
the elements of V, i.e. for v ∈ C

V, we have that v ∈ V if and only if v̄ = v. If A is a
vector subspace of CV, its complex conjugate is defined by A := {v ∈ C

V : v ∈ A}.
We say that A is (totally) real if A = A.

Suppose now that V has dimension 2m and is equipped with a complex structure J ,
that is an endomorphism ofV that squares to minus the identity onV, i.e. J ◦ J = −Id.
Then

C
V = V

(1,0) ⊕ V
(0,1),

where V
(1,0) and V

(0,1) are the +i- and −i-eigenspaces of J , respectively. These
m-dimensional complex vector subspaces are complex conjugate to each other, i.e.

V
(1,0) ∼= V

(0,1). Similarly, we have a splitting of the dual space

C
V
∗ = (V(1,0))∗ ⊕ (V(0,1))∗,

and (V(1,0))∗ = Ann(V(0,1)) and (V(0,1))∗ = Ann(V(1,0)). For any non-negative
integer p, q, the space of all (p, q)-forms on V is defined to be

∧(p,q)
V
∗ := ∧p(V(1,0))∗ ⊗ ∧q(V(0,1))∗.

Similarly, we define the spaces


(p,q)
V
∗ := 
p(V(1,0))∗ ⊗
q(V(0,1))∗,

(V∗) :=
{

α ∈ ∧(1,0)
V
∗ ⊗ ∧(2,0)

V
∗ : π(3,0)(α) = 0

}

. (3.1)

where π(3,0) is the natural projection from ∧(1,0)
V
∗ ⊗ ∧(2,0)

V
∗ to ∧(3,0)

V
∗. This

notation reflects the Young diagram symmetries of this irreducibleGL(m,C)-module,
where GL(m,C) is the complex general linear group acting on V

(1,0) ∼= Cm .
Since we are interested in real vector spaces, we also define, following the notation

in [92],

[[∧(p,q)
V
∗]] ⊗R C := ∧(p,q)

V
∗ ⊕ ∧(q,p)

V
∗, p �= q,

[∧(p,p)
V
∗]⊗R C := ∧(p,p)

V
∗,

(3.2)

This notation will be extended in the obvious way to
(p,q)
V
∗ and (V∗).

Finally, we shall consider a Hermitian vector space (V, J , h) where J is a complex
structure compatible with a positive-definite symmetric bilinear form h, i.e. J ◦ h =
−h ◦ J . Then V

(1,0) ∼= (V(0,1))∗ and V
(0,1) ∼= (V(1,0))∗ so that V

(1,0) and V
(0,1) are

totally null with respect to h. The Hermitian 2-form on V is defined by ω = h ◦ J . For
pq �= 0, the subspace of ∧(p,q)

V
∗ and
(p,q)

V
∗ consisting of all (p, q)-forms that
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are trace-free with respect to ω−1 or h−1 will be denoted ∧(p,q)◦ V
∗ and 
(p,q)◦ V

∗,
respectively. Note that ∧(1,1)

V
∗ ∼= u(m) and ∧(1,1)◦ V

∗ ∼= su(m), where u(m) and
su(m) are the Lie algebras of the unitary groupU(m) and special unitary group SU(m),
respectively.

3.2 Linear algebra

3.2.1 Null structures

Let ˜V be a (2m + 2)-dimensional oriented complex vector space equipped with a
non-degenerate symmetric bilinear form g̃. We introduce abstract indices following
the convention of [25]: minuscule Roman indices starting with the beginning of the
alphabet a, b, c, . . .will refer to elements of˜V and its dual, and tensor products thereof,
e.g. va ∈ ˜V and αa

b ∈ ˜V∗ ⊗ ˜V. Round brackets and squared brackets enclosing a
group of indices will denote symmetrisation and skew-symmetrisation, respectively,
e.g.

T (ab) = 1

2

(

T ab+T ba
)

, β[abc]= 1

3! (βabc−βacb+βbca−βbac+βcab−βcba) .

In particular, the symmetric bilinear form satisfies g̃ab = g̃(ab), and together with its
inverse g̃ab, will be used to raise and lower indices. The trace-free (symmetric) part
of a tensor with respect to g̃ will be adorned with a small circle, e.g. either as T(ab)◦
or (Tab)◦.

Definition 3.1 [9, 48, 63, 102] A null structure on (˜V, g̃) is a maximal totally null
(MTN) vector subspace of ˜V, i.e. N = N

⊥. In other words, g̃(v,w) = 0 for any
v,w ∈ N, and N has dimension m + 1.

A null structure N on (˜V, g̃) singles out the one-dimensional vector subspace
∧m+1Ann(N) of ∧m+1

˜V
∗
. Any element ν of ∧m+1Ann(N) is then totally null, i.e.

νaa1...am νa
b1...bm = 0. In particular, ν satisfies the following properties:

(1) ν is simple, i.e. νa1...am [am+1νb1...bm+1] = 0.
(2) ν is either self-dual or anti-self-dual, i.e. either �ν = (i)ν or �ν = −(i)ν.

Conversely, any self-dual or anti-self-dual simple (m+1)-form ν must be totally null,
and thus defines the MTN vector subspace

N = {v ∈ ˜V : v ν = 0
}

.

Weshall therefore refer to a null structureN as either self-dual or anti-self-dual depend-
ing on whether∧m+1Ann(N) ⊂ ∧m+1+ ˜V

∗
or∧m+1Ann(N) ⊂ ∧m+1− ˜V

∗
.

The space of all MTN vector subspaces of ˜V, i.e. null structures, is a complex
homogeneous space of complex dimension 1

2m(m + 1), referred to as the isotropic
GrassmannianGrm+1(˜V, g̃) of (˜V, g̃). This space splits into two disconnected compo-
nents Gr+m+1(

˜V, g̃) andGr−m+1(
˜V, g̃) according to whether their elements are self-dual
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or anti-self-dual. The complex Lie group SO(2m + 2,C) acts transitively on each of
these components.

Remark 3.2 Any complement of N in˜Vmust be dual toN and totally null with respect
to g̃, and we shall write ˜V = N

∗ ⊕ N, bearing in mind that in general such a split-
ting is not canonical. For consistency with the notation introduced subsequently, we
shall assume with no loss of generality that N is self-dual. In abstract index nota-
tion, elements of Ann(N) will be adorned with lower Roman majuscule indices, and
elements of N

∗ with upper Roman majuscule indices, e.g. αA ∈ Ann(N) ∼= N and
vA ∈ N

∗ ∼= Ann(N∗). These indices will be immovable. We also introduce splitting
operators (δa

A, δa A), that is, projections δa A : ˜V∗ → N
∗ and δa

A : ˜V∗ → N that satisfy
δa

AδB
a = δB

A . These will also be used to inject elements of N and N
∗ into ˜V.

3.2.2 Robinson structures

Let V be a (2m + 2)-dimensional real vector space equipped with a non-degenerate
symmetric bilinear form g of (Lorentzian) signature (2m+1, 1), i.e. (+,+, . . . ,+,−).
As is customary, we call (V, g) Minkowski space. The abstract index notation intro-
duced in the previous section will equally apply to (V, g).

Denote byC
V the complexification ofV, and extend g to a non-degenerate complex-

valued symmetric bilinear form Cg on C
V. By abuse of notation, we shall often denote

Cg by g. The complexification (CV, Cg) of (V, g) thus gives rise to the complex
space (˜V, g̃) considered in the previous section, together with a reality condition. By
extension, there is a well-defined notion of null structure on (V, g) via (CV, Cg). To
make this idea more precise, we note that the complex conjugate N of a MTN vector
subspace N on (CV, Cg) is also MTN.

Definition 3.3 [48] The real index of a null structure N on (CV, Cg) is the complex
dimension of the intersection of N and N.

Definition 3.4 A Robinson structure onMinkowski space (V, g) of dimension 2m+2
is a null structure N of real index one on (CV, Cg). We shall denote it by the pair
(N, K) where

(1) N is an MTN vector subspace of CV of real index one,
(2) K is the real null line N ∩ V.

With this second condition, we have that CK = N ∩ N and N + N = C
K
⊥.

It turns out that the real Lie group SO(2m + 1, 1) also acts transitively on each of
the connected spaces of MTN vector spaces of (CV, Cg). In other words:

Lemma 3.5 [48] Let (V, g) be Minkowski space of dimension 2m+2. A null structure
on (CV, Cg) always has real index one, and hence is a Robinson structure.

Remark 3.6 Note that (N, K) and (N, K) define the same Robinson structure. Their
Hodge duality is the same when m is even, but opposite when m is odd. We shall say
that a Robinson structure (N, K) is (anti-)self-dual if N is (anti-)self-dual. This entails
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of course a preference of N over N when m is odd, but there is no ambiguity when m
is even.

Any element ν of∧m+1Ann(N)will be referred to as a complex Robinson (m+1)-
form. When m is even, if ν is a self-dual, so are its complex conjugate ν̄ and the real
(m + 1)-form ν + ν.

3.2.3 Robinson structures and optical structures

It is clear that a Robinson structure (N, K) on (V, g) determines in particular an
optical structure, namely K, in the sense of [25]. We therefore have a filtration of
vector subspaces

{0} ⊂ K ⊂ K
⊥ ⊂ V, (3.3)

and the screen spaceHK = K
⊥/K inherits a positive-definite symmetric bilinear form

h given by

h(v + K, w + K) := g(v,w), for any v,w ∈ �(K⊥).

Any element of K will be referred to as an optical vector, and any element of Ann(K)

as an optical 1-form.
Now, define an endomorphism J of HK and its complexification C

HK by

J (v + C
K) = −iv + C

K, for any v ∈ N,

J (v + C
K) = iv + C

K, for any v ∈ N.

Then J is a complex structure on HK, and C
HK splits into the eigenspaces of J , i.e.

C
HK = H

(1,0)
K

⊕ H
(0,1)
K

, (3.4)

where H
(1,0)
K

:= N/CK and H
(0,1)
K

:= N/CK. These can be shown to be maximal
totally null with respect to the bilinear form h on C

HK = (N+N)/(N∩N), and thus
J is compatible with h, i.e. J is Hermitian [63].

Conversely, suppose that (V, g) is equipped with an optical structure K together
with a complex structure J on the screen space HK compatible with h. Define

N =
{

v ∈ C
K
⊥ : J (v + C

K) = −iv + C
K

}

.

Then N has dimension m + 1, and is totally null. Indeed, for any v,w ∈ N, we have

g(v,w) = h(v + C
K, w + C

K)

= h(iJ (v + C
K), iJ (w + C

K))

= −h(v + C
K, w + C

K)
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= −g(v,w),

since J ◦ h = −h ◦ J , and thus g(v,w) = 0. The complex conjugate N is defined
analogously.

In abstract index notation, elements of HK and of its dual, and tensor product
thereof, will be adorned with minuscule Roman indices starting from the middle of
the alphabet i, j, k, . . .. In particular, the screen space inner product and its inverse
will be expressed as hi j and hi j , respectively, and will be used to lower and raise this
type of indices. The complex structure and the Hermitian 2-formwill take the form Ji

j

and ωi j := Ji
khk j , respectively. As before, symmetrisation and skew-symmetrisation

will be denoted by round and squared brackets around indices, respectively, and the
trace-free part of a tensor with respect to hi j will be adorned by a small circle.

We shall use upper and lower Greek indices to denote elements of H
(1,0)
K

and

(H
(1,0)
K

)∗, respectively, and upper and lower overlined Greek indices to denote ele-

ments of H
(0,1)
K

and (H
(0,1)
K

)∗, respectively, e.g. vα ∈ H
(1,0)
K

and αβ̄ ∈ (H
(0,1)
K

)∗. As
usual, symmetrisation and skew-symmetrisationwill be denoted by round brackets and
squared brackets, respectively. The Hermitian form on C

HK will then be expressed as
hαβ̄ and its inverse by hαβ̄ , which will be used to convert indices, i.e. vβ̄ = vαhαβ̄ for

any vα ∈ H
(1,0)
K

. The totally trace-free part of a mixed tensor Tαβγ̄ , say, with respect

to hαβ̄ will be denoted
(

Tαβγ̄

)

◦.
We shall also introduce for convenience splitting operators (δi

α, δi
ᾱ) on C

HK, that

is projections δi
α : CH

∗
K
→ (H

(1,0)
K

)∗ and δi
ᾱ : CH

∗
K
→ (H

(0,1)
K

)∗ that satisfy

δi
α Ji

j = iδ j
α, δi

ᾱ Ji
j = −iδ j

ᾱ,

hi jδ
i
αδi

β̄
= hαβ̄ , hi jδ

i
αδi

β = 0.

These will also be used to inject H
(1,0)
K

into C
HK, and so on. Their dual versions

(δα
i , δᾱ

i ) can be obtained by raising and lowering the indices with hi j and hαβ̄ . Thus,
in particular, we can express hi j and ωi j = Ji

khk j as

ωi j = 2ihαβ̄δα[iδ
β̄
j], hi j = 2hαβ̄δα

(iδ
β̄

j).

Remark 3.7 From the discussion above, it is also conceptually useful to start with an
optical structure K on (V, g), and declare a null or Robinson structure on (V, g) be
compatible with K if K = V ∩ N. In dimension four, there is a single Robinson
structure (up to complex conjugation) compatible with an optical structure, but this is
not true in higher dimensions—see Remark 3.14.

123



   56 Page 14 of 103 A. Fino et al.

3.2.4 Splitting

As before let (N, K) be a Robinson structure on Minkowski space (V, g). Any choice
of splitting

C
V = N

∗ ⊕ N, (3.5)

for some choice of dual N
∗ induces a splitting of the filtration (3.3) as

V = L ⊕ HK,L ⊕ K, (3.6)

where

K = N ∩ V = N ∩ V, L := N
∗ ∩ V = N

∗ ∩ V,

HK,L := K
⊥ ∩ L

⊥.

In particular, L is a null line dual to K. Note that HK,L is isomorphic to the screen
space HK, but this isomorphism depends on the choice of L. Further, in complete
analogy with (3.4), we obtain the splitting

C
HK,L = H

(1,0)
K,L

⊕ H
(0,1)
K,L

, (3.7)

where

H
(1,0)
K,L

:= N ∩ C
HK,L = N ∩ N

∗, H
(0,1)
K,L

:= N ∩ C
HK,L = N ∩ N

∗
.

We note that H
(1,0)
K

∼= H
(1,0)
K,L

and H
(0,1)
K

∼= H
(0,1)
K,L

, but these isomorphisms depend on
the choice of N

∗
We introduce splitting operators (�a, δa

i , ka)with dual (κa, δi
a, λa) adapted to (3.6),

where ka and �a are elements in K and in L, respectively, such that gabka�b = 1, and
δa

i projects from V
∗ to H

∗
K,L and satisfies gabδ

a
i δb

j = hi j . Any change of splitting
which preserves ka induces the transformations

ka �→ ka, δa
i �→ δa

i + φi k
a, �a �→ �a − φiδa

i −
1

2
φiφi k

a, (3.8)

for some φi in (R2m)∗, and similarly for their duals.
Finally, combining the splitting operators (�a, δa

i , ka) and (δi
α, δi

ᾱ) yield new ones

(�a, δa
α, δa

ᾱ, ka)where δa
α := δa

i δi
α projects from C

V
∗ to (H

(1,0)
K,L

)∗. We naturally obtain

dual splitting operators (κa, δα
a , δᾱ

a , λa). In terms of the splitting operators (δa
A, δA

a ),
we have λaδa

A = δᾱ
a δa

A = 0 and kaδA
a = δa

ᾱδA
a = 0, and wemay define further splitting

operators δA
α := δA

a δa
α projecting from N to (H

(1,0)
K,L

)∗, and δα
A := δa

Aδα
a from N

∗ to

(H
(1,0)
K,L

). One may similarly define δAᾱ and δAᾱ .
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3.2.5 Robinson 3-forms

For any choice of splitting operators (κa, δi
a, �a), and recalling thatωi j is theHermitian

form on HK, we set ωab = ωi jδ
i
aδ

j
b and define

ρabc := 3 κ[aωbc]. (3.9)

By Lemma 3.1 of [25], the definition of ρabc depends only on the choice of optical
1-form κa , and not on the choice of δa

i and λa . One can check that the 3-form ρabc

satisfies

ρab
eρcde = −4 κ[agb][cκd]. (3.10)

We shall refer to such a 3-form as a Robinson 3-form (associated to the optical 1-form
κa).

Conversely, let ρabc be a 3-form that satisfies the algebraic property (3.10) for
some null 1-form κa . Then, one can check that κ[aρbcd] = 0 and kaρabc = 0. To prove
κ[aρbcd] = 0, we skew (3.10) with κa to get κ[aρbc] f ρde f = 0. Now contracting
with ρe

gh and using (3.10) again yields κ[aρbc][dκe] = 0, and the result follows by
skewing over the first four indices. That kaρabc = 0 can be proved in a similar fashion.
Hence, we can apply Lemma 3.1 of [25], and setting ωi j = �aδb

i δc
jρabc for any choice

of splitting operators (�a, δa
i , ka) where κa�b = 1, we see that ωi j is the required

Hermitian form on HK up to sign. This sign can be fixed so that if ka = gabκb,

vcρc
ab = −2iv[akb], for any va ∈ N,

wcρc
ab = 2iw[akb], wa ∈ N.

Remark 3.8 In low dimensions, we note the following:

• In dimension four, ρbcd is the Hodge dual of κa , i.e. κ = �ρ. This reflects the fact
that an optical structure is equivalent to a Robinson structure.

• In dimension six, the 3-form ρabc defined above can be either self-dual or anti-
self-dual under Hodge duality, consistent with the fact that the complex conjugate
N of a MTN vector space N has the same Hodge duality as N in this case—see
Remark 3.6.

3.2.6 Robinson spinors

Weproceed to describe aRobinson structure in terms of spinors following the treatment
of [9, 10, 13, 48, 49, 77, 102].

We first consider a (2m + 2)-dimensional complex vector space (˜V, g̃) equipped
with a non-degenerate symmetric bilinear form. The double cover Spin(2m + 2,C)

of SO(2m + 2,C) allows us to define the spinor representation S of (˜V, g̃), which
splits into a direct sum of two 2m-dimensional irreducible chiral spin spaces S+ and
S−, the spaces of spinors of positive and negative chiralities, respectively. Following
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the notation of [107], elements of S+ and S− will be adorned with bold primed and
unprimed majuscule Roman indices, respectively, e.g. αA′ ∈ S+ and βA ∈ S−, and
similarly for the dual spin spaces S

∗± with lower indices. The spin space S is also
equipped with Spin(2m + 2,C)-invariant bilinear forms, which allow the following
identifications:

m odd m even

S± ∼= S
∗± S± ∼= S

∗∓
(3.11)

The Clifford action of˜V on S is effected by means of the van der Waerden symbols
γaA

B′ andγaA′B, injectivemaps fromV to the space of homomorphismsHom(S±, S∓).
These satisfy the Clifford property

γ(aA′Cγb)C
B′ = gabδ

B′
A′ , γ(aA

C′
γb)C′B = gabδ

B
A, (3.12)

where δB
′

A′ and δBA denote the identity elements on S+ and S−, respectively. Let νA
′

be a spinor, and consider the linear map νAa := νB
′
γaB′A : ˜V → S−. Denote by N

the kernel of νAa . By (3.12), N must be totally null. We say that νA
′
is pure if N has

maximal dimension m+1, i.e. N is a null structure on (˜V, g̃). Any spinor proportional
to νA

′
defines the same null structure. More generally, Cartan showed [13] that there

is a one-to-one correspondence between null structures on (˜V, g̃) and pure spinors
up to scale. Further, self-dual null structures correspond to pure spinors of positive
chirality, and anti-self-dual null structures to pure spinors of negative chirality. The
components of a pure spinor are algebraically constrained [13]. Indeed, a spinor νA

′

is pure if and only if it satisfies the purity condition [41, 77, 104]

νAa νaB = 0. (3.13)

When m = 0, 1, 2, conditions (3.13) is vacuous, i.e. all spinors are pure. A self-dual
null structure N thus singles out a one-dimensional vector subspace S

N+ of S+, any
element νA

′
of which satisfies (3.13).

Note that the image of νAa is isomorphic to˜V/N, and thus to any choice of comple-
ment N

∗ of N in ˜V. More precisely, we have injective linear maps δAA := δa
AνAa from

N
∗ to S−, and δA

A from N to S
∗− such that δCAδB

C = δB
A . Hence, by means of these, we

can express a 1-form αa in Ann(N) in the form αa = νAa αA where αA = δB
Aδc

Bαc.
The van der Waerden symbols generate the Clifford algebra C�(˜V, g̃) of (˜V, g̃),

which, by virtue of (3.12), is isomorphic to the exterior algebra ∧•
˜V ∼= ∧•

˜V
∗
as a

vector space. The Clifford algebra is also a matrix algebra isomorphic to the space
of endomorphisms of S. These two properties allow us to construct invariant bilinear
forms on S with values in∧k

˜V
∗
for k = 0, . . . , m + 1. The case k = 0 yields the spin

inner products implicitly used in (3.11). Depending on the values of m and k, these
forms restrict to non-degenerate forms on either S± × S∓ or S± × S±. Of relevance
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to the present article are the cases k = 1, 3, m + 1. For k = 1, 3, we have

m odd m even

γaA′B : S+ × S− → ˜V
∗

γaAB : S+ × S+ → ˜V
∗

γaAB′ : S− × S+ → ˜V
∗

γaA′B′ : S− × S− → ˜V
∗

γabcA′B : S+ × S− → ∧3
˜V
∗

γabcA′B′ : S+ × S+ → ∧3
˜V
∗

γabcAB′ : S+ × S− → ∧3
˜V
∗

γabcAB : S+ × S+ → ∧3
˜V
∗

(3.14)

For k = m + 1, regardless of whether m is odd or even, we have the following two
bilinear forms

γa0...amA′B′ : S+ × S+ → ∧m+1+ ˜V
∗
,

γa0...amAB : S− × S− → ∧m+1− ˜V
∗
,

(3.15)

where we recall∧m+1± ˜V
∗
are the self-dual and anti-self-dual parts of∧m+1

˜V
∗
.

For specificity, we assume that N is a self-dual null structure, the argument being
the same for an anti-self-dual one. Then the restriction of the first display of (3.15) to
S

N+ yields the isomorphism S
N+ ⊗ S

N+ ∼= ∧m+1Ann(N). We can thus think of S
N+ as a

square root of ∧m+1Ann(N).
At this stage, we return to the real picture by consider (2m + 2)-dimensional

Minkowski space (V, g). We can then apply all the facts outlined above to the com-
plexification (CV, Cg) of (V, g). In addition, the real structure ¯on C

V preserving V

induces an antilinear map on S, which interchanges the chiralities of spinors when m
is odd, and preserve them when m is even. The image of a spinor under this antilinear
map is referred to as the charge conjugate of that spinor. Thus, the charge conjugate
of a spinor νA

′ ∈ S+ will be denoted νA when m is odd, and νA
′ ∈ S+ when m is

even.3 Moreover, if νA
′
is pure so is its charge conjugate. We define the real index of

a pure spinor to be the real index of its associated null structure [48]. In particular, if g
has Lorentzian signature, all pure spinors have real index one. A Robinson structure
(N, K) can thus be defined by a pure spinor up to scale. We shall refer to any such
spinor as a Robinson spinor.

The pure spinor νA
′
and its charge conjugate can be paired using the spinor bilinear

forms to obtain invariants of the Robinson structure as shown in [13, 48]. These are
listed below:

m odd m even

κa = γaA′BνA
′
νB κa = γaA′B′νA

′
νB

′

ρabc = iγabcA′BνA
′
νB ρabc = iγabcA′B′νA

′
νB

′

νa0...am = γa0...amA′B′νA
′
νB

′
νa0...am = γa0...amA′B′νA

′
νB

′

νa0...am = γa0...amABνAνB νa0...am = γa0...amA′B′νA
′
νB

′

(3.16)

3 Using the isomorphisms (3.11), the charge conjugate of a spinor νA
′ ∈ S+ can always be identified with

νA ∈ S
∗− regardless of the parity of m.
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With these definitions, ρabc is the Robinson 3-form associated to the optical 1-form
κa , i.e. these satisfy (3.10), and νa0...am is a complex Robinson (m + 1)-form. Forms
of odd degrees can be constructed in a similar way. Details can be found in [48].

Remark 3.9 Clearly, any given optical 1-form or Robinson 3-form is defined by a
Robinson spinor up to a phase, and a given complex Robinson (m + 1)-form by
a Robinson spinor up to a sign. To see this we note that, under the transformation
νA

′ �→ zνA
′
, for any non-zero complex number z, the charge conjugate of νA

′
gets

multiplied by z̄, and the forms defined in (3.16) transform as

κa �→ rκa, ρabc �→ rρabc, νa0...am �→ z2νa0...am ,

where |z| = r ∈ R>0.

Remark 3.10 Any choice of splitting (3.5) of C
V is equivalent to choosing a one-

dimensional subspace of S
∗+ consisting of pure spinors dual to S

N+. Elements thereof
annihilate N

∗.

3.2.7 Characterisations of Robinson structures

We summarise the findings of the previous section in the following proposition.

Proposition 3.11 Let (V, g) be Minkowski space of dimension 2m + 2. The following
statements are equivalent.

(1) (V, g) is equipped with a Robinson structure (N, K).
(2) (V, g) is equipped with a totally null complex (m + 1)-form.
(3) (V, g) is equipped with an optical structure K whose screenspace HK = K

⊥/K

is endowed with a complex structure Ji
j compatible with the induced metric hi j .

(4) (V, g) admits a 1-form κa and 3-form ρabc satisfying

ρab
eρcde = −4κ[agb][cκd].

(5) (V, g) admits a pure spinor of real index 1.

Remark 3.12 In Proposition 3.11, the 1-form κa and the 3-form ρabc are defined up to
an overall real factor, while the pure spinor is defined up to an overall complex factor
as explained in Remark 3.9.

3.3 The stabiliser of a Robinson structure

There are two approaches to describe the stabiliser of a Robinson structure (N, K):

(1) From its definition, it suffices to consider the respective stabilisers R and R of
N and N in SO(2m + 2,C). The stabiliser of a Robinson structure is then the
intersection R ∩ R ∩ SO0(2m + 1, 1).

(2) We characterise a Robinson structure as an optical structure together with a Hermi-
tian structure on the screen space to derive its stabiliser Q as a closed Lie subgroup
of the stabiliser P of K in G = SO0(2m + 1, 1).
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For the present purpose, it will be more useful to use the second approach. We shall
assume that K is oriented so that the stabiliser of K together with its orientation is

P = Sim0(2m) = CO0(2m) � (R2m)∗ = (R>0 × SO(2m)) � (R2m)∗.

Note that CO0(2m) acts on the screen space HK = K
⊥/K as SO(2m) does, that

is, R>0 acts trivially on HK. The nilpotent part of P will be denoted P+. Choose a
semi-null frame (e0, e1, . . . , en, en+1) and dual coframe (θ0, θ1, . . . , θn, θn+1)where
by convention K = span(en+1) and K⊥ = Ann(θ0). Then, since Q ⊂ P is required
to stabilise in addition a Hermitian structure on HK, we obtain that

Q = (R>0 × U(m)) � (R2m)∗,

=
⎧

⎨

⎩

(eϕ, ψ, φ) :=
⎛

⎝

eϕ 0 0
−eϕι(ψ)φ� ι(ψ) 0
− eϕ

2 φφ� φ e−ϕ

⎞

⎠ |
ϕ ∈ R,

ψ ∈ U(m),

φ ∈ (R2m)∗

⎫

⎬

⎭

,

where we have used the standard embedding ι : U(m) → SO(2m). The reductive
partR>0×U(m) of Q will be denoted Q0. Clearly, P+ is also the nilpotent part of Q.

To describe the Lie algebra q of Q, we shall refer to the notation already introduced
in [25]. Setting V

1 = V1 = K, V
0 = K

⊥, we have a filtration of P-modules

{0} =: V
2 ⊂ V

1 ⊂ V
0 ⊂ V

−1 := V, (3.17)

which we shall conveniently split into a direct sum of P0-modules,

V = V−1 ⊕ V0 ⊕ V1, (3.18)

where P0 = CO0(2m) is the reductive part of P . For each i = −1, 0, 1, we have
Vi ∼= V

i/V
i+1 as vector spaces. In terms of our earlier notation V−1 = L and

V0 = HK,L.
Recall from [25] that the Lie algebra g ∼= ∧2

V
∗ of G = SO0(n + 1, 1) can then

be expressed as a direct sum of P0-modules

g = g−1 ⊕ g0 ⊕ g1, (3.19)

where g±1
∼= V

∗±1 ⊗ V
∗
0 and g0

∼= (V∗−1 ⊗ V
∗
1

)⊕∧2
V
∗
0. Note that V

∗−1 ⊗ V
∗
1 is the

one-dimensional centre z0 of g0.
Now, the complex structure splits C

V0 and its dual as

C
V0 = V

(1,0)
0 ⊕ V

(0,1)
0 , C

V
∗
0 = (V

(1,0)
0 )∗ ⊕ (V

(0,1)
0 )∗, (3.20)

where V
(1,0)
0 := N ∩ C

V0 and V
(0,1)
0 := N ∩ C

V0. Writing

V
∗ = V

∗−1 ⊕ [[∧(1,0)
V
∗
0]] ⊕ V

∗
1, (3.21)
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we find that the summands in the P0-invariant decomposition of g given in (3.19) split
further into irreducible Q0-modules:

g±1 = V
∗±1 ⊗ [[∧(1,0)

V
∗
0]],

g0 = z0 ⊕
(

span(ω) ⊕ [∧(1,1)◦ V
∗
0] ⊕ [[∧(2,0)

V
∗
0]]
)

,
(3.22)

where we recall that ω is the Hermitian 2-form on V0. We identify the Lie algebra q0
of Q0 as the Lie subalgebra

q0 = z0 ⊕ span(ω) ⊕ [∧(1,1)◦ V
∗
0],

which can be seen to be isomorphic to R⊕ u(m). In addition, the Lie algebra q of the
stabiliser Q of the Robinson structure is given by

q := z0 ⊕
(

span(ω) ⊕ [∧(1,1)◦ V
∗
0]
)

⊕
(

V
∗
1 ⊗ [[∧(1,0)

V
∗
0]]
)

. (3.23)

As expected, q0 = g0 ∩ q.

Remark 3.13 In low dimensions, we note the following points:

• In dimension four, we have that p ∼= q, i.e. an optical structure is a Robinson
structure.

• In dimension six, the semi-simple part ∧2
V
∗
0 of g0 splits into a self-dual part

and an anti-self-dual part. More explicitly, su+(2) = span(ω) ⊕ [[∧(2,0)
V
∗
0]] and

su−(2) = [∧(1,1)◦ V
∗
0], where su±(2) are isomorphic to two copies of su(2).

Remark 3.14 Clearly, the space of all (oriented) self-dual Robinson structures on
(V, g) is isomorphic to SO0(2m + 1, 1)/Q. It corresponds to the isotropic Grass-
mannian Gr+m+1(V, g) of self-dual MTN planes in (V, g) and has real dimension
m(m + 1).

In addition, for a given optical structureK on (V, g), the space of all (oriented) self-
dual Robinson structures compatible withK is isomorphic to P/Q ∼= SO(2m)/U(m),
which has real dimension m(m − 1). It will be denoted Gr+m+1(V, g, K).

3.4 One-dimensional representations ofQ

For any w ∈ R, we define the one-dimensional representations R(w) and C(w, 0) of
Q on R of weight w and on C of weight (w, 0) by

(eϕ, ψ, φ) · r = ewϕr , for any r ∈ R,

(eϕ, ψ, φ) · z = (eϕ det A)wz, for any z ∈ C.

We also define C(0, w) := C(w, 0). One can check that

R(−1) ∼= K, C(−1, 0) ∼= ∧m+1Ann(N), C(0,−1) ∼= ∧m+1Ann(N).
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These leads to the one-dimensional representations C(w,w′) := C(w, 0)⊗C(0, w′)
for any real w, w′. We also note C⊗ R(w) ∼= C(w,w) for any real w, and R(w) ⊗
R(w′) ∼= R(w+w′) for any realw,w′, and similarly for the complex representations.

3.5 SpaceG of algebraic intrinsic torsions

Let us now consider the Q-module G = V
∗ ⊗ (g/q). We treat only the case m > 1

since for m = 1, we have Q = P , which is already dealt with [25].

Theorem 3.15 Assume m > 1. The Q-module G = V
∗ ⊗ (g/q) admits a filtration

G
1 ⊂ G

0 ⊂ G
−1 ⊂ G

−2 (3.24)

of Q-modules G
i := (V∗)i+1 ⊗ (g/q) for i = −2,−1, 0. The summands of its

associated graded Q-module

gr(G) = gr−2(G) ⊕ gr−1(G) ⊕ gr0(G) ⊕ gr1(G),

where, for each i = −2,−1, 0, gri (G) = G
i/G

i+1, and gr1(G) = G
1, decompose

into direct sums of irreducible Q-modules gr j,k
i (G) as follows:

gr−2(G) = gr0,0−2(G),

gr−1(G) = gr0,0−1(G) ⊕
(

gr1,0−1(G) ⊕ gr1,1−1(G) ⊕ gr1,2−1(G)
)

⊕
(

gr2,0−1(G) ⊕ gr2,1−1(G)
)

⊕ gr3,0−1,

gr0(G) = gr0,00 (G) ⊕
(

gr1,00 (G) ⊕ gr1,10 (G) ⊕ gr1,20 (G) ⊕ gr1,30 (G)
)

,

gr1(G) = gr0,01 (G),

where, for each i, j, k, the Q-module gr j,k
i (G) is isomorphic to the Q0-module G

j,k
i

as given in Table 1. Note that gr1,10 (G) and gr1,30 (G) do not occur when m = 2.

Proof We use the same strategy as in Proposition 3.3 of [25]: the filtration (3.17)
induces the filtration (3.24) of Q-modules on G ⊂ V

∗ ⊗ (g−1/g1
)

. We proceed as
before using the decompositions (3.21), (3.22) and (3.23) to find

G ∼=
(

V
∗−1 ⊕ [[∧(1,0)

V
∗
0]] ⊕ V

∗
1

)

⊗
((

V
∗−1 ⊗ [[∧(1,0)

V
∗
0]]
)

⊕ [[∧(2,0)
V
∗
0]]
)

.

The result follows by distributing this expression and splitting each summand into
irreducibles:

V
∗−1 ⊗ V

∗−1 ⊗ [[∧(1,0)
V
∗
0]] = G

0,0
−2,

V
∗−1 ⊗ [[∧(2,0)

V
∗
0]] = G

3,0
−1,
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Table 1 Irreducible
Q0-submodules of G

Q0-module Description Dimension

G
0,0
−2 V

∗
0 ⊗ R(2) 2m

G
0,0
−1 R(1) 1

G
1,0
−1 R(1) 1

G
1,1
−1 [[∧(2,0)

V
∗
0]] ⊗ R(1) m(m − 1)

G
1,2
−1 [∧(1,1)◦ V

∗
0] ⊗ R(1) (m + 1)(m − 1)

G
2,0
−1 [∧(1,1)◦ V

∗
0] ⊗ R(1) (m+1)(m-1)

G
2,1
−1 [[
(2,0)

V
∗
0]] ⊗ R(1) m(m + 1)

G
3,0
−1 [[∧(2,0)

V
∗
0]] ⊗ R(1) m(m − 1)

G
0,0
0 V

∗
0 2m

G
1,0
0 [[∧(1,0)

V
∗
0]] 2m

G
1,1
0 [[∧(3,0)

V
∗
0]] 1

3 m(m−1)(m−2)

G
1,2
0 [[ V

∗
0]] 2

3 m(m+1)(m−1)

G
1,3
0 [[∧(1,2)◦ V

∗
0]] m(m+1)(m−2)

G
0,0
1 [[∧(2,0)

V
∗
0]] ⊗ R(−1) m(m − 1)

[[∧(1,0)
V
∗
0]] ⊗ V

∗−1 ⊗ [[∧(1,0)
V
∗
0]] = G

1,0
−1 ⊕

(

G
1,0
−1 ⊕ G

1,1
−1 ⊕ G

1,2
−1

)

⊕
(

G
2,0
−1 ⊕ G

2,1
−1

)

,

[[∧(1,0)
V
∗
0]] ⊗ [[∧(2,0)

V
∗
0]] = G

1,0
0 ⊕ G

1,1
0 ⊕ G

1,2
0 ⊕ G

1,3
0 ,

V
∗
1 ⊗ V

∗−1 ⊗ [[∧(1,0)
V
∗
0]] = G

0,0
0 , V

∗
1 ⊗ [[∧(2,0)

V
∗
0]] = G

0,0
1 ,

where, recalling that V
∗±1

∼= R(∓1), the modules are described in Table 1. ��
Remark 3.16 Observe that the P-module V

∗ ⊗ (g/p) represents the space of intrinsic
torsions of the underlying optical structure. This can be viewed as a Q-submodule of
G. In the next proposition, which is a direct consequence of Theorem 3.15, we single
out the irreducible P-submodules of gr(G), thereby making contact with the intrinsic
torsion of an optical structure described in [25].

Proposition 3.17 Assume m > 1. Let G = V
∗⊗(g/q) and consider the graded module

gr(G) given in Theorem 3.15. Define

gr0−2(G) := gr0,0−2(G), gr0−1(G) := gr0,0−1(G),

gr1−1(G) := gr1,0−1(G) ⊕ gr1,1−1(G) ⊕ gr1,2−1(G), gr2−1(G) := gr2,0−1(G)⊕ gr2,1−1(G),

gr00(G) := gr0,00 (G).

and in dimension six,

gr1,+−1 (G) := gr1,0−1(G) ⊕ gr1,1−1(G), gr1,−−1 (G) := gr1,2−1(G).
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Then, for each i, j , gr j
i (G) is an irreducible P-module except in dimension six, where

gr1−1(G) is not irreducible, but gr1,±−1 (G) are.
Moreover, we define

G
0−2 := G

0,0
−2, G

0−1 := G
0,0
−1,

G
1−1 := G

1,0
−1 ⊕ G

1,1
−1 ⊕ G

1,2
−1,

G
2−1 := G

2,0
−1 ⊕ G

2,1
−1, G

0
0 := G

0,0
0 ,

and in dimension six,

G
1,+
−1 := G

1,0
−1 ⊕ G

1,1
−1, G

1,−
−1 := G

1,2
−1 .

Then, for each i, j , G
j
i is an irreducible P0-module except in dimension six, where

G
1−1 is not irreducible, but G

1,±
−1 are.

3.6 IsotypicQ0-submodules ofG

Let us fix a splitting of G into Q0-modules. Observe that the modules in each of the
pairs (G

0,0
−1, G

1,0
−1), (G

1,2
−1, G

2,0
−1), (G

1,1
−1, G

3,0
−1) and (G

1,2
−1, G

2,0
−1) are isotypic, i.e. they

have the same dimensions. This means that one can construct further irreducible Q0-
modules by assigning some algebraic relations among these in terms of parameters.
To this end, we need to describe them by means of the projections

(�0×1
−1 )[x :y] : V

∗ ⊗ g → G
0,0
−1 ⊕ G

1,0
−1, [x : y] ∈ RP

1,

(�1×2
−1 )[x :y] : V

∗ ⊗ g → G
1,2
−1 ⊕ G

2,0
−1, [x : y] ∈ RP

1,

(�1×3
−1 )[z:w] : V

∗ ⊗ g → G
1,1
−1 ⊕ G

3,0
−1, [z : w] ∈ CP

1,

(�0×1
0 )[z:w] : V

∗ ⊗ g → G
0,0
0 ⊕ G

1,0
0 , [z : w] ∈ CP

1,

(3.25)

whose precise definitions have been relegated to Appendix 1 for convenience. Here,
RP

1 and CP
1 are real and complex projective lines, respectively. We can then define

the following additional Q0-submodules of G:

(G0×1
−1 )[x :y] := im(�0×1

−1 )[x :y] ⊂ G
0,0
−1 ⊕ G

1,0
−1, for [x : y] ∈ RP

1.

(G1×2
−1 )[x :y] := im(�1×2

−1 )[x :y] ⊂ G
1,2
−1 ⊕ G

2,0
−1, for [x : y] ∈ RP

1.

(G1×3
−1 )[z:w] := im(�1×3

−1 )[z:w] ⊂ G
1,1
−1 ⊕ G

3,0
−1, for [z : w] ∈ CP

1.

(G0×1
0 )[z:w] := im(�1×2

−1 )[z:w] ⊂ G
1,2
−1 ⊕ G

2,0
−1, for [z : w] ∈ CP

1.

(3.26)

Their descriptions and dimensions are given in Table 2.
Note that by definition,

(G0×1
−1 )[1,0] = G

0,0
−1 , (G1×2

−1 )[1,0] = G
1,2
−1 , (G1×3

−1 )[1,0] = G
1,1
−1, (G0×1

0 )[1,0] = G
1,2
−1 ,
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Table 2 Q0-submodules of
G—here [x : y] ∈ RP

1 and
[z : w] ∈ CP

1

Q0-module Description Dimension

(G0×1
−1 )[x :y] R(1) 1

(G1×2
−1 )[x :y] [∧(1,1)◦ V

∗
0] ⊗ R(1) (m − 1)(m + 1)

(G1×3
−1 )[z:w] [[∧(2,0)

V
∗
0]] ⊗ R(1) m(m − 1)

(G0×1
0 )[z:w] V

∗
0 2m

(G0×1
−1 )[0,1] = G

1,0
−1 , (G1×2

−1 )[0,1] = G
2,0
−1 , (G1×3

−1 )[0,1] = G
3,0
−1 , (G0×1

0 )[0,1] = G
2,0
−1 .

3.7 TheQ-submodules ofG

Weare now in the position of determining all the Q-submodules ofG. For this purpose,
we shall appeal to the Q0-module epimorphisms �

j,k
i : V

∗ ⊗ g → G
j,k
i , �

j
i :

V
∗ ⊗ g → G

j
i and (3.25), all of which are described in Appendix 1 with respect to

some chosen splitting of G. Any Q-submodule of G must be a sum of the irreducible
Q0-submodules G

j,k
i given in Table 1, together with the families of irreducibles Q0-

modules given in Table 2. Not every such sum is a Q-module. To determine which
Q0-submodules of G are also Q-submodules, we compute how a change of splitting
(3.8) transforms the maps �

j,k
i . This will tell us how the various modules G

j,k
i are

related under the action of P+, the nilpotent part of Q.Wewill then be able to determine
the Q-submodules of G accordingly.

To facilitate the readability, we contract the projections (A.4) with suitable combi-
nations of δi

α , δ
i
ᾱ to define

γα := �
0,0
−2(�)α,

ε := �
0,0
−1(�),

τω := �
1,0
−1(�),

ταβ := �
1,1
−1(�)αβ = �′1,1−1(�)αβ, τ ◦

αβ̄
:= �

1,2
−1(�)αβ̄ ,

σαβ̄ := �
2,0
−1(�)αβ̄ , σαβ := �

2,1
−1(�)αβ,

ζαβ := �
3,0
−1(�)αβ,

Eα := �
0,0
0 (�)α = �′0,0

0 (�)α,

Gα := �
1,0
0 (�)α, Gαβγ := �

1,1
0 (�)αβγ ,

Gαβγ := �
1,2
0 (�)αβγ , G ◦̄

αβγ := �
1,3
0 (�)ᾱβγ ,

Bαβ := �
0,0
1 (�)αβ.

(3.27)

Their complex conjugates are defined similarly. Note that with these definitions,

σαβ = σ(αβ), ταβ = τ[αβ],
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σαβ̄hαβ̄ = 0, τ ◦
αβ̄

hαβ̄ = 0,

σαβ̄ = σᾱβ = σβᾱ, τ ◦
αβ̄

= τ ◦̄αβ = −τ ◦βᾱ,

ζαβ = −ζβα, Bαβ = −Bβα,

G(αβ)γ = 0, G[αβγ ] = 0, G ◦̄
βαγ

hαβ̄ = 0.

Theorem 3.18 Define

/G
0,0
−2 := {� ∈ V

∗ ⊗ g : �0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

/G
0,0
−1 := {� ∈ V

∗ ⊗ g : �0,0
−1 (�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

/G
1,i
−1 := {� ∈ V

∗ ⊗ g : �1,i
−1(�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

, i = 0, 1

/G
2,i
−1 := {� ∈ V

∗ ⊗ g : �2,i
−1(�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

, i = 0, 1, 2

/G
3,0
−1 := {� ∈ V

∗ ⊗ g : �3,0
−1(�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

/G
0,0
0 := {� ∈ V

∗ ⊗ g : �0,0
0 (�) = �0−1(�) = �1−1(�) = �2−1(�) = �0−2(�) = 0}/ (V∗ ⊗ q

)

,

/G
1,0
0 := {� ∈ V

∗ ⊗ g : �1,0
0 (�) = �

0,0
−1 (�) = �

1,0
−1(�) = �

1,2
−1(�)

= �
2,0
−1 (�) = �

3,0
−1(�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

/G
1,1
0 := {� ∈ V

∗ ⊗ g : �1,1
0 (�) = (�1×3

−1 )[−4i,1](�) = 0}/ (V∗ ⊗ q
)

,

/G
1,2
0 := {� ∈ V

∗ ⊗ g : �1,2
0 (�) = (�1×3

−1 )[2i,1](�) = �
2,1
−1(�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

/G
1,3
0 := {� ∈ V

∗ ⊗ g : �1,3
0 (�) = �

1,2
−1(�) = �

2,0
−1 (�) = �

3,0
−1(�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

and,

/G
0,0
1 := {� ∈ V

∗ ⊗ g : �0,0
1 (�) = (�0×1

0 )[2(m−1)i,−1](�)

= �
1,1
0 (�) = �

1,2
0 (�) = �

1,3
0 (�)

= �
1,1
−1(�) = �

1,2
−1(�) = �2−1(�)

= �
3,0
−1(�) = �

0,0
−2(�) = 0}/ (V∗ ⊗ q

)

, when m > 2,

while

/G
0,0
1 := {� ∈ V

∗ ⊗ g : �0,0
1 (�) = (�0×1

0 )[2i,−1](�) = �
1,1
0 (�) = �

1,2
0 (�)

= (�1×3
−1 )[2i,1](�) = �

1,2
−1(�) = �2−1(�)

= �
3,0
−1(�) = �

0,0
−2(�) = 0}/ (V∗ ⊗ q

)

, when m = 2.

In dimension six, i.e. m = 2, we always have /G
1,1
0 = /G

1,3
0 = G.

Define further, for any [x : y] ∈ RP
1, [z : w] ∈ CP

1,

( /G
0×1
−1 )[x :y] := {� ∈ V

∗ ⊗ g : (�0×1
−1 )[x :y](�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

( /G
1×2
−1 )[x :y] := {� ∈ V

∗ ⊗ g : (�1×2
−1 )[x :y](�) = �

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,
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( /G
1×3
−1 )[z:w] := {� ∈ V

∗ ⊗ g : (�1×3
−1 )[z:w](�) = (z + 4iw)�

0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

,

( /G
0×1
0 )[z:w] := {� ∈ V

∗ ⊗ g : (�0×1
0 )[z:w](�) = (2(m − 1)iw + z)�0,0

−1 (�)

= (2(m − 1)iw + z)�1,0
−1(�) = (�1×3

−1 )[z:w](�) = (2w i− z)�1,2
−1(�)

= (2w i− z)�2,0
−1 (�) = z�2,1

−1(�) = �
0,0
−2 (�) = 0}/ (V∗ ⊗ q

)

.

Then, for each i, j, k, /G
j,k
i is the largest Q-submodule of G that does not contain G

j,k
i ,

and similarly for ( /G
0×1
−1 )[x :y], ( /G

1×2
−1 )[x :y], ( /G

1×3
−1 )[z:w] and ( /G

0×1
0 )[z:w]. In particular,

any Q-submodule of G arises as the intersection of any of the ones above.
In addition, there are inclusions of Q-submodules, which are denoted by arrows in

the diagrams below.
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For m > 2:

/G
0,0
1

/G
1,3
0

/G
1,2
0

/G
1,1
0

/G
1,0
0

( /G
0×1
0 )

[−2(m−1)i:1]

/G
0,0
0

( /G
1×3
−1 )

[−4i:1]

( /G
1×3
−1 )

[2i:1]

( /G
1×3
−1 )

[2(m−1)i:1]

/G
3,0
−1

/G
2,1
−1

/G
2,0
−1

/G
1,2
−1

/G
1,1
−1

/G
1,0
−1

/G
0,0
−1

/G
0,0
−2 G
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For m = 2:

/G
0,0
1

/G
1,2
0

/G
1,0
0

( /G
0×1
0 )

[−2i:1]

/G
0,0
0

( /G
1×3
−1 )

[−4i:1]

( /G
1×3
−1 )

[2i:1]

/G
3,0
−1

/G
2,1
−1

/G
2,0
−1

/G
1,2
−1

/G
1,1
−1

/G
1,0
−1

/G
0,0
−1

/G
0,0
−2 G

For any m > 1,

( /G
0×1
0 )

[2i:1]

( /G
1×3
−1 )

[−2i:1]

/G
2,1
−1

/G
1,0
−1

/G
0,0
−1

/G
0,0
−2
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For any m > 1, any [z : w] ∈ CP
1\{[−2(m − 1)i, 1], [2i, 1]}:

( /G
0×1
0 )

[z:w]

( /G
1×3
−1 )

[−z:w]

/G
2,1
−1

/G
2,0
−1

/G
1,2
−1

/G
1,0
−1

/G
0,0
−1

/G
0,0
−2

For m > 1, any [−4i : 1] �= [z : w] ∈ CP
1, and any [x : y] ∈ RP

1:

( /G
0×1
−1 )

[x :y]

( /G
0×2
−1 )

[x :y]

( /G
1×3
−1 )

[z:w]

/G
0,0
−2

Remark 3.19 We note that

(1) There is some redundancy in the inclusions: e.g.

/G
1,1
0 ∩ /G

1,1
−1 ∩ /G

3,0
−1 = /G

1,1
0 ∩ /G

1,1
−1 = /G

1,1
0 ∩ /G

3,0
−1,

and, for m > 2,

/G
0,0
1 ⊂ ( /G

0×1
0 )[−2(m−1)i:1] ∩ /G

1,2
0 ⊂ ( /G

1×3
−1 )[2i:1] ∩ ( /G

1×3
−1 )[2(m−1)i:1]

= /G
1,0
−1 ∩ /G

3,0
−1,

(2) The only Q-submodules of G that are not contained in /G
0,0
−2 are /G

1,1
0 ⊂

( /G
1×3
−1 )[4i:−1].
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Proof The theorem is a direct consequence of the following transformation rules of
the quantities defined by (3.27) under the change (3.8):

γα �→ γα,

ε �→ ε + γαφα + γ αφα,

τω �→ τω − i
(

γαφα − γ αφα

)

,

ταβ �→ ταβ − γ[αφβ],

τ ◦
αβ̄

�→ τ ◦
αβ̄

+
(

−1

2
γαφβ̄ +

1

2
γβ̄φα

)

◦
,

σαβ̄ �→ σαβ̄ +
(

1

2
γαφβ̄ +

1

2
γβ̄φα

)

◦
,

σαβ �→ σαβ + γ(αφβ),

ζαβ �→ ζαβ − 4 iγ[αφβ],

Eα �→Eα+ταβφβ−σαβφβ+τ ◦
αβ̄

φβ̄−σαβ̄φβ̄− i

2m
τωφα− 1

2m
εφα−γαφβφβ,

Gα �→ Gα − 2 iτ ◦
αβ̄

φβ̄ + 2 iσαβ̄φβ̄ + m − 1

m
τωφα − m − 1

m
iε φα

+ φβζβα − 2 iφβγβφα + 2 iφβφβγα,

Gαβγ �→ Gαβγ + (−4 iτ[αβ + ζ[αβ

)

φγ ],
G(αβ)γ �→ G(αβ)γ − (2 iτγ (α + ζγ (α

)

φβ) + 2 iσγ (αφβ) − 2 iσαβφγ − 2 iφ(αγβ)φγ

+ 2 iφαφβγγ ,

G ◦̄
αβγ �→ G ◦̄

αβγ +
(

4 iτ ◦[β|ᾱφ|γ ] − 4 iσ[β|ᾱφ|γ ] + φᾱζβγ − 4 iφᾱγ[βφγ ]
)

◦ ,

Bαβ �→ Bαβ +
(

2

m − 1
G[α − 4 iE[α

)

φβ] − φγ Gγαβ − φγ Gγαβ − φγ̄ G ◦̄
γαβ

+ 4iφγ τγ [αφβ] − φγ φγ ζαβ + 4 iφγ σγ [αφβ]
− 4iφγ̄ τ ◦[α|γ̄ φ|β] + 4 iφγ̄ σ[α|γ̄ φ|β] + 4iφγ φγ γ[αφβ].

From these, we immediately deduce, for any [x : y] ∈ RP
1, [z : w] ∈ CP

1,

xε + yτω �→ xε + yτω + (x − iy)γαφα + (x + iy)γ αφα,

xσαβ̄ − yiτ ◦
αβ̄

�→ xσαβ̄ − yiτ ◦
αβ̄

+
(

−(x + yi)
1

2
γαφβ̄ + (x − yi)

1

2
γβ̄φα

)

◦
,

zταβ + wζαβ �→ zταβ + wζαβ − (z + 4iw)γ[αφβ],
z Eα + w Gα �→ z Eα + w Gα − z φβσβα +

(−z τβα + w ζβα

)

φβ

− (2w i− z)τ ◦
αβ̄

φβ̄ + (2w i− z)σαβ̄φβ̄

− i

2m
(2(m − 1)iw + z)τωφα − 1

2m
(2(m − 1)iw + z)ε φα

− 2w iφβγβφα + (2w i− z)φβφβγα.
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The result follows as in the proof of Proposition 3.4 of [25].
In dimension six, one has

φγ φγ ταβ = −2φγ τγ [αφβ], Gγαβ = 0, G ◦̄
γαβ = 0,

so that

Bαβ �→ Bαβ +
(

2G[α − 4 iE[α
)

φβ] − φγ Gγαβ −
(

2iταβ + ζαβ

)

φγ φγ

+ 4iφγ σγ [αφβ] − 4iφγ̄ τ ◦[α|γ̄ φ|β] + 4iφγ̄ σ[α|γ̄ φ|β] + 4iφγ φγ γ[αφβ]

This completes the proof. Someof these computationswere verified using the symbolic
computer algebra system cadabra [72, 73]. ��

Finally, for future use, and to make contact with the intrinsic torsion of an optical
structure given in [25], we also define

/G
0
−2 := /G

0,0
−2,

/G
0
−1 := /G

0,0
−1, /G

1
−1 := /G

1,0
−1 ∩ /G

1,1
−1 ∩ /G

1,2
−1, /G

2
−1 := /G

2,0
−1 ∩ /G

2,1
−1,

/G
0
0 := /G

0,0
0 .

(3.28)

4 Almost Robinsonmanifolds

4.1 Almost Robinson structures

Throughout we shall follow the notation and conventions of Sect. 3 now translated
into the bundle setting.

Definition 4.1 [63, 102] Let (M, g) be an oriented pseudo-Riemannian manifold of
dimension 2m + 2. An almost null structure on (M, g) is a complex distribution
N of rank (m + 1) and totally null with respect to Cg. When N is involutive, i.e.
[N , N ] ⊂ N , we call N a null structure.

In other words, an almost null structure is a smooth assignment of a null structure
to the tangent space at each point, and according to Definition 3.3, one may talk of the
real index of an almost null structure at a point. When g is of Lorentzian signature,
we make the following definition.

Definition 4.2 Let (M, g) be an oriented and time-oriented Lorentzian manifold of
dimension 2m+2. An almost Robinson structure on (M, g) consists of a pair (N , K )

where N is a complex distribution of rank m + 1 totally null with respect to Cg, and
K a real line distribution such that CK = N ∩ N . We shall refer to the quadruple
(M, g, N , K ) as an almost Robinson manifold or almost Robinson geometry.

In addition, we call (N , K )

• a nearly Robinson structure when [K , N ] ⊂ N , and
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• a Robinson structure when [N , N ] ⊂ N , i.e. N is involutive.

We shall accordingly refer to (M, g, N , K ) as a nearly Robinson manifold or as a
Robinson manifold.

Clearly, a Robinson manifold is a nearly Robinson manifold. Definitions involving
weaker assumptions on orientability are possible.

Remark 4.3 Equivalently put, an almost Robinson structure is an almost null structure
of real index one. By Lemma 3.5, any almost null structure on a Lorentzian manifold
defines an almost Robinson manifold. The terminology ‘almost null structure’ will
nevertheless be preferred in the case whenwewish to emphasise the geometric aspects
of the almost Robinson structure not particularly tied to the geometry of the real null
line distribution K , as will be done in Sect. 4.10.

An almost Robinson structure (N , K ) induces an optical structure on (M, g) in
the sense of [25], namely the filtration of vector bundles

K ⊂ K⊥ ⊂ TM. (4.1)

The orientation and time-orientation onM induce an orientation on K , and the screen
bundle HK := K⊥/K of K inherits a positive-definite bundle metric h from g. Any
section of K will be referred to as an optical vector field, while any section ofAnn(K⊥)

will be referred to as an optical 1-form.
In addition, there is a bundle complex structure J on the screen bundle HK com-

patible with h, which induces a splitting of its complexification

CHK = H (1,0)
K ⊕ H (0,1)

K , CH∗
K = (H (1,0)

K )∗ ⊕ (H (0,1)
K )∗,

where H (1,0)
K and H (0,1)

K denote the +i- and −i-eigenbundles of J , respectively. In
abstract index notation, we shall denote the bundle complex structure and the bundle
Hermitian structure on HK by Ji

j and ωi j , respectively, so that ωi j = Ji
khk j . Follow-

ing the notation of Sect. 3.1, we also define the bundles, for any non-negative integer
p, q,

∧(p,q) H∗
K := ∧p(H (1,0)

K )∗ ⊗ ∧q(H (0,1)
K )∗,


(p,q) H∗
K := 
p(H (1,0)

K )∗ ⊗
q(H (0,1)
K )∗.

For pq �= 0, the subbundles of elements of ∧(p,q) H∗
K and
(p,q) H∗

K that are trace-

free with respect to the bundle Hermitian structure will be denoted by ∧(p,q)◦ H∗
K

and
(p,q)◦ H∗
K , respectively. Similarly, we introduce the subbundle H∗

K as a bundle
analogue of (3.1). The corresponding real spans of these complex bundles will be
enclosed between [[·]] or [·] as described by (3.2).

As in Sect. 3, we split the complexified tangent bundle as

CTM = N∗ ⊕ N
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for some chosen complement N∗ of N in CTM, dual to N via Cg. This splitting is
not canonical in general. This induces a splitting of the filtration (4.1)

TM = L ⊕ HK ,L ⊕ K , (4.2)

where

L := N∗ ∩ TM, HK ,L := K⊥ ∩ L⊥.

Note that N∗ defines the almost Robinson structure (N∗, L) on (M, g), where L is
the real span of N∗ ∩ N∗ and is dual to K . In addition,

CHK ,L = H (1,0)
K ,L ⊕ H (0,1)

K ,L , CH∗
K ,L = (H (1,0)

K ,L )∗ ⊕ (H (0,1)
K ,L )∗.

where

H (1,0)
K ,L = N ∩ N∗, H (0,1)

K ,L = N ∩ N∗.

We also have isomorphisms of vector bundles HK ,L ∼= HK , H (1,0)
K ,L = H (1,0)

K , and so
on, which depend on the choice of N∗.

The splitting operators and their duals, introduced in Sect. 3, that is,

(δa
A, δa A), (�a, δa

i , ka), (δi
α, δi

ᾱ), (�a, δa
α, δa

ᾱ, ka),

(δA
a , δa A), (κa, δi

a, λa), (δα
i , δᾱ

i ), (κa, δα
a , δᾱ

a , λa),

will be used throughout the article to convert index types, with the convention that
kaαa = κaαa = α0 and �aαa = λaαa = α0 for any 1-form αa .

In order to avoid ambiguity when taking components of the covariant derivative of
some tensor αb...d , we shall often write

(∇α)ab...d := ∇aαb...d .

For instance,

(∇α)0α0i = kaδb
α�cδd

i (∇aαbcd) .

The splitting operators will also be used as injectors. Thus, if ωi j is the Hermitian

2-form on HK , we can set ωab = ωi jδ
i
aδ

j
b for some chosen splitting operators, and

construct the Robinson 3-form ρabc := 3κ[aωbc] associated to the optical 1-form κa .

4.2 Pure spinors

Whenever (M, g) is assumed to be spin, we introduce a spin bundle S and translate
the theory of spinors summarised in Sect. 3.2.6 to the language of bundles. We shall
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denote the spinor bundle by S and its irreducible parts by S+ and S−. We shall not
distinguish notationally between the Levi-Civita connection ∇ and the induced spin
connection. We now view the van der Waerden symbols γaA′B and γaA

B′ , the bilinear
forms (3.15) as fields on M compatible with ∇. There is also an antilinear map on
each fibre of S, induced from the reality structure on (CTM, Cg), and thus, a notion
of charge conjugate of a spinor field.

An almost Robinson structure (N , K ), where we assume for specificity that N is
self-dual, can therefore be expressed by a non-vanishing section νA

′
of S+ that is pure

at every point, i.e. the kernel of the map

νAa := γaB′
AνB

′ : �(TM) → �(S−)

is precisely N . Since the kernel N of the map νAa is invariant under rescaling of the
spinor νA

′
, the almost Robinson structure is in fact equivalent to the existence of

a complex line subbundle SN+ of S+, which is spanned by νA
′
. The bundle SN+ can

be viewed as a square root of the line bundle ∧m+1Ann(N ). Indeed, we have an
isomorphism of bundles

∧m+1Ann(N ) ∼= SN+ ⊗ SN+ . (4.3)

Any spinor νA
′
annihilating the almost null structure N will be referred to as aRobinson

spinor, and any section of∧m+1Ann(N ) a complex Robinson (m + 1)-form.
A completely parallel analysis can be carried out starting with the charge conjugate

of νA
′
, which spans the complex conjugate bundle SN+ . The invariants 1-form κa , 3-

form ρabc, (m + 1)-forms νa1...am+1 and νa1...am+1 of the almost Robinson structure
can then be recovered from νA

′
and its charge conjugate using (3.16).

We are now in the position of stating the direct translation of Proposition 3.11 into
the language of manifolds:

Proposition 4.4 Let (M, g) be an oriented and time-oriented smooth Lorentzian man-
ifold of dimension 2m + 2. The following statements are equivalent.

(1) (M, g) is endowed with an almost Robinson structure (N , K ).
(2) (M, g) admits a simple totally null complex (m + 1)-form.
(3) (M, g) is endowed with an optical structure K whose screen bundle (HK , h) is

equipped with a bundle complex structure compatible with the bundle metric h.
(4) (M, g) admits a null 1-form κa and a 3-form ρabc such that

ρab
eρcde = −4κ[agb][cκd]. (4.4)

(5) when (M, g) is spin, it admits a pure spinor (of real index one).

Remark 4.5 In general, if one assumes that (M, g) is spin, any geometric statement
on a complex Robinson (m + 1)-form can equivalently be expressed in terms of a
Robinson spinor.
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4.3 Almost Robinson structures as G-structures

From the discussion of [25], we shall also view an almost Robinson structure as a
reductionof the framebundle to the Q-bundleFQ where Q = (R>0×U(m))�(R2m)∗,
and given any Q-module A, we will construct associated vector bundles FQ(A) :=
FQ ×Q A. Similarly, a choice of splitting gives rise to the Q0-invariant vector bundles
where Q0 = R>0 × U(m). It will often be more convenient to deal with the reduced
coframe bundle F∗Q . A section of F∗Q will then consist of a null complex coframe
(κ, θα, θ ᾱ, λ) such that

(1) κ annihilates K⊥, or equivalently, κ = g(k, ·) for some section k of K ;
(2) (κ, θα) annihilate N , or equivalently, (κ, θ ᾱ) annililate N ;
(3) (θα) are unitary with respect to the screen bundle metric;
(4) the metric takes the form

g = 2κλ+ 2hαβ̄θαθ β̄ .

We shall refer to (κ, θα, θ ᾱ, λ) as a Robinson coframe.
Any two Robinson coframes (κ, θα, θ ᾱ, λ) and (̂κ,̂θα,̂θ ᾱ,̂λ) are related by a trans-

formation of the form

κ̂ = eϕκ, ̂θα = ψβ
αθβ + φακ, ̂λ = e−ϕ

(

λ − ψα
βφβθα − ψᾱ

β̄φβ̄θ ᾱ − φαφακ
)

,

(4.5)

where ϕ is a smooth real-valued function, and φα , ψβ
α are smooth complex-valued

functions on M with ψα
β being a U(m)-transformation at any point, i.e. hαβ̄ =

hγ δ̄ψα
γ ψβ̄

δ̄ , and φαφα = hαβ̄φαφβ̄ .
Associated to the representations R(w) and C(w,w′) defined in Sect. 3.4, where

w and w′ are real, we define the bundle E(w) of boost densities of weight w, already
introduced in [25], and the bundle E(w,w′) of boost-spin densities of weight (w,w′).
In particular, we have the identifications

K ∼= E(−1), L ∼= E(1),
E(−1, 0) := ∧m+1Ann(N ), E(0,−1) := E(−1, 0) = ∧m+1Ann(N ). (4.6)

If (M, g) is assumed to be spin, we define the smooth complex line bundles

E ( 12 , 0
) :=

(

SN+
)−1

, E (0, 1
2

) :=
(

SN+
)−1

,

E (− 1
2 , 0
) := (E( 12 , 0)

)∗
, E (0,− 1

2

) := (E (0, 1
2

))∗
.

(4.7)

In particular, we recover (4.6) by virtue of (4.3). Our definitions are consistent with
those of the real line bundles E(w) in the sense that

E(w) = E(w
2 , w

2 )/S1, for any real w.
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This can be readily be checked using (3.16).

4.4 Intrinsic torsion

Asexplained inSection2of [25], the intrinsic torsionof an almostRobinson structure is
given by a section T ∗M⊗FQ(g/q), whichwe identifywith the Q-invariant subbundle
G := FQ ×Q G where G := V

∗ ⊗ g/q. We shall accordingly call G the bundle of
intrinsic torsions of (N , K ). Its Q0-invariant subbundles and Q-invariant subbundles
will presently be defined with reference to Sect. 3, and in particular Theorem 3.15.

The filtration (3.24) on G induces a filtration of Q-invariant subbundles

G =: G−2 ⊃ G−1 ⊃ G0 ⊃ G−1,

where Gi := FQ ×Q G
i . Correspondingly, the associated graded vector bundle

gr(G) = gr−2(G) ⊕ gr−1(G) ⊕ gr0(G) ⊕ gr1(G),

where gri (G) := FQ ×Q gri (G), splits into irreducible Q-invariant subbundles

gr j,k
i (G) := FQ ×Q0 gr j,k

i (G). For each choice of splitting, these are isomorphic
to the Q0-invariant subbundles

G j,k
i := FQ ×Q0 G

j,k
i ,

and we introduce further

(G0×1
−1 )[x :y] := FQ ×Q0 (G0×1

−1 )[x :y], for each [x : y] ∈ RP
1,

(G1×2
−1 )[x :y] := FQ ×Q0 (G1×2

−1 )[x :y], for each [x : y] ∈ RP
1,

(G1×3
−1 )[z:w] := FQ ×Q0 (G1×3

−1 )[z:w], for each [z : w] ∈ CP
1,

(G0×1
0 )[z:w] := FQ ×Q0 (G0×1

0 )[z:w], for each [z : w] ∈ CP
1,

with reference to Tables 1 and (3.26).
We correspondingly define the Q-invariant subbundles

/G j,k
i := FQ ×Q /G

j,k
i ,

(/G0×1
−1 )[x :y] := FQ ×Q ( /G

0×1
−1 )[x :y], for each [x : y] ∈ RP

1,

(/G1×2
−1 )[x :y] := FQ ×Q ( /G

1×2
−1 )[x :y], for each [x : y] ∈ RP

1,

(/G1×3
−1 )[z:w] := FQ ×Q ( /G

1×3
−1 )[z:w], for each [z : w] ∈ CP

1,

(/G0×1
0 )[z:w] := FQ ×Q ( /G

0×1
0 )[z:w], for each [z : w] ∈ CP

1,

where the Q-modules are all defined in Theorem 3.18.
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Finally, in order to make contact with the intrinsic torsion of an optical geometry
described in [25], we define, for each i, j ,

G j
i := FP ×P0 G

j
i , /G j

i := FP ×P /G
j
i ,

where G
j
i are defined in Proposition 3.17, and /G

j
i are defined by (3.28).

To determine the algebraic properties of the intrinsic torsion of an almost Robinson
structure, we choose an optical 1-form κa and its associated Robinson 3-form ρabc,
compute their respective covariant derivatives ∇aκb and ∇aρbcd , and project these
tensors onto the various Q0-invariant subbundles of G by means of splitting opera-
tors (�a, δa

α, δa
ᾱ, ka). This is achieved by extending the projections �

j,k
i defined in

Appendix 1 to bundle projections, where we identify the tensor �ab
c as a connection

1-form of ∇a adapted to the splitting operators. We shall make use of the notation
already introduced in Sect. 3, mirroring the definition (3.27). Let us set

γi := (∇κ)0i ,

ε := (∇κ)i j h
i j , τi j := (∇κ)[i j], σi j := (∇κ)(i j)◦,

Ei := (∇κ)0i ,

(4.8)

These components split further into irreducible Q0-components. In particular, the
component ταβ̄ splits as

ταβ̄ = i

2m
τωhαβ̄ + τ ◦

αβ̄
,

where

τω := ωi jτi j = −2iταβ̄hαβ̄ , τ ◦
αβ̄

:=
(

ταβ̄

)

◦ ,

In addition, the components of the covariant derivative of the Robinson 3-form ρabc

of interest are

ζαβ := (∇ρ)0αβ0, (4.9)

Giβγ := (∇ρ)iβγ 0, Bαβ := (∇ρ)0αβ0. (4.10)

the second of which splits further into the irreducible components

Gαβγ := G[αβγ ], Gαβγ := 2

3

(

G(αβ)γ − G(αγ )β

)

,

G ◦̄
γαβ := (G γ̄ αβ

)

◦ , Gα := hβγ̄ G γ̄βα,

so that

Gαβγ = Gαβγ + Gαβγ , Gᾱβγ = G ◦̄
αβγ − 2

m − 1
G[βhγ ]ᾱ,
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Table 3 Irreducible
P0-submodules of G P0-bundle Description Tensor

G0−2 H∗
K ,L ⊗ E(2) γ̆i

G0−1 E(1) ε̆

G1−1 ∧2H∗
K ,L ⊗ E(1) τ̆i j

G2−1 
2◦H∗
K ,L ⊗ E(1) σ̆i j

G00 H∗
K ,L Ĕi

Giβγ = δα
i Gαβγ + δᾱ

i Gᾱβγ .

The other relevant components of ∇aρbcd can be found below:

(∇ρ)a
0

jk = 0, (∇ρ)aαβγ = 0,

(∇ρ)000α = −iγα, (∇ρ)0αβγ̄ = 2iγ[αhβ]γ̄ ,

(∇ρ)αβ
0
0 = −iταβ − iσαβ, (∇ρ)αβγ δ̄ = 2i

(

τα[β + σα[β
)

hγ ]δ̄ ,

(∇ρ)ᾱβ
0
0 = −i

1

2m
εhβᾱ + iτβᾱ − iσβᾱ, (∇ρ)ᾱβγ δ̄ = 2i

(

1

2m
εh[β|ᾱ − τ[β|ᾱ + σ[β|ᾱ

)

h|γ ]δ̄ ,

(∇ρ)0α
0
0 = −iEα, (∇ρ)0αβγ̄ = 2iE[αhβ]γ̄ ,

(∇ρ)00βγ̄ = i(∇κ)00hβγ̄ , (∇ρ)i0βγ̄ = i(∇κ)i0hβγ̄ ,

(∇ρ)00βγ̄ = i(∇κ)00hβγ̄ .

The elements defined above should be regarded as trivialisations of sections of G j,k
i .

Such sections generally carry a boost weight. These will be adorned with a breve
accent. To be clear, we have collected them in Tables 3 and 4—the bracket notation
[[·]] and [·] therein should be understood as taking the real span of the quantities
enclosed therebetween. For instance,

[[Ğαβγ ]] ∼ Ğαβγ δα
i δ

β
j δ

γ

k + Ğ
ᾱβ̄γ̄

δᾱ
i δ

β̄
j δ

γ̄

k , and [τ̆ ◦
αβ̄
] ∼ 2τ̆ ◦

αβ̄
δα[iδ

β̄
j],

and so on.
We shall also introduce the quantity

τ̆αβ̄ = i

2m
τ̆ ωhαβ̄ + τ̆ ◦

αβ̄
,

which we identify as a section of G1,0−1 ⊕ G1,2−1.

Finally, to characterise sections of the bundles /G j,k
i , we simply apply the results of

Theorem 3.18. For instance, the intrinsic torsion is a section of /G1,20 if and only if its
weighted components in any splitting satisfy

γ̆i = σ̆αβ = 2iτ̆ ◦αβ + ζ̆αβ = Ğαβγ = 0.
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Table 4 Irreducible
Q0-submodules of G Q0-bundle Description Tensor

G0,0−2 H∗
K ,L ⊗ E(2) γ̆i

G0,0−1 E(1) ε̆

G1,0−1 E(1) τ̆ω

G1,1−1 [[∧(2,0) H∗
K ,L ]] ⊗ E(1) [[τ̆αβ ]]

G1,2−1

[∧(1,1)◦ H∗
K ,L

]

⊗ E(1)
[

τ̆◦
αβ̄

]

G2,0−1

[∧(1,1)◦ H∗
K ,L

]

⊗ E(1)
[

σ̆αβ̄

]

G2,1−1 [[
(2,0) H∗
K ,L ]] ⊗ E(1) [[σ̆αβ ]]

G3,0−1 [[∧(2,0) H∗
K ,L ]] ⊗ E(1) [[ζ̆αβ ]]

G0,00 H∗
K ,L Ĕi

G1,00 [[∧(1,0) H∗
K ,L ]] [[Ğα]]

G1,10 [[∧(3,0) H∗
K ,L ]] [[Ğαβγ ]]

G1,20 [[ H∗
K ,L ]] [[Ğαβγ ]]

G1,30 [[∧(1,2)◦ H∗
K ,L ]] [[Ğ ◦̄

γαβ
]]

G0,01 [[∧(2,0) H∗
K ,L ]] ⊗ E(−1) [[B̆αβ ]]

Table 5 Geometric properties of
K and intrinsic torsion T̊

Intrinsic torsion Congruence

/G0−2 = G−1 Geodesic

/G0−1 Non-expanding

/G1−1 Non-twisting

/G2−1 Non-shearing

/G00 = {0} Parallel

Remark 4.6 We can also express some of the properties of the almost Robinson struc-
ture in terms of a Robinson spinor—this will be done in Sect. 4.10.

4.5 Congruences of null geodesics

Since an almost Robinson manifold (M, g, N , K ) defines in particular an optical
geometry, there is a congruence of null curves K associated to it. The algebraic prop-
erties of the intrinsic torsion of the optical geometry (M, g, K ) can be related to the
geometric properties of K as reviewed in [25]. We summarise the correspondence in
Table 5.

We also record the following lemma, whose proof is straightforward.

Lemma 4.7 Let (M, g, N , K ) be an almost Robinson manifold with congruence of
null curves K. Denote by Ji

j the complex structure on the screen bundle HK . Suppose
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that the intrinsic torsion T̊ of (N , K ) is a section of /G0−2 so that K is geodesic with

twist τ̆i j and shear σ̆i j . Then T̊ is a section of

• /G1,1−1 , i.e. τ̆αβ = 0, if and only if τ̆i j and Ji
j commute, i.e. J[i k τ̆ j]k = 0;

• /G2,1−1 , i.e. σ̆αβ = 0, if and only if σ̆i j and Ji
j commute, i.e. J(i

k σ̆ j)k = 0;

• /G1,0−1 ∩ /G1,2−1 , i.e. τ̆αβ̄ = 0, if and only if τ̆i j and Ji
j anti-commute, i.e. J(i

k τ̆ j)k = 0;

• /G2,0−1 , i.e. σ̆αβ̄ = 0, if and only if σ̆i j and Ji
j anti-commute, i.e. J[i k σ̆ j]k = 0.

Locally,we shall identify an almostRobinsonmanifold (M, g, N , K ) of dimension
2m + 2 as a surjective submersion over a (2m + 1)-dimensional smooth manifold
M, namely, the local leaf space of K. This leaf space will be endowed with various
geometric structures depending on the geometric properties ofK. In the next sections,
we shall examine the relation between the intrinsic torsion of (N , K )with the induced
geometric structures on the leaf space. As a notational rule followed in this article,
tensor fields on M will be underlined to distinguish them from tensor fields onM.

Remark 4.8 We briefly recall the results of [25] (see also [89]) that pertain to the
optical structure K associated to an almost Robinson manifold (M, g, N , K ). In the
following, we shall denote the conformal class of g by [g]. If the congruence of null
curves K tangent to K is geodesic, there is a subclass [g]n.e. of metrics in [g] for
which K is also non-expanding. By extension, [g] and [g]n.e. determine conformal
subclasses of bundle metrics [h] and [h]n.e., respectively, on the screen bundle HK .
We then have the following relations between the geometric properties of K and its
leaf space:

• If K is geodesic, HK descends to a rank-2m distribution H on M. In this case,
there is a one-to-one correspondence between optical vector fields k such that
£kκ = 0, where κ = g(k, ·), and sections of Ann(H).

• If K is geodesic and non-twisting, the induced distribution H onM is involutive.
• If K is geodesic and non-shearing, the screen bundle metric HK induces a bundle
conformal structure cH on (M, H). There is a one-to-one correspondence between
metrics in [g]n.e. (or equivalently, screen bundle metrics in [h]n.e.) and metrics in
cH . It follows that if K is already non-expanding for g, then h descends to a
distinguished bundle metric h on H .

Dually, we thus have that the bracket condition [K , K⊥] ⊂ K⊥ is equivalent to
K being geodesic, and the condition [K⊥, K⊥] ⊂ K⊥ to K being geodesic and non-
twisting. The latter can split into the two following obvious subcases.

Proposition 4.9 Let (M, g, N , K ) be a (2m +2)-dimensional almost Robinson man-
ifold with congruence of null curves K with leaf space M. The following statements
are equivalent:

(1) [N , N ] ⊂ CK⊥;
(2) the intrinsic torsion is a section of /G1,0−1 ∩ /G1,2−1 , i.e.

γ̆i = τ̆ ω = τ̆ ◦
αβ̄

= 0;
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(3) K is geodesic and its twist anti-commutes with the screen bundle complex structure.

Proposition 4.10 Let (M, g, N , K ) be a (2m+2)-dimensional almost Robinson man-
ifold with congruence of null curves K with leaf space M. The following statements
are equivalent:

(1) [N , N ] ⊂ CK⊥;
(2) the intrinsic torsion is a section of /G1,1−1 , i.e.

γ̆i = τ̆αβ = 0;

(3) K is geodesic and its twist commutes with the screen bundle complex structure.

We shall deal with the remaining bracket conditions, namely [K , N ] ⊂ N and
[N , N ] ⊂ N in Propositions 4.16 and 4.45, respectively.

Remark 4.11 In the context of almost Robinson geometry, there are many candidates
generalising the notion of non-shearing congruence of null geodesics from four to
higher even dimensions. All of them should be almost Robinson structures whose
intrinsic torsion is a section of /G2,1−1, i.e. γ̆i = σ̆αβ = 0,

Remark 4.12 It is clear from Theorem 3.18 that the only proper subbundles of G that
are not contained in G−1 are

/G1,10 ⊂ (/G1×3
−1 )[4i:−1], (4.11)

i.e.−4 iταβ+ζαβ = 0 andGαβγ = −4 iταβ+ζαβ = 0. Thismeans that the congruence
of null curves associated to an almost Robinson structure whose intrinsic torsion lies
in any proper subbundles of G except for (4.11) must be geodesic. We leave it as
a conjecture whether one can construct almost Robinson manifolds whose intrinsic
torsion lies in (4.11) but whose congruence is not geodesic.

4.6 Almost CR geometry

The geometric structure that an almost Robinson structure may induce on the leaf
space of its associated congruence of null curves is an almost CR structure, of which
we now recall some notions. For a friendly introduction, see [42].

4.6.1 General definitions

An almost CR structure on a (2m + 1)-dimensional smooth manifold M consists of
a pair (H , J ), where H is a rank-2m distribution equipped with a bundle complex
structure J . A CR structure is an almost CR structure for which the −i-eigenbundle
H (0,1) of J , or equivalently its i-eigenbundle H (1,0), is in involution.We call an almost
CR structure (H , J ) together with a choice of 1-form θ0 annihilating H an almost
pseudo-Hermitian structure.

There are two notions of Levi forms that we can associate to (H , J ):
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• Following [18], we define the Levi form of the distribution H to be the bundle
homomorphism L : Ann(H) →∧2

(

T ∗M/Ann(H)
)

given by the composition

Ann(H) −→ T ∗M d−→ ∧2T ∗M −→ ∧2 (T ∗M/Ann(H)
)

.

Concretely, for any section θ0 of Ann(H), θ0 ◦ L(v,w) = dθ0(v,w) for any
sections v and w of H . We shall refer to L := θ0 ◦ L as the Levi form of (H , θ0).

• Given a 1-form θ0 annihilating H , the Levi form of the almost pseudo-Hermitian
structure (H , J , θ0) is the Hermitian form h on H (1,0) defined by

h(v,w) := −2idθ0(v,w) , for any v,w ∈ �(H (1,0)).

By extension, the Levi form h of (H , J ) is the Hermitian form taking values in
C⊗ (TM/H

)

defined by h := θ0 ◦ h.
Note that the definition of h depends on both H and J , but that of L depends on H
alone. One can identify h in a suitable way with the (1, 1)-part of L with respect to
J—see below.

A coframe (θ0, θα, θ ᾱ) adapted to the almost CR structure (H , J ) on M consists
of a real 1-form θ0 and m complex 1-forms θα with θ ᾱ = θα , such that H = Ann(θ0),
and H (0,1) = Ann(θ0, θα). For simplicity, we shall assume that Ann(H) is ori-

ented, although this assumption can easily be dropped. Any other coframe (̂θ0,̂θα,̂θ ᾱ)

adapted to (H , J ) is related to (θ0, θα, θ ᾱ) by

̂θ0 = eϕθ0, ̂θα = ψ
β

αθβ + φαθ0, (4.12)

where ϕ, ψ
β

α , and φα are smooth functions on M, with the requirement that the

determinant of ψ
β

α be non-vanishing.4 Even with a choice of an almost pseudo-

Hermitian structure θ0 on (M, H , J ), there is no canonical choice for (θα) in general.
Any choice of vector field e0 dual to θ0 splits TM as

TM = H ⊕ span(e0). (4.13)

The structure equations for a given CR coframe (θ0, θα, θ ᾱ) can be expressed as

dθ0 = ihαβ̄ θα ∧ θ β̄ + Lαβ θα ∧ θβ + Lᾱβ̄ θ ᾱ ∧ θ β̄ + α ∧ θ0,

dθα = θβ ∧ �β
α + Aα

β̄ θ0 ∧ θ β̄ − 1

2
Nβ̄γ̄

α θ β̄ ∧ θ γ̄ ,

dθ ᾱ = θ β̄ ∧ �β̄
ᾱ + Aᾱ

β θ0 ∧ θβ − 1

2
Nβγ

ᾱ θβ ∧ θγ ,

(4.14)

for some complex functions hαβ̄ , Lαβ , Aᾱ
β , Nβγ

ᾱ and 1-forms �β
α and α on M,

where hαβ̄ is Hermitian, α is real, and the remaining quantities are defined by complex

4 One could also include negative rescalings of θ0 if one drops the assumption of orientability of Ann(H).
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conjugation. Here, we identify hαβ̄ as the components of the Levi form of the pseudo-

Hermitian structure (H , J , θ0).
There are two important invariants of (H , J ) at a point of M, namely

• the rank of L, that is, the largest integer r for which θ0 ∧ (dθ0)r does not vanish;
• the signature of h, i.e. the signature of the Hermitian matrix hαβ̄ .

Clearly, these do not depend on the choice of CR coframe. We shall assume regularity
of the rank and signature throughout the article, i.e. these will be constant everywhere.
We say that the almost CR structure (H , J ) is

• contact or non-degenerate if L has maximal rank, i.e. θ0∧ (dθ0)m does not vanish
at any point, i.e. H is a contact distribution;

• totally degenerate if L vanishes identically, i.e. Lαβ = hαβ̄ = 0, i.e. θ0 ∧ dθ0 = 0
everywhere, i.e. H is involutive;

• partially integrable if L is of type (1, 1), i.e. Lαβ = 0—in this case, L can be
identified with the imaginary part of h;

• integrable or involutive if H (0,1) is involutive, i.e. Lᾱβ̄ = Nβ̄γ̄
α = 0.

The first two properties pertain to H alone while the latter two depend on the pair
(H , J ).

Example 4.13 The model for a contact CR manifold is the CR sphere S2m+1 viewed
as a hypersurface in C2m+2. More generally, any real hypersurface in C2m+2 is a CR
manifold.

Remark 4.14 As a special case of almost CR manifold, consider an almost complex
manifold (M̃, J

˜

). Then, one can takeM to be a bundle over M̃with one-dimensional
fibres such asR×M̃,R>0×M̃ and S1×M̃, and choose (θ

˜

α) to be a frame of (1, 0)-
forms for M̃, extend it to a coframe (θ0, θα, θ ᾱ) onM → M̃ by adjoining a vertical
1-form θ0. Then clearly (M, H , J ) is an almost CR manifold, where H = Ann(θ0),
and the −i-eigenbundle of J is H (0,1) = Ann(θ0, θα).

4.6.2 Partially integrable contact almost CRmanifolds

Suppose that (H , J ) is both contact and partially integrable. Then (H , J ) is equipped
with a subconformal contact structure cH ,J compatible with the bundle complex struc-
ture J . Indeed, L is now a (1, 1)-form, which we may identify with h, and with a slight
abuse of notation, h = 2 L ◦ J is a subconformal metric on (M, H , J ). Note that
H (1,0) and H (0,1) are totally null with respect to cH ,J . In particular, we have a one-
to-one correspondence between contact forms in Ann(H) and metrics in cH ,J , each

metric being given by h = 2 L ◦ J where L = θ0 ◦ L for some contact form θ0.
Furthermore, each choice of contact 1-form θ0 determines a unique vector field

e0, the Reeb vector field, satisfying θ0(e0) = 1 and dθ0(e0, ·) = 0, which induces
a canonical splitting (4.13), and one can choose an adapted coframe (θα, θ ᾱ) for H
such that

dθ0 = ihαβ̄θα ∧ θ β̄ .
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Any two such coframes must be related by a change (4.12) where φα = ihαβ̄(dϕ)β̄ .
With no loss, one can always choose (θα) to be unitary with respect to hαβ̄ .

Finally, to each choice of contact 1-form θ0, there exists a unique connection ∇,
namely the Webster–Tanaka connection, that preserves θ0 and dθ0, with prescribed
torsion [108, 116]: with reference to the structure equations (4.14), we identity �α

β

with the connection 1-formof∇, Aαβ = hαγ̄ Aγ̄
β with the so-called pseudo-Hermitian

torsion tensor, and Nβγα = Nβγ
δ̄hαδ̄ with the so-called Nijenhuis torsion tensor. By

virtue of the Bianchi identities, these satisfy A[αβ] = N[βγα] = 0. While Nβγα is a

CR invariant—it is the obstruction to the involutivity of H (1,0)—the torsion tensor
Aαβ depends on the choice of contact form, and is an invariant of the almost pseudo-
Hermitian structure only. It may be interpreted as the obstruction to the Reeb vector
field being a transverse symmetry of the CR structure. If Aαβ = 0 vanishes, we call
(M, H , J , θ0) a Sasaki almost pseudo-Hermitian contact manifold.

Further invariants of the partially integrable contact structure (H , J ) canbeobtained
from the curvature of∇. Of interest are the Chern–Moser tensor when m > 1, and the
Cartan tensor when m = 1. If (H , J ) is integrable, then the vanishing of these tensors
is equivalent to the CR manifold being locally diffeomorphic to the CR sphere—see,
for example, [14].

Remark 4.15 There are close analogies between partially integrable contact almost
CR geometry and conformal geometry by virtue of the existence of the subconformal
structure cH ,J : here, an almost pseudo-Hermitian structure can be seen as a choice of
a bundle metric in cH ,J , and one may define an almost pseudo-Hermitian analogue

of the Einstein condition in terms of the θ0-dependent Webster–Ricci tensor and the
pseudo-Hermitian torsion tensor Aαβ . This condition was introduced in the integrable
case in [12, 51], and generalised to the non-integrable case in [106] where it is referred
to as an almost CR–Einstein structure.5 As shown in [51, 106], such a structure can
be constructed on the anti-canonical bundle of an almost Kähler–Einstein manifold.
Conversely, any almost CR–Einstein manifold locally arises in this way.

We shall leave aside analytical questions related to CR manifolds, especially in
connection with embeddability, and we refer the reader to [42, 113] and references
therein for further details.

4.7 Nearly Robinson structures and almost CR structures

In this section, we restrict our attention to nearly Robinson structures. These lie at the
junction between Lorentzian geometry and almost CR geometry, as the next proposi-
tion makes clear.

5 It is rather unfortunate that the terminology “almost CR–Einstein structure” is used in different ways in
[12, 106]: in the former reference, “almost” refers to the Einstein condition, meaning that the manifold is
a CR manifold that is CR–Einstein off the zero set of some density. In the latter reference, “almost” refers
to an almost CR structure that is not necessarily integrable.
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Proposition 4.16 Let (M, g, N , K ) be a (2m+2)-dimensional almost Robinson man-
ifold with congruence of null curves K with leaf space M. The following statements
are equivalent:

(1) (N , K ) is a nearly Robinson structure, i.e. [K , N ] ⊂ N, i.e. for any optical vector
field k, and any v ∈ �(N ), £kv ∈ �(N );

(2) any complex Robinson (m + 1)-form ν is preserved along K , i.e. for any optical
vector field k, £kν = f ν for some smooth function f ;

(3) the intrinsic torsion is a section of (/G1×3
−1 )[−2i:1] ∩ /G2,0−1 , i.e.

γ̆i = σ̆αβ = 0, ζ̆αβ = 2iτ̆αβ;

(4) (N , K ) induces an almost CR structure (H , J ) on M.

If any of these conditions holds, K is geodesic and its shear commutes with the screen
bundle complex structure.

Remark 4.17 Condition (1) tells us that the splitting of CHK into H (1,0)
K and H (0,1)

K
is preserved along the integral curves of K. In particular, the distribution H on M
inherits this splitting, which is equivalent to an almost CR structure, as claimed by (4).

Proof The equivalence between (1) and (2) is clear. For the almost Robinson structure
to be preserved along K , i.e. £kv ∈ �(N ) for any k ∈ �(K ), v ∈ �(N ), we must have

0 = κ (£keα) = −∇κ (k, eα) = −γα,

0 = g
(

£keα, eβ

) = g
(∇keα, eβ

)−∇κ
(

eα, eβ

) = 1

2i
ζαβ − ταβ − σαβ.

for any adapted frame (�, eα, eᾱ, k) and κ = g(k, ·). It now follows that γα = 0, and
taking the symmetric and skew-symmetric parts yields−2iταβ +ζαβ = σαβ = 0. This
computation shows that conditions (1) and (3) are equivalent.

The equivalence between (1) and (2) can be proved following [63]. One can always
find a complex Robinson (m + 1)-form ν such that £kν = 0 for some optical vector
field k. So ν is the pullback of a complex (m + 1)-form ν on M. This ν clearly
shares the same algebraic properties of ν. In particular, it is simple, and θ0 ∧ ν = 0,
where θ0 is a real 1-form that pulls back to an optical 1-form on M, and annihilates
a rank-2m distribution H on M. This means that span(ν) = ∧m+1Ann(H (0,1)) for
some complex rank-m vector subbundle H (0,1) of CH . The story for the complex
conjugate of ν is entirely analogous, and yields a complex rank-m vector subbundle
H (1,0) of CH . It is then straightforward to check H (1,0) ∩ H (0,1) = {0} at any point,
i.e. CH = H (1,0) ⊕ H (0,1), which defines the almost CR structure onM as required.

The last claim of the proposition follows from Lemma 4.7. ��
In [63], the authors show how to construct Robinson manifolds as trivial lines

bundles over CR manifolds. Here, we generalise the construction to nearly Robinson
manifolds. The proof of the following result is self-evident.
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Proposition 4.18 Let (M, H , J ) be a (2m+1)-dimensional oriented almost CR man-

ifold, and M := R × M �−→ M be a trivial line bundle over M. Fix a triplet
(

(θ0, θα, θ ᾱ), hαβ̄ , λ
)

where

• (θ0, θα, θ ᾱ) is a CR-coframe on (M, H , J ),
• hαβ̄ is a positive-definite Hermitian matrix depending smoothly on M, and
• λ is a 1-form on M such that λ ∧ � ∗ε does not vanish at any point for any

non-vanishing (2m + 1)-form ε on M.

Then (M, g) is an oriented and time-oriented Lorentzian manifold with metric

g = 4� ∗θ0 λ + 2 hαβ̄� ∗θα � ∗θ β̄ , (4.15)

and (N , K ), where N = Ann(� ∗θ0,� ∗θα) and K = Ann(� ∗θ0)⊥, defines a nearly
Robinson structure on (M, g). In particular, M is the leaf space of the congruence
of null geodesics tangent to K .

Any two such triplets
(

(θ0, θα, θ ᾱ), hαβ̄ , λ
)

and
(

(̂θ0,̂θα,̂θ ᾱ),̂hαβ̄ ,̂λ
)

where

(θ0, θα, θ ᾱ) and (̂θ0,̂θα,̂θ ᾱ) are related by (4.12) define the same metric (4.15) if
and only if ψα

γ is an element of U(m) at every point, i.e.

̂hαβ̄ = hγ δ̄(ψ
−1)α

γ (ψ−1)β̄
δ̄,

and λ transforms as

̂λ = e−ϕλ − 1

2
ψα

βφβθα − 1

2
ψᾱ

β̄φβ̄θ
ᾱ − 1

2
φβφβθ0.

Remark 4.19 Variations of the above construction are possible by replacing the R-
factor of M by R>0 or S1 for instance.

Definition 4.20 We shall refer to any nearly Robinson structure constructed onM :=
R×M −→ M as in Proposition 4.18, as a lift of the almost CRmanifold (M, H , J ).
The pullbacks of the 1-forms (θ0, θα, θ ᾱ) will be referred to as horizontal, and the
1-form λ as vertical (with respect to the fibration M → M).

Remark 4.21 We emphasise that the metric constructed in Proposition 4.18 is not
canonical in general. To do away with the choice of CR coframe and 1-form λ, while
fixing the conformal class [hαβ̄ ], one needs to introduce the notion of generalised
almost Robinson geometry, which is dealt with in Sect. 6—see Proposition 6.3.

Before we proceed, we give the converse of Proposition 4.18—see [63] for the
involutive case.

Proposition 4.22 Let (M, g, N , K )be a nearly Robinson manifold with congruence of
null geodesicsK. ThenM is locally diffeomorphic to the trivial line bundleR×M �−→
M, where M is the local leaf space of K and is equipped with an almost CR structure

123



Almost Robinson geometries Page 47 of 103    56 

(H , J ). Further, locally, g takes the form (4.15) for some CR coframe (θ0, θα, θ ᾱ),
Hermitian matrix hαβ̄ depending smoothly on M, and 1-form λ on M that never
vanishes on K .

Proof Note that M is locally diffeomorphic to the line bundle R × M �−→ M,
where each fibre is a null curve of K. By Proposition 4.16, (N , K ) descends to an
almost CR structure (H , J ) on the local leaf spaceM ofK: following our convention,
N/CK and N/CK descend to the eigenbundles H (0,1) and H (1,0) of J , respectively.
Let (θ0, θα, θ ᾱ) be a coframe onM where span(θ0) = Ann(H) and span(θ0, θα) =
Ann(H (0,1)). Then span(� ∗θ0) = Ann(H) and span(� ∗θ0,� ∗θα) = Ann(N ), and
it follows immediate that g must be of the form (4.15) where hαβ̄ and λ have the
required properties. ��

Propositions 4.18 and4.22 thus allowus to relate the geometric properties of a nearly
Robinson manifold (M, g, N , K ) with those of the almost CR leaf space (M, H , J )

of its associated congruence of null geodesics K. This can be seen at four levels:

• the involutivity of N is equivalent to that of H (0,1)—see Sect. 4.10;
• the twist τ̆i j ofK encodes the geometric and algebraic properties of the Levi form
L of H ;

• what remains of the shear, that is, its (1, 1)-part σ̆αβ̄ , and the expansion ε̆ of K
obstruct the existence of a conformal or metric structure on H ;

• further degeneracy conditions of the intrinsic torsion of (N , K ) will also depend
on the choice of the 1-form λ—see Lemma 4.55 for instance.

Unlike N and τ̆i j , which are tied to the properties of (H , J ), the shear and expansion
depend only on the screen bundle metric of (4.15)—see also Remark 4.30 below.

To delve into this matter further, wemust bear in mind that the coframe (θ0, θα, θ ᾱ)

on M does not in general pull back to a Robinson coframe on M by simply adjoin-
ing the 1-form λ, in the sense that (θα) do not form a unitary coframe with respect
to hαβ̄ . This essentially depends on the choice of hαβ̄ . To be precise, a Robinson

coframe (κ, θα, θ ᾱ, λ) for the metric (4.15), so that (θα) is unitary for hαβ̄ , is related

to (θ0, θα, θ ᾱ) via

κ = 2� ∗θ0, θα = ψβ
α
(

� ∗θβ
)+ φαθ0, (4.16)

for some smooth functionsψα andψβ
α onM, whereψβ

α takes values inGL(m,C).
Note that one can always choose our Robinson coframe such that ψα = 0 in (4.16).
When m = 1, we have the decomposition GL(1,C) ∼= C∗ ∼= R>0 · U(1), in which
case we always have ψα

β = reiφδ
β
α where r , φ are real with r > 0. Now, the space of

all Hermitian forms onCm is isomorphic to the homogeneous spaceGL(m,C)/U(m)

of real dimensionm2. Thus, the failure of (θα) to be unitary with respect to some scalar
multiple of hαβ̄ at any point is measured by an element of GL(m,C) mod U(m).

At present, let us relate the twist of K to the Levi forms of H and (H , J ). Using
(4.16), we find

hαβ̄ = τγ δ̄ψα
γ ψβ̄

δ̄, 2 Lαβ = τγ δψα
γ ψβ

δ.
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From the first of these equations, we conclude that the G1,0−1 ⊕ G1,2−1-component τ̆αβ̄

of the intrinsic torsion encodes the signature of the Levi form of (H , J ), while the
G1,1−1-component τ̆αβ of the intrinsic torsion encodes the partial integrability of (H , J ).
As a direct consequence, we obtain the following three propositions:

Proposition 4.23 Let (M, g, N , K ) be a nearly Robinson manifold with congruence
of null geodesics K and almost CR leaf space (M, H , J ). The following statements
are equivalent:

(1) the intrinsic torsion has non-degenerate /G1−1-component τ̆i j ;
(2) K is maximally twisting;
(3) (H , J ) is contact.

Proposition 4.24 Let (M, g, N , K ) be a nearly Robinson manifold with congruence
of null geodesics K and almost CR leaf space (M, H , J ). The following statements
are equivalent:

(1) the intrinsic torsion is also a section of /G1,1−1 , i.e.

γ̆i = τ̆αβ = σ̆αβ = ζ̆αβ = 0;

(2) the twist of K commutes with the screen bundle complex structure;
(3) (H , J ) is partially integrable.

Proposition 4.25 Let (M, g, N , K ) be a nearly Robinson manifold with congruence
of null geodesics K and almost CR leaf space (M, H , J ). The following statements
are equivalent:

(1) the intrinsic torsion is also a section of /G1,1−1∩/G3,0−1 with non-degenerateG1,0−1⊕G1,2−1-
component, i.e.

γ̆i = τ̆αβ = σ̆αβ = ζ̆αβ = 0, with non-degenerate τ̆αβ̄;

(2) K is maximally twisting, and the twist commutes with the screen bundle complex
structure;

(3) (H , J ) is partially integrable and contact, and is thus endowed with a subconfor-
mal contact structure cH ,J .

Remark 4.26 The metrics in the subconformal structure cH ,J of Proposition 4.25 are
in one-to-one correspondence with optical vector fields k such that £kκ = 0 where
κ = g(k, ·).
Remark 4.27 Special cases of the nearly Robinson manifolds given in Proposi-
tions 4.23, 4.24 and 4.25 are those for which τ̆ ◦

αβ̄
= 0, i.e. the twist determines

the almost Robinson structure—see Sect. 4.9.

As has already been treated in [25], the absence of shear induces a subconformal
structure cH on H , in which metrics are in one-to-one correspondence with metrics in
[g]n.e.—see Remark 4.8. This subconformal structure is however not compatible with
the complex structure J in general. Combining this fact with Proposition 4.25 yields
the following result:
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Proposition 4.28 Let (M, g, N , K ) be a nearly Robinson manifold with congruence
of null geodesics K and almost CR leaf space (M, H , J ). The following statements
are equivalent:

(1) the intrinsic torsion is also a section of /G1,1−1 ∩ /G2,0−1 ∩ /G3,0−1 with non-degenerate

G1,0−1 ⊕ G1,2−1-component, i.e.

γ̆i = τ̆αβ = σ̆i j = ζ̆αβ = 0, with non-degenerate τ̆αβ̄;

(2) K is maximally twisting and non-shearing, and the twist commutes with the screen
bundle complex structure;

(3) (H , J ) is partially integrable and contact, and thus equipped with a subconformal
structure cH ,J , and also inherits a subconformal structure cH from [g]n.e..

Remark 4.29 The subconformal structures cH ,J and cH are distinct in general. They
can however be related in the following way. Since K is maximally twisting and non-
shearing, we know from [25] that there exists a unique optical vector field ka such
that the twist of ka is normalised to τi jτ

i j = 2m for any metric g in [g]n.e.. With this
normalisation, for each choice of metric g in [g]n.e., the Levi form of (H , J ) is related
to the twist of k by

hαβ̄ = hαβ̄ + τ ◦
αβ̄

. (4.17)

We thus see that hαβ̄ is a deformation of the metric hαβ̄ by the trace-free part of the
twist τ ◦

αβ̄
. In particular, cH ,J and cH coincide if and only if τ ◦

αβ̄
= 0, i.e. the nearly

Robinson structure is twist-induced. In Sect. 4.9, we shall focus on a special case of
the aforementioned results where the only non-vanishing of the twist lies in G1,0−1.

Remark 4.30 Proposition 4.18 allows us to construct an almost Robinson manifold
(M, g, N , K ) with prescribed intrinsic torsion from a chosen almost CR manifold
(M, H , J ). While (N , K ), including the twist of the congruenceK, is determined by
(H , J ), there is more freedom as to the choice of Hermitian matrix hαβ̄ , which will
impact the (1, 1)-part of the shear σ̆αβ̄ and the expansion ε̆ ofK. In fact, using (4.16),
we compute

ε

m
hαβ̄ + σαβ̄ = hγ β̄ ψ̇δ

γ (ψ−1)α
δ + hαδ̄ψ̇ γ̄

δ̄(ψ−1)β̄
γ̄ ,

where ψ̇δ
γ := £kψδ

γ for the optical vector field k = g−1(κ, ·). In particular, we
interpret theG2,0−1-component σ̆αβ̄ of the intrinsic torsion as the infinitesimal obstruction
to (θα) being unitary with respect to hαβ̄ .

Various considerationsmay dictate the choice of screen bundleHermitian form hαβ̄ .

ForK to be non-shearing, we may set hαβ̄ = e2ϕhαβ̄ for some Hermitian form hαβ̄ on
(M, H , J ) and smooth function ϕ onM. If ϕ is a function onM,K is non-expanding
too. There are two extreme cases to consider:
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• If hαβ̄ is positive-definite, we may take hαβ̄ = hαβ̄ . This is the case if (H , J )

is partially integrable and contact: the resulting (N , K ) is then said to be twist-
induced, of which we shall say more in Sect. 4.9.

• If the almost CR structure is totally degenerate, K is also non-twisting, and the
resulting nearly Robinson manifold (M, g, N , K ) is either of Kundt type or of
Robinson–Trautman type—see Sects. 4.12 and 4.13.

There are further, intermediate, situations where the Levi form of (H , J ) is degenerate
but not identically zero. This allows for screen bundle metrics to be constructed partly
from the Levi form.

4.8 Conditions on the Robinson 3-forms

The purpose of this section is to highlight the fact that for a given almost Robinson
manifold (M, g, N , K ), conditions on Robinson 3-forms do not necessarily entail
that (N , K ) is nearly Robinson. The next two propositions illustrate the point.

Proposition 4.31 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K with leaf space M. The following statements are equivalent:

(1) any Robinson 3-form ρabc is preserved along K , i.e. £kρabc = f ρabc for some
smooth function f , and any optical vector field k.

(2) the intrinsic torsion is a section of (/G1×3
−1 )[2i:1] ∩ /G2,1−1 , i.e.

γ̆i = σ̆αβ̄ = 0, ζ̆αβ = −2iτ̆αβ .

(3) any Robinson 3-form induces a 3-form on the leaf space (M, H).

If any of these conditions holds, K is geodesic and its shear anticommutes with the
screen bundle complex structure.

Proof Choose splitting operators (�a, δa
α, δa

ᾱ, ka) and let ρabc be the Robinson 3-form
associated to the optical 1-form κa = gabkb. The condition that ρabc be preserved
along K gives

kd∇dρabc − 3kd∇[aρbc]d = f ρabc.

Now, contracting with δa
αδb

βδc
γ̄ , δ

a
αδb

β�c and δa
αδb

β̄
�c yields γα = 0, ζαβ = −2iταβ and

σαβ̄ = 0, respectively. This proves the equivalence between conditions (1) and (2). The
equivalence with condition (3) follows from the geometric interpretation of condition
(1). An application of Lemma 4.7 completes the proof. ��
Proposition 4.32 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K. The following statements are equivalent:

(1) the intrinsic torsion is a section of /G3,0−1 , i.e.

γ̆i = ζ̆αβ = 0.
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(2) any Robinson 3-form is recurrent along K .
(3) N is parallel along K .

If any of these conditions holds, K is geodesic.

Proof The equivalence between (1) and (2) is tautological, while the equivalence
between (2) and (3) follows from the definition of ζ̆αβ . ThatK is geodesic in this case
follows from γ̆i = 0. ��

Returning to nearly Robinson manifolds, we have the following lemma:

Lemma 4.33 Let (M, g, N , K ) be a nearly Robinson manifold with congruence of
null geodesics K and almost CR leaf space (M, H , J ). The following statements are
equivalent:

(1) any Robinson 3-form is parallel along K ;
(2) N is parallel along K ;
(3) the twist of K commutes with the screen bundle complex structure;
(4) (H , J ) is partially integrable.

Proof For a nearly Robinson manifold, the intrinsic torsion is a section of /G2−1, and so
in particular, ζ̆αβ = 2iτ̆αβ . Hence ζ̆αβ and τ̆αβ = 0, and the result follows immediately
by Lemma 4.7, Proposition 4.24 and Proposition 4.32. ��

It can readily be checked that the nearly Robinson manifolds of Proposi-
tions 4.24, 4.25 and 4.28 all satisfy this property.

4.9 Twist-induced almost Robinson structures

We shall now present a special case of almost Robinson structures, which arise from
the twist of an optical geometry.

Proposition 4.34 Let (M, g, K ) be an optical geometry of dimension 2m + 2 with
congruence of null curves K. Let κa be an optical 1-form and set τabc := 3 κ[a∇bκc].
The following two conditions are equivalent:

(1) the 3-form τabc satisfies

τab
eτecd = − 2

m
τ[ae f gb][cτd]e f �= 0; (4.18)

(2) K is geodesic and twisting, and there exists a unique optical vector field k whose
twist endormorphism h−1◦τ is a bundle complex structure J compatible with h on
the screen bundle (HK , h), i.e. J = h−1 ◦ τ . In particular, the twist of K induces
an almost Robinson structure (N , K ) on (M, g, K ), and κ = g(k, ·) determines
a unique Robinson 3-form given by

ρabc = κ[a∇bκc]. (4.19)
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Proof Choose splitting operators (�a, δa
i , ka). Then we can write ∇[aκb] = λ[aγb] +

τab + α[aκb] for some γa , τab and αa , where �aγa = �aτab = kaγa = kaτab = 0.
Contracting (4.18) with ka�bkc�d and δa

i �bδc
j�

d yields

γiγ
i = 0, (4.20)

τi
kτk

j = − 1

2m
τk�τ

k�δ
j
i �= 0, (4.21)

respectively, where γi = γaδa
i and τi j = τabδ

a
i δb

j . Since hi j is positive-definite,
equation (4.20) tells us that γi = 0, i.e.K is geodesic. Equation (4.21) tells us that we

can rescale k by
√
2m
‖τ‖ so that the twist of the rescaled optical vector field satisfies

τi
kτk

j = −δ
j
i ,

i.e. h−1 ◦ τ is a bundle complex structure on HK . The uniqueness of k follows from
the assumption that K is oriented. ��
Remark 4.35 That equation (4.19) singles out an optical 1-form also follows from the
fact that LHS has boost weight 2 and the RHS boost weight 1.

Definition 4.36 We shall refer to the almost Robinson structure given in Proposi-
tion 4.34 as a twist-induced almost Robinson structure.

Remark 4.37 Let us re-emphasise that by Proposition 4.34, the congruence associ-
ated to a twist-induced almost Robinson structure is always geodesic and maximally
twisting.

It is clear that an almost Robinson structure (N , K ) is twist-induced if and only if
its intrinsic torsion is a section of /G1,1−1 ∩ /G1,2−1 with non-vanishing G1,0−1-component, i.e.

γ̆i = τ̆αβ = τ̆ ◦
αβ̄

= 0, τ̆ ω �= 0.

However, the following proposition tells us that the intrinsic torsion must in fact be a
section of a subbundle thereof.

Proposition 4.38 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K. The following statements are equivalent:

(1) (N , K ) is a twist-induced almost Robinson structure;
(2) the intrinsic torsion of (N , K ) is a section of /G1,1−1 ∩ /G1,2−1 ∩ /G3,0−1 ∩ /G1,10 with non-

vanishing G1,0−1-component, i.e.

γ̆i = τ̆αβ = τ̆ ◦
αβ̄

= ζ̆αβ = Ğαβγ = 0, τ̆ ω �= 0.

If any of these conditions holds, N is parallel along K .
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Proof That (2) implies (1) is immediate since /G1,1−1∩ /G1,2−1∩ /G3,0−1∩ /G1,10 is a subbundle of

/G1,1−1 ∩ /G1,2−1. For the converse, we note that a twist-induced almost Robinson structure
singles out a preferred optical 1-form κ such that (dκ)ab = ωab + κ[aαb] for some
1-form αa , where ωab is a representative of the screen bundle Hermitian structure.
Note that the associated Robinson 3-form is given by ρabc = 3κ[aωbc]. Taking the
exterior derivative of dκ yields

0 = (dω)abc + ω[abαc] − κ[a(dα)bc]. (4.22)

Choose a splitting (�a, δa
α, δa

ᾱ, ka). Contracting (4.22) with kaδb
αδc

β leads to

0 = 3(dω)0αβ

= (∇ω)0αβ − 2iωabδ
a
αδb

β

= (∇ρ)0αβ0 = ζαβ,

i.e. T̊ is a section of /G3,0−1. Now, contract (4.22) with δa
αδb

βδc
γ yields

0 = (dω)αβγ

= (∇ρ)[αβγ ]0 = Gαβγ ,

i.e. T̊ is a section of /G1,10 , which completes the proof. ��
Remark 4.39 Proposition 4.38 tells us that if the intrinsic torsion of a given almost
Robinson manifold is a section of /G1,1−1 ∩ /G1,2−1 but not of /G1,0−1, then it must be a

section of /G1,1−1 ∩ /G1,2−1 ∩ /G3,0−1 ∩ /G1,10 . This should be contrasted with the situation
regarding the Gray–Hervella classification of almost Hermitian manifolds [30], which
is briefly reviewed in Sect. 4.11: the sixteen classes of almost Hermitian manifolds
can be naturally arranged in terms of inclusions, which are shown to be strict in the
sense that each class contains an almost Hermitian metric that does not belong to any
of the other fifteen classes.

The next result is a direct consequence of Propositions 4.25 and 4.38.

Proposition 4.40 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K. The following statements are equivalent:

(1) (N , K ) is a twist-induced almost Robinson structure and the shear of K commutes
with the screen bundle complex structure;

(2) the intrinsic torsion of (N , K ) is a section of /G1,1−1 ∩ /G1,2−1 ∩ /G2,1−1 ∩ /G3,0−1 ∩ /G1,10 with

non-vanishing G1,0−1-component, i.e.

γ̆i = τ̆αβ = τ̆ ◦
αβ̄

= σ̆αβ = ζ̆αβ = Ğαβγ = 0, τ̆ ω �= 0.
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If any of these conditions holds, (N , K ) is a nearly Robinson structure and the induced
almost CR leaf space (M, H , J ) of K is partially integrable and contact, and is thus
equipped with a subconformal structure cH ,J compatible with J .

The next proposition, which collects some of the results found in [106], is a special
case of Proposition 4.28 applied to a twist-induced almost Robinson structure—see
also Remark 4.29 where equation (4.17) reduces to hαβ̄ = hαβ̄ .

Proposition 4.41 [106] Let (M, g, N , K ) be an almost Robinson manifold with con-
gruence of null curves K. The following statements are equivalent:

(1) (N , K ) is a twist-induced almost Robinson structure and K is a non-shearing
congruence of null geodesics;

(2) the intrinsic torsion of (N , K ) is a section of /G1,1−1 ∩ /G1,2−1 ∩ /G2−1∩ /G3,0−1 ∩ /G1,10 ∩ /G1,30

with non-zero G1,0−1-component, i.e.

γ̆i = τ̆αβ = τ̆ ◦
αβ̄

= σ̆i j = ζ̆αβ = Ğαβγ = Ğ ◦̄
αβγ = 0, τ̆ ω �= 0.

If any of these conditions holds, (N , K ) is a nearly Robinson structure and the almost
CR leaf space (M, H , J ) of K is partially integrable and contact.

In particular, (M, H , J ) is equipped with a positive-definite subconformal struc-
ture cH ,J compatible with J , which is also induced from [g]n.e..

Remark 4.42 In both Propositions 4.40 and 4.41, the G1,20 -component Ğαβγ of the
intrinsic torsion of (N , K ) can be identified with the Nijenhuis tensor of (H , J ).

Remark 4.43 Let (M, g, N , K ) be a twist-induced almost Robinson manifold with
non-shearing congruence of null geodesicsK. Applying Proposition 4.35 of [25], one
can show that for each metric ĝ in [g]n.e, there exists a unique generator k of K and a
null vector field � such that ĝ(k, �) = 1 and κ = ĝ(k, ·) satisfies

dκ(k, ·) = 0, dκ(�, ·) = 0.

We shall elaborate on this result in the conformal setting in Sect. 5.

4.10 Almost Robinson structures as almost null structures

To obtain further geometric interpretations of the subbundles of G, we shall presently
regard the almost Robinson structure (N , K ) as an almost null structure N on (M, Cg)

in its own right, i.e. without any reference to the complex conjugate N . This perspective
is in part motivated by the potential involutivity of N . The structure group of N is
the stabiliser R of an MTN vector subspace of C2m+2 in SO(2m + 2,C). As we
shall be using a spinorial approach, we shall assume with no loss of generality, at
least locally, that R is a subgroup of Spin(2m + 2,C). We shall then identify N
as the kernel of the map νAa := γaB′AνB

′ : �(TM) → �(S−) for some Robinson
spinor νA

′
. In particular, with a choice of dual N∗, the image of νAa is isomorphic
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to N∗ ∼= TM/N—see the discussion in Sect. 3.2.6. The intrinsic torsion of such a
structure is already investigated in [102], and we shall appeal to the results contained
therein for the subsequent analysis.

Theorem 4.44 Let (M, g, K , N ) be a (2m + 2)-dimensional almost Robinson man-
ifold with intrinsic torsion T̊ . Let νA

′
be a Robinson spinor and set νAa := γaB′AνB

′
.

Then, for m > 2,

T̊ ∈ �(/G1,10 ) ⇐⇒
(

νa[A∇aνbB
)

ν
C]
b = 0, (4.23)

T̊ ∈ �(/G1,20 ) ⇐⇒
(

νa(A∇aνbB)
)

νCb = 0, (4.24)

T̊ ∈ �(/G0,01 ) ⇐⇒
(

∇aνbB
)

νCb + 2

m

(

ν[Ba ∇bν
bC] + νb[B∇bν

C]
a

)

= 0,

(4.25)

T̊ ∈ �
(

(/G0×1
0 )[2i:1]

)

⇐⇒ νA
′∇aνaB − νaB∇bν

A′ = 0. (4.26)

In dimension six, i.e. m = 2, equivalences (4.24) and (4.26) hold, but equivalences
(4.23) and (4.25) are replaced by

T̊ ∈ �((/G1×3
−1 )[4i:−1]) ⇐⇒

(

νa[A∇aνbB
)

ν
C]
b = 0, (4.27)

and

T̊ ∈ �(/G0,01 ) ⇐⇒
(

∇aνbB
)

νCb +
(

ν[Ba ∇bν
bC] + νb[B∇bν

C]
a

)

− 2

3
νbA∇bνAγa

BC = 0,

(4.28)

respectively. For the last equation, we have used the bundle isomorphisms S± ∼= S∗∓
and CTM ∼= ∧2S+ ∼= ∧2S−.

Proof We choose a splitting C TM = N∗ ⊕ N . With reference to the notation of
Sect. 3.2.6, we may choose a connection 1-form �ab

c with values in so(2m + 2,C)

for ∇, so that
(∇aνbB

)

νCb = �a
BCδBBδCC and in particular,

(

νaA∇aνbB
)

νCb =
�ABCδAAδBBδCC . Then, one can show [102]

RHS of (4.23) and (4.27) ⇐⇒ �[ABC] = 0,

RHS of (4.24) ⇐⇒ �(AB)C = 0,

RHS of (4.25) ⇐⇒
(

�A
BC
)

◦ = �ABC = 0,

RHS of (4.26) ⇐⇒ �B
B A = �ABC = 0,

and in dimension six

RHS of (4.28) ⇐⇒
(

�A
BC
)

◦ = �(AB)C = 0.
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Here
(

�A
BC
)

◦ = �A
BC − 2

m δ
[B|
A �D

D|C]. We can immediately deduce that

�[ABC] = 0 ⇐⇒ G
ᾱβ̄γ̄

= ζᾱβ̄ + 4iτᾱβ̄ = 0,

�(AB)C = 0 ⇐⇒ G
ᾱβ̄γ̄

= σᾱβ̄ = 2iτᾱβ̄ − ζᾱβ̄ = γᾱ = 0,
(

�A
BC
)

◦ = 0 ⇐⇒ Bᾱβ̄ = G◦
αβ̄γ̄

= 2i(m − 1)Eᾱ + Gᾱ = τ ◦
αβ̄

= σαβ̄ = 0,

�B
B A = 0 ⇐⇒ −2iEᾱ + Gᾱ = τω = ε = 0,

where Bᾱβ̄ , G
ᾱβ̄γ̄

, G
ᾱβ̄γ̄

, G◦
αβ̄γ̄

, ζᾱβ̄ , τᾱβ̄ , Eᾱ and γᾱ are the complex conjugates of the
tensors defined in Sect. 4.4. The result now follows immediately from the definition
of the Q-invariant bundles and Theorem 3.18—this is clearly independent from the
choice of dual N∗. ��

As a consequence, we obtain:

Proposition 4.45 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K. The following statements are equivalent:

(1) any Robinson spinor νA
′

satisfies

(

νaA∇aνbB
)

νCb = 0; (4.29)

(2) any Robinson spinor νA
′

is recurrent along N, i.e.

(

νaA∇aν[B′
)

νC
′] = 0; (4.30)

(3) the intrinsic torsion of (N , K ) is a section of /G1,10 ∩ /G1,20 , i.e.

γ̆i = τ̆αβ = σ̆αβ = ζ̆αβ = Ğαβγ = Ğαβγ = 0;

(4) N is in involution, i.e. for any v,w ∈ �(N ), [v,w] ∈ �(N );
(5) N is parallel along itself, i.e. for any v,w ∈ �(N ), ∇vw ∈ �(N );
(6) (N , K ) induces a CR structure on the leaf space of K.

If any of these conditions holds, K is geodesic, its twist and shear commute with the
screen bundle complex structure, and N is parallel along K .

Proof One can show [102] that equations (4.29) and (4.30) are equivalent, fromwhich
follows the equivalence (1) and (2). The equivalence between (1) and (3) is a direct
consequence of Theorem 4.44. The equivalence between (1) and (6) is already given
in [41, 102], while the equivalence between (4) and (5) is established in [104], and
that between (4) and (6) in [63]. ��
Remark 4.46 It is important to note that the involutivity of the almost Robinson struc-
ture (N , K ) does not imply that the Robinson 3-form is preserved along K , and thus,
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may not descend to the leaf spaceM—see Proposition 4.31. If it did, it would imply
that the congruence of null geodesics is non-shearing, which is not true in general
except in dimension four.

Remark 4.47 In the analytic category, one may complexify (M, g) to a complex Rie-
mannian manifold (˜M, g̃), and extend N analytically to (˜M, g̃) [20, 117, 119]. By
the Frobenius theorem, condition (4) of Proposition 4.45 is equivalent to the local
existence of a complex foliation of (˜M, g̃) by (m+1)-dimensional complex subman-
ifolds on which g̃ is totally degenerate. Condition (5) then tells us that these leaves
are totally geodesic with respect to the Levi-Civita connection of g̃. See also [41, 77,
107] for further details.

The following proposition gives a characterisation of a certain class of almost
Robinson manifolds, not necessarily nearly Robinson.

Proposition 4.48 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K. The following statements are equivalent:

(1) any Robinson 3-form ρabc satisfies

dρ = α ∧ ρ, for some 1− form α; (4.31)

(2) the intrinsic torsion is a section of /G1,10 ∩ /G1,30 (or /G1,30 in dimension six), i.e.

γ̆i = τ̆αβ = τ̆ ◦
αβ̄

= σ̆αβ̄ = ζ̆αβ = Ğαβγ = Ğ ◦̄
αβγ = 0.

Further, assuming that any of these conditions holds:

• K is geodesic, its shear anti-commutes with the screen bundle complex structure.
• (N , K ) is twist-induced if and only if K is twisting.
• (N , K ) is in addition nearly Robinson if and only if K is also non-shearing.

Proof Choose an optical 1-form κa with Robinson 3-form ρabc. Then, using
(dρ)abcd = ∇[aρbcd], we compute the various components of (4.31) to find

(dρ − α ∧ ρ)αβγ̄
0 = 0 ⇐⇒ γα = 0,

(dρ − α ∧ ρ)αβ0
0 = 0 ⇐⇒ 2iταβ + ζαβ = 0,

(dρ − α ∧ ρ)αβ̄0
0 = 0 ⇐⇒ σαβ̄ = 0,

(dρ − α ∧ ρ)αβγ 0 = 0 ⇐⇒ Gαβγ = 0,

(dρ − α ∧ ρ)ᾱβγ 0 = 0 ⇐⇒ G ◦̄
αβγ = 0,

(dρ − α ∧ ρ)αβγ δ̄ = 0 ⇐⇒ ταβ = 0,

(dρ − α ∧ ρ)αβ̄0
0 = 0 ⇐⇒ τ ◦

αβ̄
= 0.

The remaining contractions are vacuous. The equivalence between (1) and (2) now
follows.
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The properties of K and its leaf space M follow from γ̆i = τ̆αβ = τ̆ ◦
αβ̄

= σ̆αβ̄ =
ζ̆αβ = 0. In particular, the only non-vanishing component of the twist is τ̆ ω, which
tells us that (N , K ) is induced from the twist if and only if τ̆ ω �= 0. Finally, with
reference to Proposition 4.16, we see that the only obstruction to (N , K ) being nearly
Robinson is given by the (2, 0)-part of the shear σ̆αβ . ��
Remark 4.49 Proposition 4.48 reduces to Proposition 4.41 when K is (maximally)
twisting and non-shearing.

We now present a couple of examples illustrating notably the results of this section
and that of Sect. 4.7.

Example 4.50 (The Kerr–NUT–(A)dS metric) In [16], the authors present the Kerr–
NUT–(A)dS metric in arbitrary dimensions, which partly generalises the Plebański–
Demiański metric [79], and admits a Euclidean analogue under a Wick rotation. In
dimension 2m + 2, in coordinates (r , xα, t, ψi ), where α, i = 1, . . . m, this Einstein
metric takes the form

g = U

X
dr2 − X

U

(

dt +
m
∑

k=1

A(k)dψk

)2

+
m
∑

α=1

⎛

⎝

Uα

Xα

dx2α +
Xα

Uα

(

dt +
m
∑

k=1

A(k)
α dψk

)2
⎞

⎠ ,

where

U =
m
∏

β=1

(r2 + x2β), X =
m+1
∑

k=1

(−1)kckr2k + Mr , A(k) =
∑

ν1<...<νk

x2ν1 . . . x2νk
,

and, for α = 1, . . . , m,

Uα = (r2 + x2α)
∏

α �=β

(x2β − x2α), Xα =
m+1
∑

k=1

ck x2k
α + Lαr ,

A(k)
α =

∑

β1<...<βk
βi �=α

x2β1 . . . x2βk
− r2

∑

β1<...<βk−1
βi �=α

x2β1 . . . x2βk−1
.

Here, M , Lα , α = 1, . . . m and cα are constants related to the mass, NUT parameters,
the cosmological constant and rotation parameters of the black hole.

Define

κ =
√

U

2X

(

dr + X

U

(

dt +
m
∑

k=1

A(k)dψk

))

,
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λ =
√

U

2X

(

dr − X

U

(

dt +
m
∑

k=1

A(k)dψk

))

,

θα =
√

Uα

2Xα

(

dxα + i
Xα

Uα

(

dt +
m
∑

k=1

A(k)
α dψk

))

, (α = 1, . . . , m).

The set of null 1-forms (κ, θα), where κ is real and θα are complex, defines an almost
Robinson structure (N , K ). We compute the intrinsic torsion of (N , K ), and find,
suspending the summation convention,

γi = σαβ = ταβ = ζαβ = Gαβγ = 0,

ε

2m
hαβ̄ + σαβ̄ + ταβ̄ =

√

X

2U

r − ixα

r2 + x2α
δαβ̄ ,

Eα = i

√

Xα

2Uα

r + ixα

r2 + x2α
δαβ̄ ,

G γ̄ αβ = −i

√

2Xβ

Uβ

1

xα + xβ

δαγ̄ ,

Bαβ = 0.

We see at once that the conditions of Proposition 4.45 are met. In particular, (N , K ) is
involutive, i.e. any of the associated spinors satisfies (4.29), but none of the stronger
conditions (4.25), (4.28) and (4.26). Thus, the intrinsic torsion of (N , K ) is a section of
/G1,10 ∩ /G1,20 , and does not degenerate further.6 In particular, when m > 1, the Robinson
structure is not twist-induced.

In addition, the congruence K tangent to K is geodesic, expanding, maximally
twisting and shearing, when m > 1—see also [85]—and non-shearing when m = 1
as is well-known.

Hence, by Propositions 4.23 and 4.45, the Robinson structure (N , K ) descends to
a contact CR structure on the leaf space of K.

Similarly, the set of null 1-forms (λ, θα) also defines an almost Robinson structure
whose intrinsic torsion share the same properties as (N , K ). More generally, it is
shown in [59] that this metric admits 2m+1 almost null structures, which yield 2m−1

Robinson structures associated to each of the optical structures K and L , all sharing
the same properties.

These findings also apply to other related metrics such as the Myers–Perry metric
[61] that may be viewed as a special case of the Kerr–NUT–(A)dS metric in the limit
where the NUT parameters and cosmological constant tend to zero.

Example 4.51 (Taub–NUT–(A)dS and Fefferman–Einstein metrics) It is shown in
[106] that any conformal optical geometry (M, c, K ) of dimension 2m + 2 greater

6 This can be seen by inspection of the above computation bearing in mind that here, the vanishing of Bαβ

is not invariant under the structure group of (N , K ).
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than four, whose associated congruence is geodesic, twisting and non-shearing, and
whose Weyl tensor satisfies

W (k, v, k, v) = 0, for any sections k of K , v of K⊥, (4.32)

admits a twist-induced almost Robinson structure (N , K ). Here, we recall that c
denotes an equivalence class of conformally related Lorentzian metrics. The descrip-
tion of the intrinsic torsion of (N , K ) is then described by Proposition 4.41. In
particular, the leaf spaceM ofK is endowed with a partially integrable contact almost
CR structure (H , J ) whose associated subconformal structure coincides with that
induced by

n.e.
c. The involutivity of (N , K ) (or equivalently, the vanishing of the Nijen-

huis tensor Nαβγ of (H , J )) is equivalent to the Weyl tensor satisfying

W (k, u, v, w) = 0, for any sections k of K , u, v, w of N .

Let us now assume further that the Weyl tensor satisfies

W (k, v, k, ·) = 0, for any sections k of K , v of K⊥.

Then locally any Einstein metric ĝ in c determines a contact form θ0 on (H , J ) such
that its corresponding almost pseudo-Hermitian structure is almost CR–Einstein. Such
a structure is briefly discussed inRemark 4.15—see references therein formore precise
definitions. Suffices to say that locally (M, H , J , θ0) is fibred over an almost Kähler–
Einstein manifold (M̃, h

˜

, J
˜

) of dimension 2m, and the Levi form h of (H , J , θ0) can
be identified as the pullback of the almost Kähler–Einstein metric h

˜

.
Further, one can choose a coordinate φ on the fibres M �−→M so that

ĝ = sec2 φ g, for − π

2
< φ <

π

2
,

where

g = 4� ∗θ0
(

dφ + λ0 � ∗θ0
)

+ � ∗h,

with

λ0 = �

2m + 2
+
(

�

2m + 1
− �

2m + 2

)

⎛

⎝

m
∑

j=0

a j cos
2 j φ − 2am cos2m+2 φ

⎞

⎠

+c cos2m+1 φ sin φ,

a0 = 1, a j = 2m − 2 j + 4

2m − 2 j + 1
a j−1, j = 1, . . . , m,

and �, � and c are constant. Here, the Ricci scalars of (M, ĝ, K ) and (M̃, h
˜

, J
˜

) are
proportional to � and �, respectively.
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We can compute the intrinsic torsion of (M, ĝ, N , K ) explicitly. We find

γi = σi j = ταβ = τ ◦
αβ̄

= 0, τω = sec2 φ, ε = 2m tan φ,

Eα = Gα = G ◦̄
αβγ = Gαβγ = 0, Gαβγ = −2i sec4 φ Nβγα, Bαβ = 0.

Therefore, the intrinsic torsion of (N , K ) is a section of

• (/G0×1
0 )[2(m−1)i:−1] ∩ /G1,30 ∩ /G1,10 , and

• /G0,01 when (N , K ) is involutive.

In particular, any of the Robinson spinors associated to (N , K ) satisfies (4.23), and if
(N , K ) is involutive, (4.25). We shall see in Sect. 5 that these bundles do not depend
on the metric ĝ but solely on the conformal structure c. In fact, the intrinsic torsion
of (N , K ) with respect to the metric g is similar except that τω = 1, ε = 0 and
Gαβγ = −2iNβγα .

Furthermore we remark that for certain values of �, � and c, and when (N , K )

is involutive, the metric ĝ is locally isometric to the Taub–NUT–(A)dS metric of [4,
6, 8] generalising the four-dimensional one of [62, 109], or the Fefferman–Einstein
metric given in [51].

Finally, there is a secondary almost Robinson structure (N∗, L), dual to (N , K ),
with non-shearing congruence of null geodesicsL. If the function λ0 is non-vanishing,
then L is twisting and (N∗, L) is twist-induced. Otherwise, L is non-twisting.

Details can be found in [106].

Remark 4.52 One reason why non-shearing congruences of null geodesics in higher
dimensions are not as common as in dimension four has to do with curvature. Let us
review the various geometric interpretations of the algebraic condition on the Weyl
tensor (4.32). These are as follows:

• In dimension four, if K is geodesic and non-shearing regardless of whether K is
non-twisting or not, then condition (4.32) holds—see, for example, [77, 96].

• In dimensions greater than four, if K is non-shearing and non-twisting, then con-
dition (4.32) holds—in fact, the Weyl tensor satisfies an even stronger condition
[70].

• In odd dimensions greater than four, if K is twisting and condition (4.32) holds,
then K must also be shearing [70].

• In even dimensions greater than four, ifK is twisting and non-shearing, and condi-
tion (4.32) holds, then the twist induces an almost Robinson structure on (M, g)

[106].

4.11 Analogies between almost Robinson geometry and almost Hermitian
geometry

Recall that an almost Hermitianmanifold consists of a triple (M, g, J ), where (M, g)

is a (2m + 2)-dimensional smooth Riemannian manifold, and J is an almost complex
structure compatible with g, i.e. J ◦g = −g ◦ J . An equivalent definition of an almost
Hermitian structure on (M, g) is as an almost null structure N of real index zero, i.e.
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the complexified tangent bundle splits as CTM = N ⊕ N [63]—since in Riemannian
signature, an almost null structure always has real index zero, we may dispense of this
attribute. The equivalence between the two definitions is established by identifying N
and N as the eigenbundles of J . Dually, one can express the almost Hermitian structure
in terms of a non-vanishing section of ∧m+1Ann(N ), which can be normalised up
to a phase against its complex conjugate. Locally, or globally if (M, g) is spin, this
section is the ‘square’ of a pure spinor field (of real index 0). It annihilates N , while
its charged conjugate annihilates N . Their pairing yields the almost Hermitian 2-form
of (M, g, J ) and powers thereof [48].

As emphasised in [63], the point of contact between almost Robinson geometry
and almost Hermitian geometry is their underlying almost null structure, and the only
distinguishing feature between them is its real index, which is itself determined by the
metric signature.

The relation between almost Robinson structures and almost null structures was
already investigated in the previous section, especially in Theorem 4.44, using the
results of [102]. One can play the same game by studying the geometry of an almost
Hermitian manifold (M, g, J ) in the light of its underlying almost null structure
(M, Cg, N ). To this end, we recall the Gray–Hervella classification of almost Hermi-
tian manifolds given in [30]. Following the notation of that reference, the bundleW of
intrinsic torsions of (M, g, J ) splits into irreducible U(m + 1)-invariant subbundles
as

W = W1 ⊕W2 ⊕W3 ⊕W4, (4.33)

where at any point

W1 ∼= [[∧(3,0)(R2m+2)∗]], W2 ∼= [[ (R2m+2)∗]],
W3 ∼= [[∧(1,2)◦ (R2m+2)∗]], W4 ∼= [[∧(1,0)(R2m+2)∗]] .

(4.34)

There are various ways to characterise the intrinsic torsion T̊ of (M, g, J ). For
instance, (M, g, J ) is almost Kähler, i.e. T̊ is a section of W2, if and only if the
almost Hermitian 2-form ω = g ◦ J is closed. It is Hermitian, i.e. T̊ is a section of
W3 ⊕W4, if and only if the Nijenhuis tensor of the complex structure vanishes. But
only a subset of the Gray–Hervella classes will be relevant to the present discussion,
namely those that reflect the geometric properties of the underlying almost null struc-
ture. For instance, one can characterise a Hermitian manifold in terms of a pure spinor
field that is recurrent along the totally null distribution it defines [41, 49, 102]: this is
equivalent to the eigenbundles of J being in involution—see Proposition 4.45 for the
Robinson analogue. Proceeding as in the proof of Theorem 4.44, one can easily prove
the equivalence between the first and last columns of Table 6, which summarises the
correspondences between the various classes of almost null structures, almost Robin-
son structures and almost Hermitian structures. The equivalence between the first and
second columns follows directly from Theorem 4.44. We leave the details for the
reader.
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Table 6 Comparison of the intrinsic torsion of almost Robinson structures and the Gray–Hervella classifi-
cation of almost Hermitian manifolds on the basis of the properties of their underlying null structure

Almost null structures Almost Robinson structures Almost Hermitian structures

Equation (4.23) /G1,10 W2 ⊕W3 ⊕W4

Equation (4.24) /G1,20 W1 ⊕W3 ⊕W4

Equations. (4.23) and (4.24) /G1,10 ∩ /G1,20 W3 ⊕W4

Equation (4.25) in dim> 6 /G0,01 W4

Equation (4.28) in dim 6 /G0,01 W1 ⊕W4

Equation (4.26) (/G0×1
0 )[2i:1] W3

Equations (4.25) and (4.26) {0} {0}

4.12 Almost Robinsonmanifolds of Kundt type

Definition 4.53 An almost Robinson manifold (M, g, N , K ) is said to be of Kundt
type if (M, g, K ) is a Kundt spacetime, i.e. K is tangent to a non-expanding, non-
shearing, non-twisting congruence of null geodesics.

Equivalently, the intrinsic torsion of suchmanifolds is a section of /G0−1∩ /G1−1∩ /G2−1,
i.e.

γ̆i = ε̆ = τ̆i j = σ̆i j = 0.

For most of this section, however, we shall restrict ourselves to nearly Robinson
manifolds of Kundt type, in which case the intrinsic torsion is a section of G0 =
/G0−1 ∩ /G1−1 ∩ /G2−1 ∩ /G3,0−1, i.e.

γ̆i = ε̆ = τ̆i j = σ̆i j = ζ̆αβ = 0.

Note that this implies that N is parallel along K . From Sect. 4.7, (N , K ) induces an
almost CR structure with totally degenerate Levi form on the leaf space (M, H), and
the screen bundle metric h on HK descends to a bundle metric h on H . This tells us
that (H , h, J ) is a Hermitian vector bundle. In addition, since K⊥ is in involution, so
is H . Thus, (M, H , h) admits a local Riemannian foliation. Putting these two facts
together allows us to characterise nearly Robinson manifolds of Kundt type in the
following terms.

Proposition 4.54 Let (M, g, N , K ) be a (2m+2)-dimensional nearly Robinson man-
ifold of Kundt type with congruence of null geodesics K. Then the local leaf space
(M, H , h, J ) of K is foliated by a smooth one-parameter family of 2m-dimensional
almost Hermitian manifolds, each tangent to H.

In the neighbourhood of every point of M, we can apply Proposition 4.22 to
express the metric g in terms of a Robinson coframe adapted to the Kundt geom-
etry in terms of the leaf space M as follows. Locally, we shall refer to a Robinson
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coframe (κ, θα, θ ᾱ, λ) as a (complex) Kundt coframe if

κ := 2� ∗θ0, θα = � ∗θα,

for some exact 1-form θ0 annihilating H , and coframe (θα, θ ᾱ) on H unitary with
respect to h. As before, � is the local projection from M to M. The 1-form λ must
be vertical with respect to � .

In addition, one can find local coordinates u, v onM := R×M �−→ M such that

κ = 2� ∗θ0 = du, and k = g−1(κ, ·) = ∂

∂v
,

i.e. u is a smooth function on M parametrising the leaves of the almost Hermitian
foliation, and v is an affine parameter along the geodesics ofK. This allows us to write
λ in the form

λ = dv + λα� ∗θα + λᾱ� ∗θ ᾱ + λ0�
∗θ0, (4.35)

where λα , λᾱ and λ0 are smooth functions on M.
Any two Kundt coframes (κ, θα, θ ᾱ, λ) and (̂κ,̂θα,̂θ ᾱ,̂λ) are related by the trans-

formations (4.5) where φα and ψβ
α are now required to be constant along K , and

ϕ constant along K⊥. Such a transformation can be induced from a transformation
of adapted coframes on (M, H , h), a change of parameter for the almost Hermitian
foliation thereon, or a change of affine parameter along K.

We shall streamline the notation by setting (κ, θ i , λ) = (κ, θα, θ ᾱ, λ). In the fol-
lowing, we fix a 1-form θ0 annihilating H and a splitting TM = span(e0)⊕ H where
e0 is dual to θα(e0) = 0. Note that this fixes the freedom in choosing (θα, θ ᾱ), up
to unitary transformations. We introduce a connection ∇ onM that preserves hi j , θ

0

and e0 with torsion tensor Ai j = A(i j), i.e.

(∇0∇ i −∇ i∇0

)

f = −Ai
j∇ j f , for any smooth function f on M.

Note this connection depends on the choice of θ i up to orthogonal transformations, and
thus on the choice of e0. Dropping the pullback maps, we can express the Levi-Civita
connection ∇ of g in the following way:

∇κ = 2 κ 
 E,

∇θ i = ∇θ i − 2 Bi
jθ

j 
 κ − Ciκ ⊗ κ − 1

2
Ai

jθ
j ⊗ κ − 2 Eiλ 
 κ,

∇λ = −2E ∧ λ − E0κ 
 λ+ κ ⊗ C + 1

2
A − B,

(4.36)

where

A = Ai jθ
i ⊗ θ j , B = Bi jθ

i ⊗ θ j , E = Eiθ
i + E0θ

0, C = Ciθ
i ,
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with Bi j = B[i j], Ei , E0 and Ci being functions onM satisfying

Bi j = −∇[iλ j] + λ[i λ̇ j],

Ci = −1

2

(

∇ iλ0 −∇0λi − λi λ̇0 + λ0λ̇i − Ai jλ
j
)

,

Ei = 1

2
λ̇i ,

E0 = 1

2
λ̇0.

This choice of notation is of course not fortuitous since we can then identify the
components Eα and Bαβ of the intrinsic torsion.

Lemma 4.55 Let (M, g, N , K ) be a nearly Robinson manifold of Kundt type with
congruence of null geodesics K and leaf space (M, H , h, J ). Then, for any Kundt
coframe (κ, θα, θ ᾱ, λ), the 1-form λ satisfies

Ei = −(∇λ)i
0 = −(dλ)i

0,

and Ĕi is an invariant of (N , K ).
If the intrinsic torsion is in addition a section of (/G0×1

0 )[−2(m−1)i:1] ∩ /G1,10 ∩ /G1,20 ∩
/G1,30 , then

Bαβ = (∇λ)αβ = −(dλ)αβ.

In particular, B̆αβ is an invariant of (N , K ).

Proof The expressions for Ei and Bαβ follow from reading off the components of the
Levi-Civita connections from equations (4.36). The statements on the invariance of
the corresponding weighted quantities Ĕi and B̆αβ can be checked from the transfor-
mations in the proof of Theorem 3.18. ��

Since both κa and ρabc are the pull-backs of some 1-form and 3-form from M
to M, we can relate the present classification of almost Robinson structures with
the Gray–Hervella classification [30] of almost Hermitian manifolds. To this end, we
simply note that for any splitting (�a, δa

i , ka), using (4.36), we have

(∇ρ)i jk0 = ∇ iω jk, (4.37)

whereωi j = J i
khk j is the smooth family of Hermitian 2-form associated to the almost

Hermitian foliation on (M, H , h, J ). One can readily check that this does not depend
on the choice of coframe—this essentially follows from equations (A.1) and the fact
that the optical invariants γ̆i , ε̆, σ̆i j and τ̆i j all vanish. TheGray–Hervella classes can be
easily obtained by comparing the LHS and the RHS of equation (4.37) with references
to (4.33) and (4.34). We have collected the findings in Table 7.

123



   56 Page 66 of 103 A. Fino et al.

Table 7 Relation between the intrinsic torsions T̊ and T̊ for nearly Robinson manifolds of Kundt type

Type of almost Hermitian structure onM Intrinsic torsion T̊ Intrinsic torsion T̊

W1 W2 W3 W4 /G1,00 /G1,10 /G1,20 /G1,30

Almost Hermitian � � � �
G2 � � � �
G1 � � � �

� � � �
Semi-Kähler � � � �
Hermitian � � � �
Incl. locally conformally almost Kähler � � � �

� � � �
� � � �
� � � �

Quasi-Kähler � � � �
Nearly Kähler � � � �
Almost Kähler � � � �
Special Hermitian � � � �
Incl. locally conformally Kähler � � � �
Kähler � � � �

The following proposition gives a characterisation of an almost Robinson manifold
of Kundt type in the case where the leaves of the Riemannian foliation on the leaf
space are Kähler manifolds. We leave the proof to the reader.

Proposition 4.56 Let (M, g, N , K ) be a nearly Robinson manifold of Kundt type with
congruence of null geodesicsK and leaf space (M, H , h, J ). The following statements
are equivalent.

(1) the intrinsic torsion is a section of /G1,00 ∩ /G1,10 ∩ /G1,20 ∩ /G1,30 , i.e.

γ̆i = ε̆ = τ̆i j = σ̆i j = ζ̆αβ = Ğα = Ğαβγ = Ğαβγ = Ğ ◦̄
αβγ = 0.

(2) any Robinson 3-form ρabc is recurrent along K⊥, i.e.

κ[a∇b]ρcde = κ[aαb]ρcde, for some 1− form αa;

(3) N is parallel along K⊥.
(4) Each leaf of the almost Hermitian foliation on (M, H , h, J ) is a Kähler manifold.

Besides the classes of nearly Robinson manifolds of Kundt type enumerated in
Table 7, other interesting degeneracy conditions on the intrinsic torsion are also possi-
ble. In fact, these can be partly characterised by the covariant derivative of the 1-form
λ using Lemma 4.55.
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Proposition 4.57 Let (M, g, N , K ) be a nearly Robinson manifolds of Kundt type
with congruence of null geodesics K and leaf space (M, H , h, J ). Let [z : w] ∈ CP

1

such that z �= 0. The following two statements are equivalent.

(1) the intrinsic torsion of (N , K ) is a section of (/G0×1
0 )[z:w], i.e.

γ̆i = ε̆ = τ̆i j = σ̆i j = ζ̆αβ = 0, z Ĕα + w Ğα = 0.

(2) for any choice of Kundt coframe, the components λα of the vertical 1-form λ given
by (4.35) are determined by

λα = λ(0)
α − 2

w

z
vλ(1)

α , (4.38)

for some smooth functions λ
(0)
α and λ

(1)
α on M such that

λ(1)
α = Gα = hi j (∇ω)i jα, where ωi j = J i

khk j . (4.39)

Finally, for any optical vector field k, with κ = g(k, ·), the Weyl tensor satisfies

ka Wabc[dκe]kc = 0. (4.40)

Proof This is a straightforward computation. By definition, the condition zEα +
w Gα = 0 can be rewritten as zλ̇α + 2w Gα = 0, which has solution given pre-
cisely by (4.38) and (4.39).

For the last part, it is shown in [82] that condition (4.40) onWeyl tensor is equivalent
to λi being linear in v. ��
Remark 4.58 Weaker conditions, where one takes z andw to be non-constant complex-
valued smooth functions in Proposition 4.57, are possible. In this case, it is no longer
true that λi is linear in v.

The next proposition follows from the interpretation of the vanishing of the intrin-
sic torsion as the reduction of the holonomy of the Levi-Civita connection to Q,
or equivalently, to the parallelism of the distribution N . The last item follows from
Lemma 4.55.

Proposition 4.59 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K. The following statements are equivalent.

(1) the intrinsic torsion vanishes identically, i.e.

γ̆i = ε̆ = τ̆i j = σ̆i j = ζ̆αβ = Ĕi = Ğα = Ğαβγ = Ğαβγ = Ğ ◦̄
αβγ = B̆αβ = 0.

(2) the holonomy of the Levi-Civita connection is reduced to Q = (R>0 × U(m)) �

(R2m)∗, the structure group of (N , K ).
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(3) any Robinson 3-form ρbcd is recurrent, i.e.

∇aρbcd = αaρbcd , for some 1− form αa .

(4) N is parallel, i.e. for any v ∈ �(N ), ∇v ∈ �(N ).
(5) any Robinson spinor ν is recurrent, i.e.

(

∇aνbA
)

νb
B = 0, i.e.

(

∇aν[A′)
νB

′] = 0.

(6) (M, g, N , K ) is of Kundt type with leaf space (M, H , h, J ) where h is a smooth
one-parameter family of Kähler metrics, and for any choice of Kundt coframe, the
components λi of the vertical 1-form λ given by (4.35) are smooth functions λ

(0)
i

on M, and, at any point, ∇[iλ
(0)
j] is an element of u(m)

Remark 4.60 We note that if a Robinson 3-form is recurrent, so is any optical 1-form.

Remark 4.61 One can also weaken the assumptions of Proposition 4.59, by supposing
that on each leaf tangent to H , the metric hi j is almost Kähler, i.e. the Hermitian 2-

form is closed, rather than Kähler. Then locally one may take λ
(0)
i to be any potential

1-form for the Hermitian 2-form. Then ∇[iλ
(0)
j] is an element of u(m). This implies

that Bαβ = 0, i.e. the G0,01 -component of the intrinsic torsion vanishes.

Finally, the next two results, stated without proofs, are concerned with further
holonomy reduction.

Proposition 4.62 Let (M, g, N , K ) be an almost Robinson manifold with congruence
of null curves K. The following statements are equivalent:

(1) the holonomy of the Levi-Civita connection is reduced to a subgroup of U(m) �

(R2m)∗;
(2) (M, g, N , K ) admits a parallel Robinson 3-form ρbcd , i.e. ∇aρbcd = 0;
(3) (M, g, N , K ) is of Kundt type with leaf space (M, H , h) where h is a smooth

one-parameter family of Kähler metrics, and for any choice of Kundt coframe, the
components λi and λ0 of the vertical 1-form λ given by (4.35) are smooth functions
λ

(0)
i and λ

(0)
0 on M, and, at any point, ∇[iλ

(0)
j] is an element of u(m).

If any of these conditions holds, (M, g, N , K ) admits a parallel optical vector field.

Proposition 4.63 Let (M, g, N , K ) be an almost Robinson spin manifold with con-
gruence of null curves K. The following statements are equivalent:

(1) the holonomy of the Levi-Civita connection is reduced to a subgroup of SU(m) �

(R2m)∗;
(2) (M, g, N , K ) admits a parallel Robinson spinor ν, i.e. ∇aν = 0;
(3) (M, g, N , K ) admits a parallel optical vector field and a parallel Robinson 3-

form;
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(4) (M, g, N , K ) is of Kundt type with leaf space (M, H , h) where h is a smooth
one-parameter family of Ricci-flat Kähler metrics, and for any choice of Kundt
coframe, the components λi and λ0 of the vertical 1-form λ given by (4.35) are
smooth functions λ

(0)
i and λ

(0)
0 on M, and, at any point, ∇[iλ

(0)
j] is an element of

su(m).

Example 4.64 (Metrics of supergravity) Parallel Robinson structures are relevant to the
study of solutions to the supergravity equations. These equations are rather restrictive.
For instance, it is shown in [15] (see also [32]) that solutions known as (1, 0)-vacua (up
to local isometry) are six-dimensional Lie groups admitting a bi-invariant Lorentzian
metric and an anti-self-dual 3-form induced from theLie bracket. In the same reference,
it is proved that these must be either Minkowski space, a one-parameter family of
so-called Freud–Rubin vacua on Ad S3 × S3 with equal radii, or a six-dimensional
Nappi–Witten vacuum. The latter is locally isometric to a certain Cahan–Wallach
space. In coordinates (u, v, x1, x2, x3, x4), the metric is given by

g = du

(

dv − 1

2
h
˜

i j x i x jdu

)

+ h
˜

i jdxidx j , (4.41)

where h
˜

i j is the standard Euclidean metric on R4. The anti-self-dual 3-form induced
from the Lie bracket takes the form

ρ = 2du ∧
(

dx1 ∧ dx2 + dx3 ∧ dx4
)

. (4.42)

It can be checked that ρ defines a Robinson 3-form with optical 1-form κ = du. Both
κ and ρ are parallel with respect to the Levi-Civita connection.

Onemay start with a Kundt geometry (M, g, K )with congruence of null geodesics
K whose leaf spaceM ofK is a fibre bundle over a smooth 2m-dimensional Rieman-
nian manifold (M̃, h

˜

). Then any almost complex structure on M̃ compatible with h
˜lifts to an almost Robinson structure on (M, g) compatible with K . Depending on

its topology, (M̃, h
˜

) may admit many almost Hermitian structures, each with a spe-
cific intrinsic torsion, or even families thereof. For instance, let us take (M̃, h

˜

) to be
Euclidean space. Then locally there are infinitely many Hermitian structures (see, for
example, [21]) that can be lifted to an almost Robinson structure (N , K ) on (M, g).

A less trivial example follows.

Example 4.65 Let (M̃, h
˜

) be the Iwasawa manifold, that is, the quotient of the three-
dimensional complex Heisenberg group by a discrete subgroup. In [2], the authors
construct almost Hermitian structures in the following Gray–Hervella classes

W2 ⊕W3 ⊕W4, W1 ⊕W3 ⊕W4, W1 ⊕W2 ⊕W4, W1 ⊕W2 ⊕W3.

Of these, the set of all invariant Hermitian structures on (M̃, h
˜

) is known to consist of
the union of a point (its bi-invariant Hermitian structure) and a 2-sphere [1, 45]. These
are in fact special Hermitian, i.e. their intrinsic torsion is of classW3. For topological
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reasons, M̃ cannot admit any Kähler structure. It is also conjectured that M̃ cannot
admit almost Hermitian structures in the classesW1 and W4.

The Kundt geometry (M, g, K ) associated to (M̃, h
˜

) admits almost Robinson
structures corresponding to the almost Hermitian structures on (M̃, h

˜

), and their
classes of intrinsic torsion can be read off from Table 7.

As illustrated in the following example, not every almost Robinson structure on a
Kundt spacetime is a nearly Robinson structure.

Example 4.66 Take M = R × R × R2m ∼= R × R × Cm = (u, v, zα, zᾱ), and let g
be the metric on M given by

g = 2du
(

dv + λαdzα + λᾱdzᾱ + λ0du
)

+ 2 h
˜

αβ̄dzαdzβ̄ ,

where λα , λᾱ and λ0 are arbitrary smooth functions on M, and h
˜

αβ̄ is the standard

Hermitian form onCm . Let k = ∂
∂v

and set K := span(k). Then (M, g, K ) is a Kundt
spacetime, and any almost Robinson structure (N , K ) on M compatible with K is
annihilated by the set of 1-forms

κ = g(k, ·) = du, θα = dzα + φα
β̄dzβ̄ ,

for some complex-valued functions φαβ onM with φαβ = φ[αβ]—the functions φαβ

are essentially the components of a section of the bundle Gr+m+1(M, g, K ) of (self-
dual) almost Robinson structures compatible with K—see Remark 3.14. Note that
(θα) does not constitute a unitary coframe for h

˜

αβ̄ in general. Choosing the φαβ such

that £kφ
αβ �= 0 anywhere yields a coframe that does not descend to the leaf spaceM

ofK. Since the manifold is Kundt, it is clear that the remaining obstruction to (N , K )

being nearly Robinson is the G3,0−1-component ζ̆αβ of the intrinsic torsion, which, here,
can be identified with £kφαβ . Take for instance, φαβ = f (v)φαβ for some smooth
function f of v and smooth functions φαβ on M. For definiteness, let us assume
m = 2. The bundle of all almost Hermitian structures on R4 has fibres isomorphic to
CP

1. Any unitary frame (θ1, θ2) for h takes the form

θ1 = (aā + bb̄
)− 1

2
(

a dz1 + b dz2
)

, θ2 = (aā + bb̄
)− 1

2
(

a dz2 − b dz1
)

.

for some smooth complex-valued functions a and b onMwith a, b not both vanishing.
Note that this expression is invariant under non-zero rescaling of (a, b), so at any
point, [a : b] defines an element of CP

1 as expected. Take a = 1 and b any smooth
complex-valued function depending on v, i.e. £kb �= 0. Then (N , K ) is an almost
Robinson structure on (M, g, K ) that does not descend to (M, H , h), i.e. it is not
nearly Robinson.

4.13 Almost Robinsonmanifolds of Robinson–Trautman type

In complete analogy with Definition 4.53, we make the following definition.
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Definition 4.67 An almost Robinson manifold (M, g, N , K ) is said to be of
Robinson–Trautman type if (M, g, K ) is a Robinson–Trautman spacetime, i.e. the
congruence of curves tangent to K is geodesic, expanding, non-shearing and non-
twisting.

The intrinsic torsion of such a manifold is a section of /G1−1 ∩ /G2−1, with non-
degenerate G0−1-component i.e.

γ̆i = σ̆i j = τ̆i j = 0, ε̆ �= 0.

Again, it is natural to consider nearly Robinson manifolds of Robinson–Trautman
type. These manifolds enjoy properties similar to those of their Kundt counterparts.
In particular, the leaf space M of the congruence K tangent to K is foliated by 2m-
dimensional almost Hermitian manifolds. The intrinsic torsion of (M, g, N , K ) can
also be related to the Gray–Hervella class of the almost Hermitian foliation as in
Table 7 except in cases where /G1,00 is involved—this would contradict the fact that K
is expanding. This means that the only Gray–Hervella classes allowed would be those
containing W4.

However, since a Robinson–Trautmann spacetime is conformal to a Kundt space-
time [25, 84], one may still consider the full Gray–Hervella classification applied to
the almost Hermitian foliation on M. For instance, a nearly Robinson manifold of
Robinson–Trautman type with intrinsic torsion in /G1,10 ∩ /G1,30 will arise from an almost
Hermitian foliation on M of either class W2 ⊕W4 or class W2.

Example 4.68 (The Tangherlini–Schwarzschild metric) The smooth manifold M =
R × R>0 × S2m admits the Tangherlini–Schwarzschild metric—see, for example,
[80]. Then (M, g, K ) is a Ricci-flat Robinson–Trautman spacetime which does not
admit any global Robinson structure except in the case m = 1. This follows from the
fact that the 2m-sphere admits a Hermitian structure if and only if m = 1. However,
since S2m is conformally flat, it locally admits infinitely many Hermitian structures—
these correspond precisely to holomorphic sections of the twistor bundles over S2m ,
a Riemannian articulation of the Kerr theorem—see, for example, [21].

In the above example, there is no distinguished (almost) Robinson structure on the
Robinson–Trautman manifold. However, as the following example due to [69] shows,
the Einstein–Maxwell equations may single out an almost Robinson structure on a
Robinson–Trautman spacetime.

Example 4.69 Let (M, g, K ) be a Robinson–Trautman optical geometry of dimension
2m + 2. Suppose g satisfies the Einstein–Maxwell equations with an electromagnetic
field Fab = F[ab], that is, Fab is closed and co-closed, and the Einstein field equations
take the form

Ricab = 1

m
�gab + 8πTab + m − 1

2m
gabTcd T cd ,
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where � is the cosmological constant, and the energy-momentum tensor is given by

Tab= 1

4π

(

Fac Fb
c−1

4
gab Fcd Fcd

)

.

We assume further that Fab satisfying ka Fa
[bkc] = 0 for any section k of K . For

definiteness, assume m > 2. Then [69], there exist coordinates (r , u, xi ) such that the
metric takes the form

g = −2dudr − 2H(r)(du)2 + r2h
˜

i j (x)dxidx j ,

where h
˜

i j is a metric on each slice of constant (r , u),

2H(r)=K− 2�

2m(2m+1)
r2− μ

r2m−1+
2Q2

2m(2m−1)

1

r2(2m−1)
− ‖F

˜

‖2
2m(2m − 3)

1

r2
,

and the electromagnetic field is given by

F = Q

r2m
dr ∧ du + 1

2
F
˜

i j (x)dxi ∧ dx j .

Here, K ∈ {−1, 0, 1}, μ, Q and ‖F
˜

‖2 = F
˜

i j F
˜

i j are constants, and k = ∂
∂r is a

null vector field tangent to K whose congruence is also geodetsic, non-twisting and
non-shearing. The vector field � = ∂

∂u − H(r) ∂
∂r defines a optical structure L dual to

K . Set κ = g(k, ·) = du and λ = g(�, ·) = −dr − H(r)du. Assuming ‖F‖2 �= 0, the
electromagnetic 2-form Fab determines two almost Robinson structures (NK , K ) and
(NL , L): their associated 3-forms are proportional to κ ∧ F and λ ∧ F , respectively.
By virtue of the Maxwell equations, it can be shown [69] that the metric h

˜

i j is almost
Kähler–Einstein. It follows from Table 7 that the intrinsic torsion of each of these
almost Robinson structures must be a section of /G1,10 ∩ /G1,30 .

The six-dimensional case is similar, and further generalisations of these results can
be found in [46].

As forKundt spacetimes, one can associate to any smooth 2m-dimensional Rieman-
nian manifold (M̃, h

˜

) a Robinson–Trautman geometry (M, g, K ) with congruence
of null geodesics K such that the leaf spaceM of K is the trivial line bundle R× M̃.
Any almost complex structure on M̃ compatible with h

˜

lifts to an almost Robinson
structure on (M, g) compatible with K .

4.14 Compatible linear connections

We end Sect. 4 with a brief consideration of linear connections compatible with a given
almost Robinson structure.

Proposition 4.70 Let (M, g, N , K ) be an almost Robinson manifold. Fix a splitting
(�a, δa

i , ka). Define a linear connection ∇′ with

∇′
aξb = ∇aξb − Qab

cξc, for any 1− form ξa, (4.43)
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where Qabc is a tensor such that

Q000 = Qi
00 = Q0

00 = Q0
0
0 = 0,

Q0
j
0 = −Q00

j = γ j ,

Qi j
0 = −Qi

0
j = 1

2m
ε hi j + τi j + σi j , Q0

αβ̄ = − 1

2m
ε hαβ̄ − ταβ̄ ,

Qi( jk) = − 1

i(m − 1)
Gi h jk,

Q0 j
0 = Q j0

0 = −Q0
0

j = −Q0
0k = E j ,

Q0( jk) = − 1

2m
f0h jk,

and

Q0
βγ = −τβγ + 1

2i
ζβγ ,

Qαβγ = 1

2i
Gαβγ , Qᾱβγ = 1

2i
Gᾱβγ ,

Qαβγ̄ = − 2

i(m − 1)
G(αhβ)γ̄ , Qαγ̄β = − 1

i(m − 1)
Gαhβγ̄ ,

Q0βγ = 1

2i
Bαβ.

Then ∇′ is a connection compatible with K and [h], i.e.

∇′
uκ(v) = 0, for any u ∈ �(TM), v ∈ �(K⊥),

∇′
u g(v,w) = 0, for any u ∈ �(TM), v,w ∈ �(K⊥),

with torsion tensor satisfying

T 0
j
0 = −γ j ,

Ti j
0 = −2 τi j , T 0

j k = −σ jk,

T 0
0
0 = T 0

0k = T0 j
0 = 0,

and

T 0[βγ ] = − 1

2i
ζβγ − τβγ , T 0

(βγ ) = −σβγ ,

T[αβγ ] = − 1

2i
Gαβγ , Tα(βγ ) = 1

4i
G(βγ )α,

Tᾱ[βγ ] = − 1

2i
G ◦̄

αβγ ,

Tαβγ̄ = Tᾱ(βγ ) = T0[βγ ] = 0.
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Proof This is a straightforward computation using (4.43) and the fact that the torsion
tensor is given by Tabc = −2 Q[ab]c. ��
Remark 4.71 The linear connectiondefined in the proposition abovedepends in general
on the choice of splitting. Note however that even with fixed k and λ, ∇′ as defined in
the proof of the proposition is not unique, the undefined components of Qabc in the
proposition above being entirely arbitrary and not affecting the property of the torsion.

Wemay set all the remaining components of Q[ab]c to zero, and obtain the following
corollary.

Corollary 4.72 Let (M, g, N , K ) be an almost Robinson manifold. Suppose that the
intrinsic torsion of (N , K ) is a section of /G1−1 ∩ /G10 ∩ /G20 ∩ /G30. Then (M, g, N , K )

admits a torsion-free connection that preserves (N , K ) and (the conformal class of)
the screen bundle metric.

5 Conformal almost Robinson structures

As for optical geometry and almostHermitian geometry, the notion of almostRobinson
structure, or indeed almost null structure, finds a very natural setting in conformal
geometry. We shall follow the conventions set up in [7, 25], and denote a conformal
structure on a smooth manifold M by c. For each w ∈ R, the bundle of conformal
densities of weightw is denoted by E[w]. In particular, a choice of ray subundle E+[1]
of E[1] is referred to as the bundle of conformal scales. The conformal structure can
be encoded by means of the conformal metric gab, that is a non-degenerate global
section of
2T ∗M⊗ E[2]. For each g in c, we extend the Levi-Civita connection ∇
of g to a linear connection on E[w] for each w ∈ R. The exterior covariant derivative
will be denoted by d∇ . Further details can be found in the aforementioned references.

Definition 5.1 Let (M, c) be an oriented and time-oriented Lorentzian conformal
manifold of dimension 2m +2. An almost Robinson structure on (M, c) consists of a
pair (N , K )where N is a complex distribution of rankm+1 totally null with respect to
g, and K a real line distribution such that CK = N ∩ N . We shall call (N , K ) a nearly
Robinson structure when [K , N ] ⊂ N , and a Robinson structure when [N , N ] ⊂ N .

We shall accordingly refer to the quadruple (M, c, N , K ) as an almost (conformal)
Robinson manifold, as a nearly (conformal) Robinson manifold or as a (conformal)
Robinson manifold.

Remark 5.2 As in the metric case, one can describe an almost conformal Robinson
manifold as an almost null structure (of real index one).

The conformal metric gab induces a conformal bundle metric hi j on HK . Proposi-
tion 4.4 can immediately be translated into the conformal setting as follows:

Proposition 5.3 Let (M, c) be an oriented and time-oriented Lorentzian manifold of
dimension 2m + 2. The following are equivalent:

(1) (M, c) is endowed with an almost Robinson structure (N , K );
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(2) (M, c) admits a totally null complex (m + 1)-form of conformal weight m + 2;
(3) (M, c) is endowed with an optical structure K whose screen bundle HK = K⊥/K

is equipped with a bundle complex structure compatible with the induced conformal
structure;

(4) (M, c) admits a 1-form κa of conformal weight 2, and a 3-form ρabc of conformal
weight 4 such that

ρab
eρcde = −4κ [a gb][cκd];

(5) (M, c) admits a pure spinor of real index one.

We shall follow the terminology already introduced in Sect. 4: thus the 1-form κa and
3-form ρabc given in Proposition 5.3will be referred to as optical 1-form andRobinson
3-form, respectively, and so on.

With reference to the proposition above, the bundle complex structure Ji
j yields a

bundle Hermitian structure ωi j = Ji
khk j of conformal weight 2. For a given optical

1-form κa we obtain a Robinson 3-form ρabc = 3κ [aωbc] of conformal weight 4,
where ωab is such that kcωc[aκb] = 0, ωi j = ωabδ

a
i δb

j . The complex (m + 2)-form
νa0a1...am is required to have conformal m + 1 since

νaa1...am νb
a1...am ∝ κaκb.

The relation with pure spinor fields is analogous to the Lorentzian case. Here, neither
a Robinson spinor nor its charge conjugate are conformally weighted, but the van
der Waerden symbols carry some conformal weight. This means that for each k =
0, . . . , m+1, the spinor bilinear formwith values in (complex) k-forms has conformal
weight k+1.We omit the details, which will play no rôle in the subsequent discussion.

5.1 Conformal invariants of an almost Robinson structure

Anoptical geometrywith a congruence of null geodesics has two conformal invariants,
the shear and the twist, which wemay view as fields of conformal weight two [25, 90].
To determine the conformal invariants of an almost Robinsonmanifold (M, c, N , K ),
we examine how the covariant derivative of the Robinson 3-form changes under a
change of metrics ĝ = e2ϕg for some smooth function ϕ as given below:

̂∇aκb = ∇aκb + 2ϒ[aκb] + gabϒ
cκc,

̂∇aρbcd = ∇aρbcd + 3ϒaρbcd − 3ϒ[bρcd]a + 3 ga[bρcd]eϒe,

whereϒ = dϕ. Projecting these tensors into their componentswith splitting operators,
we find that

γ̂i = e2ϕγi ,

τ̂i j = e2ϕτi j , σ̂i j = e2ϕσi j , ε̂ = ε + 2mϒckc,

̂ζβγ = e4ϕζβγ ,
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̂Ei = e2ϕ (Ei − ϒi ) ,

̂Gγ = e2ϕ
(

Gγ − 2(m − 1)iϒγ

)

,

̂Gαβγ = e4ϕGαβγ , ̂Gαβγ = e4ϕGαβγ , ̂G ◦̄
αβγ = e4ϕG ◦̄

αβγ ,

̂Bβγ = e4ϕ Bβγ .

Note that

2(m − 1)îEγ − ̂Gγ = e2ϕ
(

2(m − 1)iEγ − Gγ

)

.

We also find that for any [z : w] ∈ CP
1,

zτ̂αβ + ŵζβγ = e4ϕ
(

zταβ + wζβγ

)

.

From these computations, we immediately conclude:

Theorem 5.4 Let (M, c, N , K ) be an almost conformal Robinson manifold. Let g be
a metric in c so that (M, g, K ) is an optical geometry with bundle of intrinsic torsions
G. Any conformally invariant subbundle of G must be an intersection of the following:

/G0,0−2,

/G1,0−1, /G1,1−1, /G1,2−1,

/G2,0−1, /G2,1−1, /G3,0−1,

/G1,10 , /G1,20 , /G1,30 , (/G0×1
0 )[2(m−1)i:−1],

/G0,01 ,

(/G1×2
−1 )[x :y], [x : y] ∈ RP

1,

(/G1×3
−1 )[z:w], [z : w] ∈ CP

1.

As for conformal optical geometries, there is a subclass
n.e.
c of metrics in c with the

property that whenever g is in
n.e.
c, the congruence K is non-expanding, i.e. for any

k ∈ �(K ) with κ = g(k, ·), κ divk − ∇kκ = 0.
We also know from [25] that there exists a family of optical vector fields k such that

£kκ = 0 where κ = g(k, ·). If the corresponding Robinson 3-form ρabc is preserved
along K , then £kρabc = 0, where the Lie derivative is given by

£kρabc = kd∇dρabc + 3ρd[ab∇c]kd − 4

n + 2
ρabc∇dkd .

Here ∇ is the Levi-Civita connection of any metric in c. The details are left to the
reader.
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5.2 Conformally parallel Robinson structures

In [25], we saw that under certain conditions, one can find metrics in c for which the
optical structure is parallel. We extend this result to the Robinson setting.

Proposition 5.5 Let (M, c, N , K ) be an almost Robinson manifold with congruence
of null curves K. Suppose that the intrinsic torsion of (N , K ) for some (and thus any)
metric g in c is a section of /G1−1 ∩ /G0,01 , i.e.

γ̆i = τ̆i j = σ̆i j = ζ̆αβ = Ğαβγ = Ğαβγ = Ğ ◦̄
αβγ = B̆αβ = 0,

2(m − 1)iĔγ − Ğγ = 0. (5.1)

Equivalently, any Robinson spinor satisfies (4.25) and any optical 1-form κ satisfies
κ ∧ d∇κ = 0. Suppose further that the Weyl tensor Wabcd satisfies

ka Wab[cdκe] = 0.

Then locally, there is a subclass
par .

c of metrics in c with the property that whenever g is
in

par .

c, the almost Robinson structure is parallel, i.e. any Robinson spinor, and thus any
optical 1-form and Robinson 3-form, are recurrent. In particular, the holonomy of the
Levi-Civita connection of any metric in

par .

c is contained in Q = (R>0×U(m))�(R2m)∗.
Any two metrics in

par .

c differ by a factor constant along K⊥.

Proof The hypothesis can be expressed by saying that the only three possibly non-
vanishing components of the intrinsic torsion are ε̆, Ĕi and Ğα , the latter two being
related by (5.1). It is already shown in [25] that the curvature prescription yields the
existence of the subclass

par .

c for which we have Ĕi = 0 and ε̆ = 0. But then this implies
that Ğα = 0. Hence, the intrinsic torsion vanishes and the result follows. ��

As a direct consequence of Proposition 4.57, we obtain:

Proposition 5.6 Let (M, c, N , K ) be an almost Robinson manifold with congruence
of null curves K. Suppose that the intrinsic torsion of (N , K ) for some (and thus any)
metric g in c is a section of /G1−1 ∩ /G1,10 ∩ /G1,20 ∩ /G1,30 ∩ (/G0×1

0 )[2(m−1)i:−1], i.e.

γ̆i = τ̆i j = σ̆i j = ζ̆αβ = Ğαβγ = Ğαβγ = Ğ ◦̄
αβγ = 0,

2(m − 1)iĔγ − Ğγ = 0.

Then for every metric g in
n.e.
c, (M, g, N , K ) is a nearly Robinson manifold of Kundt

type with congruence of null geodesics K.
Denote by (M, h, J ) denote the leaf space of K, and set ωi j = J i

khk j . Then there

exists a Kundt frame (κ, θ i , λ) such that the vertical 1-form λ has components λi given
by

λ� = λ
(0)
� − v

1

m − 1
hi j
(

∇ iω jk

)

J �
k,
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where λ
(0)
i are smooth functions on M, and v an affine parameter along the geodesics

of K.

5.3 Conformal lift of almost CR structures

In this short section, we revisit the lift of almost CR structures considered in Sect. 4.7.
A conformal version of Proposition 4.18 can be formulated in the following terms:

Proposition 5.7 Let (M, H , J ) be a (2m + 1)-dimensional oriented almost CR man-

ifold, and M := R ×M �−→ M be a trivial line bundle over M.

Let
(

(θ0, θα, θ ᾱ), hαβ̄ , λ
)

and
(

(̂θ0,̂θα,̂θ ᾱ),̂hαβ̄ ,̂λ
)

be two triplets that give rise

to two almost Robinson geometries (M, g, N , K ) and (M, ĝ, N , K ) as in Proposi-

tion 4.18. Suppose (θ0, θα, θ ᾱ) and (̂θ0,̂θα,̂θ ᾱ) are related by (4.12). Then

ĝ = eϕg,

if and only if ψα
γ is an element of U(m) at every point, i.e.

̂hαβ̄ = eϕhγ δ̄(ψ
−1)α

γ (ψ−1)β̄
δ̄,

and λ transforms as

̂λ = λ− 1

2
ψα

βφ
β
θα − 1

2
ψᾱ

β̄φ
β̄
θ

ᾱ − 1

2
φ

β
φβθ0.

Again, the proof is pretty much tautological.

5.4 Non-shearing twist-induced almost Robinson structures

Most of the results in Sects. 4.7, 4.8, 4.9 and 4.10 can be safely formulated in the
conformal setting. In particular, we give the conformal version of Proposition 4.41
below, which is a direct consequence of Proposition 5.16 of [25]:

Proposition 5.8 Let (M, c, N , K )be a (2m+2)-dimensional conformal twist-induced
almost Robinson manifold with non-shearing congruence of null geodesicsK. We then
have the following properties:

(1) For each g ∈n.e.
c, there exists a unique pair (k, �) where k is a generator of K and

� a null vector field such that g(k, �) = 1 and κ = g(k, ·) satisfies

dκ(k, ·) = 0, dκ(�, ·) = 0.

In particular, the twist τ of k is represented by dκ and determines the screen bundle
Hermitian form of (N , K ) with respect to g, i.e. we have (dκ)i j = τi j = ωi j =
Ji

kh jk .
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If (k, �) and (̂k,̂�) be any two such pairs corresponding to metrics g and ĝ in
n.e.
c,

with ĝ = eϕg for some smooth function ϕ constant along K then,

̂k = k, ̂� = e−ϕ

(

�+ 1

2
ω−1(·, ϒ) − 1

4
‖ϒ‖2gk

)

, (5.2)

where ϒ = dϕ.
(2) (N , K ) induces a partially integrable contact almost CR structure (H , J ) on

the leaf space M of K. In particular, (H , J ) is equipped with a subconformal
structure cH ,J compatible with J and also induced from c, and there is a one-to-

one correspondence between metrics in
n.e.
c and contact 1-forms for (H , J ). More

specifically, for any two adapted frames (θ0, θα, θ ᾱ) and (̂θ0,̂θα,̂θ ᾱ) for (H , J )

related by

̂θ0 = eϕθ0, ̂θα = θα + iϒαθ0,

up to U(m)-transformations, and with Levi forms related bŷhαβ̄ = e2ϕhαβ̄ , the

corresponding lifts in
n.e.
c are given by

g = 4� ∗θ0 λ+ 2� ∗ (hαβ̄θα θ β̄
)

, ĝ = 4� ∗
̂θ0̂λ+ 2� ∗ (

̂hαβ̄
̂θα
̂θ β̄
)

,

where

̂λ = λ+ 1

2
iϒαθα − 1

2
iϒᾱθᾱ − 1

2
ϒαϒαθ0,

and ĝ = eϕg.
In addition, � ∗θ0 = g(k, ·), � ∗

̂θ0 = ĝ(k, ·), λ = g(�, ·), and̂λ = ĝ(̂�, ·), where
(k, �) and (̂k,̂�) are related by (5.2).

Remark 5.9 It is shown in [106] how the Levi-Civita connection of a metric in
n.e.
c relates

to the Webster–Tanaka connection of its corresponding almost pseudo-Hermitian
structure. In this way, one can identify ϒα in Proposition 5.8 as the (1, 0)-part of
the difference between two Webster–Tanaka connections.

Example 5.10 (Fefferman construction) There is a well-known canonical construction,
originally due to Fefferman [22, 23] and later characterised by Sparling, Graham
[29] (see also [11, 12]), which associates to any contact CR structure (M, H , J ) of
dimension 2m + 1 a conformal structure c of Lorentzian signature and dimension
2m + 2 on the total space of a circle bundle M �−→ M, namely the quotient of
∧m+1(Ann(H (1,0)))with the zero section removed, by aR>0-action. More explicitly,
let φ be a fibre coordinate onM. Choose of contact form θ0 of (H , J )with Levi form
hαβ̄ and corresponding Webster–Tanaka connection 1-form �α

β , Webster–Schouten
scalar P, and define the 1-form

λ = dφ + 1

m + 2

(

i�α
α − i

1

2
hαβ̄dhαβ̄ − Pθ0

)

.
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We may view λ as a Weyl connection on the fibre bundle M. Then

g = 4� ∗θ0 λ + 2� ∗ (hαβ̄θα θ β̄
)

is a metric in the Fefferman conformal class c. One can check that any change of
contact forms induces a change of metrics in c as described in Proposition 5.8.

Note that in this particular case, the fibres of M �−→ M are generated by a null
conformal Killing field k that is Killing for any metric g in

n.e.
c—in this case, we have

κ = g(k, ·) = 2� ∗θ0 for some corresponding contact 1-form θ0.
A generalisation of this construction to the partially integrable case is given in [50],

and characterised in [100]. An appropriate modification of this construction yields
Taub-NUT metrics as shown in [4, 106].

We end this section with the following proposition regarding the most degenerate
conformally invariant condition on the intrinsic torsion. Its proof can easily be obtained
from Theorem 3.18, and the geometric interpretations are a direct consequence of the
various results of Sect. 4.

Proposition 5.11 Let (M, c, N , K ) be an almost Robinson manifold with congruence
of null curves K. Let g be any metric in c, and suppose its intrinsic torsion is a section
of /G0,01 , i.e.

γ̆i = τ̆αβ = τ̆ ◦
αβ̄

= σ̆i j = ζ̆αβ = Ğαβγ = Ğαβγ

= Ğ ◦̄
αβγ = 2(m − 1)iĔγ − Ğγ = B̆βγ = 0.

Then K is a non-shearing congruence of null geodesics, (N , K ) is involutive, and:

• If K is non-twisting, i.e. τ̆ ω = 0, the leaf space is foliated by Hermitian manifolds
of Gray–Hervella class W4, and (M, g, N , K ) is a Robinson manifold of Kundt
type for any metric g in

n.e.
c, and of Robinson–Trautman type otherwise.

• If K is twisting, i.e. τ̆ ω �= 0, the almost Robinson structure is induced by the twist
of K, and descends to a contact CR structure (H , J ) on the leaf space M of K.
There is a one-to-one correspondence between metrics in

n.e.
c and contact forms of

(H , J ).

5.5 TheMariot–Robinson theorem

A solution to the vacuumMaxwell equations on a four-dimensional Lorentzian mani-
fold (M, g) is a 2 form F that is both closed and co-closed, i.e. dF = d�F = 0—here
� is the Hodge duality operator. Note that these equations are conformally invariant,
which justifies the inclusion of this section at this point. Such a solution is said to be
null or algebraically special if F satisfies the algebraic constraint k F = 0 for some
null vector field k, and κ ∧ F = 0 where κ = g(k, ·).

The Mariot theorem [55] states that any solution to the vacuumMaxwell equations
gives rise to a non-shearing congruence of null geodesics. The congruence is generated
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by k = g−1(κ, ·). The converse, known as the Robinson theorem [87], is also true,
provided that we work in the analytic category: one can construct an analytic null
solution to the vacuumMaxwell equations from any analytic non-shearing congruence
of null geodesics.We can clearly substitute non-shearing congruence of null geodesics
by Robinson structure here, and this move allows for generalisation of the theorem
to irreducible spinor fields [77]. In fact, it makes its understanding more transparent
as we shall now explain. We note that the assumption of analyticity is crucial for the
implication part of the theorem as references [97, 98] make clear.

Following [19, 58], we first note that any null 2-form F must be the sum of a self-
dual totally null simple complex 2-form ν and its (anti-self-dual) complex conjugate
ν. In the language of the present paper, ν is called a complex Robinson 2-form and
annihilates an almost null structure N . The condition that F be both closed and co-
closed is equivalent to ν being closed. But if ν is closed, N must be integrable, i.e. N is
a null structure (or equivalently, a Robinson structure). Conversely, if N is an analytic
self-dual null structure, it gives rise to a foliation N by two-dimensional totally null
complex leaves on the complexification (˜M, g̃) of (M, g)—see Remark 4.47. Take
any 2-form ν on the two-dimensional local leaf space˜M of N. Then ν is necessarily
closed, and so is its pullback from˜M to˜M. A completely parallel argument applies
to the complex conjugate of ν, and their sum gives rise to an analytic null solution to
the vacuum Maxwell equation on restriction to (M, g).

The complex ‘part’ of Mariot–Robinson theorem was later generalised to even
dimensions in [41] and to odd dimensions in [103]. Its proof hinges on the same
reasoning. We work in the analytic category with a complex Riemannian manifold
(˜M, g̃) of dimension 2m + 2: a totally null (and thus simple) (m + 1)-form ν defines
an almost null structure N , and if ν is closed, N is integrable. Conversely, any null
structure N gives rise to a foliation N by (m + 1)-dimensional totally null complex
leaves on ˜M. The pullback of any form of top degree on the (m + 1)-dimensional
local leaf space ofN is a totally null (m + 1)-form that is necessarily closed, and also
co-closed since it is either self-dual or anti-self-dual.

If we now start with an analytic Lorentzian manifold (M, g) of dimension 2m +2,
we can apply the above result to analytic Robinson structures by extending them
to the complexification of (M, g), which eventually leads to a suitable Lorentzian
articulation of the Mariot–Robinson theorem.

5.6 The Kerr theorem

We now describe all local analytic Robinson structures on even-dimensional
Minkowski space M. This problem is conformally invariant, and as such, is most
elegantly formulated in the language of twistor geometry. The result, now known as
theKerr theorem, was initiallymotivated by the search for Kerr–Schild solutions to the
Einstein field equations [44], but came to play a seminal rôle in Penrose’s then-nascent
twistor theory [75].

We first review the story in dimension four, where analytic Robinson structures are
identified with analytic non-shearing congruences of null geodesics. The appropriate
framework is the so-called twistor correspondence (also referred to as the Klein cor-

123



   56 Page 82 of 103 A. Fino et al.

respondence), which we shall presently describe—see [36, 75, 115] for details. We
consider a four-dimensional complex vector spaceT. TheGrassmannian of two-planes
in T is a smooth four-dimensional complex projective quadricQ in P

(∧2
T
) ∼= CP

5,
and as such, is naturally equipped with a complex holomorphic conformal structure.
There are two disjoint families of two-dimensional linear subspaces of Q, elements
of which are called α-planes and β-planes, according to whether these planes are
self-dual or anti-self-dual. The α-planes of Q are parametrised by the points of the
projective space PT ∼= CP

3, known as the twistor space of Q, and the β-planes
are parametrised by the points of dual twistor space PT

∗. Twistor space contains an
analytic family F of complex lines parametrised by the points of Q. We thus have
a geometric correspondence between Q and PT. The Kerr theorem in this context
extends this correspondence to one between null foliations in Q and hypersurfaces
in PT. To be precise, locally, a null structure on Q is simply a foliation by α-planes,
and it immediately follows that its leaf space can be viewed as a hypersurface in PT

intersecting the lines of F transversely. Conversely, any null structure on Q arises in
this way.

To consider real Minkowski space, we introduce a Hermitian inner product 〈·, ·〉 on
T of signature (2, 2). Under the action of the stabiliser SU(2, 2) of 〈·, ·〉, Q decom-
poses into six orbits, one of which we identify as compactified Minkowski space
M

c := S3 × S1. In other words, Q is the complexification of M
c. This comes as no

surprise considering thatSU(2, 2) is the double cover of the conformal groupSO(4, 2).
Similarly, PT admits the orbit decomposition

PT = PT+ � PN � PT−, (5.3)

where

PT+ := {[Z ] ∈ PT : 〈Z , Z〉 > 0} ,
PN := {[Z ] ∈ PT : 〈Z , Z〉 = 0} ,

PT− := {[Z ] ∈ PT : 〈Z , Z〉 < 0} .
(5.4)

Here, Z can be viewed as complex coordinates on T ∼= C4. As a real hypersurface in
CP

3, PN is the five-dimensional CR hypersphere, i.e. PN has topology S3 × S2 and
is equipped with a contact CR structure of signature (1, 1). It also turns out that PN is
the space of null lines in M

c.
Now consider an analytic Robinson structure (N , K ) on some subset of M

c. Let
K be the non-shearing congruence of null geodesics tangent to K in M

c, and N the
complex foliation by (self-dual) totally null 2-planes tangent to N in Q. Denote their
respective leaf spaces byMK andMN. Then, identifyingMN as a complex hypersur-
face in PT, the Kerr theorem asserts thatMK is a three-dimensional CR submanifold
of PN that arises as the intersection ofMN and PN. Non-analytic Robinson structures
on Minkowski space can also be dealt with as a limiting case [77, 97, 98].

The generalisation of the Kerr theorem to higher dimensions in the complex case
was carried out in [41, 107] and is analogous.We consider a smooth projective complex
quadricQ inCP

2m+3, which wemay identify as the space of null lines inC2m+4—see
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[33, 34]. An α-plane inQ is now a self-dual linear subspace ofQ of dimension m + 1
and a β-plane its anti-self-dual counterpart. As before, we define the twistor space
PT of Q to be the space of all α-planes of Q, and the primed twistor space PT

′ of
Q to be the space of all β-planes of Q. When m is odd, PT

′ ∼= PT
∗, while when m

is even PT ∼= PT
∗ and PT

′ ∼= (PT
′)∗. From an algebraic viewpoint, it is convenient

to realise PT and PT
′ as the spaces of pure spinors, up to scale, for the double cover

Spin(2m + 4,C) of the complex conformal group SO(2m + 4,C).
Twistor space is a complex manifold of dimension 1

2 (m + 1)(m + 2) and contains
an analytic family F of 1

2m(m + 1) complex submanifolds parametrised by the points
ofQ. In this complex setting, the Kerr theorem states [41, 107] that any local analytic
null structure N on Q locally gives rise to a complex submanifold N of dimension
m +1 meetingF transversely, and every null structure arises in this way. In effect, the
submanifold N is none other than the leaf space of the foliation tangent to N .

From this complex description, it is only a small step to obtain the Lorentzian
version of the Kerr theorem. Just as in dimension four, under the action of the real
form SO(2m + 2, 2) of SO(2m + 4,C) or its spin analogue, Q decomposes into six
orbits, which includes compactified Minkowski space M

c := S2m+1 × S1. To deal
with PT, we note that the spin representation for the conformal group SO(2m + 2, 2)
is equipped with a Hermitian inner product 〈·, ·〉 of split signature [10], which restricts
to a Hermitian form on PT. Using the terminology and results of [48], we find that
PT admits the decomposition (5.3) where its orbits are defined just as in (5.4). Their
interpretation is as follows:

• PN is of real dimension (m + 1)(m + 2) − 1, and consists of self-dual (m + 2)-
dimensional linear subspaces of Q of real index 2: these are the pure spinors (up
to scale) that are null with respect to the Hermitian inner product on PT;

• PT+ and PT− are of real dimension (m + 1)(m + 2), and consist of self-dual
(m + 2)-dimensional linear subspaces of Q of real index 0: these are the pure
spinors (up to scale) that are spacelike, respectively timelike, with respect to the
Hermitian inner product on PT.

In particular, by virtue of being a real hypersurface defined by the vanishing of the
Hermitian form on PT, the orbit PN is a CR manifold, whose Levi form, one can
check, has signature (m, m).

At present, let us take (N , K ) to be an analytic Robinson structure on some subset
ofM

c with congruence of null geodesicsK and complex foliation by (self-dual) totally
null (m+1)-planesN inQ. View the leaf spaceMN ofN as a complex submanifold in
PT. Then the intersection ofMN with PN is a (2m+1)-dimensional CR submanifold
of PN, which is precisely the leaf spaceMK of K.

Remark 5.12 It is crucial to note that for m > 1, PN cannot be identified with the
(4m + 1)-dimensional space of null lines NL in M

c. In general NL is a homogeneous
space equipped with a Lie contact structure [94], and does not admit any distinguished
CR structure unless m = 1.

There are thus twoways of embedding the leaf space of the null geodesic congruence
K associated to a Robinson structure: one as a submanifold of NL and the other as
a CR submanifold of PN. But only the latter can encode the CR structure of the leaf
space of K.
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Remark 5.13 As stated, the Kerr theorem is only concerned with the involutivity of
an almost null structure be it in the complex case or in Lorentzian signature. Further
degeneracy conditions on the intrinsic torsion of the null structure will in general
impact the way the leaf space of a null complex foliation sits in twistor space. These
features have only been marginally investigated so far.7

6 Generalised almost Robinson geometries

6.1 Generalised Robinson structures

We now present a variant of the notion of almost Robinson structure, which in dimen-
sion four corresponds to the notion of optical geometry presented in [60, 88, 90, 91,
110–112], and which was referred to as generalised optical geometry in [25].

Definition 6.1 LetMbe a smoothmanifold of dimension2m+2.Ageneralised almost
Robinson structure consists of a triple (N , K , o), where N is a complex (m+1)-plane
distribution, K := N ∩ TM is a real line distribution on M, and o an equivalence
class of Lorentzian metrics such that

(1) for each g in o, N is null with respect to the complex linear extension of g;
(2) any two metrics g and ĝ in o are related by

ĝ = e2ϕ (g + 2 κ α) , (6.1)

for some smooth function ϕ and 1-form α on M, and κ = g(k, ·) for some non-
vanishing section k of K .

We shall say that the generalised almost Robinson structure is

• restricted if any of the 1-forms α in (6.1) satisfies α(k) = 0.
• of Kerr–Schild type if any of the 1-forms α in (6.1) satisfies α ∧ κ = 0.

We shall refer to (M, N , K , o) as a generalised almost Robinson geometry. In
addition, we shall call (M, N , K , o) a generalised nearly Robinson geometry if
[K , N ] ⊂ N , and a generalised Robinson geometry if [N , N ] ⊂ N .

We see in particular that a generalised almost Robinson structure determines a
generalised optical geometry (K , o) in the sense of [25]. It is straightforward to check
that the two conditions above are well-defined. In particular, the property of K and N
being totally null does not depend on the choice of metric in o, and neither does the
notion of orthogonal complement K⊥ of K . A generalised almost Robinson geometry
(M, N , K , o) also has an associated congruence of null curves K tangent to K .

The following lemma is immediate.

Lemma 6.2 Let (M, N , K , o) be a generalised almost Robinson geometry. For each
metric g in o, (N , K ) is an almost Robinson structure on (M, g).

7 In fact, this was already demonstrated in the odd-dimensional analogue of the Kerr theorem in [107]. In
even dimensions, complex case, this was established in unpublished work by Jan Gutt (Private communi-
cation with the third author).
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We shall therefore re-employ the terminology used in the previous sections. In
particular, any non-vanishing section of K will be called an optical vector field, and
any 1-form annihilating K⊥ an optical 1-form. The definition of a complex Robinson
(m+1)-form as a section of∧m+1Ann(N ) does not depend on the choice of metric in
o, and neither does the notion of Robinson 3-form. To see this, we take, for specificity,
two metrics g and ĝ in o related via

ĝab = gab + 2κ(aαb),

for some 1-form αa . We can choose splitting operators for (N , K ) for each of
the metrics: (κa, δα

a , δᾱ
a , λa) and (�a, δa

α, δa
ᾱ, ka) for gab, and (̂κa,̂δα

a ,̂δᾱ
a ,̂λa) and

(̂�a,̂δa
α,̂δa

ᾱ,̂ka) for ĝab such that

κ̂a = κa, ̂δα
a = δα

a , ̂λa = λa + αa,

̂ka = βka, ̂δa
α = δa

α − βααka, ̂�a = �a − βα0ka .
(6.2)

Here, β = (1+α0)−1. Let ωi j be the bundle Hermitian structure for (N , K ). Then its

associated Robinson 3-form ρabc = 3κ[aωbc] where ωab = ωi jδ
i
aδ

j
b remains invariant

under the change (6.2).
Generalised almost Robinson geometry arises naturally in the context of lifts of

almost CR manifolds as described in Sect. 4.7.

Proposition 6.3 Let (M, H , J ) be a (2m + 1)-dimensional almost CR manifold, and
M := R × M be a trivial line bundle over M. Then M is naturally equipped
with a generalised almost Robinson structure (N , K , o) such that for any metric
g in o, (M, g, N , K ) is a nearly Robinson structure, i.e. the intrinsic torsion of
the corresponding almost Robinson structure (N , K ) on (M, g) is a section of
(/G1×3

−1 )[−2i:1] ∩ /G2,0−1 .

Proof This is a direct consequence of Proposition 4.18: the equivalence class o of
metrics on M related via (6.1) is simply the set of all lifts of (M, H , J ) to M for a
fixed choice of a conformal class of Hermitian forms [hαβ̄ ]. By construction, (N , K )

is clearly a nearly Robinson structure. The distributions N and K do not depend on
the lift, and by Lemma 6.2, (N , K ) is an almost Robinson structure on (M, g). ��

The key idea of the next theorem is that it allows us to construct families of
Lorentzian metrics equipped with almost Robinson structures sharing the same geo-
metric properties. To be precise, choosing a metric g in o determines an almost
Robinson structure on (M, g), and one may ask which subbundles of the bundle
of intrinsic torsions G do not depend on the choice of metric g in o. We shall call those
that remain invariant under such a change o-invariant subbundles.

Theorem 6.4 Let (M, N , K , o) be a generalised almost Robinson geometry. Let g be
a metric in o so that (N , K ) defines an almost Robinson structure for (M, g) with
bundle of intrinsic torsions G.
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/G0,0−2 ,

/G1,0−1 , /G1,1−1 , /G1,2−1 ,

/G2,0−1 , /G2,1−1 , (/G1×2
−1 )[x :y], [x : y] ∈ RP1,

/G1,1−1 ∩ /G3,0−1 , (/G1×3
−1 )[−2i:1],

/G1,1−1 ∩ /G1,10 , /G1,1−1 ∩ /G1,20 , /G1,1−1 ∩ /G1,30 .

(1) The following subbundles of G are o-invariant: Any o-invariant subbundle of a
generalised almost Robinson geometry that is not restricted must be an intersection
of these.

(2) Assuming that the generalised almost Robinson geometry is restricted, in addition
the following subbundles of G are o-invariant:

/G3,0−1 ,

(/G1×3
−1 )[z:w], [z : w] ∈ CP1,

/G1,10 .

Any o-invariant subbundle of a restricted generalised almost Robinson geometry
that is not of Kerr–Schild type must be an intersection of these and the ones in (1).

(3) Assuming that the generalised almost Robinson geometry is of Kerr–Schild type,
in addition the following subbundles of G are o-invariant:

/G1,20 , /G1,30 , (/G0×1
0 )[−2(m−1)i:1],

and

/G0,01 , when m > 2,
/G1,1−1 ∩ /G0,01 , when m = 2.

Any o-invariant subbundles of a generalised almost Robinson geometry of Kerr–
Schild type must be an intersection of these and the ones in (1) and (2).

Proof Let g be a metric in o. Any subbundle of G that is invariant under changes of
metrics in o must also be conformally invariant. Thus, it is enough to consider the
subbundles given in Theorem 5.4, and a metric ĝ in o related to g by

ĝab = gab + 2κ(aαb),

for some 1-form αa . Denote by ̂∇ and∇ their corresponding Levi-Civita connections.
Then for any 1-form ξa , we have

̂∇aξb = ∇aξb − Qab
cξc,
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where Qabc = Qab
d gdc is given explicitly in Appendix 1. From (B.8), (B.1), (B.2)

and (B.3), we immediately find that the subbundles /G0,0−2 , /G1,0−1, /G1,1−1, /G1,2−1, /G2,0−1 , /G2,1−1 do
not depend on the choice of metric in o. The same clearly applies to the subbundles
(/G1×2

−1 )[x :y] for any [x : y] ∈ RP
1.

We now proceed with the remaining subbundles given in Theorem 5.4. Throughout,
T̊ will denote the intrinsic torsion of (M, g, N , K ).

• Suppose T̊ is a section of /G3,0−1. Then by (B.9) and (B.4), we have

(̂∇ρ)0βγ 0 = 2iα0τβγ .

The LHS is zero if and only if either ταβ = 0 or α(k) = 0. The former is equivalent
to T̊ being a section of /G1,1−1 ∩ /G3,0−1.

• Suppose T̊ is a section of (/G1×3
−1 )[z:w] where [z : w] ∈ CP

1. Then by (B.9), (B.10)
and (B.4), we have

iz(̂∇ρ)[αβ]00 + w(̂∇ρ)0αβ0 = (z + 2wi)α0ταβ.

We immediately conclude that (/G1×3
−1 )[−2i:1] is o-invariant. Suppose now [z : w] �=

[−2i : 1]. Then, we must have either ταβ = 0 or α(k) = 0.
• Suppose T̊ is a section of /G1,10 . This subbundle is contained in (/G1×3

−1 )[4i:−1], which
we know is o-invariant provided either α(k) = 0 or ταβ = ζαβ = 0. In addition,
by skew-symmetry we find that

(̂∇ρ)[αβγ ]0 = 0,

which does not yield any further conditions. Hence, /G1,10 is o-invariant.
• Suppose T̊ is a section of /G1,20 . This is a subbundle of /G1,2−1, i.e. σαβ = 0. It is also

contained in (/G1×3
−1 )[2i:−1]. So, for o-invariance, we must have

 either ταβ = ζαβ = 0. In this case, by (B.11), (B.5) and (B.2), we find that

(̂∇ρ)(αβ)γ 0 = 0.

 or α(k) = 0, from which we find

(̂∇ρ)(αβ)γ 0 = α(ατβ)γ ,

which tells us that one must impose in addition α(v) = 0 for all v ∈ �(K⊥) for
invariance.

• Suppose T̊ is a section of /G1,30 . This is also a subbundle of /G1,2−1 and /G2,0−1 , i.e.

τ ◦
αβ̄

= σαβ̄ = 0. It is also contained in /G3,0−1, so for o-invariance, we must have
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 either ταβ = 0 in which case, by (B.12), (B.6) and (B.3),

(

(̂∇ρ)ᾱβγ 0
)

◦ = 0.

If we assume ταβ = 0, then no further conditions are necessary.
 or α(k) = 0. Then, again, by (B.12), (B.6) and (B.3), we have

(

(̂∇ρ)ᾱβγ 0
)

◦ = 2i
(

αᾱτβγ

)

◦ ,

from which we immediately conclude that α(v) = 0 for all v ∈ �(K⊥) for
o-invariance.

• Suppose T̊ is a section of (/G0×1
0 )[−2(m−1)i:1]. This is contained in (/G1×3

−1 )[2(m−1)i:1],
which is o-invariant if α(k) = 0 or ταβ = ζαβ = 0. In particular, by (B.15), (B.16),
(B.4) and (B.6), we have

2hγ ᾱ(̂∇ρ)0βγ ᾱ + hγ ᾱ(̂∇ρ)ᾱβγ 0 = −4(m − 1)iQ0β
0 − ihγ ᾱ

(

Qᾱβγ − Qᾱγβ

)

.

Comparing the two terms on the RHS shows that for invariance to hold, one needs
α ∧ κ = 0.

• Suppose T̊ is a section of /G0,01 . In dimension greater than six, this is a subbundle

of /G1,2−1, i.e. ταβ = 0. Then, by (B.14), (B.7), (B.4), we have

(̂∇ρ)0βγ 0 = 2iQ0[βγ ].

where

Q0[βγ ] = −Q0[β0αγ ] − α[β(∇κ)γ ]0 + (∇α)[βγ ],

Q0[β0αγ ] = −β(dα)0[βαγ ] + 1

2
β
(

(∇κ)0[β + (∇κ)[β0
)

αγ ]α0

For o-invariance, we need α(v) = 0 for all v ∈ K⊥, i.e. α ∧ κ = 0. Then we are
left with

(̂∇ρ)0βγ 0 = 2i(dα)βγ = 2iα0τβγ ,

since αa = α0κa , which we know it zero. Invariance then follows.
In dimension six, ταβ is not necessarily zero. Suppose it is not. Since /G0,01 ⊂
(/G0×1

0 )[−2i:1], we must have α(k) = 0, and by (B.14), (B.7), (B.4), we find

Q0[βγ ] = −Q0[β0αγ ] − α[β(∇κ)γ ]0 + (dα)[βγ ] + α0τβγ ,

and

Q0[β0αγ ] = −(dα)0[βαγ ]
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For o-invariance we must also assume α(v) = 0 for all v ∈ K⊥. Then we are left
with

(̂∇ρ)0βγ 0 = 2i(dα)βγ + 2iα0τβγ = 4i α0τβγ ,

where we have made use of the fact that αa = α0κa . So for o-invariance, we must
have either αa = 0, which we rule out, or assume in addition ταβ = 0 and so
ζαβ = 0.

��
Remark 6.5 The o-invariance of the subbundles (/G1×3

−1 )[−2i:1] and /G1,10 ∩ /G1,20 in Theo-
rem6.4 comes as no surprise. These correspond to N being preserved by the flowof any
section of K , and the involutivity of N , respectively, and these geometric properties
do not depend on the equivalence class o.

Remark 6.6 Theorem 6.4 should be contrasted with the situation regarding gener-
alised optical geometries,where the o-invariants are precisely the conformal invariants,
namely the shear and twist, of the optical geometry of some metric g in o as pointed
out in [25, 90].

6.2 Generalised Robinson geometries as G-structures

Following the original definition of a generalised optical structure of [88, 90, 91, 110–
112], we express an equivalent definition of a generalised almost Robinson geometry
in the following terms:

Proposition 6.7 Let M be a smooth oriented (2m + 2)-dimensional manifold. Then
the following statements are equivalent.

(1) M is endowed with a generalised Robinson structure (K , o).
(2) M is endowed with a pair of distributions K (1) and K (2m+1) of rank 1 and 2m+1,

respectively, such that

K (1) ⊂ K (2m+1) (6.3)

and its associated screen bundle K (2m+1)/K (1) is equipped with a conformal
structure of Riemannian signature together with a compatible bundle complex
structure.

Proof Recall from [25] that a generalised optical structure (K , o) is equivalent to
the existence of a filtration (6.3), where K (1) is identified with K , together with a
conformal structure on the screen bundle K (2m+1)/K (1). Since a generalised almost
Robinson structure is in particular a generalised optical structure, it suffices to exhibit
a compatible bundle complex structure on K (2m+1)/K (1). But this follows directly
from Proposition 5.3 and the fact that the screen bundle does not depend on the choice
of metric in o. ��
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A generalised almost Robinson structure on a smooth manifold M can therefore
be regarded as a G-structure where the structure group of the frame bundle of M is
reduced from SL(2m+2,R) (orGL(2m+2,R) if we drop the assumption thatM is
oriented) to the closed Lie subgroup H that stabilises the filtration (6.3), together with
a conformal structure and compatible bundle complex structure on the screen bundle.
One can easily check that H has dimension (m + 2)2.

Under the assumption of real-analyticity, the generalised almostRobinsongeometry
(M, N , K , o) is integrable as a G-structure if and only if there exist local coordinates
(u, v, zα, z̄ᾱ) onM, where u and v are real, zα complex, and z̄ᾱ = zα such that

(1) ∂
∂v

spans K ,
(2) du annihilates K⊥,
(3) (du, dzα) annihilate N , and
(4) o contains the Minkowski metric g = 2 du dv + 2 h

˜

αβ̄dzα dzβ̄ , where h
˜

αβ̄ is the
standard Hermitian metric on Cm .

The characterisation of integrable generalised optical structure was dealt with in
[25, 90]. In the case of generalised almost Robinson geometries, we have the following
result.

Theorem 6.8 Let (M, N , K , o) be a generalised almost Robinson geometry with con-
gruence of null curves K. The following statements are equivalent.

(1) There exists a torsion-free linear connection ∇′ compatible with (N , K ) and o,

∇′
uv ∈ �(N ), for any v ∈ �(N ), u ∈ �(TM), (6.4)

∇′
u g(v,w) ∝ g(v,w), for any g ∈ o, v, w ∈ �(K⊥), u ∈ �(TM). (6.5)

(2) For any metric g in o, (M, g, N , K ) is a nearly Robinson manifold whose intrinsic
torsion is a section of /G1−1 ∩ /G1,10 ∩ /G1,20 ∩ /G1,30 . In particular, it is of Robinson–
Trautman or Kundt type.

Further, in the neighbourhood of any point in M, there exists smooth functions u and
v such that

• ∂
∂v

spans K ,
• du annihilates K⊥, and
• o contains the metric g = 2 dudv + h, where h is a family of conformally flat

Hermitian metrics of Gray–Hervella class W4 smoothly parametrised by u,

if and only if any of the conditions (1) and (2) holds together with the condition

(

κ[a Wbc][deκ f ]
)

◦ = 0, (6.6)

for any 1-form κ annihilating K⊥, where Wabcd is the Weyl tensor of any metric in o.

Proof Weshow that (1) implies (2). Let∇′ be as given in (1).Note thatwe can reexpress
(6.5) equivalently as

∇′
agbc = βagbc + 2 γa(bκc), (6.7)
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for some tensor fields βa and γab, and where κa annihilates K⊥. Now, the difference
between∇′ and theLevi-Civita connection∇ for some g ino can be expressed uniquely
by

∇′
aαb = ∇aαb − Qab

cαc, for any 1− form αa,

where

Qabc = 1

2
βcgab + γc(aκb) − β(agb)c − γ(ab)κc − κ(aγb)c.

This follows from the requirement that ∇′ be also torsion-free, and (6.5) holds. Now
choosing splitting operators (�a, δa

i , ka) = (�a, δa
α, δa

ᾱ, ka) for g, we find

(∇κ)0 j = 0, (∇κ)i j = 1

2
β0hi j , (∇κ)0 j = 1

2

(

β j + γ 0
j − γ j

0
)

,

and

(∇ρ)0αβ0 = 0, (∇ρ)αβγ 0 = 0, (∇ρ)ᾱβγ 0 = 2iβ[βhγ ]ᾱ, (∇ρ)0βγ 0 = γ[βγ ],

and it follows immediately (see, for example, equations (4.8) and (4.9)) that the
intrinsic torsion of the almost Robinson structure of (M, g, N , K ) is a section of
/G1−1 ∩ /G1,10 ∩ /G1,20 ∩ /G1,30 . We note that this is independent of the choice of metric in o
by Theorem 6.4.

To prove that (2) implies (1), we note that since /G1,10 ∩ /G1,20 ∩ /G1,30 is a Q-invariant

subbundle of /G3,0−1 ∩ /G1−1 ∩ /G2−1, we can simply take the linear connection given in
Corollary 4.72.

The final part of the proof follows from Theorem 7.6 of [25] and Table 7. ��

Remark 6.9 Consider now a generalised almost Robinson geometry (M, N , K , o) for
which the Minkowski metric η belongs to o, i.e. any metric in o is conformal to a
metric of the form

g = η + 2κα,

for some optical 1-form κ and 1-formα. Thismeans that (N , K ) is an almost Robinson
structure for Minkowski space (M, η). Using the Kerr theorem of Sect. 5.6, one can
then generate many non-flat Robinson manifolds.

In the particular case where (M, N , K , o) is of Kerr–Schild type, we recover the
original Kerr–Schild metric, considered by Kerr and Schild in [44] in dimension four,
and which is an exact first-order perturbation of the Minkowski metric.
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Example 6.10 (TheMyers–Perrymetric)Let uswrite theMinkowskimetric in standard
coordinates (t, xα, yα, z)α=1,...,m in dimension 2m + 2,

η = −(dt)2 +
m
∑

α=1

(

(dxα)2 + (dyα)2
)

+ (dz)2,

and let

κ = dt +
m
∑

α=1

r(xαdxα + yαdyα) + aα(xαdyα − yαdxα)

r2 + a2
α

+ z

r
dr ,

and

f = Mr2

1−∑m
α=1

a2α((xα)2+(yα)2)
(r2+a2α)2

1
∏m

α=1(r
2 + a2

α)
.

Here, the radial coordinate is defined by

m
∑

α=1

(xα)2 + (yα)2

r2 + a2
α

+ z2

r2
= 1.

Then, the Kerr-Myers-Perry metric in Kerr-Schild form is given by [61]

g = η + f κ2.

Being a relative of the Kerr-NUT-(A)dSmetric—see Example 4.50—theMyers–Perry
metric admits two sets of 2m−1 Robinson structures corresponding to two optical
structures.

As shown in [59], these Robinson structures are defined by the eigenspinors of a
so-called conformal Killiang-Yano 2-form ξab that is also closed, i.e. ξab satisfies the
overdetermined system of linear first order partial differential equations:

∇aξbc = 2

2m + 1
ga[b∇dξc]d .

Since these Robinson structures exist for η, by the Kerr theorem, they must arise from
a complex submanifold of dimension m + 1 of twistor space—see Sect. 5.6. In [107],
the construction of this submanifold is given as the locus of a system of polynomials
of degree two whose coefficients are determined by the prolongation of the conformal
Killing-Yano equation.

Example 6.11 (Fefferman–Einsteinmetrics andTaub–NUT–(A)dSmetrics) Reference
[106] shows that the Fefferman–Einstein metric and the Taub–NUT–(A)dS metric
belong to the same generalised almost Robinson geometry.
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Example 6.12 (Metrics of supergravity) The metric (4.41) together with its Robinson
3-form (4.42) in Example 4.64 belongs to the equivalence class of metrics of an
integrable generalised almost Robinson geometry of Kerr–Schild type, and to which
the Minkowski metric also belongs.

7 Generalisation to other metric signatures and odd dimensions

The setting of the present article can be easily adapted to any pseudo-Riemannian
manifold (M, g) of signature (p+1, q+1) for any even integer p, q with p+q = 2m,
where there is also a notion of almost null structure N , defined to be a totally null
complex distribution of rank m. In this general case, the real index r of N can take
any of the values [48]

r ≡ min(p + 1, q + 1) (mod 2).

When pq �= 0, it is therefore necessary to define an almost Robinson structure as an
almost null structure of real index one. Equivalently, these can be characterised as an
optical geometry whose screen bundle is endowed with a bundle complex structure
compatible with the screen bundle metric. One has to be cautious in the definition of
a twist-induced almost Robinson structure since the screen bundle metric is no longer
positive-definite. This difference is also reflected in the pure spinor approach, which
now may be of different real indices: beside the purity condition (3.13), pure spinors
of real index one now satisfy further algebraic conditions [13, 48]. Other than these
considerations, the properties of the intrinsic torsion given in the present article will
apply to different metric signatures.

Finally, one can also define an almost Robinson structure (N , K ) on a (2m + 3)-
dimensional smooth Lorentzian manifold (M, g) (or its conformal analogue). Here,
N is a totally null complex (m + 1)-plane distribution, i.e. an almost null structure,
of real index one so that K is the rank-one null distribution arising from the real span
of N ∩ N . In dimension three, they are equivalent to optical geometries. Unlike in
even dimensions, the real index has to be specified here, since generically, in odd
dimensions, the real index is zero [47]. Another crucial difference is that N is now
strictly contained in its rank-(m + 2) orthogonal complement N⊥, which makes the
algebraic classification of its intrinsic torsion significantlymore involved. For instance,
one may require the integrability of either N or N⊥, or both. Nevertheless, these are
also relevant to the study of solutions to Einstein field equations in higher dimensions
as was shown in [59, 101]. The geometry of almost null structures in odd dimensions
is investigated in [68, 103, 104, 107]. Almost Robinson structures can also be defined
in signatures (2p + 1, 2q + 2) for any p, q with pq �= 0 as an almost null structure
of real index one.
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Appendix A. Projections

In this appendix, we define the projections from the modules of intrinsic torsion G

to its irreducible Q0-modules as given in Theorem 3.15. We choose a Robinson 3-
form ρabc associated to an optical 1-form κa , and splitting operators (�a, δa

i , ka) =
(�a, δa

α, δa
ᾱ, ka), (δi

α, δi
ᾱ), with κa = gabkb. We shall be using these to convert index

types, with the additional convention that if αa is a 1-form, we shall write kaαa = α0

and �aαa = α0.
As usual, the screen space symmetric bilinear form, the Hermitian form and the

complex structurewill be denoted hi j ,ωi j and Ji
j , respectively. Now let�ab

c ofV∗⊗g

and ωab = ωi jδ
i
aδ

j
b . so that ρabc = 3κ[aωbc]. We streamline notation by setting

(� · κ)ab := −�ab
cκc, (� · ω)abc := 2�a[b dωc]d , (� · ρ)abcd := −3�a[beρcd]e.

In particular,

(� · ρ)abcd = 3(� · ω)a[bcκd] + 3(� · κ)a[bωcd].

Note also that (� · κ)abkb = 0 and (� · ω)abckc = −(� · κ)ac Jb
c. Then it is easy to

check

(� · ρ)a
0

jk = 0, (� · ρ)a0 jk = (� · ω)ajk + (� · κ)a0ω jk,

(� · ρ)ai jk = 3(� · κ)a[iω jk], (� · ρ)a
0
0k = −(� · κ)aj Jk

j . (A.1)
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Let us first recall the projections from the module of intrinsic torsions to its irre-
ducible P0-modules from [25]:

�0−2 : V
∗ ⊗ g → G

0−2, �ab
c �→ �0−2(�)i := (� · κ)0i ,

�−1 : V
∗ ⊗ g → G−1, �ab

c �→ �−1(�)i j := (� · κ)i j ,

�0−1 : V
∗ ⊗ g → G

0−1, �ab
c �→ �0−1(�) := �−1(�)i j h

i j ,

�1−1 : V
∗ ⊗ g → G

1−1, �ab
c �→ �1−1(�)i j := �−1(�)[i j],

�2−1 : V
∗ ⊗ g → G

2−1, �ab
c �→ �2−1(�)i j := �−1(�)(i j)◦,

�0
0 : V

∗ ⊗ g → G
0
0, �ab

c �→ �0
0(�)i := (� · κ)0i . (A.2)

With reference to equations (A.1), we also define alternatives to �−1 and �0:

�′−1 : V
∗ ⊗ g → G−1 : � �→ �′−1(�)i j := (� · ρ)i j

0
0,

�′
0 : V

∗ ⊗ g → G0 : � �→ �′
0(�)i := (� · ρ)0i jkh jk .

We note the relation �′−1(�)i j = −�−1(�)ik J j
k .

In dimension six, there are two further projections from V
∗ ⊗ g to the self-dual

and anti-self-dual parts of G
1−1—see [25]. These will not be needed as they will be

subsumed in the projections to G
1,0
−1 ⊕ G

1,1
−1 and G

1,2
−1 given below.

We shall presently introduce, for each i, j, k, a Q0-module epimorphism �
j,k
i :

V
∗ ⊗ g → G

j,k
i with the properties that V

∗ ⊗ q lies in the kernel of �
j,k
i , and

�
j,k
i descends to a projection from G to G

j,k
i . By construction, the kernel of �

j,k
i

mod V ⊗ q is precisely isomorphic to the complement (G
j,k
i )c of G

j,k
i in G as Q0-

modules, i.e.

ker� j,k
i /

(

V
∗ ⊗ q

) ∼= (G
j,k
i )c, i.e.

(

ker� j,k
i /

(

V
∗ ⊗ q

)

)c ∼= G
j,k
i . (A.3)

Let us define the projections

�
3,0
−1 : V

∗ ⊗ g → G
3,0
−1, � �→ �

3,0
−1(�) jk := 1

2
(� · ρ)00�1�2

(

δ
�1
j δ

�2
k − J j

�1 Jk
�2
)

,

�1
0 : V

∗ ⊗ g → G
1
0, � �→ �1

0(�)i jk := 1

2
(� · ρ)i�1�20

(

δ
�1
j δ

�2
k − J j

�1 Jk
�2
)

,

�
0,0
1 : V

∗ ⊗ g → G
0,0
1 , � �→ �

0,0
1 (�) jk := 1

2
(� · ρ)00�1�2

(

δ
�1
j δ

�2
k − J j

�1 Jk
�2
)

.

To guide the reader, we shall note that

�
3,0
−1(�)αβ = (� · ω)0αβ, �1

0(�)i jk = (� · ω)i jk �
0,0
1 (�) jk = (� · ω)0 jk .
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We can define the remaining projections �
j,k
i : V

∗ ⊗ g → G
j,k
i by the properties

�
1,0
−1(�) := [�1−1(�)αβ̄hαβ̄ ] = �1−1(�)i jω

i j ,

�
1,1
−1(�)i j := [[�1−1(�)αβ ]], �

1,2
−1(�)i j :=

[(

�1−1(�)αβ̄

)

◦

]

,

�
2,0
−1(�)i j := [�2−1(�)αβ̄ ], �

2,1
−1(�)i j := [[�2−1(�)αβ ]],

�
0,0
0 (�)i := [[�0

0(�)α]],
�

1,0
0 (�)i := [[�1

0(�)ᾱβγ hβᾱ]] = �1
0(�) jki h

jk, �
1,1
0 (�)i jk := [[�1

0(�)[αβγ ]]],
�

1,2
0 (�)i jk := [[�1

0(�)(αβ)γ ]], �
1,3
0 (�)i jk := [[

(

�1
0(�)ᾱβγ

)

◦]].
(A.4)

where we recall that [[·]] and [·] denote the real spans of the enclosed quantities.
That these are indeed projections is not too difficult to check. We also define a

variant of the maps �
1,1
−1 and �

1,0
0 by

�′1,1−1 : V
∗ ⊗ g → G

1,1
−1, � �→ �′1,1−1(�)i j := [[i�′−1(�)[αβ]]],

�′0,0
0 : V

∗ ⊗ g → G
0,0
0 , � �→ �′0,0

0 (�)i := 1

2m − 2
�′

0(�)i jkω
jk

= − 1

m − 1
[[i(� · ρ)0αβγ̄ hβγ̄ ]].

One can indeed verify that these satisfy �
1,1
−1(�)i j = �′1,1−1(�)i j and �

1,0
0 (�)i =

�′1,0
0 (�)i . We are now in the position to introduce the following families of maps: for

any [x : y] ∈ RP
1, [z : w] ∈ CP

1,

(�0×1
−1 )[x :y] : V

∗ ⊗ g → G
0,0
−1 ⊕ G

1,0
−1, � �→ (�0×1

−1 )[x :y](�)

:= x �
0,0
−1(�)+ y �

1,0
−1(�),

(�1×2
−1 )[x :y] : V

∗ ⊗ g → G
1,2
−1 ⊕ G

2,0
−1, � �→ (�1×2

−1 )[x :y](�)

:= [x �
2,0
−1(�)αβ̄ − y i�1,2

−1(�)αβ̄ ],
(�1×3

−1 )[z:w] : V
∗ ⊗ g → G

1,1
−1 ⊕ G

3,0
−1, � �→ (�1×3

−1 )[z:w](�)

:= [[z �′1,1−1(�)αβ + w �
3,0
−1(�)αβ ]],

(�0×1
0 )[z:w] : V

∗ ⊗ g → G
0,0
0 ⊕ G

1,0
0 , � �→ (�0×1

0 )[z:w](�)

:= [[z �′0,0
0 (�)α + w �

1,0
0 (�)α]].

Finally, we give alternative forms of the maps defined above in terms of algebraic
relations with Ji

j , ωi j and hi j :

�
0,0
−2 : V

∗ ⊗ g → G
0.0−2, � �→ �

0,0
−2 (�)i := �0−2(�)i ,

�
0,0
−1 : V

∗ ⊗ g → G
0,0
−1 , � �→ �

0,0
−1 (�) := �0−1(�),
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�
1,0
−1 : V

∗ ⊗ g → G
1,0
−1 , � �→ �

1,0
−1(�) := �1−1(�)i j ω

i j ,

�
1,1
−1 : V

∗ ⊗ g → G
1,1
−1 , � �→ �

1,1
−1(�)i j := 1

2
�1−1(�)k�

(

δk
i δ�

j − Ji
k J j

�
)

,

�
1,2
−1 : V

∗ ⊗ g → G
1,2
−1 , � �→ �

1,2
−1(�)i j := 1

2
�1−1(�)k�

(

δk
i δ�

j + Ji
k J j

� − 2

n
ωi j ω

k�

)

,

�
2,0
−1 : V

∗ ⊗ g → G
2,0
−1 , � �→ �

2,0
−1 (�)i j := 1

2
�2−1(�)k�

(

δk
i δ�

j + Ji
k J j

�
)

,

�
2,1
−1 : V

∗ ⊗ g → G
2,1
−1 , � �→ �

2,1
−1(�)i j := 1

2
�2−1(�)k�

(

δk
i δ�

j − Ji
k J j

�
)

,

�
3,0
−1 : V

∗ ⊗ g → G
3,0
−1 , � �→ �

3,0
−1(�) jk := 1

2
(� · ρ)00�1�2

(

δ
�1
j δ

�2
k − J j

�1 Jk
�2
)

,

�
0,0
0 : V

∗ ⊗ g → G
0,0
0 , � �→ �

0,0
0 (�)i := �0

0(�)i ,

�
1,0
0 : V

∗ ⊗ g → G
1,0
0 , � �→ �

1,0
0 (�)k := �1

0(�)i jk hi j ,

�
1,1
0 : V

∗ ⊗ g → G
1,1
0 , � �→ �

1,1
0 (�)i jk := 1

2
�1
0(�)�m[i

(

δ�
j δ

m
k] − J j

� Jk] m
)

,

�
1,2
0 : V

∗ ⊗ g → G
1,2
0 , � �→ �

1,2
0 (�)i jk := 1

2
�1
0(�)�mk

(

δ�
(i δ

m
j) − J(i

� J j)
m
)

,

�
1,3
0 : V

∗ ⊗ g → G
1,3
0 ,

� �→ �
1,3
0 (�)i jk := 1

2
�1
0(�)�m[k

(

δm
j]δ�

i + J j] m Ji
� − 2

m − 1

(

h j]i h�m − ω j]i ω�m
)

)

,

�
0,0
1 : V

∗ ⊗ g → G
0,0
1 , � �→ �

0,0
1 (�) jk := 1

2
(� · ρ)00�1�2

(

δ
�1
j δ

�2
k − J j

�1 Jk
�2
)

.

Note that for the map �
1,3
0 , we use the identity ωi j (� · ω)i jk = hi j (� · ω)i j� Jk

�, or
equivalently hi j (� · ω)i jk = −ωi j (� · ω)i j� Jk

�. Other useful identities include

�
1,1
−1(�)ki J j

k = �1−1(�)k[i J j] k , �
1,2
−1(�)ki J j

k = �1−1(�)k�

(

J(i
kδ�

j) +
1

n − 2
hi j ω

k�

)

,

�
2,0
−1 (�)ki J j

k = �2−1(�)k[i J j] k , �
2,1
−1(�)ki J j

k = �2−1(�)k(i J j)
k ,

�
1,0
0 (�) j Jk

j = ωi j (� · ω)i jk .

For the remaining modules, we record, for each [x : y] ∈ RP
1, [z, w] ∈ CP

1,

(�0×1
−1 )[x :y] : V

∗ ⊗ g → G
0,0
−1 ⊕ G

1,0
−1 , � �→ (�0×1

−1 )[x :y](�) := x �
0,0
−1 (�)+ y �

1,0
−1(�),

(�1×2
−1 )[x :y] : V

∗ ⊗ g → G
1,2
−1 ⊕ G

2,0
−1 , � �→ (�1×2

−1 )[x :y](�) := x �
1,2
−1(�)ik J j

k + y �
2,0
−1 (�)i j ,

(�1×3
−1 )[z:w] : V

∗ ⊗ g → G
1,1
−1 ⊕ G

3,0
−1 ,

� �→ (�1×3
−1 )[z:w](�) := #

(

z �′1,1−1(�)i j + w �
3,0
−1(�)i j

)

+ $
(

z �′1,1−1(�)ik + w �
3,0
−1(�)ik

)

J j
k ,

(�0×1
0 )[z:w] : V

∗ ⊗ g → G
0,0
0 ⊕ G

1,0
0 ,

� �→ (�0×1
0 )[z:w](�) := #

(

z �
0,0
0 (�)i + w �

1,0
0 (�)i

)

+ $
(

z �
0,0
0 (�) j + w �

1,0
0 (�) j

)

Ji
j ,

where #(·) and $(·) denote the real and imaginary parts, respectively.
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Appendix B. Generalised almost Robinson geometry—connections

Let (M, N , K , o) be a generalised almost Robinson geometry, and let g and ĝ be two
metrics in o related via

ĝab = gab + 2κ(aαb),

for some 1-form αa . Denote by ̂∇ and∇ their corresponding Levi-Civita connections.
Then for any 1-form νa , we have

̂∇aνb = ∇aνb − Qab
cνc,

where Qabc = Qab
d gdc is given by

Qabc + Qab
dαcκd + Qab

dκcαd = −(∇cκ(a)αb) − (∇cα(a)κb)

+(∇(aκb))αc + (∇(aαb))κc + α(a(∇b)κc) + κ(a(∇b)αc)

Set β = (1+ α0)−1. Contracting this expression with instances of ka , δa
α , δ

a
ᾱ and �a ,

and using the definitions (4.8) and (4.9) yields

Qa
00 = 0, (B.1)

Qαβ
0 = −βγ(ααβ) + βα0σαβ, (B.2)

Qᾱβ
0 = −1

2
β(∇κ)00αβ − 1

2
βγβα0 + α0β(dκ)0β + β(dα)β

0. (B.3)

Q0
βγ = α(γ γβ) + α0τβγ , (B.4)

Qαβγ = −Qαβ
0αγ + 2α(ατβ)γ + αγ σαβ, (B.5)

Qᾱβγ = −Qᾱβ
0αγ − α[β(∇κ)γ ]ᾱ + (∇κ)ᾱ(βαγ ) + αᾱτβγ , (B.6)

Q0βγ = −Q0β
0αγ − α[β(∇κ)γ ]0 + (dα)[βγ ] + (∇κ)0(βαγ ) + α0τβγ (B.7)

Now,

̂∇aκb = ∇aκb − Qab
cκc, ̂∇aρbcd = ∇aρbcd − 3 Qa[beρcd]e,

so that

(̂∇κ)abkaδb
i = γi , (̂∇ab)δ

a
(iδ

b
j)◦ = σi j − Q(i j)◦

0, (̂∇ab)δ
a
[iδ

b
j] = τi j ,

(B.8)

(̂∇ρ)abcd)kaδb
βδc

γ �d = ζβγ + 2iQ0[βγ ], (B.9)

(̂∇ρ)abcd)δa[αδb
β]kc�d = −iταβ − iQ0[αβ], (B.10)

(̂∇ρ)abcd)δa
αδb

βδc
γ �d = Gαβγ + 2iQα[βγ ], (B.11)
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(̂∇ρ)abcd)δa
ᾱδb

βδc
γ �d = Gᾱβγ + 2iQᾱ[βγ ], (B.12)

(̂∇ρ)abcd)�aδb
βδc

γ �d = Bβγ + 2iQ0[βγ ], (B.13)

(̂∇ρ)abcd)�aδb
βδc

γ δd
ᾱ = 2iE[βhγ ]ᾱ − 2iQ0[β0hγ ]ᾱ, (B.14)

hγ ᾱ(̂∇aρbcd)�aδb
βδc

γ δd
ᾱ = (m − 1)

(

iEβ − 2iQ0β
0
)

, (B.15)

hγ ᾱ(̂∇aρbcd)δa
ᾱδb

βδc
γ �d = −Gβ + ihγ ᾱ

(

Qᾱβγ − Qᾱγβ

)

. (B.16)

In particular,

−2hγ ᾱ(̂∇aρbcd)�aδb
βδc

γ δd
ᾱ − hγ ᾱ(̂∇aρbcd)δa

ᾱδb
βδc

γ �d

= Gβ − 2(m − 1)iEβ + 4(m − 1)iQ0β
0 − ihγ ᾱ

(

Qᾱβγ − Qᾱγβ

)

.
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