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Abstract

Pulsars are dense, rapidly spinning remnants of massive stars. Charged particles are
accelerated beyond TeV energies by the extreme environment around the pulsar and
emit radiation to form the Pulsar Wind Nebula (PWN). These particles escape into the
interstellar medium (ISM) and interact with the ISM or soft photon fields to produce
gamma rays or with magnetic fields to produce radio to X-ray emission. One of the
major mysteries in modern-day astrophysics is how protons and electrons propagate (e.g.
di↵usion or advection) within PWN environments.

HESS J1825-137 is a bright, extended TeV PWN, making it an ideal laboratory to
study particle transport in PWN. Both the HAWC and LHAASO observatories have
observed gamma-ray emission from HESS J1825-137 greater than 50 TeV, indicative of a
PeVatron; a source capable of accelerating electrons up to energies greater than 1015 eV.
This thesis focuses on understanding the origin of the X-ray to gamma-ray emission
towards HESS J1825-137.

Fermi -LAT observations revealed extended GeV emission to the Galactic south of
HESS J1825-137. The first portion of this thesis investigated whether this GeV emis-
sion originated from the PWN associated with HESS J1825-137, its progenitor supernova
remnant (SNR) or a source linked to the nearby X-ray binary LS 5039. ISM gas anal-
ysis was first conducted towards this region to constrain the multi-wavelength emission.
The analysis highlighted a dense cloud of CO(1-0) gas lying towards the GeV region
at the same distance as LS 5039 that is coincident with a HU SNR rim associated with
HESS J1825-137. The results of the gas analysis was combined with spectral energy dis-
tribution (SED) modelling to show that neither a source associated with HESS J1825-137
or LS 5039 is likely to be the sole origin of high-energy protons or electrons towards the
GeV region. A combination of both sources could result in the gamma-ray emission. This
study emphasised the complexity of the region towards HESS J1825-137.

The second part of this thesis investigated the multi-wavelength SED and gamma-ray
morphology towards HESS J1825-137 to disentangle the transport mechanisms of elec-
trons from the pulsar. Electrons escaping the PWN propagate di↵usively (where particles
scatter o↵ turbulence, resulting in ’random-walk’) and/or via advection (the bulk mo-
tion of particles). The region towards HESS J1825-137 was divided into a 3D grid of
spatially-dependent number density and magnetic field. The transport of electrons from
the pulsar wind nebula was then modelled using a numerical solution of the transport
equation to reproduce the multi-wavelength SED and gamma-ray morphology seen to-
wards HESS J1825-137. A di↵usive model with an advective velocity of 0.0022 (2 is the
speed of light) towards lower Galactic longitudes can broadly explain the observations.
Additionally, a turbulent region of gas with a magnetic field between 20�60 µG is required
to prevent significant gamma-ray contamination towards the nearby northern TeV source,
HESS J1826-136.

The modelling conducted in this thesis is not constrained to HESS J1825-137 and can
be applied to other TeV PWN or other gamma-ray sources to develop understanding of
how cosmic-ray sources evolve in their respective environments.
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Chapter 1

Introduction

The Aurora Borealis (aka the Northern lights) have fascinated humans as far back as the
Stone Ages and have been integrated into the mythology of many cultures (see Eather,
1980 and references within). These lights (and the Southern lights) are the result of
charged particles emitted by solar flares that are channelled by the Earth’s magnetic field
to the poles. When they collide with the Earth’s atmosphere, they excite oxygen and
nitrogen atoms that then decay back into their ground state to produce dazzling green
and red light. Charged particles from the sun have energies up to 1010 eV and are only
the tip of the iceberg (Longair, 2011).

The Earth’s atmosphere is constantly bombarded by charged particles known as cosmic
rays (protons, electrons, nucleo, neutrinos and anti-matter) that can have energies up to
1020 eV (Stanev, 2010). These cosmic rays originate from outside the solar system from
Galactic sources such as pulsar wind nebulae (PWNe), supernova remnants (SNRs) and
stellar clusters or extra-Galactic sources like Galaxy clusters and active Galactic nuclei.

Cosmic rays must then traverse through extreme environments in the Milky Way to
reach Earth. On their journey, cosmic rays interact with magnetic fields or collide with
gas and the cosmic microwave background to release electromagnetic energy from X-rays
to gamma rays. Gamma rays convey information about their cosmic-ray predecessors
such as where cosmic rays are accelerated, their energy and how they propagate from
their source. Essentially, gamma rays are a highly accessible tracer or ‘smoking gun’ of
cosmic rays!

While our ancestors used the naked eye to observe celestial bodies, modern day as-
tronomers have access to instruments that can observe the highest energy gamma rays.
The cutting-edge High Energy Stereoscopic System (H.E.S.S.) is one such observatory
that has the capability of observing gamma rays with energies up to 100 TeV (HESS
). In 2018, the H.E.S.S. collaboration released their second Galactic plane survey which
consisted of 78 TeV gamma-ray sources (H.E.S.S. Collaboration et al., 2018a). Of these
sources, 20 are confirmed TeV PWNe and a further 36 are possible PWNe candidates.
This makes PWNe the most numerous class of the Galactic TeV gamma-ray sources.

Supernovae occur when a massive star core collapses, or when a white dwarf ‘re-ignites’
and triggers runaway nuclear fusion. The supernova as well as gravitational collapse can
compress the core of massive stars past the density of a star to the density inside the
nucleus of an atom. This rapidly rotating compact object, known as a neutron star, emits
two beams of electromagnetic radiation from its magnetic poles. The magnetic and rota-
tion axes of the neutron star do not necessarily align, leading to the beams being observed
as a series of pulses when the direction of the beam points towards Earth. In this scenario,

1



2 CHAPTER 1. INTRODUCTION

the neutron star is classified as a pulsar. Charged particles are accelerated by the extreme
environment around the pulsar beyond TeV energies to emit electromagnetic radiation
to form the PWN. PWNe have been observed across the electromagnetic spectrum, from
low frequency radio waves (Hewish et al., 1968) up to high-energy PeV gamma rays (The
LHAASO Collaboration et al., 2021).

Cosmic rays escaping the PWN experience di↵usion (where cosmic rays scatter o↵
magnetic fields and ISM gas, resulting in its overall motion being described by a random
walk) and/or advection (an overall bulk motion of cosmic rays in a certain direction). It
has been proposed that advection dominates particle transport close to the pulsar while
di↵usion dominates the outer reaches of the PWN (Giacinti et al., 2020; Recchia et al.,
2021). Additionally, cosmic rays interact with their environment to radiate photons at
a rate related to their energy. The combination of di↵usion, advection and radiative
processes will influence the morphology and spectral information of the PWN.

This thesis will model the multi-wavelength emission towards the TeV PWN
HESS J1825-137 by combining cosmic-ray transport theory and observations from state-
of-the-art instruments such as H.E.S.S.. HESS J1825-137 is one of the brightest TeV
PWN with extended GeV emission ⇡ 2.5� to the south (Araya et al., 2019). This makes
HESS J1825-137 an ideal laboratory to study the relativistic transportation of cosmic
rays towards PWN. By modelling the emission towards HESS J1825-137, insight into the
cosmic-ray transportation will be gained.

The thesis will be structured as following: Chapter 2 will provide an overview in
TeV PWNe, cosmic rays and the processes in which cosmic rays convert their energy into
gamma rays. Chapter 3 describes some of the instruments whose data products were used
in this thesis and their observational techniques. Chapter 4 discusses interstellar gas, its
implications in this thesis and how the gas can be detected. Chapter 5 will delve deeper
into cosmic-ray propagation, how their energy distribution evolves in time for a simple re-
gion of interstellar gas. The techniques discussed in Chapter 5 will be applied to the GeV
gamma-ray emission to south of HESS J1825-137 in order to gain insight into underlying
particle acceleration and transportation in this region. This original work was published in
the peer reviewed journal Monthly Notices of the Royal Astronomical Society (MNRAS)
and can be viewed in Chapter 6. Chapter 7 will expand on the cosmic-ray propagation
theory discussed in Chapter 5 by modelling the transport of CRs in complex regions of
ISM with varying magnetic fields, gas distribution and di↵usion rates. Chapter 8 applies
this model to HESS J1825-137 in order to explain the extended multi-wavelength emis-
sion towards HESS J1825-137 and to constrain the gamma-ray contamination of nearby
unidentified TeV object HESS J1826-130 by HESS J1825-137. Chapter 9 will summarise
the work conducted in this thesis and discuss any future work.

Acronyms and Abbreviations

Bremsstrahlung: brem
CMB: cosmic microwave background
CTA: Cherenkov Telescope Array
FIR: far-infrared
Fermi-LAT: Fermi Large Area Telescope
GC: Galactic centre
HAWC: High Altitude Water Cherenkov Experiment



3

H.E.S.S.: High Energy Sterescopy System
HGPS: HESS Galactic Plane Survey
IR: infrared
ISM: interstellar medium
LSR: local standard of rest
LHAASO: Large High Altitude Air Shower Observatory
NIR: near-infrared
p-p: proton-proton
PWN: pulsar wind nebula
SED: Spectral Energy Distribution
SNR: supernova remnant
sync: synchrotron
UV: Ultra Violet
VHE: Very High Energy



Chapter 2

Pulsar Wind Nebulae

The last couple of centuries have seen astronomy being turned from a navigators map
into a diverse field full of extremes. High-energy astrophysics is one of these extremes
and investigates cosmic rays and gamma rays released by the most energetic events in
the Universe. One source of cosmic rays are PWNe, which can be seen across the elec-
tromagnetic spectrum from radio waves up to gamma rays. The linking of fundamen-
tal physics to gamma-ray observations can provide a window into the understanding of
PWNe. This chapter is divided as follows: Section 2.1 discusses the structure and evo-
lution of PWN before highlighting the TeV PWN HESS J1825-137 and nearby northern
source HESS J1826-130. Cosmic rays are then investigated in further detail in Section 2.2
before describing the pathways of gamma ray production by cosmic rays in Section 2.3.

2.1 Pulsar Wind Nebulae

2.1.1 Neutron Stars/ Pulsars

Figure 2.1: The neutron star/pulsar struc-
ture is composed of an inner & outer core,
inner & outer crust and an atmosphere
(Haensel et al., 2007).

In 1967 Jocelyn Bell and Antony Hewish
observed a series of radio pulses every 1.33 s
originating from the same location in the
night sky. The object was label LGM-1,
short for ‘little green men’, and became the
first known neutron star/pulsar. First pro-
posed by Walter Baade and Fritz Zwicky in
the 1930’s (Baade and Zwicky, 1934c), neu-
tron stars are the rotating, highly dense,
magnetised remnants of massive stars that
emit beams of photons from its magnetic
poles. The magnetic and rotational axes
do not necessarily align and the beams of
photons rotate around the neutron star. A
neutron star is a pulsar when the beam of
light points in the direction of earth, form-
ing the characteristic pulse.

Neutron stars are formed during a supernova when a massive star (& 8 "�) can no
longer support the immense gravitational pressure due to accumulation of iron in the
core and undergoes core collapse. Gravitational pressure overcomes electron-degeneracy
pressure, forcing electrons and protons in the core to combine to form neutrons. At this
point, neutron-degeneracy and the strong force prevents further collapse and the neutron
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2.1. PULSAR WIND NEBULAE 5

star is created. If the neutron star mass exceeds the Tolman–Oppenheimer–Volko↵ limit
(1.5 � 3 "�), further collapse can result in a black hole (Bombaci, 1996; Slane et al.,
2015).

Neutron stars have a mass of 1� 3 "�, average density d0 = 2.8⇥ 1014g cm�3 (nuclear
saturated mass density) and a radius 10 � 15 km which is subdivided into the following
layers (see Fig. 2.1) (Haensel et al., 2007): the atmosphere consists of a thin layer of
plasma (electrons and light nuclei) up to 10 cm thick with temperature around 105�106 K
(Zavlin and Pavlov, 2002). The magnetic field of 1011 � 1014 G controls the dynamics of
the atmosphere. Ions and electrons make up the outer crust in a layer of 0.3 � 0.5 km
thickness of density d = 4⇥1011 g cm�3. Just below the atmosphere, a thin non-degenerate
electron gas forms the edge of the outer crust. This gives way to a liquid/solid crust where
nuclei undergo electron capture forming neutrons. The inner crust is around 1 km thick,
has average density of 0.3 � 0.5d0 and is composed of electrons, neutrons and neutron-
rich nuclei. Both the inner and outer crust have been postulated to contain ‘nuclear
pasta’, degenerate matter where neutrons and electrons arrange themselves into complex
structures (Schneider et al., 2013). The outer core is the thickest part of the neutron star
at around 9�12 km thick and has density 0.5�2.0d0. The inner core exists at the centre
of the more massive neutron stars with conditions so extreme, it has been postulated that
protons and neutrons break up into their constituent quarks (Haensel et al., 2007).

After core collapse, pulsars retain the majority of a progenitor star’s angular momen-

Figure 2.2: Magnetosphere structure of a pulsar with spin velocity Æ⌦ at angle U to the
magnetic field axis and angle Z to the observer. The acceleration site for the polar cap
model and outer gap model is shown in green and blue respectively while the site for the
slot gap model is enclosed by the red-dashed lines. Image courtesy of Caraveo, 2014.



6 CHAPTER 2. PULSAR WIND NEBULAE

tum (! = <EA; < is the pulsar mass, E is the linear speed and A is the pulsar radius),
leading to the pulsar spinning rapidly on its axis. Based on the assumption that the mag-
netic flux of the progenitor star is conserved, Woltjer, 1964 proposed that the pulsar’s
magnetic field could be as strong as 1014�1016 G. The rotation coupled with the magnetic
field, Æ⌫, generates an electric field given by:

Æ⇢ = �ÆE ⇥ Æ⌫ , (2.1)

where ÆE is the linear velocity of rotation. The magnetic field rips particles from the surface
of the pulsar to form the magnetosphere (Gold, 1968; Goldreich and Julian, 1969). The
magnetosphere of the pulsar extends out to the light cylinder of radius 'LC:

'LC = 2/⌦ , (2.2)

where 2 is the speed of light and ⌦ is the angular frequency of the pulsar.

To explain the pulsed radio and gamma-ray emission from the pulsar, Sturrock, 1971
developed the polar-cap model where particles are accelerated at the poles of the pulsar
(see Fig. 2.2) and interact with the magnetic field to produce an electron-positron pair
(4�4+). The electron-positron pair emit photons via curvature radiation, which then
produce a second electron-positron pair. This process cascades until the produced photon
can no longer undergo pair production and contributes to the beamed radio emission.
The polar-cap model predicts gamma-ray emission due to inverse Compton scattering
from the 4�4+ pair. The slot-gap model (Arons, 1983) suggests the emission originates
from the last open magnetic field line up to the light cylinder (see Fig. 2.2). The outer-gap
model predicts gamma-ray emission due to particle acceleration between the region where
Æ⌦ · Æ⌫ = 0 and the light cylinder (Cheng et al., 1986).

Over time, the rotational kinetic energy is dissipated at a rate described by:

§⇢ = �⌦ §⌦ , (2.3)

where � is the moment of inertia of the pulsar and §⌦ is the time derivative of the angular
frequency. Some of the spin down power is channelled into the acceleration of particles
by the magnetic field. If the pulsar is treated as a simple magnetic dipole, the energy loss
becomes (Slane, 2017):

§⇢ = �⌫'
6⌦4

622
sin2 U , (2.4)

where ⌫ is the magnetic dipole strength at the poles, ' is the radius of the pulsar and U
is the angle between the rotational and magnetic axes. The angular frequency decreases
over time in a manner described by the braking index of the pulsar, =:

§⌦ / ⌦= . (2.5)

The braking index typically takes values between 2 to 3, where = = 3 represents a
situation where the pulsar loses all its rotational energy through magnetic dipole radiation
(Livingstone et al., 2007). However, ‘glitches’ (sudden speed up events that are thought
to be due to transfer of angular momentum within the pulsar) may result in a braking
index > 3 (Parthasarathy et al., 2019; Parthasarathy et al., 2020). In the case where
a pulsar does not have a companion star, the characteristic age/spin-down timescale is
defined to be (Haensel et al., 2007 and references within):
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g =
%

(= � 1) §%
, (2.6)

where % and §% are the period and period derivative of the pulsar. However, the charac-
teristic age of the pulsar may not reflect the true age of the pulsar. For example, if the
pulsar has a companion star, the extreme gravitational force of the pulsar can strip the
companion of its mass and its angular rotation increases. The accretion of matter onto
the pulsar is believed to be the origin for millisecond pulsars; pulsars with a period less
than 10ms (Alpar et al., 1982).

At the surface of the pulsar, the magnetic field depends on the period and spin down
period (Lorimer and Kramer, 2012 and references within):

⌫B = 3.2 ⇥ 1019
�
% §%

� 1
2 [G] . (2.7)

Pulsars with extremely strong magnetic fields are known as magnetars and may be linked
to the origin of short gamma-ray bursts and soft gamma-ray repeaters (Duncan and
Thompson, 1992). For ‘regular’ pulsars, the surface magnetic field has strength ⌫ =
1011�13 G while magnetars have magnetic fields up to 1014�15 G (Haensel et al., 2007).
Possible theories for the extreme magnetic field of a magnetar include; conservation of
magnetic field flux of a star with an extreme magnetic field, collapse of a highly magnetized
white dwarf or the magnetic field amplification during the birth of the neutron through a
dynamo mechanism (the mechanism where a magnetic field is produced by charged plasma
in a rotating celestial body) (Duncan and Thompson, 1992; Thompson and Duncan, 1993;
Duncan and Thompson, 1996).

The distance to a pulsar can be determined by considering the line of sight interstellar
medium (ISM). For ISM with electron density, =4, the plasma frequency, l? is given by:

l
2
?
=

4c=442

<4

, (2.8)

where 4 and <4 are the charge and the mass of an electron respectively. A photon (with
angular frequency l = 2c 5 ) in the ISM gas will then propagate with velocity (Draine,
2011):

E = 2

 
1 �

l
2
?

l
2

!1/2
. (2.9)

Therefore, photons of frequencies a1 and a2 emitted simultaneously by the pulsar will
experience a time delay �C = C2 � C1 in a manner related to the ISM. The dispersion
measure (DM) is defined to be the integrated column density of free electrons over the
distance (3) to the pulsar(Draine, 2011):

⇡" =
�C

4.15 ms
⇥
(a2/GHz)�2 � (a1/GHz)�2

⇤
=

π
3

0
=4 d✓ .

(2.10)

Combining Galactic models of the free electron density (e.g. Yao et al., 2017) with time
delay measurements, the distance to the pulsar can then be estimated.
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2.1.2 Time Evolution of Pulsar Wind Nebulae

Charged particles (electrons, positrons, protons and nuclei) from the pulsar escape the
magnetosphere (which extends up to the light cylinder, see Fig. 2.2) and form the powerful
winds known as a PWN. These charged particles emit photons isotropically and are not
tied to the pulsar beam. Therefore, the PWN emission is said to be ‘unpulsed’. PWNe
typically evolve inside a supernova remnant (SNR) (see Appendix A).

The characteristics (e.g. morphology, spectral energy distribution) of a PWN depends
on the age of the powering pulsar. The PWN can be divided into three stages: the
expansion phase, a compression-expansion phase and the formation of a halo.

Figure 2.3: (left) Structure of a composite SNR and PWN. Image courtesy of Gaensler
and Slane, 2006. (right) A PWN evolves within the SNR and is eventually crushed by
the reverse shock. The pulsar escapes the SNR and the electrons escaping into the ISM
form a TeV halo around the PWN. Image courtesy of Giacinti et al., 2020.

Stage 1: Expansion Phase (< 10 kyr)

As the pulsar wind expands into the shocked region of the SNR, the outer winds of
the PWN are decelerated by the ISM until the ram pressure of the interstellar wind
counteracts the internal pressure of the PWN, %PWN (see Fig. 2.3). This forms the
termination shock at radius (Gaensler and Slane, 2006):

Ats =
✓ §⇢
4cl2%PWN

◆ 1
2

, (2.11)

where §⇢ is the spin-down power and l is the filling factor of the PWN (l ⇡ 1 for
isotropic winds) (Bogovalov and Khangoulyan, 2002). Typical PWN have a termination
shock occurring at AB ⇡ 0.1 pc (Gaensler and Slane, 2006). Particles are re-accelerated
at the termination shock and are believed to be the source of the radio to unpulsed TeV
emission from PWN. For a PWN in its first stage of evolution, the radius evolves as
(Chevalier, 1977):

APWN = 1.5 §⇢0
1
5
⇢

3
10
SNR"

� 1
2

ej C
6
5 , (2.12)

where ⇢SNR and "ej are the energy and ejected mass of the SNR respectively. At this
stage the spin down energy of the pulsar, ⇢0, is roughly constant.
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Asymmetry in the progenitor supernova will result in the pulsar gaining a so-called
kick velocity up to 300 km s�1 (Kolb et al., 2017), however at early stages the pulsar
appears towards the centre of the SNR.

Stage 2: (10 � 100 kyr)

As the PWN evolves inside the SNR, the outer edges of the SNR collide with the ISM
and forms a reverse shock (see Appendix A). The reverse shock travels radially inwards
and crushes the PWN, increasing its pressure and magnetic field (Gaensler and Slane,
2006). The pressure inside the PWN increases until it is greater than its surroundings,
resulting in a subsonic expansion of the nebula. This compression and expansion phase
repeats itself over a time scale of a few thousand years. The crushing of the PWN by the
reverse shock is anti-symmetric due to the kick velocity of the pulsar and non-uniformity
in the ISM, leading to complex morphology of the PWN.

At the edge of the PWN, APWN, the pressure is balanced with that of the associated
SNR. During stage 2, the SNR will be in its Sedov-Taylor phase of its evolution (see

Appendix A) with radius ASNR / C
2
5 . Therefore, the radius of the PWN is thought to be

related to the SNR radius via (van der Swaluw et al., 2001):

APWN / C
1
3 ASNR / C11/15 . (2.13)

High-energy electrons can escape the PWN into the ISM and can emit TeV gamma
rays via inverse Compton interactions, forming a TeV halo (Giacinti et al., 2020).

Stage 3: Formation of TeV halos (C & 100 kyr)

At this stage, the kick velocity of the pulsar has allowed it to escape the SNR (which is
now fading into the ISM). The pulsar is travelling faster than the speed of sound in the
ISM, forming a bow shock with the PWN trailing behind (see Fig. 2.3) (Giacinti et al.,
2020). At this point a TeV halo is formed around the PWN. Extended TeV emission,
indicative of a TeV halo, has been seen towards the Geminga and PSR B0656+14 pulsars
(Abeysekara et al., 2017).

Time Evolution of the PWN Magnetic Field Structure

The charged winds of PWNe are influenced by the presence of magnetic fields. The
magnetic field structure of PWNe is believed to be toroidal in nature, with the viewing
angle a↵ecting observations at Earth (Kothes et al., 2006; Reynolds et al., 2012). If the
axis of rotation aligns with the viewing angle, the magnetic field appears to be toroidal
(see left-hand panel of Fig. 2.4). In contrast, the magnetic field of the pulsar will appear
to be radially dependent if the viewing angle and axis of rotation is perpendicular to each
other. More complex observed magnetic field structures occur when the viewing angle is
between these two extremes (see the right-hand panel of Fig. 2.4).

The magnetic field evolves with the PWN. The average magnetic field of the PWN,
⌫PWN, at time C can be found by considering the conservation of magnetic energy density
(see Tanaka and Takahara, 2010 and references within):
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Figure 2.4: (left) Expansion of the PWN magnetic field lines and how the viewing angle
alters the way the magnetic field structure appears at Earth. Image courtesy of Kothes
et al., 2006 (right) Simulated magnetic field lines of a stage 1 PWN. Azimuthal orientated
field lines are shown in blue while radial field lines are shown in red. The termination
shock is indicated by magenta and indicated by the arrow. Image adapted from Porth
et al., 2014

+PWN
⌫
2
PWN(C)

8c
=

π
C

0
[! (C0) dC0

= [⇢spin(C) ,

(2.14)

where +PWN is the volume of the PWN, ! is the injection luminosity of the associated
pulsar, [ (0  [  1) is the ratio of the magnetic energy and the pulsars’ spin down power
and ⇢spin is the time-integrated spin down energy. The resulting magnetic field is then:

⌫(C) =

vut
3(= � 1)[!0g0

'
3
PWN

"
1 �

✓
1 + C

C0

◆� 2
=�1

#
, (2.15)

where 'PWN is the size of the PWN and g0 is the initial spin down timescale (see Eq. 2.6).
For C > g0, the magnetic field of the PWN can be approximated by ⌫(C) / C�1.5.

Time Evolution of the Spectral Energy Distribution

A spectral energy distribution (SED) describes how the energy flux of photons (or parti-
cles) from a source varies with energy. Fig. 2.5 from the study Gelfand et al., 2009 shows
the SED time evolution for an example PWN with braking index 3 and electron injection
luminosity of 1040 erg s�1, where electrons follow a power-law spectrum (/ ⇢�1.6).

At C = 0 (stage 1), the injected electrons have not experienced any energy losses and
form a strong peak in the X-ray regime through synchotron emission. The same electrons
will interact with the cosmic microwave background (CMB) through inverse Compton
interactions and form a strong peak in the GeV regime (top-left panel of Fig. 2.5). As the
PWN expands within the SNR, the overall magnetic field strength of the PWN decreases
and the synchotron luminosity peak migrates to lower energies in the optical regime. This
leaves more energy to be lost through inverse Compton interactions (see Section 2.3.3)
and the inverse Compton peak transitions from the GeV to the TeV regime.
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Figure 11. Spectrum of photons radiated by the PWN during the first (upper left), second (upper right), third (bottom left), and fourth (bottom right) evolutionary
phases discussed in Section 3. In all four plots, the different color lines correspond to the photon spectrum at different ages, and the cross-hatched regions indicate,
from left to right, the radio, mid-infrared, optical, soft X-ray, hard X-ray, γ -ray, and TeV γ -ray regimes of the electromagnetic spectrum. In the upper-right plot, the
black line corresponds to the photon spectrum at the time the pulsar leaves its PWN for the first time. In the bottom-left plot, the dotted orange line corresponds to
the photon spectrum at the time when the pulsar re-enters the PWN. In the bottom-right plot, the dotted yellow line corresponds to the photon spectrum just before
the pulsar leaves the PWN again.
(A color version of this figure is available in the online journal.)

emission peaks at photon energies !100 keV (Figure 11), and
the PWN’s luminosity is highest in the hard X-ray regime
(Figure 12). Since recently injected particles are energetically
important, both the synchrotron and inverse Compton spectrum
have two peaks—a lower-energy peak resulting from previously
injected particles and a higher-energy peak resulting from re-
cently injected ones. For τsd < t < tcol, the synchrotron and
inverse Compton spectrum have a single peak since recently
injected particles no longer dominate. During the initial expan-
sion, the energy peak of the synchrotron spectrum decreases
from ∼1 MeV at t ≪ τsd to ∼1–10 keV at t ∼ tcol, causing a
rapid decrease in the hard X-ray luminosity of the PWN. Slower
decreases are predicted for the radio–soft X-ray luminosity
(Figure 12) due to the gradual decline in the synchrotron lu-
minosity of the PWN (Figure 6) resulting from the decreasing
value of Bpwn (Figure 8). Conversely, the energy peak of in-
verse Compton emission increases from ∼1 TeV at t ∼ τsd to
∼50 TeV at t ∼ tcol due to the increase in the break energy of
the electron spectrum discussed above, leading to a rapid rise in
the GeV and TeV γ -ray luminosity of the PWN (Figure 12).

The energy spectrum of electrons and positrons inside
the PWN changes significantly during the first contraction
(Figure 10). Due to the strong magnetic field inside the PWN

during this phase (Figure 8), the synchrotron lifetime of the
highest energy (E ! 10 TeV) electrons and positrons in the
PWN becomes significantly less than the age of the PWN. This
results in a sharp cutoff in the energy spectrum where the syn-
chrotron lifetime of electrons and positrons is the age of the
PWN, above which recently injected particles dominate. The
strengthening Bpwn results in this energy decreasing with time.
This causes the peak photon energy of the synchrotron emis-
sion to decrease significantly, from ∼10 keV when the PWN
collides with the reverse shock to ∼100 eV when the neutron
star exits the PWN. The spectrum of the inverse Compton emis-
sion radiated by the PWN also changes considerably during
this time—with the energy peak decreasing from ∼10 TeV at
the time of the PWN/reverse shock collision to ∼100 GeV
when the neutron star leaves. The luminosity of the PWN in
wave bands dominated by synchrotron emission (radio–soft
X-rays; Figure 11) increases (Figure 12) due to the strength-
ening magnetic field. The decreasing energy of the inverse
Compton peak causes the hard X-ray and GeV γ -ray lumi-
nosity of the PWN to increase and the TeV γ -ray luminosity to
decrease (Figure 12), though the latter is mitigated by inverse
Compton emission from the highest energy recently injected
particles.

Figure 2.5: Theoretical time evolution of the multi-wavelength SED of a PWN inside a
SNR. See text for more information. Image courtesy of Gelfand et al., 2009.

As the reverse shock compresses the PWN (stage 2), the increased magnetic field
turbulence within the PWN strengthens the magnetic field. Thus, electrons injected into
the PWN lose more energy to synchrotron losses and the ratio of synchrotron to inverse
Compton flux increases (top-right panel of Fig. 2.5). At this point, two distinct peaks
start to form in the synchrotron and inverse Compton spectra due to the two populations
of young high-energy electrons and the older lower energy electrons that were initially
injected into the PWN. During this compression, the pulsar may leave the PWN due to
its kick velocity and no new electrons are injected into the system. The synchrotron and
inverse Compton peak from the young high electrons subsequently disappears (black line
in the top-right panel of Fig. 2.5).

The pressure inside the PWN increases due to compression until it is greater than
the surrounding ISM and the PWN expands. Before the pulsar re-enters the PWN, the
overall magnetic field strength of the PWN decreases and the inverse Compton flux from
the electron population increases at the expense of the synchrotron flux (top-right and
bottom-left panel of Fig. 2.5). New electrons are injected in the PWN when the pulsar
re-enters the system, creating two populations of old low-energy electrons and young
high-energy electrons. This is reflected in the inverse Compton and synchrotron emission
(dotted orange line in the bottom-left panel of Fig. 2.5).

As the PWN re-expands, the pressure inside the PWN decreases until it less than
the pressure due to the associated SNR and the PWN is compressed. Similarly to the
first compression, the magnetic field strength inside the PWN increases and the ratio
of synchrotron to inverse Compton flux increases. The pulsar will again leave the PWN
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(dotted yellow line in the bottom right-panel of Fig. 2.5) and no new electrons are injected
into the system (stage 3). The synchrotron and inverse Compton peak from the young
high-energy electrons migrates to lower energies due to high energy losses. However, the
energy of the synchotron peak from old low-energy electrons increases while the energy
of the inverse Compton peak decreases as a result of the increasing magnetic field.

2.1.3 TeV Pulsar Wind Nebula

It was postulated by Gould, 1965 that PWN are a source of TeV gamma rays via inverse
Compton emission. This was confirmed in 1989 when Weekes et al., 1989 reported the first
detection of TeV emission from the Crab Nebula. In general, TeV PWNe are predicted
to be physically larger than the X-ray nebula (Aharonian et al., 1997).

The H.E.S.S. TeV gamma-ray survey revealed 78 very high-energy (VHE) gamma-
ray sources (H.E.S.S. Collaboration et al., 2018a): 12 are confirmed TeV PWNe, 8
are composite objects (PWN + SNR) and a further 36 are identified as TeV PWNe

Figure 2.6: (top-left) An illustration of the Milky Way spiral arm structure and the
location of identified and candidate PWN from the H.E.S.S. HPGS. Spin down power (top-
right), TeV luminosity (bottom-left) and TeV e�ciency (bottom-right) vs the characteristic
age of known PWN. Images from H.E.S.S. Collaboration et al., 2018b.
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candidates. The H.E.S.S. observatory will be discussed further in Section 3.2.1. H.E.S.S.
Collaboration et al., 2018b reviewed the H.E.S.S. Galactic Plane Survey (HPGS) in order
to investigate the evolution and nature of TeV PWNe. It was found that the majority
of PWN are located on or near the Milky Way spiral arms, with the Crux-Scutum arm
hosting half of the PWN from the HGPS (see Fig. 2.6).

Through time-dependent modelling of TeV PWN (H.E.S.S. Collaboration et al.,
2018b) it was noted that as PWNe age:

1. The physical o↵set between the pulsar and TeV PWN increases (at a rate of ⇡
0.5pc/kyr) due to the kick-velocity of the pulsar and the SNR reverse shock crushing
the PWN.

2. The TeV luminosity (!1�10TeV) of known PWN varies widely with characteristic
age (from ⇡ 1035 erg s�1 at 1 kyr to ⇡ 1034 erg s�1 at 10 kyr) with no clear statistical
correlation.

3. The TeV e�ciency (!1�10TeV/ §⇢) increases (from 2 ⇥ 10�4 at 1 kyr to 3 ⇥ 10�3 at
10 kyr) possible due to the physical o↵set between the pulsar and TeV PWN.

2.1.4 Mysteries of Pulsar Wind Nebulae

Even though multiple PWNe have been observed and studies such as H.E.S.S. Collabora-
tion et al., 2018b have modelled trends of TeV PWN, there are still many open questions.
The following will summarise some of these questions.

How are electrons transported within pulsar wind nebula?

Electrons released by a pulsar are subject to varying transport processes and energy
losses. In a non-uniform environment (due to gas and magnetic field turbulence), electrons
scatter o↵ the ISM atoms and magnetic field turbulence resulting in di↵usive motion
outwards from the acceleration site (see Section 2.2.2). Electrons in PWNe may also
experience an overlying bulk transport in a particular direction, i.e. advection. It has
been proposed that advection dominates the particle transport close to the pulsar while
di↵usion dominates the outer reaches of the nebula (Giacinti et al., 2020; Recchia et
al., 2021). Electrons undergo energy losses through inverse Compton, synchrotron and
Bremsstrahlung emission (see section Section 2.3.3). The rate at which an electron loses
energy depends heavily on the surrounding environment.

A challenge in modelling PWN will be balancing the transport of electrons and en-
ergy losses with respect to the surrounding environment in order to explain the multi-
wavelength emission.

Can pulsar wind nebula accelerate particles up to PeV energies?

The steepening of the cosmic-ray proton and nuclei spectrum at Earth between the knee
(1 PeV = 1015 eV) and the ankle (1018 EeV) from ⇢

�2.7 to ⇢�3 suggests the transition from
Galactic to extra-Galactic cosmic rays occurs between (see Section 2.2.3). Additionaly,
the confinement time of cosmic rays within the galaxy suggests that sources must provide
1041 erg s�1 to explain the observed cosmic ray intensity. Thus, what type of Galactic
source is capable of accelerating cosmic rays up to PeV energies, i.e. a PeVatron (see
Section 2.2.4)?
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Due to their large energy budget (⇡ 1051 erg of kinetic energy) and production rate
(⇡ 2� 3 supernova occur in the Milky Way per century), SNRs have been the most likely
candidates for Galactic PeVatrons (Lagage and Cesarsky, 1983; Hillas, 1984; Bell, 2004;
Cristofari et al., 2018). Recently, the suitability of SNRs by themselves as PeVatrons has
been called into question (Cristofari et al., 2020) and PWNe are now being considered as
additional candidates (Ohira et al., 2018; Xin et al., 2019; de Oña Wilhelmi et al., 2022;
Breuhaus et al., 2022).

In 2021, the LHAASO facility identified 12 gamma-ray sources with the detection
of photons between 100 TeV to 1.4 PeV (Cao et al., 2021). These sources are prime
PeVatron candidates; two being firmly identified PWNe and a further nine having possible
PWN counterparts. One of the twelve PeVatron candidates is the Crab Nebula. The
MeV synchrotron emission from the Crab Nebula and maximum gamma-ray energy of
⇡ 0.9 PeV heavily implies the presence of PeV electrons within the nebula (The LHAASO
Collaboration et al., 2021).

Is there a hadronic component to the pulsar wind nebula?

Spectral and spatial analysis of known PWNe indicate that leptonic emission is the main
source of gamma-ray emission. With the detection of PeV emission towards known PWNe
(The LHAASO Collaboration et al., 2021), further studies suggest that PWN may have
an additional hadronic component (Horns et al., 2006; Li et al., 2010; Xin et al., 2019; Liu
and Wang, 2021). The majority of literature consider the winds of the PWN to consist
of electrons and positrons (e.g. H.E.S.S. Collaboration et al., 2018b). However, in the
polar cap model (see Fig. 2.2) electrons, positrons and protons are stripped from the
surface of the pulsar. Gallant and Arons, 1994 proposed that a fraction of the spin-down
power of the pulsar is converted into a wind of protons. These protons undergo proton-
proton collisions to produce pions (see Section 2.3.2). Charged pions decay into muons,
which subsequently decay into electrons and positrons. Amato et al., 2003 suggested that
signatures of these ‘secondary’ electrons/positrons can be found in the production of TeV
gamma rays and neutrinos. Moreover, the SNR reverse shock can re-introduce protons into
the PWN and accelerate protons to greater than 1 PeV (Bell, 1992; Ohira et al., 2018).
The observation of neutrino emission from PWN through the decay of charged muons
acts as a signature of hadronic gamma-ray production (Horns et al., 2006). However,
leptonic-hadronic modelling towards the Crab PWN suggests that the resulting neutrino
flux would be below the sensitivities of current neutrino observatories (Peng et al., 2022).
This thesis considers the transport and interaction of electrons escaping the PWN and
protons will be considered in future work.

2.1.5 HESS J1825-137 and HESS J1826-130

This thesis will focus on the PWN associated with TeV source HESS J1825-137. The
following will briefly summarise the literature of HESS J1825-137 and nearby TeV source
HESS J1826-130.

Discovered in 2005, HESS J1825-137 is one of the most luminous and extensive TeV
PWN (Aharonian et al., 2005b; Aharonian et al., 2006a). HESS J1825-137 is powered by
PSR J1826-1334, which has a spin down power, period, period derivative and DM distance
of 2.8 ⇥ 1036 erg s�1, 101.5 ms, 7.5 ⇥ 10�14 s s�1 and 3.6 kpc respectively (Manchester et
al., 2005). Eq. 2.6 gives the characteristic age of PSR J1826-1334 as 21.4 kyr, placing
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Figure 2.7: (left) Gamma-ray SED of HESS J1825-137 as seen by HESS together
with the Fermi -LAT 3FGL and 4FHL equivalent sources. (right) X-ray SED towards
PSR J1826-1334. Images courtesy of H.E.S.S. Collaboration et al., 2019 and Uchiyama
et al., 2009.
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Figure 2.8: HESS excess counts
map towards HESS J1825-137
from H.E.S.S. Collaboration
et al., 2019. The spatial position
and extent of HESS J1825-137
and the equivalent Fermi -LAT,
HAWC and LHAASO sources are
shown together with PSR J1826-
1334 (star) and PSR J1826-1256
(cross).

the PWN in its second phase of its evolution (see Section 2.1.2). In support of this, a
TeV halo appears to be forming around HESS J1825-137 (Principe et al., 2020). The
High Altitude Water Cherenkov (HAWC) observatory has observed gamma rays towards
equivalent source eHWC J1825-134 with energies greater than 100 TeV (Abeysekara et
al., 2020). Similarly, LHAASO identified HESS J1825-137 (LHAASO J1825-1326) as a
possible PeVatron candidate (see section. Section 2.2.4) (Cao et al., 2021). The equivalent
GeV Fermi -LAT source is 4FGL J1824.5-1351e. See Table 2.1 and Fig. 2.8 for the spectral
and spatial information of HESS J1825-137 and equivalent sources.

The TeV morphology towards HESS J1825-137 (see Fig. 2.8) is asymmetric around
the pulsar, with more extensive emission towards the southern side of the nebula (in
Galactic coordinates). The extent (defined to be the point at which the emission drops
to 1/4 of its highest value) towards the south of HESS J1825-137 was found to be 0.66� ±
0.03�stat ± 0.04�sys, while the northern side is extended by 0.41� ± 0.03�stat ± 0.09�sys
(H.E.S.S. Collaboration et al., 2019) . At a distance of 4.0 kpc, this equates to a physical
distance of 91 ± 4 ± 6 pc and 57 ± 4 ± 13 pc to the south and north respectively. The
southern side of the nebula is also extensive in GeV gamma rays as revealed by Araya
et al., 2019. This region of gamma-ray emission has a hard spectrum with a photon index
of 1.9 and is suggested to be powered by high-energy electrons from the PWN associated
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Table 2.1: Fit parameters to the spectrum of HESS J1825-137 and equivalent Fermi -Lat
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Model � Parameters RA DEC extent (�) References

HESS J1825-137 - - 18h25m49s �13�46m35s 0.66⇤ a
PL 2.23 ± 0.02 ± 0.04 - - - - a

ECPL 2.06 ± 0.05 ± 0.08 ⇢2 = 15 ± 5 ± 6 TeV - - - a
LP 2.21 ± 0.03 ± 0.04 V = 0.08 ± 0.02 ± 0.03 - - - a

4FGLJ1824.5-1351e - - 18h24m31.2s �13�51m07.2s 0.75 b
LP 1.96 ± 0.68 ⇢0 = 145 ± GeV - - - c

- V = 0.046 ± 0.013 - - - -
BPL 1.70 ± 0.04 ⇢1 = 115 ± 8 GeV - - - c

2.29 ± 0.15 - - - - -
3HWC J1825 - 134 - - 18h25m50.4s �13�24m03.6s - d

PL 2.35 ± 0.02 - - - - d
eHWC J1825 - 134 - - 18h25m36s �13�22m12s 0.34 e

ECPL 2.12 ± 0.15 ⇢2 = 61 ± 12 TeV - - - e
LHAASO1825-1326 - - 18h25m48s �13�27m00s 0.3 f

⇤: Average of the southern and northern extent
References
a: (H.E.S.S. Collaboration et al., 2019)
b: (Abdollahi et al., 2020)
c: (Principe et al., 2020)
d: (Albert et al., 2020)
e: (Abeysekara et al., 2020)
f: (Cao et al., 2021)

with HESS J1825-137.

The progenitor SNR associated with HESS J1825-137 will likely be in its Sedov-Taylor
phase of evolution based on the characteristic age of PSR J1826-1334 (see Appendix A).
van der Swaluw et al., 2001 suggests that the size of a SNR will be approximately four
times the size of the PWN. The radius of the TeV PWN associated with HESS J1825-137
is 38 pc for a distance of 4 kpc (see Table 2.1), giving an estimated SNR radius of 150 pc
(Jager and Djannati-Atäı, 2009). Voisin et al., 2016 noted a large HU rim-like structure
indicative of a SNR shock lying 120 pc to the south of PSR J1826-1334, which is consistent
with the predicted SNR size. Voisin et al., 2016 further postulated a connection between
this HU rim and a second HU rim (discovered by Stupar et al., 2008) lying at a similar
angular distance to the pulsar.

HESS J1826-130

HESS J1826-130 is an unidentified gamma-ray source situated ⇡ 0.7� to the Galactic
north of HESS J1825-137 (see Fig. 2.8). Due to its proximity, HESS J1826-130 was orig-
inally thought to be an extension of HESS J1825-137 until it was classified as a separate
source through its energy-dependent morphology (Angüner et al., 2017). HESS J1826-130
becomes more distinct from HESS J1825-137 at higher gamma-ray energies. The analy-
sis conducted by H.E.S.S. Collaboration et al., 2020 showed that HESS J1825-137 con-
taminates the SED of HESS J1826-130 by approximately 40% below 1.5 TeV and 20%
above 1.5 TeV. As shown by Fig. 2.8, the position of eHWC J1825-134 lies approximately
midway between HESS J1825-137 and HESS J1826-130. Due to the coarse angular res-
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Table 2.2: Fit parameters to the spectrum of HESS J1826-130. Power law (PL): d#
d⇢ /⇣

⇢?

⇢0

⌘��
. Exponential Cuto↵ Power Law (ECPL): d#

d⇢ /
⇣
⇢?

⇢0

⌘��
exp

⇣
� ⇢

⇢2

⌘
. Broken Power

Law (BPL): d#
d⇢ /

⇣
⇢?

⇢1

⌘��
where � = �1 if ⇢ < ⇢1 and � = �2 otherwise. ⇢0 = 1 TeV

unless specified.

Model � Parameters RA DEC extent (�) References

HESS J1826-130 - - 18h26m02.1s �13�01m02.6s 0.15⇤ a
PL 2.12 ± 0.04 - - - - a

ECPL 1.78 ± 0.10 ⇢2 = 15.2 ± 5 - - - a
BPL 1.96 ± 0.06 ⇢1 = 11.2 ± 2.7 TeV - - - a

3.59 ± 0.69 - - - - -

References
a: (H.E.S.S. Collaboration et al., 2020)

olution of HAWC, eHWC J1825-134 may represent the combined emission from both
HESS J1825-137 and HESS J1826-130.

Several objects towards HESS J1826-130 have been associated with the gamma-ray
emission based on spatial correlation. This includes the Eel nebula (PWNG18.5-0.4),
a PWN with a long faint trail (0.1�) of hard X-ray emission above 2 keV (see Fig. 2.10)
(Roberts et al., 2007; Burgess et al., 2022). Similarly, H.E.S.S. Collaboration et al., 2018a
proposed two possible SNRs as a source of protons interacting with the interstellar gas
to produce the observed gamma-ray emission; SNR G018.1-0.1 and SNR G018.6-0.2. As
shown by the purple cross in Fig. 2.8, PSR 1826-1256 is located towards HESS J1826-130
and may be a source of electrons powering the PWN. PSR 1826-1256 has spin down power
and characteristic age of 3.6 ⇥ 1036 erg s�1 and 14 kyr respectively (Abdo et al., 2010).

Voisin et al., 2016 revealed dense turbulent molecular gas between HESS J1825-137 and
HESS J1826-130. The same study places the majority of these clouds in the 40�60 km s�1

velocity range, equivalent to a distance of 3.5 � 4.5 kpc as given by the Galactic rotation
model (see Section 4.2.3 (Brand and Blitz, 1993)). This is consistent with the DM distance
of PSR J1826-1334. Therefore, protons from the associated SNR may interact with these
dense clouds through p-p collisions (see Section 2.3.2) to emit the high-energy gamma
rays as seen by eHWC J1825-134.

Figure 2.9: TeV (left) and X-ray (right) SED towards HESS J1826-130 as seen by H.E.S.S.
and Suzaku respectively. Images courtesy of H.E.S.S. Collaboration et al., 2020 and
Duvidovich et al., 2019 respectively.
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Figure 2.10: XMN-Newton 0.5 � 10 keV X-ray images towards HESS J1826-130. The
positions of PSR 1826-1256 and the Eel Nebula are shown by the red cross and ellipse
respectively. The orange lines represent the H.E.S.S. 3f and 5f significance contours.
Nearby SNR G18.45-0.42 and star cluster Bica 3 are shown by the dashed blue and black
circles respectively. Image courtesy of Burgess et al., 2022.

2.2 Cosmic Rays

As discussed in Section 2.1, PWN are a source of high-energy cosmic rays. Therefore, it is
vital to understand the properties of cosmic rays in order to explain PWN characteristics.

In 1896 Henri Becquerel discovered that uranium salts emitted a form of invisible
radiation that could penetrate through solid matter. At the beginning of the 20th cen-
tury, it was generally believed that only elements in the Earth could emit such radiation.
However, in 1912, Victor HESS ascended 5 km with an electroscope in a hot air balloon.
He noticed that as altitude increased, the amount of radiation measured by the electro-
scope increased (Hess, 1912). In contrast, Millikan submerged electroscopes in Muir Lake
located in the Rocky Mountains (Millikan and Cameron, 1926). As the electroscopes
descended, less radiation was detected. The findings of Hess and Millikan showed that
ionising radiation, later dubbed ‘cosmic rays’, originate from the sky. In the mid 20th
century, the level of cosmic-ray ionisation was found to be dependent on latitude due to
deflection by the Earth’s magnetic field (Sandström et al., 1960).

Cosmic rays comprise of protons, electrons, nuclei, neutrinos and anti-matter. Within
this thesis, cosmic rays will be referred to as protons and electrons. Protons consist of three
quarks (two up and one down-quark) and are classified as hadrons, a composite subatomic
particle made of two or more quarks held together by the strong force. Meanwhile,
electrons are elementary particles that belong in the lepton ‘family’ in the standard model
of particle physics. Hence, hadronic cosmic rays refer to protons while leptonic cosmic
rays refer to electrons.

Supernovae were proposed as a source for cosmic rays by Baade and Zwicky, 1934a
in the 1930s. In his 1949 paper, Enrico Fermi provided a method where cosmic rays are
accelerated by magnetic field irregularities in ISM gas clouds. Fermi’s original theory was
then modified to consider the acceleration of cosmic rays as they travel through a shock
wave generated by, for example, SNRs (Krymskii, 1977; Axford et al., 1977; Bell, 1978a;
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Bell, 1978b; Blandford and Ostriker, 1978). SNRs also accelerate cosmic-ray electrons up
to high energies as indicated by X-ray emission from synchrotron radiation at the rims of
SNRS such as SN1006 (Koyama et al., 1995).

Other sources that have been proposed as accelerators of cosmic rays include PWN
(as discussed in Section 2.1), star clusters, binary systems and active Galactic nuclei.

2.2.1 Acceleration of Charged Particles

Acceleration by pulsars

As discussed in Section 2.1.1, pulsars are the highly dense, magnetised remnants of a
supernova. The Lorentz equation,

Æ� = @ Æ⇢ + @ÆE ⇥ Æ⌫ , (2.16)

shows that a magnetic field of strength Æ⌫ applies a perpendicular force, Æ�, on a particle
with charge @ and velocity ÆE. In other words, a uniform magnetic field does not change the

Figure 2.11: Victor HESS about to ascend to an altitude > 5 km to discover cosmic rays
(Hess, 1912)
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energy of the particle. However, the rotation of a pulsar coupled with its strong magnetic
field generates an electric field, Æ⇢ . This is described by Faraday’s law:

r ⇥ Æ⇢ = �m
Æ⌫
mC

. (2.17)

The integral form of Eq. 2.17 describes a changing magnetic field across a surface with
cross sectional area d Æ�:

º
(

Æ⇢ · dÆ; = �
π
(

m Æ⌫
mC

· d Æ� . (2.18)

Where the cross sectional area is the area swept up by expanding surface ( in segment dÆ✓
with velocity ÆE? over time dC (d Æ� = dÆ✓ ⇥ ÆE dC). Eq. 2.18 becomes:

º
(

Æ⇢ · dÆ; = �
π
(

ÆE? ⇥ Æ⌫ · dÆ✓ . (2.19)

i.e. the electric field generated by the pulsar is proportional to the rotation and magnetic
field of the pulsar.

The change in energy, E, of particles in the presence of an electric field is given by:

dE
dC

=
d

dC

✓
1

2
<ÆE2

◆
= <ÆE · dÆE

dC
= ÆE · Æ� = @ÆE · Æ⇢ . (2.20)

Therefore, the electric field generated by the pulsar strips particles from its surface and
accelerates them up to high energies. The maximum electric field strength produced by
plasma tied to fixed magnetic field at velocity ÆE? is described by ⇢max = E?⌫, giving the
maximum energy gain rate:

dE
dC max

= @EE?⌫ < @2
2
⌫ , (2.21)

where the particle velocity E and plasma velocity E?. Hence:

dE
dC acc

= Z/422⌫ , (2.22)

where 0 < Z < 1 is an “acceleration rate parameter” that depends on the acceleration
mechanism and / is the chargrate of the particle (The Pierre Auger Collaboration et al.,
2022). Naively, taking the surface magnetic field strength of ⌫ = 1011 G, pulsar radius
of 10 km and the average period of % = 0.8 s (Manchester et al., 2005), the maximum
energy gain rate of particles is ⇡ 1017 eV s�1. Simply, it would take 10�5 s for a pulsar
to accelerate an electron/proton up to 1 TeV. This assumes that the particle does not
escape the pulsar and su↵ers no energy losses.

Acceleration by the pulsar wind nebula termination shock

A termination shock forms where the internal pressure of the PWN is balanced the ram
pressure of the interstellar wind at approximately Ats = 0.1 pc (see Section 2.1.2). This
relativistic shock front can accelerate particles through the shear-flow acceleration mech-
anism (Cerutti and Giacinti, 2020; Sironi et al., 2021).

The magnetic field of the PWNe is toroidal in nature where the magnetic field lines are
perpendicular to the propagation of the shock. For a pulsar injecting electrons/positrons,
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the structure of the shock depends on the ratio, f, of the upstream magnetic energy and
plasma energy (Gallant et al., 1992):

f =
⌫
2/4c

=<W2
2

, (2.23)

where ⌫ and = are the upstream magnetic field and electron energy density respectively
and W is the bulk Lorentz factor of the electrons. Models of PWN suggest that the magne-
tization parameter takes values 10�3 � 10�2 (Rees and Gunn, 1974; Kennel and Coroniti,
1984; Komissarov and Lyubarsky, 2004). The magnetic field turbulence is too weak for
particles to scatter back and forth across the termination shock and shock acceleration
is suppressed (Lemoine and Pelletier, 2010; Sironi et al., 2015). In general, shock accel-
eration for magnetic fields perpendicular to the shock propagation is too suppressed to
accelerate electrons up the energies required to explain PWN emission (Meli and Quenby,
2003; Caprioli and Spitkovsky, 2014). It has been suggested pre-acceleration of par-
ticles driven by magnetic reconnection at the shock front (Lyubarsky and Kirk, 2001;
Lyubarsky, 2003; Lemoine, 2016), or resonant cyclotron absorption of electrons/positrons
Lyubarsky and Kirk, 2001 followed by DSA may overcome these issues.

Any modelling conducted in this thesis will assume an injection of accelerated elec-
trons.

2.2.2 Propagation of Charged Particles

Neglecting any electric fields, the Lorentz equation (Eq. 2.16) shows that the magnetic
force applied to a charged particle is perpendicular to its motion and the particle will
travel in a circular motion described by:

Æ� =
<E

2
?

A
2
Â , (2.24)

where E? is the velocity perpendicular to the magnetic field and Â = ÆA/|ÆA | represents the
direction perpendicular both to the motion and the magnetic field. Combining Eq. 2.16

→
B

v

θ →
B

Δx

Figure 2.12: (left) The path (black) of motion taken by a charged particle with initial
velocity E at angle \ to a uniform magnetic field ⌫ (red). (right) Propagation of a charged
particle in a magnetic field with turbulence of length �G when A6 < �G (top), A6 ⇡ �G
(middle) and A6 > �G. (bottom)
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and Eq. 2.24, we find the particle gyro-radius, A6 (the radius of the circular motion induced
by a uniform magnetic field):

A6 =
<E?
@⌫

=
?

@⌫

, (2.25)

where ? is the relativistic momentum of the charged particle. For relativistic cosmic rays
? ⇡ ⇢/2. If the charged particle has velocity at an angle \ to a magnetic field, it will
spiral around the magnetic field direction as shown in the left panel of Fig. 2.12.

The magnetic field around PWNe and within dense gas clouds (see Section 4.2.4) is
not uniform and will a↵ect the propagation of charged particles. The perturbation of size
�- in an otherwise uniform magnetic field will a↵ect the propagation of charged particles
(see the right panel of Fig. 2.12). For charged particles, where the gyro-radius is much
less than the perturbation (A6 ⌧ �G), the particle will follow the magnetic field lines with
no change to its pitch angle. When the gyro-radius is much greater than the perturbation
(A6 � �G), the propagation will be una↵ected. For charged particles, where the gyro-
radius is similar in scale to the perturbation (A6 ⇡ �G), the pitch angle \ changes and
alters the direction of travel. In other words, charged particles scatter on the magnetic
field turbulence that is of similar scale as the gyro-radius.

The gyro-radius of ultra-high energy particles (A6 = 3.6 kpc at 1019 eV and ⌫ = 3 µG)
is so large that they tend to travel in a ballistic manner (for distances less than A6) and
thus point back to their place of origin. Lower energy particles (e.g. A6 ⇡ 10�4 pc at 1 TeV
and ⌫ = 3 µG) scatter multiple times and their trajectory tends to follow a random walk,
i.e. di↵usion.

Di↵usion of charged particles

The di↵usion coe�cient, ⇡
⇥
cm2 s�1

⇤
, describes the rate that charged particles di↵use

across a unit area and is related to the magnetic field of the medium. In a magnetic
field with average field strength ⌫0, the mean square variation X⌫2 depends on the spatial
power spectrum of the magnetic field turbulence � (:) / :�� (Drury, 1983; Nava et al.,
2016):

π
� (:) d ln : =

✓
X⌫

⌫0

◆2
, (2.26)

where : / 1/A6 is the wave number The pitch angle is randomised (see Fig. 2.12) after
approximately # = ⌫20/: � (:) rotations such that the mean free path parallel to the field
is given by _k = #A6. Therefore, the di↵usion coe�cient parallel to the magnetic field
lines:

⇡ k =
A6E

3

⌫
2
0

: � (:) , (2.27)

where E is the velocity of the particle. The mean free path perpendicular to the field lines
takes values _? ⇡ A6 such that the di↵usion coe�cient perpindicular to the magnetic field
becomes:

⇡? =
A6E

3

: � (:)
⌫
2
0

= ⇡ k

 
: � (:)
⌫
2
0

!2
. (2.28)
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Hence:

⇡?⇡ k =
⇣
A6E

3

⌘2
= ⇡2

⌫
, (2.29)

where ⇡⌫ = A6E/3 is known as the Bohm di↵usion coe�cient representing the case when
_ ⇡ A6.

Three di↵erent regimes of turbulence are considered: Bohm (� = 1), Kraichnan (� = 3
2)

and Kolmogrov (� = 5
3). As A6 / ⇢ and : / 1/⇢ , Eq. 2.27 becomes:

⇡ /
A6

: � (:) / ⇢
2�� . (2.30)

This results in energy dependent di↵usion: ⇡ / ⇢ in the Bohm regime, ⇡ / ⇢ 1
2 in the

Kraichnan regime and ⇡ / ⇢ 1
3 in the Kolmogrov regime. From cosmic-ray observations,

values of the di↵usion coe�cient follows a power law spectrum (⇡ / ⇢X) with X taking
values between 0.3 � 0.6, implying a situation in the Kraichnan/Komogrov regime (e.g.
see Strong et al., 2007).

Neglecting acceleration, Gabici et al., 2007 parameterized the di↵usion coe�cient for
cosmic rays of energy ⇢ travelling in a molecular cloud with a magnetic field ⌫ to be:

⇡ (⇢ , ⌫) = j⇡0

✓
⇢/GeV

⌫/3 µG

◆
X

[cm2 s�1] (2.31)

where ⇡0 = 1 ⇥ 1027 cm2 s�1 is the Galactic di↵usion coe�cient at 1 GeV and the factor,
j, takes values< 1 and accounts for the suppression of the di↵usion coe�cient inside
turbulent clouds (Berezinskii et al., 1990). Aharonian and Atoyan, 1996 consider j = 0.01
to be ‘slow’ di↵usion representing dense ISM clouds (Ormes et al., 1988) and j = 1 to
be ‘fast’ di↵usion. The di↵usion suppression factor is poorly constrained but studies
towards SNR W28: (Li and Chen, 2010), (Giuliani et al., 2010) and Gabici et al., 2010
assume j = 0.1, 0.01 and 0.06 respectively for ⇡0 = 1028 cm2 s�1 at cosmic-ray energy
10 GeV. Similarly, Protheroe et al., 2008 highlighted the variation of the suppression
factor (j = 0.01, 0.1, 1 and j � 1) in studies towards star forming region Sgr B2.

Local and Galactic Magnetic Fields

Magnetic fields a↵ect the propagation of charged particles through the Galaxy. Faraday
rotation (the rotation of polarised light in magnetised plasma) can be used to measure
the magnetic field strength in the Galaxy (Faraday, 1846):

h⌫ki = 1.232
RM

DM
, (2.32)

where ⌫k is the magnetic field component along the line of sight, RM is the rotation
measure due to Faraday rotation and DM (see Eq. 2.10 is the dispersion measurement
of the pulsar. Magnetic fields are also measured through observations of synchrotron
emission, where the intensity is proportional to the magnetic field strength and electron
energy density (see Beck and Wielebinski, 2013 and references within).

The magnetic field in the ‘local’ vicinity takes value 1 � 6 µG based on both rotation
measure and synchrotron measurements (Rand and Kulkarni, 1989; Beck, 2001). Using
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the rotation measures from 223 pulsars, Han et al., 2006 found that the magnetic field
strength in the Galactic depends on the distance to the Galactic centre:

⌫ = ⌫0 exp


�' � '�

'⌫

�
, (2.33)

where ⌫0 = 2.1 ± 0.3 µG, '� = 8.5 kpc and '⌫ = 8.5 ± 4.7 kpc. This gives the average
Galactic magnetic field to be approximately 3µG. Local sources such as PWN (see
Section 2.1), SNRs (see (Reynolds et al., 2012) and references within) and turbulent
molecular clouds (Crutcher et al., 2010) provide an ‘additional’ magnetic field component
to their surrounding environment.

2.2.3 Cosmic-Ray Spectrum

The energy spectrum of cosmic rays (see Fig. 2.13) has been measured up to 1020 eV
(The Pierre Auger Collaboration et al., 2022) and broadly follows a power-law:

d#

d⇢
/ ⇢�� . (2.34)

Below 10 GeV, the cosmic-ray energy spectrum is dominantly composed of high-energy
particles originating from the Sun. Below this energy, there are few cosmic rays that
originate from outside the solar system due to “frozen in” magnetic fields carried by the
solar wind. Cosmic rays below 10 GeV have a gyro-radius (see Eq. 2.25) smaller than
the magnetic irregularities within this structure and are scattered out of the solar system
(Schlickeiser, 2002). The cosmic-ray spectrum broadly follows a power law with spectral
index � ⇡ 2.7 until the ‘knee’ at 1015 eV = 1 PeV when it steepens to an index of 3.
Ground-based cosmic-ray detectors have reported a second knee at 1017 eV where the
spectrum steepens further to 3.3 until it flattens out to ⇡ 2.6 at the ankle (1018 eV =
1 EeV) (Amenomori et al., 2008; Abraham et al., 2010; Apel et al., 2013; Aartsen et al.,
2013; Abu-Zayyad et al., 2013). The knee and ankle feature is believed to be created
due to the transition of Galactic cosmic rays (from sources such as SNRs and PWNe)
to extra-Galactic cosmic rays, possibly orgriginating from AGN (Thoudam et al., 2016).
The cosmic-ray spectrum then experiences a sharp cuto↵ at 29⇥ 1018 eV = 29 EeV due to
the GZK cuto↵, where cosmic-ray protons and nuclei interact with the CMB and rapidly
lose their energy (Greisen, 1966; Zatsepin and Kuz’min, 1966), or a limit to the energies
that sources can accelerate cosmic rays up to.

Figure 2.13:
Cosmic-ray (and
high-energy elec-
tron) energy spec-
trum at Earth as
measured by mul-
tiple ground-based
observatories. Im-
age courtesy of
Schroeder et al.,
2019
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2.2.4 PeVatrons

The transition from Galactic to extra-Galactic cosmic rays in the cosmic-ray spectrum
occurs between 1015 eV and 1018 eV with Galactic cosmic rays expected to contribute up
to 1017 eV = 100 PeV (Thoudam et al., 2016). Sources capable of accelerating particles
up to and beyond 1 PeV = 1015 eV are known as PeVatrons.

Cosmic rays with energies 1 PeV and 100 PeV have gyro-radii of ⇡ 0.4 pc and 40 pc
respectively (for the average Galactic magnetic field of 3 µG, see Section 2.2.2), making
their direct origin impossible to determine. However, cosmic rays interact with interstellar
gas and magnetic fields near their birthplace to produce gamma rays with energies greater
than 100 TeV (see Section 2.3). Therefore, any gamma-ray source with significant gamma-
ray emission above 100 TeV is an indicator of a PeVatron

The High-Altitude Water Cherenkov Gamma-ray observatory (HAWC) and the Large
High Altitude Air Shower observatory (LHAASO) are observatories that detect particle
showers triggered by gamma rays (LHAASO ; HAWC ). Table 2.3 lists observed HAWC
and LHAASO sources with significant gamma-ray emission above 100 TeV with possible
counterparts and accelerator type (Abeysekara et al., 2020; Cao et al., 2021). In the
past, SNRs have been regarded as the most likely source capable of accelerating protons
up to PeV energies. However, there has been no firm identification of a SNR PeVatron
and their suitability as a PeVatron has been called into question (Cristofari et al., 2018;
Gabici et al., 2019; Cristofari, 2021; Brose et al., 2022). However, both the Crab Nebula
and HESS J1825-137 are the confirmed TeV PWN counterparts of LHAASO J0534+2202
and LHAASO J1825-1326 respectively. Out of the remaining LHAASO candidates, at
least eight have possible PWN counterparts. PWN are now being considered as possible
candidates to accelerate electrons up to PeV energies (Breuhaus et al., 2021; de Oña

Table 2.3: Observed HAWC and LHAASO sources with significant gamma-ray emission
greater than 100 TeV (Abeysekara et al., 2020; Cao et al., 2021). The sources associated
with HESS J1825-137 are highlighted in blue.

Source TeV counterpart⇤ Accelerator⇤
p

TS
HAWC

eHWC J1825-134 HESS J1825-137, HESS J1826-130 PWN 41.1
eHWC J1907+063 HESS J1908+063 Unidentified 37.8
eHWC J2019+368 2HWC J2019+367 Possible PWN0 32.2

LHAASO Significance
> 100 TeV(⇥f)

LHAASO J0534+2202 Crab Nebula PWN 17.8
LHAASO J1825-1326 HESS J1825-137 PWN 16.4
LHAASO J1839-0545 HESS J1837-069 Possible PWN 7.7
LHAASO J1843-0338 HESS J1843-033, HESS J1844-030, Possible SNR 8.5

SNR G28.6-0.1
LHAASO J1849-0003 HESS J1849-000, W43W Possible PWN1 10.4
LHAASO J1908+0621 HESS J1908+063, MGRO J1908+06 Possible SNR or PWN 17.2
LHAASO J1929+1745 HESS J1930+188 Possible PWN or SNR 7.4
LHAASO J1956+2845 2HWC J1955+285, SNR G66.0-0.0 Possible PWN SNR 7.4
LHAASO J2018+3651 MGRO J2019+37 Possible PWN 10.4
LHAASO J2032+4102 - Possible PWN 10.5
LHAASO J2108+5157 - Possible PWN 8.3
LHAASO J2226+6057 Boomerang Nebula Possible SNR or PWN 13.6

⇤: Counterparts are based on spatial correlation.
References
0 Brisbois et al., 2018
1 Kuiper and Hermsen, 2015
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Wilhelmi et al., 2022). Vecchiotti et al., 2022 suggests that unresolved PWNe provides
significant contribution to the di↵use gamma-ray emission above 100 TeV.

H.E.S.S. has only discovered one PeVatron that is postulated to be associated with the
black hole in the Galactic Center during an active phase (HESS Collaboration et al., 2016).
They highlighted that the current rate of its particle acceleration is not powerful enough
to explain the cosmic-ray flux at Earth. Alternatively, superbubbles and massive stellar
clusters have been proposed as PeVatron candidates. Stellar clusters form within dense
molecular clouds, creating an expanding ‘bubble’ of low density ISM (Ikeuchi, 1998).
It has been suggested that turbulent plasma within superbubbles confine cosmic rays,
allowing multiple shock fronts to accelerate them to high energies (e.g. see Vieu et al.,
2022 and references within).

The Tibet ASW collaboration revealed the detection of di↵use gamma rays with ener-
gies between 100 TeV to 103 TeV = 1 PeV in the Galactic disk, indicating the presence of
PeVatrons in the Galaxy (Amenomori et al., 2021). Similarly, LHAASO reported mea-
surements of the di↵use gamma-ray emission up to 1000 PeV and suggests that TeV halos
(see Section 2.1.2) significantly contribute to the di↵use emission up to the ultra-high
energy band (Cao et al., 2023).

2.3 Gamma rays: Messengers of Cosmic Rays

Section 2.2.2 and Section 2.2.4 discussed how Galactic cosmic rays (⇢ < 100 PeV) scatter
o↵ magnetic field turbulence and do not preserve information about their origin. There-
fore, alternate messengers for Galactic cosmic rays must be turned to. Gamma rays are
produced via hadronic (cosmic-ray proton) and leptonic (cosmic-ray electron) interactions
with the ISM and/or radiation fields. This section will describe the history of gamma-ray
astronomy and then delve deeper into their production processes.

2.3.1 A Brief History

Gamma rays were first discovered in 1900 by Paul Villard while studying radium. Ernest
Rutherford later realised in 1903 that this radiation was fundamentally di↵erent to al-
pha, beta and delta rays and subsequently classified them as gamma rays. By reflecting
gamma rays from a crystal surface, Rutherford and Edward Andrade in 1913 proved the
electromagnetic nature of gamma rays and measured their wavelength (Rutherford and
Andrade, 1913). Gamma rays have the largest energy per photon and smallest frequency
of the electromagnetic spectrum. On Earth, gamma rays are created by radioactive decay
within the crust and the interaction of cosmic rays with the Earth’s atmosphere. Gamma-
ray astronomy began with the 1957 publication by Philip Morrison, with the prediction
that solar flares produce gamma rays (Morrison, 1958). We now know of many astro-
physical sources that can produce gamma rays. These include PWNe, SNRs, quasars
and active Galactic nuclei. Current gamma-ray observatories include Fermi Gamma-ray
Space Telescope (The Fermi Gamma-ray Space Telescope n.d.), the High Energy Stereo-
scopic System (HESS ), MAGIC (The Magic Telescopes ), HAWC (HAWC ), VERITAS
(VERITAS ) and LHAASO (LHAASO ). Details of gamma-ray detection will be discussed
in Chapter 3.
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2.3.2 Hadronic Gamma-Ray Emission

Relativistic protons (and nuclei) collide with gas in the ISM to form charged and neutral
pions via proton-proton (p-p) interactions:

? + ? ! ⇡0 + ⇡+ + ⇡� (2.35)

During p-p interactions, about half of the energy of the initial cosmic-ray proton is split
among the neutral and charged pions (Hinton and Hofmann, 2009). The subsequent decay
of neutral pions produce gamma rays:

⇡0 ! W + W (2.36)

with each gamma ray carrying approximately one sixth of the initial proton energy (Hinton
and Hofmann, 2009). The charged pions decay into muons, neutrinos and anti-neutrinos:

⇡+ ! �+ + ⌫�
⇡� ! �� + ⌫�

(2.37)

Similarly, muons go on to decay into electrons, positions, neutrinos and anti-neutrinos:

�� ! 4
� + ā4 + a`

�+ ! 4
+ + a4 + ā`

(2.38)

10�3 10�1 101 103

Ep (TeV)

0

20

40

60

�
(m

b)

10�2 10�1

x=E�/Ep

10�2

10�1

x2
F �

Ep =10�1 TeV
102 TeV

103 TeV

10�5 10�2 101

E� (TeV)

10�19

10�18

10�17

E2 �
�

(T
eV

cm
�

3
s�

1 )

� =1.8 2.0 2.2

10�5 10�2 101

E� (TeV)

10�19

10�18

10�17

E2 �
�

(T
eV

cm
�

3
s�

1 )

Ec =101 TeV
102 TeV

103 TeV

Figure 2.14: (top-left) Proton-proton interaction cross section as given by Eq. 2.41. (top-
right) Hadronic gamma-ray emission from a cosmic-ray proton with energy ⇢? and target
density =� = 1 cm�3 (bottom) Gamma-ray spectra from p-p interactions from cosmic-rays
protons with an exponential cuto↵ power law distribution (d# /d⇢ / ⇢�� exp(�⇢/⇢2))
with ⇢2 = 103 TeV (left) and � = 2.0 (right).
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For a distribution of protons with spectral index � and exponential cuto↵ energy ⇢2:

�%

�
⇢?

�
= �⇢��

?
exp

✓
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◆ ⇥
TeV�1 cm�3

⇤
, (2.39)

where � is a normalisation constant, the energy spectra of gamma rays from proton-proton
collisions is expected to follow:
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, (2.40)

where 2 is the speed of light and =� is the density of the ambient medium. From the
bottom panels in Fig. 2.14 it can be seen that the shape of the p-p gamma-ray SED is
influenced by the distribution of cosmic-ray protons. While the spatial morphology of
hadronic gamma rays is shaped by interstellar gas, as seen in Eq. 2.40. In summary,
gamma rays act as messengers for hadronic cosmic rays and carry information about the
source and its surrounding environment.

The total inelastic cross section of p-p interactions for a proton of kinetic energy )?
(where the total energy is ⇢? = <?2

2 + )?) is given by (Kafexhiu et al., 2014):

f??

�
)?

�
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✓
30.7 � 0.96 ln

✓
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)thr

◆
+ 0.18 ln2

✓
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)thr
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1 �

�
)thr/)?

�1.9⌘3 [mb] , (2.41)

where )thr = 2<c + <2
c
/2<? ⇡ 0.28 GeV is the minimum proton kinetic energy to form a

neutral pion (⇢thr = 1.22 GeV). The top-left panel of Fig. 2.14 shows the total inelastic
cross section at di↵erent proton energies.

The time it takes for a proton to lose its energy (or ‘cool’ to a lower energy) through
p-p interactions in a medium with ambient density =� is given by (Hinton and Hofmann,
2009):

g?? =
1

=2^f?? (⇢)
⇡ 5.3 ⇥ 107

⇣
=/cm�3

⌘�1
[yr] , (2.42)

where the cross section is weakly dependent on energy (fpp ⇡ 35 mb) at TeV energies.
Eq. 2.42 shows that the cooling rate of protons is inversely proportional to the density
of interstellar gas and approximately independent of the proton energy. Therefore, the
brightness of gamma rays towards a source of cosmic-ray protons will correlate with the
density morphology of the surrounding ISM gas.

Using GEANT4 models, Kafexhiu et al., 2014 parameterized the spectra of gamma
rays of energy (⇢W) from a single proton with kinetic energy )? to be:

�W

�
)?, ⇢W

�
= �max

�
)?

�
�

�
)?, ⇢W

�
, (2.43)

where �max is a function of the pion production and �
�
)?, ⇢W

�
describes the shape of the

spectrum:
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with fc being the c0 production cross section (see Kafexhiu et al., 2014 for parameter-
isation), \? = )?/<?, ⇢max

c
is the maximum total c0 energy in the laboratory frame,
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�
and _ are coe�cients for the GEANT4 modelling (see Appendix E).

The top-right panel of Fig. 2.14 shows the expected gamma-ray spectra from a proton
with energy ⇢ = 0.1 TeV, 100 TeV and 1000 TeV.

2.3.3 Leptonic Gamma-Ray Emission

Cosmic-ray electrons produce GeV to TeV gamma rays through synchrotron, inverse
Compton and Bremsstrahlung interactions.

Synchrotron Radiation

Synchrotron radiation occurs when charged particles gyrate in a magnetic field of strength
⌫. For a particle with mass <, charge @ and Lorentz factor W, the angular velocity is given
by:

l =
@⌫

W<

. (2.45)

The total power radiated by a charged particle is given by Larmor’s formula:

% =
@
2
0
2

6cn023
[erg/s] , (2.46)

where 0 is the acceleration of the particle.
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Figure 2.15: An electron travelling at velocity ÆE in the x-direction of the lab frame (left)
with a uniform magnetic field on the x-y plane at angle U to the x-axis. The rest frame of
the particle (right) travels at velocity ÆE to the lab frame. The pure magnetic field Æ⌫ (i.e.
no electric fields) in the lab frame appears as a mixture of magnetic field Æ⌫0 and electric
field Æ⇢0 in rest frame.
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In the rest frame of the (ÆE = 0), the force acted on the particle is described by:

Æ� = < Æ0 = �4
⇣
Æ⇢ + ÆE ⇥ Æ⌫

⌘
= �4 Æ⇢ ,

(2.47)

where Æ⇢ is the electric field strength in the particle’s rest frame. For the example shown
in Fig. 2.15, the parallel and perpendicular component of the electric field in the particle’s
rest frame can be obtained using Lorentz transformations:

Æ⇢0k = Æ⇢k = 0 (2.48a)

Æ⇢0? = W
⇣
Æ⇢? + ÆE ⇥ Æ⌫?

⌘
= ⇢0

I
= WE⌫ sinU . (2.48b)

Therefore the power radiated is given by:

% = � (W4E⌫ sinU/<)242
6cn023

, (2.49)

where the negative in Eq. 2.49 represents the energy lost by the particle. Power is Lorentz
invariant, hence Eq. 2.49 applies to both the lab and rest frame in Fig. 2.15. Electrons
radiate more power via synchrotron radiation than protons of the same energy due to the
inverse proportionality of the particle’s mass (see Eq. 2.49). Henceforth, only synchrotron
radiation from electrons will be considered. The power radiated by a single electron
through synchrotron radiation is:

% = �2f)W22*⌫ sin2 U , (2.50)

with the magnetic energy density defined to be *⌫ = ⌫
2/2`0 and the Thompson cross

section is defined as:
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where A0 = 42/4cn0<422 is the classical electron radius. For electrons travelling in random
directions:
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The mean power loss is given by:

h%i = d⇢

dC
= �4

3
f)W

2
2*⌫ . (2.53)

The spectrum, %(a), of synchrotron emission emitted by a single electron with pitch
angle U and magnetic field ⌫ is given by (Manolakou et al., 2007):
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π 1
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 5

3
(C) dC , (2.54)

where  5
3

is the modified Bessel function of the second kind. The synchrotron spectrum,

%(a), peaks at ‘critical frequency’ a = a2 (see Fig. 2.16):

a2 = W2
34⌫ sinU

4c<2
. (2.55)
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Equivalently, the synchrotron spectrum peaks at photon energy ⇢W (Hinton and Hofmann,
2009):

⇢W

eV
= 0.087

✓
⇢4

TeV

◆2
⌫

µG
, (2.56)

where ⇢4 is the energy of the initial electron. Therefore, observations of synchrotron emis-
sion & 300 keV is a strong indicator of a 1 PeV electron (assuming the average magnetic
field strength of 3 µG, see Section 2.2.2).

Inverse Compton emission

Inverse Compton emission occurs when an electron scatters o↵ a photon:

Wlow E + 4�0 ! WTeV + 4� , (2.57)

where the final photon energy is greater than the original photon energy at cost of the
electron energy (⇢

4
�0 > ⇢4�). Photon fields such as the CMB, infra-red photons, visi-

ble light, UV and X-rays provide target photons for the electron to scatter up to W-ray
energies.

Fig. 2.17 shows a photon with momentum
h
⇢8

2
,
⇢8

2
cos \8,

⇢8

2
sin \8, 0

i
scattering o↵ an

electron in the lab and rest frame of the electron. The Lorentz transformation of the
initial photon energy from the lab frame (⇢8) to the rest frame (⇢0

8
) is given by:

⇢
0
8
= W⇢8 (1 � V cos \8) , (2.58)

where V = E/2 and E is the electron velocity. The Lorentz transformation of the final
photon energy from the rest frame to the lab frame is given by:

⇢ 5 = W⇢05
⇣
1 + V cos \0

5

⌘
. (2.59)

Assuming elastic scattering, the photon has the same energy before and after the collision
in the rest frame of the electron (⇢0

8
= ⇢0

5
). Therefore, the final energy in the lab frame

is:
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Figure 2.17: A photon with energy ⇢8 scatters of an electron (travelling at velocity E)
at angle \ in the lab frame (left). In the rest frame of the electron (right), the photon
collides with electron at angle \0 and energy ⇢

0
8
. The top and bottom panels describe

the situation before and after the collision respectively. After scattering the photon has
energy ⇢ 5 and ⇢0
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in the lab frame and electron rest frame respectively

⇢ 5 = W2⇢8 (1 � V cos \8)
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1 + V cos \0

5

⌘
. (2.60)

The photon scatters of the electron isotropically (8.4.
D
cos \0

5

E
⇡ 0):

⌦
⇢ 5

↵
= (1 � V cos \8)W2⇢8 . (2.61)

The rate of interaction, ', for electrons in photon field with density = at angle \8 can be
described by:

' = =f) (1 � V cos \8) , (2.62)

where f) is the Thompson cross section. The rate of electron energy loss over a solid
angle d⌦ = 2c sin \8 d\ = 2c d(cos \8) is given by:
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(2.63)

Integrating over all \8 gives the electron energy loss for Inverse Compton Interactions as:

d⇢4
dC

= �4

3
*radf)2W

2 , (2.64)

where *rad = =(⇢8)⇢8 is the radiation energy density and =(⇢8) is the number density.
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The number density of target photons provided by photon fields such as the CMB can
be described by a blackbody spectrum (see Section 4.1.3). Therefore, the spectrum from
a single electron with energy ⇢4 scattering of a target photon with energy in range n + dn
is described by (Blumenthal and Gould, 1970):
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(2.65)

where:
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�
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� (2.66a)
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4nW

<42
2

. (2.66b)

� determines whether the scattering falls under the Thompson limit (� ⌧ 1) or Klein-
Nishina limit (� & 1). The Thompson limit applies when the product of the incident and
scattered photon energy is much less than the square of the rest mass of the electron (Blu-
menthal and Gould, 1970). The Klein-Nishina limit considers that most of the electron
energy is lost in one scattering event.

In the Thompson regime, the inverse Compton emission peaks at (Hinton and Hof-
mann, 2009):
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Eq. 2.67 is used to approximate the energy range of the cosmic-ray electron population.
In the Klein-Nishina regime, The LHAASO Collaboration et al., 2021 makes the approx-
imation:

⇢4

PeV
= 2.15

✓
⇢W,?

PeV

◆0.77
, (2.68)

which is accurate to within 10% for electrons within energy range [30 TeV, 3 PeV]. There-
fore, observations of gamma rays with energy & 200 TeV from inverse Compton interac-
tions is a strong indicator that the source is a leptonic PeVatron (see Section 2.2.4).

Bremsstrahlung Emission

Bremsstrahlung emission occurs when an electron experiences decceleration due to the
presence of an atomic nucleus. For a single electron with energy ⇢4 passing through a gas
with number density =, the radiated photon spectrum per electron can be described by
(Blumenthal and Gould, 1970):

d#

dC d:
= 2= df , (2.69)

For an electron with initial & final energy, ⇢8 & ⇢ 5 respectively, the final photon has
energy : = ⇢8 � ⇢ 5 . The di↵erential cross section, df, can be written as (Bethe and
Heitler, 1934):
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with U = 1/137 is the fine structure constant and for a unshielded charge:

q1 ⇡ q2 = 4/2
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. (2.71)

The SED of Bremsstrahlung emission is proportional to the density of the ambient
medium (see Eq. 2.69). Therefore, in cases such as PWN, where the ISM has been
“swept” out by the progenitor stellar wind, inverse Compton and synchrotron emission
will generally dominate over Bremsstrahlung emission. The electron energy loss rate, as
derived by Blumenthal and Gould, 1970, for an electron interacting with ambient gas with
density =I and atomic number / is related by:

d⇢4
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. (2.72)

Total Leptonic Radiative Processs

The cooling time of an interaction, the time it takes for an electron to cool to a lower
kinetic energy, can be used to determine the dominant process amongst the three lep-
tonic processes (synchrotron, inverse Compton and Bremsstrahlung). The cooling time is
defined to be:
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g =
π

W

W
0

dW00

§W
⇡ W§W for W0 ⇡ W ,

(2.73)

where an electron cools from Lorentz factor W0 to W at rate §W(W00). The cooling time for
synchrotron, inverse Compton and Bremsstrahlung interactions are given by (Hinton and
Hofmann, 2009):
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gbrem ⇡ 3.9 ⇥ 107
⇣
=/cm�3

⌘�1
[yr] , (2.74c)

where:

�(W, n0) = (1 + 4Wn0)�
3
2 , (2.75)

considers the Thompson limit or Klein-Nishina limit of inverse Compton scattering with
a photon with dimensionless energy n0 = ⌘a/<422 and frequency a. Manolakou et al.,
2007 describes the total cooling rate as:
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where
Õ
8
sums over all radiation fields contributing to the inverse Compton gamma-ray

flux. The coe�cients 1:
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and <4 and 4 being the mass & charge of the electron respectively, D0 and D⌫ are the
energy densities of the photon and magnetic fields and =4 is the electron number density.
The function �KN takes account the full Klein-Nishina cross section for Inverse Compton
scattering (Manolakou et al., 2007):

�KN =
1

D0

π 1

0
�(W, n0)Dn0 dn0 . (2.77)

For a Planckian black body distribution of photon energies, �KN can be approximated
by:

�KN = (1 + 4Wne↵)�3/2

ne↵ =
2.8:)
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2

.
(2.78)
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For Bremsstrahlung losses in neutral hydrogen, Eq. 2.76 becomes:

§Wtotal = 1BW2 +
’
8

1ICW
2
�KN(W) + 1⇠ (3 ln W + 18.8) + 5.31⌫ . (2.79)

Fig. 2.19 shows the individual and total cooling time for electrons for di↵erent electron
energies in a uniform cloud with varying magnetic field strengths. Synchrotron losses
dominate in high magnetic fields and/or high electron energies. For example, synchrotron
losses are dominant for electrons & 85 TeV in a magnetic field of 3 µG and dominant
for magnetic fields & 12 µG for 1 TeV electrons scattering against CMB photons (D0 =
0.26 eV cm�3 and ) = 2.7 K).

Fig. 2.16 and Fig. 2.18 shows the synchrotron and inverse Compton emission from a
single electron energy. The SED from an electron distribution �4 (⇢4) is described by:

�
�
⇢W

�
=

π 1

⇢W

�4 (⇢4)�W (⇢W, ⇢4) d⇢4 , (2.80)

where �W (⇢W, ⇢4) d⇢4 is given by Eq. 2.54, Eq. 2.65 and Eq. 2.69. Overall, the flux ratio
of inverse Compton to and synchrotron emission in the Thompson regime is related by
(Aharonian et al., 1997):
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Figure 2.19: Cooling times for electrons at di↵erent energies in a uniform cloud with
density = = 10 cm�3 and magnetic field ⌫ = 0.1, 1, 10 & 100 µG. The solid blue line
shows the cooling time for inverse Compton interactions against the CMB (*CMB =
0.26eV cm�3). The dashed yellow line shows the cooling time for synchrotron interactions
while the dotted green line shows the cooling time for Bremsstrahlung interactions.
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5IC(⇢)
5B (⇢)

=
*rad

*⌫

. (2.81)

Electrons escaping the PWN cool at a rate that is dependent on the surrounding en-
vironment (Eq. 2.79), a↵ecting the energy distribution of cosmic rays and the subsequent
multi-wavelength emission (Eq. 2.80). Therefore, Chapter 5 will describe the evolution of
cosmic rays (leptonic and hadronic) and the subsequent SED.



Chapter 3

Gamma-Ray Astronomy

Chapter 2 discussed how PWNe like HESS J1825-137 accelerate cosmic rays up to TeV
energies and how gamma rays can be used as alternative messengers. To study accelera-
tors like HESS J1825-137, astronomers require instruments that are capable of observing
gamma rays up to TeV energies.

Upon reaching the Earth atmosphere, gamma rays produce air showers comprising of
billions of secondary particles and photons. Astronomers in the early 20th century placed
Geiger counters on balloons to detect gamma rays at high altitude (Hess, 1912). Now,
satellites like Fermi -LAT are used to observe gamma rays less than ⇡ 0.1 TeV before they
enter the atmosphere (Michelson et al., 2010). Alternatively, ground-based observatories
analyse the air shower itself to reconstruct information about the original gamma ray.
This is a method used by the High Energy Stereoscopic System (H.E.S.S.) to study TeV
gamma-ray sources like HESS J1825-137.

This section will provide a brief overview of how gamma rays interact with the atmo-
sphere and the techniques used to observe the subsequent shower of particles. Finally,
there will be a description of the gamma-ray observatories whose data products were
utilised in this thesis.

3.1 Air Showers

The presence of molecules in the atmosphere provides a target for gamma rays and cosmic-
ray protons to interact and produce lower energy particles (electrons, positrons, pions).
The daughter particles then go on to decay or interact with the atmosphere to produce
even lower energy particles. This process cascades to form an air shower which is shown
in Fig. 3.1 and Fig. 3.2.

The morphology and structure of the air shower is dependent on the atmosphere.
Atmospheric depth is defined to be the altitudinal integral of atmospheric density above
height ⌘ (Stanev, 2010):

- =
π 1

⌘

d(⌘0) d⌘0 , (3.1)

with the units of atmospheric depth being g cm�2. Atmospheric depth is a proxy for the
amount of material above height ⌘. For a constant temperature, the relationship between
height and atmospheric depth becomes:

- = -0 exp(�⌘/⌘0) , (3.2)

38
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where ⌘0 is the scale height of the atmosphere and -0 = 1030 g cm�2 is the atmospheric
depth at sea level.

3.1.1 Gamma-Ray Air Showers

When a gamma ray above a few GeV enters the atmosphere, the presence of atmospheric
nuclei allows pair production to occur:

W + / ! 4
� + 4+ (3.3)

where the daughter electron and positron each have kinetic energy:

⇢4± ⇡
1

2

⇣
⇢W � 2<42

2
⌘

, (3.4)

with ⇢W being the energy of the original gamma ray. Hence, the original gamma ray must
have a threshold energy of twice the rest mass of the electron (<422 = 511 keV) to undergo
pair production.

Electrons and positrons interact with atmospheric nucleii through Bremsstrahlung
interactions (see Section 2.3.3), resulting in the production of photons:

4
0
± + / ! 4± + / + W (3.5)

with a di↵erential cross section, dfbrem, described by Eq. 2.70. The distance that an
electron/positron travels before radiating a photon through Bremsstrahlung interactions
is given by (Matthews, 2005):

3 = _A ln 2 , (3.6)

where the radiation length, _A , is characteristic to a material and relates to the energy
loss of high-energy particles as it traverses through a medium.

γ

γ

γ γ

γ γ

e-

e-

e- e- e-e+ e+

e+

e+
Figure 3.1: Heitler’s model of the forma-
tion of an air shower triggered by a gamma
ray (Heitler, 1954). The gamma ray un-
dergoes pair production to produce an elec-
tron and positron. In turn, the electron/-
positron undergo Bremsstrahlung interac-
tions and/or electron-positron annihilation
to produce photons. This process cascades
into the air shower.
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Positrons can also annihilate with atmospheric electrons to produce two photons:

4
� + 4+ ! W + W (3.7)

with each daughter photon having threshold energy ⇢thr � <422. If the daughter photons
have energy greater than twice the rest mass of an electron (Eq. 3.4), they can undergo
electron-positron production. The cross section for electron-positron production, fpair,
can be given in terms of the cross section for Bremsstrahlung interactions, fbr, by:

fpair
�
⇢4, ⇢W

�
= fbr

�
⇢4, ⇢W

� ⇢2
4

⇢
2
W

⇡ 7

9
fbr

�
⇢4, ⇢W

�
, (3.8)

Heitler’s model of electromagnetic air showers (see Fig. 3.1) provides a method to
study the development of air showers triggered by gamma rays (Bethe and Heitler, 1934).
It assumes that the radiation length for both pair production and Bremsstrahlung inter-
actions are identical due to a similar cross section. Therefore, the atmospheric depth of
the air shower after = interactions is:

- = =3 = =_A ln 2 . (3.9)

The number of particles (electrons, positrons and photons) in the air shower after =
interactions is given by (Matthews, 2005):

# = 2= = exp(-/_A) , (3.10)

with the average particle energy after = interactions being:

⇢= =
⇢0

2=
= ⇢0 exp(�-/_A) , (3.11)

where ⇢0 is the energy of the original gamma-ray photon that triggered the air shower.

The exponential growth of the air shower continues until the daughter particles reach
a critical energy ⇢2 (⇡ 85 MeV in air) where ionisation losses dominate over radiative
losses (Heitler, 1954). At this point, the shower has the maximum number of particles:

#max = 2=2 =
⇢0

⇢2

, (3.12)

where =2 is the number of interactions when critical energy is reached. Therefore:

=2 = log2
⇢0

⇢2

=
ln ⇢0

⇢2

ln 2
. (3.13)

Therefore, the air shower depth after =2 interactions:

-max = _A ln
⇢0

⇢2

. (3.14)

The elongation rate of an air shower is defined to be the rate of change of the depth of
shower maximum with energy (Matthews, 2005):

⇤ =
d-max

d log10 ⇢0
. (3.15)

Combining Eq. 3.14 & 3.15 gives:
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⇤W = 2.3_A per decade of primary energy . (3.16)

In air, electromagnetic air showers have elongation rate of 85g cm�2 per decade of primary
energy.

Further studies (Matthews, 2005) showed that the maximum number of electrons
predicted by Heitler’s model, #e, H overestimates the number of particles compared to
that measured by experiments. Matthews, 2005 revised the maximum number of particles,
#e, M, to be:

#e, M =
#e, H

10
. (3.17)

In summary, Heitler noted that in electromagnetic cascade showers (Heitler, 1954):

1. The maximum number of particles in the cascade is proportional to the energy of
the initial gamma ray ⇢W,0.

2. The depth of the shower is proportional to log ⇢0.

3. The shower development is independent of the atmospheric ‘material’ provided that
atmospheric thickness is measured in cascade units and energy in units of critical
energy.

4. The angular spread of an electromagnetic shower is not large as the emission of light
from Bremsstrahlung interactions and pair production is at small angles assuming
the initiating particle has high energy.

Overall, Heitler’s model can be used to predict the basic electromagnetic air shower struc-
ture.

3.1.2 Cosmic-Ray Air Showers

Both gamma rays and cosmic rays initiate air showers upon entering the atmosphere.
Therefore, any observatory dedicated to studying gamma rays must be able to distinguish
between a gamma-ray air shower and cosmic-ray air shower.

Cosmic rays (protons or nucleii) above a few GeV undergo proton-proton collisions
(see Section 2.3.2) with atmospheric nuclei and produce pions.

CR + ?atmos ! CR + ⇡0 + ⇡� + ⇡+ (3.18)

where the ratio of charged pions to neutral pions is approximately 2 : 1. Charged pions
decay into neutrinos and muons, with muons then decaying into electrons, positrons,
neutrinos and anti-neutrinos. The presence of muons in an air shower can indicate whether
the shower was triggered by a gamma ray or cosmic ray. Electrons and positrons interact
with the atmosphere via Bremstrahlung and electron-positron annihilation to produce
photons as discussed in Section 3.1.1. Unlike gamma-ray air showers, the original cosmic
ray can go on to undergo further proton-proton collisions to increase the number of charged
pions in the atmosphere. This development of cosmic-ray air showers is shown in Fig. 3.2.

The decay length, 3, is defined to be the distance a particle with Lorentz factor W will
travel before it decays (Matthews, 2005):
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Figure 3.2: The formation of an air shower
triggered by a cosmic ray entering the atmo-
sphere. The cosmic ray undergoes proton-
proton interactions to produce neutral and
charged pions. Neutral pions decay into two
photons (which can trigger an electromag-
netic air shower) while charged pions decay
into muons and neutrinos. The muons decay
into electrons/positrons and neutrinos. De-
pending on its energy, the original cosmic ray
can undergo further proton-proton collision.

3 = VW2g , (3.19)

where (g is the mean lifetime of the particle). The mean life time of charged pions is
approximately 2.6 ⇥ 10�8 s, while neutral pions have a mean life of 8.4 ⇥ 10�17 s. This
gives the decay length for neutral and charged pions to be 3c0 = W ⇥ 2.51 ⇥ 10�6 cm and
3c± = 780W cm respectively. Compared to charged pions, neutral pions decay essentially
where they were created.

Figure 3.3: Monte Carlo
simulations of a air
shower triggered by a
0.3 TeV gamma ray (left)
vs an air shower triggered
by a 1 TeV cosmic-ray
proton (right). Image
courtesy of Aharonian
et al., 2008

After = interactions, there are #c± charged pions with individual energy (Matthews,
2005):
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⇢c =
⇢0

( 32#ch)=
, (3.20)

where ⇢0 is the energy of the initial cosmic ray and #ch is the multiplicity of charged
particles produced in hadronic interactions.

Matthews, 2005 gives the number of interactions (of the initial cosmic ray) for a pion
to reach critical energy, ⇢c

2
, to be:

=2 =
ln

�
⇢0/⇢c2

�
3
2#ch

= 0.85 log10

✓
⇢0

⇢
c

2

◆
, (3.21)

occurring when the probability of pion decay exceeds the probability that it survives to
the next interaction. The original energy of the cosmic ray is now divided between #c

pions and #max electromagnetic particles:

⇢0 = #`⇢c2 + #42 #max

⇡ 0.85 GeV
�
#4 + 24#`

�
,

(3.22)

where #4 = #max/10 from Eq. 3.17

The atmospheric depth where the number of air shower particles is at a maximum,
-
?

max, is found through (Matthews, 2005):

-
?

max = -0 + _A ln

✓
⇢0

3#ch⇢
4

2

◆
= 470 + 58 log10 (⇢0/1 PeV) g cm�2 , (3.23)

where -0 is the atmospheric depth where the shower was initiated. The atmospheric
depth maximum can be compared to the atmospheric depth maximum for gamma-ray air
showers via:

-
?

max = -Wmax + -0 � WA ln 3#ch . (3.24)

This gives the elongation rate for proton initiated air showers:

⇤? = ⇤W + d

d log10 ⇢0
[- � _A ln 3#2⌘]

⇡ 58 g cm�2 per decade of primary energy .
(3.25)

Fig. 3.3 compares Monte Carlo simulations of air showers triggered by a 0.3 TeV gamma
ray and a 1 TeV cosmic-ray proton, where the hadronic air shower is more spread out
than gamma-ray air shower. Additionally, any photons produced by proton-proton inter-
actions can trigger an electromagnetic shower within a hadronic air shower. Using this
information, gamma-ray observatories can analyse the air shower to determine whether
the initial particle was a gamma ray or proton.

3.1.3 Cherenkov Light and Cherenkov Telescopes

Particles produced in a electromagnetic air shower can travel faster than the speed of
light in the atmosphere. The speed of light, 2=, in a medium with refractive index = is
given by:

2= =
2

=

, (3.26)
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Figure 3.4: Huygens’s construction of a
charged particle travelling at speed E in a
medium of refractive index =. Cherenkov
light is emitted at angle \ when the parti-
cle is travelling faster than the speed of light
in the medium

where 2 = 3.0 ⇥ 108 m s�1 and = > 1.

A charged particle polarises the medium it is travelling through. As the particle prop-
agates, the polarised medium oscillates back to its resting state and emits electromagnetic
radiation. This is shown in Fig. 3.4, where the resulting radiation can be described by
Huygen’s construction of light. For a particle that is travelling with velocity less than
the speed of light, the electromagnetic radiation wave-fronts will destructively interfere
with each other with no net production. If the charged particle is travelling faster than
the speed of light in that medium, the electromagnetic wave-fronts will constructively
interfere and there is a net production of light.

Cherenkov light is emitted in a cone in the direction of particle propagation (see
Fig. 3.4). At time C = 0, a photon is emitted at angle \ to the particle propagation. After
time C, the photon has travelled distance 2C/= and the particle has travelled V2C (V = E/2,
with v being the velocity of the particle). Hence:

cos \ =
2C

=

1

V2C

=
1

=V

.
(3.27)

For ultra relativistic particles, V! 1 and the light is emitted at angle \ ! cos�1(1/=).

The threshold for particle with mass < to produce Cherenkov light occurs when it is
travelling at the speed of light in a medium (E = 2/=):

⇢thr = W<22 =
<2

2p
1 � 1/=2

. (3.28)

For electrons in air at sea level (= = 1.0003), the threshold energy is ⇡ 21 MeV. In water,
= = 1.33, the threshold energy decreases to 1 MeV. Observatories such as the Pierre Auger
observatory and the High Altitude Water Cherenkov gamma-ray observatory use water
tanks to produce Cherenkov light (Stanev, 2010).

The particle air shower forms an observable pool of Cherenkov light on the ground
as shown by the left-hand panel of Fig. 3.5. At sea level, the radius of the light cone is
approximately 125 m for a primary gamma ray of energy 0.1 TeV, but can extend to 1 km
for energies greater than 100 TeV (Patterson and Hillas, 1983). A telescope can be placed
anywhere within the light pool to detect the Chernkov light produced from particles in
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Figure 3.5: (left) Pool of Cherenkov light from an air shower observed by four telescopes
in a stereo system. (right) Projection of the Cherenkov light onto one camera focal plane
by the four telescopes. Images courtesy of Völk and Bernlöhr, 2009.

an air shower. Hence, the the e↵ective collection area of the telescopes becomes the area
of the light pool at the ground, which is of order ⇡ 1 km2.

The right-hand panels of Fig. 3.5 shows how Cherenkov light is observed by single
and multiple telescopes. To characterise Cherenkov light, the light is first modelled by
an ellipse and then parameters such as the width, length, location & azimuthal angle to
the center of the telescope are found. These parameters, known as the Hillas parameters
(Hillas, 1985), can be used to determine the arrival direction, energy and type of the parti-
cle that triggered the air shower. If multiple telescopes observe the same light at di↵erent
angles, the combined image (see the right-hand panels of Fig. 3.5) can be reconstructed
using ‘stereo’ techniques with far more precision than if one telescope was used.

3.2 TeV Gamma-Ray Observatories

Evidence of TeV gamma rays from the AGN Centaurus A were reported by Grindlay
et al., 1975. But TeV astronomy e↵ectively began with the detection of TeV gamma rays
from the Crab Nebula (Weekes et al., 1989). Over three decades later, TeV gamma rays
from over 200 sources had been detected (Wakely and Horan, 2008). This section will
describe some of the TeV gamma-ray observatories whose data products were used in this
thesis.
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Figure 3.6: The High Energy Stereoscopic System. Images from (HESS ).

3.2.1 The High Energy Stereoscopic System

The High Energy Stereoscopic System (H.E.S.S.) telescope (named after Victor Hess) is
an array of telescopes located at 1800 m above sea level in Namibia (see Fig. 3.6) (HESS
). H.E.S.S. consists of five telescopes and utilises the atmospheric Cherenkov imaging
technique described above to detect gamma radiation in the energy range from 10s of
GeV to 100 TeV. A comparison of the performance of H.E.S.S. to other instruments is
shown in Fig. 3.7. The angular resolution of H.E.S.S. ( 0.1�) allows detailed observations
of gamma-ray sources, which is key in understanding the morphology of objects such as
SNRs and PWNe (H.E.S.S. Collaboration et al., 2018a). HESS was constructed in
two di↵erent phases; Phase I consisting of four 12 m telescopes and Phase II added one
28 m telescope at the centre of the array. Phase I and Phase II of H.E.S.S. commenced
operations in December 2003 and July 2012 respectively.

The four 12 m in diameter telescopes of Phase I have 382 mirror segments of 0.6 m
diameter mounted onto a steel frame in a Davies-Cotton optical layout (a parabolic layout
where each mirror has focal length 5 , which is the focal length of the entire telescope
(15 m)) (Bernlöhr et al., 2003). The mirrors combine to have total mirror surface area of
107 m2 and focus the Cherenkov light onto a photomultiplier camera (containing ⇡ 1000
pixels) with a 5� field of view. Each dish is mounted on a rotating base frame which
rotates azimuthally on a rail of 13.6 m diameter. The telescopes have a peak positioning
speed of 100�/min in both azimuth and elevation and is sensitive to gamma rays above
100 GeV. This is ideal for observing events such as gamma-ray bursts and following up
activity triggered by other observatories (e.g. neutrinos from IceCube, GRBs from Swift).
The four telescopes are placed in a square geometry with distances 120 m from each other.

Phase II of H.E.S.S. placed an additional 28 m telescope in the centre of phase I
(Vincent, 2005). The telescope consists of 875 hexagonal mirrors of 0.9 m sides laid out in
a parabolic shape with focal length of 36 m and total mirror area of 614 m2. The Phase II
telescope has azimuth and elevation speed of 200�/min and 100�/min respectively. Similar
to Phase I, Phase II focuses Cherenkov light onto a photomultiplier camera consisting of
⇡ 2000 pixels with a 3.2� view of the sky.
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Figure 3.7: Comparison of the performance (minimum detectable flux) of di↵erent gamma-
ray instruments for an observation time of 50 h. H.E.S.S., CTA south and CTA north
is shown by the red, dark blue and light blue lines respectively. Image courtesy of CTA
Consortium et al., 2019.

The H.E.S.S. Galactic Plane Survey

In 2018, H.E.S.S. released its third Galactic Plane Survey (HGPS) in TeV gamma rays
that covers data from January 2004 to January 2013 totalling 2864h of observation time
(H.E.S.S. Collaboration et al., 2018a). The HGPS catalogued 78 very high energy (VHE)
sources compared to 10 sources in the first release (Aharonian et al., 2005a) and 22 in its
second (Aharonian et al., 2006b). Of the 78 VHE sources; 3 are binary objects (composed
of a massive star and a compact object), 8 are SNRs, 12 are PWN, 8 are composite objects
(SNR + PWN), 11 have no known association and a further 36 are not firmly identified.
H.E.S.S. Collaboration et al., 2018a found that 47 of the HGPS sources (60%) had an
associated pulsar and (39% being a PWN or a composite object (SNR + PWN). This
makes PWNe the largest source class in the survey. Following the HPGS survey, H.E.S.S.
Collaboration et al., 2018b conducted a study on the population of TeV PWN to link
PWN evolutionary theory to TeV observations (see Section 2.1.3 for further detail). This
thesis focuses on the TeV PWN HESS J1825-137.

3.2.2 Fermi -LAT

The Fermi Gamma-ray Space Telescope is a space based observatory launched on the
11th of June 2008. Fermi has two instruments; the Large Area Telescope (LAT) and the
Gamma-ray Burst Monitor (Michelson et al., 2010). Fermi -LAT consists of thin metal
sheets that facilitates electron-positron pair production. The electron-positron pair then
pass through microstrip detectors that can track their trajectory. Finally, the products
enter a calorimeter which measures the combined energy of the electron-positron pair to
determine the energy of the initial gamma ray. The Gamma-ray Burst Monitor consists of
scintillators positioned on opposite sides of the spacecraft allowing di↵erent viewing angles
to detect gamma-ray bursts and solar flares (Michelson et al., 2010). The performance
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H.E.S.S. Collaboration et al.: The H.E.S.S. Galactic plane survey

Fig. 1. Illustration of HGPS region superimposed an all-sky image of Planck CO(1-0) data (Planck Collaboration et al. 2016) in Galactic co-
ordinates and Hammer-Aito↵ projection. For comparison, we overlay the HEGRA Galactic plane survey (Aharonian et al. 2002) and VERITAS
Cygnus survey (Weinstein 2009) footprints. Triangles denote the Fermi-LAT 2FHL �-ray sources (Ackermann et al. 2016) identified as Galactic,
and stars indicate the 15 Galactic VHE �-ray sources outside the HGPS region. H.E.S.S. has detected three of these, which are labeled SN 1006
(Acero et al. 2010a), the Crab Nebula (Aharonian et al. 2006a; H.E.S.S. Collaboration et al. 2014b), and HESS J0632+057 (Aharonian et al. 2007;
Aliu et al. 2014a). The gray shaded regions denote the part of the sky that cannot be observed from the H.E.S.S. site at reasonable zenith angles
(less than 60�). The lower panels show the HGPS �-ray flux above 1 TeV for regions where the sensitivity is better than 10% Crab (correla-
tion radius Rc = 0.4�; see Sect. 3) and observation time, both also in Galactic coordinates. The white contours in the lower panels delineate the
boundaries of the survey region; the HGPS has little or no exposure beyond Galactic latitudes of |b|  3� at most locations along the Galactic
plane.

ers. The energy threshold of the four-telescope array is roughly
200 GeV at zenith and increases with increasing zenith angle.
We can reconstruct the arrival direction and energy of the pri-
mary photon with accuracies of ⇠0.08� and ⇠15%, respectively.
Because of its comparatively large field of view (FoV), 5� in
diameter, the H.E.S.S. Phase I array is well suited for survey op-
erations. The relative acceptance for �-rays is roughly uniform
for the innermost 2� of the FoV and gradually drops toward the
edges to 40% of the peak value at 4� diameter (Aharonian et al.
2006b).

2.2. Observations, quality selection, and survey region

The HGPS data set covers the period from January 2004 to Jan-
uary 2013. H.E.S.S. acquired this data set by pointing the IACT
array to a given position in the sky for a nominal duration of
28 min (referred to as an observation run hereafter). We consid-
ered all runs with zenith angles up to 65� and observation po-
sitions centered in the Galactic coordinate range ` = 244.5� to
77.5� and |b| < 7.0�. To reduce systematic e↵ects arising from
imperfect instrument or atmospheric conditions, we carefully se-
lected good-quality runs as close as possible to the nominal de-
scription of the instrument used in the Monte Carlo (MC) sim-
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Figure 3.8: The H.E.S.S. Galactic plane survey superimposed onto Planck CO data.
Image courtesy of H.E.S.S. Collaboration et al., 2018a.

characteristic of Fermi -LAT allows sensitivity in the energy range of 20 MeV � 300 GeV
with a field of view of 2.4 sr (Michelson et al., 2010).

The equivalent Fermi -LAT source towards HESS J1825-137 is 4FGL J1824.5 1351e
(Abdollahi et al., 2020). Principe et al., 2020 combined GeV data from Fermi -LAT
and TeV data from H.E.S.S. to provide a broader view of the gamma-ray emission to-
wards HESS J1825-137 from 1 GeV up to 100 TeV. They found that the size of the PWN
increases at lower energies, implying that electrons from the outer edges are from an older
population of electrons compared to the recently injected electrons near the powering pul-
sar. This is indicative of a TeV halo forming, where electrons begin to escape the PWN
into the ISM and emit TeV emission via inverse Compton interactions.

3.2.3 LHAASO

The Large High Altitude Air Shower Observatory (LHAASO) is a gamma-ray and cosmic-
ray observatory located ⇡ 4400 m above sea level in Sichuan China (Ma et al., 2022).
LHAASO consists of:

• 1.3 km2 array of ⇡ 5200 electromagnetic detectors and muon detectors that focuses
on detecting gamma rays above 30 TeV and cosmic rays from 10 TeV to 100 PeV
(Aharonian et al., 2021b).

• A water Cherenkov array sensitive to gamma rays between 100 GeV and 30 TeV and
has total detection area of 7.8 ⇥ 104 m2. This array monitors galactic gamma-ray
sources, gamma-ray bursts and AGNs (LHAASO collaboration, 2021).
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Figure 3.9: The LHAASO (left) and HAWC (right) observatories. Images courtesy of Ma
et al., 2022 and Abeysekara et al., 2023

• 18 Cherenkov telescopes that aims to measure the cosmic-ray energy spectrum and
composition between 10 TeV and 1 EeV (Aharonian et al., 2021a).

• An upcoming electron-neutron detector array to study the cosmic-ray spectrum and
composition above 1 PeV (Ma et al., 2022).

LHAASO has detected significant gamma-ray emission above 100 TeV from 12 Galactic
sources including LHAASO 1825-1326 (LHAASO equivalent of HESS J1825-137 / HESS J1826-130,
see Fig. 2.8) (Cao et al., 2021). In 2021, LHAASO revealed the detection of gamma rays
up to 1.1 PeV from the Crab Nebula, implying the existence of a 2.3 PeV electron (The
LHAASO Collaboration et al., 2021)

3.2.4 HAWC

The High Altitude Water Cherenkov Observatory (HAWC) is a gamma-ray and cosmic-
ray observatory located in Puebla, Mexico. The primary detector of HAWC consists of
300 water tanks arranged in a 22 000 m2 area at an altitude of ⇡ 4100 m above sea level
(Abeysekara et al., 2023). The high refractive index of water (= = 1.33) lowers the cosmic-
ray/gamma-ray energy threshold to produce Cherenkov light which is then observed by
four photomultiplier tubes.

HAWC has detected over 100 sources of VHE gamma rays, which are summarised
in the third HAWC catalogue (Albert et al., 2020). Abeysekara et al., 2020 revealed
9 gamma-ray sources with emission above 56 TeV, with three of these sources having
significant detection above 100 TeV. This includes the equivalent HESS J1825-137 /
HESS J1826-130: eHWC J1825-134.

3.2.5 The Cherenkov Telescope Array

The Cherenkov Telescope Array (CTA) is the next generation ground-based telescope
array that is sensitive to gamma rays from 10 GeV up to 300 TeV. It will be the largest
ground-based telescope that can observe the night sky with sensitivity up to 10 times
greater than current Air Cherenkov Telescopes (see Fig. 3.7). CTA will have two arrays
in both the Southern (Chile) and Northern hemisphere (Canary Islands) to allow access
to the majority of the night sky.

CTA will be an array of three di↵erent sized telescopes (see Fig. 3.10): Small-Sized
Telescopes (sensitive to energies > 1 TeV) with a mirror diameter and field of view of 4 m
and ⇡ 0� respectively, Medium-Sized Telescopes (sensitive to energies between 80 GeV
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Figure 3.10: Telescopes for the Cherenkov Telescope Array. From left to right: the
Small-Sized Telescope, two of the proposed Middle-Sized Telescope and the Large-Size
Telescope. Image courtesy of CTA .

and 50 TeV) with a mirror diameter and field of view of 11.5 m and ⇡ 7.5� respectively
and the Large-Sized Telescope (sensitive to the lowest energy gamma rays) with a mirror
diameter and field of view of ⇡ 23 m and ⇡ 4.3� respectively (CTA ; CTA Consortium
et al., 2019).

PWN transitioning from their second to their third stage of evolution (see Section 2.1.2)
are too faint and/or extended for their emission to be detected by current instruments
such as H.E.S.S.. The Germinga PWN and HESS J1825-137 are an exception as the
Geminga pulsar is relatively close to Earth (250 pc, see Faherty et al., 2007)) while
HESS J1825-137 is a highly energetic PWN (see Section 2.1.5). The increased sensitivity
of CTA (see Fig. 3.7) will be able to observe these previously undetectable TeV PWN,
providing more insight into the evolution of PWN.
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Interstellar Medium towards
HESS J1825-137 and HESS J1826-130

Figure 4.1: 13CO(1 � 0) (top) and
12CO(1 � 0) (bottom) integrated inten-
sity between velocity range 40�60 km s�1

(equivalent to 3.5 � 4.5 kpc) towards
HESS J1825-137. HESS TeV gamma-
ray emission contours are shown by the
solid and dashed black contours. Image
courtesy of (Voisin et al., 2016)

The interstellar medium (ISM) is the gas ex-
isting in between stars and other astrophysi-
cal objects in the Galaxy. The ISM includes
atomic and molecular gas, dust, plasma and
cosmic rays and accounts for 10 � 15% of the
total mass in the Galactic disc (Ferrière, 2001).
By number, the chemical composition of the
ISM is 90.8% hydrogen, 9.1% helium and 0.12%
heavier elements (Ferrière, 2001). By mass hy-
drogen makes up 70.4% of the ISM with the
remainder being 28.1% Helium and 1.5% heav-
ier elements. As cosmic rays and gamma rays
leave their place of birth, they must traverse
the ISM before being observed at Earth.

As discussed in Section 2.1.5, HESS J1825-137
lies at a distance of 4.0 kpc (Aharonian et
al., 2006a). Fig. 4.1 shows carbon monoxide
(CO) gas lying in range 3.5 � 4.5 kpc towards
HESS J1825-137 and HESS J1826-130, where
CO is used as a trace for molecular hydro-
gen (see Section 4.2.1). The ISM gas towards
this region will influence the transport of cos-
mic rays escaping the PWN (and SNR) associ-
ated with HESS J1825-137 and the subsequent
gamma-ray emission from this region. There-
fore, the ISM must be considered in any study
towards this region. This chapter will discuss
properties of the ISM as well as the observa-
tories whose data products were used in this
thesis.
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4.1 Detecting the Interstellar Medium

The ISM gas towards HESS J1825-137 influences the rate at which cosmic rays propagate
and their cooling time (see Section 2.3). Radiation theory describes how particles (photons
and cosmic rays) interact with a medium during propagation (Draine, 2011). As photons
travel through the ISM before detection at Earth, it is important to characterise how the
interstellar gas a↵ects observations.

4.1.1 Specific Intensity, Specific Flux and Bolometric flux

Firstly, this section will define fundamental concepts.

Let a telescope with detecting area d� recieves 3⇢ of energy (in frequency range a + da)
from a source within solid angle d⌦ at orientation \ in time dC (see Fig. 4.2). The amount
of photons arriving within solid angle d⌦ is described by the specific intensity:

�a

⇣
⌦̂
⌘
=

d⇢

d� dC da d⌦

⇥
W m�2 Hz�1 sr�1

⇤
. (4.1)

The net specific flux, �a, through a surface:

�a =
º

�a

⇣
⌦̂
⌘
cos \ d⌦

⇥
W m�2 Hz�1

⇤
. (4.2)

A common unit for the specific flux in the radio domain is the Janksy (Jy) where 1 Jy =

10�26 W m�2 Hz�1 = 10�23 erg cm�2 s�1 Hz�1. If the specific intensity is isotropic (�a
⇣
⌦̂
⌘
⌘

�a) then
≤

cos \ d⌦ = 0 and the specific flux is zero. If the telescope is pointed towards a

point source (cos \ = 1) and the source is uniformly bright (�a
⇣
⌦̂
⌘
⌘ �a), then the specific

flux is simply:

�a = �a�⌦ . (4.3)

The bolometric flux, �, is the specific flux integrated over all frequencies:

� =
π

�a da
⇥
W m�2

⇤
, (4.4)

and is a measure of the total amount of photons emitted by a source.

θ
TelescopeArea dA

Source

Ω dΩ
Figure 4.2: A basic illus-
tration of a telescope with
area d� observing a cloud
of ISM gas with solid an-
gle d⌦ at orientation \.
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4.1.2 Radiative Transfer

Let a cloud with thickness dB = 2 dC (volume d+ = d� 2 dC) and particle number density =
be illuminated by a background source with specific intensity �a on area d� (see Fig. 4.3).
The cloud contains = d+ particles with each particle having an absorption cross section
fa for radiation of frequency a. The total absorption area of the cloud can be described
by = dB d�fa, giving the fraction of photons absorbed to be:

5absorbed = = dB d�fa/d�
= = dB fa .

(4.5)

Therefore, the change in intensity due to absorption is:

d�
a,absorbed = ��a=fa dB

= �Ua�a dB ,
(4.6)

where Ua = =fa
⇥
m�1

⇤
is the absorption coe�cient. The absorption mean free path is the

distance a photon will travel in the cloud before absorption and is given by:

✓a = U�1a . (4.7)

If the cloud in Fig. 4.3 has emission coe�cient 9a

⇥
W m�3 Hz�1 sr�1

⇤
(i.e. the power

emitted at frequency a by an infinitesimal volume d+), the specific intensity emitted by
the cloud is:

d�
a, emitted = 9a dB

) �
a, emitted =

π
9a dB .

(4.8)

Giving the total change in intensity in the cloud to be:

d�a
dB

= �Ua (B)�a (B) + 9a (B)
d�a
Ua dB

= ��a (B) +
9a (B)
Ua (B)

d�a
dg

= ��a (ga) + ((ga) ,

(4.9)

where ga is the optical depth defined by:

dga = Ua dB , (4.10)

dA
dΩ

Iν(s)
ds=cdt

Iν(s)+dIν
Figure 4.3: A cloud of thickness dB is illuminated by a background source with intensity
�a (B). Photons of frequency a are emitted and re-emitted by particles (dark circles) within
the cloud, changing the intensity by d�a
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and (a (ga) = 9a (B)/Ua (B) is the source function of the cloud. Eq. 4.9 has solution:

�a (ga) = exp (�ga)

�a (0) +

π
ga

0
exp

�
g
0
a

�
(a

�
g
0
a

�
dg0

a

�
. (4.11)

If there is no emission from the cloud, (a (ga) = 9a (B) = 0, then the specific intensity
can be described by:

�a (ga) = �a (0) exp (�ga) . (4.12)

i.e. the specific intensity of the background source after absorption by the cloud. If the
emission/absorption of the cloud is uniform, (a (ga) ⌘ (a, Eq. 4.11 becomes:

�a (ga) = �a (0) exp (�ga) + (a (1 � exp (�ga))
= (a + exp (�ga) [�a (0) � (a] .

(4.13)

If the cloud is optically thick, ga � 1:

�a (ga) ⇡ (a . (4.14)

This is when a medium is opaque and only photons emitted by the cloud are observed. If
optically thin, g ⌧ 1, then the exponential in Eq. 4.13 can be approximated by exp(�ga) ⇡
1 � ga and the observed specific intensity becomes:

�a (ga) = �a (0) (1 � ga) + (aga . (4.15)

4.1.3 Black Bodies

Thermal radiation is the emitted radiation due to the random motion/kinetic energy (i.e.
temperature) of its particles. Thermal sources such as stars, CMB and interstellar dust
can be described by an object emitting radiation with frequency a at temperature ) . A
black body is an idealised object that absorbs all incoming radiation. A black body at
temperature ) emits radiation at an intensity described by Planck’s distribution:

⌫a ()) =
2⌘a3/22

exp(⌘a/:)) � 1

⇥
W sr�1 m�2 Hz�1

⇤
, (4.16)

where ⌘ is Planck’s constant and : is Boltzmann’s constant. The integrated intensity
over all frequencies from a black body is given by the Stefan-Boltzman Law:

� = f)4 ⇥
W m�2

⇤
, (4.17)

with f being the Stefan–Boltzmann constant. Objects in thermal equilibrium emit radi-
ation in a manner that is dependent on their temperature. For an ‘ideal’ black body to
be in thermal equilibrium with its surroundings, the incoming intensity (� (0) = ⌫a) and
emitted intensity (� (g) = ⌫a) are equal. Eq. 4.13 becomes:

⌫a ()) = (a ()) + exp (�ga) [⌫()) � (a ())] . (4.18)

This is only true for all g when:

(a ()) = ⌫a ()) =
9a ())
Ua ())

. (4.19)

Eq. 4.19 is known as Kircho↵’s law of radiation. Hence, the emission of a black body can
be described by:
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�a (ga) = �a (0) exp(�ga) + ⌫a ()) [1 � exp(�ga)] . (4.20)

For an optically thick medium (g � 1) then:

�a (ga) ⇡ ⌫a ()) , (4.21)

and the medium can be approximated as a black body. Molecular tracers such as CO (see
Section 4.2.1) emit radiation in the radio band. At these low frequencies (⌘a ⌧ :) and
exp(⌘a/:)) ⇡ 1 + ⌘a/:)) , the intensity of a black body can be approximated by:

⌫a ()) =
2a2:)

2
2

. (4.22)

In radio astronomy, brightness temperature ()⌫) is often used to measure intensity
where ⌫a ()⌫) ⌘ �a:

)⌫ (a) =
2
2

2a2:
�a . (4.23)

Brightness temperature is the temperature that an ideal black body in thermal equilibrium
would have in order to emit intensity �a. For example, brightness temperature can be
used to describe molecular clouds with temperatures ⇡ 10 K for frequencies ⌧ 208 GHz
(Longair, 2011).

4.1.4 Spectral Line Excitation and Emission

Atoms populate their electrons in orbitals, from low to high energy levels. The stable
state (or ground state) of an atom occurs when the electrons occupy their lowest energy
level. The absorption of a photon can raise the energy level of an atom to a higher one
(see left panel of Fig. 4.4) and can only occur when the photon has energy equal to the
energy di↵erence between the two levels (⌘a = ⇢2 � ⇢1, where ⇢2 > ⇢1). An atom can
exist in this excited state for a short period of time until it decays to a lower energy level
and emits a photon with energy equal to the energy di↵erence between the initial and
final energy level (see middle panel if Fig. 4.4). This is known as spontaneous emission.
The Einstein coe�cient, �8 5 , gives the probability per unit time for spontaneous emission
from state 8 to state 5 and releasing photon of frequency a8 5 . If the number density of
atoms in state 8 is =8, then the emission coe�cient is given by:

lower 
energy level

upper 
energy level

Excitation
Spontaneous

Emission
Simulated
Emission

photon photon photon

photon

photon

Figure 4.4: (left) Excitation of an electron from a low to higher energy level due to
absorption of energy from a photon. (middle) The emission of a photon when an electron
spontaneously decays to a lower energy level. (right) An incident photon interacts with
an excited atom, causing the electron to decay to a lower energy level and emit a photon.
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9a =
=8⌘a8 5 �8 5

4c
�(a) , (4.24)

where �(a) is the spectral line shape. For example, HU emission occurs when the electron
in an excited hydrogen atom decays from the third to second energy level. As a result HU
emission is used as a tracer for ionised gas. In its neutral state, a hydrogen atom consists
of one electron-proton pair with their spins either parallel or antiparallel. The hydrogen
atom may spontaneously switch the spin of its electron from parallel to antiparallel to the
proton spin and release radiation with a wavelength of 21 cm known as the HI line. This
HI line can be used to probe neutral hydrogen gas in the Galaxy and beyond.

Stimulated emission occurs when an external photon interacts with an excited atom
causing an emission of a photon with the same wavelength, polarisation and direction as
the initial photon (see Fig. 4.4). The initial photon must have energy equal to the energy
di↵erence between the levels for stimulated emission to occur.

4.2 Probing the Interstellar Medium

4.2.1 Molecular Tracers

H2 is the most abundant molecule in the Galaxy, consisting of two bound hydrogen
atoms. Molecular hydrogen has 14 vibration energy levels that require high temperatures
(> 5000 K) for excitation (Draine, 2011). However, observed molecular clouds have tem-
peratures ⇡ 10 � 20 K (Ferrière, 2001) and the transition rate to higher energy levels are
quite low. Moreover, the symmetry of H2 molecules makes dipole radiation ‘forbidden’
while electric quadropole radiation is possible with very low probability (Draine, 2011).

The two nuclei in �2 molecules rotate around their centre of mass with angular mo-
mentum components �G, �H and �I (Zettili, 2001) and total rotational energy:

⇢rot =
�
2
G

2�G
+
�
2
H

2�H
+
�
2
I

2�I
, (4.25)

where �8 is the moment of inertia in the ith axis (8 = G, H, I). For linear rotors (e.g. H2,
CO) �G ⌧ �H = �I where the moment of inertial in one axis (e.g. �G) can be treated as zero
(Modern Physical Chemistry A Molecular Approach 2000). Eq. 4.25 becomes:

⇢rot =
�
2

2�
, (4.26)

where the eigenvalue of �2 is 9 ( 9 + 1)\2 (Zettili, 2001). Hence:

⇢rot =
\2

2�
9 ( 9 + 1) , (4.27)

with \ = ⌘/(2c) and 9 = 0, 1, 2... For a �2 molecule absorbing/emitting a photon (with
energy ⇢W) that causes a change in energy level, the di↵erence in energy levels is given
by:

⇢W = �⇢A>C =
9\2

�

. (4.28)
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For molecular hydrogen, temperatures greater than 100 K are required for rotational en-
ergy excitation. Hence, molecules within the majority of quiescent �2 clouds exist in their
vibrational and rotational ground state.

After H2, the second most abundant molecule is CO, following a CO/H2 abundance
ratio of 10�4 in molecular clouds (Lacy et al., 1994). The transition between the ground
and first rotational energy level (� = 1 � 0) for CO requires much lower temperatures (⇡
5 K), corresponding to photons being emitted at frequency 115 GHz (_ = 2.6 mm) (Wilson,
2013). Therefore, carbon monoxide can be used as a tracer for molecular hydrogen (see
(Bolatto et al., 2013)).

High-frequency radio telescopes, such as Nanten (see Section 4.2.6), observe the inten-
sity of molecular CO in units of brightness temperature (see Eq. 4.23). To interpret the
amount of gas towards a particular region, the CO(1�0) brightness intensity is converted
to a column density (cm�2) of molecular hydrogen through the conversion factor -CO:

#�2 = -CO,CO , (4.29)

where ,CO is the integrated intensity in units km s�1. The conversion factor is often
assumed to be constant (-CO = 1.5⇥1020 cm�2 K�1 km�2 s) across the Galactic plane, but
it is known to vary with galactocentric radius (Strong et al., 2004). The number density,
=� , and mass, "� , of hydrogen in a cloud with column density #�2 are respectively:

=� =
`#�2

�I
"� = =�<?+ ,

(4.30)

�I is the width of the cloud along the line of sight, + is the volume of the cloud and <?

is the mass of the proton. The weight factor, `, of a gas cloud is:

` =
’
/

=�A , (4.31)

where
Õ
/

sums over the molecules present in the cloud, = is the number of atoms present
in the molecule (= = 2 for molecular hydrogen) and �A is the atomic weight (�A ⇡ 1 for
hydrogen and �A ⇡ 4 for helium). For a gas cloud with 20% Helium component, the
weight factor is 2.8.

4.2.2 Doppler Shift

Section 4.2.1 discussed how atomic and molecular gas emit photons with wavelengths
dependent on their atomic structure. However, the bulk movement of gas clouds around
the Galactic Center (GC) will shift the frequency of photons due to the Doppler e↵ect.
The shift in frequency is described by:

a =
2 ++obs
2 ++ a0 , (4.32)

where a is the observed frequency, a0 is the emitted frequency, + is the velocity of the
gas cloud and +obs is the velocity of the observer. Therefore, a shift in frequency can be
represented as a velocity in respect to a rest frame:

+LSR = 2
(a0 � a)
a0

. (4.33)
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The typical rest frame used is the local standard of rest (LSR), taken at the point coin-
cident with the Sun orbiting around the GC in a perfect circular orbit.

4.2.3 Galactic Rotation Curve

Matter rotates around the GC with an average tangential speed of ⇥0 ⇡ 220 km s�1. The
Galactic rotation curve is an empirical model (see Fig. 4.5) that relates the galactocen-
tric radius (distance to the GC) of an object to its observational velocity. Using HI
clouds, Brand and Blitz, 1993 found that the measured velocity of a cloud, +LSR, can be
transformed into circular rotation velocity, ⇥0, via:

+LSR =
✓
⇥'�
'

� ⇥�
◆
sin ✓ cos 1 , (4.34)

where ✓ and 1 are the Galactic coordinates of the cloud, ' and ⇥ are the galactocentric
distance and circular rotation velocity of the cloud respectively and '� is the galactocen-
tric distance of the Sun. The circular rotation velocity is related to the galactocentric
distance by:

⇥
⇥�

= 01

✓
'

'�

◆
02

+ 03 , (4.35)

where 01 = 1.00767, 02 = 0.0394 and 03 = 0.00712 are the values found by Brand and Blitz,
1993. For a cloud with circular rotation velocity +LSR at coordinate ✓ and 1, Eq. 4.34

GalacticCentre

Sun
GalacticCentre

Sun

Top Down View

ℓR☉
dℓR

Side View

dℓ
d

b
Figure 4.5: (Left) Rotation of the Galaxy around the GC (dark blue circle) with the
yellow circle as the Sun, the red arrows are the tangential velocity of the green objects
(e.g. gas cloud) and the blue arrows are their velocities projected along the line of sight
to the Sun. (Right) Geometry of an object at Galactic longitude ✓, Galactic latitude 1
and distance 3 from the Sun.
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and Eq. 4.35 can be solved numerically to find ' and ⇥. Using simple trigonometry (see
Fig. 4.5), the distance to the GC for an object at distance 3 and coordinates (✓, 1) is
given by:

'
2 = 32 cos2 1 + '2

� � 23'� cos 1 cos ✓ , (4.36)

which gives a near and far distance to the cloud (see Fig. 4.5). In general, the near distance
is taken to be the solution; a source further away is more likely to have its emission being
obstructed by closer gas. Moreover, a distant source will appear dimmer than a nearby
source due to intensity following the inverse square law (� / 3�2).

Other parameterisations of the Galactic rotation curves include Clemens, 1985, who
analysed the Massachusetts-Stony Brook Galactic plane CO survey (Sanders et al., 1985).
Persic et al., 1996 provided a ‘universal rotation curve’ which includes contributions from
a stellar disk and a dark halo. Alternatively Reid et al., 2014 describes the Galactic
rotation curve as a polynomial:

⇥(') = 0?1 + 0?2d + 0?3d3

d =
'

'0
� 1 ,

(4.37)

with 0?1 = [241 ± 9] km s�1, 0?2 = 0.5 ± 3.7 and 0?3 = �15.1 ± 8.4.

The velocity in Eq. 4.34 describes the circular rotation velocity of an object around the
Galaxy. However, the velocity measured at Earth is the combined velocity due to Galactic
rotation and local individual gas motion (e.g. due to stellar winds, SNR shock fronts).
Brand and Blitz, 1993 noted that residuals of modelled gas with respect to the Galactic
rotation curve can be as large as 40 km s�1 with the average being around 12.8 km s�1. This
is significant compared to the Nanten observatory (see Section 4.2.6) velocity resolution of
1 km s�1, whose data products were used in this thesis. The uncertainty in the individual
velocity of the gas will lead to large uncertainties in distances (hundreds of parsecs) to
gas clouds.

The large uncertainties in distances to gas clouds (see Section 4.2.3) leads to a caveat
in modelling the gas and magnetic field distribution (see Section 4.2.4) around a cosmic-
ray source. For example, consider a crude estimation in which the cosmic-ray intensity is
described by an inverse square law � / 3�2 where 3 is the distance from the accelerator.
The cosmic-ray flux decreases with distance from a source, decreasing the subsequent
gamma-ray energy flux from non-thermal emission (see Section 2.3). This can be seen
in Fig. 4.6, where four spherical gas clouds of number density 600 cm�3 (⌫ ⇡ 25 µG) are
located at di↵erent distances along the line of sight (z-axis) from a continuous source of
electrons. The gamma-ray flux through inverse Compton interactions at 40 kyr (suggested
age of PWN HESS J1925-137, Van Etten and Romani, 2011) decreases with increasing
distance from the accelerator. Therefore, large uncertainties in distances to gas clouds
will influence the modelled multi-wavelength emission towards an accelerator.

4.2.4 Magnetic Fields in Molecular Clouds

The Zeeman e↵ect (the splitting of spectral lines in the presence of a static magnetic field)
can be used to measure the magnetic field strength in a medium. Crutcher et al., 2010
studied a population of quiescent clouds and related the magnetic strength of a cloud to
its number density, =, through:
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⌫gas(=) =
(
⌫0 , = < =0

⌫0

⇣
=

=0

⌘
U

, = > =0
, (4.38)

where clouds with a density above =0 = 300 cm�3 have an enhanced magnetic field de-
scribed by a power-law regime with ⌫0 = 10 µG and U = 0.65.

Cosmic rays propagating through the ISM scatter o↵ magnetic field turbulence and
the overall motion is described by a random walk/di↵usion (see Section 2.2.2), where
the rate of di↵usion is related to the strength of the magnetic field. From Eq. 2.31 and
Eq. 4.38, the rate that cosmic rays propagate through molecular clouds is anti-correlated
with its density. i.e. cosmic rays travel through dense molecular clouds at a lower rate
than less-dense clouds. Similarly, magnetic field turbulence in molecular clouds influences
the rate of synchrotron energy loss (see Eq. 2.53). Cosmic-ray electrons in dense molecular
clouds will experience a higher rate of synchrotron (and Bremsstrahlung, see Eq. 2.72)
interactions than less-dense clouds due to the enhanced magnetic field. Consequently,
this decreases the ‘available’ energy for inverse Compton interactions (see Eq. 2.64).

4.2.5 HU Emission

Atomic hydrogen in clouds can be ionised by UV light from background stars to form HII
regions, while shocks (SNRs), X-rays and cosmic rays leads to the ionisation of molecular
hydrogen (Draine, 2011). Recombination of HII atoms and electrons may result in the
emission of light in the HU band (corresponding to a decay from the third to the second
energy level). Hence, HU emission can be used as a tracer for ionised hydrogen gas
(HII gas). Shocks associated with SNRs ionise hydrogen gas, leading to HU rim-like
features similar to those towards HESS J1825-137 (see Fig. 4.7). Both structures are
located ⇡ 120 pc from PSR J1826-1334 which is consistent with the predicted SNR radius
(⇡ 130 pc) as suggested by Jager and Djannati-Atäı, 2009.

Ionised gas towards HESS J1825-137 acts as a target for cosmic rays escaping from the
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Figure 4.6: (Left) Four spherical gas clouds located 4 kpc from the Earth at distances
3 along the line of sight (z-axis runs in/out of page) from a source of electrons (red
cross). (Right) Total gamma-ray flux (inverse Compton and Bremsstrahlung) 40 kyr after
electron injection commences.
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Figure 4.7: HU intensity towards
HESS J1825-137. The dashed and dot-
ted lines represent two HU rim-like features
associated with the progenitor SNR of
HESS J1825-137. Image courtesy of (Voisin
et al., 2016)

PWN/SNR to undergo hadronic/leptonic interactions and emit gamma radiation. The
following describes two di↵erent methods to trace the ionised hydrogen within molecular
clouds.

Method A

For a spherical shell of gas located at distance 3 from the Earth with thickness d✓, the
volume of the shell is given by:

d+ = 2c32 d✓ , (4.39)

where photons emitted by the gas travel at the speed of light, hence d✓ = 2 dC. The total
number of photons emitted in the shell in time dC is related to the luminosity, !, via:

d# = ! dC , (4.40)

where the luminosity of the region of interest with solid angle ⌦ is:

! =
3
2

10�10
⌦�

⇥
photon/s

⇤
, (4.41)

with � being the measured HU in Rayleigh units (= 1010 ph/m2/s/column). Assuming
atoms are not re-excited by an external source, the density of photons emitted by ionised
gas Dph is approximately equal to the ionised gas density, =ion:

=ion ⇡ Dph =
d#

d+
=

!

4c322
. (4.42)

Method B

For photons of frequency a, the photon intensity (�a) is related to the luminosity (!)
through:

�a = !
⇢a

a

= ⌘! , (4.43)

where ⌘ is Planck’s constant. For a cloud with thickness B, the emission coe�cient is
given by:

9a =
�a

B

, (4.44)
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assuming that the emission coe�cient is constant throughout the gas. Hence, the density
of atoms in the ith state emitting photons at frequency a via spontaneous emission:

=8 =
9a⌦Earth

⇢a�q(a)
, (4.45)

where A is the Einstein coe�cient, ⌦earth is the solid angle of Earth projected at source
lying at distance 3 and q(a) is the spectral line shape normalised by:

π
q(a) = 1 . (4.46)

Assuming that hydrogen atoms in the = = 3 state emit mainly HU light; q = 0 in all
frequencies except when a = a�U.

4.2.6 Nanten2 Observatory

Nanten2 (Japanese for ‘Southern Sky’) is an upgrade to the 4m Nanten telescope originally
located in Las Campanas before its relocation to the Atacama desert in Chile in 2004
(Fukui et al., 2006). Nanten2 is located at altitude 4800 m and consists of 33 adjustable
aluminum panels on a light-weight carbon fiber back structure. Nanten2 is sensitive to
atomic and molecular spectral lines 100�880 Hz and has angular resolution up to 206 beam
size (Mizuno et al., 2001), allowing detailed observations of gas structures. Nanten2 has
conducted multiple CO surveys of regions such as the Large Magellanic Cloud (Kawamura
et al., 2009) and the Galactic plane (Mizuno and Fukui, 2004) covering velocity range
�300 km s�1 to 300 km s�1 with a velocity resolution up to 1.0 km s�1.

Voisin et al., 2016 conducted an ISM gas study towards PWN HESS J1825-137 and
HESS J1826-130 utilising Nanten2 data. They found that the majority of gas towards this
region is located in the velocity range 45 � 60 km s�1 (3.8 � 4.5 kpc) which is equivalent
to the dispersion measure distance of the associated pulsar PSR J1826-134. Voisin et
al., 2016 noted six clouds of interest, named R1-R6, whose parameters are summarised

Figure 4.8: Nanten2 telescope. Image courtesy of Fukui et al., 2006.
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in Table 4.1. Cloud R1 was noted to show enhanced turbulence possibly due to the
associated SNR shock or the formation of high-mass stars.

Table 4.1: Derived parameters for clouds R1-R6 towards HESS J1825-137 and
HESS J1826-130 utilising Nanten2 CO(J=1-0) from Voisin et al., 2016

Cloud RA (h) DEC (�) Radii (00) =� (cm�3) "� ("�)

R1 18.421 �13.282 405 ⇥ 405 960 1.2 ⇥ 105

R2 18.420 �13.125 135 ⇥ 270 1200 1.3 ⇥ 104

R3 18.429 �13.178 64 ⇥ 64 1600 3.3 ⇥ 103

R4 18.422 �12.832 175 ⇥ 280 930 1.6 ⇥ 104

R5 18.449 �13.336 150 ⇥ 270 680 9.5 ⇥ 103

R6 18.385 �14.049 460 ⇥ 460 430 7.6 ⇥ 104



Chapter 5

Time evolution of cosmic ray particles
from an accelerator

Cosmic rays are accelerated by sources such as PWNe and SNRs. Cosmic rays then escape
the acceleration regions and subsequently propagate through the interstellar medium,
losing energy through various processes such as radiative cooling, adiabatic expansion
and ionisation as discussed in Section 2.3. By modelling the transport of cosmic-ray
particles from an accelerator, the subsequent gamma-ray distribution can be predicted
(see Section 2.3) and compared to observations.

This section first discusses how the energy distribution of cosmic rays evolves in time
due to radiation losses and predicts the subsequent gamma-ray emission. This will then
be expanded to include the escape of cosmic rays out of the region of interest due to
di↵usion (see Section 2.2.2). Finally, this section describes the numerical code developed
by Voisin, 2017, which can be used for systems where the cosmic-ray energy distribution
and the gamma-ray SED cannot be solved analytically.

This code was applied to investigate the origin of the GeV gamma-ray emission to the
south of HESS J1825-137. Proposed sources included the impulsive SNR and continuous
PWN associated with HESS J1825-137 and the impulsive SNR and continuous compact
object binary associated with LS 5039. The results of this study were published in the
Monthly Notices of the Royal Astronomical Society and is shown in Chapter 6.

5.1 Radiation Losses

First, consider cosmic rays being injected by a homogeneous source into a region of interest
at rate ((W, C) and escaping at rate Eesc. The time evolution of the cosmic-ray energy
density distribution, =(W, C), can be described by (Melrose, 1980):

m=(W, C)
mC

=
m

mW

[ §W(W)=(W, C)] � aesc(W)=(W, C) + ((W, C) , (5.1)

where cosmic rays with Lorentz Factor W continuously lose energy at rate dW
dC ⌘ §W and have

probability Eesc dC of escaping the system in time dC. Physically, §W(W)=(W, C) is the number
of cosmic rays per unit time that cool at Lorentz factor W for a cosmic-ray density =. The
following will describe the solution of Eq. 5.1 using Laplace transformations.

Laplace transformation’s are used to reduce di↵erential equations conveniently into an
algebraic equation. The Laplace Transform for the function 5 (C) is given by:

64
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5̄ (@) =
π 1

0
4
�@C
5 (C) dC . (5.2)

Similarly, the Laplace transformation for 5 0(C) ⌘ d 5
dC :

5̄
0(@) = @ 5̄ (@) � 5 (0) . (5.3)

Hence, the Laplace transformation of Eq. 5.1:

@=̄(W, @) � =(W, 0) = m

mW

[ §W(W)=̄(W, @)] � aesc(W)=̄(W, @) + (̄(W, @)

�(̄(W, @) � =(W, 0) = m

mW

[ §W=̄(W, @)] � [@ + aesc(W)]=̄(W, @) .
(5.4)

The variable &(W, @) = §W=̄(W, @) is defined such that Eq. 5.4 becomes:

�(̄(W, @) � =(W, 0) = m

mW

&(W, @) � [@ + aesc(W)]
&(W, @)
§W , (5.5)

&(W, @) can be described as the number of cosmic rays per unit time that cool from Lorentz
factor W. The di↵erential equation describing the time evolution of the cosmic-ray energy
density distribution has been reduced to a first order linear di↵erential equation of form:

1(G) = dH

dG
+ 0(G)H , (5.6)

which has solution:

H(G) = 4��(G)
π
G
0=G
4
�(G0)

1(G0) dG0 , (5.7)

where �(G) =
Ø
G
00=G 0(G

00) dG00. Therefore, the solution of Eq. 5.5 is given by:

&(W, @) = 4
Ø
W
00=WdW

00 [@+aesc]/ §W
π
W
0=W
4
�
Ø
W
00=W0dW

00 [@+aesc]/ §W ⇥
(̄(W0, @) + =(W0, 0)

⇤
dW0 . (5.8)

Following Melrose, 1980, the time required for a cosmic ray to cool from Lorentz factor
W
0 to W is given by:

g(W0, W) =
π
W
00=W0

dW00
1

§W(W00) �
π
W
00=W

dW00
1

§W(W00)

=
π

W
0

W

dW00
1

§W(W00) ,

(5.9)

where W0 is the original Lorentz factor (at C = 0) of a cosmic ray before cooling to Lorentz
factor W, i.e. g(W0, W) ⌘ C. The term _(W0, W) is defined such that 1 � exp[�_(W0, W)] is the
probability that the cosmic ray escapes the region of interest while cooling from Lorentz
factor W0 to W:

_(W0, W) =
π
W
00=W0

dW00
aesc(W00)
§W(W00) �

π
W
00=W

dW00
aesc(W00)
§W(W00)

=
π

W
0

W

dW00
aesc(W00)
§W(W00) .

(5.10)

Therefore, Eq. 5.8 has solution:
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&(W, @) =
π 1

W

4
�[@g(W0,W)+_(W0,W)] �

(̄(W0, @) + =(W0, 0)
 
dW0

=̄(W, @) = 1

§W

π 1

W

4
�_(W0,W)

n
4
�@g(W0,W)

(̄(W0, B) + 4�@g(W0,W)=(W0, 0)
o
dW0 .

(5.11)

The following inverse Laplace transformations can be used to obtain the cosmic-ray energy
density distribution =(W, C) from Eq. 5.11:

4
�2@

5̄ (@)  !� (C � 2) 5 (C)
4
�2@  !X(C � 2) ,

(5.12)

with � is the Heaviside step function and X is the Dirac delta function. Therefore, Eq. 5.1
has solution:

=(W, C) = 1

§W

π 1

W

4
�_(W0,W) {� (C � g(W0, W))((W0, C � g(W0, W)) + X(C � g(W0, W))=(W0, 0)} dW0

=
1

§W

π
W0

W

4
�_(W0,W)

((W0, C � g(W0, W)) dW0 + §W0§W 4
�_(W0,W)

=(W0, 0) ,

(5.13)
where W0 is the original Lorentz factor (at C = 0) of a cosmic ray before cooling to Lorentz
factor W, i.e. g(W0, W) = C. Eq. 5.13 describes the cosmic-ray energy density distribution
at time C with Lorentz factor W. In order to solve Eq. 5.13 analytically, impulsive and
continuous accelerator sources will be treated separately.

5.1.1 Impulsive Source of Cosmic Rays

An impulsive source is a source of cosmic rays (and/or electrons) that injects material into
the ISM at one point in time instantaneously or over a time period much less than the
observation time. Examples of impulsive sources include supernovae, SNRs or gamma-
ray bursts. The source term of an impulsive source can be described by ((W, C > 0) = 0.
Assuming that cosmic rays do not escape the system (_ = 0), Eq. 5.13 becomes:

=(W, C) = §W0§W =(W0, 0) exp(�_(W0, W)) . (5.14)

The cosmic-ray flux at Earth tends to follow a power law spectrum (see Section 2.2.3),
suggesting that sources inject cosmic rays with a power law energy distribution. Hence,
it will be assumed that injected particles can be described by an exponential cuto↵ power
law spectrum:

=(W0, 0) = �̃⇢�� exp

✓
� ⇢
⇢2

◆
= �̃

⇣
W0<2

2
⌘��

exp

✓
�W0<2

2

W2<2
2

◆

= �W��0 exp

✓
�W0
W2

◆
,

(5.15)

where � is the spectral index, � = �̃

�
<2

2
���

is the normalisation factor and ⇢2 and W2

are the cuto↵ energy and cuto↵ Lorentz factor respectively.
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Hadronic Cosmic-Ray Source

Hadronic cosmic rays lose their energies through proton-proton interactions with the ISM
(see Section 2.3.2). The energy loss rate of hadronic cosmic rays with Lorentz factor W is
approximated by Aharonian and Atoyan, 1996:

§W = � W

g??

, (5.16)

where g?? is the p-p cooling time (Eq. 2.42). The cooling time is inversely proportional to
the p-p cross section, f??, where the p-p cross section is weakly dependent on the proton
energy and will be assumed to be constant (see Eq. 2.41). The solution to Eq. 5.16 is:

W = W0 exp
�
�C/g??

�
. (5.17)

The initial cosmic-ray energy distribution can be rewritten in terms of W:

=? (W0, 0) = �W�� exp

✓
� �C
g??

◆
exp

✓�W exp
�
C/g??

�
W2

◆
. (5.18)

As §W0 = �W0/g??:

§W0
§W =

W0

W

= exp
�
C/g??

�
. (5.19)

Eq. 5.14 and Eq. 5.18 can be combined to find the energy density distribution of
cosmic rays for an impulsive source injecting protons with an exponential cuto↵ power
law spectrum:

=? (W, C) = �W�� exp

✓
� (� � 1)C

g??

�
W exp

�
C/g??

�
W2

◆
. (5.20)

The top panel of Fig. 5.1 shows the evolution of a hadronic cosmic-ray energy density
distribution and subsequent gamma-ray SED for an initial power law spectrum (� = 2.2)
and an exponential cuto↵ power law spectrum (� = 2.2, ⇢2 = 100 TeV). As the age of
the system increases beyond the proton cooling time (i.e. C > g?? = 5.3 ⇥ 105 yr), the
cosmic-ray density and subsequent gamma-ray emission decreases (see Section 2.3.2).

Leptonic Cosmic-Ray Source

Assuming synchrotron losses are dominant (valid for high-energy electrons and/or regions
of high magnetic field strength, see Eq. 2.79), the leptonic cooling rate is given by:

§W = �1BW2 , (5.21)

where 1B = 1.292 ⇥ 10�15(⌫/mG)2 s�1 is the synchrotron loss term for electrons. The
solution for Eq. 5.21 is:

W0 =
W

1 � W1BC
, (5.22)

giving the initial electron distribution in terms of Lorentz factor W:

=4 (W0, 0) = �W�� (1 � W1BC)� exp

✓
� W

W2 (1 � W1BC)

◆
. (5.23)

From Eq. 5.22 it can be seen that at any time, C, there exists a critical Lorentz factor:
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Figure 5.1: Evolution of the cosmic-ray energy density distribution (top) and subsequent
gamma-ray SED (bottom) for an impulsive source injecting protons following a power law
spectrum (/ ⇢��, red) and an exponential cuto↵ power law spectrum (/ ⇢�� exp(�⇢/⇢2),
black) as given by Eq. 5.20. ,? is the total energy of cosmic-ray protons injected at
C = 0.1q
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Wcr =
1

1BC

, (5.24)

where electrons with Wcr have an initial Lorentz factor, W0 !1. An impulsive system at
time C cannot have electrons exceeding this critical Lorentz factor.

As §W0 = �1BW2:

§W0
§W =

✓
W0

W

◆2
, (5.25)

Eq. 5.14 and Eq. 5.23 can be combined to find the cosmic-ray energy density distribution
for electrons with Lorentz factor W:

=4 (W, C) = �W�� (1 � W1BC)��2 exp

✓
� W

W2 (1 � W1BC)

◆
. (5.26)

Fig. 5.2 shows the energy density distribution evolution of electrons and the subsequent
gamma-ray emission for an impulsive source with an initial power law and exponential
cuto↵ power law spectrum. As the system ages, the critical Lorentz factor (see Eq. 5.24)
decreases and the energy density distribution can be described by an exponential cuto↵
power regardless of the distribution at times, C = 0 yr. The peak in the subsequent
synchrotron and inverse Compton emission shifts to lower energies as the system evolves
in time.

5.1.2 Continuous Source of Cosmic Rays

A continuous source is a source that injects cosmic rays into the ISM at a constant rate over
a significant time frame. For simplicity, it’s assumed that source has a constant injection
luminosity; i.e. no outbursts or ‘dormant’ stages. Examples of continuous sources include
pulsars and massive stellar clusters which typically inject cosmic rays for over 105 yr. At
C = 0 yr, the initial cosmic-ray density, =(W0, 0), is zero. Assuming that no cosmic rays
escape the system (_ = 0), Eq. 5.11 becomes:

=(W, C) = 1

§W(W)

π
W0

W

((W0, C � g(W0, W)) dW0 , (5.27)

and it will be assumed that the electron energy distribution of accelerators such as PWNe
follow a power law (e.g. (Torres et al., 2014)). Hence, the source term in Eq. 5.27 will
follow:

((W, C) = �W�� . (5.28)

Hadronic Cosmic-Ray Source

Combining Eq. 5.16, Eq. 5.17, Eq. 5.27 & Eq. 5.28 gives the proton energy density distri-
bution at Lorentz factor W:
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Figure 5.2: Evolution of the cosmic-ray energy density distribution (top) and subsequent
gamma-ray SED (bottom) for an impulsive source injecting electrons following a power
law spectrum (red) and an exponential cuto↵ power law spectrum (black) as given by
Eq. 5.26. The critical Lorentz factor (Eq. 5.24) at di↵erent ages are shown by the vertical
blue-dashed lines.
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=? (W, C) =
�g??

W

π
W0

W

W
�� dW0

=
�g??

W(� � 1)
⇥
W
1�� � W1��0

⇤

=
�g??

W(� � 1)
h
W
1�� �

�
W exp

�
C/g??

� �1��i

=
�g??W

� � 1

W(� � 1)


1 � exp

✓
� C (� � 1)

g??

◆�

=
g??�W

��

� � 1


1 � exp

✓
� C (� � 1)

g??

◆�
.

(5.29)

At C = 0, the cosmic-ray energy density distribution is initially zero. As the system
ages (C � g??), a steady state occurs when the energy loss through p-p interactions is
balanced by the energy injected by the source (see Fig. 5.3). The steady state (C � g??)
has an energy spectrum:

=?

�
W, C � g??

�
=
g??�W

��

1 � � . (5.30)

Fig. 5.3 shows the evolution of the cosmic-ray and subsequent gamma-ray spectra for a
system that continuously injects protons into a system with proton-proton cooling time
of 5.7 ⇥ 105 yr.

Leptonic Cosmic-Ray Source

Again, synchrotron radiation is assumed to be the dominant cause of electron energy loss.
From Eq. 5.22 & Eq. 5.24, electrons with Lorentz factor greater than the critical Lorentz
factor (W � Wcr) must be treated separately:

=4 (W) =
(

1
§W(W)

Ø
W0

W

((W0, C � g(W0, W)) dW0 W < Wcr

1
§W(W)

Ø 1
W

((W0, C � g(W0, W)) dW0 W � Wcr
. (5.31)

For W < Wcr, combining Eq. 5.21, Eq. 5.22, Eq. 5.28 & Eq. 5.31:

=4 (W < Wcr) =
�

1BW
2(� � 1)

⇥
W
1�� � W1��0

⇤

=
�

1BW
2(� � 1)


W
1�� � W

1��

(1 � W1BC)1��
�

=
�W
��
W

1BW
2(� � 1)


1 � 1

(1 � W1BC)1��
�

=
�W
��

1BW(� � 1)
⇥
1 � (1 � W1BC)��1

⇤
.

(5.32)

For W � Wcr:

=4 (W � Wcr) =
�

1BW
2(1 � �)

⇣
11�� � W1��

⌘

=
�W
��

1BW(� � 1) .

(5.33)

Therefore:
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Figure 5.3: Evolution of the cosmic-ray energy density distribution (top) and subsequent
gamma-ray spectrum (bottom) for a continuous source injecting protons following a power
law spectrum as given by Eq. 5.29. The steady state (C � g??, see Eq. 5.30) is represented
by the solid red line. !? is the energy of cosmic rays injected per second into the system.
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=4 (W) =
�W
��

1BW(� � 1)

(⇥
1 � (1 � W1BC)��1

⇤
W < Wcr

1 W � Wcr
. (5.34)

A steady state is reached when:

C ⌘ g = (W1B)�1 = gsync , (5.35)

where gsync is the cooling time of electrons through synchrotron emission. The evolution
of the electron spectra and subsequent gamma-ray spectra is shown in Fig. 5.4. Unlike
protons, where the cooling time, g??, is dependent only on the medium’s number density,
the cooling time for electrons through synchrotron radiation is inversely proportional to
their energy. Therefore, high-energy electrons reach a steady state before lower energy
electrons.

5.2 Transport of Cosmic Rays

Eq. 5.20, Eq. 5.26, Eq. 5.29 and Eq. 5.34 describe the evolution of the spectral energy
density distribution of cosmic rays at the location of the source. However, cosmic rays
propagate from their place of birth into the ISM through di↵usion (see Section 2.2.2).
This section will describe how the cosmic-ray energy density distribution spatially and
temporally evolves as a function of distance, A, from the accelerator.

5.2.1 Propagation of Cosmic Rays

We will take the simple example of an impulsive cosmic-ray source injecting particles
with power law spectrum (=(W, A = 0, C = 0) = �W��) into the centre of a uniform cloud at
C = 0. Cosmic rays are then allowed to propagate outwards. Atoyan et al., 1995 gives the
Green’s function solution of Eq. 5.13 at a distance A from an impulsive source:

=(W, C, A) = §W0§W
=(W, 0, 0)

c

3
2 'di↵(W, C, ⌫)3

exp

✓
� A

2

'di↵(W, C, ⌫)2
◆

(5.36a)

'di↵(W, C, ⌫) =
s

4

π
W0

W

⇡ (W0, ⌫)
§W0 dW0 , (5.36b)

where 'di↵(W, C) represents the distance of which cosmic rays with Lorentz factor W prop-
agate after time C, i.e. ‘di↵usion distance’ and ⇡ (W, ⌫) represents the di↵usion coe�cient
for cosmic rays in a magnetic field strength ⌫ (see Eq. 2.31).

Hadronic Cosmic-Ray Source

Combining Eq. 5.16 and Eq. 5.36b gives the evolution of the di↵usion radius at distance
A from the accelerator:
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Figure 5.4: Evolution of the cosmic-ray energy density distribution (top) and subsequent
gamma-ray SED (bottom) for a continuous source injecting electrons following a power
law spectrum as given by Eq. 5.34. The steady state of electrons (C � g ⇡ gsync, see
Eq. 5.35) is represented by the dash-dot line. !4 is the energy of electrons injected per
second into the system.
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(5.37)

The time evolution of the cosmic-ray density distribution can be found by combining
Eq. 5.16, Eq. 5.18 and Eq. 5.36a:

=? (W, C, A) =
�W
��

c

3
2 'di↵(W, C, ⌫)3

exp

✓
� (� � 1)C

g??

� A
2

'di↵(W, C, ⌫)2
◆

. (5.38)

The top panel of Fig. 5.5 shows the hadronic cosmic-ray energy density distribution
at di↵erent distances A from an impulsive accelerator 10 kyr after injecting cosmic rays
with spectrum =(W0, 0) = �W�� in a medium with number density and magnetic field = =
100 cm�3 and ⌫ = 10 µG respectively. A di↵usion suppression coe�cient of j = 0.01 was
chosen to demonstrate the transport of cosmic rays in molecular clouds (see Section 2.2.2).
Eq. 5.37 and Fig. 5.5 show that higher energy protons are able to di↵use further from the
source than their lower energy counterparts. For distances far from the source, only the
highest energy protons (e.g. ⇢ ' 30 TeV for a distance of 20 pc) are able to reach this
region for a given time. Hence, for distances greater than the di↵usion length (A > 'di↵),
the proton energy spectra is steeper than the initial injected spectra. For distances close
to the source, high-energy protons escape this region faster than low-energy protons (e.g.
a 1 TeV and a 100 TeV proton takes ⇡ 14 kyr and ⇡ 1.4 kyr respectively to travel 5 pc).
Therefore, for distances within the di↵usion length (A < 'di↵), the cosmic-energy density
distribution is shallower than the injected spectrum.

A continuous source can be treated as a series of impulsive injectors and Eq. 5.13 must
be solved numerically. However, for a case when C ⌧ g??, the cosmic-ray energy density
distribution can be described by (Aharonian and Atoyan, 1996):

=? (⇢ , C, A) =
�⇢
��

4c⇡ (⇢ , ⌫)A erfc
✓

A

'di↵(W, C, ⌫)

◆

erfc(I) = 2p
c

π 1

I

exp
⇣
�G2

⌘
dG .

(5.39)

The bottom panel of Fig. 5.5 shows the cosmic-ray energy density distribution at di↵erent
distances A from a continuous accelerator of protons. For distances close to the source
(' ⌧ 'di↵), the cosmic-ray energy spectrum is simply:

=? (⇢ , C, A) =
�⇢
��

4c⇡ (⇢ , ⌫)A . (5.40)

As ⇡ / WX (see Eq. 2.31), the cosmic-ray energy spectrum can be described by a power
law with index � + X. The higher index (compared to the injected spectrum) mathemati-
cally describes high-energy cosmic rays escaping at a faster rate compared to low energy
protons.
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Figure 5.5: The cosmic-ray energy density distribution for an impulsive (top panel) and
continuous (bottom panel) source of protons after 10 kyr as described by Eq. 5.38 and
Eq. 5.39 respectively. The solid blue line shows the shape of the injected proton energy
distribution (/ ⇢��). For reference, the di↵usion distance (Eq. 5.37) is represented by
the dashed-dotted line.
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Leptonic Cosmic-Ray Source

For an accelerator injecting electrons, combining Eq. 2.31, Eq. 5.21 and Eq. 5.36b gives
the di↵usion radius for electrons:

'di↵(W, C, ⌫) =

s
41�1

B
j⇡0

✓
⌫

3 µG

◆�X π W0

W

W
0X�2 dW0

=

s
4

1B (X � 1) j⇡0

✓
⌫

3 µG

◆�X�
W
X�1
0 � WX�1

 

=

s
4

1B (X � 1) j⇡0

✓
⌫
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◆�X�
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=

s
4⇡ (W, ⌫)
1BW(1 � X)

⇥
1 � (1 � W1BC)1�X

⇤
.

(5.41)

The leptonic energy density distribution for an impulsive injector is found by combining
Eq. 5.21, Eq. 5.36a and Eq. 5.23:

=4 (W, C, A) =
(1 � W1BC)��2=0W��

c

3
2 'di↵(W, C, ⌫)3

exp

✓
� A

2

'di↵(W, C, ⌫)2
◆

. (5.42)

The top panel of Fig. 5.6 describes the leptonic energy density distribution at a distance
A from an impulsive injector 10 kyr after injecting electrons with power law spectrum,
=(W, A = 0, C = 0) = �W

��, into a medium with number density 1 cm�3 and magnetic field
⌫ = 10 µG. As with protons, high-energy electrons are able to di↵use to further than lower
energy electrons. Therefore, for distances greater than the di↵usion length (A > 'di↵),
the electron energy spectra is steeper than the injected spectra. For distances close to
the source (A < 'di↵), the electron energy spectra is shallower than the injected spectra.
Unlike protons, a maximum electron energy can be seen corresponding to the critical
Lorentz factor described by Eq. 5.24.

For a continuous source of electrons, Eq. 5.13 must be solved numerically. However,
for a source injecting electrons continously with a simple power law (and assuming syn-
chrotron losses are dominant), Atoyan et al., 1995 gives the electron energy spectrum
as:

=4 (⇢ , C, A) =
=0⇢

��

4c⇡ (⇢ , ⌫)A erfc
 

A

2
p
⇡ (⇢ , ⌫)CW

!

CW = min

✓
C,

1

1BW

◆
.

(5.43)

Similarly to protons, for distances close to the source (' ⌧ 'di↵), the electron energy
spectrum is:

=4 (⇢ , C, A) =
�⇢
��

4c⇡ (⇢ , ⌫)A , (5.44)

where =4 / W�(�+X).
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Figure 5.6: The cosmic-ray energy density distribution for an impulsive source (top)
and continuous source (bottom) of electrons following a power law (solid blue line) after
C = 10 kyr as described by Eq. 5.42 and Eq. 5.43 respectively. For reference, the di↵usion
distance is represented by the dashed-dotted line and the critical energy (W2A ⇡ 13 TeV)
is shown by the blue vertical dashed line.
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5.3 Modelling the Energy Density Distribution of Cos-
mic Rays

Section 5.1 and Section 5.2 assumed simple scenarios in order to solve Eq. 5.13. Such
scenarios included the type of accelerator (impulsive or continuous) and whether the time
of interest is less than the cooling time of the particle (e.g. Eq. 5.39 and Eq. 5.43). It was
also assumed that no particles escape the system (i.e. Eesc = 0 in Eq. 5.1. For scenarios
that do not make these assumptions, Eq. 5.13 must be solved numerically. A Riemann
sum can be used to approximate the integral in Eq. 5.13 with:

=(W, C) = 1

§W(W)

W0’
W
0=W

4
�_(W0,W)

((W0)�W0 + §W0§W =(W0, 0)4
�_(W0,W) , (5.45)

where
Õ
W0
W
0=W sums the function 4�_(W

0
,W)
((W0) over Lorentz factor W0 = W ! W0 in intervals

of width �W0. The radiation loss rate, §W, for cosmic-ray protons and electrons is calculated
via Eq. 2.42 and Eq. 2.79 respectively. This section will describe the software Newsedprod
which numerically solves Eq. 5.13.

5.3.1 Newsedprod

Newsedprod is a software originally developed by (Voisin, 2017) that injects cosmic rays
into a uniform region of ISM (constant number density and magnetic field) with injection
luminosity , [ergs/s] (continuous source) or energy budget ! [erg] (impulsive source).
The energy spectrum of cosmic-ray protons and electrons can be described by:

� (⇢) = #0�
0(⇢)

⇥
TeV�1 cm�3

⇤
, (5.46)

where #0 is the normalisation constant and �0(⇢) is the ‘denormalised’ energy spectrum.
The denormalised energy spectrum follows either:

• power-law, �0(⇢) = ⇢��

• exponential cuto↵ power-law, �0(⇢) = ⇢
�� exp(�⇢/⇢2), where ⇢2 is the cuto↵ en-

ergy

• broken power-law, �0(⇢) = (⇢/⇢break)��8 , where �8 = �1 for ⇢  ⇢break and �8 = �2
otherwise

For an accelerator injecting cosmic rays (protons or electrons) with Lorentz factor between
Wmin and Wmax, the total amount of energy injected into the system must equate to the
injection luminosity/energy budget:

#0 =
! or ,�CØ

Wmax

Wmin
⇢�
0(⇢) d⇢

, (5.47)

where ,�C represents the total energy injected into the system in time interval �C.

After injection, cosmic rays radiate their energy and cool to lower Lorentz factors as
described in Section 2.3. W1 and W2 are defined to be the Lorentz factors at time C that
correspond to the minimum, Wmin, and maximum, Wmax, Lorentz factor at C = 0 before
cooling:
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Figure 5.7: Comparison of Newsedprod (solid lines) and results by Manolakou et al., 2007
(dots) where electrons between Lorentz factors Wmin = 102 and Wmax = 109 are injected
with power law spectrum (� = 2.0) into a medium with number density and magnetic
field = = 1 cm�3 and ⌫ = 10 µG respectively. Electrons are not allowed to escape the cloud
(aesc = 0). (top) Time evolution of electrons against a soft photon field of temperature
) = 30000 K and energy density D0 = 500 eV cm�3. The positions of W1 (see Eq. 5.48) are
shown by the solid vertical blue lines. (bottom) The age of the system is kept constant
at 106 yr while the energy density of the photon field is allowed to vary. Note that the
variation at lower Lorentz factors is due to di↵erent values of Wmin chosen by Manolakou
et al., 2007.
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g(Wmax, W1) = C
g(Wmin, W2) = C ,

(5.48)

where g is the cooling time described in Eq. 5.9. Electrons with Lorentz factor W < W1

represent the ‘uncooled’ part of the spectrum and the energy density distribution follows
the initial injected electron spectra (� = 2.0). Electrons above W1 have reached a steady
state where radiative losses are balanced by the injected electrons. To reduce computation
time, Eq. 5.45 can be split into three di↵erent regimes:

=(W, C) = 1

§W(W)

WD’
W
0=W✓

4
�_(W0,W)

((W0)�W0 , (5.49)

where W✓ and WD are the lower and upper Lorentz factors given by:

(W✓, WD) =
8>>><
>>>:

(Wmin, W0), W2 < W  Wmin

(W, W0), Wmin < W  W1
(W, Wmax), W1 < W  Wmax

, (5.50)

for Wmin < W1 and:

(W✓, WD) =
8>>><
>>>:

(Wmin, W0), W2 < W  W1
(Wmin, Wmax), W1 < W  Wmin

(W, Wmax), Wmin < W  Wmax

, (5.51)

for Wmin > W1.

Fig. 5.7 shows the comparison of the electron energy density distribution predicted
by Newsedprod to the results published by Manolakou et al., 2007. Assuming that there
is no escape, i.e. aesc = 0, electrons are continuously injected with an exponential cuto↵
power law spectrum (� = 2.0) into a uniform cloud with number density = = 1 cm�3

and magnetic field ⌫ = 10 µG. The top panel of Fig. 5.7 shows the time evolution of
electrons against a soft photon field with temperature and energy density ) = 30000 K
and D0 = 500 eV cm�3 (in line with the parameters chosen by Manolakou et al., 2007)
at times 105 yr (W1 = 2.5 ⇥ 106), 8 ⇥ 105 yr (W1 = 5 ⇥ 104), 2 ⇥ 106 yr (W1 = 1.6 ⇥ 103).
Synchrotron losses are dominant for electrons with Lorentz factor W > WB = 6 ⇥ 105 (see
Section 2.3). The bottom panel of Fig. 5.7 investigates how the change in the photon field
energy density a↵ects the electron energy density distribution at time 106 yr. Synchrotron
losses are dominant for W > WB = 3.8 ⇥ 105 (D0 = 250 eV cm�3) and W > WB = 1.8 ⇥ 106

(D0 = 2500 eV cm�3). Manolakou et al., 2007 injects electrons between Wmin = 104 and
Wmin = 109 while Newsedprod injects electrons between Wmin = 10�2 and Wmin = 109. The
threshold Lorentz factor seen in the Manolakou et al., 2007 corresponds to W = 104 at
C = 0 after being cooled, i.e. W1.

Fig. 5.8 shows the subsequent inverse-Compton and synchrotron photon emission of a
continuous source of electrons for di↵erent scenarios. The top-left panel of Fig. 5.8 shows
the evolution of the spectral energy density distribution at times 103, 104, 105 and 106

years. The inverse Compton and synchrotron emission originally peaks at high energies
and then migrates to lower energies at later ages, representing the steady state of cooled
low-energy electrons. The highest energy photons of the inverse Compton and synchotron
spectra rapidly reaches a steady state due to the relatively short lifetime of high-energy
electrons (e.g. a 100 TeV electron has cooling time g ⇡ 103 yr). The top-right panel of
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Figure 5.8: The multi-wavelength SED results from Newsedprod for di↵erent scenarios
of a continuous source. Unless otherwise stated, the input parameters are shown in the
bottom-right panel (! =energy injection luminosity, C =age of system, 3 =distance to
the cloud from Earth, = =density of ISM, ⌫ =background magnetic field, � =spectra of
injected electrons, T and D0 are the temperature and energy density of the background
CMB field.)
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Fig. 5.8 shows how the magnetic field a↵ects the inverse Compton and synchrotron flux
ratio (where we find 5IC(⇢)/ 5sync(⇢) / 1/⌫2, see Eq. 2.81). As the magnetic field increases,
synchrotron losses start to dominate and less energy is channelled into inverse Compton
emission 5IC(⇢)/ 5sync(⇢) ! 0. However, the peak in synchrotron emission eventually
plateaus due to the finite amount of electrons injected into the system up to a given age.
Hence, lower energy electrons begin to accumulate in the region. The bottom-left hand
panel of Fig. 5.8 shows that introducing a cuto↵ in the injected electron spectrum shifts
the inverse Compton and synchrotron emission to lower energies as well as decreasing the
overall flux. Both examples shown in Fig. 5.8 assume that electrons do not escape the
system.

5.3.2 Including Particle Escape in Newsedprod

Cosmic rays scatter o↵ magnetic field turbulence, randomising their direction (see Sec-
tion 2.2.2). The net transport of cosmic rays can be described by di↵usion. After time C,
the 3D distance that approximately 68% of cosmic rays have ‘di↵used’ from the accelerator
is given by:

'68% =
p

6(W, ⌫)⇡C , (5.52)

where ⇡ is the di↵usion coe�cient described in Eq. 2.31 (Aharonian and Atoyan, 1996).
Therefore, cosmic rays can escape the system as shown in Fig. 5.9. For a spherical region
with radius ', the escape rate (particles/s) is defined to be:

aesc(W) =
6⇡ (W, ⌫)

'
2

, (5.53)

where the di↵usion coe�cient (⇡ (W, ⌫) / WX) can lie within three di↵erent regimes de-
scribing the rate of di↵usion (Bohm: X = 1, Kraichnan: X = 1/2 and Kolmogrov X = 1/3)
(see Section 2.2.2). For Bohm di↵usion (X = 1), the di↵usion coe�cient is related to its
gyro-radius (A6) through:

⇡ (W, ⌫) =
A62

3

=
W<42

34⌫
.

(5.54)
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1-e-λ(γ',γ) % 
of cosmic 
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Figure 5.9: An accelerator
inside a uniform region of
ISM with number density
= and magnetic field ⌫. Af-
ter injection, cosmic rays
scatter o↵ magnetic field
turbulence resulting in net
di↵usion from the acceler-
ator. The probability that
a cosmic ray escapes the
region while cooling from
Lorentz factor W

0 ! W

is 1 � exp(�_(W0, W)) (see
Eq. 5.10)
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Combining Eq. 2.31 and Eq. 5.53 gives:

aesc =
6j0⇡0

'
2(⌫/3)X W

X

⌘ 1escWX .
(5.55)

For simplicity, synchrotron losses will be assumed to be dominant ( §W = 1BW2). There-
fore, the probability that a cosmic ray escapes the region whilst cooling from W

0 to W is
given by:

_(W, W0) = 1esc

1B

π
W
0

W

dW00 WX�2

= 1es

(
ln (W0/W)), X = 1
1
X�1

�
W
0X�1 � WX�1

�
, otherwise

,

(5.56)

with 1es ⌘ 1esc/1B. For Bohm di↵usion (X = 1), the probability of escape for an electron
then becomes:

?esc = 1 � exp(�1es ln (W0/W))

= 1 �
✓
W
0

W

◆
1es

.
(5.57)

Fig. 5.10 shows the comparison of the electron energy density distribution of Newsedprod
to the results by Manolakou et al., 2007 for di↵erent values of 1es assuming Bohm di↵usion

Figure 5.10: Comparison of Newsedprod (solid lines) to results by Manolakou et al., 2007
where electrons are allowed to escape the system at rate aesc = 1esW (see Eq. 5.55), i.e.
Bohm di↵usion regime. Electrons are injected with a power-law spectrum � = 2.0. The
position of W1 is represented by the vertical dotted line.
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(X = 1). There is negligible escape when 1es = 0.1, but escape losses become significant
when 1es = 100 and 1000. Electrons with Lorentz factor W1, the maximum Lorentz factor
that electrons injected at C = 0 can take, is the least a↵ected by escape losses. Electrons
with Lorentz factor > W1 represent the population of electrons injected after C = 0. As the
Lorentz factor increases beyond W1, electrons rapidly escape the region and only recently
injected electrons contribute to the energy spectrum. Below W1, the electron cooling rate
rapidly decreases and the probability that an electron escapes before cooling increases.

5.3.3 Investigation of Magnetic Field Turbulence Regimes with
Newsedprod

The rate at which cosmic rays escape a sphere of radius ' depends on the di↵usion
properties which, in turn, depend on the power spectrum of the magnetic field turbulence
(see Eq. 2.31). Using Newsedprod, the e↵ects of the di↵erent magnetic field regimes
(Kolmogrov X = 1

3 , Kraichan X = 0.5 and Bohm X = 1) on the electron energy spectra and
subsequent SED can be seen in Fig. 5.11 and Fig. 5.12 for an impulsive and continuous
electron accelerator respectively.

For both impulsive and continuous accelerators, as the power spectrum of the mag-
netic field turbulence (X) increases, the rate of di↵usion increases for electrons > ⇢cr and
decreases for electrons < ⇢cr, where ⇢cr is the crossover energy corresponding to ⇡ = j⇡0

(see Eq. 2.31):

⇢cr =
⌫

3 µG
[GeV] . (5.58)

For a magnetic field of 10 µG, the cross-over energy is 0.3 TeV as seen in the top panel
of Fig. 5.11. As the magnetic field increases, the crossover energy migrates to higher
energies as seen in the left-hand panels of Fig. 5.12. The subsequent inverse Compton
and synchrotron SED then follows the electron energy density distribution as shown in
the bottom panel of Fig. 5.11 and right hand panels of Fig. 5.12 (see Section 2.3.3).

Electrons will cool to a lower energy before escaping the system when their cooling
time (g) is less than the time it takes for a particle to di↵use distance ' (see Eq. 5.52).
Therefore, for a continuous source, electrons with high energy reach a steady state where
radiative losses and escape losses are balanced by the injected electrons (e.g. ⇢ & 10 TeV
for ⌫ = 50 µG)

5.3.4 Applications of Newsedprod

In summary, Newsedprod numerically solves the energy density distribution of cosmic rays
(protons and electrons) for an accelerator (impulsive or continuous) injecting cosmic rays
into a region of constant number density, magnetic field and photon field (e.g. CMB, infra-
red fields and optical photons). Newsedprod can then be tuned (e.g. changing the injected
spectra or age of the system) to sources such as PWNe and SNRs to compare the predicted
SED to observations from instruments such as H.E.S.S. and Fermi -LAT (see Section 3.2).
Observatories such as Nanten (see Section 4.2.6) can be used to obtain information about
the number density of hydrogen towards the object of interest and estimate the magnetic
field strength through Crutcher’s relation (see Eq. 4.38 and Crutcher et al., 2010). Once
the model ‘matches’ the observed emission from the source, the input parameter space
can be examined to see if the model is reasonable or not.
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Figure 5.11: Variation of the electron energy density distribution (top) and subsequent
synchrotron and inverse Compton SED (bottom) for an impulsive source of electrons
escaping a cloud with radius 10 pc in the di↵erent di↵usion regimes (X). Kolmogrov
regime: X = 1

3 , Kraichnan regime: X = 0.5 and Bohm regime: X = 1. Electrons are injected
following a power law spectrum with � = 2. The black line represents a situation where
there is no escape of electrons.
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Figure 5.12: Variation of the electron energy density distribution (left) and subsequent
synchrotron and inverse Compton SED (right) for a continuous source of electrons escap-
ing a cloud with radius 10 pc in the di↵erent di↵usion regimes (X). Kolmogrov regime:
X = 1

3 , Kraichnan regime: X = 0.5 and Bohm regime: X = 1. A magnetic field of 10 µG
(top), 50 µG (middle) and 100 µG (bottom) was utilised. The black line represents a sit-
uation where there is no escape of electrons.
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Chapter 6 applies Newsedprod to a region south of the PWNe HESS J1825-137 in order
to determine the origin of cosmic rays resulting in the GeV emission seen towards this re-
gion. It was postulated that either an accelerator associated with HESS J1825-137 (PWN
or the progenitor SNR) or with nearby binary system LS 5039 (accretion onto associated
compact object or progenitor SNR) powered the GeV emission. Using Newsedprod, it
was found that neither source provided su�cient energetics to account for this emission,
but did not rule out a combination of both sources.
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ABSTRACT
HESS J1825-137 is one of the most powerful and luminous TeV gamma-ray pulsar wind nebulae (PWN). To the south of
HESS J1825-137, Fermi-LAT observation revealed a new region of GeV gamma-ray emission with three apparent peaks (termed
here, GeV-ABC). This study presents interstellar medium (ISM) data and spectral energy distribution (SED) modelling towards
the GeV emission to understand the underlying particle acceleration. We considered several particle accelerator scenarios – the
PWN associated with HESS J1825-137, the progenitor SNR also associated with HESS J1825-137, plus the gamma-ray binary
system LS 5039. It was found that the progenitor SNR of HESS J1825-137 has insufficient energetics to account for all GeV
emission. GeV-ABC may be a reflection of an earlier epoch in the history of the PWN associated with HESS 1825-137, assuming
fast diffusion perhaps including advection. LS 5039 cannot meet the required energetics to be the source of particle acceleration.
A combination of HESS J1825-137 and LS 5039 could be plausible sources.

Key words: ISM: clouds – cosmic rays – ISM: individual (HESS J1825-137) – ISM: individual (LS 5039) – ISM: supernova
remnants – gamma rays: ISM.

1 IN T RO D U C T I O N

HESS J1825-137 is a luminous pulsar wind nebula (PWN) powered
by the pulsar PSR J1826-1334 with spin-down power of Ė = 2.8 ×
1036 erg s−1 and characteristic age of 21.4 kyr (Manchester et al.
2005; Aharonian et al. 2006). To the south of HESS J1825-137 a new
region of GeV gamma-ray emission was revealed by Araya, Mitchell
& Parsons (2019) using Fermi-LAT data (see Fig. 1). Araya et al.
(2019) also suggested that this new region of GeV emission may be
either an extension of HESS J1825-137 or unrelated to the system. If
related to HESS J1825-137, the gamma-rays may be resultant from
high energy particles from the PWN (in the form of electrons and
positrons) or from the progenitor supernova remnant (SNR) linked
to HESS J1825-137. If unrelated to HESS J1825-137 another source
of high energy particles must exist towards this region. Araya et al.
(2019) conducted spectral analysis in range 10–250 GeV and fitted
the spectra observed from this new region to a power-law ( dN

dE
∝

E−!) with index ! = 1.92 ± 0.07stat ± 0.05sys. Fig. 3 from Araya
et al. (2019) shows a TS map towards this region with three distinct
peaks. We label the three GeV features GeV-A, GeV-B, and GeV-C
and are located at positions RA: 18h29m36.0s, Dec: −14◦23

′
41.6

′′
,

RA: 18h30m10.6s, Dec: −15◦19
′
03.4

′′
, and RA: 18h30m21.4s, Dec:

−16◦00
′
40.3

′′
, respectively. Hereafter, the extended region of GeV

⋆ E-mail: tiffany.collins@adelaide.edu.au

emission will be referred to as GeV-ABC for simplicity. Fig. 1 shows
the locations of GeV-ABC relative to HESS J1825-137.

A TeV halo may be associated with HESS J1825-137 (Liu & Yan
2020). TeV haloes occur when electrons and positrons escape the
PWN through diffusion and interact with the ambient interstellar
medium producing surrounding TeV emission forming a ‘halo’.
The equivalent HAWC observatory source, eHWC J1825-134, has
detected an extension of 0.36◦ above 56 TeV HAWC Collaboration
(2019). The extension around HESS J1825-137 can be seen to
decrease with energy as shown by Fermi-LAT data Principe et al.
(2019). It is possible that GeV-ABC may be an extension of the TeV
emission around HESS J1825-137

A H α rim like structure has been noted 120 pc to the south-east of
the pulsar from PSR J1826-1334 (Voisin et al. 2016). This structure
may be associated with the progenitor supernova remnant (SNR)
that is linked to PSR J1826-1334. The H α region overlays the
Fermi-LAT GeV emission.

Another potential accelerator also towards GeV-ABC is the
gamma-ray binary system LS 5039, comprising a compact object
and a massive O-type star

This study presents gas analysis (CO, H I, and H α) towards the
new region of Fermi-LAT GeV emission. To identify the origin of
the GeV emission, spectral energy distribution (SED) modelling
of the gamma-ray emission is performed assuming hadronic or
leptonic particle populations accelerated by continuous or impulsive
particle injectors.

C⃝ 2021 The Author(s)
Published by Oxford University Press on behalf of Royal Astronomical Society
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GeV γ -rays adjacent to HESS J1825-137 1841

Figure 1. Fermi-LAT count map above 10 GeV (Araya et al. 2019) towards
HESS J1825-137 overlaid by black HESS significance contours at 1σ , 2σ ,
and 3σ (H. E. S. S. Collaboration 2018).

2 G A S M O R P H O L O G Y TOWA R D S G E V-A B C

PSR J1826-1334 and LS-5039, located within the vicinity towards
GeV-ABC, are possible particle accelerators to produce the GeV
emission as seen by Fermi-LAT. PSR J1826-1334 has measured
dispersion distance of 3.9 ± 0.4 kpc (Taylor & Cordes 1993) while the
binary system LS-5039 distance is estimated to be 2.54 ± 0.04 kpc
(Casares et al. 2005). For these two reasons ISM data in the velocity
range of 15–30 and 40−60 km s−1 corresponding to distances 1.6–
2.8 and 3.5–4.5 kpc, respectively, will be examined (Brand & Blitz
1993).

2.1 CO data

Using the Nanten 12CO(1-0) survey data, the molecular hydrogen
column density will be traced using conversion factor NH2 =
XCOW12CO . The XCO factor is assumed to be constant ≈ 1.5 ×
1020 cm−2 K−1 km−1 s (Strong et al. 2004), over the galactic plane
but may vary with Galactocentric radius.

The top panel in Fig. 2 shows the 12CO(1-0) integrated intensity
between 15 and 30 km s−1. Regions of clumpy gas are noted to
the north-east of HESS J1825-137 as noted by Voisin et al. (2016).
Towards GeV-B, a region of denser gas is noticed which does not
appear in the 40−60 km s−1 range as shown in the bottom panel of
Fig. 2. In both velocity ranges the region towards GeV-ABC has
relatively little gas compared to the Galactic plane. The distance to
these clouds is determined from the galactic rotation curve. Individual
gas motion may give a false interpretation of the velocity range. In
Brand & Blitz (1993), it was noticed that residuals of the modelled
versus observed Galactic rotation curve can be as great as 40 km s−1

with the average being around 12.8 km s−1.
The mass of a cloud with average column density NH2 and cloud

area A can be calculated by

MH = 2.8NH2A
mp

m⊙
M⊙, (1)

where MH = 2.8MH2 includes a 20 per cent He component. The
cloud areas used can be seen in Fig. 2. The number density can then

Figure 2. Nanten 12CO(1-0) integrated intensity in velocity ranges 15 −
30 km s−1 (top) and 40−60 km s−1 (bottom). The green contours represents
GeV emission as seen by Fermi-LAT at 1σ to 7σ . The new regions of GeV
emission, GeV-A, GeV-B, and GeV-C, are shown by black markers. The
Nanten beam size, shown in bottom left, is 2.6 arcmin (Mizuno & Fukui
2004).

be obtained through:

nH = MH

4/3πR3mp

cm−3, (2)

where R represents the radius of cloud area considered. The results
of these calculations are given in Table A1 with cloud areas shown
in Fig. 2. The size and shape of object B is chosen to contain dense
gas seen in the 15−30 km s−1 velocity ranges, while objects A and
C were chosen to be the same size but independent of object B. The
clumps seen towards GeV-B in the top panel of Fig. 2 is an order of
magnitude denser compared to the ISM towards GeV-A and GeV-C.

2.2 H I data

The Galactic All Sky Survey of atomic Hydrogen (H I) data set
will be used to trace atomic hydrogen towards new region of GeV
gamma-ray activity (McClure-Griffiths et al. 2009).

The integrated column density in the velocity of ranges of
interest can be seen in Fig. 3. In the 40−60 km s−1 range
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1842 T. Collins et al.

Figure 3. Parkes H I integrated column density (from GASS) in velocity
ranges 15−30 km s−1 (top) and 40−60 km s−1 (bottom) (McClure-Griffiths
et al. 2009). The regions that were analysed here can be seen in white
(HESS J1825-137) and black (new GeV regions). The Parkes beam size,
shown in bottom left, is 15 arcmin (see Table A2 for results).

towards the region around GeV-ABC, the H I column density is
relatively low compared to the Galactic plane. The area towards
the new GeV emission has slightly greater H I density in the
15−30 km s−1 velocity range compared to the 40−60 km s−1 velocity
range.

The calculated H I parameters for different regions towards
HESS J1825-137 and the new emission of GeV gamma rays can
be seen in Table A2. Atomic hydrogen, compared to molecular
hydrogen, is less abundant. The total ISM parameters are shown in
Table 1. The contribution of atomic hydrogen compared to molecular
hydrogen is minimal (approximately 10 per cent) to the total density
of hydrogen gas.

2.3 H α data

An intensity map of H α emission towards HESS J1825-137 and
surrounding regions can be seen in Fig. 4 from the full width at
half-maximum (FWHM) survey (Finkbeiner 2003). The H α rims
detected by Stupar et al. (2008) and Voisin et al. (2016) can clearly
be seen and are located ≈120 pc from PSR J1826-1334 if it lies

Table 1. Total ISM densities for HESS J1825-137 and new GeV emission
regions GeV-A, GeV-B, and GeV-C.

15−30 km s−1 Object MH (M⊙) nH (cm−3)

HESS J1825-137 1.18 × 105 40.1
GeV-A 4.56 × 103 7.2
GeV-B 1.38 × 105 79.8
GeV-C 2.30 × 103 3.6

40−60 km s−1 Object MH (M⊙) nH (cm−3)
HESS J1825-137 5.22 × 105 178

GeV-A 8.93 × 103 14
GeV-B 1.26 × 104 7.3
GeV-C 3.11 × 102 0.5

Figure 4. H α emission from the FWHM survey towards HESS J1825-137
and surrounding regions (Finkbeiner 2003). HESS J1825-137 can be seen by
σ = 1, 2, and 3 purple TeV contours with PSR J1826-1334 represented by the
dark green cross and LS-5039 by the yellow dot lying to the lower right with
yellow radio jets described by Paredes et al. (2002). GeV regions GeV-A,
GeV-B, and GeV-C can be seen as green neon crosses. The H α rims noted
by Stupar, Parker & Filipovic (2008) and Voisin et al. (2016) are shown by
pink dots. A closer look at the region contained within yellow box is shown
in Fig. 5.

at the same distance (3.9 kpc) as the pulsar. From hydrodynamical
simulations, the supernova remnant radius is, at least, four times the
radius of this PWN (van der Swaluw & Wu 2001); this suggests an
SNR radius of 140 pc as calculated by Voisin et al. (2016) agreeing
with the rim of ionized gas seen in Fig. 4 and predictions made by
de Jager & Djannati-Ataı̈ (2009).

Overlaying combined molecular and H I contours on to the H α

map, (see Fig. 5), it can be seen that the CO(1-0) cloud in
the 15−30 km s−1 range noted in Section 2.1 overlaps a region
of reduced H α emission. This may indicate that the cloud is
in the foreground or that the CO(1-0) cloud is surrounded by
H α gas.

Two different methods were utilized to calculate the density
of ionized hydrogen towards the regions of interest. The details
of these calculations are provided in appendix B. The results of
both methods are shown in Table A3. Method A assumes that
the density of photons is approximately equal to the density of
ionized gas, assuming that atoms are not re-excited by an external
source. Method B considers basic radiation transfer. It is expected
that the ratio of ionized to neutral hydrogen atoms is ≈10−6

which agrees with both methods (Draine 2011). Therefore ionized
hydrogen does not significantly contribute to the total density of
the ISM.
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GeV γ -rays adjacent to HESS J1825-137 1843

Figure 5. Zoomed in H α intensity overlayed with Nanten 12CO(1-0) in
the 15−30 km s−1 (red) and 40−60 km s−1 (blue) range. The H α rims are
indicated by the pink dots. Note that this corresponds to the yellow box in
Fig. 4. The dense CO cloud in the 15−30 km s−1 velocity range towards
GeV-B can be seen to anticorrelate with the H α emission.

3 PA RT I C L E T R A N S P O RT

After having mapped out the ISM, we can now consider the diffusive
transport of high energy particles. In this study, the SED modelling
assumes that the high energy particles are able to enter GeV-ABC
in sufficient number and energy range to produce the GeV gamma
radiation. This section will look into the validity of this assumption
assuming a purely diffusive scenario and looking at the cooling time
of particles and how it affects the particle transport.

Once high energy particles are emitted by the PWN (or progenitor
SNR), they must traverse the interstellar medium before entering the
region towards GeV-ABC. In a purely diffusive scenario, the distance
that particles of energy E diffuse into the ISM in time t is estimated
by

R(E, t) =
p

2D(E,B)t [cm], (3)

where

D(E,B) = χD0

s
E/TeV
B/3 µG

[cm2 s−1] (4)

D0 = 1 × 1029 cm2 s−1 is the galactic diffusion coefficient at 1 TeV
and χ takes values of around 0.01 (with variation) (Berezinskii
et al. 1990; Gabici, Aharonian & Blasi 2007). As particles traverse
the ISM they suffer energy losses through IC, bremsstrahlung, and
synchrotron radiation. The cooling time for bremsstrahlung, tbrem,
Inverse Compton, tIC, and synchrotron, tsync, loss processes is given
by

tbrem ≈ 4 × 107

n cm−3
yr (5a)

tIC ≈
⇢

3 × 105U−1( E
TeV )−1 yr Thompson Regime

3.1 × 105U−1( E
TeV )−1f −1

KN yr KN Regime
(5b)

tsync ≈ 12 × 106
✓

B

µG

◆−2 ✓
E

TeV

◆−1

yr, (5c)

Figure 6. Transport time for particles to traverse from PSR 1826-1336 to
GeV-B versus cooling time of synchrotron and IC processes. The ambient
density of the ISM is assumed to be n = 1 cm−3. The black horizontal solid and
dashed lines show the two possible ages of PSR J1826-1334 (t = 21.4 yr and
t = 40 yr, respectively), the dotted blue line shows the cooling time through
synchrotron losses at 1 µG while the two red dashed lines is through IC losses
in the Thompson and Klein Nishina regime. The solid lines with varying χ

values shows the values necessary for particles with that energy to reach
GeV-B in the available time through ISM with magnetic field B = 1 µG. The
inferred minimum and maximum electron energy, Ee, min and Ee, max, emitted
by the pulsar wind nebula is shown by the vertical solid lines.

where U = 0.26 eV cm−3 is the energy density of the cosmic mi-
crowave background and fKN is the Klein Nishina (KN) suppression
factor given by Moderski et al. (2005):

fKN =
✓

1 + 40
E

TeV
kTeV

◆−1.5

(6)

for an electron with energy E interacting with photon field with
temperature T (with kT in units of eV). If the density of the ISM
is n = 1, the time it takes for particles of varying energies to be
emitted by the PWN and travel to GeV-B (≈70 pc) and the cooling
time is shown in Fig. 6. The intersection of the diffusion time and the
age of PSR J1826-1334 represents the minimum particle energy that
can reach GeV-B. Naturally if the pulsar is older, more lower energy
particles can reach GeV-B. The maximum energy of electrons able
to reach GeV-B is found through the intersection of the diffusion line
and the IC cooling time (the quickest process where electrons lose
most of their energy).

In IC processes, the final energy of the photon, E!, TeV, is related
to initial electron energy, Ee, TeV and initial photon energy Ei, eV

through:

E!,TeV = Ee,TeV
h

(1 + h4/5)5/4
, (7)

where h ≈ 31.5Ee, TeVEi, eV (Hinton & Hofmann 2009). Photons up
to 54 TeV has been observed towards HESS J1825-137 (H. E. S.
S. Collaboration 2019). Assuming IC interactions with the cosmic
microwave background are responsible for this emission, this is
equivalent to an electron with maximum energy of 96 TeV. Similarly
photons as low as 1.26 GeV has been observed by Fermi-LAT
(Principe et al. 2020), which is equivalent to minimum electron
energy of 0.25 TeV. This electron energy range is shown by the
vertical lines in Fig. 6. This further limits how many electrons are
able to diffuse to GeV-B.
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The region around the PWN can harbour a strong magnetic field
strength compared to the surrounding ISM. Equation (5c) outlines the
cooling time for the synchrotron processes as a function of electron
energy and magnetic field (as shown by Fig. 6). Consequently,
electrons in the zone around the pulsar wind nebula will experience
stronger synchrotron losses compared to what is shown in Fig. 6.

4 SE D M O D E L L I N G O F TH E G A M M A - R AY
EMISSION

Two main pathways are possible for the production of GeV gamma
radiation. In a hadronic scenario, proton–proton interactions with
the ISM leading to the production of neutral pions which, in turn,
decay into gamma radiation. Leptonic scenarios include synchrotron
emission associated with the magnetic field pervading in the ISM,
inverse-Compton emission with the cosmic microwave background
and bremsstrahlung interactions with the ISM.

Two types of particle accelerators will be considered; continuous
and impulsive accelerators. Continuous accelerators constantly inject
particles into the interstellar medium throughout their lifetime. For
this study, it will be assumed that particles will be injected at a
constant energy rate. Continuous accelerators may include pulsars
and stellar clusters, for example. On the other hand, an impulsive
accelerator, such as a supernova remnant, injected particles in one
big burst in the past.

The particles that are injected are then free to undergo interactions
producing radio to gamma-ray emission. The following section will
describe potential particle accelerators that may result in the GeV
gamma radiation as seen by Fermi-LAT. The model utilized in this
study takes the initial particle spectrum and then lets the system
evolve over the age of the particle accelerator. After the allocated
time has passed, the final particle spectrum is calculated and the
gamma-ray spectrum is extracted. For further explanation of the
process utilized in this study, please refer to Appendix C.

The ISM density of the region to be modelled will utilize the
data calculated in Section 2. In turn the magnetic field strength,
which affects the production of synchrotron radiation, is related to
the density of ISM through the relation (Crutcher 1999):

B(nH ) = 100

r
nH

104 cm−3
µG. (8)

Note that the updated version of this relation provides a slightly
higher magnetic field estimation (Crutcher et al. 2010). Crutcher’s
relation computes the maximum magnetic field in a molecular
cloud, allowing estimations calculated using Crutcher (1999) to be
acceptable for this study.

4.1 Potential particle accelerators

4.1.1 HESS J1825-137 (PWN – Continuous)

As shown in Fig. 2, it appears the Fermi GeV-ABC might be an
extension of HESS J1825-137.

A part of the spin-down power of HESS J1825-137, 2.8 ×
1036 erg s−1, is channelled into accelerating particles that propagate
out of the system. It was found that the major axis of gamma-emission
is to the south-west of the pulsar towards GeV-ABC (H. E. S. S.
Collaboration 2019). The asymmetry in the gamma-ray emission
may indicate an asymmetry in the particle emission by the PWN.
The PWN would be a continuous source of high energy electrons
towards the new region of GeV Fermi-LAT emission.

4.1.2 HESS J1825-137 Progenitor (SNR – Impulsive)

Here we assume the progenitor SNR is an impulsive accelerator
where the bulk of the cosmic rays escape the system very early and
travel ahead of the SNR. Cosmic rays of energies E escape the SNR
in time χ :

χ (E) = tSedov

✓
E

Emax

◆−1/δ

, (9)

where tSedov = 200 yr is the onset of the Sedov Phase of an SNR,
δ = 2.48 is a parameter describing the energy-dependent release of
cosmic rays and Emax = 500 TeV is the maximum possible cosmic
ray proton energy (Gabici, Aharonian & Casanova 2009). The TeV
cosmic rays responsible for the emission of gamma-rays towards
GeV-ABC have an escape time of ∼2 kyr. This is negligible compared
to age of the pulsar (21.4 kyr). The size of the SNR during the Sedov
phase can be determined through (Reynolds 2008):

R = 0.31E
1/5
51 (µ1/1.4)−1/5n−1/5t2/5

yr pc, (10)

where E51 is the kinetic energy of the SNR in units of 1051 erg, µ1 is
the mean mass per particle, and n is the background ISM density. If
we assume E51 = 1, n = 1 cm−3, and µ = 1.41; at age 2 kyr, the SNR
will have a radius of ∼7 pc. The TeV cosmic rays will escape the SNR
at this radius and diffuse ahead of the SNR to GeV-ABC. Therefore
the SNR progenitor associated with HESS J1825-137, as noted by
Stupar et al. (2008) and Voisin et al. (2016), can be approximated
as an impulsive source of high energy particles. Additionally, it is
generally believed that 10−30 per cent of the 1051 erg of kinetic
energy released in a supernova is channelled into accelerated high
energy particles by the subsequent supernova remnant.

The distance to the PWN and SNR associated with HESS J1825-
137 will be assumed to be 3.9 kpc (Taylor & Cordes 1993). For this
reason ISM parameters in the 40−60 km s−1 velocity range (see
Table. 1) will be used in the SED modelling of GeV-A, GeV-B, and
GeV-C. Due to the anticorrelation of CO(1-0) to H α emission as seen
in Fig. 5, the dense gas towards GeV-B in the 15−30 km s−1 velocity
will also be considered as a target for high energy particles to emit
radiation. Due to individual gas motion compared to the Galactic
rotation curve (Brand & Blitz 1993), this region of dense gas may be
located at the same distance as HESS J1825-137.

4.1.3 LS 5039 (accretion powered – Continuous)

LS 5039 is a microquasar and X-ray binary system (Motch et al.
1997). LS 5039 contains an O type star in orbit around an unknown
compact object with mass ≈3.7 M⊙ (Ptuskin & Zirakashvili 2005).
This high mass is greater than standard neutron star masses leading
to the possibility of the compact object being a black hole. The high
mass of the compact object suggests that the progenitor was born in
the binary system with a mass greater than the O-type star (MO =
22.9 M⊙). The age of LS 5039 is unknown; the lifetime of an O-type
star is of the order of a few million years, giving an upper limit
to the age of the system. The minimum and maximum plausible
ages, of 1 × 103 and 1 × 106 yr, respectively, will be considered in
the modelling (Moldón et al. 2012). Moldón et al. (2012) aimed to
find the galactic trajectory of LS 5039 to determine its birthplace.
Depending on where LS 5039 was born, Moldón et al. (2012) gives
the age of the system to be between 0.1 and 1.2 Myr. Therefore
an age of 105 yr will also be considered in the SED modelling of
this paper. In modelling the SED, these ages reflect the time when
high energy particles enter GeV-ABC. Assuming diffusion is the
particle transport method as in section 3, the transportation time of

MNRAS 504, 1840–1853 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/504/2/1840/6219862 by Acquisition D
ept.(Journals) user on 30 August 2021



GeV γ -rays adjacent to HESS J1825-137 1845

Figure 7. Spectral energy distribution of GeV-ABC as revealed by Araya
et al. (2019) is shown in blue. The flux points of HESS J1825-137 are
represented by red. H. E. S. S. Collaboration (2019). Fermi-LAT data towards
HESS J1825-137 (Principe et al. 2020) shown in green can be seen to follow
the HESS data points as noticed by H. E. S. S. Collaboration (2019).

high energy particles between LS 5039 and GeV-ABC (≈104 yr) is
negligible compared to the age of LS 5039.

After formation, the compact object associated with LS 5039
continuously accretes matter from its star companion allowing
particles to be accelerated in a relativistic radio jet. This may be
a continuous accelerator of particles to form the new GeV region as
seen by Fermi-LAT. Radio jets described by Paredes et al. (2002) can
be seen in Fig. 4. The average accretion luminosity of LS 5039 was
calculated by Casares et al. (2005) to be Lacc = 8 × 1035 erg s−1.
The luminosity released in the vicinity of LS 5039 is given by:
Lradio, 0.1−100 GHz ≈ 1.3 × 1031 erg s−1 (Marti, Paredes & Ribo 1998),
Lx-ray, 3–30 keV = 0.5 − 5 × 1034 erg s−1 (Bosch-Ramon et al. 2005)
and L>100 GeV = 2.7 × 1035 erg s−1 (Casares et al. 2005). Therefore,
Casares et al. (2005) concluded that approximately one-third of
the accretion luminosity is channelled into the relativistic jets. The
remaining 5.5 × 1035 erg s−1 can be channelled into GeV-ABC.
Given the distance estimate to LS 5039 of 2.5 kpc, the ISM within
the 15−30 km s−1 regime will be considered. It has been noticed that
the radio jets are persistent with variability on day, week, and year
time-scales (Marcote et al. 2015).

4.1.4 LS 5039 progenitor (SNR – impulsive)

Whether the compact object within LS 5039 is a black hole or neutron
star, the compact object is the result of a star gone supernova. By this
logic an impulsive source of high energy particles occurred sometime
in the past. At the time of writing, no clear SNR has been linked to
LS 5039. If LS 5039 has age of order 105 yr, any SNR will be too old
to be detected.

4.2 Spectral energy distribution

The spectral analysis conducted by Araya et al. (2019) towards
GeV-ABC is shown in Fig. 7. They found that a simple power-
law ( dN

dE
∝ E−!) best describes the spectrum with spectral index

of ! = 1.92 ± 0.07stat ± 0.05sys and integrated flux of φ0 =
(1.46 ± 0.11stat ± 0.13sys) × 10−9 photons cm−2 s−1.

In the study by Araya et al. (2019), individual peaks GeV-A, B,
and C were found to have spectral indices !A = 1.78 ± 0.25stat,
!B = 1.7 ± 0.4stat, and !C = 1.43 ± 0.23stat, respectively. The

extended GeV emission observed by Fermi-LAT will be modelled
by approximating the spectra of GeV-ABC as coming from three
sources corresponding to the peaks observed by Araya et al. (2019).
By integrating the flux over all energy ranges for all three peaks
and normalizing to the spectra of GeV-ABC, the amount each peak
contributes to the total flux can be determined. This assumes that
the entirety of the GeV emission originates from the three peaks. As
seen by fig. 3 from Araya et al. (2019) GeV A, B, and C contains
the majority of the GeV emission. It was found that GeV-A, GeV-B,
and GeV-C, contributed 37 per cent, 34 per cent, and 29 per cent of
the total GeV flux, respectively. For each peak in the GeV gamma-
ray emission region, SEDs based on different particles accelerators
(e.g. PWN HESS J1825-137 and LS 5039) will be modelled and fit
by eye to the data. Input parameters will also be varied to provide
a range where the model matches the data. The ROSAT x-ray upper
limit towards GeV-ABC was calculated using the ROSAT X-Ray
background tool (Sabol & Snowden 2019).

Input parameters of the SED modelling towards the new region
of GeV emission can be seen in Tables 2 and 3 and Tables 4 and 5
for HESS J1825-137 and LS 5039 being the source of high energy
particles, respectively.

An example fit to the SED is shown in Fig. 8. It is assumed that both
hadronic and leptonic particles followed an exponential cutoff power-
law injection spectra

�
dN
dE

∝ E−! exp(−E/Ec)
�
. It is important to

note that the energy budget/injection luminosity, W or Ẇ , that is
inferred reflects the energy budget for each individual peak (GeV-
A, GeV-B, and GeV-C) and not the total energy budget/injection
luminosity for the combination of all three regions.

Assuming constant cosmic ray density within a supernova rem-
nant, the inferred energy (WSNR) of the SNR can be calculated. The
filling factor, ff, is defined to be the ratio of the area of GeV-A, B, or
C to the projected area of the SNR. The inferred energy of the SNR
is then given by

WSNR = W

ff

. (11)

4.2.1 HESS J1825-137 progenitor

A clear SNR rim can be seen in Fig. 4 connected to HESS J1825-
137. The projected area of the SNR, with radius of 140 pc, is assumed
to be ≈64 × 103 pc2. Note that the denser regions to the north of
HESS J1825-137 shown in Figs 2 and 3 may dampen the northern
expansion of the SNR associated with HESS J1825-137. This will
affect the filling factor geometrically and in turn affect the inferred
energy of the SNR as shown in equation (11). If no particles have
escaped, it is expected that 1050 erg of energy remains within the
SNR. As the SNR is definitely well into its Sedov phase, some
cosmic rays will have escaped the system, lowering the remaining
energy within the SNR.

For an individual model to be successful, it must allow sufficient
energetics within all three clouds simultaneously. If the particle ener-
getics impacting one cloud is too large, the model will be rejected. For
this reason when looking at Tables 2 and 3, to determine if individual
impulsive models were successful, the maximum energy budget/
injection luminosity will be compared to theoretical energetics.

4.2.2 LS 5039 progenitor

No clear SNR rim has been associated with LS 5039. If the age of
LS 5039 is greater than 105 yr the SNR will have already dispersed
into the projected area of SNR and will assume a minimum radius
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Table 2. SED model parameters matching the observed emission of GeV-A, B, and C for a hadronic scenario. The particle accelerators
considered are the impulsive progenitor SNR associated with PSR 1826-1334 and the continuous accelerator associated with the pulsar
wind nebula, HESS J1825-137. High energy particles are assumed to be injected with a power-law spectra with an exponential cutoff:
dN
dE ∝ E−! exp[E/Ec].

Accelerator Hadronic
PSR 1826-1334 or SNR Peak nH (cm−3) 1 W or 2 Ẇ ! EC (TeV) 3 WSNR or 4 Ẇtot

Impulsive (SNR) A 14 1.0 × 1050 erg 2.0 50 6.0 × 1051 erg
t = 21 × 103 yr B 79.8 1.5 × 1049 – 2.0 50 4.7 × 1050 –

B 7.0 1.5 × 1050 – 2.0 50 4.7 × 1051 –
C 1.0 1.2 × 1051 – 2.0 50 7.3 × 1052 –

Impulsive (SNR) A 14 1.0 × 1050 erg 2.0 50 6.1 × 1051 erg
t = 40 × 103 yr B 79.8 1.5 × 1049 – 2.0 50 4.7 × 1050 –

B 7.0 1.5 × 1050 – 2.0 50 4.7 × 1051 –
C 1.0 1.1 × 1051 – 2.0 50 6.7 × 1052 –

Continuous (PWN) A 14 1.2 × 1038 erg s−1 2.0 50 – –
t = 21 × 103 yr B 79.8 2.0 × 1037 – 2.0 50 – –

B 7.0 2.2 × 1038 – 2.0 50 – –
C 1.0 1.7 × 1039 – 2.0 50 1.8–2.0 × 1039 erg s−1

Continuous (PWN) A 14 8.0 × 1037 erg s−1 2.0 50 –
t = 40 × 103 yr B 79.8 1.25 × 1037 – 2.0 50 – –

B 7.0 1.25 × 1038 – 2.0 50 – –
C 1.0 8.5 × 1038 – 2.0 50 0.9–1.0 × 1039 erg s−1

Notes. 1W: Energy budget of high energy particles within individual clouds (see Fig. 2).
2Ẇ : Particle injection luminosity of high energy particles into individual clouds.
3WSNR: Injected energy budget of high energy particles within progenitor SNR (see equation 11).
4Ẇtot: Total injection luminosity of all three regions by PWN.
Plausible scenarios are shown in bold.
Matching scenarios have systematic variation of up to 56 per cent in energy budget W or luminosity Ẇ , 12 per cent in the spectral index !

and 12 per cent in the cutoff energy Ec (see the text and Fig. 8).

Table 3. Same as Table 2 but parameters in a leptonic origin.

Accelerator Leptonic
PSR 1826-1334 or SNR Peak nH (cm−3) W or Ẇ ! EC (TeV) WSNR or Ẇtot

Impulsive (SNR) A 14 1.2 × 1049 erg 2.0 10 7.3 × 1050 erg
t = 21 × 103 yr B 79.8 9.0 × 1048 – 2.0 30 2.8 × 1050 –

B 7.0 8.0 × 1048 – 2.0 30 2.5 × 1050 –
C 1.0 7.0 × 1048 – 2.0 10 4.3 × 1050 –

Impulsive (SNR) A 14 1.4 × 1049 erg 2.0 10 8.5 × 1050 erg
t = 40 × 103 yr B 79.8 6.0 × 1048 – 1.0 50 1.9 × 1050 –

B 7.0 3.0 × 1048 – 1.5 50 9.4 × 1049 –
C 1.0 7.6 × 1048 – 2.0 50 4.6 × 1050 –

Continuous (PWN) A 14 1.5 × 1037 erg s−1 2.0 10 – –
t = 21 × 103 yr B 79.8 1.5 × 1037 – 2.0 10 – –

B 7.0 1.5 × 1037 – 2.0 10 – –
C 1.0 1.0 × 1037 – 2.0 10 4.0 × 1037 erg s−1

Continuous (PWN) A 14 1.0 × 1037 erg s−1 2.0 10 – –
t = 40 × 103 yr B 79.8 2.6 × 1036 – 1.7 10 – –

B 7.0 1.6 × 1036 – 1.7 10
C 1.0 6.0 × 1036 – 2.0 10 1.8 − 1.9 × 1037 erg s−1

of ≈80 pc to completely encompass GeV-ABC as seen by Fermi-
LAT. Equation (11) is then used to estimate the total energy of high
energy particles remaining in the progenitor SNR of LS 5039. The
assumed minimum radius of SNR will lead to an underestimation of
the inferred energy of the SNR associated with LS 5039.

5 D ISCUSSION

In this section, we will discuss the results of the SED modelling and
consider the possible accelerator scenarios.

5.1 Accelerator related to HESS J1825-137

First, we will examine the plausibility of an accelerator related to
HESS J1825-137. The two sources of high energy particles are the
progenitor SNR and PWN.

5.1.1 A progenitor SNR (impulsive)

The progenitor SNR linked to HESS J1825-137 is an impulsive
accelerator; releasing ≈1050 erg of cosmic rays (with electrons
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Table 4. Model parameters matching the observed emission of GeV-A, B, and C for a hadronic scenario. The particle accelerators
considered are the progenitor SNR associated with LS 5039 (impulsive) or the accretion of matter by the companion star on to LS 5039
(continuous). Example SED best fit is shown in Fig. 8. W or Ẇ represents the energy budget. To see the regions used, refer to Fig. 3.
The spectra of injected particles is represented by an exponential cut-off power-law spectrum: dN

dE ∝ E−! exp[E/Ec].

Accelerator Hadronic
LS 5039 or SNR Peak nH (cm−3) W or Ẇ ! EC (TeV) 5 WSNR or 6 Ẇtotal

Impulsive (SNR) A 7.0 8.0 × 1049 erg 2.0 50 3.9 × 1051 erg
t = 1 × 103 yr B 79.8 6.0 × 1048 – 2.0 50 1.5 × 1050 –

C 3.6 1.0 × 1050 – 2.0 50 4.9 × 1051 –

Impulsive (SNR) A 7.0 1.0 × 1050 erg 2.0 50 4.9 × 1051 erg
t = 1 × 105 yr B 79.8 8.0 × 1048 – 2.0 50 2.0 × 1050 –

C 3.6 1.5 × 1050 – 2.0 50 7.4 × 1051 –

Impulsive (SNR) A 7.0 3.0 × 1051 erg 1.0 50 1.5 × 1053 erg
t = 1 × 106 yr B 79.8 4.0 × 1049 – 1.5 50 1.0 × 1051 –

C 3.6 4.0 × 1051 – 1.0 50 2.0 × 1053 –

Continuous (accretion) A 7.0 2.3 × 1039 erg s−1 2.0 50 – –
t = 1 × 103 yr B 79.8 2.0 × 1038 – 2.0 50 – –

C 3.6 4.5 × 1039 – 2.0 50 7.0 × 1039 erg s−1

Continuous (accretion) A 7.0 2.8 × 1037 erg s−1 2.0 50 – –
t = 1 × 105 yr B 79.8 2.0 × 1036 – 2.0 50 – –

C 3.6 4.0 × 1037 – 2.0 50 7.0 × 1037 erg s−1

Continuous (accretion) A 7.0 2.5 × 1036 erg s−1 2.0 50 – –
t = 1 × 106 yr B 79.8 3.5 × 1035 – 2.0 50 – –

C 3.6 4.0 × 1036 – 2.0 50 6.9 × 1036 erg s−1

Notes. 5WSNR: Inferred energy budget of high energy particles inside progenitor SNR related to LS 5039.
6Ẇtotal: The total injection luminosity into all three clouds.
Plausible scenarios are shown in bold.
Matching scenarios have systematic variation of up to 56 per cent in energy budget W or luminosity Ẇ , 12 per cent in the spectral index
! and 12 per cent in the cutoff energy Ec (see the text and Fig. 8).

Table 5. Same as Table 4 but parameters in a leptonic scenario for gamma-ray emission.

Accelerator Leptonic
LS 5039 or SNR Peak nH (cm−3) W or Ẇ ! EC (TeV) WSNR or Ẇtotal

Impulsive (SNR) A 7.0 4.0 × 1048 erg 2.0 10 2.0 × 1050 erg
t = 1 × 103 yr B 79.8 2.5 × 1048 – 2.0 10 6.4 × 1049 –

C 3.6 3.0 × 1048 – 2.0 10 1.5 × 1050 –

Impulsive (SNR) A 7.0 5.0 × 1048 erg 1.7 50 2.5 × 1050 erg
t = 1 × 105 yr B 79.8 2.0 × 1049 – 1.0 10 5.1 × 1050 –

C 3.6 5.0 × 1048 – 2.0 10 2.5 × 1050 –

Impulsive (SNR) A 7.0 3.0 × 1050 erg 1.7 100 1.5 × 1052 erg
t = 1 × 106 yr B 79.8 – – – – – –

C 3.6 2.0 × 1050 2.0 10 9.9 × 1051 –

Continuous (accretion) A 7.0 1.0 × 1038 erg s−1 2.0 10 – –
t = 1 × 103 yr B 79.8 8.5 × 1037 – 2.0 10 – –

C 3.6 5.0 × 1038 – 2.0 10 6.9 × 1038 erg s−1

Continuous (accretion) A 7.0 3.5 × 1035 erg s−1 1.7 10 – –
t = 1 × 105 yr B 79.8 9.0 × 1035 – 2.0 10 – –

C 3.6 2.0 × 1035 – 1.5 10 1.5 × 1036 erg s−1

Continuous (accretion) A 7.0 2.0 × 1035 erg s−1 1.7 10 – –
t = 1 × 106 yr B 79.8 7.5 × 1035 – 1.8 30 – –

C 3.6 9.0 × 1034 – 1.5 10 1.0 × 1036 erg s−1

making up ≈1048 erg) into the surrounding environment. The SNR
expands and cosmic rays will escape from the system, decreas-
ing the total energy of particles trapped inside the SNR. From
SED modelling, the energy budget in regions GeV-A, B, and
C required to reproduce the SED of GeV γ -rays was obtained.

The total SNR cosmic ray energy budget, WSNR, is estimated by
equation (11).

To reproduce the SED of any of GeV-A, B, or C requires the
hadronic SNR energy budget to range between 5 × 1050 and
730 × 1050 erg, as shown in Table 2. It is possible that
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1848 T. Collins et al.

Figure 8. SED example for GeV-B with impulsive hadronic SED (left-hand panel) and continuous leptonic SED (right-hand panel). This assumes that
HESS J1825-137 (at age 40 kyr) is the source of acceleration. The upper data points represent the total SED as measured by Fermi-LAT. The lower data points
is 34.0 per cent of this spectra due to source being only GeV-B. The green arrow is the ROSAT X-ray upper limit towards GeV-ABC. The blue, pink, and yellow
shaded regions represent the systematic variation of energy budget (W) or injection luminosity (Ẇ ), cutoff energy and spectral index, respectively. See Tables 2
and 3 for input parameters.

HESS J1825-137 may be a possible hypernova candidate: supernova
with kinetic energy greater than 1052 erg (Nomoto et al. 2004).
This is equivalent to a supernova releasing 1051 erg of cosmic
rays. A plausible scenario requires for all three GeV regions to
simultaneously explain the gamma-ray spectrum. For both ages
(t = 21 and 40 kyr), only GeV-B has reasonable energetics as-
suming a higher ISM density; therefore a pure hadronic progenitor
SNR scenario must be rejected unless a hypernova scenario is
considered.

Hydrogen volume density is not constant across GeV-A, B, and
C. Equation (C13) shows that the spectra of gamma-rays from
proton–proton interactions is proportional to the density of the
target material. Assuming that the high density cloud observed
in the 15−30 km s−1 velocity range lies at the same distance as
HESS J1825-137 then GeV-B should appear brighter in gamma-rays
compared to GeV-A and C assuming that the cosmic ray energy
density over all three regions are constant. This is not the case,
therefore the cosmic ray energy density in cloud A and C must
be 7 and 80 times greater, respectively, than the energy density
in cloud B. As discussed in section 4.1.2, particles escape the
SNR at age ∼2 kyr when it has a radius of ∼7 pc and diffuse to
GeV-ABC. By the time the particles have diffused the remaining
distance to GeV-ABC (≈130 pc) any local anisotropy at the GeV-
ABC position will likely have been lost. Therefore an impulsive
hadronic scenario cannot explain why GeV-A, B, and C have the same
brightness.

A pure impulsive leptonic energy budget requires, at least, 1050 erg
of electrons within the SNR. Therefore, a pure impulsive leptonic
model of HESS J1825-137 being the accelerator of high energy
particles resulting in the GeV gamma-radiation as observed by Fermi-
LAT is rejected.

A leptonic–hadronic impulsive scenario requires leptonic interac-
tions to produce 1 per cent of the GeV gamma-rays as seen by Fermi-
LAT to reduce the total SNR leptonic energy budget to 1048 erg. This
leaves 99 per cent of gamma-rays to be the result of hadronic interac-
tions from SNR with energy budget of 5–720 × 1050 erg. Therefore
an impulsive scenario considering a combination of hadronic and
leptonic interactions producing the observed GeV gamma-rays can
be rejected.

5.1.2 PWN (continuous)

We will now examine the pulsar wind nebula as the source of high
energy particles.

The spin-down power of the pulsar powering PWN HESS J1825-
137 is of the order of 1036 erg s−1. The spin-down power of the pulsar
is not constant over time; Aharonian et al. (2006) has suggested that
the high gamma-ray luminosity may indicate that the spin-down
power was far greater in the past.

From Table 2 a hadronic continuous scenario requires injection
luminosities of 1.8 × 1039 and 9.4 × 1038 erg s−1 for ages 21 and
40 kyr, respectively. This far exceeds the spin-down power of
PSR J1826-1334, rejecting this scenario. Considering a leptonic
continuous scenario for ages of 21 and 40 kyr, all three GeV regions
require a total of ≈ 1037 erg s−1 in injection luminosity. If the spin-
down power of PSR J1826-1334 was greater in the past as suggested
by Aharonian et al. (2006), GeV-ABC may be a reflection of an
earlier epoch in the PWN history. The original spin-down power, Ė0

of the pulsar is linked to the present spin-down power E(t) through:

Ė(t) = Ė0

✓
1 + t

τ0

◆− n+1
n−1

, (12)

where n is the braking index of the pulsar and τ 0 is the initial spin-
down time-scale (Pacini & Salvati 1973). The spin-down time-scale
can be determined from

τ0 = P0

(n − 1)|Ṗ0|
. (13)

Taking the assumption from Principe et al. (2020) that Ṗ0 = 15 ms
and assuming Ṗ = Ṗ0 with a braking index of 3, the original spin-
down power of PSR J1826-1334, Ė0, was in the order of 1039 erg s−1.
This exceeds the injection luminosity for a leptonic scenario with
the PWN as the accelerator of high energy particles. Electrons
injected into the PWN by the pulsar are transported by a combination
of advection and diffusion. At the edge of the PWN, it can be
assumed that the electrons escape isotropically. Consequently, the
GeV gamma-ray emission towards GeV-ABC is expected to follow
the photon fields through IC interactions. As the CMB photon field
is constant, only the IR photon field would affect the morphology of
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gamma-ray emission. As seen in Fig. 10 the peaks in the GeV gamma-
ray emission do not correspond to the IR field. Under this scenario, a
preferential direction would be required for the advection/diffusion
of electrons from the PWN.

Fig. 6 shows diffusive particle transport of electrons travelling
a distance of 140 pc in ambient density of n = 1 cm−3 versus the
cooling of synchrotron and IC processes. This is equivalent to the
distance that electrons travel after being emitted by the pulsar to
reach GeV-B. The vertical lines represent the equivalent minimum
and maximum electron energy seen by Fermi-LAT and H.E.S.S.,
respectively. Fast diffusion (χ = 1.0) is required for electrons in this
energy range to reach GeV-B within the age of PWN.

The High Altitude Water Cherenkov Observatory (HAWC) has
observed γ -rays greater than 100 TeV (HAWC Collaboration 2019)
suggesting that Ee, max is greater than shown in Fig. 6. The maximum
electron electron able to reach GeV-B is determined by the intersec-
tion of diffusion time and the cooling time, i.e. where all electrons
have lost their energy through leptonic interactions. On the other
hand, the minimum electron energy is represented by the intersection
of diffusion time and the age of the pulsar. It can be concluded that
for slow diffusion (χ = 0.01) no electrons are able to reach GeV-B;
while for fast diffusion, electrons greater than ≈10 TeV can travel
to GeV-B in time. This is reaching the cut-off energy required to
reproduce the SED of leptonic process as seen in Table 3.

A more powerful pulsar can convert more of its spin-down power
into electron energy, allowing a greater proportion of higher energy
electrons. This, in turn, allows more electrons to reach GeV-ABC
in time to emit GeV radiation. Therefore, unless advection or fast
diffusion is considered or the PWN is powerful, electrons are unable
to reach GeV-ABC from PSR J1826-1334 without significant energy
losses.

5.2 LS 5039 as a particle accelerator

We will now discuss the possibility of LS 5039 as the accelerator
for high energy particles resulting in gamma-rays observed towards
GeV-ABC.

5.2.1 Progenitor SNR (impulsive)

From Table 4, if GeV-ABC is the result of hadronic interactions from
an impulsive progenitor SNR, no age of LS 5039 can simultaneously
explain the GeV emission as total energy budgets exceed 1050 erg.
Due to the denser cloud towards GeV-B as seen in Fig. 2 for all three
clouds to be explained by the same source of high energy particles,
the cosmic ray density must be approximately a factor of 10 larger in
GeV-B than GeV-A and GeV-C. It can be concluded that an impulsive
hadronic source of cosmic rays from LS 5039 cannot simultaneously
explain the GeV regions observed by Araya et al. (2019). Similarly
an impulsive leptonic source for any age of LS 5039 cannot explain
any of the GeV emission from GeV-ABC due to energy budgets
exceeding 1049 erg as shown in Table 5.

5.2.2 Accretion powered (continuous)

Microquasars such as LS 5039 are considered to be candidates
for particle acceleration up to gamma-ray energies (Aharonian
et al. 2005). The average accretion luminosity of LS 5039 is
8.0 × 1035 erg s−1 (Casares et al. 2005). Approximately one-third
of accreted energy is radiated in the relativistic jet (Casares et al.
2005). The remaining 5.3 × 1035 erg is assumed to be channelled into

GeV-ABC through a jet. It is unknown whether this jet is hadronic
or leptonic in origin. This jet is a continuous source of particles into
the region towards GeV-ABC. While the jet generally points in the
direction of GeV-B (see Fig. 4), the precession of the jet may allow
electrons to be channelled into GeV-A and GeV-C. Particles may
also diffuse from the jet escaping into the necessary regions.

A hadronic scenario requires a total injection luminosity into GeV-
ABC of 1039 − 1036 erg s−1 for an age range of 103–106 yr. All ages
require total injection luminosity greater than the accretion luminos-
ity can provide; rejecting a hadronic accretion powered scenario.

On the other hand, a leptonic scenario requires a total injection
luminosity into GeV-ABC of 1038 − 1036 erg s−1 for an age range
of 103–106 yr. The younger ages of 103 and 105 yr can be rejected.
All scenarios can vary systematically up to 56 per cent in injection
luminosity, an age of 106 yr can provide the energetics required to
reproduce the gamma-rays as seen by Fermi-LAT. But this age is
greater than the age of ≈105 yr predicted by Moldón et al. (2012).
Therefore a leptonic scenario with a continuous jet powered by the
accretion on to compact object in LS 5039 can be rejected.

Using the calculated hydrogen densities towards the regions of
interest in LS 5039 in the 40−60 km s−1 range rather than the
15−30 km s−1 range will not alter the results due to values being
within a factor of 10 of each other.

In summary, it is unlikely that LS 5039 is the source of the new
region of GeV gamma-ray emission.

5.3 Combination of LS 5039 and HESS J1825-137

The new region of GeV gamma-rays may be a line-of-sight combina-
tion of HESS J1825-137 and LS 5039. As discussed in Sections 5.1
and 5.2 a hadronic scenario requires cosmic ray energy density to be
ten times higher in GeV-A and GeV-C compared to GeV-B assuming
the dense gas observed in the velocity range 15–30 km s−1 in Fig.
2 lies at the same distance as HESS J1825-137. Note in the case of
HESS J1825-137, it assumes the dense gas observed in 15−30 km s−1

range in Fig. 2 lies at the same distance as HESS J1825-137. If the
GeV gamma-ray emission from GeV-A and GeV-C is unrelated to
emission from GeV-B, this issue will be negated.

As seen in Fig. 4, the region around GeV-ABC contains several
astrophysical environments; a H α region believed to be associated
with the SNR linked to HESS J1825-137 and a relativistic jet from
LS 5039. Even though HESS J1825-137 and LS 5039 are at different
distances (3.9 and 2.5 kpc, respectively), the combination of these
two processes may explain the spectra observed by Fermi-LAT.

Peaks GeV-B and GeV-C have similar spectral indices, ! =
1.7 ± 0.4 and ! = 1.78 ± 0.25, respectively, indicating a common
origin scenario, whilst GeV-A has a marginally harder spectra
with ! = 1.43 ± 0.23. GeV-A is positioned the closest to both
HESS J1825-137 and LS 5039. As shown by equations (3) and (4),
high energy particles are able to travel further distances than lower
energy particles in the same time. Clouds closer to the source of high
energy particles are expected to have a softer spectrum than clouds
lying further from the source for both continuous and impulsive
sources (Aharonian & Atoyan 1996). This is the opposite to what is
observed in GeV-ABC.

5.4 Particle accelerators unrelated to HESS J1825-137 and
LS 5039

Towards GeV-ABC, there are four known supernova remnants; these
are SNR G017.4-02.3, SNR G018.9-01.1, SNR G016.2-02.7, and
SNR G017.8-02.6 (see Fig. 9). From equation (5c), the cooling
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Figure 9. Fermi-LAT count map above 10 GeV (Araya et al. 2019) towards
HESS J1825-137 is shown with alternative accelerators for high energy
particles towards HESS J1825-137 and GeV-ABC. The red circles describe
H II regions where star formation may occur as given by the WISE catalogue
(Anderson 2014). The black circles show the location of other SNR towards
the region of interest as described in Section 5.4. The dark purple stars
represent pulsars PSR J1826-1334 and PSR J1826-1256 (Manchester et al.
2005). The water maser, G016.8689-02.1552, can be seen as a dark blue dot
nearby GeV-B (Urquhart et al. 2011).

time of electrons resulting in synchrotron emission is proportional to
the energy; as the supernova remnant ages, higher energy electrons
escape from the system or lose their energy decreasing the emitted
photon energy. Therefore, as a supernova remnant ages, the amount
of X-ray emission detected decreases. Three of the four supernova
remnants have no current X-ray detection, indicating that these SNRs
are old (at least in the later stages of the Sedov–Taylor phase).
They are therefore unlikely to be a source of high energy particle
acceleration, resulting in the production of GeV gamma-rays. The
remaining supernova remnant, SNR G18.9-1.1, has a partial X-ray
shell (Harrus et al. 2004). Based on radio measurements by Harrus
et al. (2004), it is located 2 or 15.1 kpc away. More recent research
indicates a distance of 2.1 ± 0.4 kpc and age of 3700 yr (Ranasinghe,
Leahy & Tian 2019). As mentioned by Araya et al. (2019), if GeV-
ABC is the result of a combination of SNRs, Fermi-LAT images
will show distinct sources above 10 GeV with the given Fermi-LAT
resolution. Star forming regions have also been suggested as an
accelerator of cosmic rays. See Fig. 9 to see location of star forming
regions, SNRs, and pulsars towards HESS J1825-137 and GeV-ABC.
The presence of water maser G016.8689-02.1552, as shown in Fig. 9,
highly suggests star formation towards this region (Urquhart et al.
2011). This is supported by data from the MSX satellite; data reveals
infra-red emission towards GeV-B and GeV-C in the 8.26 µm band
(see Fig. 10).

6 C O N C L U S I O N S

This study presented spectral models of a region of GeV gamma-
ray emission to the south of HESS J1825-137 revealed by Fermi-
LAT. Different accelerators were proposed to be an origin for high
energy particles that created this new region of gamma-rays; the PWN

Figure 10. Infrared emission in the 8.26 µm band towards GeV-ABC (Egan,
Price & Kraemer 2003). Overlayed are the HESS significance contours
towards HESS J1825-137 at 1σ , 2σ , and 3σ (H. E. S. S. Collaboration 2018).

(continuous) and SNR (impulsive) associated with HESS J1825-137,
and the binary system and microquasar LS 5039 (continuous) as well
as the associated progenitor SNR (impulsive). We found that the
progenitor SNR related to HESS J1825-137 is unlikely to be the
sole source of high energy particles due to the energetics needed
to replicate the SED is greater than what the system can provide.
For example, an impulsive SNR releases approximately 1050 erg of
cosmic rays (with 1 per cent of energy channelled into electrons),
whereas the SED model of the progenitor SNR of HESS J1825-
137 is required to provide either 1052 erg of protons or 1050 erg of
electrons to replicate the SED. A continuous acceleration scenario
from the PWN (powered by the pulsar) into GeV-ABC requires
particle injection luminosity to be of the order of 1039 erg s−1 and
1037 erg s−1 for hadronic and leptonic particles, respectively. GeV-
ABC may be a reflection of an earlier epoch in the PWN history,
where the pulsar was more powerful. Therefore, the PWN may be
a possible accelerator for high energy electrons resulting in this
new region of gamma-ray emission, assuming fast diffusion perhaps
including advection towards this region. Moreover, it is unlikely that
leptonic inverse-Compton emission into this region will produce the
localized features such as GeV-ABC. LS 5039 at any age cannot
solely explain the GeV emission from GeV-ABC with required
injection luminosity > 1036 erg s−1 compared to the 1035 erg s−1

accretion luminosity of LS 5039 (Casares et al. 2005). However a
combination of emission from both HESS J1825-137 and LS 5039
could be the cause of the gamma rays.
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Casares J., Ribó M., Ribas I., Paredes J. M., Martı́ J., Herrero A., 2005,

MNRAS, 364, 899
Crutcher R. M., 1999, ApJ, 520, 706
Crutcher R. M., Wandelt B., Heiles C., Falgarone E., Troland T. H., 2010,

ApJ, 725, 466
de Jager O. C., Djannati-Ataı̈ A., 2009, in Becker W., eds, Implications of

HESS Observations of Pulsar Wind Nebulae. Springer, Berlin, Heidel-
berg, p. 451

Draine B. T., 2011, Physics of the Interstellar and Intergalactic Medium,
Princeton University Press, New Jersey.

Egan M. P., Price S. D., Kraemer K. E., 2003, American Astronomical Society
Meeting Abstracts. 57

Finkbeiner D. P., 2003, ApJS, 146, 407
Gabici S., Aharonian F. A., Blasi P., 2007, Ap&SS, 309, 365
Gabici S., Aharonian F. A., Casanova S., 2009, MNRAS, 396, 1629
H. E. S. S. Collaboration, 2018, A&A, 612, A1
H. E. S. S. Collaboration, 2019, A&A, 621, A116
Harrus I. M., Slane P. O., Hughes J. P., Plucinsky P. P., 2004, ApJ, 603,

152
HAWC Collaboration, 2019, Multiple Galactic Sources with Emission Above

56 TeV Detected by HAWC, preprint (arXiv:1909.08609)
Hinton J. A., Hofmann W., 2009, ARA&A, 47, 523
Liu R.-Y., Yan H., 2020, MNRAS, 494, 2618
Manchester R. N., Hobbs G. B., Teoh A., Hobbs M., 2005, AJ, 129,

1993
Manolakou K., Horns D., Kirk J. G., 2007, aap, 474, 689
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APPENDIX A: ISM PARAMETERS

Table A1. Calculated molecular parameters for HESS J1825-137 and the
new GeV emission regions GeV-A, GeV-B, GeV-C as shown in Fig. 2. MH

and nH describes the average mass and density, respectively, over the new
GeV regions.

15−30 km s−1 Region MH (M⊙) nH (cm−3)

HESS J1825-137 1.14 × 105 39
GeV-A 3.67 × 103 5
GeV-B 1.36 × 105 79
GeV-C 1.53 × 103 2

40−60 km s−1 Region MH (M⊙) nH (cm−3)
HESS J1825-137 5.18 × 105 176

GeV-A 8.49 × 103 13
GeV-B 1.21 × 104 7
GeV-C No ISM values

Table A2. Calculated H I densities for HESS J1825-137 and the new GeV
emission regions GeV-A, GeV-B, and GeV-C.

15−30 km s−1 Object MH (M⊙) nH (cm−3)

HESS J1825-137 3.53 × 103 1.2
GeV-A 8.91 × 102 1.4
GeV-B 1.51 × 103 0.9
GeV-C 7.70 × 102 1.2

40−60 km s−1 Object MH (M⊙) nH (cm−3)
HESS J1825-137 4.29 × 103 1.5

GeV-A 4.36 × 102 0.7
GeV-B 5.06 × 102 0.3
GeV-C 3.11 × 102 0.5

Table A3. Calculated H α densities for HESS J1825-137 and new GeV
emission regions.

Object Method A (cm−3) Method B (cm−3)

HESS J1825-137 8.88 × 10−6 4.12 × 10−6

GeV-A 1.12 × 10−6 2.40 × 10−6

GeV-B 6.49 × 10−6 5.13 × 10−6

GeV-C 2.45 × 10−6 5.23 × 10−6
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A PP E NDIX B: H α DENSITY CALCULATION
M E T H O D

B1 Method A

Method A assumes that the density of photons in the region of interest
is approximately equal to the density of ionized gas n ≈ uph. This
assumes that atoms are not being re-excited by an external source.
Considering a spherical shell located at distance d from the source
with thickness dℓ; the volume of the shell is given by dV = 4πd2

× dℓ. Photons emitted by the source travel at the speed of light,
therefore dℓ = c dt . The number of photons emitted by the source in
time dt is related to the luminosity L through dN = L dt . Using the
original approximation, the density of ionized hydrogen in a region
of interest:

n ≈ uph = dN

dV
= L

4πd2c
. (B1)

Let the region of interest have solid angle , and lying at distance d.
The luminosity of the region is given by

L [photon s−1] = d2

10−10
,I , (B2)

where I is the measured H α intensity in Rayleigh units.

B2 Method B

Method B considers basic radiation transfer. The density of atoms in
the ith excited state emit photons at frequency ν through spontaneous
emission is related to the emission coefficient by

ni = jν,Earth

EνAφ(ν)
, (B3)

where A is the Einstein coefficient, ,earth is the solid angle of Earth
projected at source lying at distance d, and φ(ν) is the spectral line
shape normalized by
Z

φ(ν) = 1. (B4)

Assuming that hydrogen atoms in the n = 3 state emit mainly H α

light; φ = 0 in all frequencies except when ν = νHα . The photon
radiance Lrad is related to the intensity I in Rayleigh’s through:

Lrad [photons m−2 s−1 sr−1] = L

4πd2
. (B5)

The photon intensity can be found utilizing Iν = LEν

ν
= hL where

h is Planck’s constant. Let s be the thickness of gas in the line of
sight and assuming the emission coefficient is constant, the emission
coefficient and intensity are related by

jν = Iν

s
. (B6)

This can be used in combination with equation (B3) to obtain the
photon density.

A PP E NDIX C: SED MODEL

The SED modelling code includes various astrophysical processes;
included proton–proton interactions:

p + p → π+ + π− + π0 (C1)

π0 decay−−−→ γ + γ (C2)

Inverse Compton interactions:

e−∗ + γ ∗ → e− + γ (C3)

Bremsstrahlung interactions with a nucleus with proton number Z:

e−∗ + Z → γ + e− + Z (C4)

and synchrotron interactions:

e−∗ + B⃗ → e− (C5)

The evolution of the cosmic ray energy distribution with Lorentz
factor γ at time t is given by

@n(γ , t)
@t

= @

@γ
[γ̇ (γ )n(γ , t)] + S(γ , t), (C6)

where S(γ , t) is the source term, γ̇ (γ ) represents the energy loss
rate of a particle with Lorentz factor γ . The analytical solution of
equation (C6) is

n(γ , t) = 1
γ̇

Z γ0

γ

S(γ ′′, t − τ (γ ′′)) dγ ′′ + γ̇0

γ
n(γ0, 0), (C7)

where τ is a variable describing the time for a cosmic ray with initial
Lorentz factor γ

′
to evolve to factor γ :

τ (γ ′, γ ) =
Z γ ′

γ

dγ ′′

γ̇ (γ ′′)
(C8)

and γ 0 is the initial Lorentz factor. The code solves equation (C7)
considering hadronic and leptonic interactions and then extracts the
SED. The model allows the user to choose whether the case is
leptonic, hadronic, or a mixture. Similarly the user can choose if
the model is continuous (constant cosmic ray input, e.g. a PWN) or
impulsive (releases all the cosmic rays at once, e.g. a SNR). Other
parameters such as the age and distance from the source, density,
and magnetic field of background material, the total energy, and
spectral distribution of cosmic rays and background photon field
energy distribution can be changed depending on the source.

To find the SED at time t, for each lorentz factor γ the lorentz factor
at earlier time, γ 0 is derived. In the case of an impulsive source γ 0

is simply γ at t = 0. The total cooling rate is given by Manolakou,
Horns & Kirk (2007):

γ̇ (γ ) = .

8
><

>:

bsγ
2 + bc(3 ln γ + 18.8)

+5.3bb +
P
t=i

bi
ICγ 2F i

KN(γ ), for leptonic cases
1

nH cσpp(γ )
, for hadronic cases

, (C9)

where

(i) bs = 1.292 × 10−15(B/103 µg)2 s−1 is a synchrotron loss con-
stant.

(ii) bc = 1.491 × 10−14(nH/1cm−3) is the Coulomb loss constant.
(iii) bb = 1.37 × 10−16(nH/1cm−3) s−1 is the bremsstrahlung loss

constant.
(iv) bIC = 5.204 × 10−20(ui

0/eV) s−1 is a IC loss constant with
the energy density of photons given by u0.

(v)
P

t = i sums over all radiation fields contributing to the Inverse-
Compton gamma-ray flux.

(vi) nH is the density of the ambient hydrogen gas.
(vii) σ pp(γ ) is the cross-section for proton–proton interactions.

To obtain γ 0, the following two steps are repeated until t = tage:

(i) derive .t = dγ /γ̇ (γ )
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(ii) Increment γ by dγ

with automatic adjustion of the dγ step. Another parameter in the
code is ‘escape’. If this parameter is activated, once a particle escapes
the system, it is no longer considered. The final synchrotron flux is
given by

P (ν) =
√

3e3B

mc2

ν

νc

Z ∞

ν
νc

K 5
3
(x) dx, (C10)

where e and m are the charge and mass of an electron, respectively,
ν is the frequency of the gamma-ray, νc is the critical frequency
of the emission, and K 5

3
is the modified Bessel Function. The final

Inverse-Compton flux radiated by a single electron with energy ϵ is
given by

dN

dEγ

= 3
4
σT c

Z
n(ϵ)dϵ

ϵ
FKN(Ee, Eγ , ϵ), (C11)

where σ T is the Thompson cross-section and FKN is the Klein–
Nishina cross-section. The final bremsstrahlung Flux is given by

dN

dEγ

= nc

Z
dσ (Ee,Eγ , Z)dEe, (C12)

where Z is the atomic number of the target material and dσ is defined
in Blumenthal & Gould (1970). Finally proton–proton interactions
produce a flux of

dN

dEγ

= nc

Z ∞

Ep=Eγ

Amax(Tp)F (Eγ , Tp) dEp, (C13)

where n is the density of protons, Amax(Tp) is the pion production

cross-section, Tp is the kinetic energy of the proton, and F(Eγ ,
Tp) is the spectra of gamma-rays emitted for a single proton of
energy Ep.

APPENDIX D: OTHER SPECTRAL ENERG Y
DISTRIBUTION PLOTS

Figure D1. SED example for GeV-A with continuous hadronic SED (left-hand panel) and continuous leptonic SED (right-hand panel). This assumes that
LS 5039 (at age 105 yr) is the source of acceleration. The upper data points represent the total SED as measured by Fermi-Lat. The lower data points is
36.9 per cent of this spectra due to source being only GeV-A. The green cross is the ROSAT X-ray upper limit towards GeV-ABC. The blue, pink, and yellow
shaded regions represent the systematic variation of energy budget (W) or injection luminosity (Ẇ ), cutoff energy and spectral index, respectively. See Tables 4
and 5 for input parameters.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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Chapter 7

Modelling the 3D environment around
Pulsar Wind Nebulae

Chapter 5 discussed how radiative and escape losses a↵ect the energy density distribu-
tion of cosmic rays and the subsequent photon SED in a gas with constant density and
magnetic field. The SED towards the extended GeV gamma-ray region to the south of
HESS J1825-137 was then modelled to determine the origin of cosmic rays towards this
region. This is summarised in chapter Chapter 6.

However, astrophysical environments are not uniform. For example, observatories
such as Nanten (see Section 4.2.6) and Mopra (Braiding et al., 2018) have conducted
surveys of molecular and atomic gas across the Galactic plane and identified numerous
structures of dense gas. Non-uniform soft photon fields such as IR and UV fields driven
by star formation also provide seed photons for inverse Compton interactions, a↵ecting
the subsequent gamma-ray morphology. As discussed in Section 2.2.2, the magnetic field
varies on a local (< pc) and Galactic > 100 pc scales. In the case of PWNe, the magnetic
field varies with distance to the pulsar (Reynolds et al., 2012), a↵ecting the properties of
cosmic-ray propagation out of this region (see Eq. 2.31).

This chapter will first discuss the transport equation that governs the time and spatial
evolution of electron energy density distribution as they escape into a non-uniform envi-
ronment. The chapter will then move on to describe how numerical techniques are applied
to solve the transport equation. These numerical techniques are then applied to PWN
HESS J1825-137, the results of which can be seen in Chapter 8. This thesis expanded
the software Multizone, originally developed by Voisin, 2017 to model the homogenous
di↵usion of cosmic rays, to include advection as a mode of particle transport and to input
data from observatories such as Nanten (see Chapter 4) to develop a 3D number density
distribution model towards the object of interest (see Chapter 8).

7.1 The Transport Equation

Section 5.1 described the solution of the cosmic-ray energy density distribution for a
simple scenario of cosmic rays being injected into a homogeneous source. However, the
environment around pulsars are not uniform. The evolution of the cosmic-ray (including
high-energy electrons) energy density distribution, =, for a non-uniform environment can
be described by a Fokker-Planck equation (Skilling, 1975; Cesarsky and Volk, 1978):
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⇣
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m

mW

✓
=

W
2

◆◆
+ ((W, C, ÆA) ,

(7.1)

where the first term in Eq. 7.1 gives the evolution of cosmic-ray energy density distribution
due to radiative losses (see chapter Section 2.3) . The second term considers the spatial
evolution of cosmic rays as a second-rank tensor, ¯̄

⇡ ⌘ ¯̄
⇡ (W, C, ÆA), allowing preferential

direction of transport. The third term describes the evolution of the cosmic-ray density
due to a co-moving fluid with velocity ÆE�. The fourth considers losses due to adiabatic
expansion. The fifth term represents the re-acceleration of cosmic rays due to stochastic
processes with ⇡WW being the acceleration rate. Finally, ((W, C, ÆA) is the source term of
high-energy cosmic rays.

As discussed in Section 2.2.2, over small distances (less than the gyro-radius A6),
cosmic rays propagate through the ISM via ballistic motion. Over large distances, cosmic
rays scatter o↵ magnetic field turbulence and the overall propagation can be described
by di↵usion (Prosekin et al., 2015). Neglecting adiabatic losses, bulk motion and re-
acceleration of cosmic rays, Eq. 7.1 can be simplified to:

m=

mC

=
m

mW

( §W=) + r(⇡ (ÆA, W) · r=) + ((W, ÆA, C) (7.2)

Note that Eq. 7.2 is similar to Eq. 5.1, where the ‘escape term’ has been replaced with an
expression describing the losses due to di↵usion. For a simple case of isotropic di↵usion
( ¯̄
⇡ ⌘ ⇡ and r⇡ = 0), the di↵usion term in Eq. 7.2 becomes:

✓
m=

mC

◆
di↵

= �r(⇡ (ÆA, W) · r=)

= �r⇡ · r= � ⇡r2=
= �⇡r2= ,

(7.3)

where ⇡ is given by Eq. 2.31. Eq. 7.2 can only be solved analytically for simple scenarios
(e.g. an impulsive accelerator of electrons in a medium of constant density and magnetic
field, see Atoyan et al., 1995). These assumptions cannot be applied to accelerators like
PWNe that evolve within complex environments (see Section 2.1). Therefore, numerical
methods must be applied in order to solve Eq. 7.2.

7.1.1 Particle Transport Literature Review

Numerical solutions of Eq. 7.1 can be applied to di↵erent scenarios in order to obtain an
understanding of astrophysical phenomena. For example, GALPROP is a publicly available
software package that describes the propagation of cosmic rays within the Galaxy (Porter
et al., 2022). It combines models of the cosmic-ray source distribution, interstellar gas,
radiation fields and magnetic fields in order to solve the transport equation. GALPROP then
normalises the modelled cosmic-ray spectrum to observations at Earth in order to predict
the di↵use gamma-ray emission. Other examples of software that solve the transport
equation on a Galactic scale include DRAGON (Evoli et al., 2017) and PICARD (Kissmann,
2014). CRIPTIC is a recent software package that simulates the propagation through
complex ISM with propagation properties depending on the state of the gas (Krumholz
et al., 2022). CRIPTIC has been used to investigate how ISM parameters (e.g. sonic Mach
number, Alfvén Mach number) a↵ect the transport of cosmic rays (Sampson et al., 2023).
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7.1.2 Numerical Solution of the Transport Equation

GALPROP , DRAGON and PICARD solve the transport equation on a Galactic scale (> 100 pc).
To understand the detailed nature and evolution of cosmic rays that escape their place
of origin (e.g. PWN), the transport equation must be solved on smaller scales (& pc).
To do this, finite di↵erence techniques will be utilised to solve Eq. 7.2. There are other
techniques used to solve di↵erential equations (e.g. method of lines, finite volume method),
however finite di↵erence techniques are one of the most commonly used and the simplest
to apply. Similarly, finite di↵erence techniques describe a range of techniques with the
simplest being the forward di↵erence, backward di↵erence and central di↵erence (see
Appendix C). More complex techniques, including the Euler method and Crank-Nicolson
method, require the solution of linear equations, which can be computationally intensive.
Therefore, a combination of the simpler techniques will be considered in this thesis. As
the transport equation will be applied to the PWN HESS J1825-137 in Chapter 8, only
the transport of electrons will be considered. However, these techniques also apply to the
transport of cosmic-ray protons.

Finite di↵erence techniques obtain numerical solutions to di↵erential equations (e.g.
transport equation) by approximating derivatives with finite di↵erences found through a
Taylor series expansion (see Appendix C). To solve Eq. 7.2 numerically, a region of interest
is subdivided into a grid of voxels (a 3D pixel) of size �G�H�I as shown in Fig. 7.1. The
change in the electron energy distribution for a voxel at position G, H and I due to di↵usion
from surrounding voxels in time interval �C is then described by:

✓
m=

mC

◆
di↵

= �⇡r2=di↵

=
C+�C
G,H,I

= =C
G,H,I

+
’
8=G,H,I

D
8+�8/2 ·

⇥
=
C

8+�8 � =C8
⇤
+ D

8��8/2 ·
⇥
=
C

8��8 � =C8
⇤

,
(7.4)

x

y

z
z

y

x

Front View Side View

Figure 7.1: Front (left) and side (right) view of an example region of interest showing
three clouds of di↵erent densities and sizes. To numerically solve the transport equation,
the region of interest is split into a 3D grid of voxels.
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where

D
8±�8/2 =

⇡8±�8 � ⇡8
2

�C
�82

, (7.5)

is the dimensionless di↵usion factor that considers the average magnetic field between
voxel 8 and 8±1 (see Eq. 2.31). For clarity, Chapter 8 defines =C

8
⌘ =(W, A, 8) and ⇡8 = ⇡ (W, 8).

See Fig. 7.2 for a graphical description of Eq. 7.5.

Figure 7.2: The electron
energy distribution in each
voxel will be calculated by
tracking the flux in (red)
and out (green) of neigh-
bouring cells.

Errors in finite di↵erence methods arise due to the dis-
cretization of the grid and approximating partial derivatives
with truncated partial derivatives (see Section C.1), leading
to the discrepancy between the numerical and analytical so-
lution. Finite di↵erence methods are said to be ‘stable’ when
the numerical solution converges to the analytical solution.
Von Neumann stability analysis treats the numerical error
of finite di↵erence techniques as a time-dependent Fourier
expansion and determines the condition when the error at
time C + 1 is less or equal to the error at time C (see Sec-
tion C.1.1). That is, Von Neumann stability analysis deter-
mines whether any errors due to numerical techniques are
magnified in further iterations. Using Von Neumann stabil-
ity analysis, Eq. 7.4 is stable for time step:

�C  �82

2⇡ (8)

����
min

. (7.6)

where �C considers the minimum timestep across the three
Cartesian axes. If this condition is not met, electrons are transported across more than
one voxel. As Eq. 7.4 only considers neighbouring voxels, there will be a net loss of
electrons in the 3D grid.

7.1.3 Multizone

Multizone is a software originally developed by Voisin, 2017 that tracks the transport and
cooling of electrons in a 3D grid by applying finite di↵erence techniques to solve Eq. 7.4.
Fig. 7.3 shows the method that Multizone uses to solve Eq. 7.4.

1. The region of interest is divided into a grid of voxels of size �G�H�I of varying ISM
number density and magnetic field. For simplicity, �G = �H = �I. The ISM number
density of each voxel can be obtained from observations of atomic and molecular
gas from surveys such as Nanten (see Section 4.2.6). Similarly, the magnetic field
of each voxel is estimated via Crutcher’s relationship (see Eq. 4.38) or assigned a
value based on a specific magnetic field model (e.g. magnetic field of a PWN).

2. From Eq. 2.31, the rate at which an electron propagates via di↵usion is proportional
to its energy (⇡ / ⇢X). The 3D grid is therefore subdivided into three resolutions
based on the electron energy for computational e�ciency. The highest energy elec-
trons are tracked using the grid with the lowest resolution while the slower low
energy electrons are tracked on the high resolution grid. The medium and high
resolution voxels have size 2�G2�H2�I and 4�G4�H4�I respectively (see Fig. 7.4).
In the context of this thesis, the high energy resolution considers electrons with en-
ergy less than 0.02 TeV, the medium energy resolution considers electrons between
0.02 � 15 TeV and the lowest resolution considers electrons greater than 15 TeV.
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Figure 7.3: A flow-chart description of the steps Multizone uses to calculate the electron
energy distribution and subsequent SED by numerically solving the transport equation.

3. The time step used to solve Eq. 7.4 is calculated (see Eq. 7.6) to ensure that the
solution is numerically stable.

4. At C = 0, electrons are injected into a region of size 4�G4�H4�I centered on position
(GB, HB, IB) This ensures that electrons are injected into the same region regardless
of their energy. For an impulsive accelerator injecting electrons with injection lu-
minosity !

�
erg s�1

�
with spectra �0(⇢) (the ‘de-nomalised spectra following, e.g. a

power law ⇢
��), the total energy of electrons injected into the 4�G4�H4�I cube in

time interval �C is:

⇢tot =
!Ø

⇢max

⇢min
⇢�
0(⇢) d⇢

�C , (7.7)

where ⇢min and ⇢max are the minimum and maximum electron energy injected into
the grid respectively.

5. For every time step:

5a. The energy loss of electrons from the previous time step is calculated. As
Multizone treats continuous injectors as a series of impulsive injections, the
electron energy distribution due to radiative losses during time �C is:

=(W, C + �C) = §WC
§WC+�C

=(W, C, ÆA) , (7.8)

where WC is the Lorentz factor of the electron at time C before cooling to Lorentz
factor WC+�C (see Eq. 5.9).

5b. For each voxel, the electron energy distribution at time C +�C is found by incre-
menting the electron energy distribution from step 5a. with the net transfer
of electrons from neighbouring voxels with (see Eq. 7.4).
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x
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Medium Resolution
Medium Energies

Low Resolution
High Energies

Figure 7.4: A 2D representation of the three 3D grid resolutions used to numerically solve
Eq. 7.4. Voxels with high number density or magnetic field are shown in red.

5c. Electrons are injected into the grid with total energy given by Eq. 7.7. The cur-
rent electron energy distribution becomes the ‘old’ electron energy distribution
for the next time step.

6. When the desired age is reached (e.g. the estimated age of HESS J1825-137 is
21 � 40 kyr), the subsequent photon SED emitted by each voxel is calculated and
summed along the line of sight. The photon SED and electron energy distribution
are then written as FITS cubes for further analysis.

7.1.4 Analytical Solution: Di↵usion-only

The numerical solution (Multizone) will now be compared to a di↵usion-only scenario (no
radiative losses) for an impulsive accelerator injecting electrons at G = H = I = C = 0. The
analytical solution of Eq. 7.2 for a di↵usion-only scenario (Eq. 5.36b when C ⌧ W/ §W = g)
is:

=(⇢ , C, A) = =0
✓

1

4c⇡C

◆ 3
2

exp

✓
� A

2

4⇡C

◆
, (7.9)

where A2 = G2 + H2 + I2.

Fig. 7.5 compares the numerical and analytical solution for model parameters appli-
cable to the region towards HESS 1825-137 (see Chapter 8). Electrons are injected into
a uniform ISM with a magnetic field taking the Galactic average of 3 µG (Schlickeiser,
2002) and di↵usion suppression factor j = 0.1. A time step of 8 yr and voxel width of
�G = �H = �I = 2 pc was chosen such that the finite di↵erence method is stable for elec-
trons . 600 TeV (see Eq. 7.6). The bottom panels of Fig. 7.5 show the number density
distribution taken at slice I = (0 ± 1)pc for electron energies 0.1 and 10 TeV and age
C = 40 kyr. Note that the radius containing 1f = 68% of electrons ('f) in the 2D slice is
equivalent to the 2D variance radiance ('var =

p
4⇡C) for both energies. Similarly, the top

panels show that the numerical solution is able to closely match the analytical solution
for a slice taken at H = I = (0 ± 1) pc.

The variance of the 68% containment radius of Eq. 7.9 is given by (see Appendix D):
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Figure 7.5: Distribution of electrons injected into a 3D grid at G = H = I = C = 0 and
subjected to di↵usion. (Top) The number density distribution taken at slice I = (0±1) pc
and time 40 kyr. The black and yellow dashed circles represent the 2D variance radius
('var) and the radius containing 1f = 68% of electrons ('f) in the 2D slice respectively.
(Bottom) Comparing the numerical solution (lines) and analytical solution (dots, see
Eq. 7.9) at C = 20 and 40 kyr along H = (0 ± 1) pc (dashed horizontal line in the bottom
panel).

Var(A) = 6⇡C . (7.10)

i.e. 68% of electrons are contained within 3D radius of 'var =
p

6⇡C. The 2D variance
radius for a slice in the 3D grid (e.g. I = (0 ± 1) pc) is given by:

Var(A) =
p

4⇡C . (7.11)
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7.1.5 Di↵usion and Radiative Energy Losses: Analytical and
Numerical Solution Comparison

Next, finite di↵erence techniques will be used to predict the electron number density for a
di↵usive scenario including radiative energy losses for a constant ISM and magnetic field
(see Section 2.3.3).

An impulsive accelerator will inject electrons with spectra = �⇢
�� into a volume of

size 4 pc ⇥ 4 pc ⇥ 4 pc at C = 0. The analytical solution can be found by convolving the
Green’s solution of the transport equation (see Eq. 5.42) with the radius of the electron
injector 'source:

=(W, C, G, H, I) =
ª 1

G,H,I=�1
=green(ÆA � ÆBA)'source(ÆBA) dÆBA , (7.12)

where:

'source(ÆBA) =
(
1, � 2 pc  BA  2 pc

0, otherwise
, (7.13)

and

=green(W, C, A) =
(1 � W1BC)��2�W��

c

3
2 'di↵(W, C, ⌫)3

exp

✓
� A

2

'di↵(W, C, ⌫)2
◆

=
=0

c

3
2 'di↵(W, C, ⌫)3

exp

✓
� A

2

'di↵(W, C, ⌫)2
◆

'di↵ =

s
4⇡ (W, ⌫)
1BW(1 � X)

⇥
1 � (1 � W1BC)1�X

⇤
,

(7.14)

where �, 1B, ect. are defined in Section 5.1. As with Section 7.1.4, electrons will be
injected into a uniform ISM (i.e constant density =0 and magnetic field ⌫). Combining
Eq. 7.12, Eq. 7.13 and Eq. 7.14:

=exact(W, C, G, H, I) =
π 2

G=�2

π 2

H=�2

π 2

I=�2

=0

64c
3
2 '

3
di↵

÷
8=G,H,I

exp

 
� (8 � B8)

2

'
2
di↵

!
dB8 , (7.15)

where 8 = G, H, I. Using a change of variables:

D8 =
8 � B8
'di↵

) dB8 = �'di↵ dD8 .
(7.16)

Eq. 7.15 becomes:

=exact(W, C, G, H, I) =
=0

64c
3
2

÷
8=G,H,I

π 8+2
'di↵

8�2
'di↵

exp
⇣
�D2

8

⌘
dD8 . (7.17)

From the definition of the error function:

erf (0) = 2p
c

π
0

0
exp

⇣
�C2

⌘
dC . (7.18)
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Figure 7.6: Evolution of the impulsive electron energy density distribution for the analyt-
ical solution (filled dots) and numerical solution (solid lines) with the same parameters to
Fig. 7.5. The top panel shows the evolution at distance 5 pc and 10 pc from the source.
The middle panel compares the evolution for a situation where j = 0.01 and j = 0.1. The
blue dashed line represents the numerical solution for j = 0.01 with a time and spatial
resolution of dC = 0.08 yr and dG = 0.2 pc respectively. The bottom panel compares the
evolution for electrons with energy ⇢ = 0.1 TeV and 10 TeV.

The analytical solution can be simplified to:

=exact(W, C, G, H, I) =
=0

64c
3
2

÷
8=G,H,I

π 0

8�2
'di↵

exp
⇣
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+
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8
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=
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erf
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8 + 2

'di↵

◆
� erf

✓
8 � 2

'di↵

◆
.

(7.19)

Fig. 7.6 shows the time it takes for the numerical solution of the electron energy
distribution to ‘converge’ to the analytical solution (Eq. 7.19) for a situation with the same
parameters as Fig. 7.5 but including energy losses due to synchrotron radiation. It can
be noted that the numerical solution tends to under-predict the analytical solution before
converging, where the convergence time is proportional to the distance from the source
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Figure 7.7: Energy distribution of electrons 20 kyr (left) and 40 kyr (right) after an im-
pulsive accelerator injects electrons into a system with the same parameters as Fig. 7.5.
The electron energy distribution of electrons is taken 5 pc (red), 10 pc (green) and 15 pc
(blue) from the accelerator with the analytical and numerical solutions being represented
by the circles and solid lines respectively. The vertical black dotted lines represents the
critical energy ⇢cr of electrons (see Eq. 5.24).

(top-panel), di↵usion suppression factor (middle-panel) and inversely proportional to the
energy (bottom panel). The blue dashed line in the middle panel shows the numerical
solution for j = 0.01 with a finer time and spatial resolution. The convergence time for
the fine (dG = 0.2 pc, dC = 0.08 yr) and coarse (dG = 2 pc, dC = 8 yr) resolution are ⇡ 0.4 kyr
and ⇡ 12.8 kyr respectively. Note that the numerical solution starts to diverge after 30 kyr
for j = 0.1 and electron energy of 10 TeV (middle-panel). Divergence occurs when the
variance radius 'var =

p
6⇡C is approximately half the width of the grid, i.e. the time it

takes electrons to reach the simulated boundary. For the aforementioned example, this
occurs at approximately 10 kyr. Therefore, the numerical solution must employ a grid
size larger than the di↵usion variance radius.

Fig. 7.7 compares the analytical solution of the electron energy distribution (Eq. 7.19)
and the energy distribution predicted by the numerical solution for ages 20 kyr and 40 kyr
with the same parameters as per Fig. 7.5. The numerical solution is able to match the
critical energies (the maximum energy of electron due to energy losses, see Eq. 5.24)
of ⇡ 70 TeV and ⇡ 35 TeV after 20 kyr and 40 kyr respectively. The 20 kyr and 40 kyr
numerical solution at a distance of 5 pc from the accelerator follows the analytical solu-
tion. However, the numerical solution under-predicts the electron energy distribution for
energies . 0.1 TeV at a distance of 10 pc and 15 pc. In these cases, the 3 = 10 pc and
3 = 15 pc numerical solutions for electrons with energies . 0.1 TeV have not yet ‘con-
verged’ to the analytical solution. However, these electrons will interact with the CMB
via inverse Compton interactions to produce photons with energies less than 100 MeV
(see Eq. 2.67) which lies at the lower end of Fermi -LAT’s sensitivity and flux points ex-
tracted from HESS J1825-137 (see Fig. 2.7). A finer grid resolution and time step would
be needed for the numerical solution to predict the analytical solution at these energies
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as seen in Fig. 7.6. However, this is left to future work as the focus of this thesis is on
TeV electron energies.

7.2 Advection

Section 7.1 only considered a simple case of isotropic di↵usion, where the di↵usion tensor
in Eq. 7.1 becomes a scalar ( ¯̄

⇡ ⌘ ⇡). In this case, the overall net motion of the electron
population is zero, i.e. the average position of the electrons does not change (see Fig. 7.5).
However, this is not always the case. Consider an impulsive injector of cosmic rays moving
at velocity E in the laboratory frame (see the example in Fig. 7.8). The average position of
cosmic rays remains constant in the reference frame of the injector. While in laboratory
frame, the average position of cosmic rays changes with time where the overall bulk
particle flow is defined as advection.

Anisotropic di↵usion describes a situation where cosmic rays have a preferential di-
rection of di↵usion. This can be due to the presence of strong magnetic field lines,
inhibiting transport perpendicular to the magnetic field (e.g. see Malkov et al., 2013;
Nava and Gabici, 2013) or some asymmetric force as typically seen in PWN. If di↵usion
is anisotropic then the second term in Eq. 7.1 becomes:

✓
m=

mC

◆
di↵

= r
⇣
¯̄
⇡ · r=

⌘
= r ¯̄

⇡ · r= + ¯̄
⇡ · r2= . (7.20)

Note that Eq. 7.20 is similar to the transport equation that considers both advection and
isotropic di↵usion:

✓
m=

mC

◆
di↵+adv

= r · (=Æa�) + ⇡r2= . (7.21)

i.e. anisotropic di↵usion can be approximated by isotropic di↵usion with an advective
component (as in the case of Fig. 7.8).

Several astrophysical environments show a preferential direction of particle transport.
For example, the geometry of SNRs and the surrounding medium can a↵ect the trans-
port of protons out of the system and the subsequent shape of the SNR (e.g. Meyer
et al., 2015; Gri↵eth Stone et al., 2021). Such SNRs include the young SNR G1.9+0.3,

Lab
Frame

Reference
Frame

t = 0 t = 1

v

Figure 7.8: Advection of
electrons in the lab frame
due to impulsive injector
(cross) moving at velocity
E in lab frame.
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SNR G296.5+10.0 and the Cygnus loop nebula. Advection may be of particular impor-
tance to PWNe. For example the asymmetric gamma-ray morphology towards PWN
HESS J1825-137 (H.E.S.S. Collaboration et al., 2019) implies a bulk motion of particles
towards lower Galactic longitudes with total velocity (E = Eadv + Edi↵) of 0.012 (H.E.S.S.
Collaboration et al., 2019). In general, it has been proposed that advection dominates
the particle transport close to the pulsar, while di↵usion dominates the outer reaches of
the nebula (Giacinti et al., 2020; Recchia et al., 2021). This section will describe the
finite di↵erence techniques used to solve Eq. 7.1 that includes bulk advective transport of
electrons.

7.2.1 Numerical Solution

The advective component of Eq. 7.1 is:

✓
m=

mC

◆
adv

= �r · (=ÆE�) , (7.22)

where ÆE� ⌘ [EA,x, EA,y, EA,z] is the velocity of the bulk flow. Taking the simple case
where E� is constant over time and both energetically and spatially independent, Eq. 7.22
becomes:

✓
m=

mC

◆
adv

= �ÆE� · r= . (7.23)

For a scenario considering advection and isotropic di↵usion, di↵usion is the dominant
particle transport process for higher energy particles (when 'di↵ > E�C) and advection
dominating at lower energies ('di↵ < E�C). For the 3D grid described in Section 7.1.2,
the advective change in the electron energy distribution due to the surrounding voxels in
time �C is described by (see Eq. C.26):

=
C+�C
G,H,I

= =C
G,H,I

+
’

{8=G,H,I}
E�,8

�C
�8

8>><
>>:

⇣
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8+�8 � =C8
⌘
, EA,i < 0⇣

=
C

8
� =C

8��8

⌘
, EA,i > 0

, (7.24)

where the forward di↵erence method (i.e. using cells 8 and 8 + �8 to approximate the
derivative) is used when EA,i < 0 and the backward di↵erence method (i.e. using cells 8
and 8 � �8) is used when EA,i > 0.

Using Von Neumann stability analysis (see Eq. C.32), Eq. 7.24 is stable when:

�C  �8��
E�,8

��
����
min

. (7.25)

i.e. the distance travelled by a cosmic ray in one time step must be less than the minimum
width of the voxel.

7.2.2 Analytical Solution

Consider 1D advection, the analytical solution to Eq. 7.22 is simply:

=(C, G) = =(C = 0, G � EC) . (7.26)

i.e. by assuming E� is constant, advection is simply a translation in space. However, the
discretization of space can lead to dispersion in the numerical solution. If �C = �G/E,
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Figure 7.9: The application of finite di↵erence methods for an initial distribution following
distribution (=(�0.5 <= G < 0.5) = 4) at C = 0 with velocity E = 1. The voxel width
(�G = 1) remains constant while the time steps are 1 (top) and 0.5 (bottom).

electrons are translated exactly one voxel for each time step as shown in the upper panels
of Fig. 7.9. But when �C < �G/E, electrons are transported less than the voxel width
and the numerical solution e↵ectively begins to ‘disperse’ particles as shown in the lower
panels of Fig. 7.9.

To understand the origins of the dispersion, consider Eq. 7.23 where the time derivative
is replaced by the forward di↵erence (see Eq. C.5a) and the space derivative has been
replaced by the backwards derivative (i.e. when E > 0):
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(7.27)

Similarly, if the spatial derivative Eq. 7.27 is approximated by the backward di↵erence
(when E < 0):
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(7.28)

In the continuous limit:
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and Eq. 7.27 and Eq. 7.28 become:
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By taking the time derivative of Eq. 7.23:
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and placing it into Eq. 7.30:
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where:

⇡
0 =

EA,i�8
2
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1 ⌥ EA,i
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◆
, (7.33)

represents the introduced dispersive component. Now consider a 1D scenario that includes
both advection and di↵usion in this mathematical form:

m=

mC

+ EA,i
m=

mG

= �(⇡ � ⇡0) m
2
=

mG
2

. (7.34)

When ⇡0 ⌧ ⇡, dispersion can be considered negligible compared to di↵usion.

Any application of advection to HESS J1825-137 in this thesis will consider the same
parameters as used in Fig. 7.5 (�G = 2 pc, �C = 8 yr, j = 0.1, ⇡0 = 3 ⇥ 1027 cm2 s�1 and
⌫ = 3 µG) with an additional an advective velocity of 0.0022 (see Chapter 8). Therefore,
dispersion is negligible compared to di↵usion for electrons with energy � 10�3 TeV. The
resultant photon from a 10�3 TeV electron interacting with the CMB via inverse Comp-
ton interactions will have energy ⇡ 10�8 TeV. Consequently, the dispersion due to the
application of finite di↵erence techniques to advection is negligible to the electron and
gamma-ray energy range considered in this thesis.

This dispersion e↵ect can be seen in the top panel of Fig. 7.10, where electrons are
injected at G = 0 and are transported only though advection at speed E = 0.0022. After
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Figure 7.10: Advection
and di↵usion of the elec-
tron number density with
velocity E = 0.0022 with
identical parameters as
per Fig. 7.5. (top) Dis-
persion of electrons for an
advection-only scenario.
(middle) A comparison
of the 1D di↵usive vari-
ance radius (' =

p
2⇡C)

and the radius contain-
ing 68% of electrons af-
ter advection ('f) for an
advection-only, di↵usion
only and di↵usion + ad-
vection scenarios at dif-
ferent ages of the sys-
tem. (bottom) The nu-
merical (solid lines) and
analytical (dots) electron
number density distribu-
tion at C = 40 kyr for elec-
tron energies ⇢ = 0.1 and
10 TeV.

40 kyr, electrons have dispersed with the mean position centred on the voxel corresponding
to 3 = EC with a dispersive radius 'f ⇡ 5 pc containing 68% of electrons. The middle
panel of Fig. 7.10 compares the 1D di↵usive variance radius (' =

p
2⇡C) with 'f for an

advection-only scenario, di↵usion-only scenario and a di↵usion + advection scenario. For
electrons within the energy range of interest, '

f, adv is negligible compared to '
f, di↵.

Thus '
f, di↵+adv follows the 1D di↵usive variance radius. Finally, the bottom panel of

Fig. 7.10 compares the numerical solution of di↵usion + advection scenario with the
analytical solution:

=di↵+adv(⇢ , C, G, E) = =di↵(⇢ , C, G � EC) , (7.35)

for energies ⇢ = 0.1 and 10 TeV and age C = 40 kyr.

Finite di↵erence methods will now be applied to 2D advection with parameters similar
to Fig. 7.5 (�G = 2 pc, �C = 8 yr, j = 0.1, ⇡0 = 3 ⇥ 1027 cm2 s�1 and ⌫ = 3 µG) and
an advective component E = [0.0022, 0.0022] as applied to HESS J1825-137. Following
Eq. 7.35, the analytical solution for di↵usion + advection is:

=di↵+adv(⇢ , C, ÆA, ÆE) = =di↵(⇢ , C, ÆA � ÆEC) , (7.36)

where ÆA = [G, H, I = 50], The numerical solution is able to match adequately the analytical
solution as shown in the bottom panels of Fig. 7.11.
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Figure 7.11: Electron injection into a 2D grid at G = H = C = 0 and experiencing di↵usion
and advection with E = [0.0022, 0.0022]. (Top) The number density distribution after
40 kyr. The black and yellow dashed circles represent the 2D variance radius ('var) and
the radius containing 1f = 68% of electrons ('f) respectively. The red circle describes the
'f containment radius for an advection-only scenario. Finally, the red cross represents the
electron source position at G = H = 0 (Bottom) Comparing the numerical solution (lines)
and analytical solution (dots, see Eq. 7.36) at C = 20 and 40 kyr along H = (EC ± 1) pc
(dashed horizontal line in the bottom panel). The vertical grey line shows the electron
source position at G = 0.

7.3 Summary and Application

In summary, Multizone uses finite di↵erence techniques to numerically solve the trans-
port equation in order to predict the electron energy distribution around an accelera-
tor. Isotropic di↵usion and spatially independent advection were considered as the main
methods of transport. The conditions under which Multizone can match the analytical
solution were shown and noted that the dispersive e↵ects due to numerical techniques
were negligible for the parameters considered here.
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Finite di↵erence methods can be used to predict the electron number density in 3D due
to advection, where the third dimension is the distance along the line of sight. As discussed
in Appendix A, the reverse shock of the associated SNR is influenced by the surrounding
ISM, where the time the reverse shock takes to form depends on the amount of ISM gas
(Vink, 2020). The reverse shock, in turn, influences the morphology of the PWN and the
preferential direction of electron flow. Figure 2. in Chapter 6 shows the presence of dense
gas clouds to the north of PSR 1826-1334 in velocity range 40 � 60 km s�1 (3.5 � 4.5 kpc).
Therefore, the reverse shock will first form to the Galactic north of H.E.S.S. J1825-137 and
travel southwards to influence the PWN. Electrons will then be preferentially transported
to the Galactic south, resulting the asymmetric gamma-ray morphology seen towards
HESS J1825-137. Therefore, any modelling of HESS J1825-137 in this thesis will assume
a bulk flow of electrons to the Galactic south and zero bulk flow in the line of sight.

Multizone will be combined with Nanten data (see Section 4.2.6) and magnetic field
models to predict the electron energy distribution around HESS J1825-137 due to pulsar
PSR 1826-1334 and the subsequent multi-wavelength morphology. The contamination of
nearby TeV gamma-ray source HESS J1826-130 (see Section 2.1.5) due to HESS J1825-137
will be investigated. This is summarised in Chapter 8.
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ABSTRACT
HESS J1825-137 is one of the most powerful and luminous TeV gamma-ray pulsar wind
nebulae (PWNe), making it an excellent laboratory to study particle transportation around
pulsars. We present a model of the (diffusive and advective) transport and radiative losses of
electrons from the pulsar PSR 1826-1334 powering HESS J1825-137 using interstellar medium
gas (ISM) data, soft photon fields and a spatially varying magnetic field. We find that for the
characteristic age of 21 kyr, PSR 1826-1334 is unable to meet the energy requirements to match
the observed X-ray and gamma-ray emission. An older age of 40 kyr, together with an electron
conversion efficiency of 0.14 and advective flow of E = 0.0022, can reproduce the observed
multiwavelengh emission towards HESS J1825-137. A turbulent ISM with magnetic field of
⌫ = 20 µG to 60 µG to the north of HESS J1825-137 (as suggested by ISM observations) is
required to prevent significant gamma-ray contamination towards the northern TeV source
HESS J1826-130.
Key words: cosmic rays - ISM: evolution - gamma-rays: general - X-rays: general - ISM
individual (HESS J1825-137) - pulsars: individual (PSR J1826-1334)

1 INTRODUCTION

HESS J1825-137 is a luminous pulsar wind nebula (PWN) pow-
ered by pulsar PSR 1826-1334 with spin-down power §⇢ = 2.8 ⇥
1036 erg s≠1 and characteristic age g2 = %/2 §% = 21.4 kyr (Manch-
ester et al. 2005). The distance to PSR J1826-1334 has been esti-
mated to lie at 3.6 kpc based on dispersion measurements (Taylor
& Cordes 1993; Cordes & Lazio 2002), however we will use a
distance of 4 kpc in line with Van Etten & Romani (2011) and
H.E.S.S. Collaboration et al. (2019). The TeV gamma-ray emis-
sion from HESS J1825-137 has a characteristic (1/4) radius of
0.66° ± 0.03°stat ± 0.04°sys, implying a radius of ⇡ 46 pc based
on a distance of 4 kpc (H.E.S.S. Collaboration et al. 2019). Ow-
ing to its brightness in TeV gamma rays, HESS J1825-137 is an
ideal laboratory to study relativistic particle transport in and around
middle-aged PWNe. Several studies (e.g. Porth et al. (2016), Giac-
inti et al. (2020)) suggest that both diffusive and advective transport
mechanisms are required to explain the extended gamma-ray mor-
phology towards PWNe.

Situated 0.7° north of HESS J1825-137 (see Figure 1),
HESS J1826-130 is a TeV gamma-ray source and possible accel-
erator of cosmic rays up to PeVenergies (Abeysekara et al. 2020;
Cao et al. 2021). Due to its close proximity to HESS J1825-137,

¢ E-mail: tiffany.collins@adelaide.edu.au

HESS J1826-130 was originally considered an extension of
HESS J1825-137 until it was revealed to be a separate source
of gamma rays (H.E.S.S. Collaboration et al. 2018a; Aharo-
nian et al. 2005). The two nearby supernova remnants (SNRs)
SNR G018.1-0.1 and SNR G018.6-0.2 (Odegard 1986; Brogan
et al. 2006) were deemed to be unlikely to be associated with
HESS J1826-137 due to their offset positions and small angular
diameters (H.E.S.S. Collaboration et al. 2020). Instead, the Eel
PWN (PWN G18.5-0.4) and PSR J1826-1256 are associated with
HESS J1826-130 based on spatial coincidence (H.E.S.S. Collab-
oration et al. 2018a). PSR J1826-1256 has a spin-down power of
3.6 ⇥ 1036 erg s≠1 and characteristic age of 14 kyr, well within the
range of pulsar properties associated with TeV PWNe (Manchester
et al. 2005; H.E.S.S. Collaboration et al. 2018b).

Araya et al. (2019) revealed GeV gamma-ray emission⇠2.5° to
the Galactic south of HESS J1825-137. The same study postulated
that the GeV emission from this region originates from cosmic rays
accelerated by the SNR or PWN associated with HESS J1825-137 or
a star-forming region such as the Cygnus Cocoon. Comprehensive
modelling of the spectral energy distribution (SED) towards the
GeV region suggests that the emission may be reflective of an earlier
epoch of the PWN or a combination of HESS J1825-137 and nearby
compact object LS 5039 (Collins et al. 2021).

The PWN associated with HESS J1825-137 must be expand-
ing within the progenitor SNR. A large HU rim-like structure dis-

© 2022 The Authors
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Figure 1. HESS excess counts towards HESS J1825-137 (H.E.S.S. Col-
laboration et al. 2019) overlayed by the regions used to extract the
gamma-ray spectra towards HESS J1825-137 (black) and HESS J1826-130
(red). 4FGL J1824.5-1351e, eHWC J1825-134 and LHAASO J1825-1326
are shown by the purple, brown and cyan dashed circles respectively with
the positions of PSR J1826-1334 (blue) and PSR J1826-1256 (black). The
position of the nearby binary system LS 5039 is indicated by the black arrow.

covered by Stupar et al. (2008) is present towards the south of
HESS J1825-137. Voisin et al. (2016) postulated a connection be-
tween this rim and another southern HU rim and the progenitor
SNR of HESS J1825-137. Both structures lie ⇡ 1.7° away from
PSR 1826-1334 (⇡ 120 pc for a distance of 4 kpc), which is con-
sistent with the predicted SNR radius of 130 pc as suggested by de
Jager & Djannati-Ataï (2009).

The evolution of the cosmic-ray number density distribution
can be described by the Fokker-Planck equation for particle trans-
port (e.g. Skilling (1975); Cesarsky & Volk (1978)). Henceforth,
this equation will be called the transport equation. Analytical solu-
tions of the transport equation can be found for specific cases, e.g.
isotropic diffusion in a homogeneous environment (Blumenthal &
Gould 1970; Atoyan et al. 1995; Aharonian & Atoyan 1996). How-
ever, it can only be solved numerically for more complex systems,
e.g. anisotropic diffusion where the diffusion coefficient varies with
position.

Many models of HESS J1825-137 and other PWNe assume
a homogeneous nebula, where high-energy electrons are injected
into a symmetric sphere of constant density and magnetic field (e.g.
H.E.S.S. Collaboration et al. (2019); Principe et al. (2020)). For ex-
ample, the work conducted by Van Etten & Romani (2011) treated
the transport of electrons from the powering pulsar as a series of
uniform, spherical ‘bubbles’. However, the observed asymmetric
gamma-ray morphology observed towards HESS J1825-137 sug-
gests a similarly asymmetric electron density and/or magnetic field
and therefore requires a more complex model.

In this paper, we present a model that incorporates 3D distri-
butions of the ISM hydrogen number density and magnetic field
and solves the transport equation numerically. This model assumes
PSR J1826-1334 to be a source of high-energy electrons and aims at
reproducing the X-ray and gamma-ray morphology, spectrum and
surface brightness radial profiles towards HESS J1825-137.

2 PARTICLE TRANSPORT AND MULTI-WAVELENGTH
EMISSION

Upon the release from an accelerator, such as a SNR or PWN, cos-
mic rays are transported through the ISM and experience radiative
losses. The evolution of the number density distribution of cos-
mic rays, = ⌘ =(W, C, ÆA), with Lorentz factor W ⌘ W(ÆA), at position
ÆA ⌘ (G, H, I) and time C after the birth of the accelerator, can be
described by (e.g. Skilling (1975); Cesarsky & Volk (1978)):

m=

mC

=
m

mW

( §W=) + r
⇣

¯̄
⇡ · r=

⌘
� r · (=ÆE

�
) � 1

3
m

mW

(W(r · ÆE
�
))=

+ m

mW

✓
W

2
⇡WW

m

mW

✓
=

W
2

◆◆
+ ((W, C, ÆA) .

(1)

The first term in Equation 1 gives the evolution of cosmic-ray den-
sity due to radiative losses. The second term considers the spatial
diffusion of cosmic rays as a second-rank tensor ( ¯̄

⇡ ⌘ ¯̄
⇡ (W, C, ÆA)),

allowing preferential direction of transport. The third term describes
the evolution of cosmic-ray density due to advection as a co-moving
fluid with velocity ÆE

�
⌘ ÆE

�
(W, C, ÆA). The fourth term considers

losses due to adiabatic expansion. The fifth term represents the
re-acceleration of cosmic rays due to stochastic processes with
⇡WW being the acceleration rate. Finally, ((W, C, ÆA) is the cosmic-ray
source/injection function.

To numerically solve Equation 1, explicit finite difference tech-
niques forward in time can be used after discretising a region of
interest into a grid of voxels with dimension �G�H�I and time step
�C:

=(W, C + �C, ÆA) � =(W + �W, C, ÆA)
�C

=
✓
m=

mC

◆ 0
diff

+
✓
m=

mC

◆ 0
adv

+
✓
m=

mC

◆ 0
adb

+
✓
m=

mC

◆ 0
re-acc

+ ((W, C, ÆA) ,

(2)

where prime represents the evolution of the number density dis-
tribution after radiative losses. The following discussion describes
how the implemented model treats individual terms in Equation 2.

2.1 Radiation Losses

High-energy electrons interact with the ISM via inverse Compton
interactions on ambient photons, via Bremsstrahlung with interstel-
lar gas and via synchrotron interactions against magnetic fields (see
Appendix A). The evolution of the electron number density with
Lorentz factor W due to radiative losses is given by:

m=

mC

=
m

mW

( §W=) , (3)

where §W is the cooling rate as given by Manolakou et al. (2007):

§W = 1BW2 + 12 (3 ln W + 18.8) + 5.31
1
+
’
9

1
9

ICW
2
�
9

KN (W) , (4)

for the case of ionisation or Bremsstrahlung losses in neutral hydro-
gen. Here, 9 sums over all radiation fields (CMB, infrared and optical
photons), 1B , 12 , 1

1
and 1

�⇠
are the coefficients for synchrotron

losses, Coulomb losses, Bremsstrahlung losses and inverse Comp-
ton losses respectively and �KN is the Klein-Nishina cross section
(see Equation A4). The photon fields were assumed to be constant
across the 3D grid. The general solution to Equation 3 is:
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=(W, C + �C) = §W0
§W =(W0, C) , (5)

where W0 ⌘ W0 (G, H, I) = W + �W is the Lorentz factor at time C
before electrons cool to Lorentz factor W at time C + �C.

2.2 Diffusion

Over distances smaller than the gyro-radius, A6, electrons propagate
through the ISM via ballistic motion. In a medium with randomised
magnetic turbulence (X⌫), electrons scatter and the motion switches
to a diffusive regime for distances larger than the gyro-radius (e.g.
Prosekin et al. (2015)). For a simple case of isotropic diffusion in
magnetic field ⌫(ÆA), the diffusion tensor in Equation 1 becomes a
scalar; ⇡ ! ⇡ (⇢ , ÆA), where ⇢ is the energy of the cosmic ray.

Suppression of cosmic-ray diffusion is to be expected towards
PWNe and SNRs where magnetic field turbulence is enhanced and
the diffusion coefficient, ⇡ (⇢ , ÆA), can be parameterised by (e.g.
Gabici et al. (2007)):

⇡ (⇢ , ÆA) = j⇡0

✓
⇢/GeV
⌫(ÆA)/3 µG

◆
X

, (6)

where ⇡0 = 3 ⇥ 1027 cm2 s≠1 is the average Galactic diffusion co-
efficient at 1 GeV, X = 0.5 following cosmic-ray observations (e.g.
see Strong et al. (2007)) and the diffusion suppression factor, j,
takes values  1 depending on the environment (Berezinskii et al.
1990). For example, Gabici et al. (2007) found that highly sup-
pressed diffusion (j ⇠ 0.01) in molecular clouds can significantly
affect the shape of the observed gamma-ray spectrum. However, the
diffusion suppression factor is not well constrained and a variety of
j have been found, e.g. Li & Chen (2010), Giuliani et al. (2010)
and Gabici et al. (2010) found values of j = 0.1, 0.01 and 0.06
towards SNR W28, respectively. Similarly, Protheroe et al. (2008)
showed that the suppression factor towards the star-forming region
Sgr B2 takes values < 0.02 based on the radio synchotron flux.

Assuming isotropic inhomogeneous diffusion, the diffusive
component of Equation 2 is given by:

✓
m=

mC

◆
diff

=
1
�82

’
8=G,H,I

⇡ (W, 8 + �8) � ⇡ (W, 8)
2

�
· [=(W, C, 8 + �8) � =(W, C, 8)]

+

⇡ (W, 8 � �8) � ⇡ (W, 8)

2

�
· [=(W, C, 8 � �8) � =(W, C, 8)] ,

(7)

where ⇡ (W, 8) is the diffusion coefficient from Equation 6. The
central finite difference technique used in Equation 7 only considers
the transport of electrons to/from the surrounding voxels. If the time
step is too large, electrons travel across more than one voxel and
are lost from the system. The finite difference technique is then said
to be numerically ‘unstable’. Using Von Neuman stability analysis
(e.g. see Isaacson (1966)), Equation 7 is stable when:

�C  �82

2⇡ (8)

����
min

. (8)

2.3 Advection

For simplicity, the velocity due to the bulk flow of electrons
(ÆE

�
⌘ [EA,x, EA,y, EA,z]) was assumed to be spatially-independent

and energy-independent across the region of interest. Using explicit
finite difference techniques, the advective component of Equation 2
is given by Equation 9:

✓
m=

mC

◆
adv

= �
’

8=G,H,I
EA,i

1
�8

(
=(W, C, 8 + �8) � =(W, C, 8), EA,i < 0
=(W, C, 8) � =(W, C, 8 � �8), EA,i > 0

,

(9)

where EA,i is the component of advective velocity in the ith direction.
Equation 9 uses the forward difference method to approximate the
derivative in Equation 2 when EA,i < 0 and the backward difference
method when EA,i > 0.

For Equation 9 to be numerically stable, the time step must
be chosen so that an electron does not travel across more than one
voxel in time �C:

�C  �8��
EA,i

��
����
min

. (10)

The time step must satisfy both Equation 8 and Equation 10 when
modelling a scenario including both diffusion and advection.

2.4 Adiabatic Expansion and Re-acceleration of Electrons

The spatially-independent advective velocity assumed in our model
results in zero adiabatic losses in Equation 1 (r · ÆE

�
= 0). Moreover,

studies such as Tanaka & Takahara (2010) and Porth et al. (2016)
who considered spherically symmetric advection concluded that
adiabatic losses are dominant over radiative losses for electrons
< 1 TeV (equivalent to gamma-ray emission < 20 GeV). As we are
interested in the VHE gamma-ray range which is not dominated by
adiabatic losses, adiabatic expansion is not considered here but is
left for future work.

The termination shock (TS) of pulsars has been proposed as a
site for the re-acceleration of electrons through diffusive shock ac-
celeration (DSA). By ensuring the voxel width (�G,�H,�I) is larger
than the diameter of the TS (0.2 pc, (Gaensler & Slane 2006)), elec-
trons are both injected and re-accelerated within the same voxel.
Therefore, the source term in Equation 2 treats the injected electron
spectra as the spectra obtained after re-acceleration due to the TS.
Furthermore, magnetohydrodynamic models (e.g. Lemoine & Pel-
letier (2010); Sironi et al. (2015)) suggest that DSA at the TS is too
suppressed for electron acceleration up to energies responsible for
the TeV emission seen towards PWNe. Hence, the re-acceleration
of electrons is left for future work.

2.5 Multi-wavelength Photon Production

The final electron number density distribution was obtained by solv-
ing Equation 2 in discrete time steps �C until the desired age was
reached. Based on the obtained electron number densities, the multi-
wavelength photon emission was derived for each voxel and summed
along the line of sight, I, to obtain the 2D photon distribution.
Equations A1, A3a and A6 gives the flux from synchrotron, inverse
Compton and Bremsstrahlung interactions respectively.
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3 APPLICATION TO HESS J1825-137

The modelling described in section 2 was applied to the PWN
HESS J1825-137 with the pulsar PSR J1826-1334 being the ac-
celerator of high-energy electrons. PSR J1826-1334 is located at
✓ = 18° 1 = �0.69° and has a proper motion of ⇡ 440 km s≠1

(assuming a distance of 4 kpc) approximately perpendicular to the
extended TeV emission (see Figure 3) (Manchester et al. 2005).
Hence, the proper motion of the pulsar is unlikely to be related to
the asymmetric gamma-ray emission and our model assumed that
electrons are injected at the current position of the pulsar for sim-
plicity. Two different ages of PSR J1826-1334 were considered, the
characteristic age of 21.4 kyr and the older age of 40 kyr suggested
by Van Etten & Romani (2011).

Each voxel in the 3D grid had a volume of �G�H�I, where �I
is the voxel length in the line of sight and �G and �H are the voxel
length along Galactic longitude and latitude respectively. For the
purposes of this study, we utilised a 200 pc ⇥ 200 pc ⇥ 200 pc grid
consisting of voxels of size 2 pc⇥2 pc⇥2 pc (⇡ 0.03°⇥0.03°⇥2 pc).
The pulsar was located in the centre of the grid with the central I slice
lying at distance 4 kpc. The time step used for the finite difference
technique was ⇡ 8 yr.

3.1 Electron Injection

High-energy electrons were injected into the 3D grid by
PSR 1826-1334 and follow an exponential cutoff power-law:

((⇢ , C) = � ·
✓
⇢

1 TeV

◆��
exp

✓
� ⇢

⇢2

◆
, (11)

following the observed TeV gamma-ray emission (e.g. see Blumen-
thal & Gould (1970)) as observed by H.E.S.S. (H.E.S.S. Collab-
oration et al. 2019), where ⇢2 is the cutoff energy and � is the
normalisation factor such that:

!inj (C) =
π

⇢max

⇢min
((⇢ , C) d⇢ , (12)

with !inj ⌘ [ §⇢ being the electron injection luminosity, [ < 1 is the
conversion efficiency of the pulsar spin-down power, ⇢min = 1 MeV
and ⇢max = 500 TeV. The spin-down power, §⇢ (C) at time C is given
by (Haensel et al. 2007):

§⇢ (C) = §⇢
�
C = Cage

� "
1 + (= � 1)

§%
�
C � Cage

�
%

#��'
, (13)

where = is the braking index of the pulsar, �= ⌘ (= + 1)/(= � 1) and
§⇢
�
C = Cage

�
, % and §% are the spin-down power, period and spin-down

period of the pulsar at the current age Cage.

3.2 The Environment Towards HESS J1825-137

3.2.1 Magnetic Field

Following Van Etten & Romani (2011), the magnetic field due to the
PWN was assumed to follow a time-independent power-law with a
decreasing magnetic field strength varying with distance A from the
pulsar:

⌫PWN (A) = ⌫0

✓
A

Ats

◆�V
, (14)
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Figure 2. The radially symmetric magnetic field due to the pulsar at slice
I = 4 kpc ± 1 pc. Overlaid are the green H.E.S.S. contours at 4, 5, 6, 7, 8
and 9f (H.E.S.S. Collaboration et al. 2019).

where Ats = 0.03 pc is the radius of the termination shock, and ⌫0
and V are free parameters optimised to match the multi-wavelength
SED of HESS J1825-137. Van Etten & Romani (2011) suggested
V = �0.69 and ⌫0 = 400 µG for an age of 40 kyr. Note that Van
Etten & Romani (2011) considered an additional dependence on the
spin-down energy of the pulsar which was not considered in this
study.

3.2.2 Interstellar Medium

The Nanten 12CO(1-0) survey (Mizuno & Fukui 2004) was
used to trace the column density of molecular hydrogen towards
HESS J1825-137:

#�2 = -12CO,12CO (15)

where,12CO is the integrated intensity of the gas. The scaling factor
-12CO = 1.5⇥1020 cm≠2 K≠1 km≠1 s is assumed to be constant over
the Galactic plane but may vary with galactocentric radius (1.3�1.5
per kpc) (Strong et al. 2004). The length of the 3D grid (< 1 kpc)
allows the assumption of a constant -12CO towards the region of
interest. PSR 1826-1334 has a dispersion measure distance of 4 kpc,
corresponding to a velocity of 50 km s≠1 using the Galactic Rotation
model (Brand & Blitz 1993). As there may be local motion of the
gas unrelated to Galactic rotation, we considered a velocity range
of 40 � 60 km s≠1 (3.5 kpc to 4.5 kpc) consistent with Voisin et al.
(2016). Atomic hydrogen in the same velocity range contributes less
than 1% to the total column density towards HESS J1825-137 and
thus was not considered (Voisin et al. 2016; Collins et al. 2021).
Assuming that all the gas in the 40 � 60 km s≠1 velocity range lies
within the 3D grid and the density along the line of sight is constant,
the number density of a voxel with column density #�2 is given by:

=� =
#�

200 pc
, (16)

where #� ⌘ 2.8#�2 considers a 20% He component.
Stellar winds from the progenitor star of PSR J1826-1334

pushes out gas in the nearby vicinity (Castor et al. 1975). The
subsequent supernova explosion creates a ‘bubble’ of hot dense gas
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Figure 3. (top) Nanten 12CO(1-0) integrated intensity in the velocity range
40�60 km s≠1 corresponding to 3.5�4.5 kpc overlaid by green H.E.S.S. con-
tours (at 4, 5, 6, 7, 8 and 9f). The yellow dot represents the Suzaku region A
as defined in Uchiyama et al. (2009) and is used to extract the X-ray SED.
The region used to obtain the gamma-ray spectra towards HESS J1825-137
and HESS J1826-130 are shown in black and red respectively. (bottom) Cal-
culated ISM number density across the 3D grid at 4 kpc ± 1 pc where the
voxels within the PWN extent (' < 0.5°) are set to a density of 0.5 cm≠3

to represent the bubble that has been swept out by the stellar wind from
the progenitor star. The proper motion of the pulsar is shown by the red
arrow with the projected birthplaces indicated by the red-dashed line. The
projected birthplaces for ages 21 kyr and 40 kyr are indicated by the magenta
and brown dot respectively. The direction of advective particle transport sug-
gested by H.E.S.S. Collaboration et al. (2019) is shown by the green arrow.
The black and green segments represent the regions used to extract the X-
ray and gamma-ray surface brightness radial profile respectively. Molecular
clouds R1-R5 from Voisin et al. (2016) are shown in yellow with the position
of PSR J1826-1256 indicated by the red star. The width and height of the
voxel in the 2D slice is 2 pc compared to the minimum Nanten resolution of
5 pc (assuming a distance of 4 kpc).

around a low-density interior. A region of low-density gas in the
40 � 60 km s≠1 velocity range can be seen towards the centre of the
TeV emission in Figure 3. To include this, any voxels lying within
the extent of the PWN volume (a sphere centered on the pulsar
with radius 0.5° ⇡ 35 pc) was set to a density of 0.5 cm≠3 based on
the average densities expected within massive stellar wind bubbles
(Weaver et al. 1977). The Nanten 12CO(1-0) integrated intensity
between 40� 60 km s≠1 and calculated ISM number density for the
central slice lying at distance 4 kpc can be seen in Figure 3. Any

difference between the bottom and top panel of Figure 3 was due to
the different resolutions of the 3D grid and Nanten.

Turbulent motion in the ISM results in an amplification of
the magnetic field, suppressing the diffusion of electrons as they
travel through the ISM as given by Equation 6. Figure 6 of Voisin
et al. (2016) shows a three-coloured image of the CS(1-0) and NH3
integrated intensity between 40 � 60 km s≠1 and the H62U inte-
grated intensity between 45 � 65 km s≠1 towards the cloud defined
as R1 (see Figure 3 for the position of clouds R1-R5 from Voisin
et al. (2016)). This suggests that cloud R1 is highly turbulent with
a minimum magnetic field strength of 21 µG based on the density
of 600 cm≠3 calculated by Voisin et al. (2016) (see Equation B1).
The amplification of the magnetic field towards cloud R1 was con-
sidered in subsubsection 3.4.3. Given the likely physical proximity
to HESS J1825-137, cloud R1 may act as a barrier for electrons
escaping into HESS J1826-130 from PSR 1826-1334 (Voisin et al.
2016).

3.2.3 Soft Photon Fields

The photon fields around HESS J1825-137 was estimated utilis-
ing the radiation field model described by Popescu et al. (2017);
the far-infrared field (FIR) with temperature ) = 40K and energy
density * = 1 eV cm≠3, near infrared field (NIR) with temperature
) = 500 K and energy density 0.4 eV cm≠3 and optical light with
temperature ) = 3500K and energy density of* = 1.9 eV cm≠3.

3.3 Multi-wavelength Observations

The modelled gamma-ray SED of HESS J1825-137 was optimised
to the TeV gamma-ray energy flux presented by H.E.S.S. Collabo-
ration et al. (2019) and the GeV spectrum from the 4FGL catalogue
(Abdollahi et al. 2020). To compare the modelled surface brightness
radial profile to Figure 6 from H.E.S.S. Collaboration et al. (2019),
a collection area of 0.25 km2 (Benbow 2005) and observation time
of 387 hr was used. The X-ray SED and surface brightness radial
profile was optimised to the results presented by Uchiyama et al.
(2009) using a collection area of 0.029 m2.

To investigate the gamma-ray contamination of
HESS J18260-130, by HESS J1825-137, we utilised the gamma-ray
SED presented by H.E.S.S. Collaboration et al. (2020) and the
spectrum from the 4FGL catalogue (Abdollahi et al. 2020).
H.E.S.S. Collaboration et al. (2020) estimated that the gamma-ray
contamination to be 40% for photon energies below 1.5 TeV
and 20% above 1.5 TeV. The modelled X-ray emission towards
HESS J1826-130 was constrained by the ROSAT X-ray upper
limit calculated using the ROSAT X-ray background tool (Sabol
& Snowden 2019). The regions used to extract the X-ray and
gamma-ray SED towards HESS J1825-137 and HESS J1826-130
are shown in Figure 3.

3.4 Results

The full list of model parameters is summarised in Table 1, including
any constraints based on measurements. A computationally quick
single-zone model, where the electron number density is derived
using a uniform spherical sphere, was utilised to investigate a large
range of parameters to gain insight into HESS J1825-137. The re-
sults of the single-zone modelling are summarised in Appendix. C.
For an age of 21 kyr, the single-zone model required electrons to
follow an exponential cutoff power-law with spectral index � = 2.1
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Table 1. Model parameters used for the application towards
HESS J1825-137. Fixed parameters refer to those constrained by
measurements and non-fixed refers to those that are optimised to
observations discussed in subsection 3.3.

Fixed Parameters Value Reference
C 21 kyr & 40 kyr a, b
3 4 kpc a
% 101 ms a
§% 7.5 ⇥ 10�14 s s≠1 a
§⇢ 2.8 ⇥ 1036 erg s≠1 a
�G, �H, �I 2 pc
�C 8 yr
⇢min 1 MeV
⇢max 500 TeV
⇡0 3 ⇥ 1027 cm2 s≠1 c
Ats 0.03 pc
*CMB, )CMB 0.26 eV cm≠3, 2.72 K e
*NIR, )NIR 1 eV cm≠3, 500 K e
*FIR, )FIR 0.4 eV cm≠3, 40 K e
*Opt, )Opt 1.9 eV cm≠3, 3500 K e
Non-fixed Parameters Value Reference
[ < 1
j < 1 c
� -
⇢2 -
⌫0 -
V -
= 2-3
Æ+� = (✓ , 1, I) (< 0.012, 0, 0) d
⌫1826 ¢

¢ See subsubsection 3.4.3
a. Manchester et al. (2005)
b. Van Etten & Romani (2011)
c. Berezinskii et al. (1990)
d. H.E.S.S. Collaboration et al. (2019)
e. Popescu et al. (2017)

and cutoff ⇢2 = 40 TeV to match the observed gamma-ray SED
while an older age of 40 kyr required an index of � = 2.1 and cutoff
of ⇢2 = 50 TeV.

In the following, we present three applications of our model
towards HESS J1825-137. All models incorporated a simple as-
sumption of isotropic diffusion and radiative losses as described in
subsection 2.2. Model 1 considered both ages of PSR J1862-1334,
21 kyr and 40 kyr. Model 2 introduced an additional advec-
tive component to Model 1 with velocity Æ+

�
= [+

�
, 0, 0] as

suggested by H.E.S.S. Collaboration et al. (2019) to explain
the asymmetric gamma-ray morphology. H.E.S.S. Collaboration
et al. (2019) constrained the total flow velocity to be < 0.012.
Model 3 expanded on Model 2 by including turbulent ISM towards
HESS J1826-130 (see subsubsection 3.2.2) to reduce the contam-
ination by HESS J1825-137. The model parameters were chosen
based on the observations discussed in subsection 3.3 with the pa-
rameter list shown in Table 1. The parameters we found to match
the multi-wavelength SED and morphology are shown in Table 2.

3.4.1 Model 1 (21 & 40 kyr) - Isotropic Diffusion

Figure 4 and 5 show the modelled gamma-ray morphology in differ-
ent energy bands, the multi-wavelength SED and the 1�9 keV X-ray
and 0.1 � 91 TeV gamma-ray surface brightness radial profiles for
the 21 and 40 kyr models respectively. Both models predicted that
the gamma-ray morphology towards HESS J1825-137 is symmet-
ric around the powering pulsar with some gamma-ray contribution
< 1 TeV via Bremsstrahlung radiation toward the region between
HESS J1825-137 and HESS J1826-130 (see Figure 4 and 5). The

40 kyr gamma-ray emission between 1 � 10 TeV extends further
from the pulsar than the 21 kyr emission. Both models predicted a
steep surface brightness radial profile for X-rays between 1 � 9 keV
(see the bottom-middle panels of Figure 4 and 5). The 21 kyr model
was able to replicate the HESS surface brightness radial profile
for gamma rays between 0.133 � 91 TeV (see the bottom-middle
right panel of Figure 4) while the 40 kyr model over-predicted the
gamma-ray emission for distances > 0.5° from the pulsar (see the
bottom-middle right panel of Figure 5).

The 21 kyr modelled gamma-ray SED predicted by the multi-
zone model was able to match observations with a slight over-
prediction (⇡ 94%) of the HESS data between 1 � 10 TeV. While
able to predict the normalisation of X-rays produced by synchrotron
emission, the model was unable to replicate the slope of the observed
Suzaku SED. The multi-zone 40 kyr SED was able to predict both
the X-ray and gamma-ray SED with a similar over-prediction in
1 � 10 TeV photons as seen in the 21 kyr model. A slight ’bump’ is
present in the SED for photons around 50 � 100 TeV for both ages.

The 21 kyr model required electrons with spectral index � =
2.0 and cutoff 40 TeV to be injected into the ISM with a spin-down
conversion factor of 10.4 to match the multi-wavelength SED. The
40 kyr required a conversion factor of 0.14 with a spectral index and
cutoff of 1.9 and 500 TeV respectively. As [ < 1, Models 2 and 3
only considered an age of 40 kyr.

Figure 6 shows the modelled SED towards HESS J1826-130
due to electrons escaping from HESS J1825-137 for the 40 kyr
model. The SED towards HESS J1826-130 as a result of
HESS J1825-137 exceeds observations for photons below 2 TeV.
In the model, too many low-energy electrons have escaped into the
region towards HESS J1826-130 before losing their energy to radia-
tive losses. It is clear that further refinement of the model is required
to accurately describe the region surrounding HESS J1825-137.

3.4.2 Model 2 - Isotropic Diffusion + Advection

The gamma-ray morphology in Figure 5 shows that Model 1 (40 kyr)
did not reproduce the extended TeV gamma-ray morphology to-
wards HESS J1825-137 at lower Galactic longitudes (see the top-
middle left panel of Figure 5). Thus, Model 2 introduced an ad-
ditional advective component as suggested by H.E.S.S. Collabora-
tion et al. (2019) towards lower Galactic longitudes. The modelled
flux, surface brightness radial profiles and gamma-ray morphol-
ogy for Model 2 (40 kyr) with an advective flow of E = 0.002
are shown in Figure 7. A comparison between different advection
speeds (E = 0.0012, E = 0.0022 and E = 0.0032) is shown in Fig-
ure E4. All models otherwise have the same parameters as Model 1
(40 kyr) (see Table 2).

For further comparison of the gamma-ray morphology towards
HESS J1825-137, the energy flux was extracted from rectangular
regions taken along Galactic longitude centred on PSR J1826-1334
and are shown in Figure 8. An advective velocity of 0.0022 was
chosen so that the peak in the modelled gamma-ray morphology in
energy range ⇢ < 1 TeV and 1 TeV < ⇢ < 10 TeV corresponds to
the HESS data (see the left-upper panel of Figure E4).

While an additional advective flow of 0.0022 lowered the
gamma-ray SED towards HESS J1826-130 for energies less than
2 TeV, the emission still exceeds H.E.S.S. observations.
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Figure 4. Model 1 (21 kyr), see Table 2 for model parameters. (top & top-middle) Modelled gamma-ray morphology towards HESS J1825-137 in different
energy bands overlaid by green HESS significance contours (5, 10 and 15f for ⇢ < 10 TeV and 3, 5 and 10f for ⇢ > 10 TeV) and grey 40, 50 and 60f Nanten
12CO integrated intensity contours. The positions of PSR J1826-1334 and PSR J1826-1256 are indicated by the empty blue and black crosses respectively.
(bottom-middle )1 � 9 keV X-ray (left) and 1 � 91 TeV gamma-ray (right) surface brightness radial profiles in comparison to Suzaku (Uchiyama et al. 2009)
and HESS observations (H.E.S.S. Collaboration et al. 2019) respectively. (bottom) SED towards HESS J1825-137 with the orange Suzaku X-ray spectral fit,
blue 4FGL J1824.5-135e flux observations (Abdollahi et al. 2020) and red HESS J1825-137 flux observations.
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Figure 5. Model 1 (40 kyr), see Table 2 for model parameters. Same panel layout as in Figure 4.
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Table 2. Model parameters that match the multi-wavelength SED and gamma-ray morphology towards HESS J1825-137.
See section D for the 10% and 20% systematic variation of parameters.

Parameter Model 1 (21 kyr) Model 1 (40 kyr) Model 2 (0.0022) Model 3⇤ (60 µG) Model 3 (60 µG)
[ 10.7 0.14 0.14 0.14 0.14
j 0.25 0.1 0.1 0.1 0.1
� 2.0 1.9 1.9 1.9 1.9
⇢2 (TeV) 40 500 500 500 500
⌫0 (µG) 70 450 450 450 450
V �0.9 �0.7 �0.7 �0.7 �0.7
= 2 2 2 2 2
+� - - 0.0022 - 0.0022
⌫J1826 (µG) - - - 60 60

¢

¢
See subsubsection 3.5.3
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Figure 6. SED towards HESS J1826-130 from electrons acceler-
ated by PSR 1826-1256 by Model 1 (40 kyr) against the observed
flux of HESS J1826-130 (H.E.S.S. Collaboration et al. 2020) and
4FGL J1826.1-1256 (Abdollahi et al. 2020). The GeV and TeV gamma-
ray flux observations towards HESS J1826-130 are represented by blue and
red respectively.

3.4.3 Model 3 - Isotropic Diffusion + Advection + Magnetic

Field towards HESS J1826-130

As discussed in subsubsection 3.2.2, the turbulent molecular gas
between HESS J1825-137 and HESS J1826-130 can act as a barrier
for electrons escaping from the PWN. As clouds R1-R5 from Voisin
et al. (2016) are positioned in an approximate semi-circle around
PSR J1826-1256 (see Figure 3), Model 3 expanded on Model 2
(0.0022) by including a shell of increased magnetic field strength,
⌫1826, centred on HESS J1826-130 with inner and outer radii 0.17 °
and 0.33 ° respectively. Model 3⇤ refers to Model 1 (40 kyr) with
the shell of increased magnetic field strength with no advective
component (E

�
= 0).

Figure 9 shows the SED, surface brightness radial profiles and
the gamma-ray flux along Galactic longitude of HESS J1825-137
and HESS J1826-130 for Model 3 with magnetic field strengths of
⌫ = 20, 60 and 100 µG. A comparison between Model 1 (40 kyr),
Model 3⇤ (60 µG) and Model 3 (60 µG) is shown in Figure 10
as well as the gamma-ray morphology for Model 3 (60 µG). All
models otherwise have the same parameters as Model 1 (40 kyr)
(see Table 2).

3.5 Discussion

3.5.1 Model 1 - Isotropic Diffusion

The 21 kyr and 40 kyr models were unable to reproduce both the
X-ray and gamma-ray surface brightness radial profiles. For exam-
ple, the diffusion suppression coefficient, j, could be increased to
compensate for the steep X-ray surface brightness radial profile for
the 21 kyr model. Electrons would then escape the PWN at a higher
rate and the gamma-ray surface brightness radial profile will flatten.
This can be seen in the 40 kyr model, which assumed a lower value
of j than the 21 kyr model. The shallow 40 kyr gamma-ray surface
brightness radial profile indicates that lower energy electrons have
started to accumulate near the pulsar, while high-energy electrons
rapidly lose their energy through radiative cooling and do not escape
far from the pulsar. This is demonstrated in the upper right panel
in Figure 5 where the gamma-ray flux below 10 TeV is relatively
constant over the grid while the flux above 10 TeV is constrained
to the pulsar. This accumulation is not as apparent in the 40 kyr
X-ray surface brightness radial profile and the SED as the regions
used in extracting X-ray spectra and surface brightness radial profile
are smaller than the regions used for the gamma-ray analysis (see
Figure 3 and top-middle right panel of Figure 4). The accumulation
of lower-energy electrons is also a reflected as a bump in the TeV
gamma-ray SED. The bump occurs when synchrotron losses start to
dominate at electron energies > 9 TeV, resulting in inverse Comp-
ton radiation > 6 TeV, and radiative energy losses are balanced by
the electron injection luminosity (Manolakou et al. 2007; Hinton &
Hofmann 2009). This bump is not present for a slightly younger age
of 36 kyr (with the same parameters as Model 1 (40 kyr), see Fig-
ure E1), where the gamma-ray SED & 10 TeV at age 36 kyr matches
Model 1 (40 kyr).

The 21 kyr model required a spin-down conversion factor of
10.7. To compensate, a braking index of 3 would inject a greater
quantity of electrons at earlier times (see Equation 13). However,
this results in an accumulation of electrons at lower energies, con-
sequently increasing the gamma-ray flux for photons with energies
< 1TeV (see Figure E2) and the modelled SED no longer repro-
duces observations. This suggests that the age of HESS J1825-137
lies between 21 kyr and 40 kyr. The 40 kyr magnetic field profile
takes values of ⌫0 = 450 µG and V = �0.7 (see Equation 14) in
comparison to ⌫0 = 400 µG and V = �0.69 used in (Van Etten &
Romani 2011). Van Etten & Romani (2011) considered an evolving
magnetic field ⌫ / §⇢ (C) where the magnetic field takes larger val-
ues at earlier times. This could explain the larger ⌫0 normalisation
used in our modelling.
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Figure 8. The energy flux along Galactic longitude for Model 1 (40 kyr, black) and Model 2 (0.0022, green) for energy bands ⇢ < 1 TeV (top-left),
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black empty crosses respectively. See Table 2 for model parameters.

3.5.2 Model 2 - Isotropic Diffusion + Advection

An advective component of 0.0022 towards lower Galactic longi-
tudes was included into Model 1 (40 kyr). The SED and X-ray sur-
face brightness radial profile with an advective transportation com-
ponent remains unchanged to Model 1 (40 kyr). Electrons rapidly
escape the small (A = 0.05°) X-ray region, hence the subsequent
X-ray SED and surface brightness radial profile depends more on
the injected electron spectrum rather than the method of transport.
On the other hand, for both Model 1 (40 kyr) and Model 2 (0.0022),
the majority of electrons remain within the large (0.7°) HESS region
leaving the gamma-ray SED unchanged. However, the electrons in
Model 2 have migrated further from the pulsar while remaining
within the HESS region. Subsequently, the gamma-ray profile for
Model 2 (0.0022) is flatter than Model 1 (40 kyr). Figure E3 shows
the distance that electrons are transported before losing their energy
to radiation. It can be seen that advection is the dominant particle
transport method for electron energies less than 10 TeV, resulting in
IC emission below 1 TeV. Diffusion is dominant for electrons above
10 TeV. However, these high-energy electrons do not travel far from
their birthplace before losing their energy to radiative cooling.

At all energies, the gamma-ray energy flux along Galactic lon-
gitude for Model 1 (40 kyr) appears symmetric around the pulsar

position and shows no preferential direction of transportation. How-
ever, the HESS uncorrelated excess data indicates that electrons are
preferentially transported to lower Galactic longitudes. With the
addition of an advective flow of 0.0022, the peak in the 40 kyr
gamma-ray slices for photons less than 1 TeV is now offset from
the pulsar and follows the shape of the uncorrelated excess. For
the 1 TeV < ⇢ < 10 TeV energy band, both Model 1 and Model 2
show a flatter slice profile compared to HESS observations. Elec-
trons resulting from this emission appear to be contained near their
birthplace before escaping into the nebula. Our model assumed that
the diffusion lies within the Kraichnan regime with the index be-
ing fixed at X = 0.5. The top-right panel of Figure 8 shows that
the modelled gamma-ray slice morphology is broader than that ob-
served by HESS, suggesting that electrons are constrained within
the PWN. This suggests that the diffusion index inside the PWN
may be somewhat less than the X = 0.5 value we assumed.

By assuming that diffusion was isotropic in Equation 2, any
preferential direction for particle transport was a result of magnetic
field irregularities and/or advective flow. The highly asymmetric
morphology towards HESS J1825-137 could be explained if diffu-
sion is anisotropic with preferential diffusion towards lower Galactic
longitudes. However, an anisotropic diffusion model can be approx-
imated by an isotropic diffusion + advection model (i.e. Model 2).
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3.5.3 Model 3 - Isotropic Diffusion + Advection + Magnetic

Field towards HESS J1826-130

Here, a spherical shell of increased magnetic field strength around
HESS J1826-130 was considered to replicate the turbulent gas to-
wards cloud R1 from Voisin et al. (2016).

The bottom-right panel of Figure 8 shows that cloud R1
lies within the area used to determine the gamma-ray SED of
HESS J1825-137. The ratio of synchrotron to inverse Compton flux
is proportional to the magnetic field (Aharonian et al. 1997). Hence,
as the magnetic field around HESS J1826-130 increases, electrons
lose more energy through synchrotron losses and the inverse Comp-
ton flux decreases at equivalent gamma-ray energies. This can be
seen in the SED for HESS J1825-137 in the bottom-middle right
panel of Figure 9. This has the effect of improving the match

to HESS observations between 1 � 10 TeV compared to Model 1
(40 kyr) as shown in the bottom-middle-left panel of Figure 10.

The gamma-ray energy flux along Galactic longitudes are
shown in the top and top-middle panels of Figure 9. As the magnetic
field around HESS J1826-130 increases, gamma-ray emission less
than 1 < TeV and > 10 TeV remains unchanged at lower longitudes,
with a decrease at higher longitudes. Between 1 TeV < ⇢ < 10 TeV,
the gamma-ray slice profile drops of at a shallower rate compared to
the HESS data at lower Galactic longitudes. However the gamma-
ray emission at higher longitudes, representing the area towards
HESS J1826-130, increases proportionally with the magnetic field.

Additionally, the bottom-left panel of Figure 9 indicates that
increasing the magnetic field strength around HESS J1826-130 low-
ers the contamination of HESS J1826-130 by the PWN associated
with HESS J1825-137 for energies < 2 TeV. Regions of high mag-
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netic field strength experience a slower rate of diffusion (see Equa-
tion 6) and high synchrotron losses. Hence regions of high magnetic
field tend to ‘block’ cosmic rays from passing through. The model
implies that a minimum magnetic field strength of 60 µG is re-
quired to successfully lower the contamination of HESS J1826-130
according to H.E.S.S. observations. The bottom-right panel of Fig-
ure 9 shows the multi-wavelength SED towards HESS J1826-130.
An upper-limit to the X-ray emission towards HESS J1826-130 can
be obtained using HEARSAC’s X-Ray background tool utilising
ROSAT data (Sabol & Snowden 2019). The estimated synchrotron
flux towards HESS J1826-130 combined with the ROSAT X-ray
upper limit (obtained from the same region used to extract the SED
of HESS J1826-130) implies a maximum magnetic field strength
of ⇡ 20 µG around HESS J1826-130. This constraint violation sug-
gests that the model is not fully encapsulating the transport of par-
ticles between PSR 1826-1334 and HESS 1826-130.

3.6 Future Work

Presently, our model only considers isotropic diffusion and does
not account for diffusion parallel and perpendicular to the magnetic
field (Drury 1983; Lazarian et al. 2023). The magnetic fields of
PWNe are believed to be toroidal in nature (Schmidt et al. 1979;
Kothes et al. 2006), hence diffusion is expected to be suppressed
perpendicular to the magnetic axis of the pulsar. Additionally, the
recent detection of TeV halos (Abeysekara et al. 2017) implies that
the region surrounding the PWN experiences a higher diffusion
suppression compared to the average Galactic diffusion coefficient
(Schroer et al. 2023). While current models of particle transport sug-
gest that advection dominates particle transport within the PWN and
diffusion dominates at the edges, this could be described by two dif-
ferent regions of diffusion suppression. Model 2 and 3 in this study
considered spatially-independent advection towards lower Galactic
longitudes to explain the asymmetric TeV gamma-ray morphology
towards HESS J1825-137. As a result, losses due to adiabatic ex-
pansion were neglected. Future modelling of PWNe, in particular
HESS J1825-137, could investigate the effects of inhomogeneous
anisotropic diffusion and an azimuthal and surface brightness de-
pendent advective velocity on the gamma-ray morphology and SED.
This can then be applied to model the formation of the TeV halo
around the PWN (Principe et al. 2020).

Our model assumed a time-independent magnetic field with
decreasing strength from the distance to the pulsar (see subsub-
section 3.2.1). However, the average magnetic field of PWNe are
expected to decrease over time from the conservation of magnetic
energy density (e.g. Tanaka & Takahara (2010)) and the normali-
sation, ⌫0, obtained from the modelling (see Table 2) can be con-
sidered as the time-averaged normalisation. Any future predictions
of the formation of the TeV halo around HESS J1825-137 must
consider time-dependency on the magnetic field.

The implementation of a time-dependent source position
will not affect the gamma-ray morphology & 13 TeV around
PSR J1826-1334 due to high synchrotron losses. However, lower
energy photons will appear to originate at a position offset to the
current position of the pulsar as seen in Principe et al. (2020). This
does not explain the extended TeV gamma-ray morphology towards
lower Galactic longitudes as discussed in section 3, but could affect
the modelled formation of the TeV halo. Future work could inves-
tigate the effects of an evolving source position on the gamma-ray
surface brightness radial profile and morphology towards PWNe
and other sources. For example, the application of our model to

SNRs would require cosmic rays to be injected by an expanding
shell to model diffusive shock acceleration by the expanding SNR.

The model presented in this study is not limited to
HESS J1825-137 and can be used to model the transport of cosmic-
rays (electrons and protons) from other PWNe and cosmic ray
sources.

4 SUMMARY

By modelling the transport of electrons across a 3D Cartesian grid
of varying ISM density and magnetic field, we are able to repro-
duce the main characteristics of the multi-wavelength spectrum and
morphology towards HESS J1825-137. Three different models were
considered. Model 1 assumed a simple case of isotropic diffusion
and radiative losses for the characteristic age of 21 kyr and an older
age of 40 kyr as suggested by Van Etten & Romani (2011). Model 2
included an additional advective component to Model 1 (40 kyr)
and Model 3 introduced turbulent ISM towards HESS J1826-130 to
Model 2.

The best fit 21 kyr and 40 kyr Model 1 consisted of a pulsar
injecting electrons into the surrounding medium with a spin-down
conversion factor of 10.7 and 0.14% respectively, indicating that
the true age of the system is older than the characteristic age of
PSR J1826-1334. While able to reproduce the multi-wavelength
SED, neither model was able to sufficiently reproduce the gamma-
ray flux along Galactic longitude described in H.E.S.S. Collabora-
tion et al. (2019) for photons with energies 1 TeV < ⇢ < 10 TeV.
However, the morphological profile could be matched for gamma-
rays with energies < 1 TeV (with an offset of 0.3° towards higher
Galactic longitudes compared to the HESS data) and energies
> 10 TeV.

Applying an advective bulk flow (with velocity E = 0.002 2)
of electrons towards lower Galactic longitudes did not alter the
photon SED predicted by Model 1. By extracting the energy flux
along Galactic longitude, we were able to compare the energy-
dependent morphology towards HESS J1825-137. Model 2 (0.0022)
was able to reproduce the energy flux for photons < 1 TeV and >

10 TeV, however photons with energies 1 < ⇢ < 10 TeV experience
a shallower drop-off compared to the uncorrelated HESS excess
slices as revealed by H.E.S.S. Collaboration et al. (2019). This
suggests that the parent electrons are constrained within the PWN
before escaping into the interstellar medium to form a TeV halo.

As the gamma-ray emission associated with PSR 1826-1334
cannot exceed the observed emission towards HESS J1826-130,
HESS J1826-130 can be used to constrain the model. Model 1 and
Model 2 were found to over-predict the SED of HESS J1826-130 for
photons < 1.5 TeV. By placing a shell of increased magnetic field
strength of at least 60 µG around HESS J1826-130, representing the
turbulent gas between the two HESS sources (Voisin et al. 2016), the
contamination was successfully lowered below the levels closer to
those estimated by HESS. By combining the modelled synchrotron
flux with the ROSAT X-ray upper limit towards HESS J1826-130,
we were able to constrain the magnetic field shell to have maximum
strength of 20 µG. This constraint violation suggests that further
modelling of the turbulent gas is needed to fully disentangle the
particle transport towards HESS J1825-137.
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APPENDIX A: NON-THERMAL EMISSION

This section will provide an overview of leptonic interactions and
the subsequent photon emission via synchrotron, Bremsstrahlung
and inverse Compton Processes.

Synchrotron radiation occurs when an electron interacts with back-
ground magnetic fields. The resulting photon emission from a single
electron with Lorentz factor W with pitch angle U to the magnetic
field ⌫ is given by:

d#
d⇢

=

p
343

⌫

<2
2

a

a2

π 1

a
a2

 5
3
(G) dG , (A1)

where 4 and < are the charge and mass of an electron respectively,
 5

3
is the modified Bessel Function, a is the frequency of the gamma

ray and a2 is the critical frequency of the emission:

a2 = W2 34⌫ sinU
4c<2

. (A2)

The inverse Compton gamma-ray emission from an electron with
energy ⇢4 scattering off a target photon with energy in range (n+dn)
and number density =(n) can be found using:
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d#
d⇢W

=
3f) <23

4W

π
⇢W

⇢W/4W2

=(n) dn
n

5 (@, �) (A3a)

5 (@, �) = 2@ ln @ + (1 + 2@) (1 � @) + 1
2
(�@)2
1 + �@

(1 � @) (A3b)

@ =
⇢W

�
�
⇢4 � ⇢W

� , � =
4nW
<42

2 (A3c)

where f) = (3/8c)A2
0 is the Thompson cross section, A0 is the

classical electron radius and �KN takes account the full Klein-
Nishina cross section for inverse Compton scattering (Manolakou
et al. 2007):

�KN =
1
D0

π 1

0
�(W, n)Dn dn , �(W, n) = (1 + 4Wn)� 3

2 . (A4)

For a Planck distribution of photon energies, �KN can be approxi-
mated by:

�KN = (1 + 4Wneff)�3/2, neff =
2.8:)
<42

2 . (A5)

Finally, the photon emission from Bremsstrahlung interactions is
given by:

d#
d⇢W

= =2
π

df
�
⇢4, ⇢W , /

�
d⇢4 , (A6)

where / is the atomic number of the target material and df is the
Bremsstrahlung differential cross section as defined in Blumenthal
& Gould (1970).

The coefficients for leptonic losses in Equation 4 are:

– 1B ⌘ 1.292 ⇥ 10�15
⇣
⌫/103µG

⌘2
s≠1 is the synchrotron loss co-

efficient
– 12 ⌘ 1.491⇥ 10�14

⇣
=� /1cm≠3

⌘
s≠1 is the Coulomb loss coeffi-

cient
– 1

1
⌘ 1.37 ⇥ 10�16

⇣
=� /1cm≠3

⌘
s≠1 is the Bremsstrahlung loss

coefficient
– 1IC ⌘ 5.204 ⇥ 10�20

⇣
D0/eV cm≠3

⌘
s≠1 is the IC loss coefficient

with the energy density of photons given by D0
– =� is the density of the ambient hydrogen gas

The diffusion length for electrons (Atoyan et al. 1995):

'diff =

s
4⇡ (W)

1BW(1 � X)
h
1 � (1 � W1BC)1�X

i
. (A7)

APPENDIX B: MAGNETIC FIELD DUE TO TURBULENT
ISM GAS

The magnetic field due to the ISM gas with number density = is
given through Crutcher’s relation (Crutcher et al. 2010):

⌫gas (=) =
(
⌫0,gas, = < 300 cm≠3

⌫0,gas
⇣
=/300 cm≠3

⌘
U

, = > 300 cm≠3 , (B1)

where ⌫0,gas = 10 µG and U = 0.65.
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Figure C1. SED for leptonic interactions towards HESS J1825-137 using
single-zone modelling for ages 21 kyr (top) and 40 kyr (bottom). The X-ray
and gamma-ray spectra are fitted separately due to the different coverage ar-
eas of HESS and Suzaku. The orange line shows the Suzaku observations of
X-rays between 1�9 keV towards the pulsar associated with HESS J1825-137
(Uchiyama et al. 2009). Blue data points represent the spectrum from the
Fermi-LAT 4FGL source catalogue towards HESS J1825-137 while the red
data shows the H.E.S.S. energy flux towards HESS J1825-137 (H.E.S.S.
Collaboration et al. 2019). The corresponding model parameters are shown
in the table.

APPENDIX C: SINGLE-ZONE MODELLING

Here we considered a ‘single-zone’ model, where electrons are in-
jected into a spherical region of constant number density and mag-
netic field (Sano et al. 2017; Collins et al. 2021). The final electron
number density is calculated by solving Eq. C7 from Collins et al.
(2021) over the age of the system where electrons escape the region
at a rate dependent on diffusion. The multi-wavelength SED from
this region is then calculated. While unable to encapsulate the com-
plexity towards HESS J1825-137, a general insight of the system
was gained before more detailed modelling of the morphology and
time evolution.

C1 Method

The X-ray and gamma-ray emission was modelled separately using
two spheres with radii AX-ray and Agamma (see Figure 3) following
the extraction regions used by Uchiyama et al. (2009) and H.E.S.S.
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Collaboration et al. (2019). Electrons were injected into the spheri-
cal region at a constant rate §⇢ and followed a power-law spectrum
with an exponential cutoff: d#

d⇢ / ⇢�� · exp(⇢/⇢2), where � is the
spectral index and ⇢2 is the cutoff energy. Two different ages were
modelled, 21 kyr based on the characteristic age of the pulsar and
40 kyr based on modelling conductede by (Van Etten & Romani
2011).

The HESS region adopted a uniform magnetic field of 5 µG as
suggested by Principe et al. (2020) from comparing the estimated
synchrotron emission to the Suzaku X-ray emission. Subsequently,
it was assumed that the smaller X-ray region has a higher magnetic
field strength than the HESS region due to the proximity of the
pulsar and was left as a free parameter. Both the gamma-ray and
X-ray region assumed a constant ISM density of 0.5 cm≠3

The fits to the SED towards HESS J1825-137 as well as the
modelled parameters can be seen in Figure C1.

C2 Discussion

Figure C1 shows the modelled SED with corresponding parame-
ters to the gamma and X-ray spectra towards HESS J1825-137 .
The majority of gamma rays in this model are predicted to come
from inverse Compton interactions from the infrared and CMB pho-
ton fields. An electron injection luminosity of 2 ⇥ 1038 erg s≠1 and
1 ⇥ 1038 erg s≠1 is needed to match the gamma-ray spectra at ages
21 and 40 kyr respectively. This is a factor ten times greater than the
spin-down power of PSR 1826-1334 ( §⇢ = 2.8 ⇥ 1036 erg s≠1). The
single-zone model assumes a time-independent injection luminos-
ity, whereas the spin-down power of the pulsar decreases over time.
The spin-down power of PSR 1826-1334 could have been as high as
1039 erg s≠1 at a pulsar age of 1 kyr (see subsection 3.1. Therefore
the modeled injection luminosities represents the average electron
injection luminosity over the age of the pulsar.

The X-ray emission towards PSR 1826-1334 can be predicted
with an injection luminosity of 8⇥1035 erg s≠1 and 4⇥1035 erg s≠1

for the 21 and 40 kyr model respectively. The single-zone model
can reasonably predict both the X-ray and gamma-ray SED, yet
the X-ray and gamma-ray photon models require different injection
spectra for both ages of the system. The single-zone model assumes
constant density and magnetic field strength across the region of
interest. However, the magnetic field structures towards PWNe have
been suggested to be toroidal in nature but the viewing angle results
in magnetic fields appearing radially dependent or tangled (Kothes
et al. 2006). If the dense clouds towards HESS J1826-130, as seen
in Figure 3, lie at the same distance as the pulsar, diffusion will be
suppressed towards this region with electrons losing their energy
to bremsstrahlung losses. As previously mentioned, the spin-down
power of the pulsar decreases over time which has an effect on the
injection luminosity of electrons in the ISM. While the single-zone
model is able to predict the X-ray and gamma-ray SED towards
HESS J1825-137, it is unable to encapsulate the complexity of the
PWN.

APPENDIX D: SYSTEMATIC VARIATION OF
MULTIZONE PARAMETERS

Figure D1 and Figure D2 shows the 10% and 20% systematic vari-
ation of the free parameters V, ⌫0, j, �, ⇢2 and [ for the 21 kyr
and 40 kyr models. These figures show that the spectral index of
injection electrons, �, has the largest systematic variation, where
the X-ray SED and surface brightness radial profiles show more

sensitivity than the gamma-ray emission. This is a result of the
smaller region used to extract the X-ray and SED (see Figure 3 and
Figure 4).

The modelled X-ray surface brightness radial profiles for the 21
and 40 kyr models are steeper than observations, indicating that the
model over-predicts the synchrotron emission closer to PSR 1826-
1334. This may be corrected by decreasing the rate at which the
magnetic field drops off with distance from the pulsar (V), allowing
electrons to escape the PWN at a faster rate. The outer edges of
the PWN experiences greater synchrotron losses at the cost of TeV
gamma-ray emission from IC interactions, flattening out the gamma-
ray surface brightness radial profile. This is demonstrated in the
10 and 20% variation of V shown in the top row of Figure D1
and Figure D2. Alternatively, decreasing the overall magnetic field
strength, ⌫0, decreases synchrotron losses towards HESS J1825-137
at the cost of increasing the gamma-ray to X-ray flux ratio. With
flux being dependent on the observational area, any changes to the
gamma-ray and X-ray ratio will be more prominent in the X-ray
SED as shown in Figure D1 and Figure D2.

To better fit the X-ray surface brightness radial profile, the
diffusion suppression coefficient, j, towards HESS J1825-137 could
be increased to allow electrons to escape further from the pulsar
before losing their energy to synchrotron radiation. High-energy
electrons rapidly lose their energy to radiative losses and remain
close to the pulsar, resulting in a shallower gamma-ray surface
brightness radial profile as shown in Figure D1 and Figure D2. As
the region used to extract the X-ray data is small (< 2?2) compared
to the HESS region (⇡ 49 pc), electrons quickly escape the X-ray
region while remaining in the HESS region. Thus the X-ray SED
far more sensitive to the value of j than the gamma-ray SED.

Both the surface brightness radial profiles and SED are very
sensitive to the injected electron spectral index, �, as seen in Fig-
ure D1 and Figure D2. If V, ⌫0 or j was altered to fit the observed
Suzaku X-ray surface brightness radial profile, the predicted SED
from the model will no longer fit to the data. In turn, the spectral
index can be modified to refit the modelled SED. Consequently,
the X-ray surface brightness radial profile will no longer match the
Suzaku observations.

The cutoff energies for the 21 kyr and 40 kyr models are 45 TeV
and 500 TeV respectively. As the cutoff energy for an exponential
cutoff power-law increases, the energy spectra starts to follow a
power-law. Hence, the systematic variation of ⇢

⇠
is less apparent

for 40 kyr than 21 kyr as seen in the fourth row of Figure D1 and
Figure D2 respectively.

APPENDIX E: ADDITIONAL FIGURES
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Figure D1. Model 1 (21 kyr) as in Figure 4 but with 10% (grey shaded band) and 20% (pink shaded band) variation in parameters.
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Figure D2. Model 2 (40 kyr) as in Figure 5 but with 10% (grey shaded band) and 20% (pink shaded band) variation in parameters.
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Figure E1: SED towards HESS J1825-137 for Model 1 (36 kyr,
green) shown vs Model 1 (40 kyr). A ‘bump’ is present in the
SED above 10 TeV for Model 1 (40 kyr) where radiative losses are
balanced by the electron injection luminosity. The 36 kyr model has
the same parameters as the 40 kyr model (see Table 2).
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Chapter 9

Conclusion and Future Work

This thesis investigated the origin of the radio to high-energy gamma-ray emission towards
the extended TeV Pulsar Wind Nebula (PWNe) HESS J1825-137 and adjacent source
HESS J1826-130. PWN constitute the largest source class in the H.E.S.S. galactic plane
survey (see Section 3.2.1) and have been identified as possible PeVatron source candidates;
a source capable of accelerate cosmic rays (protons and electrons) greater than 1 PeV =
1015 eV (see Section 2.2.4). The radio to gamma-ray emission towards HESS J1825-137
was modelled by linking cosmic-ray transport theory and radiative losses with ISM data
towards HESS J1825-137.

This thesis first investigated the extended GeV emission towards the Galactic-south of
HESS J1825-137 (named GeV-ABC) as revealed by Araya et al., 2019. The GeV emission
was subdivided into three regions (GeV-A, GeV-B and GeV-C) based on the three peaks
observed in the TS map by Araya et al., 2019. Using CO(1-0) data from the Nanten2
radio telescope, an analysis of the ISM towards GeV-ABC was undertaken in order to
identify any association of gas clouds with the GeV emission. It was noted that a dense
cloud of gas (= ⇡ 80 cm�3) correlated with the physical position of GeV-B in the velocity
range 15 � 30 km s�1 (1.6 � 2.8 kpc), coinciding with the distance estimate to LS 5039 of
2.5 kpc. The dense cloud also spatially correlated with a region of reduced HU emission
and the HU rims detected by Stupar et al., 2008 and Voisin et al., 2016 that are consistent
with the radius of the progenitor SNR of HESS J1825-137 (ASNR ⇡ 120 pc).

The radio to gamma-ray emission towards GeV-ABC was then modelled using a single-
zone model to determine the origin of protons or electrons within this region (see Chap-
ter 6). This study investigated whether these cosmic rays originated from the PWN
and/or the progenitor SNR associated with HESS J1825-137. It found that the pow-
ering pulsar (PSR J1826-1334) must inject more than 1037 erg s�1 of electrons, or more
than 1039 erg s�1 of protons to power GeV-ABC, exceeding the pulsar spin-down power
of 1036 erg s�1. Furthermore, the distance between the pulsar and GeV-ABC (⇡ 70 pc)
suggests that only electrons with energy greater than 10 TeV are able to reach the region
within the age of the system. Similarly, the progenitor SNR must inject > 1051 erg of
protons, compared to the canonical SNR cosmic-ray energy budget of 1050 erg. Unless
the extended GeV emission reflects an earlier, more powerful epoch of the PWN or the
progenitor SNR is a hypernova (with a cosmic-ray energy budget of 1051 erg), an acceler-
ator associated with HESS J1825-137 is unlikely to be sole origin of protons or electrons
towards GeV-ABC.

It was also postulated that the nearby X-ray binary system LS 5039 - either accretion
onto the associated compact object or its progenitor SNR - could result in the protons or
that power GeV-ABC (see Chapter 6). It was ascertained through single-zone modelling
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that to power GeV-ABC, LS 5039 required an injection luminosity greater than the average
accretion luminosity (⇡ 1035 erg s�1) or a minimum progenitor SNR energy budget of
1051 erg. Moreover, the estimated age of LS-5039 (⇡ 0.1 � 1 Myr) suggests that the
progenitor SNR would be merging with the ISM. Therefore, an accelerator associated
with LS 5039 by itself is unlikely to be the sole origin of protons or electrons responsible
for GeV-ABC. A combination of an accelerator linked to HESS J1825-137 and LS 5039
could explain the GeV emission.

The next part of this thesis modelled a 3D distribution of electrons towards
HESS J1825-137 (see Chapter 7) in order to predict the multi-wavelength emission seen
towards the PWN and to investigate the gamma-ray contamination of the nearby north-
ern TeV source HESS J1826-130. This was achieved by numerically solving the cosmic-ray
transport/loss equation over a 3D Cartesian grid of spatially-dependent number density
and magnetic field using finite di↵erence techniques (see Chapter 7). The H.E.S.S. Collab-
oration et al., 2019 suggested that both di↵usive transport and advection towards lower
Galactic longitudes was required to explain the asymmetric TeV morphology towards
HESS J1825-137. Three di↵erent models were considered; Model 1 - isotropic di↵usion,
Model 2 - isotropic di↵usion + advection and Model 3 - isotropic di↵usion + advection
+ turbulent gas between HESS J1825-137 and HESS J1826-130 (see Chapter 8).

For a characteristic age of 21 kyr, Model 1 required an electron injection luminosity
of 1037 erg s�1 to predict the multi-wavelength SED, while an older age of 40 kyr required
1035 erg s�1. This represents 1000% and 14% of the spin-down power of the pulsar respec-
tively, suggesting that the true age of HESS J1825-137 is older than what the character-
istic age suggests. Both ages could not explain the asymmetric gamma-ray morphology
towards HESS J1825-137 and over-predicted the gamma-ray SED below 2 TeV towards
HESS J1826-130.

Model 2 introduced an advective flow of 0.0022 with the same input parameters as
Model 1 (40 kyr). The multi-wavelength SED towards HESS J1825-137 predicted by
Model 2 (0.0022) remained unchanged compared to Model 1 (40 kyr). The gamma-ray
morphology was investigated in detail by taking slice profiles of the predicted gamma-ray
flux map towards HESS J1825-137 and the uncorrelated HESS excess maps revealed by
H.E.S.S. Collaboration et al., 2019. Model 2 was able to match the shape of the gamma-
ray morphology slice profile along Galactic longitude for photons < 1 TeV and greater
than 10 TeV. However, the slice profile between 1 TeV < ⇢ < 10 TeV was shallower com-
pared to the HESS results, suggesting that in the model the parent electrons were confined
within the PWN before escaping into the ISM. Notably, Model 2 still over-predicted the
gamma-ray emission < 2 TeV towards HESS J1826-130.

Turbulent motion in the ISM results in an amplification of the magnetic field and may
act as a barrier for electrons propagating into the ISM. Hence Model 3 introduced a shell
of increased magnetic field gas around HESS J1826-130 to replicate the observed turbulent
gas between HESS J1825-137 and HESS J1826-130 (Voisin et al., 2016). Model 3 found
that an ISM shell with ⌫ > 60 µG around HESS J1826-130 was required to lower the
inverse-Compton gamma-ray emission to those estimated by HESS. However, the X-ray
upper limit towards HESS J1286-130 constrained the shell to have a maximum strength
of 20 µG to avoid over predicting the synchrotron emission. This constraint violation sug-
gests further refinement of the model is needed to fully disentangle the particle transport
towards HESS J1825-137 and that the turbulent ISM may play a role in the emission from
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HESS J1826-130.

Future Work

Models 1, 2 and 3 in Chapter 8 made some simple assumptions of the modelled parameters.
For example, the detection of TeV halos around PWN like HESS J1825-137 suggest that
the transport of electrons within the vicinity around the pulsar is suppressed compared to
the surrounding ISM (e.g. see Evoli et al., 2018). However, the model used in Chapter 8
did not consider the spatial dependence of the di↵usion coe�cient. Similarly, it has
been proposed that advection dominates close to the pulsar and di↵usion dominates the
outer reaches of the nebula (e.g. Giacinti et al., 2020; Recchia et al., 2021), while the
model here assumed isotropic di↵usion with a constant 2D advective flow. Hence, future
modelling towards HESS J825-137 and other PWN will consider di↵usion and advection
to be radially dependent on the distance to the pulsar.

The model assumed that the position of the electron injection source does not change
over time. Asymmetry in the progenitor SNR will result in the pulsar gaining a kick-
velocity up to 300 km s�1 (Kolb et al., 2017), leading to the powering pulsar being dis-
placed up to ⇡ 6.5 pc for the characteristic age of 21 kyr. This and asymmetry in the
SNR reverse shock may contribute to the asymmetric gamma-ray morphology towards
HESS J1825-137 and will be included in the future. Similarly, the model assumed a
time-independent magnetic field with decreasing strength from the distance to the pulsar.
Due to conservation of magnetic energy density, the average magnetic field is expected
to decrease over time. Hence, the magnetic field used in the model can be considered
as the time-averaged magnetic field over the age of the system. Future predictions of
HESS J1825-137 or similar PWN will consider a time-dependent magnetic field.

Chapter 7 and Chapter 8 considered the pulsar to only be a source of electrons and
neglected cosmic-ray protons and positrons. However, studies such as Bell, 1992; Gallant
and Arons, 1994; Li et al., 2010; Ohira et al., 2018; Xin et al., 2019; Liu and Wang,
2021 suggest that PWNe may have an additional hadronic component which would also
contribute to the secondary emission of electrons from proton-proton interactions. Future
implementation will consider the co-evolution of protons, positrons and electrons and their
contribution to the SED of the PWN.

HESS J1825-137 is only one of the 20 confirmed PWNe in the H.E.S.S. Galactic Plane
Survey (H.E.S.S. Collaboration et al., 2018a). Clearly, the 3D model discussed in Chap-
ter 7 could be applied a population of PWNe and future work could investigate the
evolution of PWNe properties (e.g. multi-wavelength morphology and SED, injection
spectrum and luminosity, ect). This would provide understanding on how cosmic rays
and the surrounding ISM influences the evolution of PWNe.

The next-generation Cherenkov Telescope Array with its improved sensitivity and
angular resolution (CTA Consortium et al., 2019) will significantly increase the number
of detected PWNe. Features in the gamma-ray morphology around known PWN and the
SED at the highest energy (> 10 TeV) will be resolved in finer detail compared to current
gamma-ray instruments. The modelling conducted in Chapter 7 and Chapter 8 could
be used to predict the gamma-ray morphology towards PWNe and design future CTA
observations using the python package Gammapy (Deil et al., 2017).
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Finally, the modelling conducted in this thesis is not limited to PWNe and can be
used to predict the multi-wavelength emission around other particle accelerators such as
SNRs and massive stellar clusters.



Appendix A

Supernova Remnants

A SNR is the expanding remains after a supernova event. SNRs have long been proposed
as a site for cosmic-ray acceleration (Baade and Zwicky, 1934b). In this section I will
briefly describe the evolution of SNRs.

A.1 The Supernova

Approximately two to three supernovae occur in the Milky Way per century (Mills et al.,
1984; Tammann et al., 1994). Supernova are historically classified based on their light
curves (a plot of the source’s intensity vs time) and absorption lines. Type I supernovae
tend to have no hydrogen absorption lines and light curves rapidly peak (⇡ 1 � 2 days)
and then slowly decay (Vink, 2020). In contrast, Hydrogen absorption lines are observed
in Type II supernovae and do not have as high a maximum in their light curves as Type
I supernova (Vink, 2020). Type I and II supernova can be further subdivided based on
the appearance of silicon or helium absorption lines and the shape of their light curve.

White dwarves are the remnant of stars whose mass was not su�cient to form a
neutron star or black hole. As stars are typically born in groups, the white dwarf can
accrete matter from its companion. This companion is normally another white dwarf or
star. Once the mass of the white dwarf exceeds the Chandrasekhar limit (1.4 "�), electron
degeneracy pressure cannot withhold gravitational collapse and the star goes supernova.

Figure A.1:
Supernovae
are historically
categorised
into di↵erent
classifications
based on their
absorption line
and light curves.
Image courtesy
of Vink, 2020.
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Supernovae with white dwarves as their progenitor are known as Type Ia supernova. A
star with enough mass (& 8 "�) undergo core collapse to form a neutron star or black
hole. These type of supernova tend to form Type Ib, Type Ic and Type II supernovae.
See Fig. A.1 for further classification of supernovae based on their absorption lines and
light cuves.

A.2 Stages of a Supernova Remnant

Figure A.2: Illustration of the for-
ward and reverse shocks of a SNR in
its Sedov-Taylor phase of its evolu-
tion. Image courtesy of Vink, 2020

A supernova releases around 1053 erg of energy,
with 99% of this energy being channelled into high-
energy neutrinos. The remaining 1051 erg mostly
goes into kinetic energy. Approximately 10 to 20%
of the kinetic energy (1050 erg) is transferred into
accelerating cosmic rays (Helder et al., 2012). The
supernova ejects material into the ISM at super-
sonic speeds (up to 10% the speed of light). The
interaction of ejected material with the ISM forms
a shock wave ahead of the material which, in turn,
creates a shell of plasma (Vink, 2020). The evolu-
tion of the SNR can be divided into four stages:

A.2.1 Free Expansion Phase

Also classified as the ejecta-dominated phase, this
phase occurs when the ejected mass from the su-
pernova outweighs the mass of the swept up ISM
("ej > "sw) and can last for hundreds of years up to a thousand years after the initial su-
pernova (Reynolds, 2008). A supernova with kinetic energy ⇢ ejects material with speed
(Bamba and Williams, 2022):

E =

s
2⇢

"ej
⇡ 104

⇥
km s�1

⇤
. (A.1)

The outermost shell interacts with the ISM forming a shock wave (forward shock) and
a shell of ‘shocked’ plasma which radiatively cools and decelerates (Woltjer, 1972). The
ejecta behind this shell is now moving faster than the shocked plasma shell and collides,
forming a reverse shock which propagates inwards relative to the forward shock. SNRs
in the free expansion phase tend to be bright in X-rays due to synchrotron emission from
high-energy electrons. An example of a SNR in its expansion phase is G1.9+0.3 with an
age of ⇡ 100 yr and situated close to the Galactic centre. (Reynolds et al., 2008)

A.2.2 Sedov-Taylor Phase

When the swept up material outweighs the mass of the ejected material ("sw > "ej), the
Sedov-Taylor (aka energy-conservation phase) begins. Radiative losses (through thermal
and synchrotron radiation) are negligible and the SNR remnant expands adiabatically
with radius and velocity (Sedov, 1959):

' / C 25

+ / C� 3
5 .

(A.2)
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Di↵usive shock acceleration (see Appendix C) is believed to accelerate cosmic rays up
to TeV energies. These cosmic rays escape the SNR and interact with the surrounding
ISM via proton-proton interactions (Section 2.3.2) to produce gamma-rays. SNRs in their
Sedov-Taylor phase are still bright in X-rays through synchrotron radiation and last up to
⇡ 20 kyr. Cassiopeia A is an example of a SNR entering its Sedov-Taylor phase (Truelove
and McKee, 1999).

A.2.3 Snow-Plough Phase

Expansion of the SNR slows down as the system ages (see Eq. A.2). When the shock
velocity reaches 200 km s�1 and temperatures are below 106 K, ionised atoms (e.g. hydro-
gen) recombine with free electrons and emit electromagnetic radiation in the radio-optical
spectrum (Woltjer, 1972). This is known as the Snow-Plough phase where the expansion
is governed by the conservation of momentum rather than energy (Vink, 2020). The age
at which a SNR is estimated to reach its Snow-Plough phase is given by:

CSP = 446

✓
⇢51

=� cm�3

◆ 1
3

, (A.3)

where = is the density of the ambient medium (Vink, 2020). An SNR in its Snow-
Plough phase expands in a rate ' / C

1/4 (Woltjer, 1972). The SNR associated with
HESS J1825-137 is believed to be entering the Snow-Plough phase based on the charac-
teristic age of the associated pulsar and observed HU lines (Voisin et al., 2016).

Merging with the Interstellar Medium

The SNR expansion velocity continues to slow down until it reaches the speed of sound
in the ISM and the SNR dissipates (⇡ 10 km s�1) (Woltjer, 1972). SNRs tend to have a
lifetime approximately 1 million years.
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Di↵usive Shock Acceleration

At Earth, the energy spectrum of cosmic rays have been measured up to 1020 eV (see
Section 2.2.3). But how do cosmic rays reach these enormous energies? Fermi, in 1949,
proposed a mechanism where cosmic rays are accelerated through the interaction with
magnetic field irregularities in ISM gas clouds (Fermi, 1949). However, the amount of
energy gained through these interactions is relatively small to explain the highest energy
cosmic rays observed at Earth. Fermi’s original theory was modified in the 1970s to
consider the acceleration of cosmic rays as they travel through a shock wave generated
by, for example, a SNR (Krymskii, 1977; Axford et al., 1977; Bell, 1978a; Bell, 1978b;
Blandford and Ostriker, 1978). This is known as di↵usive shock acceleration.

B.1 Fermi’s Original Theory

In Fermi’s original theory, a cosmic ray with energy ⇢1 scatters of a ISM gas cloud
(travelling at velocity E2 in the lab frame) at angle \1 (see Fig. B.1) and exits the cloud
with energy ⇢2 and angle \2. Using Lorentz transformations, the original energy in the
cloud frame (primed frame) is given by:

Lab Frame Cloud Frame

θ1
E2

E1'

E2'

E1

θ2 θ1' θ2'vc
vc

Figure B.1: In the lab frame (left), a cosmic ray with energy ⇢1 enters an ISM cloud
(travelling at speed E2) at angle \1 and scatters o↵ magnetic field turbulence and exits
the cloud with energy ⇢2 and angle \2. The same process is shown in the right, but in
the reference frame of the cloud (labeled as primed).
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⇢
0
1 = W2⇢1(1 � V2 cos \1) , (B.1)

where V2 = E2/2 and W2 = 1/
p

1 � V2
2
. The scattering is collisionless (elastic) in the

reference frame of the cloud, giving ⇢01 = ⇢
0
2. The final energy in the lab frame is then:

⇢2 = W2⇢02
�
1 + V2 cos \02

�
= W2

2
⇢1

�
1 + V2 cos \02

�
(1 � V2 cos \1) ,

(B.2)

giving the cosmic-ray fractional energy gain to be:

�⇢
⇢

=
⇢2 � ⇢1

⇢1

=
1 � V2 cos \1 + V2 cos \1 + V22 cos \1 cos \02�

1 � V2
2

� � 1 .
(B.3)

Considering the average fractional energy gain (h�⇢/⇢i), the outgoing direction of the
cosmic ray in the clouds reference frame is randomised. Therefore, hcos \02 = 0i. To
calculate the average original cosmic-ray angle (hcos \1i), consider the ISM cloud traveling
a distance E2C in a ‘sea’ of cosmic rays travelling at speed ECR (see Fig. B.2). In time C,
all cosmic rays in length ! will enter the cloud. For relativistic cosmic rays (Ecr � E2),

! = C
q
E
2
CR + E2

2
� 2ECRE2 cos \1

⇡ C (ECR � E2 cos \1) .
(B.4)

For a spherical cloud of radius A and cross-section f = cA2, the collision rate, ', is:

' =
=CR!f

C

= =CRf(ECR � E2 cos \1) ,
(B.5)

where =CR is the cosmic-ray density. For an isotropic cosmic-ray distribution, d=CR /d cos \1 =
=CR/2 for �1 < cos \1 < 1, the collision rate is described by:

' =
=CR!f

C

=
=CRf

2

π 1

�1
d cos \1 (ECR � E2 cos \1) .

(B.6)

giving the probability distribution of collision at angle \1 to be ?coll / (1 � V2) for rela-
tivistic cosmic rays. The average value of cos \1 is then:

vCRtL θ1vct
Figure B.2: A ISM cloud travelling at speed E2 in a ‘sea’ of
cosmic rays. In time C, the cosmic rays in path ! with speed
ECR will enter the cloud.
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hcos \1i =
Ø 1

�1 d cos \1 ?coll cos \1Ø 1

�1 d cos \1 ?coll

= � V
3

.

(B.7)

Combining Eq. B.3, Eq. B.7 and that hcos \02i = 0:

h�⇢
⇢

i =
1 � V2hcos \1i + V2 cosh\1i + V22 hcos \1ihcos \02i�

1 � V2
2

�
=

4

3
V
2
2

.

(B.8)

The average fractional energy gain is positive and second-order in V2 (Fermi’s original
theory is also known as second-order Fermi acceleration). ISM gas clouds have velocity
⇡ 15 km s�1, resulting in a small fractional energy gain that cannot explain the highest
energy cosmic rays observed at Earth. (Fermi, 1949).

B.2 Di↵usive Shock Acceleration

Di↵usive shock acceleration is a modified version of Fermi’s original theory that considers
acceleration at a shock front (e.g. SNR shock). The shock travels at velocity EB in the
upsream reference frame (the region of ISM that has not been ‘shocked’) with a ISM gas
cloud downstream of the shock having velocity E2 (see Fig. B.3). In the reference frame
of the shock, the material upstream of the shock travels towards the shock at velocity
*1 = EB and the downstream cloud now has velcoity *2 = EB � E2. The compression ratio
is defined to be the mass density ratio of the shocked and unshocked material:

A =
d2

d1
, (B.9)

where d1 and d2 are the densities upstream and downstream of the shock respectively.
From conservation of mass:

d1*1 = d2*2 = �
) *1 = A*2 ,

(B.10)

where � is a constant. From conservation of momentum:

�*1 = �*2 + %2 , (B.11a)

with %2 being the pressure downstream. From the conservation of energy:

1

2
�*

2
1 =

1

2
*

2
2 +*2(n2 + %2) , (B.12)

where n2 is the downstream internal energy. Combining Eq. B.10, Eq. B.11 and Eq. B.12
gives the compression ratio to be:

A = 1 + 2n2
%2

, (B.13)

and A takes values 4 and 7 for monatomic non-relativistic and relativistic gas respectively
(Drury, 1983).
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From Eq. B.10, the velocity of the downstream material (in the shock reference frame)
can be expressed in terms of the compression ratio:

E2 = EB �*2 = EB �
EB

A

)
E2

EB

=
A � 1

A

,
(B.14)

For non-relativistic particles E2/EB = 3/4.

Now consider the scenario shown in Fig. B.4, where a cosmic ray of energy ⇢1, velocity
ECR and angle \1 travels upstream to downstream of the shock and scatters o↵ a ISM
cloud travelling at velocity *02. The cosmic ray, with energy ⇢2, travels back upstream
at angle \2. The rate that cosmic rays travel upstream to downstream (D ! 3) and
downstream to upstream (3 ! D) is given by:

'D!3 (\1) ⇡ �=CRECR cos \1, 90� < \1 < 180� (B.15)

'3!D
�
\
0
2

�
⇡ =CRECR cos \02 0� < \2 < 90� , (B.16)

giving the probability of crossings to be:

?D!3 (\1) / � cos \1
?3!D (\1) / cos \02 .

(B.17)

Therefore, the average values of cos \1 and cos \02 are:

hcos \1i =
Ø 0

�1 cos \21 d cos \1Ø 0

�1 cos \1 d cos \1
= �2

3

⌦
cos \02

↵
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2
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(B.18)

Combining Eq. B.3 and Eq. B.18 gives the average fractional energy gain:

⌧
�⇢
⇢

�
=
V
2 + 4

3 V + 4
9 V

2

1 � V2cloud
, (B.19)

Shock Frame

Upsteam

Upstream Frame

Downsteam UpsteamDownsteam

U2=vs-vc vc vs

vc

U1=vs

ρ1, P1, ε1ρ2, P2, ε2

Figure B.3: A shock travelling through the ISM with velocity EB in the upstream reference
frame. (left) In the reference frame of the shock, the material upstream travels towards
the shock at velocity *1 = EB. The material downstream of the shock travels at velocity
*2 = EB � E2, where E2 is the velocity of an ISM gas cloud in the upstream reference frame
(right). The material upstream and downstream of the shock have densities, pressure and
internal energy d, % and n respectively.
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UpstreamDownstream

Shock

vc

vs

E1
θ1

θ2

E1 E1

E1

E2

E2 E2

E2

Figure B.4: Aa cosmic ray of
energy ⇢1 travels upstream
to downstream of the shock
with no change of energy.
The cosmic ray scatters o↵
magnetic field tubulence in
a cloud downstream of the
shock and passes back up-
stream of the shock with en-
ergy ⇢2. This process can re-
peat or the cosmic ray can es-
cape the system.

where V2 = E2/2. For V2 ⌧ 1:

⌧
�⇢
⇢

�
⇡ 4

3
V (B.20)

Each time the cosmic ray travels back and across the shock, the cosmic ray has increased
its energy by a factor EB/2, where EB ⇡ 104 km s�1 for SNR shocks Therefore, di↵usive
shock acceleration is far more e�cient than Fermi’s original theory in accelerating cosmic
rays. Di↵usive shock acceleration is also known as first-order Fermi acceleration as the
average energy gain is first order with V2.

B.2.1 Cosmic-Ray Energy Spectrum

To calculate the energy spectrum of cosmic rays accelerated by di↵usive shock accelera-
tion, the probability of the cosmic ray escaping to the the shock must be calculated. The
probability of escape is the ratio of the rate that cosmic rays are lost downstream and the
total rate that cosmic rays cross the shock upstream to downstream (?esc = 'loss/'C>C).
The rate that cosmic rays are lost downstream is:

'loss = =CR*2 = =CR
EB

A

, (B.21)

and the total rate that cosmic rays travel upstream to downstream can be obtained by
integrating Eq. B.15 over all possible angles:

'C>C =
1

4c

π 0

�1
d cos \1 2c'D!3 (cos \1)

=
=CRECR

4
.

(B.22)

This gives the probability of escape:

?esc =
4EB
AECR

. (B.23)

The integrated energy spectrum, # (> ⇢) is proportional to the probability that a cosmic
ray returns to the shock after : crossings:

# (> ⇢) / ?ret = (1 � ?esc): , (B.24)
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where the cosmic ray has energy:

⇢: = ⇢0

✓
1 + �⇢

⇢

◆
:

) : =
ln(⇢/⇢0)

ln(1 + �⇢/⇢)

(B.25)

with ⇢0 being the original cosmic-ray energy. Giving:

# (> ⇢) = ⇠
✓
1 � 4EB

AECR

◆
:

, (B.26)

where ⇠ is a constant. The integrated energy spectrum can be expressed in terms of a
power-law, # (> ⇢) = �⇢��, with:

� = �
ln

⇣
1 � 4EB

AECR

⌘

ln
⇣
1 + 4EB (A�1)

3A2

⌘ . (B.27)

For non-relativistic shocks such as a SNR (EB ⌧ 2), � ⇡ 3/(A � 1). The di↵erential energy
spectrum becomes:

d#

d⇢
/ ⇢�(A+2)/(A�1) . (B.28)

For strong shocks, A = 4, the di↵erential energy spectrum takes form d#
d⇢ / ⇢�2.



Appendix C

Finite Di↵erence Techniques Applied
to the Transport Equation

Often, di↵erential equations cannot be solved analytically unless in certain scenarios.
Finite di↵erence techniques are utilised to solve di↵erential equations numerically by ap-
proximating derivatives by finite di↵erences. This section will describe the basics of finite
di↵erence techniques and the application to the transport equation.

C.1 Di↵usion

The di↵usive component of the transport equation (see Eq. 7.1) is described by:

m=(W, C, ÆA)
mC

= r
⇣
¯̄
⇡ · r=(W, C, ÆA)

⌘
. (C.1)

A region of interstellar gas can be split into a 3D grid of voxels. Each voxel has width
�G, �H and �I. Assuming that di↵usion is isotropic ( ¯̄

⇡ ⌘ ⇡), Eq. C.1 at position G, H, I
and time C becomes:
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(C.2)

where 8 represents the three cartesian axes G, H and I. Assuming that di↵usion is spatially
independent, m⇡

m8
= 0, the Taylor series expansion of = around point 8 becomes:
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where =C
8
⌘ =(W, C, 8) for readability. Assuming �8 ⌧ 1, Eq. C.3 becomes:
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where $
�
�83

�
is a truncation error due to higher orders. Rearranging Eq. C.4 to first

order gives:
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where Eq. C.5a and Eq. C.5b are the forward and backward di↵erence respectively. The
central di↵erence can be found by combining Eq. C.5a and Eq. C.5b:
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(C.6)

The second derivative of = can be found by combining Eq. C.3a and Eq. C.3b up to the
second order:
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Applying the forward di↵erence to the LHS of Eq. C.2 and central di↵erence to the RHS
of Eq. C.2 for time step �C:
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For homogeneous di↵usion (r⇡ = 0, i.e. ⇡8+�8 = ⇡8��8):
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where D = ⇡�C/�82.

C.1.1 Stability of the Finite Di↵erence

Von Neumann stability analysis (or Fourier stability analysis) can be used to check the
numerical stability of finite di↵erence techniques (Isaacson, 1966). For a general solution:

*
C+�C
8

=
=’

<=�=
⇠<*

C

8+<�8 , (C.10)

where there are 2=+1 points to calculate *8
C+�C , the error, nC

<
, with respect to the analytical

solution is:
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n
C

<
= *C

<
� DC

<
, (C.11)

with DC
<

being the analytical solution at point <, C. Then, n< satisfies Eq. C.10:

n
8

C+�C =
=’

<=�=
⇠<n

8+<�8
C

, (C.12)

For linear di↵erential equations with periodic boundary conditions, the error can be
treated as a time-dependent Fourier expansion with wave number : (Stochastic Partial
Di↵erential Equations 2014).:

n (G, C) = �C4 9 :8 , (C.13)

where 9 is the complex number and Eq. C.13 is the time-dependent spatial Fourier ex-
pansion with wave number :. For the solution to be stable:

⌧ =
�����

C+1

�
C

����  1 , (C.14)

with ⌧ being the amplification factor. Therefore:

n
C+1
8

= �C+14 9 :8

n
C

8+1 = �
C

4
9 : (8+�8)

n
C

8�1 = �
C

4
9 : (8��8) .

(C.15)

Applying Von Newmann stability analysis to the transport equation, Eq. C.13 becomes:

�
C+1
4
9 :8 = �C4 9 :8 + D

⇣
�
C

4
9 : (8+�8) + �C4 9 : (8��8) � 2�C4 9 :8

⌘
�
C+1

�
C

= 1 + D
⇣
4
9\ + 4� 9\ � 2

⌘
= 1 + D(2 cos \ � 2)

= 1 � 4D sin2
\

2
,

(C.16)

where \ = :�8. For the solution to be stable, | �C+1
�
C
|  1. Hence:

1 � 4D sin2
:�8
2
� �1

& 1 � 4D sin2
:�8
2
 1 .

(C.17)

As 0  sin2 :�8
2  1, Eq. C.9 is stable when:

D = ⇡
�C
�82
 1

2

�C  �82

2⇡

����
min

.
(C.18)

where �C considers the minimum time step across the three Cartesian axes.
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C.2 Advection

The advective component of the transport equation is given by:

m=(W, C, ÆA)
mC

= �r(=ÆE�) , (C.19)

where ÆE� ⌘ [EA,x, EA,y, EA,z] is the advective velocity of cosmic rays. Assuming ÆE� is
spatially independent:

m=(W, C, ÆA)
mC

= �ÆE�r=

m=

mC

����
C

8

= �
’
8=G,H,I

EA,i
m=

m8

,
(C.20)

where 8 considers the three Cartesian axes G, H and I. Applying the forward di↵erence to
the LHS of Eq. C.20 and the central di↵erence to the RHS:

=
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8
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8
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8+�8 � =C8+�8
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(C.21)

where E0
8
= EA,i�C/�8. Applying the Von Neumann stability analysis to Eq. C.21:
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4
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(C.22)

with \ = :�8. As | �C+1
�
C
|  1:

�����
C+1

�
C

���� = 1 + E0
8

2 sin2 \  1 . (C.23)

Therefore, the numerical solution of advection that utilises a central finite di↵erence is
only stable when:

sin2 \ = sin2 (:�8)  0 . (C.24)

i.e. the solution is only stable when the error function (see Eq. C.11) has wave number:

:�8 = =c , (C.25)

where = = 0, 1, · · ·. Therefore, the numerical solution of advection that utilises central
finite di↵erence methods is unstable. Instead, the forward and backward di↵erence in
spatial coordinates can be applied to Eq. C.20:

=
C+�C
8

= =C
8
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�C
�8

�
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C

8+�8 � =C8
�
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8
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8
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�8

�
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8
� =C

8��8
�
, Backward Di↵erence . (C.26b)
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Applying the Von Neumann analysis for the forward di↵erence:

�
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�
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8
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(C.27)

and the backward di↵erence:
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The forward and backward di↵erence can be summarised as:

�
C+1

�
C

= 1 ± E0
8
(1 � cos \) ± 9E

0
8
sin \ . (C.29)

Therefore:
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(C.30)

For the finite di↵erence to be stable:
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(C.31)

As (1 � cos \) � 0:

1 � ±EA,i
�C
�8

. (C.32)

i.e. Eq. C.32 is stable when a particle has speed less or equal to the ‘maximum’ speed
(�8/�C) implied by the voxel size and time step. When EA,i  0, only the forward di↵erence
is stable. Similarly, when EA,i � 0, only the backward di↵erence is stable.
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Variance of di↵usion in = dimensions

The variance is a measurement of dispersion, comparing the standard deviation of a
random variable to the population mean. The variance of function 5 (G) is defined as:

Var(-) = f2

= ⇢
⇣
-
2
⌘
� ⇢ (-)2 ,

(D.1)

where ⇢ (-=) is the expected value of variable -=:

⇢ (-=) =
π 1

�1
G
=

5 (G) dG . (D.2)

The distance that cosmic rays have travelled via di↵usion (see Section 2.2.2 and Sec-
tion 7.1) can be approximated by the radius containing 1f = 68% of the particles, Af.
This Appendix will calculate the variance (therefore Af) for di↵usion in 1D, 2D and 3D.

D.1 1D Di↵usion

For 1D isotropic di↵usion, the solution to the transport equation for an impulsive accel-
erator injecting cosmic rays at C = 0 and G = 0 in a di↵usion-only scenario (see Eq. 5.36a):
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Therefore:
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(D.4)

and:
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(D.5)

164



D.2. 2D DIFFUSION 165

This gives the variance in 1D:

Var(G) = 2⇡C , (D.6)

where 'f =
p

2⇡C represents the radius containing 1f ⇡ 68% of cosmic rays.

D.2 2D Di↵usion

For 2D di↵usion, the solution to the transport equation for an impulsive accelerator
injecting cosmic rays at C = 0 and A = 0 in a di↵usion-only scenario (see Eq. 5.36a):

=(A) = 1

4c⇡C
exp

✓
� A

2

4⇡C

◆

A
2 = G2 + H2 .

(D.7)

For two variables - and . with expected values ⇢ (-) and ⇢ (. ), the expected value of
- + . is:

⇢ (- + . ) = ⇢ (-) + ⇢ (. ) . (D.8)

Therefore, the expected value of A2:
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(D.9)

The variance in 2D is:

Var(A) = 4⇡C . (D.10)

D.3 3D Di↵usion

For 3D di↵usion, the solution to the transport equation for an impulsive accelerator
injecting cosmic rays at C = 0 and A = 0 in a di↵usion-only scenario (see Eq. 5.36a):

=(A) = 1

c

3
2 'di↵

exp

 
� A

2

'
2
di↵

!

'di↵ =
p

4⇡C ,

(D.11)

where A2 = G2 + H2 + I2. As with 2D di↵usion:

⇢

⇣
A
2
⌘
= ⇢

⇣
G
2
⌘
+ ⇢

⇣
H
2
⌘
+ ⇢

⇣
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= 2⇡C + 2⇡C + 2⇡C

= 6⇡C .

(D.12)

The variance in 3D is:

Var(A) = 6⇡C . (D.13)
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The radius containing 1f = 68% of cosmic rays 'f =
p

Var(A) =
p

6⇡C does not equate to
the ‘di↵usion distance’, 'di↵ =

p
4⇡C, defined in literature (e.g. see Atoyan et al., 1995) .

Note that by taking a slice along the 3D energy distribution (e.g. =(G, H, I = 0)),
the radius (A2 = G2 + H2) containing 68% of cosmic rays reverts back to the 2D situation
('f =

p
4⇡C).



Appendix E

Miscellaneous Tables

Energy (GeV) 11 12 13 U

�
)?

�
V

�
)?

�
W

�
)?

�
_

1  )? < 5 9.53 0.52 0.054 - - - -
)thr  )?  1 - - - 1.0 ^ 0 -
1 < )?  4 - - - 1.0 ` + 2.45 ` + 2.45 3
4 < )?  20 - - - 1 1.5` + 4.95 ` + 1.50 3

20 < )?  100 - - - 0.5 4.2 1 3
)? � 5 9.13 0.35 0.00953 - - - -
)? > 100 - - - 0.5 4.9 1 3

` = 5
4@

5/4 exp(�5@/4), @ =
�
)? � 1 GeV

�
/<?, ^ = 3.29 � 1

5\
�3/2
?

Table E.1: Parameters for the hadronic gamma-ray spectra from a proton
with kinetic energy )? based on GEANT4 modelling by Kafexhiu et al.,
2014. See Section 2.3.2 for further detail.
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