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Abstract

Synthetic aperture radar is a well established technique for imaging the ground to one side of
an airborne platform.

Moving target detection is a very useful capability for a long range sensor.

The combination of synthetic aperture radar and moving target detection has the potential
to produce high resolution ground imagery with superimposed moving target information. Un-
fortunately, using conventional imaging data for detecting moving targets leads to ambiguities
in the targets’ positions and velocities.

By utilising a non-uniform pulse repetition interval, the proposed ground imaging / moving
target detection radar overcomes this limitation and allows the azimuthal data to be focussed
at any velocity of interest, whilst collecting data at the same average rate as a conventional
synthetic aperture radar. This approach permits the flexible use of a multimode radar, relaxes
the specifications of data acquisition systems, affords a degree of protection against electronic
countermeasures and retains a large unambiguous range swath, but with the added complexity
of processing the non-uniform samples. This thesis investigates the technique in detail,
incorporating optimal target detection strategies and azimuthal beam patterns, and demonstrates

it using simulations of non-uniform transmissions with real data.
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XXxii GLOSSARY
Definitions
These are the definitions of some terms used in this thesis:

Conventional SAR This is a synthetic aperture radar (SAR) which operates in stripmap mode
with its single antenna directed towards a scene of interest at broadside. It travels in a
straight line at a constant velocity and transmits chirp pulses at a fixed pulse repetition
frequency which is slightly greater than the 3 dB Doppler bandwidth. The returns are
processed using phase corrections (which compensate for the transmitted waveform and

changing radar-target geometry) to form a focussed image of the scene.

Imaging Graphically representing the estimated reflectivities of the scene at a set of discrete
positions results in a two dimensional image of the ground. (If the position of a known
scatterer were to be estimated, the process would be known as ‘parameter estimation’.)
Moving targets may be defocussed since their precise motions are not fully compensated
for. (With inverse SAR, the motion compensated imaging of a moving target which
undergoes a significant aspect change during the observation period produces a picture of

the target itself. This is useful for identification.)

Ground clutter The distributed, stationary scatterers in a radar scene are known as ground

clutter.

Moving target indication, MTI This is the process of determining the existence of a moving
target using a radar which transmits at a pulse repetition frequency (PRF) high enough to
oversample the spectrum of the ground clutter. The clutter is filtered out using a high pass
filter, revealing the presence or otherwise of a moving target (which has a Doppler shifted
spectrum). With a PRF low enough to avoid range ambiguities, this scheme has inherent
blind speeds which result from the moving target’s signal being subsampled and so made
to overlap the ground clutter in the sampled spectrum: it is inadvertently removed by the
filtering process. This problem is normally overcome by combining results from multiple

PRFs.

Since target spectra may lie within the clutter spectrum, and targets may not have a purely

radial velocity, MTT is a less sensitive moving target detector than MTD.

Moving target detection, MTD This refers to both determining the existence of, and estimat-

ing the velocity of, moving targets. A bank of narrowband filters is applied to the radar
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data to detect targets moving with certain parameters corresponding to the parameters
of the filters. This sensitive procedure may therefore combine detection and parameter

estimation.

Parameter estimation The process of establishing the position and/or motion parameters of

a moving target which is known to be present.

Radar cross section, RCS A moving target is detected when the magnitude of its (coherently
integrated) radar return sufficiently exceeds that of the clutter. The amplitude of a single
return depends upon the target’s effective area, as seen by the radar; this is known as
the radar cross section. More formally, it is the equivalent capture area of an isotropic
radiator which causes the same field strength to appear at the radar receiver as the actual

target, assuming antenna far field effects (Skolnik 1990).
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CHAPTER 1

Introduction

1.1 Motivation

Radar has been in continuous use since its invention early this century. Its ability to detect,
locate and determine the velocity of objects at ranges beyond human vision, especially in
situations of poor visibility, has made it a necessity of modern life. It has applications from
air traffic control to surveillance and target identification. Radars have been used for years in
civilian aircraft for weather avoidance, and in fighter aircraft for airborne target acquisition
and tracking, fire control and many other tasks (Stimson 1983, Skolnik 1990).

Coherent radars have the ability to combine returns over a period of time: incorporating
phase information from slight differences in the relative radar-target position permits the
fine resolution of individual scatterers comprising an object (Wehner 1995). Applying this
principle to a moving, side looking radar results in a synthesised antenna which can distinguish
reflectivities from patches of ground, separated by a few metres, at ranges of tens or hundreds
of kilometres. This is analogous to a very long phased array of antenna elements. Such a
synthetic aperture radar, or SAR, is a relatively modern invention; its photograph-like results
have applications in ground mapping, remote sensing and wide area surveillance (Cutrona
1990, Curlander and McDonough 1991, Wehner 1995).

Early in the history of radar it was noticed that moving targets may be detected by exploiting
the Doppler effect on the radar return. This had important military consequences. It was
said that movement was the Achilles heel of ground forces since it made them detectable
beyond visible range by moving target indication (MTI) radar (Fowler 1996). The US Army
investigated MTI radars which could be temporarily deployed to detect the enemy without

giving away its own presence. It researched launching devices including mortars and flying

1



2 CHAPTER 1. INTRODUCTION

discs. Airborne MTI radars are now commonplace (Shrader and Gregers-Hansen 1990).

The more useful process of both finding the moving targets and determining their velocities
is known as moving target detection (MTD).

There is great potential for a radar which can simultaneously image the ground at high
resolution and indicate the positions and velocities of any moving targets, i.e., SAR MTD.
Such radars exist; the Joint Stars radar, which was demonstrated during the Gulf War, is
one such example. Another is the AN/APG-76 (Tobin 1996). Civilian applications of this
technology include traffic monitoring and search and rescue. SAR MTD can also be used to
detect a moving target and prime the activation of an inverse SAR target recognition system by
predicting when the vehicle will reach a turn in the road (Fowler 1996). (If the target undergoes
an aspect change of several degrees, it may be imaged at high resolution with so-called inverse
SAR (Wehner 1995).)

There is even more potential for a SA/MTD radar which uses a minimum number of
transmissions: a modern multimode radar has many tasks, only one of which may be ground
imaging/MTD. If this only requires few, irregular transmissions, the radar may be able
to perform other tasks, such as searching for, tracking and identifying airborne targets by
transmitting between the ground imaging pulses. In addition, there is the concern of sensitivity
to electronic warfare (Farina 1990): radars are far more difficult to classify and/or mislead if
their behaviour is unpredictable. Long unambiguous range swaths are also possible with a low
average pulse repetition frequency (Wehner 1995).

This thesis addresses the problem of a minimum transmission SAR MTD system by investi-
gating moving target detection and imaging using a chirp compression radar with non-uniform

pulse repetition intervals (PRIs).

1.2 Thesis Outline and Contributions

The main contribution of this thesis is an analysis of the novel application of
a non-uniform pulse repetition interval to a synthetic aperture radar for both

moving target detection and ground imaging.

This thesis investigates a non-uniform PRI SAR MTD system by presenting background
information, including the principles of SAR and existing SAR MTD techniques, and deriving
a moving target ambiguity function which is used to explore its properties. Optimal detection

and parameter estimation theory is applied, the imaging performance is investigated and the
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THESIS OUTLINE AND CONTRIBUTIONS 3

idea is demonstrated by resampling uniformly sampled real data.

This research required the fusion of several areas of work:

SAR and other high resolution radars,

the narrowband range-Doppler ambiguity function,
classical radar moving target indication and detection,
non-uniform sampling theory, and

optimal methods: detection and estimation theory. (Classical radar moving target indica-

tion and detection are a subset of this.)

This thesis is comprised as follows:

Chapter 2 discusses the literature, covering the preliminary theory of synthetic aperture
radar and the effects of moving targets. Existing SAR moving target detection techniques
are covered in detail. Radar waveforms and non-uniform sampling issues, including

spectral estimation and filtering, are also discussed.

Contribution: A non-uniform PRI is proposed for SAR MTD and justified

heuristically.

The moving target ambiguity function of a stripmapping SAR is discussed in Chapter 3.
This describes the degree to which a moving target is focussed when the ground is fo-
cussed, and vice versa. It is important that this function approximate a ‘thumbtack’,
maximising the radar’s ability to distinguish moving from stationary targets. This chapter
serves as an introduction to later chapters; it formulates both range and azimuthal com-
pression and considers moving target detection, parameter estimation and ground imaging

using simplifying assumptions which are not made in later chapters.

Contributions: The SAR moving target ambiguity function is derived and its
properties are discussed. The effects of a non-uniform PRI are discussed with
respect to the discrimination between moving and stationary targets. The case of
two staggered PRIs is discussed in detail. The expected ambiguity function for
a random PRI is derived and its performance is formulated for several sampling

schemes.



CHAPTER 1. INTRODUCTION

¢ Optimal moving target detection theory is applied to a SAR with a non-uniform PRI in

Chapter 4.

Contributions: This chapter draws together many references to derive optimal
conventional and non-uniform PRI SAR target detection filters, figures of merit
and receiver operating characteristics. A new clutter cancellation technique is

presented.
e Chapter 5 investigates the estimation of the parameters of moving targets.

Contribution: The first part of this chapter applies maximum likelihood tech-
niques to estimate the amplitude, position and polynomial phase coefficients of
a signal in coloured noise, with arbitrary sample times. The issue of bias is

considered.

e The lower variance bounds on the estimates of moving target motion and position pa-
rameters are also derived in Chapter 5 by considering the SAR moving target estimation
problem in its most general form as one of estimating the parameters of a polynomial

phase signal model.

Contributions:  The bounds on the estimation of the polynomial phase pa-
rameters are derived for non-white noise and arbitrary sample times. They are
of particular interest when the probability density functions of the transmission
times are incorporated into the formulation. It is shown that, in the limiting case,
non-uniform sampling results in estimates which are as accurate as the estimates
from uniformly sampled data, despite them not suffering from aliasing effects.

The analytical results are supported by simulation.
e Chapter 6 discusses imaging issues.

Contributions: ~ The contributions of this chapter are maximum likelihood
SAR imaging with a non-uniform PRI and the application of various sidelobe
reduction techniques, including maximising the integrated sidelobe ratio (which
also specifies optimal transmission times). The probability density functions
of the transmission times are also incorporated, leading to the expected beam

patterns for several sampling schemes.
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¢ A non-uniform PRI SAR is simulated by resampling real data in Chapter 7.

Contribution: Non-uniform SAR MTD is demonstrated by resampling and fil-
tering uniformly sampled real data to simulate non-uniform transmission times.
The parameters of a moving target are estimated, and it is shown that the target
can successfully be distinguished from the ground in circumstances where a con-
ventional SAR would confuse the two. A comparison between the conventional
and non-uniform PRI SAR ground-focussed images shows no appreciable dif-
ference in image quality, which is emphasised by a demonstration of the clutter

cancellation technique proposed in Chapter 4.

e The research is summarised and conclusions are drawn in Chapter 8. This chapter includes

a list of future research topics.
e There are five appendices.
— Appendix A lists properties of a generalised form of the Woodward ambiguity func-
tion,
— Appendix B discusses SAR clutter modelling,
— Appendix C derives the lower variance bounds for biased estimators,
— Appendix D derives the complex Gaussian Fisher information matrix, and

— Appendix E discusses optimal radar transmission times.






CHAPTER 2

Background Information

This chapter covers some of the theory this thesis is based upon. It discusses the principles of
synthetic aperture radar (SAR), moving target detection (MTD) and non-uniform sampling and
reviews the literature regarding existing SAR MTD techniques. It also proposes an alternative
SAR MTD method.

After discussing the fundamental theory of SAR in Section 2.1 and radar moving target
indication and detection in Section 2.2, the effects of moving targets are covered in Section 2.3.
This is followed by a brief explanation of radar waveforms and the Woodward ambiguity
function in Section 2.4. Section 2.5 categorises and discusses existing SAR MTD techniques.
The proposed SAR MTD technique is introduced in Section 2.6. Non-uniform sampling theory
is discussed in Section 2.7, both generally and in the context of SAR, and SAR performance

measures are presented in Section 2.8.

2.1 Synthetic Aperture Radar Fundamentals

SAR is a method of obtaining real time, high resolution images of the ground to one side of a
moving platform (Cutrona 1990, Curlander and McDonough 1991, Wehner 1995). Achieving
one metre resolution from a range of tens of kilometres requires an antenna hundreds of
metres long. It is impractical to carry a physical antenna of these dimensions aboard an air-
or spaceborne platform; however, such an antenna may be synthesised by combining radar
returns from a single target using a realisable antenna as the platform travels. This is analogous
to phased array processing, but with one time shared array element rather than many operating
simultaneously. See Figure 2.1 for a representation of this.

Applications for SAR are many and varied due to its day/night and all-weather capability;

7
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SAR platform T
position(0, ) ———
velocity (0, w) <

azimuth

(R, y)

range

(0,0)

Figure 2.1: Simplified stripmapping SAR geometry in the plane of the radiation. One antenna
element is moved along the length of the aperture being synthesised. The platform’s altitude
has not been shown.
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detection transmission

Figure 2.2: An overview of SAR processing.

they include ground mapping, remote sensing, search and rescue, ground target identification
and the detection of moving targets, in both the defence and civilian areas.

To form an image, a SAR has to resolve radar scatterers in both the slant range (or just
range) and azimuthal dimensions. The former is done by controlling the transmitted pulse’s
waveform, the latter by combining the returns from an ensemble of such pulses. See Figure 2.2
for an overview of SAR processing.

SARs may operate in a number of different modes, depending upon the imaging geometry.
Forming an image continuously with the antenna pointed normally to the direction of travel is
known as broadside stripmap mode. Having the antenna pointing at a fixed, arbitrary angle

is squint mode, whereas continuously aiming the antenna at a specific target, thereby seeing
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it undergo a large aspect change, is known as spotlight mode. If the motion of the target
itself allows imaging, we have inverse synthetic aperture radar, which is excellent for target
identification. Although any movable platform may theoretically carry a SAR, an aircraft will
be assumed here.

The main reference for the following theory, describing SAR fundamentals, is (Wehner

1995).

2.1.1 Range Information

The first objective is to achieve high resolution in range.

A transmitted pulse with a duration such that the radiation travels a distance of only
twice the desired resolution is difficult to generate: the amplitude required to provide an
adequate detection performance is very large. However, matched filtering can be used to both
maximise the receiver output signal to noise ratio for a given transmitted energy and allow
independent control of the length of the transmitted pulse and the range resolution (Curlander
and McDonough 1991, page 132). With such a filter, a long pulse with a wide bandwidth and
achievable average power can satisfy both detection and resolution criteria. This technique is
commonly used in a wide variety of high resolution radars. The signal used most often in SAR
systems is the linear-FM, or chirp pulse.

The chirp waveform, representing the linear frequency ramp f = f. + Kt, is given by

s(t) = rect(%—) cos(27r[fct + Kt2/2]) ,

where ¢ is time, f. is the centre (carrier) frequency, 7} is the uncompressed pulsewidth, K is

the chirp rate (in Hz/s) and

1, ifft] <3,
rect(t) =
0, otherwise.

Typically for SAR, s(t) is considered to be a narrowband signal since the large absolute
bandwidth (tens of megahertz) is still small when compared with its centre frequency (say
X-band, or ten gigahertz). This bandwidth, B, is approximately KT;. It can be shown that
this provides slant range resolution

¢
Ar, = —,

2B

where c is the speed of propagation.

A stationary point target with complex reflectivity / at range delay 7(u), where u is the
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position of the SAR (Figure 2.1), has the response

s'(tu) = |p| rect(f%(u)) cos(27r {fc [t —7(uw)] + K [t —7(u)]? /2})

(neglecting the amplitude of the transmitted signal, the propagation attenuation loss and system
noise). The baseband response (after mixing with a reference signal at frequency £, and

quadrature demodulating) is therefore

(2.1)

t — T(u)> e—jzw{fc‘r(u)—KL':—Tz&lﬁ}.
I

s'(tyu) = ﬁrect(

The fundamental azimuthal resolution limits of real and synthesised antennas will now be

discussed.

2.1.2  From Real to Synthetic Aperture

Assuming a uniform taper, a physical phased array comprised of N elements separated by

distance d has the beam pattern

sin (ﬂ'M 51n(0))

0) = )
1) sm(7r§ s1n(0))

2.2)

where @ is the angle relative to broadside and )\ is wavelength and the array has weights chosen
to steer the main beam at broadside (Johnson and Dudgeon 1993, Stimson 1983, Cashman

1997). Since the same antenna is used for reception, the two-way pattern for large N and small

0 is
sm Q
f2(6) [ ( )] (2.3)

A
D
50
where D = (N — 1)d is the length of the antenna. Thus the 3 dB beamwidth is

8, ~ 0.64\/D

and the null-null beamwidth

0,0, = 2M/D.

The first sidelobe is at —26.8 dB relative to the main lobe.
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The antenna’s spatial resolution at range R is given by

Pra — R ara

which is very poor at long range when D is small.

Alternatively, the antenna could be mounted on a moving platform and directed normally
to its motion, as shown in Figure 2.1, with the radar storing complex returns as the platform
travels. Combining them forms a synthetic array.

Simply summing the returns over the length of this array results in an unfocussed SAR.
The best resolution which can then be achieved is p,, ~ 0.5V R\ (Curlander and McDonough
1991, page 22).

An aperture may be synthesised by travelling a distance
L(R) = Rb,, (24)

(the width of the real antenna beam at range R).
This synthesised array has an element to element phase shift which is twice that of the
real array, due to the two-way travel of the radiation, and has no one way pattern. For

omnidirectional elements, its unweighted pattern is

so that its 3 dB beamwidth is
0,, ~ 0.447/L

(compared with 0.64)\/ D for the real case) and the null-null beamwidth
Osan = AL

(which is half the real case). The first sidelobe is at —13.4dB.

Using the latter beamwidth result (without qualification), it is commonly stated that a
synthetic antenna therefore has half the resolution of a real antenna of the same length (e.g.,
(Stimson 1983)). This is doubly misleading: not only is it the null-null beamwidth rather than
the 3 dB beamwidth, but sidelobes are not considered (Cashman 1997): the SAR’s sidelobes
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are worse than those of the real array. If the SAR’s response were weighted using a triangular
shading function, its modified response would be identical to that of the real array.

The best possible (Rayleigh) spatial resolution of the synthetic array is given by

5]

Psa = Ras

DO | g
LY
3 |>'5‘§9

- D)2, 2.5)

which is half that of the horizontal dimension of the real antenna aperture used as synthetic
array elements, and is independent of range.

To achieve this, the data have to be focussed by correcting the phase variation which
results from the distance to the target changing as the SAR platform travels. The position of
the platform therefore has to be measured to a fraction of the wavelength (which is 3 cm at

X-band).

2.1.3 Azimuthal Information

Referring to the SAR geometry in Figure 2.1, the position-dependent range delay between the

radar and a stationary target at (R, y) is given by

(u) = 2d(u)/c

= %\!Rz + (u — y)>.

The radar return, s'(t,u), Equation (2.1), is valid only while the target is in the antenna
beam. The width of this beam, L(R), is given by Equation (2.4).

It is the form of the phase response which is of interest. If we assume that the beam
illuminates the target uniformly, and neglect the amplitude of the transmitted signal, the

propagation attenuation loss and system noise, the baseband response to a point target is given

by
s'(tyu) = p rect(t _;l(u)> rect(i&g

Anexponential argument in Equation (2.6) can be simplified by a Maclaurin series expansion

_jzw{—-x—z\' Bt il ftmrfl? 2}
) e . (2.6)
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to be in the form
bl

VRE+@ ~ R+ %, @7

where R? > a* (Wehner 1995). s'(t,u) can therefore be written

t— —_ -2 2R (“-yzz_rt—rguzz
s'(tyu) = ﬁrect< ;l(u))rect(z_(%)e”{ﬁ K5 }

= ps"(t,u).

The overall phase response to a point target therefore appears as the sum of a constant offset and
two quadratic functions. The constant phase offset is related to the wavelength and minimum
target range. The quadratics represent the slowly varying azimuthal response and the rapidly
varying range compression pulse response respectively. Since the azimuthal phase response is
quadratic, it is commonly referred to as an “azimuthal chirp”. (It is often said to be a result
of Doppler effects, despite the fact that the SAR and target may be stationary during the radar
transmissions.)

In order to approach the ideal D /2 azimuthal resolution (Equation (2.5)), the focussed SAR
needs to correct for these phase variations. This can be achieved by applying the filter g(¢, u),
which is matched to the form of the target’s return: g(¢,u) = s”(—t, —u). Note that this filter

is a function of range.

2.1.4 PRF Selection
Lower PRF Limit

To avoid aliasing ambiguities, the radar’s uniform pulse repetition frequency (PRF), f,, must
exceed the frequency which ensures that a stationary target’s two-way distance never changes

by more than half a wavelength between samples. i.e.

oz 2ma( 200 /5

A

2

5 (Zv,, sin(6,,/2) )
20,0,5/2
(o),

20,04
A 3

therefore,

IE = (2.8)
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where v, is the platform’s speed in the azimuth direction relative to the stationary target.
+vp0,4/ ) is the frequency extent of a signal returned by a scatterer from the ground. (f, only
needs to be larger than this, and not larger than twice this, since the samples are complex.)
This frequency extent is known as the “3 dB Doppler bandwidth”, By, and is independent of
range. Under these conditions, the maximum resolution (Equation (2.5)) may be obtained.
For example, if v, = 70m/s, ,, = 1.5°and A = 3.2cm, By = 115Hz. In practice, to avoid
azimuthal ambiguity a safety margin is used to allow for beam pointing errors and a beamwidth
greater than the 3dB 0,,. Azimuthal ambiguity is manifested as a target appearing in more

than one azimuthal position in an image.

Upper PRF Limit

To avoid range aliasing effects, which result from simultaneous returns from two pulses in
flight, the unambiguous range interval must be sufficiently large that returns from the ground
at ranges other than the one of interest do not degrade the signal to noise ratio. (In the worst
case, this ambiguity prevents the absolute determination of a target’s range with a conventional
radar (Stimson 1983). In SAR, however, the Doppler rates of the targets will differ, allowing
them to be distinguished by azimuthal focussing (Tomiyasu 1993). However, this phenomenon
is generally ignored by the literature, and SAR upper PRFs are chosen according to the same
criteria as used for one dimensional radars (e.g., (Wehner 1995)).) This imposes an upper limit
on the range extent being imaged, known as the range swath, R,. Thus there is the restriction
that

fs < ¢/2R,. (2.9)

The distance to the horizon is

Rh ~ V2rh

(e.g. (Hovanessian 1984, pages 179-180)) where r ~ 6350 km is the radius of the Earth and A
is the altitude of the radar above the surface of the Earth. For example, if h = 10000m, R =
370km; if this represented the upper limit of an airborne radar’s range swath, its lowest upper
PRF limit would be

fs < 405Hz.

Alternatively, for B; = 50km, f, < 3kHz. Therefore, range ambiguity is usually only a
problem for spaceborne, rather than airborne, SARs due to their higher range swaths and

ground speeds; under these conditions, the PRF needs to be high to satisfy the minimum
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sampling rate requirement, Equation (2.8).

Additional PRF Considerations

f, may also be chosen so that nulls is the synthetic antenna beam are placed on sidelobes of
the real antenna beam.
Also, the data logging, processing or digital transmission capability of the SAR may

ultimately impose restrictions on the selection of the PRF.

2.2 Radar Moving Target Detection

Moving targets are detected with radars using their Doppler frequency which differs from that
corresponding to the ground.

The Doppler frequency is the difference between the frequency of the radar’s transmitted
signal and the received signal. This frequency shift phenomenon may be explained in two
ways. Firstly, it is analogous to the familiar change in the pitch of a sound; an object transmits
wavefronts which propagate at a uniform velocity, so they become more closely spaced as the
target moves towards the observer, resulting in a higher frequency. This viewpoint involves
actual motion between the source and the receiver. Alternatively, there is a geometrical
viewpoint: a target moving a distance of half a wavelength towards the radar will cause the
radar to see a phase change of 360°; therefore, moving at half a wavelength per second towards
the radar results in a Doppler shift of 1 Hz. (This interpretation is appropriate when discussing
synthetic aperture radar, since it is a physical aperture being synthesised and no motion is
required per se.)

Radar moving target indication (MTI) is the process of determining the existence of 1
moving target in a particular region without necessarily finding its velocity. This is achieved
using a high PRF and filtering out the clutter from the resulting Doppler spectrum. (Clutter is
the unwanted signal due to returns from stationary targets on the ground.) For the indication of
ground targets in strong clutter, incoherent cancellation techniques may work well; in addition,
high frequencies should be used so that targets with slow speeds can be detected (Staudaher
1990).

Alternatively, the data may be passed through a bank of filters tuned to different moving
target velocities. A filter output larger than a threshold indicates the presence of a moving

target; the parameters of the corresponding filter are an estimate of the parameters of the target.
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This process is known as moving target detection, MTD.

Classical optimal filtering theory, which assumes a particular model for the environment,
may be applied to the MTI/MTD problem. This is done is Chapter 4. However, real-world
complications, such as non-stationary rain clutter, may be better addressed using ad hoc

techniques (D’ Addio and Galati 1985).

2.3 The Effects of Moving Targets on SAR

This section discusses well known SAR moving target phenomena (e.g., (Raney 1971)). A
more detailed discussion may be found in Chapter 3.

Since the Doppler shifts associated with slowly moving targets are very much smaller than
the bandwidth of the range compression chirp (kilohertz compared with tens of megahertz),
only their azimuthal phase responses are of interest (Freeman 1984). Furthermore, moving
targets will be accurately focussed in range even when treated as if stationary.

The azimuthal chirp, derived in Section 2.1.3, can be approximately specified by two
parameters apart from the target’s azimuthal position, neglecting range migration effects:
frequency shift (“Doppler centroid”) F. and frequency rate (“Doppler frequency rate”) F\,,
viz:

v(t) = V) = 2r(Fact+Fart’/2) (2.10)

ignoring a constant phase term. (The Doppler centroid is “the Doppler frequency caused by
the relative motion between the sensor and a target in the azimuth beam centre line” (Runge
and Bamler 1989).) These terms are controlled by the velocity components of a moving target:

using the instantaneous frequency-phase relation

1 dp(t)

fi:27r dt ’

it can be shown that, for a target moving with velocity (R, y) at slant range R, these are

Fy = —? (2.11)

and

2(v, — y)?
F, = B ¢ 2.
dr V7 (2.12)

for a narrow antenna beamwidth, where the radar has velocity v, and operates at wavelength ).
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In practice, the Doppler centroid may be nonzero for a stationary target since the SAR platform
may have some lateral motion. Of course, if R = 3 = 0, the formulations would correspond
to the scenario described in Section 2.1.3.

The automatic estimation of the Doppler centroid and frequency rate are known as “clut-
terlock” and “autofocus” respectively (Li, Held, Curlander and Wu 1985). (Clutterlocking
is of vital importance to spaceborne SAR systems since the instantaneous ground Doppler is
unknown due to errors in the antenna’s pointing direction and the spacecraft’s velocity and
position (Elachi 1988, page 143).) Due to their similarity, clutterlocking and autofocussing
techniques may provide insight for SAR MTD.

It was shown in Section 2.1.4 that if v, = 70 m/s, the antenna’s azimuthal 3 dB beamwidth
6., = 1.5° and A = 3.2cm, the Doppler bandwidth is 115Hz. If this is the radar’s PRF,
sufficient to image the ground, we see that, with zero azimuthal motion, any range motion will
cause part of the azimuthal chirp to become aliased, and targets moving faster than +3.3 kph
will have their Doppler centroids aliased. If R = 4100 kph, F;, = 3480 Hz— 30 times larger
than the Doppler bandwidth. (If the radar were to use this as its PRF to see these targets, its
unambiguous range swath would be under 50km!) It is therefore desirable to image moving
targets unambiguously with a lower PRF'.

The bandwidth of the azimuthal chirp is dependent upon azimuthal velocity; it is given by

20ra

Bs = 5

lvp — 9. (2.13)

If y = 0, this is equivalent to the 3 dB Doppler bandwidth, or minimum PRF (Equation (2.8)).

A ground-focussing matched filter gives a peak response when v(t) crosses 0 Hz. This time

is dependent upon a cross coupling between the chirp’s centroid and position, hence y and R,
leading to an azimuth/Doppler ambiguity. The apparent azimuthal shift of a target is

RR RO,

AY ~ (— +

Up

R,

) mod (RO,,) — (2.14)

(Raney 1971), which is valid if Rt < R and § < v,. As an example, if R = 30km, R = 1 m/s
and v, = 7T0m/s, AY ~ 430m!

Figure 2.3 shows the first order effects of moving targets on a ground-focussed image. In

UIf the data processing is performed over a long interval, a lower PRF may be used since the azimuthal chirp
is no longer linear, leading to a lower crosscorrelation with a return from the ground. However, this would negate
some advantages of the technique.
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Figure 2.3: The first order effects of moving targets on a SAR image.

Figure 2.3(a) the SAR platform and targets are shown at time ¢, with A stationary, B moving in
range and C' moving in azimuth. Figure 2.3(b) shows the corresponding azimuthal frequencies
at all ranges. A’s linear chirp is centred on 0 Hz, B’s is similar but offset and C’s has a
different slope. (The PRF is assumed to be Z 2B, so as to unambiguously sample target B.)
Figure 2.3(c) shows the resulting ground-focussed image, with A focussed, B displaced and
C partially focussed (neglecting range migration effects).

Figure 2.4 shows the general moving target imaging case, including smearing due to range
migration. This figure is similar to (Raney 1971, Figure 3(B)). (Since the radar may have a
range resolution in the order of a few metres, it is possible that the target will traverse several
range cells during the measurement period.)

As an aside, the Doppler rate is very sensitive to target range acceleration; it becomes

2 [(v, — §)* + RR]

Fy = —— .
dr AR

This has implications for imaging moving targets, which requires coherent integration over

a period of time. The normal assumption of linear motion may not be valid, resulting in a
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Figure 2.4: The general appearance of a moving target’s return after being processed as if the
target were stationary. It appears as a displaced, defocussed, stationary scatterer.

mismatch between the target’s signal and the filter. This produces a defocussed image which
makes velocity and position estimation difficult, and reduces the radar’s ability to detect moving
targets in areas of strong clutter. The result may be an image which is no better focussed than
the object shown in Figure 2.4.

(If the assumption of linear motion is not made, so that the motion has to be estimated,
better results may be obtained. This technique, inverse SAR, may allow the imaging of the

target itself, but is inapplicable to target detection.)

2.4 Radar Waveforms

Conventionally, a radar signal’s ambiguity function (AF) is the crosscorrelation of that signal
with a time delayed, frequency shifted version of itself. This describes the radar receiver’s
response when it passes the signal returned from a distant, moving point target through a filter

matched to the original signal. This asymmetrical, narrowband AF is written

o0

Xsey(T18) = / s(t)s*(t — ) e™ 2™ dt (2.15)

—00

(Blahut 1991), where s(t) is the radar’s transmitted signal, 7 is the delay between the signal’s
transmission and reception and ¢ is the Doppler frequency shift caused by the radar-target
relative motion. This is known as the Woodward ambiguity function. (The properties of

Equation (2.15) are a subset of those discussed in Appendix A.)
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The corresponding cross AF is

o

Xa(t)r(t)(T> &) =/ s(t)r*(t — ) e 2 dt, (2.16)

-0

This is used when the receiver’s filter is different from the transmitted signal.

The magnitude of Equation (2.15) is commonly used to characterise the signal s(t), or,
conversely, the desired AF may determine the signal to be used by a particular radar. The
difficult problem of designing signals from AFs is discussed by Vakman (1968) and Wong,
Luo and Jin (1993). The desired envelope of Equation (2.15) depends, for example, upon
the required range and Doppler resolutions. A ground-based radar searching for the presence
of aircraft requires an ambiguity function which has a large magnitude for the entire range
of possible ¢. Alternatively, a radar wishing to accurately estimate both targets’ velocities
and positions requires a ‘thumbtack’ AF, whose magnitude is large at the origin and small
elsewhere. Under these circumstances it is possible to tune the receiver’s filter to achieve the
largest output, thereby estimating the target’s range and Doppler parameters.

In practice the AF may have spurious peaks or a periodic repetition, making it difficult to
estimate the parameters of the target. The objective of special radar waveforms is to help the
ambiguity function more closely resemble the ideal thumbtack by removing the periodicity
in the signal. This may be possible by using irregular frequency, phase or timing variations
(Blahut 1991, p. 23), reducing the signal’s autocorrelation away from the origin: there are no
general ways of working backwards from a desired AF to the required signal. To give some

examples:

e rather than broadcasting periodic pulses for atmospheric sounding, Sulzer (1986) describes
a long, phase switched pulse radar waveform to make full use of a klystron power stage.
This stage would otherwise be inefficient, since the klystron is powered whether or not

signals are being transmitted.

e Golestani, Chandrasekar and Keeler (1995) discuss a staggered PRI scheme with dual

polarisations for weather radars.

¢ Martin, Jain and Bolton (1994) doubled the range resolution in a SAR system without
collecting any more data by randomly switching between two range compression chirp
signals with adjacent spectra. This resulted in an increased detection performance with

the penalty of increased imaging sidelobes.
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e In planetary SAR imaging with an Earth-based radar (using, for example, the antenna
at Arecibo), there is a two way positioning ambiguity: both in range and azimuth. This
‘overspread’ problem may be overcome using a random radar waveform, as discussed
in detail by Hagfors and Kofman (1991) and with regard to the imaging of Mercury by
Harmon and Slade (1992).

The moving target ambiguity function for a SAR is derived in Chapter 3, and it is shown
that the ambiguities inherent in a conventional SAR may be overcome using irregularities in
the timing of the radar’s transmissions. (Interestingly, the waveform s(t) cannot be directly
controlled by the radar in the SAR case since it is dependent upon the azimuthal geometry.

The transmission timing is the only degree of freedom available (Section 3.2.5).)

2.5 Existing SAR MTD Techniques

This section summarises existing SAR moving target detection (MTD) techniques. They have
been classified in Table 2.1. The proposed technique, discussed in Section 2.6, has been
included in the table for comparison.

The functions listed in the table are

Indication The technique indicates the existence of moving targets without necessarily finding

their parameters.
Estimation The technique estimates targets’ velocities and positions.

Imaging The technique focusses the target in two dimensions (possibly to estimate its param-

eters).
The data required by the techniques have been classified thus:
Conventional The technique uses data from a conventional SAR.

Oversampled The technique requires a higher PRF than a conventional SAR (to avoid aliasing

problems), or the collection of more data.
Radar modifications have also been classified:

Hardware modification The radar is different in some fundamental way from a conventional

SAR (e.g., it has several antennas).
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Technique Moving target function Data Radar mod.
Indication | Estimation | Imaging || Conv. [ Oversamp. || Hard. | Wav.
Change detection * * *§
Standard MTI * * *
‘True’ Doppler * *1t *
Freq. detection * * * *
Shadow detection * *
Prefiltering * *
DPCA * * *
Phase detection * * *
1D hopped freq. * * *
Clutterlock 88 * *
Autofocus 88 * *
Doppler rate * * *
Coord. transform * * *
Phase asymmetry * * *
Range walk * * *
Clutter cancel. * *
STAP, etc. * * * w1 *
Wigner-Ville, etc. * * *§i *§t
ISAR * * *
Proposed *it * * *

§:  The site of interest must be revisited by the radar.

§§:  This function is possible using some implementations of the technique.

§t:  This type of data may be required by some implementations of the technique.

f: Range rate is estimated.

t:  The PRF may be low; however, there are many receiving channels.

t1:  Moving target indication may be performed using clutter cancellation techniques.

Table 2.1: SAR MTD summary. See the text for the meanings of the column headings.

Waveform modification The transmitted waveform differs from that of a conventional SAR.

There are many techniques which operate using oversampled data to unambiguously deter-
mine the target’s Doppler, reflecting the greater ease with which MTD may then be performed.

The techniques are:

Change detection The concept is to detect movement over a lon g time frame (hours or days)
by finding the differences between two SAR images of the same scene. There are two

main problems, discussed by White (1991) in detail:

Geometric correction The images have to be adjusted so they can be correctly registered.
This is to take account of unknown aircraft motion, turbulence, efc., as well as any

differences in the fields of view, which may not be perfectly aligned.

Image interpretation Speckle will cause differences between the images which need to

be accounted for, with no prior information as to the area being imaged.
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A third problem is the long delay between the sensor seeing the target on the first pass
and the decision that a target was present, which is made only after the second pass. It is

far more useful to detect a moving target with only one visit to an area.

An alternative approach is to find the difference between low resolution multilook images

(Ouchi 1985). This is discussed under ‘Range walk detection’.

Standard MTI Moving target indication (MTI) involves transmitting at a high PRF and
observing the spectrum of the returns, using the principle that moving targets are separated
in frequency, or ‘Doppler shifted’, from stationary ones (‘ground clutter’) (Shrader and
Gregers-Hansen 1990). Using several PRFs avoids aliasing-related ambiguities (via the

Chinese remainder theorem).

This technique gives range rate information, rather than two dimensional velocities,

images or accurate positioning.
‘True’ Doppler See under ‘Clutterlocking techniques’.

Frequency detection D’ Addio, Di Bisceglie and Bottalico (1994) expand on Raney’s sugges-
tion of using a PRF which is sufficiently high to cover the necessary azimuthal frequency

range (Raney 1971). It should be

fs > 2|ch,maz + Bd,mar/2l7

where Fy. qr and By m,, are given by Equations (2.11) and (2.13) respectively with their
maximum velocity values substituted. Moving targets are found using a bank of Doppler

filters.

Shadow detection Novak (1996) described a technique applicable to very high resolution
millimetre-wave SARs. It relied on the moving target being displaced from its actual
position in the ground-focussed image: since the vehicle is masking the road, there will

be a dark patch on the road at the vehicle’s position. (A ‘shadow’, as it were.)

Prefiltering To detect moving targets, Freeman (1984) suggests oversampling, high pass
filtering (to remove ground clutter), and subsampling to the 3 dB Doppler bandwidth.
This will alias moving target signals to frequencies below the Doppler bandwidth. The
normal stationary target matched filter may then be used; any bright scatterers which

appear represent moving targets. Problems include blind speeds (where targets are
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aliased into the ground bandwidth) and its suboptimal detection of targets moving in
azimuth —these have a similar Doppler centroid, but a different Doppler rate from that

of the ground (Equation (2.12)).

Displaced phase centre antenna Stone and Ince (1980) describe a SAR system which has
two identical, identically aligned antennas and forms an image with each. Since the
trailing antenna receives when it is in the position occupied by the leading antenna when
it received, the images formed should be identical if all targets are stationary. The
difference between them indicates the existence of moving targets. This is a special case
of along-track interferometry. Hammerle (1990), Smith and Clarkson (1992) and Coe
and White (1995) also discuss DPCA techniques. The JSTARS radar, which received

much publicity during the Gulf War, operates on similar principles.

Another existing radar is the AN/APG-76 multimode radar system (Tobin 1996), which
may be fitted to existing aircraft. This has simultaneous ground mapping and moving
target detection capability with Doppler beam sharpening and spotlight imaging modes.

It uses a high PRF and many receiving apertures.

The main DPCA problems are with antenna differences and misalignment; space-time

adaptive processing may be more robust for SARs with array antennas.

Phase detection Raney (1971) and (1992, pages 10-11-12) suggests transmitting pulses in
pairs with small intervening delays, or receiving with two antennas. Subtraction of the
returns results in a phase shift which has a characteristic indicative of moving targets.
This is an approximation to the DPCA technique. Note that subtraction is the optimum

method if the clutter is highly correlated.

Hopped frequencies Wehner (1995, pages 213-20) discusses the use of a radar waveform
modification to obtain unambiguous range/velocity information in a one dimensional
synthetic range profile with a stepped frequency radar. Instead of using a conventional
monotonic frequency firing order, he randomises it, achieving an improved range/Doppler

ambiguity.

Costas (1984) suggests a specific order which implements an almost ideal ‘thumbtack’

range/Doppler ambiguity function, making independent measurements realisable.

This technique could be applied directly to a SAR with synthetic range compression, since

the PRF is high. (Stepped frequency SAR is covered by Wehner (1995, page 277-286).)
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Its implications for chirp SAR, the radar of interest, are less apparent: fundamentally, the
pulse is too short for the target to have moved significantly during the time it illuminates

the target.

Clutterlocking techniques Since they both address the problem of estimating an unknown
Doppler centroid, clutterlocking techniques may provide insight for SAR MTD. The
difference is that clutterlocking is concerned with the scene as a whole, typically averaged
to reduce the effects of data discontinuities, whereas MTD is concerned with isolated

targets.

Ideally, one would estimate the unambiguous Doppler centroid, F., in
Fic = kfo+ Fa (2.17)

(Chang and Curlander 1992, page 941) where k is an integer, f; is the PRF and ﬁ’dc is the

ambiguous Doppler centroid estimate. Most clutterlocking techniques find only Fy..

Antenna beam correlation Curlander and McDonough (1991, page 223) discuss basic
clutterlocking techniques. The most fundamental exploit the fact that the power
of the Doppler spectrum around its centroid should be the same as the two-way
antenna characteristic: they crosscorrelate the two, before or after range or azimuth

compression.

Range subaperture correlation Doppler centroid ambiguity may be resolved by cross-

correlating multilook images (Curlander and McDonough 1991, page 240).

A slightly different approach is to carry out multilook processing and deduce the error
in the assumed Doppler centroid iteratively by comparing image energies (Curlander

and McDonough 1991, page 227).

Multiple PRFs Chang and Curlander (1992) describe the use of multiple PRFs to un-
ambiguously determine F);, in Equation (2.17). The technique involves transmitting
at one PRF for a second, then another for a second, and staying on a third for the
duration of the required measurement. The actual centroid is then determined using
the Chinese remainder theorem, as per conventional MTI systems, but based on the
three F;,s. This estimate is continuously updated during the entire measurement
period using conventional techniques. The PRFs are retransmitted in reverse order

at the conclusion of the measurement for checking purposes.
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Apart from the data averaging issue and the use of multiple PRFs at only the start
and finish, this concept could be applied to SAR MTD.

Multifrequency SAR Runge and Bamler (1989) suggest that a multifrequency SAR can
unambiguously resolve the Doppler centroid. This is because the centroid is inversely
proportional to wavelength (Equation (2.11)). In addition, the lower the operating
frequency, the lower the required PRF: a Doppler centroid measurement at L-band

may be used to correct an image taken with a higher PRF, simultaneously, at X-band.

‘True’ Doppler Moving targets cause a shift in the frequency of the received signal
relative to the transmitted signal. (This is a true Doppler shift.) If it is measured, the

target’s velocity will be known. This is very difficult in conventional SAR since

o the target’s Doppler shift will be a few hundred hertz compared with the pulse

compression signal’s bandwidth of tens of megahertz, and

e the ambiguity function of a typical pulse compression signal, a linear chirp, does
not have a sharp peak. Itis analogous to the moving target azimuthal compression

problem with a conventional SAR.

When this technique is used for Doppler centroid estimation, many spectra have to

be averaged to reduce speckle noise (Runge and Bamler 1989).

Autofocussing techniques Due to the similarity in effect between SAR platform velocity
errors and targets moving in azimuth, autofocussing techniques provide insight for target

velocity estimation.

Most SAR processors perform autofocussing, the estimation of azimuthal Doppler rate,
in the same manner as clutterlocking: by exploiting the antenna beam pattern (Curlander
and McDonough 1991, page 234). Alternatively, some use the fact that the image contrast
decreases when the speed parameter is erroneous, and perform an iterative estimation.
This is Doppler rate filtering. (Ping and Zongzhi (1996) use a wavelet transform.) The
concept is applied to SAR MTD in (Barbarossa 1989, Peyregne 1996). Filters tuned to
different Doppler rates may be able to distinguish moving from stationary targets, even

though their spectra may overlap.

Another technique is to track the phase of the return from a bright scatterer. This may be

used with moving targets provided that there is a sufficiently high signal to noise ratio.
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Coordinate transformation Yang and Soumekh (1992) and (1993) show that a moving target
can be imaged by processing its data as if it were a stationary squint mode target, with
the focussing parameters dependent upon the target’s velocity — to a first approximation,

the two situations are analogous. (See Section 3.4.3.)

Correction of moving target phase asymmetry Chen and McGillem (1991) describe a
scheme whereby the quadratic phase asymmetry of moving targets is removed prior

to conventional SAR processing.

A threshold frequency is used to detect a moving target, viz conventional MTL. There is

a higher sampling rate than that of a conventional SAR.

Range walk detection A moving target may traverse more range cells during the azimuthal
integration period than a stationary target (Raney 1971). This can be detected using two

dimensional filters matched to the responses of targets moving at the velocities of interest.

Runge and Bamler (1989) describe three techniques, the simplest of which is to crosscor-
relate two outer looks after multilook processing. This technique is discussed in detail by
Ouchi (1985); an apparently similar method is discussed by Yang and Soumekh (1992),

although the processing is performed in another domain.

Clutter cancellation The cancellation of clutter using a predictive filter is discussed by Bar-
barossa (1989). The difference between the assumed homogeneous characteristics of
clutter and those of a moving target permit the detection of targets moving within the

clutter’s bandwidth.

Space-time adaptive processing, etzc. The STAP approach (e.g. (Klemm 1996b, Klemm
1996¢, Klemm 1993, Klemm 1996a, Ender 1996)) uses a multichannel (array) antenna,
treating SAR as a beamforming problem. This can give optimum performance (using
any criterion of interest), allowing nulls to be positioned over jammers and ground clut-
ter. It is the most powerful of the MTD techniques, and also the most signal processing
intensive. It is currently receiving much interest, particularly in comparison with the
DPCA technique, now that low cost, high performance signal processing devices are
available. Ender (1996) discusses multichannel SAR MTI performance bounds, etc. An

implementation is discussed by Jansen and Kirchner (1996).

Jingwen, Junxiang, Yinging and Shizhang (1995) image moving targets with SAR at a

low PRF by the careful, uniform positioning of the elements of an array antenna, using
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the spatial separation to obtain the equivalent of a higher PRF.

Kent and Paker (1996) use the differential phase between two receive antennas to track

non-uniform target motion.

Wigner-Ville, etc. Barbarossa and Farina (1990) and Barbarossa (1992a) used the Wigner-
Ville distribution to estimate the parameters of moving targets. He later combined it with
a Hough transform to reduce the cross terms (also (Yinfang, Guoan and Junfeng 1996)).
Rieck (1996) reduced the effects of cross terms used an adaptively smoothed Wigner-Ville

distribution.

To reduce the effects of range migration, the initial parameter estimation was performed
on a version of the data with degraded range resolution. The results were later transferred

to the high resolution data.

Barbarossa also discussed a technique using multilinear time-frequency distributions to
estimate the parameters of a target where there are many scatterers in the same resolution
cell and when the phase may not necessarily be second order (Barbarossa and Mascolo

1994).

Porchia, Barbarossa, Scaglione and Giannakis (1996) propose a SAR movi’ng target
detection and focussing method based on the multilag high order ambiguity function
discussed in (Barbarossa, Porchia and Scaglione 1996). This function is also used for

autofocussing stationary targets.

Wang, Wang, Jing and Liang (1996) use a chirp transform to focus the unambiguously

sampled moving targets.

Ikram, Abed-Meraim and Hua (1996) describe an iterative technique which overcomes
the problem in polynomial phase estimation of errors in a low order coefficient being

increased by errors in the estimation of higher order coefficients.

(Moving target parameter estimation techniques are discussed in detail in Chapter 5.)

ISAR Unknown, arbitrary target motion over several seconds may prevent accurate imaging
by a fixed filter. An alternative is inverse SAR (ISAR), where high resolution is obtained
by exploiting the motion of the target itself, rather than the induced motion of the platform
past it (Wehner 1995). Sophisticated processing techniques exist which contend with this

arbitrary motion.
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It is the best class of techniques for imaging moving targets over many seconds; its prime
application is the long range identification of ships, although it has also been applied to

ground vehicles, air- and spacecraft.

Radar imaging relies on the target undergoing an aspect change in order to obtain high
resolution from the differential distance changes between the radar and each scatterer. In
stripmapping SAR, the aspect change is restricted to the beamwidth of the antenna. In
spotlight SAR, it can be chosen to suit the resolution requirements. In ISAR, it depends

upon the target rotating while it is being viewed.

One ground target identification scenario is for a SAR MTD system to first image the
ground and locate and determine the parameters of a moving target. By studying the road
being used by the vehicle, the radar could predict when it will round a corner. A spotlight
SAR/ISAR system could therefore be cued in anticipation of this aspect change (Fowler
1996).

2.6 Proposed SAR MTD Technique

A non-uniform PRI permits the unambiguous determination of the moving target’s Doppler
centroid without requiring any more data than collected by a conventional SAR. This technique
will be discussed heuristically in the next section.

The main application for the proposed radar is that of wide area surveillance of terrain
such as that found in outback Australia. Of primary importance is the detection of man made
objects, both stationary and moving. Fundamentally, these are sparsely distributed and consist
of discrete scatterers with relatively large radar cross sections. Thus the accurate metrology
of surface textures, for example, while appropriate for estimating foliage biomass, efc., is of
low priority. Thus it is reasonable to expect to obtain useful information about a scene from
relatively few radar transmissions.

A non-uniform PRI for SAR is not new; such systems have been discussed previously for
a variety of reasons (e.g., Doppler centroid resolution (Chang and Curlander 1992), choosing
the transmission times to suit a particular imaging geometry (harris 1984) and to improve
SAR electronic warfare characteristics (Mobley 1995, Mobley and Maier 1996)). However,
it has not previously been applied to the problem of moving target detection to the author’s
knowledge.

Note that several of the existing SAR MTD techniques discussed above, including Doppler



30 CHAPTER 2. BACKGROUND INFORMATION

x10* distances seen
1.002F 4
1.0015f ------4---- .
B
E 1.001
Q
[=.]
c
[
E
]
“1.0005
A
l -
0.9995 1 L I 1 !
0 2 4 6 8 10

time (s)

Figure 2.5: The distances to two targets seen by the radar.

rate filtering and clutter cancellation, may stiil be used with non-uniformly spaced data samples.

2.7 Non-Uniform Sampling

This section presents an intuitive explanation for the applicability of non-uniform sampling
to SAR MTD, and discusses non-uniform sampling theory in general. The topic is discussed
at length by Bilinskis and Mikelsons (1992). For the purposes of this thesis, the signal
processing terms ‘sampling times/sampling intervals/sampling frequency’ may be taken as
synonymous with the radar terms ‘radar transmission times/pulse repetition intervals/pulse
repetition frequency’.

It is assumed that the reader is familiar with uniform sampling concepts.

2.7.1 Heuristic Justification for Non-Uniform PRI SAR MTD

An intuitive way to understand the effectiveness of a non-uniform pulse repetition interval is
to consider the unwrapped phase of a sampled azimuthal chirp. Phase unwrapping removes
absolute discontinuities greater than 7 radians from a sequence of phase samples by offsetting
samples by a multiple of 2.

Figure 2.5 shows the distances between the radar and two targets: one stationary (A) and
one moving in range at 3 m/s (B, illustrated in Figure 2.3(a)). These distances are shown at

the times when the targets are inside the radar’s antenna beam.



2.7. NON-UNIFORM SAMPLING 31

radar return: normalised real part

1 | 'l
[m ﬂlm IIT”I ﬂ“
° ] |
2 I
s o | 8 4
[0}
E_os5f '
-1 IS
-2 0 2 4 6 8 10 12
time (s)
phase unwrapped radar return
400 T T T T T
200+ N

phase (rad)
[=]
L]

-200

_400 i 1 1
-2 0 2 4 6 8 10 12

time (s)

Figure 2.6: Radar azimuthal phase returns.

Figure 2.6 shows both the real part of the azimuthal return and the corresponding unwrapped
phase response from these targets for a radar operating with a uniform PRI. Although the
distances to the targets may be very different, the azimuthal data are very similar due to
subsampling effects. A filter designed to focus the stationary target will clearly partially focus
B.

A non-uniform PRI gives an azimuthal response like the one shown in Figure 2.7. Because
the slope of the distance change is small for target A, a small change in timing will not have
much effect on the radar returns, so the left hand side of Figure 2.7 is very like the left hand
side of Figure 2.6. The same timing offsets have a profound effect on the return from the
moving target, however, due to the increased slope of the distance plot. Intuitively, a filter used
to focus A will now not accurately focus B. Conversely, a filter attempting to focus B will

suppress the stationary target (i.e., clutter) A. This will be discussed in detail in later chapters.

Non-uniform sampling theory will now be presented.

2.7.2 Introduction

Deliberate non-uniform sampling is an underrated branch of data acquisition and signal pro-
cessing since, ideally, it permits an alias free, discrete representation of an analogue signal with

a bandwidth far higher than the average sampling rate (Bilinskis and Mikelsons 1992).
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Figure 2.7: Radar azimuthal phase returns; non-uniform PRI.

Applications include spectral analysis where the bandwidths of interest are far higher than
analogue to digital converters can sample directly, and where only the minimum amount of
data is desired to characterise a given signal.

Non-uniform sampling and processing are well known in fields including astronomy, where
measurements may be made at irregular intervals due to practical constraints, such as telescope
availability and weather conditions (Lomb 1976, Scargle 1982). However, the data in this case
are still oversampled: variable stars may have periods of months or years. The emphasis in
this thesis is on undersampled data, where aliasing is an important issue.

Aliases are ambiguities which arise when more than one conceivable signal, usually from
a model with differing parameters, can give rise to the set of measurements. It is then not
known which represents the actual situation. It is important to realise that aliases are a result of
uniform sampling, not sampling per se. Carefully chosen sampling times give very desirable
characteristics, including alias suppression. It may be that the sampling times result from a
random process. (The times are assumed to be accurately known, and are taken into account
during processing; they are just specified randomly.) The expected performance of a signal
processing operation with respect to the probability density function of the sampling times may
therefore have to be calculated. In fact, it can be shown that the expected estimated spectrum
produced from a signal sampled at times with a uniform probability density function pr(t)

tends towards that of the original analogue signal (Bilinskis and Mikelsons 1992, page 38).
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However, this is not achieved in practice since it requires an infinite number of samples with
infinite precision.

Clearly, the performance of an estimator using randomly sampled data depends upon the
degree of randomness in the sampling scheme. To reduce statistical error in this performance,
there should be a minimal degree of randomness, such as a small deviation from uniform
sampling times.

The amount of randomness required depends upon the number of samples processed: when
filtering out aliases, for example, the greater the number of non-uniform samples processed,

the smaller the deviation from uniform needs to be.

2.7.3 Minimum Sampling Requirements

The well known sampling theorem states that a real signal with bandwidth B may be recon-
structed from samples collected at a rate equal to at least 1/(2B) hertz. This is known as the
Nyquist rate (Roberts and Mullis 1987, 129). For complex signals, the complex sampling may
be done at > 1/B Hz.

The general bandpass sampling theorem is slightly more general (Martin 1997): the average
sampling rate must be greater than the sum of the bandwidths of the components making up

the signal, provided it is known which parts of the spectrum are occupied by the signal.

2.7.4 Pseudorandom Sampling

It is difficult in practice to generate samples at known, arbitrary times; the times themselves
have to be known to high accuracy. An alternative is pseudorandom sampling (Bilinskis and
Mikelsons 1992, page 55, 91-92), where a high frequency reference clock produces pulses
at uniform intervals, and times are chosen from this set to satisfy a predetermined sampling
scheme. The highest unaliased frequency of a sampled signal is given by half the frequency

of the reference clock.

2.7.5 Signal Processing
Spectral Analysis

It is very useful to analyse the spectrum of sampled data. The power spectrum corresponding
to the signal ¢(t) sampled at the known times {t,}, n = 1,..., N, may be approximated by

the squared discrete Fourier transform (DFT)
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This results in slight errors which can be avoided using a more complex spectral estimator,
such as least squares (Bilinskis and Mikelsons 1992, page 222-225), (Scargle 1982). (The
DFT is the same as the least squares spectral estimator in the case of uniform samples.) This
may require the (numerically intensive) inversion of a matrix, which may be precomputed if
the sampling times are known beforehand. Alternatively, computationally efficient spectral
estimators for non-uniform samples are discussed in (Lomb 1976) and (Bilinskis and Mikelsons

1992, pages 235-243).

Reconstruction of Spectra

An important issue is the effect that a random sampling scheme may have on the measured
spectrum of a signal, and whether or not it is possible to uniquely reconstruct the signal (i.e.,
whether or not the spectrum is alias free). This issue is important when considering a non-
uniform PRI scheme for finding moving targets’ Doppler centroids unambi guously. The main
reference for the rest of this section is (Martin 1997).

It can be shown that the observed power spectrum

B(f) = P(f) = S(f),

where P(f) is the true power spectrum. S(f) is the spectrum of the sampling process, given
by

I
S(f) =4{ Elp®)]’ f=9 (2.18)

R{EEAY, F£0,5(f) #1,
where p( f) is the Fourier transform of p(t), the probability density function of the intersample
spacing.
The spectrum is alias free if it is possible to unambiguously reconstruct P(f) from a
knowledge of F;(f) and S(f). It has been found that this is the case when the complex values

of p(f) are unique for all values of f. For example, the Poisson distribution

a

p(t) = ae™ — p(f) = P
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Figure 2.8: Correlation filtering of non-uniformly sampled data.

gives a flat spectrum (Marvasti 1987, page 96) which is alias free. On the other hand, regular
sampling, with its repeated values, gives ambiguities.

It was conjectured that for a given distribution to be alias free, it must be nonzero near
the origin. (However, although a scheme may exhibit aliases, they may be sufficiently low in
amplitude not to cause difficulties.)

These results will be used when the ambiguity function is considered with a randomly
switched stagger pattern Section 3.7.1, and when optimal random times are discussed Sec-

tion E.2.3.

Filtering

Figure 2.8 shows the process of crosscorrelating a filter with data sampled at arbitrary times.
(This figure is similar to Figure 11.1 in (Bilinskis and Mikelsons 1992, page 277).) The filter
values are calculated at times corresponding to the data’s sampling times. These are multiplied
by the data samples for the duration of the filter, and the accumulated results are output. In this
example, the filter is shifted along the time axis at uniform intervals.

Conventional digital filtering, by contrast, has uniform samples of the input data, and syn-
chronous output samples. This means that the same filter values are used for each calculation,

and the process can be described using a convolution operator.
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General filtering cannot be performed with any acceptable level of performance using non-
uniform samples (Bilinskis and Mikelsons 1992, pages 293-303). (This is because impulse
responses which tend toward zero rapidly cannot be effectively represented with non-uniform
samples.) However, it is possible to perform narrowband, selective filtering, even in parts of
the spectrum outside what would normally be the unambiguous region.

This has an impact on non-uniform PRI SAR MTI with a low average pulse repetition
frequency (PRF) (Section 4.4): since wideband clutter cannot be selectively filtered out from
the signal, MTI cannot be performed.

The definitions of different sampling schemes will now be presented.

2.7.6 Timing Specifications

Sampling times {¢,},n = 1,..., N, will be specified in terms of their joint probability density
function (PDF) py(t) thus:

Known If the sampling times are known,

pr.(t) = 6(t —t,) Vn,

where 6(t) is the Dirac delta function.

Uniform If the sampling times have a uniform separation ¢, and are centred on ¢t = 0,

bty = (n—l—Nz—l)ts,nzl,...,N; (2.19)

prat) = 6<t— [n— - 1] ts) vn.

Figure 2.9 shows the estimated spectrum of a 2.2 Hz cisoid sampled uniformly at 1 Hz.

Aliases make it impossible to determine which peak represents the true signal.

Random offsets The transmission times can also be specified relative to the uniform trans-

mission times:

tn . nts + ATnmodMa

with M offsets {A7,},n=0,...,N - 1; A1y = 0.

This scheme is also known as ‘periodic sampling with jitter’ (Bilinskis and Mikelsons

1992), ‘independent jitter’ (Berkovitz and Rusnak 1992) and the ‘random deviation
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Figure 2.9: Estimated spectrum; uniform sampling.

method’ (Vergara-Dominguez 1993).

It has poor properties since the corresponding sampling PDF in general drops to zero
between the samples (Bilinskis and Mikelsons 1992, page 62): it is far better to have a
finite probability over the entire sampling interval. The case when there are no nulls has
AT = t,/2, which has two problems: a large random component (which means a large
random error) and the fact that some intervals are going to be extremely small. The latter

condition is unacceptable in a radar application due to range ambiguities.

Figure 2.10 shows the estimated spectrum of the 2.2 Hz cisoid sampled at 1 Hz on average
with uniformly distributed random timing offsets of 20%. The least squares estimator
was used. This spectrum clearly shows that the signal has been unambiguously identified.

The first sidelobe is at & —13 dB (not clearly shown).
Random intervals The times within a frame period correspond to the delays {7,}: tsn =
tomet + Taet,m =0,..., N — land tyume = g 1. 7 > 0,n=0,..., M — L.

This is also known as the ‘additive random point process’ (Bilinskis and Mikelsons 1992,

page 35), ‘accumulated jitter’ (Berkovitz and Rusnak 1992) and ‘random interval method’

(Vergara-Dominguez 1993).

See Figure 2.11 for a representation of a non-uniform sampling scheme.
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spectrum: dithered sampling: 20.0% deviation.
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Figure 2.10: Estimated spectrum; random offsets.

Figure 2.11: Non-uniform sampling with the specified notation for M = 3.

To obtain the desirable sampling properties, the actual distribution of 7 is not important,
since its effects are cumulative (Bilinskis and Mikelsons 1992, pages 35 and 66), even-
tually resulting in a flat probability density function by the central limit theorem. It is
useful, though, to specify the ratio of standard deviation to the mean, o/u, and good

results may be obtained for 0.01 < o/u < 0.3, depending upon the application.

Figure 2.12 shows the estimated spectrum of the 2.2 Hz cisoid sampled at 1 Hz on average
with uniformly distributed random timing intervals of 20%. As with Figure 2.10, the signal
has been identified, although the sidelobe structure has changed. Here there is a larger
band around the signal without noise and the nearest aliases to the signal are smaller than

in Figure 2.10, but the noise floor is higher. Again, the first sidelobe is at ~ —13 dB.

Correlated intervals Further improvements may be realised by implementing the intervals
T as an autoregressive process with a positive correlation coefficient p (Bilinskis and
Mikelsons 1992, page 66-69): a flat PDF is achieved with fewer samples. This results
in a lower variance in the estimate of mean square value, for example (Bilinskis and

Mikelsons 1992, page 130-131). It is lower than for jittered sampling.
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spectrum: random sampling intervals: 20.0% deviation.

]
—
(=

relative amplitude (dB)
S
G

B\ M | ﬂm il Ml

—10 10
frequency (Hz)

Figure 2.12: Estimated spectrum; random intervals.

However, a plot of the sampled spectrum using this scheme with p = 0.5 looks extremely
similar to the spectrum obtained with random intervals using a Gaussian distribution
(which is slightly different to Figure 2.12). This is because many samples were processed;

differences would be more profound if only a few were considered.

Sampling periodic signals can be a problem if the signal’s period is comparable to the
average sampling interval: there is a tendency to sample the same part of the waveform.

This tendency is alleviated using a positive correlation between intervals (Bilinskis and

Mikelsons 1992, page 79-80).

Bilinskis and Mikelsons (1992, page 87-88) show the effects of the correlated additive

random point sampling function on worst case alias suppression.

If the input signal is asynchronous with the sampling scheme, the sampling PDF may be

flat initially, rather than just tend towards a constant value (Bilinskis and Mikelsons 1992,

page 74).

2.7.7 SAR Specifics

This section discusses the specific application of non-uniform sampling to SAR.

From the minimum sampling rate requirement discussed in Section 2.7.3, it is reasonable to
detect moving ground targets with a narrow range of predefined speeds with a SAR operating
at the same average PRF as a ground imaging radar provided that the scene is not arbitrarily

complex. (Although the moving target’s signal is a chirp and occupies approximately the same
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bandwidth as a stationary target, a low sampling rate may be used since the signals’ chirp
rate is approximately known and the signal’s dechirped bandwidth is very small. It can be
modelled as a moving scatterer, rather than an extra scatterer in the scene.) The technique can
be applied to circumstances where there are few moving targets, such as detecting the presence
of vehicles in remote areas. City traffic monitoring, on the other hand, requires a high average
PRF due to the much greater information content of the radar return.

Some miscellaneous sampling issues follow:

¢ Having the number of sample time offsets M = 1 corresponds to a conventional SAR.
The upper limit for M is the number of samples during the integration time (ultimately

the number of transmissions over a synthetic aperture):

Mmar - Lmar/psa
Rmazara

= ]

Psa

where R, is the maximum slant range, 6,, is the antenna’s horizontal beamwidth and

Psa 18 the azimuthal resolution.

e The number of transmissions over the length of a synthetic aperture must be the same as

the number used by a conventional SAR, a constraint imposed for this thesis.

e The lowest common denominator of the sampling intervals 7;., must be small enough to
unambiguously detect the phase changes corresponding to a moving target, as well as that
of the ground; i.e.

1/’rln:d > 2Il;1cir:,m(1.'c + Bd,ma:v/z',

where the maximum Doppler centroid F. ., and maximum Doppler bandwidth By 4z
are given by Equation (2.11) and Equation (2.13) respectively with the maximum target
velocity values substituted (D’ Addio et al. 1994). This is important when pseudorandom

sampling is used.
o Let

Tmin = the minimum transmission interval

= min(r,), 0<n< M.
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Then [ ez (= 1/Tmin) must satisfy the conventional SAR upper PRF bound
fs,maa: S C/st

(Section 2.1.4), to avoid range ambiguities.

e The first target motion ambiguity must occur at a higher speed than the maximum target

speed (Mao 1993, page 312).

2.7.8 Non-Uniform Arrays

There is a clear analogy between SAR and real array antennas: SAR is array processing with
data collected from one time-shared antenna element. It follows that a non-uniform PRI is
analogous to a non-uniform array.

Non-uniform arrays are used to achieve a higher resolution than uniform arrays with the
same number of elements by permitting antennas to cover a larger area. If the elements of a
uniform array have separations greater than half a wavelength, the antenna exhibits ‘grating
lobes’, sidelobes analogous to the aliases associated with undersampling. (The SAR equivalent
is termed ‘azimuthal ambiguity’.)

Techniques exist which specify the optimal positions of non-uniform array elements. One
technique, that of maximising the integrated sidelobe ratio (Boni, Richard and Barbarossa
1994), is applied to a non-uniform PRI SAR in this thesis (Section 6.4.3). Another, a minimum
redundancy approach (Pearson, Pillai and Lee 1990) is used in Section E.3.

Throughout this thesis, sampling will be considered to be in the time domain without loss

of generality.

2.7.9 Non-Uniform Sampling: Concluding Remarks

Non-uniform sampling is an appropriate technique for capturing a signal whose components
occupy a small fraction of the spanned bandwidth using a small number of samples. It is well
suited to synthetic aperture radar moving target detection.

Ideally, using the non-uniform sampling theory outlined above, for avoiding aliasing effects
we would use an additive pseudorandom point process with small o/u (e.g., 0.3) and a
correlation of 0.3, precalculated for N samples, with a reference clock high enough to capture

the entire range of frequencies of interest. Combined with asynchronous sampling, this scheme



42 CHAPTER 2. BACKGROUND INFORMATION

Function Property Where
Ground imaging | 3 dB resolution Section 6.5.1
unambiguous range Section 2.1.4
peak sidelobe Table 6.2
integrated sidelobe ratio Table 6.2
MT indication | improvement factor Section 4.4
target velocity range Section 4.6
MT detection | signal-to-disturbance ratio improvement | Section 4.3.3
receiver operating characteristic Section 4.3.4
(i.e., detection prob. vs. false alarm prob.
vs. signal to clutter ratio)
MT parameter | position error Section 5.8
estimation velocity error Section 5.8
Implementation | computational cost Sections 4.6 and 5.7

Table 2.2: SAR imaging and moving target detection considerations.

approximates a uniform sampling PDF pr(t) of unity, which provides good alias suppression
(Bilinskis and Mikelsons 1992, page 80-88). It is shown in this thesis (Chapter 5) that this also
results in parameter estimation variances which approximate those of uniform sampling.

SAR performance requirements will now be presented.

2.8 Performance Requirements

The non-uniform sampling scheme to be adopted for simultaneous ground imaging and moving
target detection should be considered with respect to the criteria listed in Table 2.2. Many
schemes are discussed in Appendix E. Every scheme will be a compromise: ideal imag-
ing/MTD/MTI cannot be performed with a minimum volume of data. These criteria will be

referred to by later chapters.

2.9 Summary

This chapter discussed the fundamentals of synthetic aperture radar and the effects of moving
targets. It covered radar waveforms in general, defining the Woodward ambiguity function
and methods for reshaping it. Existing SAR moving target detection techniques were then
discussed in detail, and the proposed technique, that of a non-uniform PRI for SAR, was
introduced. This was followed by a discussion of non-uniform sampling theory in general, and
the implications for SAR in particular. The criteria to be addressed by SAR MTD/imaging

schemes were presented.



CHAPTER 3

Moving Target Ambiguity Function

This chapter derives the moving target ambiguity function (AF) of a chirp pulse compression
synthetic aperture radar (SAR) with arbitrary and random transmission times. It is shown that
such a radar is able to unambiguously determine ground targets’ two dimensional positions
and velocities whilst operating with the same average pulse repetition frequency (PRF) as a

conventional ground mapping radar.

3.1 Introduction

A conventional SAR, with a PRF sufficient only to unambiguously sample the Doppler band-
width of the ground, is incapable of determining the parameters of a moving target. As
discussed in Section 2.3, the azimuthal signal returned from a stationary target is, ideally, a
linear frequency ramp centred on OHz. In contrast, a moving target’s is a Doppler shifted,
time scaled, possibly non-linear frequency ramp (Raney 1971). Since, in practice, the shift
may be many times the PRF, there are ambiguities resulting from aliasing effects. A practical
consequence of this is that moving targets are displaced from their actual positions, and are
consequently not registered correctly in the image.

The AF is the response of the radar to a point target on the ground, allowing for mismatches
between the parameters specifying the signal received from that target and those of the focussing
filter. These parameters include the target’s velocity and position, and it is important to
investigate the effects on the AF on non-uniform sampling.

The contribution of this chapter is to derive the moving target AF of a ground mapping,
airborne SAR and use it to investigate the effects of a non-uniform or random pulse repetition

interval (PRI): it is shown that a non-uniform PRI gives this radar the dual capability of ground

43
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Figure 3.1: A block diagram of the radar model.

imaging and unambiguous, two dimensional moving target velocity and position determination.
The AF is derived in Section 3.2, used for moving target focussing in Section 3.4 and applied
to uniform and non-uniform PRI radars in Sections 3.5 and 3.6 respectively. The latter includes
a detailed example with two alternating PRIs. Section 3.7 discusses the expected AF resulting
from a random PRI when the sampling probability density function is known. Appendix A
lists some properties of the extended AF, the form of the stripmapping SAR AF. This is a

generalised version of the Woodward ambiguity function with a Doppler frequency rate term.

3.2 Ambiguity Function Derivation

In this section, the stripmapping SAR AF is derived, starting from a general pulsed radar
scenario and becoming progressively more specific to stripmapping SAR. The initial derivation
is based on Lush’s analysis of a pulse Doppler radar (1990). Figure 3.1 shows a representation

of the processes performed by a SAR.

3.2.1 Radar Scenario and Signals

The radar transmits the signal s7(t) which propagates towards the scene of interest, having
the complex reflectivity p(z,y, z), and is instantaneously retransmitted by it. In general,
the scene is moving relative to the radar, resulting in a time- and position-dependent range

delay 7(z,y, z,t) between the times of transmission and reception. The radar then coherently
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Figure 3.2: The SAR two-way antenna pattern, @(z,y,z,t). (This is equivalent to
d(z,t — y/vp, z) since the radar is moving with velocity v, in the azimuthal direction.)

receives the signal

x(t) ~ /Z/Y/x[)(x,y,z)Zz(a:,y,z,t)sT(t—T(:v,y,z,t)) dzdydz

(based on (Cutrona 1990)), neglecting attenuations due to range and radar hardware. The
time- and position-dependent amplitude modulation term a(z, y, z, t) permits great generality,
allowing the modelling of the two-way antenna pattern for arbitrary imaging scenarios, and
may incorporate effects such as antenna pointing errors. a(z,y,z,t) is shown for SAR in
Figure 3.2. The integration is over the entire scene.

We restrict attention to point scatterers moving relative to the radar, rather than the moving
ensemble considered in inverse SAR. (Porter, Tough and Ward (1993) and Damini and Haslam
(1996) unify inverse SAR and SAR ground imaging using such a model.) If it is assumed
that the scatterers in the scene are isotropic over the observed aspect angles, their reflectivity

p(z,y,z) = p, so the received signal from one scatterer becomes
x(t) = sr(t) +n(t),

where

sp(t) = pa(t)sp(t — (). 3.1)
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a(t) is the radar’s two-way antenna pattern, centred on the transmission time of ¢ = 0. n(t)
is an unknown disturbance (clutter and noise) and 7(t) = 7(z,y, z,t). The time-dependent
range delay

7(t) = 2d(t)/c, (3.2)

where d(t) is the one way distance to the target; it is reasonably assumed that the velocity
of propagation c is much greater than the greatest radar-target speed. The effects of multiple
scatterers may be found by superposition.

The form of the signals will now be discussed.

The transmitted signal may be represented by the real function

st(t) = a(t)cos(B(t)),

where «(t) and 3(t) are amplitude and phase modulation terms respectively. Without loss of

generality, the analytic representation of this signal s,(¢) will be used such that

sr(t) = R{si(t)},

where R{-} returns the real part.
If we assume that the transmitted signal is narrowband, meaning that its bandwidth is small

compared with its centre frequency, it can be represented by
si(t) = w(t) eI,
where u(t) is a complex envelope modulating the carrier at frequency f.. From Equation (3.1),
s:(t) = pa(t)u(t — r(t)) 2 flt-()],

If the radar generates a train of [V identical, coherent pulses p:(t), each centred at time ¢,

and of duration 7}, we have

N-1

u(t; {ta}) = 32 pi(t —tn).

n=0
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The {t,} are monotonically increasing. To avoid overlapping transmissions and range ambi-

guities, T} + max 7(t) < min(¢t,4; — t,) Vn. Then

s(t) =

e

a(t) Y pi(t — tn — 7(t)) 2=,

n

Since p;(+) is nonzero only in the small range +7;/2 about each t,, and neither a(t) nor

7(t) change significantly over t,, + T1/2, s.(t) may be written

se(t) = Y altn) pult — tn — 7(25)) e2LTTER,

Recall that a(t,) was centred on ¢ = 0.

3.2.2 Range Compression

The transmitted pulse p;(t) is chosen to have the property that the convolution with a weighted

matched filter with impulse response p}(—t)

| mmpm—tdn = 80 ~ &0,

where * is the conjugation operation and §(t) is the Dirac delta function. (It is normal for SAR
systems to incorporate weights for sidelobe suppression, such as those discussed by harris

(1978).) A linear frequency ramp (chirp), where

eimet? |t| < T1/2
p:(t) = o
0, otherwise,

is such a signal; its performance may be approximated by

5(t) = 1, |t| < Ar/(2¢), (33)
0, otherwise,
where Ar = ¢/2B is the range resolution, B ~ o7} being the chirp’s bandwidth. In practice,
T, is only a few tens of microseconds. The moving target does not move a significant fraction
of a wavelength during such a short interval, so there can be no velocity discrimination between
slow targets and the ground using the return from the range compression pulse.

The received signal is quadrature demodulated to baseband and passed through a linear,
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time invariant filter with impulse response A.(t), giving

w(t) = [~ e ) ot~ n)d.

Let h.(t) = p*(—t), neglecting the time delay required to make this filter realisable. The

output due to the discrete scatterer is

y(t) = ﬁ/_w Y- altn) p(n — tn — 7(tn)) pr(n — ) €727 gy (34)

= B a(ty) e et 51—t — 1(t,)). (3.5)

6(t) was defined in Equation (3.3).
Equation (3.5) is an intuitive result: the output is zero unless ¢ = ¢, + 7(t, ), when there is
a range delay-dependent phase term!.

It is useful to perform SAR MTD on the range compressed data, therefore, because

o the slow speed of the moving target has a negligible effect on range compression, since
its Doppler frequency is small compared with the bandwidth of the range compression

signal,
e there is no stationary target/moving target discrimination with a short pulse,
e the volume of data to be processed when searching for a target is vastly reduced,

e range compression vastly reduces the amount of clutter with which the signal has to

compete (Barbarossa 1992b, page 81), and

e after azimuthal compression it is difficult to distinguish moving from stationary scatterers

(Barbarossa 1992b).

The range compressed signal y(#) is then sampled at times mT, + t,, m: 0,..., M,, — 1,
where 1/T. is larger than the bandwidth of p;(t). The sample rate then satisfies the Nyquist
criterion. This produces a range profile of M,, samples for each radar transmission. (Of

course, the signal could have been digitised prior to range compression.)

! As an aside, for the case where 7(t) = 7 + 7t, it can be shown that Equation (3.4) can be expressed in terms
of the standard asymmetrical narrowband cross AF, Equation (2.16) (similarly to (Lush 1990)):

y(t) =~ ﬁe—jZW.fc[T+'ft] Z“(tn)X;;(t).p‘(t)(T — [t =t,], fo7).
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Figure 3.3: The SAR imaging scenario in the plane of the raaiation.

3.2.3 Slow Time Compression

The radar collects compressed range profiles as it travels, storing them in a corner turn memory
as illustrated in Figure 3.1. The data at each range, a function of time, may be processed in
a variety of ways, including moving target indicator filtering (Lush 1990). Here, slow time
compression will be performed by cross correlating the data with an appropriate filter. In
SAR, slow time compression is imaging in the azimuthal dimension. See Figure 3.3 for a
representation of this.

The response to a single scatterer is
z(m,w) = Z y(mTr + t,) ha(w — mT, — ty,), (3.6)

where m is the range index and w is a time delay. For matched filtering, h,(#) is a normalising
y*(—1) (neglecting the delay required for causality)?; here, since the effects of mismatches
due to target motion are of interest, let h,(t) = yX(—t), where y,(t) is similar to y(¢) in
Equation (3.5) but has range delay and amplitude terms 7,(-,t) and a,(¢) which model a

reference target.

ys(t) = 3 ay(ty) e 2 et §(t — ¢, — 7,(15)). (3.7

2For non-uniform {t, }, this is strictly a correlation, rather than matched, filter since it changes depending
upon the spanned sample times. See Section 2.7.5.
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The reference target range delay (-, t) incorporates additional parameters (represented by the
dot) which are relevant to the situation of interest. In the stripmapping SAR case, for example,
they could be the moving target’s range and azimuthal velocities. (This is a more general
approach than the ambiguity function theory discussed in Section 2.4.) as(t) is a normalising
version of a(t); an optional amplitude weighting term is assumed to be unity. (Weights
are considered for moving target detection in Section 4.3 and reducing imaging sidelobes in
Section 6.4.2.) An additional amplitude masking term may be used to incorporate multilook
processing (the effects of which are discussed in (Ouchi 1985)).
Using Equations (3.5), (3.6) and (3.7),

2oy ) = § 30 S0 b(t,) B(mT, 4ty — b= 7(85)) 32 bi(ty) S(—t0 4+ T, + b — ty — (1)),
n p q

where b(t,) = a(t,) e2™<7() and b,(t,) = a,(t,) e 9270t (. m, w) will be zero

unless the absolute values of the arguments of both é(-) functions are less than Ar/(2c)

(Equation (3.3)).

Taking the argument of the first one, we have [mT, — 7(t,) +t, — t,| < Ar/(2¢c). We
know that the difference between any two transmission times ¢,, — ¢, is much greater than both
mT, — 7(t,) and Ar/(2c), since range ambiguity has been avoided. Therefore, the expression
can only be nonzero when ¢, = t,,.

Therefore, §(mT; + t, — t, — 7(t,)) may be written in the form 8(mT, — 7(t,)) (¢, — t,).

Hence, using
IEORORGORNES SELON) (3.8)
for f(n) # f(p) whenn # p,
“myw) = § 23 blta) (1) BT = 7(20)) BT, = 74(t) + £ = tg = )

For this to be nonzero, |mT, — 7,(t,) + t, —t, — w| < Ar/(2¢). This happens when t, =
mT,~7y(ty)+tn—wEAr/(2c), allowing z(-, m, w) to be simplified according to Equation (3.8)
again—6(-) A §(-). The fact that b,(#,) (the slow time azimuthal chirp) changes slowly relative

to 7,(t,) (the fast time range delay) implies that

bs (T, — 75(tg) + tn — w & Ar/(2c)) = as(t, —w) eI feTs(htn—w)
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Therefore, we have

where
X'(maw) = D ats) as(ts — w) gt Ctn=w)=r(tn)l §(n T, — 7(t,)).

z(-,m, w) has a peak magnitude of |5| when the filter parameters match those of the target.

If §(t) is given by Equation (3.3), x/(-,m,w) is nonzero when 7(¢,) is within the range
mT,c+ Ar /2. The expression therefore incorporates both range resolution and range migration
effects, the latter of which is important when 7(t) varies markedly with time.

If it is assumed that the range resolution is sufficiently low that there is no moving target

range migration during the integration time, we have the important ambiguity function

N-1
X(w) = 3 a(ts) ayty — w) @2 felr(tnmw)=r(in], (3.9)

n=0

Any moving target parameters found from this data may be applied to the full resolution data
set afterwards (Barbarossa 1992b, page 80).

This expression is more general for dealing with a time varying, arbitrary 7,(-, ) than that
obtained by Lush and Hudson (1992), who analyse the AF by using a piecewise approximation
to the range delay.

It is also more general than the chirp transform discussed by Wang et al. (1996) as it
incorporates arbitrary amplitude variations, geometry and timing. In addition, Wang et al.
(1996) implicitly assumes that the PRF is sufficiently high to sample the spectrum of the

moving target unambiguously.

3.2.4 SAR Geometry

The radar is assumed to travel in a straight line at a constant altitude and constant, nonzero
velocity v,, directing its antenna towards a flat, stationary earth, as shown in Figures 3.2
and 3.3. (If this model is inaccurate, then the data will be assumed to have been compensated
so the approximation can be made.) It is imaging the area at slant range® R. A reference target

is at position (R,,y,) with velocity (R,,y,) and acceleration (R, 7,). It is assumed that the

3The range R is slant range in the plane of the radar-target line of sight, not ground range Ry, which is the
distance between the target and the point on the ground directly below the radar. Note that they can easily be
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reflectivity of the target does not vary during the imaging process, and that the target’s motion
is known. (Lush and Hudson (1992) discuss the effects of non-uniform target motion on the
response of a radar with a large time-bandwidth product.)

Using Pythagoras’s theorem, the distance to a modelled moving target at (R, 0) is given by

d(t) = [(R+ Bt +REJ2) + (1 + /2 — vt " (3.10)
(for example, (Raney 1971, Wehner 1995)).
Note that a time delay of w is equivalent to displacing the target a distance y = vpw N
azimuth, so y is incorporated using d(t — y/v,).
Substituting Equation (3.10) and its equivalent for d,(t) into Equation (3.2) and Equa-
tion (3.9) along with an appropriate antenna pattern yields a very general SAR azimuthal
moving target AF which can be applied to spotlight, squint and broadside stripmap imaging

scenarios.

3.2.5 Stripmapping SAR Ambiguity Function

In the broadside stripmap case with a narrow antenna beam, Equation (3.10) may be simplified

using a second order Maclaurin expansion (Equation (2.7)) to give

. a2y o 2
d(t) R+ Rt+ Rt*/2 + (gt + gt /2 — vyt)

2(R+ Rt + Rt2/2)’
which simplifies to
. 17. 1
d(t) ~ R+ Rt + 5 [R + E(y - v,,)z} t2. (3.11)

(for example, (Wehner 1995)) since 4t is negligible when compared with vp and Rt + Rt /2
is negligible when compared with R. This gives rise to the well known Doppler centroid and
rate expressions (Equations (2.11) and (2.12)).

The time varying amplitude of the received signal a(t) is now given by the radar’s two-way

expressed in terms of each other for the flat earth case using

= \/h2+R§,

where h is the altitude of the radar. Slant range is therefore used throughout this thesis without loss of generality.
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antenna beam pattern, which can be approximated by

a(t;R) = { Lo <T/2, (3.12)

0, otherwise,

where T = T(R) = Rf,,/v, is the time taken for the SAR platform to travel the width of the
real antenna beam, 6, is the small horizontal beamwidth of the real antenna. This assumes a
wider main beam than Equation (2.3). (a(-) ignores the target’s motion, making the assumption
that y, Rand f Rdt < v,, which is reasonable for ground based targets.) This approximation
is invalid for SARs with large beamwidths, e.g. (Soumekh 1995).

If the modelled target is stationary, and the reference target is moving as previously de-

scribed, we have from Equations (3.11), (3.2) and (3.9) the stripmapping SAR AF

XI(RS’ RS, Rs) Ys, gs; R, {tn}, Up, /\) =
Z a(t"; R) a(tn - ys/vp;Rs) ‘

2 : 3 .
exp (jz—”- [Rs ~R+R, (tn - y—) + )

A Vp
1 1 w\> V2
=~ “s B '.9 - 2 tn - = - = 2 .
2 (R * R, (¥ =) ) ( Up) ZRtn])

Interestingly, Equation (3.13) can be written in terms of a generalisation of the classical

asymmetric cross AF (Equation (2.16)) with a Doppler rate term, known here as the ‘extended

ambiguity function’,

o0

Xsr(T: 6, 8) = / s(t) (1 — ) 2O gy, (3.14)

—00

as shown on the next page. (This result assumes that the target’s return has been sampled by
the radar at the correct times (¢, + 7).) In this formulation, the stationary target’s slow time
response s(t; R) takes the place of the radar’s transmitted signal in the conventional use of
x'(+), and the moving target aspects are confined to the phase terms. This is known here as the
‘extended cross-ambiguity function.” Note that if the range of the moving target is known, so
R = R,, then s(t) = r(t), and the cross-ambiguity function becomes equivalent to the (auto-)
ambiguity function.

If it is too difficult to work with the extended cross AF, the conventional Woodward

equations, Equations (2.15) and (2.16), are still useful: ¢' (Equation (3.18)) becomes zero for
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Xaz($, 7 8 85 B, Boy {ta}) = €72 Xoomy oy (72 6, 6), (3.15)
where
T = Ys/vp,
AT v2 )
s(t:R) = Y a(t:R) exp(—j | R+ 5%8%| | 6(t 1), (3.16)
(6 Ry) = Ya(ti Ry exp(—i = (R, + % 8(t — tn)
’ S ~ I S A 8 2Rs nh
b = 2 i 2 [t (g, - 2,)
N My, |7 20, 0° R, Ys )| (o
= 2V fp g By |-
¢ = ,\{Up [Rs+Ra(ys 2v,) Rs} (3.17)
and , .
¢ = Y [Rs + %(ys —2vp)]. (3.18)

a range acceleration and azimuthal velocity of zero, so Equation (3.14) becomes equivalent
to Equation (2.16). Range velocity may still be investigated since it influences the ¢ term

(Equation (3.17)). The properties of Equation (3.14) with r(t) = s(¢) are listed in Appendix A.

It is important to notice that, although there is an apparent similarity between
Equation (3.15) and the conventional radar ambiguity function, there is a pro-
found difference in its meaning. In the conventional interpretation, the radar
signal 5(t) is under the direct control of the radar designer, and may be changed
to achieve a desired ambiguity function. Here, s(¢) is out of our control, being
a function of the imaging geometry. The only degree of freedom we have is

choosing the radar’s transmission times.

3.3 Depth of Focus

The depth of focus considers the amount by which the azimuthal focussing parameters can
be in error and still achieve a focussed image. It is commonly used to determine the range

variation over which a given azimuthal filter may be used.
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Using Equation (3.13) with the unwanted parameters set to zero,
X'(Rs,0,0,0,0; R, {t,},v5, ) = D _a(tu;R)a(tn;R;) -
exp(j2—2/\1 [R, - R+ %’2’ (%s — é) tiD .
The phase error at the edge of the filter must be less than €. Then
|maximum phase| — |minimum phase| < e.
We take time ¢,, to be its maximum value, which is %’E} at the edge of the antenna beam. We

v2 /R—R RO \*
- el L I ") _o <
27TA(RSR) (21),,) 0=<e

Since R, ~ R, and letting 6R = K — R,,

have

oB) o

T owo
Since the azimuthal resolution p,, = %ﬁ, and letting ¢ = 7/4, an azimuthal compression

filter may be used over the range extent

2p?
6 < sa
R < 3

which is the standard result (e.g. (Curlander and McDonough 1991, page 173)), corresponding

to a 0.3 dB power reduction.

3.4 Moving Target Focussing

Equation (3.13) results from the cross correlation between the azimuthal returns from stationary
and moving targets. The more general ambiguity function for an arbitrarily positioned moving
target requires a more general version of Equation (3.9) with both 7,(-) and 7(-) having moving
target parameters. Then Equation (3.9) takes the form shown in Equation (3.19), where  is a
vector containing the reference target’s parameters R, R, é, y,9])T. 6o is a vector containing

the parameters of the modelled target, [Ro, Ro, Ro, yo, 7o) 7.
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o0

Xlaz(e;eoa {tn}avpv)‘) = Z a(tn_yO/Up;RO)a(tn_y/vp;R)'

n=—0oo

27 y (., Ry . Royo
CXP{]2 A [R & Up ( 2”10) * Up (RU 2'-":9 ) i

2 -\ 2 2
- (8] ot

Up 2Ry v Vp Up
y y Yo
L () 1= -] 2
R (1 UP) W= o) Ry (1 UP) i vp)] !
1. - 1. 1.
5 [R—R0+ E(y—vp)zr -R—O(yo—vp)z] ti}} (3.19)

3.4.1 Linearity

It is important to know the extent to which Equation (3.19) can be approximated by Equa-
tion (3.13), so only the relative positions, velocities and accelerations of the moving target
and the filter need to be considered. For example, is focussing a target with R = 6m/s using
a filter adjusted for an Ry = 5m/s the same as focussing a target with R = 1m/s using a
ground-focussing filter? If so, it is only necessary to use Equation (3.13) when analysing range
velocity effects. If not, it would be more difficult to investigate the effects of non-uniform
sampling on the range velocity response, for example.

Linearity was investigated by testing to see if x/ (8 + 601,80 + 01,{tn},v,, A) =
X5:(03800,{tn},vp, A), where 8 is a vector containing the moving target’s parameters.

There were non-linear effects with most of the parameters. The deviations from zero are
summarised in Table 3.1. (Phase terms are unimportant since it is the magnitude of the AF
which is of concern.) It appears that target range and azimuthal velocities, the main parameters
of interest, may be considered to be linear for the purposes of this thesis. Therefore, the use of

a stationary target as a reference is justified.

3.4.2 Unique Identifiability

An important consideration of an ambiguity function is whether or not an output peak corre-
sponds to a unique set of parameters. (The term ‘ambiguity’ refers to the idea that it may not.)
This will now be addressed in terms of the signals used to form the ambiguity function.

The modelled target has the five unknown parameters R, Ro, RO, Yo and yo. (Azimuthal
acceleration contributes only to a third order phase term, which was discounted from the

ambiguity function.)
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Parameter t,, coefficient Comment

Phase tn t:

R — — — | Assumed to be matched by the range
compression.
R i/\’if%l(yo —y) 0 0 | ie., linear apart from phase.
B | B3 vt | K-y | 0
2y1(y — o)

Y — — — | A time shift of —y, /v, compensates

for a shift in azimuthal position of
for a stationary target and a uniform
PRI. A non-uniform PRI implies a
dependence upon position.

Y ~0 ~ 0 ~ 0 | Small errors only, provided that
ylv :';’0 < Up.

Table 3.1: Ambiguity function errors resulting from the non-linear effects of target motion.

However, the azimuthal chirp corresponding to a moving target has only four independent
parameters: magnitude, initial phase, Doppler and Doppler rate. The phase is useless since
it depends upon the exact range of the scatterer, which cannot be found to a fraction of a
wavelength by range compression. In addition, it is extremely sensitive to minor variations in
target motion, since a 360° phase change corresponds to a change in distance of only a few
centimetres at X-band. There will therefore be inherent ambiguities unless some assumptions
are made.

Due to range compression, the range Ry is known to reasonable accuracy (several metres,
say). This is sufficient to justify the assumption that R = Ry when correlation processing.

The moving target’s azimuthal position yo may be estimated using the magnitude information
in the target’s azimuthal response: the greatest correlation will occur when the moving target
is broadside to the radar’s antenna.

If the moving target’s range acceleration is assumed to be zero, there are two remaining
unknowns: range velocity and azimuthal velocity. It is possible to estimate these from
the Doppler and Doppler rate measurements; indeed, they are independent to first order
(Equations (2.11) and (2.12)). However, there is a coupling between the two; see Section 3.5.1.

If the range acceleration were assumed to be zero when in fact it wasn’t, the range and
azimuthal velocity estimates obtained by correlation processing would be biased. This cor-
relation is modelled by the ambiguity function, Equation (3.19), which will peak when the

coefficients of ¢, and ¢2 are made equal to zero, as stated by extended ambiguity function
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property 6 in Appendix A. Instead of y = g and 1;2 = Ry, the estimates would be

§ = v, — \/(Up — 40)2 + RoRo
and

Ro= Ro= =0 = (1= /%) ~vp) + E2 (1~ ofvy) i = vy)

= Ro+ m—[(yo+9)(v» — 9)* — 2u0(v, — §0)*]

Rov,,

(using the fact that y < v,). Note that y is extremely sensitive to range acceleration, as it is
multiplied by the range.

Parameters other than just R and y may be estimated if other measurements are obtained
or other assumptions are made. For example, a target’s direction may be known, since it
may be known which road it is travelling along. In that case, its range acceleration may be
estimated, or its azimuthal position may be estimated more accurately than would otherwise
be possible. The position of the road itself may also be taken into consideration, assisting with
the determination of y (see Chapter 5). However, it is assumed here that no information other

than the azimuthal measurement is available.

3.4.3 Squint Mode

As an aside, the broadside moving target ambiguity function (Equation (3.19)) may be applied
to the situation where the antenna is pointed away from broadside (i.e., squint mode). This is
because the response of a stationary squint mode target is approximately the same as that of a
moving, broadside target when the antenna beamwidth is small (Yang and Soumekh 1992, Yang
and Soumekh 1993).

The distance to a stationary, squint mode target with minimum range R, in the direction ¢

2
dg(t) = \IR3¢+U§ (z— Fif’) :

A Taylor expansion of this about the beam’s centre, ¢ = %‘iﬁ, has been found as a polynomial

is given by:

in t. (The details have been omitted for brevity.)
A Legendre series expansion for the distance to a moving target, Equation (3.10), has also

been found as a polynomial in ¢.
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Equating the coefficients of these polynomials results in equivalents for the moving target

parameters in the stationary, squint case:

B (ﬁZ qs-i
R —- R¢(1+?_8>1
¢2
R = 'qu.l)(?-ﬁl)
. v2 3 v2
R = i(l__‘?f'z)_‘ p2 1
B\ T2 R
y =0

Therefore, Equation (3.19) is capable of modelling more than just broadside scenarios.
Yang and Soumekh (1992), (1993) use this concept (but not this formulation) to focus

moving targets as if they were stationary, squint mode targets.

3.5 Uniform PRI

This section discusses the effects of uniform sampling on the ambiguity function with respect

to the target’s parameters.

3.5.1 Azimuthal Position/Range Velocity

A pronounced SAR moving target effect is that of the azimuthal position/range velocity ambi-
guity (Raney 1971). This can be investigated by considering the magnitude of Equation (3.13)
as a function of azimuth y, and range velocity R,, with range acceleration R, and azimuthal
velocity g, set to zero, and the range terms matched (R = R,). Setting the range, SAR platform
velocity v, and wavelength ) to realistic values results in the ambiguity function shown in
Figure 3.4 when a uniform PRI is used.

The function has a series of diagonal stripes whose amplitudes are shown in Figure 3.5.
(The shapes of these curves are governed by the crosscorrelation of the two-way antenna
pattern and the filter’s weighting function.) This means that a target moving in range, whose
other parameters are matched to those of the azimuthal filter, may appear displaced from its
true position, and multiple targets whose Doppler frequencies are subsampled by the PRF
may appear in the same place. In fact, targets generally appear in two places: once inside
the azimuthal coverage of the antenna beam, and once outside. (This phenomenon—the

appearance of a target when it wasn’t illuminated by the radar—is due to a correlation
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SAR ambiguity function
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Figure 3.4: The log magnitude of the azimuthal ambiguity function of a broadside looking
stripmapping SAR where the reference target’s range velocity and azimuthal position are varied.
The horizontal lines show the azimuthal extent of the antenna beam. Range is 30 km, antenna
horizontal beamwidth 1.5°, wavelength 3.2 cm, platform velocity 70 m/s and PRF 114 Hz (the
minimum); 11.3 s integration times. The dynamic range is 60 dB.
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Figure 3.5: The magnitude of the ambiguity function evaluated along the diagonal lines shown
in Figure 3.4. (These are described by Equation (3.21).)
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between the target’s return and the corresponding filter.)

Equation (3.13) reduces to

x'(Rs,Rs,O,ys,O;Rs,nts,vp,/\) =

.y 2T yg Rsys
o [ -5

ot ) altn = s/ ) exp (7257 [, = 222 ot

where t, is the sampling interval. The summed exponential term has maxima when

2 /- ysvp)
T s ts = )
X\ (R R, .

where m is an integer. A target with velocity R, therefore has the apparent positions

R, A

Ys = v—p (Rs + m_2t—a> ) (3.20)

reversing the sign of the arbitrary m.
Using the minimum PRF which satisfies the Nyquist sampling requirements of the Doppler
frequency at the antenna’s 3 dB points, 1/t, = 2v,0.,/A (Equation (2.8)), Equation (3.20)

becomes
Rsara
2 b

(3.21)

Vp 2

) = (RSRS +Rsom> mod (Ruf,.) —

as stated by Raney (1971) and given in the introductory chapter (Equation (2.14)). This
equation describes the lines shown in Figure 3.4.

The overall worst case range velocity response is therefore given by the magnitude of
Equation (3.13) evaluated along the diagonal lines shown in Figure 3.4 and described by
Equation (3.21). This is shown in Figure 3.5.

A higher PRF than the minimum has the effect of moving the diagonal lines further apart
horizontally, so the moving target may not appear at all in a ground-focussed image when the

PRF is greater than 2/t.
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SAR ambiguity function
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Figure 3.6: The log magnitude of the azimuthal ambiguity function where the reference target’s
azimuthal velocity and position are being varied.

3.5.2 Azimuthal Position/Azimuthal Velocity

As a function of just y and y, Equation (3.13) reduces to

X,(ya v R, {tn}avm /\)
= 3 aft B) alt — y/vy; B) exp (jZZTWé (5= 0200 = /o~ 28]

n

= > a(nts; R)a(nt, — y/vy; R) -

n

exp (jzzT”% (4 = vp)(nts — y/v,)* — vg(ntsy]) (3.22)
for uniform sampling with interval ¢,, assuming that |y| < v, (and omitting the , subscripts
for clarity). Range velocity and acceleration have been set to zero and R = R,.

Figure 3.6 shows the magnitude of Equation (3.22) in two dimensions. Range, SAR platform
velocity and wavelength parameters were set to the same values as for Figure 3.4. Figure 3.7
shows cross sections of Figure 3.6 along the azimuthal plane. The lines are separated by
azimuthal velocity increments of 0.4 m/s. The defocussing of the scatterer as the azimuthal

speed is increased is clearly visible.

3.6 Non-Uniform PRI

Figure 3.8 shows the magnitude of Equation (3.13) under similar conditions as the plot of Fig-

ure 3.4, except that the transmission intervals have been displaced from uniform by 20% using
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Figure 3.7: The log magnitude of the azimuthal ambiguity function where the reference
target’s azimuthal velocity and position are being varied. The curves differ by azimuthal

velocity increments of 0.4 m/s.
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Figure 3.8: The log magnitude of the azimuthal ambiguity function with a non-uniform pulse
repetition interval. Parameters are the same as for Figure 3.4.

a uniform distribution (Section 2.7.6). It can clearly be seen that the diagonal position/velocity
ambiguity pattern evident in Figure 3.4 has been destroyed where m # 0 in Equation (3.20).

Figure 3.9 shows the magnitude of Equation (3.13) evaluated along the diagonal lines
described by Equation (3.21) in a similar fashion to Figure 3.5. The non-uniform PRI has
clearly made the AF more closely approximate the ideal thumbtack, permitting moving targets’
parameters to be determined unambiguously. (Here, the main lobe occurs when the moving
target parameters correspond to those of the reference stationary target, i.e. R, = 0m/s.) The
effect of the non-uniform PRI on the main lobe has been negligible.

The moving target/stationary target mismatch appears to be a stepwise function; this is



64 CHAPTER 3. MOVING TARGET AMBIGUITY FUNCTION
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Figure 3.9: The magnitude of the non-uniform transmission time ambiguity function evaluated
along the diagonal lines shown in Figure 3.4.
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Figure 3.10: The log magnitude of the azimuthal ambiguity function with a non-uniform pulse
repetition interval. Parameters are the same as for Figure 3.6.

similar to Bilinskis and Mikelsons’s alias suppression plot (Bilinskis and Mikelsons 1992,
page 86), which shows the level of aliases as a function of the ratio between the signal
frequency and the sampling frequency.

Ideally, if the target’s signal were completely defocussed, its energy would be divided
equally among all of the azimuthal cells in a synthetic aperture, N. Compared with ideal
focussing, where this energy is concentrated into one cell, this is an energy suppression S of
201log(/N) dB. For the figures used in this example, N ~ 1300, so S ~ 62 dB.

Figure 3.10 shows the magnitude of Equation (3.13) in a similar fashion to Figure 3.6, but
with a non-uniform PRI. Figure 3.11 shows cross sections of Figure 3.10 in a similar fashion

to Figure 3.7, but with a non-uniform PRI. Because these plots are so similar, it follows that
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Figure 3.11: The log magnitude of the azimuthal ambiguity function with a non-uniform pulse
repetition interval. Parameters are the same as for Figure 3.7.

the effects of the transmission times on the azimuthal velocity response is minimal. This is

because the bandwidth occupied by the moving and stationary targets are similar.

3.6.1 The Effect of Two Staggered PRIs

It is instructive to compare the ambiguity function of a SAR with two sampling intervals with
that of a conventional SAR.
For convenience, the AF in Equation (3.15) will be used with s(t) (Equation (3.16)) written

in the form

s(t) = Sa(t) eV g1 — 1), (3.23)

n

It is assumed that the moving target’s range is approximately known, so that r(t; B,) = s(t; R).

Then, substituting Equation (3.23) and the equivalent r(t) into Equation (3.14), we have

2
X (8,7, 6, 83 {E D = x5 (76, 8 {ta P = Za(tn)a(tn—T)e'jz"[”"+¢lt3‘]
" (3.24)

where

e = W+ ¢ (3.25)

can be thought of as a ‘frequency’ term, being the coefficient of ¢,, in the summed exponential.
This term is of primary interest as it is the only one influenced by the range velocity.

For the purpose of this example, other parameters may take on assumed values:
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e the antenna beam is assumed to be uniform, as specified by Equation (3.12).
e Rand y are assumed to be zero, so ¢’ = 0 (Equation (3.18)).

¢ Only the amplitude of the main lobe of the synthetic antenna beam is considered here, so

the AF is evaluated with » = 0.

Equation (3.24) may now be written

2

Z e—j27retn .

n

Xes(&3 {ta 1) =

One PRI For one PRI, t, = nt,,n = 0,..., N — | (Equation (2.19), neglecting the time
centering on ¢ = 0). N is chosen to be the number of transmissions which occur as the

platform travels the width of the antenna beam’s footprint on the ground. Then

N-1 2

2 —j2ment,
xie)” = |X2 e

n=0
—iretu(v-1) SID(TELN)
sin(wet,)
sin(wet,N) ’2
sin(mets) | ’

2
= |e

(3.26)

For large N, this is |x)(¢)|* = N26(c — m/t,).

Two PRIs Since the sampling order is arbitrary, the times with two intervals may be specified

as two uniform sequences separated by the interval A, thus:

2nt,, n=0,...,N/2 -1,
2(n—N/2}ts+A n=N/2,...,N—1,

(assuming N is even), where 0 < A < 2¢,. Then, skipping some of the working,

2

Xa(es Q)T = | 3D emitments 4 3 ema2mel2t(n=N/D+A]
n=0 n=N/2
. 2
- —jmetsN [ _j2met, i2me(ts—A) M
’ (e e ) sin(2wet,)
sin(ret,N) ¥

= [2efme(@=taN=8) co5(1eA)

sin(27et,)
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Figure 3.12: The normalised SAR azimuthal AF with one PRI plotted against range velocity.

sin(met;,N) g

sin(2ret,)

~ N2 26( M
~ N?|cos(rel))| 5(6 2t3>

= 4|cos(meA) (3.27)

for large V.

Of course, the single and two PRI formulations are equivalent if A = ¢,: applying the
trigonometric identity

sin(20) = 2 sin(f) cos(f),

to the denominator of Equation (3.27) allows the coefficient and cosine term to cancel, resulting
in Equation (3.26).

Figure 3.12 shows the normalised square root of Equation (3.26) as a function of range
velocity, using Equations (3.25) and (3.17) to convert between range velocity and . The range
was 30 km, the radar velocity 70 m/s, the antenna beamwidth 1.15° and the wavelength 3.2 cm.
The effects of aliasing are clearly present, with identical responses at velocities equal to half
a wavelength per sample. This is the same as a horizontal cross section Figure 3.4 with an
azimuth of zero.

Using Equation (3.27), normalised, with A = 0 gives the response shown in Figure 3.13.
The effective sampling rate is now half that of Figure 3.12, so that aliasing occurs at half the
range velocity.

With A = 0.3t,, Figure 3.14, it is clear that the aliases shown in Figure 3.12 are being

suppressed at the cost of allowing through some of those in Figure 3.13. The aliases clearly
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Figure 3.13: The normalised AF with superimposed sample times.
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Figure 3.14: The normalised AF with two PRIs: the first is 0.3 x the nominal value.

have a cosinusoidal envelope, which is expected from Equation (3.27).

Having more PRIs permits these aliases to be suppressed to arbitrarily low levels, as

discussed in Section 2.7.

Optimal A

The interval between the timing staggers, A, may be found to satisfy any criterion of interest.
For example, if it were important to suppress the first alias at ¢ = 1/¢,, the relevant term inside
Equation (3.27) is

cos(rA/ts) = 0.
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Figure 3.15: The normalised AF with two alternating PRIs: the first is 0.5 x the nominal
value.

Then 7A/t, = 7 /2 + mm, where m is an integer, so that
A = t,(m+1/2).

Since 0 < A < t,, the criterion is satisfied when A = ¢,/2. A normalised plot corresponding
to this is shown in Figure 3.15. By comparing Figure 3.15 with Figure 3.12, it is clear that the
odd aliases have been completely suppressed.

The AF with two PRIs, switched randomly, is discussed in Section 3.7.1.

3.7 The Ambiguity Function with Random Sampling

This section considers the expected ambiguity function given a distribution of sampling times,
as opposed to the function obtained for a specific instance of a sampling scheme.

Using Equation (3.13), the expected AF is

Er[X'(Re, Re, Rey s a3 By pr(8), 05, V)] =

2T 1 1
exp(yZ)\ [R — R - R_+2(RS+E;(‘%_ )—’%D Z Er(z(t,)), (3.28)

Vp n=-—o00
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where

z(tn) = a(ty;R)a(ty — ys/v,; R,) -
2 [/ - Ys [ = 1 .
D= Rs = n Rs o \ds — i tn
o (e o o)
1. 1 v?
" Rs o 's - -2 tz
2( +Rs(y UP) R) nl)’
pr(t) is the joint probability density function (PDF) of the sampling times which are stored in
vector t = [t1,t,...,ty5]7, where N is the number of samples which occur during the time
taken to travel the length of a synthetic aperture and the superscript 7 denotes the transpose
operation.
We are normally interested in the square of the ambiguity function, rather than the function
itself, to give a relative power: the phase is of no real interest. It is important to note that here

we are finding the expected response, since it is the response which is exhibited by the radar.

So

Er[x'(5pr(t))] = exp(- Z Er[z(t,

= exp Z / / / pTl T27 1TN(t17t2’ "7tN)
n=—co TN T
dtydt, ... dty,
— exp(- Z / ) pr (¢ (3.29)
if the sampling time PDFs are independent, and
Exl'(pr()] = Nexp() [ a(t)pr(t)dt, (3:30)

if the PDFs are the same.
The expected AF for parameters of interest will now be considered with respect to several

sampling PDFs. The imaging case may be found in Chapter 6.
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3.7.1 Range Velocity/Azimuthal Position

71

Let R = R;, Rs = 0 and y, = 0, so Equation (3.28) becomes a function of the target’s range

velocity and azimuthal position:

ET[x'(R,y;R,PT(t)’vm.)‘)] =
ol 5-21)
zn: Er [a(tn) a(tn —y/vp) €xp (ﬂg; [

- 5])]

omitting the ; subscripts for clarity.

Case 1: Uniformly Distributed Times

Suppose that the sampling PDFs are uniform:

T, —T/2<t<T/2,
th)z{ [T =11 2 v,

0, otherwise,

(3.31)

where T = R0,, fv, is the time taken by the SAR platform to travel the length of the synthetic

aperture, and that the antenna beam is uniform over the length of the aperture, as defined in

Equation (3.12). Then, using Equation (3.30),

ET [X,(Rv Y, Ra pT(t)’ Up, /\)]

s

T/2

27 [y N A2 [ yvp]
g S _2f R 1) @
P (] A L2R Up _) T y/vp—=T/2 eXP( ¢ A [ R ’
0<y < Rb,,
_ mwlv¢ R W N (v/vp+T/2 27 [ - v
= 9 - Y Y / g [ Yy p]
pae e il E —j2= |R— 22| t) dt
exP(’ N |2R v,,_) T Jo1p exP( 7N R ’
_Rara S Y < 0,
0, otherwise,
¢ O 2 . R
Mo~ exp( om0 in 2[R~ L22] |7 - L),
27T (R _ ﬂz) A v, A R Up
_ & ,(3.32)
_Rera S ) S Raraa
0, otherwise.

7
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SAR ambiguity function
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Figure 3.16: The log magnitude of the expected SAR AF; uniformly distributed sampling.
Parameters are the same as for Figure 3.4.

(y’s extent is twice that of the target’s return to allow for overlap between the target response
and the filter.)
Note that, as R — yv,/R,

" F N 2w y?
Br /(8,43 R,pr(t), v, V)] — o7 (T =) exP<—JTE),

providing a linear amplitude variation with y along the range velocity/azimuthal position
ambiguity line described by Equation (3.20) with m = 0.

Figure 3.16 shows the normalised, squared magnitude of Equation (3.32) plotted as a
function of azimuthal position and range velocity in a similar manner to Figure 3.4. All but
the central diagonal line has been suppressed by the expectation operation.

Figure 3.17 shows the normalised, squared magnitude Equation (3.32) evaluated along the
lines described by Equation (3.21), similarly to Figure 3.5 (although with a different vertical
axis scale). These plots clearly demonstrate the dramatic alias suppression expected when

uniformly distributed sampling times are used.

Case 2: Uniformly Distributed Offsets

This section considers using Equation (3.31) with a uniform beam pattern and uniformly
distributed offsets (jitter) as discussed in the non-uniform sampling section (Section 2.7.6), so

that

N -1
tn, = (n—l— > )ts-I—Z/{(O,bts),n:l,...,N,
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Figure 3.17: The magnitude of the expected ambiguity function for uniformly distributed
sampling evaluated along the diagonal lines described by Equation (3.21).

where
1/(23)7 M—SS.’L‘S,U-FS,
0, otherwise,

Us(p,8) £ {

for uniformly distributed offsets. Then
pr.(t) = U(ln — 1= (N — 1)/2]t,, bt,).

The measurement duration is then slightly greater than that with uniform sampling, since the
PDFs of the extreme samples extend earlier and later than the respective nominal values. Their

mean separation is the same, however.

Then, using Equation (3.29) we have

ET [X,(Ra Y, R,pT(t)’ Up, /\)]
e 22 [2_ Bu]) L

N p(m4b)ts A2m [ v
Z/; a(t —y/vp) exp(]Z—)\— [ — y—Rp] t) dt,
n=1

m—b)t,

where m = n— 1 — 2= and a(t) has been assumed not to change over the interval ¢,, £ bt, Vn.
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The remaining antenna beam term may be incorporated by changing the summation:

27 [ y? Ry 1 & (mtbts N2 [ Yo
2— |==-—= / 2—[ ————P]t dt,
exP (7 X [23 v,,]) 201, m;n, I SN iy~
—'Ram S ) S Rema

0, otherwise,

where m = (y/v, — T'/2)/t, and my = T/(2t,) for 0 < y < Rf,, and m; = —T/(2t,) and
my = (y/vp + T/2)/ts for —RY,, <y < 0.

After some arithmetic, this simplifies to

Ex[¥/(R,y; B, pr(t), vp, V)]

f 27 Ry\ . 27 bt, . 1
exp(uj TE) sinc (ZT—E(yvp ~- RR)) -

Sin(,\,%;,,, (yvp — RR)([T + tslv, — y))

= A sin(zT"%(yvp - RR)) ’ f (3.33)

_Rara S Yy S Rara,

0, otherwise, ]

.

where sinc(z) £ sin(z)/z.

When b = 0, indicating that there is no randomness to the sampling, the sinc(-) term
becomes 1 and Equation (3.33) is identical to the uniform sampling case.

When b = 0.5, the largest it can sensibly be, Equation (3.33) is identical to the result for
the uniformly distributed times, except for an antenna beamwidth of v,(T' + t,) rather than
vpT'. This is due to the extra integration period obtained using the extra t,/2 terms at the start
and finish of the integration period. (The results are similar since a definite integral results in
the difference between the terms given by the indefinite integral evaluated a: the two limits.
When such definite integrals are summed, and the upper limit is equal to the lower limit at the
next stage in the summation, the results cancel, resulting in the equivalent of a single definite
integral evaluated at the extremes of the summation.)

Figure 3.18 shows the normalised, squared magnitude of Equation (3.33) plotted as a
function of azimuthal position and range velocity for & = 0.2. All but the central diagonal
line have been partially suppressed. However, the plot clearly shows higher sidelobes than the

example using an instance of random intervals, Figure 3.8.
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Figure 3.18: The log magnitude of the expected SAR AF; uniformly distributed offsets of
0.2t,. Parameters are the same as for Figure 3.4.

Randomly Switched Staggering

Rather than have arbitrarily valued random PRI, or have PRIs change regularly between two
values as discussed in Section 3.6.1, it is also possible to randomly choose which of a set of
values each interval will be.

If we let the probability density function of the transmission intervals be
1
p(t) = 7 [6(¢—0.5t) +6(t - 1.5t,)],

having two possible intervals with a mean interval of ¢,, and use Equation (2.18), we get the
expected ambiguity function as a function of the range velocity (or the power spectrum of the
sampling process) shown in Figure 3.19.

This maintains the zeroed first alias shown in Figure 3.15, but also reduces the amplitude
of the sidelobes, the randomness in the sampling spreading them over a wide bandwidth. This
is a desirable feature.

(Thus there are several ways in which randomness may enter the sampling process: by
intervals which are random, and by randomly choosing between fixed intervals. With pseudo-

random sampling, the distinction between the two is blurred.)
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randomly switched PRIs
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Figure 3.19: The normalised AF with randomly chosen PRIs.

3.7.2 Azimuthal Velocity

Let R = R,, j%s =0, Rs = 0 and y = 0, so Equation (3.28) becomes a function of the target’s

azimuthal velocity:

ET [X,(y.; R) pT(t)a Up, ’\)] =

3 Er [az(tn; R) exp (j% (9% = 29v,) ti)}, (3.34)

again omitting the , subscripts for clarity.

Case 1: Uniformly Distributed Times

Using the assumptions of uniform sampling PDFs and a uniform antenna beam, Equation (3.30)

gives
N T/2 27
1. . . 55) . 2
Er(x (1 R, pr(t),v,,A)] = T/—T/z exp<3m [y - 2yvp] t ) dt, (3.35)
_ N erf (/=3 25 [9% — 24w, T)
T

V=325 152 — 2,
where the error function

2 T
erf(.']?) ) ﬁ/o B_tz dt

Now, as a function of just y (with y = 0), the ambiguity function with known times,
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Equation (3.22), becomes

. 2T g, )
X'(G: Ry {ta},v5,0) = Y a¥(tas R) CXP(JE [ — 24v,| ti)

n

T/(2ts) o
= Y explits [P 20w 0’8 (3.36)

n=—T/(2t,) AR
for uniform transmissions and a uniform antenna beam. Since this function is being evaluated
at fine intervals compared with the rate of change of the function, Equation (3.36) closely
approximates Equation (3.35). Therefore, randomly distributed sampling gives approximately

the same result as uniform, deterministic sampling. This will now be shown.

The discrete sum is equivalent to a numerical integration using the midpoint rule (Burden
and Faires 1985). The error resulting from the integration of the function f(t) between a and

b using this rule with m + 1 evaluations is

_ _(b—af &f(w)
ler = GamT 2P 4 (3.37)

for some p between a and b. f(t) has a continuous second derivative over the interval [a, b]

and p is chosen to maximise this second derivative (Burden and Faires 1985, page 166).
Here a = —T/2,b = T/2and m = T'/t,, where t, is the minimum pulse repetition interval.

f(t) is a real function, so the argument of the integral in Equation (3.35) is separated into real

and imaginary parts, whose errors are calculated independently, viz:

£t) = cos(i—;— [ — 24 t2)

and
fi(t) = sin(i—; [ = 29v,) t2> ;

Using Equation (3.37) with 7' = 11.2s, A = 0.032m, R = 30km, v, = 70m/s, t, =
1/115s and y = 5 m/s gives relative errors of 0.14 and 0.15 for the real and imaginary parts,
respectively. With y = 2m/s, the errors are 0.014 and 0.017, respectively. (There is an error
of zero when y = 0.)

Had a significant degree of aliasing taken place, the errors would not have been so small.
Non-uniform sampling only makes a significant difference when undersampling is involved. It
is not necessary to consider Equation (3.34) evaluated for Case 2, as the results will be similar

to this.
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3.8 Conclusions

The response of aradar to a moving target is given by its ambiguity function, which incorporates
the target’s position and motion parameters. In SAR, moving target information is contained
within the azimuthal signal, whose form is outside the radar designer’s control, being a function
of the imaging geometry. The only degree of freedom the designer has is that of choosing the
radar’s transmission times.

The original work in this chapter was to derive and investigate an expression for the slow time
AF for a SAR. This was expressed in a form analogous to the Woodward ambiguity function;
its properties are shown in Appendix A. Moving targets were focussed, with consideration
given to unique identifiability, linearity and an equivalence with squint mode targets.

A uniform PRI was used with the function, showing an ambiguity between the range velocity
and azimuthal position. This was suppressed with the use of non-uniform radar transmission
times. The effects of two staggered PRIs were also discussed, as was the expected ambiguity
function resulting from a random sampling scheme when the probability density functions
of the transmission times were known. This was investigated for several different sampling
schemes.

It was shown that non-uniform sampling causes the ambiguity function to more closely
approximate the ideal ‘thumbtack’ shape, allowing moving targets’ velocities and positions to
be estimated unambiguously. They may be distinguished from stationary scatterers provided
that their range velocity makes their Doppler centroid sufficiently large in comparison with the
bandwidth of the stationary target, or if their azimuthal velocity causes a sufficient change in

the Doppler rate.



CHAPTER 4

Moving Target Detection

This chapter formulates synthetic aperture radar (SAR) moving target detection (MTD) as an
optimal detection problem, considering the decision of whether the measurement contains only
the disturbance (clutter and noise), or a moving target signal in addition to the disturbance.

The effects of a non-uniform pulse repetition interval are discussed in detail.

4.1 Introduction

MTD is a useful function for a long range sensor, assisting with the difficult problem of sifting
those targets of interest from the clutter. In order to do it well it is necessary to accurately
model the structures of the desired signal and the disturbance so it may be decided which of
these best represents the measured data. Based on these models, theory exists which leads to
an optimal decision.

The procedure used in this chapter is taken from the literature (e.g., (McDonough and
Whalen 1995, Galati and Crescimbeni 1993)); the contributions are to apply it to a SAR with
a non-uniform pulse repetition interval (PRI), present some numerical examples and propose
a clutter cancellation scheme for improving detection performance. A model representing
the radar’s received data is discussed in Section 4.2, Section 4.3 covers optimal detection
theory, incorporating the signal-to-disturbance ratio improvement factor and receiver operating
characteristic, and Section 4.4 briefly discusses moving target indication. Section 4.5 proposes

the clutter cancellation method. Appendix B discusses SAR clutter modelling.

79
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4.2 Data Model

This section establishes a model used to represent the data received by the radar.
It is assumed throughout this chapter that range compression has been performed prior
to any moving target detection processing, so the azimuthal data are the sole concern. This

reasonable assumption was discussed in Section 3.2.2.

4.2.1 Azimuthal Signal

From Section 2.3, the moving target’s range-compressed azimuthal signal can be represented
by
s(t) = a(t — y/v,) ™2 eT=u/vpiRR) (4.1)

where a(t) is the radar’s two-way antenna beam pattern, y is the target’s position, v, is the
platform velocity, f. = ¢/ is the carrier frequency, c is the velocity of propagation, X is

wavelength, R is range, R isthe target’s range velocity, y is the target’s azimuthal velocity and

: . N2
r(t R, y) = % (R + Rt + w—zé’iﬁ) . (4.2)

The target’s acceleration is assumed to be zero.
The return from a scene incorporating a target and random disturbance may be approximated

by the chirp model
y(t) = pa(t —y/v,) eI2m+Fac(t=v/vp)+Far(t=v/ve))/2 | n(t), (4.3)

where p is an unknown amplitude, ¢ is an unknown phase, F;, is the Doppler centroid
(Equation (2.11)), Fy, is the Doppler rate (Equation (2.12)) and n(¢) represents the disturbance,
modelled as a known, zero mean, stationary, circular, Gaussian noise process (having real and
imaginary parts which are independent and have the same variances). y(t) is sampled at the

times {¢;},¢=1,..., N.

4.2.2 Hypotheses

It is assumed that there is a particular position of interest, with a known range R and azimuth
y = 0, in the scene visible to the radar. The detection problem is to decide whether or not a

moving target of unknown amplitude and velocity is in that position. For convenience, time ¢
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is ,taken to be O when the radar is adjacent to the position of interest. In order to detect a target
anywhere in the scene, this procedure is repeated for every position which a target may occupy.

In order to determine the existence of a target, we wish to distinguish between alternative
hypotheses where this vector is either composed purely of the disturbance, defined as the
clutter (the signal received from innumerable scatterers in the scene) plus the noise (used to
represent imperfections in the radar hardware, etc.), or the moving target plus the disturbance.
If the target’s amplitude and motion parameters are assumed to be unknown, the alternative

hypotheses may be represented by

Hy: y = ove+onn disturbance only al
H\: y = pAv(0,4) + o.v. + o,n moving target and disturbance .

where the range-compressed, sampled azimuthal signal for a particular range have been stored
in the vector y. o is the amplitude of the normalised clutter vector v and o, is the amplitude
of the noise vector n. The signal’s amplitude p scales the two-way antenna response A
and the signal’s structure v(6, ¢). This is dependent upon the target’s phase parameters
0 = [01,0,,...,0x]7 and phase offset ¢: (v(8,¢)); = exp(j2r(¢ + 61t; + 6:t7)). T denotes

the transpose operation.

A= _ 4.5)

\_ 0 a(tN) ]

where a(t) is the two-way antenna pattern as a function of time, centered on ¢ = 0. {tn},n =
1,..., N, are the radar’s transmission times.

Assumptions will now be clarified.

4.2.3 Assumptions

1. There is only one moving target in the block of data being processed, as discussed in
Section 2.7.7. (Identifying multiple targets is similar to finding the unknown position of
a single target, except that the local peaks of threshold crossings may be used, instead of

the overall maximum of the filtering operations.)

2. Moving target range migration was taken into account when the azimuthal data vector y
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was formed.

3. The signal vector v is scaled such that its energy |v ||2 = vy = N, where the superscript

H denotes the conjugate transpose and N is the number of samples processed.
4. The time series output due to the clutter is wide sense stationary.

5. The disturbance has an expected value of zero. This could be assumed, even if it weren’t
true, if the estimated expected value of the received signal were subtracted from it prior

to MTD processing.

6. The disturbance has a Doppler centroid of zero. This could be assumed, even if it weren’t
true, if the received signal was frequency translated (after using standard clutterlocking

techniques) prior to MTD processing.

7. a(t), o2, v., o2 and m are known. (If not, there are techniques for estimating the parameters

of the disturbance, for example (Barbarossa, Marsili and Mungari 1996)'.)

Due to the prior range compression, the target’s range is known to within the range resolution
of the radar. This is not accurate to a fraction of a wavelength, being in the order of metres
rather than centimetres, so the signal’s constant phase offset is unknown; therefore, during the
process of determining the optimal target detection filter and its performance, it is necessary
to average the detection statistic over the range of possible phase angles (i.e., 0-360°). This

results in an incoherent detection.

4.2.4 Disturbance Modelling

The disturbance is assumed to consist of two terms: ground clutter and white noise. The
covariances from each of these can be summed to form the disturbance covariance matrix.

The disturbance is also assumed to be stationary in the wide sense. The rejection of moving
clutter is discussed by Mao (1993, page 358); in addition, Biihring (1980, page 191) presents
a covariance modelling weather clutter.

The covariance of two complex random variables is defined to be

Cov[X,Y] = E[(X —E[X])(Y — E[Y])*] = E[XY"] - E[X]E[Y"]

!"The emphasis of this work is to identify the theoretical difference in detection performance between uniform
and non-uniform sampling.
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where E[-] is the expectation operation and the superscript * denotes the conjugation operation.
The covariance of a random process € = [z}, 3, ...,zx]7 may then be written in matrix

notation as

R = E[(:c — E[z])(x — E[:v])H].

(It is assumed here that E[z] = 0.) When @ contains uniformly spaced samples of a stationary

random process, the matrix has the form

where r(—7) = r*(7).

Each disturbance term will now be considered in detail.

SAR ground clutter One approach to determining the covariance corresponding to the return
from uniformly distributed, stationary ground clutter progresses from an expression for
its power spectral density to the covariance matrix, making use of the Wiener-Khinchine

relationship

1

- o j21r(t,‘—t,)_f
(Rw = 5= [ G(Pe 4,

(e.g., (Cooper and McGillem 1986, page 253)) as done by Barbarossa (1992b). This is a

Doppler viewpoint; it uses the motion of the radar.

The normalised two-way azimuthal radiation power pattern from a uniformly illuminated

antenna is given by Equation (2.2) normalised and squared:

F(o) = sinc4(7r§ sin(0)>, (4.6)

where 6 is the (assumed small) angle relative to the antenna broadside. (sinc(z) £
sin(z)/z.)

With no SAR-clutter relative motion in the range direction, the Doppler shift of a stationary

target at an angle 6 is
2
f = % sin, 4.7

so, for small 8, # = \f/(2v,). Substituting this into Equation (4.6), the spectrum of the
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ground clutter is therefore

G(f) = sinc* (nzij— f) . (4.8)

The inverse Fourier transform of this (in the time lag domain) is

By[ 3(Bat)*—(Bar)* + 3], 0< 7] <5,
r(1) = Bai[-L(Bur)>+(Byr)? — 2Byt + 31, Bid< 7| SB%,
0, otherwise

(which is what Barbarossa (1992b, page 82) intended). The clutter bandwidth B; =
2v,/D = 2v,0,,/A, where v, 18 the platform velocity, 6., is the beamwidth of the antenna

and ) is the wavelength (Section 2.1.4).
This may be used to form the covariance matrix.

There are many other ways of modelling the clutter, as discussed in Appendix B. However,
Equation (4.8) will be used throughout this thesis since it is a reasonable approximation to
other, established models (see Appendix B). In addition, the emphasis here is comparing
uniform and non-uniform PRI SAR: precise clutter modelling, a field in its own right

(e.g., (Skolnik 1990)), is a secondary consideration.

Simplified ground clutter There are many simplified models which can be used to represent
clutter. These models may be implicitly assumed to be accurate by signal processors
designed to be computationally efficient; assuming autoregressive clutter, for example,

results in a far simpler optimal filter structure than does an accurate clutter model.

Gaussian antenna pattern Barbarossa and Farina (1994, page 356) discuss a more com-
prehensive clutter scenario using a Gaussian antenna radiation pattern. Brennan and
Reed (1968, page 267), Hsiao (1974, page 623) and Mao (1993, page 290) use the

Gaussian simplification also:

1 f?
G = ———
D) = Z=en(-1s),
where o is the bandwidth of the clutter. The clutter Doppler centroid is assumed to

be zero. The corresponding covariance matrix entries are

(R.)ij = e 2roelt=t)’,



4.3. OPTIMAL DETECTION 85

Autoregressive Another simplified clutter model is that of a first order autoregressive

process (Barbarossa 1992b), where clutter samples are correlated:

vo(nts) = poo([n — 1)ts) + Cn,

where t, is the sampling interval, |p| < 1 and (, are samples of a white, Gaussian
noise process: ( ~ N (0, 02). The significance of this model is the simple form of

the inverse of its covariance matrix

1 —p 0 e s 0 |
—p 140" —p
_ 0 —p 1+p —p
Rclzp o _ _ _ o | (4.9)
—p 14+p" —p
0 0 —p 1

which translates into a simple, three tap, finite impulse response filter. When p = 1,
this is a classical moving target indication filter (Shrader and Gregers-Hansen 1990,

page 15.23).

White noise Other unwanted signals, such as thermal noise, analogue to digital converter

quantising errors, efc., are modelled as white Gaussian noise with zero mean and variance

2

0.

R, =01

4.3 Optimal Detection

The objective of this section is to determine the optimal filters to best distinguish between the
target present/target absent hypotheses, Equation (4.4).
The signal, stored in the vector y, is passed through a filter bank {2 to give the outputs

z = §2y.

We can specify which filter is to be designed using the vector e;, which has a 1 in its ¢th position

and zeros elsewhere (McDonough and Whalen 1995, page 228). Then the output z; = el 2y.
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We can let ef 2 = w, so that

z = yHuw. (4.10)

We now wish to determine the optimal filter w.

The most appropriate detection criterion is the Neyman-Pearson criterion, which minimises
the probability of a missed detection given a false alarm constraint. It makes no assumptions
about the prior probability of the presence of a moving target. This optimal detection scheme

is given by the likelihood ratio

H
P(y;p,6,6) .

p(y;0,4,0) <
H,

L(y|p,0,9) = 4.11)

where p(y; p, ¢,8) is the probability density function (PDF) of the measurement y parame-
terised by p, ¢ and €. The corresponding threshold used by the detector, , will be discussed
in Section 4.3 4.

It is assumed that the disturbance is coloured and circular Gaussian (having real and

imaginary parts which are independent and have the same variances), with the PDF
1 _ N
p(@) = —glK.|™ exp(—(= — E[=))" K, ™' (2 — E[z])), (4.12)

where K is a covariance matrix and @ is a vector with length N (McDonough and Whalen
1995, page 459). (The covariance matrices discussed in Section 4.2.4 thus completely char-
acterise the distribution.) This is representative of many types of clutter, and can arise from a
homogeneous scene where each resolution cell contains a large number of independent scatter-
ers (by the central limit theorem). This model could obviously be improved to represent more
realistic situations; the presence of dominant scatterers may justify the use of the K-distribution,
for example.

It is assumed that the mean of the disturbance is zero, as stated earlier; i.e., Eloc.v. + o,n] =

The conditional PDF of the received data, given that a moving target is present, is then

p(y;p,¢,0) = WLN(R" |exp(~ly — p5(8, &))" B[y — p5(6,4)]),
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where

R = E[yy”| - E[y]E[p"

and 9(0, ¢) is the signal weighted by the two-way antenna pattern: (6, ¢) = v = Av(8, ¢).

Sincey = pv + o.v. + onn,

R = p*%4" +0%E ['vcfvf] + o’E [nnH] —p* D o since ¥, v, and n are uncorrelated,
= o’E [vcvf ] + 21, where I is the identity matrix,
= R.+ R,

= UﬁRd

is the covariance of the disturbance. This is known, since 05, Ve, afL and n were assumed
to be known. R, is normalised to have unity down the diagonal, which is justified since the
diagonal has the largest value (Hsiao 1974, page 623). The white noise component therefore
has the effect of reducing the off-diagonal elements.

The logarithm of the likelihood ratio (Equation (4.11)) can be rearranged to give

H,
—[y—p5(6,8)"R 'y —p5(6,4)]+y"R'y 2 Inp,
Hy
or
H,
p" Ry + py"R'% - p*s"R'% 2 Iny.
Hy

Since R is Hermitian (it is its own conjugate transpose), y? R~' o = (f)H R7y)*, so

H,
20R{y"R'%} - P8 R'% Z Ing, (4.13)
Hy

where R{-} returns the real part of the argument. Therefore, the optimal hypothesis test for

coherent detection can be written

Hy
1
R{y"R"'5} 2 Z1nn+§a”R—lﬁ. (4.14)
Hy
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Since the phase of the target (i.e., its minimum range to a fraction of a half-wavelength) is
unknown, the likelihood ratio has to be altered. (8, ¢) can be written as ©y(8)e’/>"* (Galati

and Crescimbeni 1993, page 41). Then, from Equation (4.13),

Hy
Zp%{yHR‘lf)oeﬂ"‘f’}——pzﬁé]R_lfJo 2 Inn.
Hy

Since y" R~ %, = I'yHR‘1 170‘ej°‘, %{yHR" ﬁoej2"¢} = |yHR"l '50| cos(a + 2r¢). The
likelihood ratio can then be averaged over the unknown ¢ to give the optimal Bayes test (Galati

and Crescimbeni 1993, page 41)

P .~ 1
"0 R '”0/0 exp(jZPIyHR‘I%ICOS(a+2”¢)) d¢

= PR Oy (20|y" R %)) ,

where

Ip(z) = —Z%T—/Ozwexp(:vcos(ﬂ))dﬂ

is the modified Bessel function of the first kind and order zero.

The hypothesis test (Equation (4.11)) therefore reduces to

H,
v R15(0)| = |2(6)] 2 +, (4.15)
H

(writing ¥ instead of ¥, without loss of generality). The left hand side of this equation is the
sufficient statistic.

This is an incoherent envelope detector; it requires about 0.5 dB greater signal to distur-
bance ratio for equivalent detection and false alarm probabilities to the coherent detector,
Equation (4.14) (Mao 1993, page 43).

Recognising that Equation (4.15) is in the form of Equation (4.10), the optimal filter wei ghts
are therefore

w(8) = R'%(8). (4.16)

This is the Wiener-Hopf equation (e.g., (Kay 1993)).
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Equation (4.15) may be evaluated for all plausible combinations of the parameters 8, each
time comparing the result with the threshold. If the threshold is exceeded, indicating the
presence of a moving target, the corresponding filter parameters provide an estimate of the
parameters of the moving target. It will be shown in the numerical examples below that a target
in a given position may give rise to thresholds being exceeded for widely varying parameters,
reflecting the ambiguity resulting from subsampling effects. In addition, it was shown in
Section 3.5.1 that SAR targets exhibit range velocity/azimuthal position ambiguities, so that
multiple detections at different speeds in adjacent azimuthal cells may be caused by the same
target.

When searching the parameter space it is practical to perform a coarse resolution estimate,
and then a fine resolution estimate, as discussed by Barbarossa (1992b). Practical considera-
tions for both moving target detection and parameter estimation are made in Section 5.7.

The matrix multiplication in Equation (4.15) may be computationally expensive; Biihring
describes a simplification which results in vast computational savings by decomposing the
clutter covariance matrix into smaller, triangular matrices (Biihring 1980, page 190).

If the clutter were modelled as white noise, so that R = o3I, Equation (4.15) would be
a classical matched filtering operation, corresponding to the ambiguity function derived in
Chapter 3. In the uniform sampling case, this operation could be performed efficiently using
fast Fourier transforms.

Examples of optimal filters for a uniform PRI with differing values of clutter-to-noise ratio

(CNR), 02/02, are given in (Barbarossa 1992b, page 83).

4.3.1 Numerical Examples

Table 4.1 shows the parameters used for the following examples. The moving target was

modelled using

(Bo)s = eI 2 (Facti+Furt}/2) (4.17)

(see Equation (4.3)). The frequency domain clutter model, Equation (4.8), was a very good
approximation to the time domain model discussed in Appendix B, Equation (B.2), since only
64 samples were processed (compared with more than 1000 for a full aperture) — the variation
in t4 was very small.

Figure 4.1 shows the normalised spectra corresponding to the disturbance (dash-dotted),

a moving target’s signal (dashed) and the optimal moving target detection filter (solid) as
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Parameter Value(s) Comments
range 30000 m
platform velocity 70 m/s (140 kt)
wavelength 3.2 cm (X-band)
antenna beamwidth 1.5°
Doppler bandwidth 115Hz (derived)
mean PRF 8 x 115Hz or
115Hz
target amplitude assumed constant since only a small aperture
clutter model coloured Gaussian as per Equation (4.8)
antenna beam pattern assumed constant
clutter to noise ratio 40dB
number of samples 64
processed

sampling scheme uniform, or

random intervals
moving target velocity R = —3.6Tm/s (230Hz), | Range velocity

y = 0m/s is of interest.

Table 4.1: Parameters used for the moving target detection examples. These are similar to those
used for the parameter estimation examples (Table 5.1) and the imaging examples (Table 6.1).

determined by Equation (4.16). The pulse repetition frequency (PRF) was eight times that of
the 115 Hz Doppler bandwidth. The moving target’s range velocity of —3.67 m/s corresponds
to a Doppler centroid of twice the Doppler bandwidth. The optimal filter’s spectrum peaks
when there are nulls in the disturbance spectrum and vice versa, while being weighted by the
spectrum of the moving target’s signal. (Note that the spectrum of a matched filter is identical
to that of the moving target, ignoring the spectral characteristics of the noise.)

The effects of aliasing are clear: the single target gives rise to identical responses at frequen-
cies other than the target’s true Doppler frequency. As discussed in previous chapters, these
may be attenuated with a non-uniform PRI. Figure 4.2 shows the same situation as Figure 4.1,
but uses an instance of transmission intervals which have been varied from uniform by up to
20% according to a uniform distribution (Section 2.7.6). (The least squares spectral estimator
was used for generating the plot (Section 2.7.5).) The alias has clearly been suppressed, leading
to an enhanced ability to distinguish the target from the disturbance.

Figure 4.3 shows a similar situation to Figure 4.1 but with a PRF which is equal to the
Doppler bandwidth. Due to the clutter spectrum aliasing, the disturbance approximates white
noise (within several decibels) and so has less effect on the optimal filter’s spectrum, which

therefore more closely resembles the moving target’s spectrum.
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Figure 4.1: Unwindowed spectra of the disturbance (dash-dotted), moving target (dashed) and
the corresponding optimal filter (solid) with a PRF of eight times the Doppler bandwidth. The
nulls in the signal’s spectrum have been suppressed for clarity.
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Figure 4.2: Unwindowed spectra of the disturbance (dash-dotted), moving target (dashed) and
the corresponding optimal filter (solid) with non-uniform sampling intervals; the PRF averages
eight times the Doppler bandwidth.
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Normalised Spectra
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Figure 4.3: Unwindowed spectra of the disturbance (dash-dotted), moving target (dashed) and
the corresponding optimal filter (solid) with a PRF equal to the Doppler bandwidth.
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Figure 4.4: Unwindowed spectra of the disturbance (dash-dotted), moving target (dashed) and

the corresponding optimal filter (solid) with non-uniform sampling intervals; the PRF averages
the Doppler bandwidth.

Figure 4.4 shows a similar situation to Figure 4.3 but with a non-uniform PRI. Aliases have
clearly been suppressed, albeit by only a few decibels at frequencies near the true value. (A
transmission deviation of more than 20% from uniform results in greater suppression.) This
result has been achieved at the cost of the raised noise floor, which will reduce the detection

performance, particularly in situations of low signal to disturbance ratio. (See Section 4.3.4.)



4.3. OPTIMAL DETECTION 93

4.3.2 Alternative Optimality Criterion

As an alternative to the Neyman-Pearson detection criterion, we can consider maximising the
ratio of the signal power to the disturbance power at the output of the moving target detection
filter.

For a target with parameters 8 and no disturbance, the output (signal) power is

P,(8) = E[:(6)]

~ 2
- pzl'vH(O)w

: (4.18)

using Equations (4.10) and (4.4).

When there is a disturbance and no target, the output (disturbance) power is
Py(8) = w?Rw

(Brennan and Reed 1968).

Maximising the output signal to disturbance ratio is equivalent to minimising the output
disturbance power for a given output signal power. We can form the sum Py(8) + AF;(0),
where ) is a Lagrange multiplier, and differentiate with respect to each weight wy (McDonough
and Whalen 1995, page 228). As with the Neyman-Pearson criterion, this procedure gives
Equation (4.16) as the optimal weights.

4.3.3 Signal-to-Disturbance Ratio Improvement

The signal-to-disturbance ratio improvement, a useful figure of merit for a moving target
detection filter, is the signal-to-disturbance power ratio (SDR) at the output of the MTD filter
divided by the signal-to-disturbance ratio at the input to the filter. It allows for both clutter

attenuation and signal gain. This is

L) = 21O (&)

(4.19)

(Shrader and Gregers-Hansen 1990, page 15.20), (Staudaher 1990), (Brennan and Reed 1968).

It is analogous to array gain, a beamforming figure of merit given by the ratio of the phased
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array’s signal-to-noise ratio and the signal-to-noise ratio of an individual sensor (Johnson and
Dudgeon 1993, page 138).
For an optimal filter, w(6) = R™'%(8), so that

L. (8) = 39(8)R;'5(0). (4.20)

For a matched filter (which ignores the disturbance covariance, implicitly assuming the

clutter is white), w(0) = ©(8). Then

(0)5(8)

ROV

= N*(&%(6)R5(9)) . 4.21)

J 2

53]

I,4 may also be interpreted as the gain in signal-to-disturbance power ratio obtained by

filtering, and is given by

[Ps/(Pc + Pn)]out
[Ps/(Pe+ Pr)]in
P o (P.+ Pp)in
Pyin (P + Po)out
= signal gain X clutter attenuation,

Isdr

taking into account the statistical independence between noise and clutter (Barbarossa 1992b,
page 84). P, is the signal power, P, is the clutter power and P, is the thermal noise power.

The maximum signal gain is given by the coherent integration of V samples, 10log,,(V) dB.
The maximum clutter attenuation is the input CNR (which is shown in (Barbarossa and Farina
1994, page 348), and commonly expressed in decibels). Adding these gives the best I,,,
(Barbarossa 1992b).

Numerical Examples

Figure 4.5 shows the signal-to-disturbance ratio improvement for the example in Figure 4.1.
(The parameters are shown in Table 4.1.) Figure 4.5(a) shows the case where the optimal filter
for a Doppler centroid of 230 Hz is used and the actual target Doppler changes over the range
indicated on the horizontal axis. (The Doppler centroid, F,,, was used in the model shown in
Equation (4.17).) Clearly there is a sharp peak when the target’s Doppler is the same as that

of the filter, or has offsets at multiples of the sample rate. This peak is almost the ideal 40 dB,
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Figure 4.5: The signal to disturbance ratio improvement for a SAR with a PRF eight times the
Doppler bandwidth.

the CNR, indicating that the filter is suppressing the clutter extremely well.

This plot is actually the ambiguity function, and would give the same results as the expression
derived in Chapter 3 (Figure 3.13) if the CNR were small.

Figure 4.5(b) shows the I,4, as the signal and filter are changed together, for three different
types of filter. (The parameters of the signal and filter are matched, including their Doppler
centroid.) The solid line shows the optimal filter, described by Equation (4.20). The dotted line
shows the output resulting from a matched filter, i.e. Equation (4.21), which has a significantly
worse performance due to the non-white nature of the disturbance. Between these is a dashed
line corresponding to a suboptimal filter which uses the inverse covariance of an autoregressive
process, Equation (4.9). Clearly this simple three tap filter structure, as used by classical moving
target indication filters, achieves a performance within a few decibels of the optimal filter when
the actual noise is coloured and Gaussian.

The common local minimum at a Doppler centroid of +8 times the Doppler bandwidth
indicates that the filters cannot distinguish the signal from the clutter at this frequency. This is
a result of aliasing.

Figure 4.6 shows similar results to Figure 4.5, but for non-uniform sampling. This cor-
responds to the situation of Figure 4.2. The ambiguity function now shows some ability to
suppress the alias, and the I,q4, is vastly improved where the Doppler centroid is 8 times the

Doppler bandwidth, showing the ability to successfully distinguish the aliased signal from the
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Figure 4.6: The signal to disturbance ratio improvement for a SAR with a non-uniform PRI;
the PRF averages eight times the Doppler bandwidth.
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Figure 4.7: The signal to disturbance ratio improvement for a SAR with a PRF equal to the
Doppler bandwidth.

disturbance.

Figure 4.7 is similar again, and corresponds to Figure 4.3. Aliasing is the major problem
with such a low, uniform PRF. The similarity between the plots in Figure 4.7(b) show that
there is a negligible difference in performance between the filters, a result of the disturbance
spectrum being smoothed by aliasing effects.

The I,4, for a non-uniform PRI and low average PRF, corresponding to Figure 4.4, is shown

in Figure 4.8. The aliasing phenomena have been overcome. Again, the small difference
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Figure 4.8: The signal to disturbance ratio improvement for a SAR with a non-uniform PRI;
the PRF averages the Doppler bandwidth.

between the performance of the filters justifies the use of the matched filter, as explicitly

modelled by the ambiguity function in Chapter 3 (Equation (3.13)).

4.3.4 Receiver Operating Characteristic

The receiver operating characteristic is the relationship between the probability of detection
of a moving target, the signal to disturbance ratio (SDR) and the probability of a false alarm,
Pr. It requires the specification of the detection threshold ~, which is chosen to satisfy a false
alarm constraint, as discussed previously.

Since we are also interested in the effects of the sample times {¢;} and the moving target

parameters 8, we wish to find the characteristic as a function of these parameters also:
Pp = ROC(SDR, Pr, {t;},0). (4.22)

This is found using the probability density function of the sufficient statistic, Equation (4.15),
which is ( = |2(8)| maximised by the use of an appropriate 6.

Since z = y w has the complex Gaussian PDF
z ~ CNy (,uz,ag) = CNy (E[yH]w,wHRw), (4.23)

(’s PDF is Rayleigh (or chi with two degrees of freedom) with no target and Rician (or
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non-central chi) when a target is present?:

12
PQHO(O = Xp (*55—2) Rayleigh;

S
182+ 2 2 -
pCIH.(C) = éexp(—ic :2N2> IG(CU'MZ) Rician.

2z z

In order to determine the threshold + to distinguish between the hypotheses using Equa-
tion (4.15), we need to specify a false alarm probability Pr. This can be done since the
sufficient statistic (Equation (4.15)) does not depend upon the unknown signal magnitude p.
Pr, being the probability that the processed signal’s amplitude lies above v when no target is

present, is given by

e = [ pem(€)d
= 1‘_/0’YPC|HO(C)dC

,YZ
exp (— 202) :

Therefore, the threshold is given by

¥ = —20’21H(Pp)
= /-2w" Rw In(Pr). (4.24)

Similarly, the detection probability is the probability that the processed signal’s amplitude

lies above the threshold when a target is known to be present:

Po = [ peys(€)dc.

ZFor two independent Gaussian random variables X : A (p,az) and Y : NV (0,0'2), the PDF of Z =
Vv X? + Y?is Rician: ,
z lp*+2 zp
o) = Gow(—5T) 0(F) w0

where the step function u(z) guarantees that the expression is zero for z < 0 (Stark and Woods 1986, pages 94—
95). In the application of interest, X and Y are to represent the real and imaginary parts of the complex value z
whose magnitude is to be found.



4.3. OPTIMAL DETECTION 99

This may be written in a form approaching that of Equation (4.22):

fip = Slslos fos),
G

oiwHRyw’

_ 9 (\ g—if \/—21n(PF)) ,

= Q \ —2In(Pg) | since p,|Hy = po

using Equation (4.19). p?/a3 is the signal to disturbance ratio and Q(-) is the Marcum-Q

function
Qa,B) & /;o v exp (—%[v2 + az]) Ip(av) dv,

which is 1 minus the distribution function of a Rician distributed variable.

The greatest probability of detection Pp is achieved with the largest SDR, which requires
the coherent processing of as many samples as possible (or as large a signal as possible). While
the use of the whole synthetic aperture may attempt to do this, it is important to realise that the
target may not be coherent (i.e., moving in a predictable fashion to a fraction of a wavelength),

resulting in a poorer performance than anticipated.

Optimal Processing

With optimal processing, w,,.(8) = R™'%(0) so o2,,, = #7(8)R™"' () and the decision
threshold

Yopr = /=285 (8)R™' 5(6) In(Pr op)-

Note that this is dependent upon the local covariance as well as the parameters being searched

for.

Matched Filtering

Using matched filter processing, the clutter covariance is ignored, giving w(8) = ¥(@). Then

o2 = ©"(6)Ro(6) and the decision threshold

zmf

Y = /=287 (0)R5(8) In(Pr pe).
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Variable Parameter of interest | Approx. value per square kilometre
# range cells signal bandwidth 300
# azimuthal cells | integration time 300
# possible target R Doppler centroid 20
# possible target y | Doppler rate 20

Table 4.2: The number of values which may be assumed by the various parameters for a square
kilometre.

False Alarm Probability

It is necessary to determine a reasonable value for the false alarm probability, P, so an
appropriate detection threshold may be determined using Equation (4.24).

Suppose we allow one false alarm per square kilometre. Table 4.2 shows the number of
values each parameter of interest may assume. Since they are independent, their product gives
the total number of filtering operations required: about 3.6 x 107. This gives a Pr of roughly

3 x 1078 per filtering operation.

Numerical Examples

Figure 4.9 shows the receiver operating characteristic of a SAR with the parameters listed in
Table 4.1, the PRF being eight times the Doppler bandwidth. An optimal filter was used. Both
uniform and non-uniform sampling cases are shown, the latter with random intervals deviated
20% from the nominal PRI. The uniform case outperforms the non-uniform by about 1 dB.

Figure 4.10 is similar, but for a mean PRF which is equal to the Doppler bandwidth. The
performance is far worse than in Figure 4.9, which results from the spectral density of the
disturbance: a high average PRF is able to utilise the fact that the signal and disturbance
spectra do not overlap.

Due to this overlapping with a low mean PRF, a result of subsampling, the discrimination
offered by non-uniform sampling gives it a superior detection performance to that of uniform
sampling.

Using a matched filter rather than an optimal filter gives results shown in Figure 4.11. The
performance of the uniformly sampled system is almost indistinguishable from that using an
optimal filter; the non-uniform case is worse by about 0.6 dB.

Having such a low average PRF for moving target detection clearly comes at a high price.
The difference in SDR to achieve a comparable detection performance to a scheme with eight
times the PRF is approximately 40 dB. This is a result of the clutter being coloured: the target

and clutter spectra do not overlap in the high PRF case, allowing the filter to better distinguish
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Figure 4.9: Receiver operating characteristics for the optimal filter detecting a target with a
Doppler frequency of —230 Hz, using a mean PRF of eight times the Doppler bandwidth. Solid

line, uniform transmissions; dashed, non-uniform.
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Figure 4.10: Receiver operating characteristics for the optimal filter detecting a target with a
Doppler frequency of —230 Hz, using a mean PRF equal to the Doppler bandwidth. Solid line,

uniform transmissions; dashed, non-uniform.
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Figure 4.11: Receiver operating characteristic curve of a matched filter detecting a target with
a Doppler frequency of —230Hz, using a mean PRF equal to the Doppler bandwidth. Solid
line, uniform transmissions; dashed, non-uniform.

the two.
If a low PREF is to be used, however, it is clear that a non-uniform scheme is preferable to
uniform transmissions since it resolves ambiguities and has a superior detection performance,

even when the processor assumes that the coloured clutter is white.

4.4 Moving Target Indication

The objective of moving target indication (MTI) is to determine the existence of a moving
target with a single filter rather than use a bank of filters, as required by optimal moving target
detection. Since the signal and clutter spectra overlap, there will be a corresponding loss in
sensitivity.

A useful criterion to measure the performance of an MTI system is the average SDR
improvement /., given by 1,4, averaged over the parameters of interest (based on (Mao 1993,
page 348)).

The preferable test variable for finding the optimal weights, an average of the likelihood

ratio over the a priori distributions of the unknown parameters 8, appears to be intractable with
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non-uniform samples (Brennan and Reed 1968). However, there is an alternative (Brennan
and Reed 1968, page 267):
Averaging Equation (4.18) over the uniform a priori distribution of parameters 6, where

for example the target Doppler centroid is assumed to be between c; and a, where?
(az — al)(tn_H — tn) < 1 Vn (425)

gives

Using a Lagrange multiplier, the output disturbance power is minimised for a given P, when
P, — \P, = wH(R — AM)w,

where I is the identity matrix. Setting the derivatives of this to zero with respect to the elements

of w gives (Johnson and Dudgeon 1993, page 501), (D’ Assumpcao and Gray 1995, page 17)
(R—M)w = O (4.26)

i.e.,|R — M| = 0. The average MTI gain is then

N P
G = —
Py
_ wHw B wHw
T WwHRw wH)w
1
=

The smallest eigenvalue gives the largest MTI gain; the corresponding weights are given by
Equation (4.26).

Hsiao (1974) shows that for reasonable clutter rejection with a single filter, the PRF must
be much greater than the clutter bandwidth, even when using non-uniform PRIs. This agrees
with Bilinskis and Mikelsons (1992, pages 293-303) and is implied by the assumption of
Equation (4.25). (See Section 2.7.5.) This means that a SAR with an average PRF equal to
the clutter bandwidth cannot perform MTI, unless there is a short burst at a high PRF: Hsiao

(1974, Figure 3) shows that even a 10 pulse MTI filter is capable of useful clutter suppression.

3This inequality was inverted in the publication.
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4.5 Clutter Cancellation

In order to improve moving target detection performance, it is desirable to subtract the dis-
turbance from the measured data prior to MTD processing. This requires an estimate of the
disturbance which has not been corrupted by the moving target signal.

Freedman, Bose and Steinberg (1996) and Kesteven (1997) discuss an appropriate technique
for spurious sidelobe reduction called CLEAN. This involves thresholding the ground image
to estimate the positions and intensities of bright scatterers. The measurement required to
generate these images is then calculated (since it may be accurately predicted) and subtracted
from the data. This lowers the noise floor, permitting other scatterers to be cancelled. The
iterative procedure is stopped when a criterion is met. The resulting data may then be used to
find moving targets. The technique assumes a sparse distribution of bright scatterers, which is
in accordance with the assumptions in this thesis.

Another method is now proposed.

If the available average PRF were twice that of the minimum, staggered PRI data could
be collected at the same time as conventional SAR data by interleaving the transmissions as
appropriate, maintaining a minimum PRI. This allows two independent ground images to be
formed: one from each set of data. Incoherent subtraction of the two reveals the moving
targets, which appear only in the conventional image, and whose positions and velocities may
be found by processing the staggered PRI data. Since azimuthal motion causes defocussing,
it may be necessary to perform this process with a range of Doppler rates. This technique
could be applied to superior ground map generation: the higher quality conventional image
(see Chapter 6) may have the defocussed moving targets removed.

Since the technique requires twice the volume of data as a conventional radar, it is reasonable
to compare it with two antenna MTD techniques, such as a displaced phase centre antenna
(Section 2.5). This is able to detect slowly moving targets, with spectra overlapping that of the
ground clutter, although at the expense of a greater volume of hardware (requiring two, well
aligned antennas and an additional receiver).

An example of the proposed clutter cancellation technique is shown in Section 7.4.
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4.6 Practical Considerations

Theoretically, for a target with arbitrary velocity parameters occurring anywhere in the scene,
Equation (4.15) needs to be evaluated at all combinations of parameters in order to achieve
optimal detection performance. This is impractical, so coarse estimates need to be made, at
least as a first approximation.

When moving target velocities and positions are being found coarsely, the spacing of
filtering evaluations is given by the variations of  which produce a reduction in the response
of the MTD filter’s main lobe by several decibels. An example of such a filter is shown in
Figure 4.5.

If the spacing between the parameters used for the evaluations are sufficiently small, no finer
estimates need to be found and the coarse spacing then gives the resolution of the estimate.

This was discussed by Barbarossa (1992b): when considering the frequency and frequency
rate parameters, the frequency resolution é« is inversely proportional to the integration time
T(R) and the rate 68 is inversely proportional to T'( R)*. If the expected possible ranges of o

and 3 are A« and Ap respectively, the total number of filters is given by

AadB
ba 88
where o = 0.88/T and 63 = 1.8/T* for a 3 dB resolution.

Note that the smallest interval between the parameter values specifying a stationary target
and those for the closest coarse evaluation specify the smallest velocity at which a moving
target can travel and still be detected. This point is well illustrated by the main lobes of
Figures 3.9 and 3.10 representing a stationary target.

There is no obvious limit on the maximum speed with which a target may travel and still
be detected or have its parameters estimated (provided it has a sufficiently large radar cross
section and is seen by the radar several times). It is necessary, though, for the processor to
perform the required assembling of data according to the expected range migration.

The maximum unambiguous target speed depends upon the resolution of the sample time
generator: if samples are pseudorandom (Section 2.7.4), the maximum unambiguous Doppler
corresponds to half the frequency of the reference clock. With arbitrarily positioned random
times, however, all detectable targets may have unambiguous parameter estimates.

In practice, there is a significant difference (low correlation) between the return from a

stationary target and the return from a target with a large Doppler. This is because the linear
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azimuthal chirp approximation becomes invalid. Therefore, it may only be necessary for the
pseudorandom sampling to exhibit unambiguous spectra out to (say) ten times the Doppler
bandwidth of the ground.

The practical considerations mentioned in this section also apply to the parameter estimation

problem (Chapter 5).

4.7 Conclusions

This chapter applied optimal detection theory to investigate the effects of a non-uniform PRI
on the moving target detection performance of a ground imaging SAR. It derived the optimal
filter for an unknown phase using both Neyman-Pearson and maximum signal to disturbance
power ratio criteria. The chapter also derived the signal to disturbance ratio improvement
and the receiver operating characteristic. It was shown that a non-uniform PRI has a superior
performance to a uniform PRI SAR with the same average pulse repetition frequency. It was
also shown that a higher average PRF gives much better results, which may be attributed to the
optimal detector utilising the non-white structure of the clutter. Some consideration was given
to moving target indication. The proposed clutter cancellation method improves detection

performance at the price of a higher average PRF.



CHAPTER 5

Moving Target Parameter Estimation

This chapter investigates the estimation of the parameters of a moving target using azimuthal
synthetic aperture radar (SAR) data sampled at arbitrary times. It discusses the literature, both
optimal and practical estimation techniques, estimator bias and the Cramér-Rao lower variance
bounds. These bounds are derived for both deterministic and random sampling times and are

verified by simulation.

5.1 Introduction

Once a moving target is known to be present in the radar scene, its position and velocity can
be estimated. The moving target’s signal may be modelled as a sampled exponential with a
slowly varying amplitude and complex, polynomial phase (Section 2.3). The contributions
of this chapter are to investigate the problem of estimating the target’s unknown parameters
for arbitrary, but fixed, radar transmission times by taking an optimal (maximum likelihood)
approach and finding the theoretical lower bounds on the variance of the estimates. The
variance bounds are also found for a variety of random transmission schemes, and it is shown
that the attainable polynomial phase coefficient estimation accuracy with a random pulse
repetition interval approaches that of a uniform interval as the number of processed samples
is increased, even though the former overcomes the range velocity ambiguities inherent in the
latter.

Whilst many other authors have found the Cramér-Rao lower bounds for various cir-
cumstances, I know of none who model a polynomial phase signal in coloured noise with
non-uniform sampling times, and none who consider different probability density functions for

various sampling schemes. I also know of none who relate the results to the actual unknown
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parameters in a SAR moving target scenario (Section 5.8).

Section 5.3 discusses polynomial phase estimation methods covered in the literature, Sec-
tion 5.2 defines the model of the radar’s data and Section 5.4 derives the maximum likelihood
(ML) estimator for the unknown parameters, including its bias and lower variance bounds for
arbitrary transmission times. Section 5.5 discusses the variance bounds for random samples
with known distributions. Several examples are given. Simulations verify the analytical results
in Section 5.6 and practical considerations are given in Section 5.7. Section 5.8 relates the
parameter estimation model to the actual SAR parameters and shows several numerical exam-
ples. Section 5.9 concludes. Appendices C and D derive lower variance bounds for a biased

estimator and the Fisher information matrix for a complex Gaussian scenario respectively.

5.2 Signal Model

The model to be used to represent the signal in this chapter is similar to that used for moving
target detection in Chapter 4. The moving target’s range compressed azimuthal signal can be
represented by Equations (4.1) and (4.2). The return from a scene incorporating a target and

random disturbance may be approximated by

y(t) _ pa(t _ w) eI2m[¢+0) (t~w)+02(t—w) 4.+ 0k (t—w)¥] - n(t),

where p is an unknown amplitude, a(t) is the radar’s two-way antenna beam pattern, w is
the time the target is centred in the antenna beam, ¢ and {6;},k = 1,..., K, are unknown
polynomial phase coefficients and n(t) represents the disturbance, modelled as a known, zero
mean, stationary, circular, Gaussian noise process (having real and imaginary parts which are
independent and have the same variances). Note that the unknown signal model parameters
are non-random, and that there is a relationship between «(t) and n(t) (Section 4.2.4). y(t)
is sampled at the times {t;},7 = 1,...,N. The use of the polynomial phase makes this
formulation more general than that used in Chapter 4.

The target’s slant range is assumed to be known to within the range resolution of the radar
due to the prior range compression. A justification for using range compressed data when
estimating the parameters of moving targets was given in Section 3.2.2.

Figure 5.1 shows a representation of the parameters to be estimated. For narrow antenna
beam, it is reasonable to restrict X' = 2, so that the instantaneous frequency is a straight line

(indicated by the dashed line). It is then clear that the estimation accuracy of the unknown
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Figure 5.1: A representation of the model and its unknown parameters.

time w depends primarily upon the shape of the antenna beam pattern. Since a(t) is a slowly
varying function, it follows that w cannot be found very accurately; consequently, the Doppler
centroid #; and hence range velocity R of the moving target (via Equation (2.11)) cannot be
found accurately either.

Alternatively, if a(¢) had a narrow peak, w could be found accurately; however, that would
mean that the signal to noise ratio away from time w would be poor, degrading the quality
of the phase parameter estimations. This is the classical time-frequency estimation problem:
accuracy in one dimension is at the expense of degraded accuracy in the other.

In SAR ground imaging, it is normal to assume that a(t) is uniform. Although there

is insufficient information to determine the w corresponding to a specific target under these
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circumstances, it is quite practical to find the amplitude of a target with an assumed w,
corresponding to a scatterer’s azimuthal position.

It is possible in the moving target problem to assume that w is known to be zero (say), which
is often done for analytical convenience, reducing the problem to one of polynomial phase
parameter estimation, e.g., (Ikram et al. 1996). This corresponds to a scenario where a target
is assumed to be travelling on a road which is located accurately in the azimuthal dimension.
With w known, the target’s range velocity may be found very accurately (Section 5.8.1). (It
may be thought that the w = 0 assumption is valid in any case, since the target’s parameters
are estimated following its detection, and w was estimated then. However, that process was
not performed without error, so the argument is invalid.) The target’s azimuthal position is
assumed to be unknown at this stage, although it will be assumed to be known later in this
chapter.

The sampled signal can be represented by
y(t) = pel®™ At — wl)vy(0,t — wl) + n.

(Boldface indicates vectors or matrices.)

(as defined in Equation (4.5)),t = [t1,%2,...,t5]Tand1 = [1,1,..., 1] where the superscript

T denotes the transpose operation. The signal
('vo(0,t)),- . ej21r(0lt.-+02t§+...+0;(t{‘)
with @ = [0y, 0,,...,0k]T. The disturbance vector

n -~ CNN(O, R)
= 7rLN|R-1’exp(—[ac — Ele]" R~![z — E[=]]) .

R = E[nnH] is the noise covariance matrix, the superscript ¥ denoting the Hermitian

conjugate-transpose operator. E[-] denotes the expectation operator.
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For convenience, the unknowns are stored in the vector u = [p, w, ¢, OT]T. It is assumed

that the number of measurements N exceeds the number of unknowns.

5.3 Existing Work

This complex signal parameter estimation problem is well known; some practical techniques

are:

Discrete polynomial transform Peleg and Porat (1991b) introduced the continuous and dis-
crete polynomial transforms, which are powerful, computationally efficient tools for esti-
mating the parameters of signals with polynomial phases, including the order. Estimation
accuracy is considered in (Peleg and Porat 1991a). Later papers extend the algorithm
to allow for a time varying amplitude and multiple component signals (Friedlander and
Francos 1995). O’Shea (1996) extended the algorithm to allow for low signal to noise

ratios.

Interpolation Dowski, Whitmore and Avery (1988) estimate the parameters of real sinusoids
sampled at arbitrary times by first interpolating to find the values which would have been
obtained using uniform sampling times (using singular value decomposition). Principle
component autoregressive modelling is applied to identify the line spectra and then the
amplitudes and phases are found using a linear least squares approach. The variance of

the method is shown to compare favourably with the Cramér-Rao lower bound.

Minimum variance Kitchen (1992) performed a polyphase signal estimation using a mini-

mum variance estimator.

Kay’s estimator Kay (1988) described an estimator which was based on measurement phase

differences (but did not use phase unwrapping).
Pisarenko’s estimator has been extended for coloured noise (Sakai 1986).
Some authors have applied techniques to the SAR moving target problem specifically:

Iterative Barbarossa (1992b) discusses an iterative scheme which estimates the Doppler cen-
troid and rate simultaneously. This is done in coarse and then fine resolution stages; the

former provides an initial guess for the latter. This is a simple, practical technique.
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High order multilag ambiguity function The multilag high order ambiguity function was
introduced by Peleg and Porat in 1991 as a parameter estimator for multicomponent
polynomial phase signals in white noise. (It is not a ML estimator.) It has been applied

to SAR recently (Barbarossa, Porchia and Scaglione 1996, Porchia et al. 1996).

Wigner-Ville The Wigner-Ville (WV) distribution has been used a great deal for instantaneous
frequency estimation; it is appropriate for SAR since the azimuthal chirps appear as
straight lines, which may be detected through the use of a Hough transform following
the WV processing. Integrating along the possible lines in the 2D time-frequency space
overcomes the cross-term problem with the WV distribution: since the cross terms
alternate in sign along their length, they will cancel. This technique has been applied to

SAR data in (Barbarossa and Farina 1990) and (Barbarossa 1992a).

Phase unwrapping A curve may be fitted to the unwrapped phase of the signal, for example

(Slocumb and Kitchen 1994).

Multilinear time-frequency representation Barbarossa and Mascolo (1994) use another
non-linear estimation technique to focus SAR moving target signals in the presence
of strong clutter and for imaging geometries which depart from the usual quadratic as-

sumption.

ISAR Inverse SAR accommodates arbitrary target motion and uses it to resolve scatterers on

the target itself (Wehner 1995). This was discussed in Section 2.5.

Note that an optimal technique, the exact maximum likelihood (given that there is a
uniform prior), involves an exhaustive search over the parameter space. Although this is
impractical, it is of interest as it is theoretically optimal.

Soumekh (1996) argues that most SAR super-resolution techniques in the literature (includ-
ing, by implication, maximum likelihood) will not meet the claimed performance in practice
due to inaccurate modelling of the target’s complex amplitude characteristic, which is typically
assumed to be uniform. In reality, the target’s amplitude may vary dramatically, and may not
even peak at the shortest range (when the target is centred in the antenna beam).

However, meaningful theoretical results may still be found while using the uniform am-
plitude assumption, since the SAR of interest here has a narrow beamwidth (in the order of a
degree). It is unlikely that the target’s amplitude will vary to the extent shown by Soumekh

over such a small aspect change. (A more important assumption is that of linear target motion.)
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In summary, the differences between the problem of interest and that of the well known

polynomial phase parameter estimation problem are
e coloured Gaussian noise,
e the amplitude term with an unknown delay,

o the parameters of interest are derived from the polynomial coefficients rather than being

the coefficients themselves, and in particular

e the sampling is at arbitrary times, rather than at fixed intervals. For the case of random
sampling, the estimator’s performance should incorporate the sampling probability density

function.

5.4 Maximum Likelihood Estimation

The maximum likelihood (ML) estimator for these parameters is found by applying classical
theory, for example (Rife and Boorsteyn 1974, Peleg and Porat 1991a). It is of interest since it
returns the most likely value of the parameters, given an equal prior probability, with variances
achieving the Cramér-Rao lower bound asymptotically. The ML estimate corresponds to
the parameters which maximise the probability density function (PDF) of the observations
p(y;t,u) (termed the likelihood function). This PDF is parameterised by the sampling times

and the vector of unknowns . Then

@ = argmax p(y;t,u)
u

1 : .
= arg max }WlR—l } exp(—[y — pei*™ Avg) PRy — pe’2”¢Avo])
u

= argmin (y — pe’>™ o) R~ (y — pe’®™ By).

u

where ©y = Ay, the weighted polynomial phase signal. For any w and 8, the ML estimator

of the amplitude and initial phase

{p, ngﬁ} = argmin (y — pe?®™ Bo)f R~ (y — pel?™ @), 5.1
Py ¢
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If we consider the amplitude and initial phase to comprise a complex amplitude with real
and imaginary components p, + jp; = pei?™, we can differentiate the right hand side of

Equation (5.1) with respect to these components and set the results to zero. This gives

§R{ 6()HR_ly}
— g A

pr = ~ —— nd
’v()HR ! Vo
) S{#" Ry}
pi = - 1=
’UOHR 1 Vo

where R{-} and & {-} return the real and imaginary parts, respectively. Since R is positive
definite, R~! is positive definite, which means that 60H R~ %, is real. Therefore,

B Ry
— _] ~ ?
! B! Vo

peit® = (5.2)
which is the least squares amplitude estimator. If the noise were white with variance o2 (so
R = oI where I is the identity matrix), the antenna beam were uniform (so A =1T)and
w = 0, this would reduce to the matched filter: pei?™® = yoHy. If = [61], this would be
equivalent to evaluating the discrete time Fourier transform (DTFT) of the sampled signal at
the freqﬁency of interest.

The estimator for the delay and polynomial phase coefficients

%, = argmin (y — pe’>™ 5)F R (y — pei?™ )
w, 0
|’!IHR_l Vo i
= arg max (5.3)

w, %" R~ %o’
using Equation (5.2). Thus @ can be estimated without knowledge of the amplitude or initial
phase!. Again, in the case of white noise, uniform antenna beam, w = 0 and 8 = [01], this
is the frequency which maximises the squared magnitude of the DTFT. (In practice, a coarse

frequency estimation may be performed by finding the maximum squared value of the discrete

1As an aside, if the amplitude and initial phase were known a priori, the maximum likelihood estimator of 8
would be . .
6 = argmax pR{e/?™yHR-15,} — p? 5,7 R~ 5,.
6
The known phase compensates for the fixed phase shift of the measurement, thereby allowing the estimator to be

coherent. (Equation (5.3), by contrast, squares the y¥ R~! % term, destroying the requirement for a knowledge
of the phase information.)
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Fourier transform evaluated at a finite number of frequency bins. As the signal to noise ratio
is reduced, it suddenly becomes more likely that a noise spike will be larger than the value in
the frequency bin nearest the signal, leading to a gross error. This is known as the ‘threshold
effect’ (Rife and Boorsteyn 1974).)

With w = 0 it is possible to prewhiten the measurement using
y = (R'A)'%y,

but this approach will not be considered due to possible systematic errors.

The performance of the ML estimator will now be considered.

5.4.1 Bias

Firstly, the expected value of the complex amplitude estimate

E[pe?™] = ——62}11? —?ﬂy] = pe’?,
v R~ vy
so the estimator in Equation (5.2) is unbiased, irrespective of the sampling times.
Ambiguities result when more than one signal can give rise to the set of observations. This
is well known with uniform sampling since a cisoid can be fitted to the data at the signal’s
frequency or at multiples of the sampling frequency away from this. These aliases may be
interpreted as estimation biases since, with no prior knowledge, a practical estimation strategy
which searches for cisoids from a predefined starting point will consistently take one of them
as the true value. (Another possibility, that the estimator has a random frequency at which it
starts its search for cisoids, is not worth considering. The errors in the estimates which result
from choosing an alias would then depend upon the strategy adopted. For the evaluation of

the variance below it is assumed that none of the aliases have been chosen.) These biases will

now be considered in detail.
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Suppose that w is known to be 0 and A = I. Then the expected value of the polynomial

phase coefficient estimator (Equation (5.3))

E[é] E| arg ma lyHR‘lvol
B X
go ’UOHR_]’UO
[ 2
— 1e—i2m($'+6]t +6512) -1 J2m(d+81t1+05t%)
= E|arg max vo”R' ;[ K +nk]R kilpe ittt |

where the parameters of the actual signal are primed v/, and only a second order polynomial
phase is being considered for brevity.

For white noise and a high signal to noise ratio this becomes

2
Z 2 ((81-61)tk+(62~63)t7]
k

E[G] = E| arg max
0

For uniform sampling, where ¢, = kt,, t, being the sampling interval, the sum of the
exponentials will reach a maximum when the exponential’s arguments are multiples of ;2.

This will happen when both

91 = 0’1 +$L'/t3

54)
and 6, = 0)+y/t?

for arbitrary integers = and y. The estimated spectrum will reach the same value in each of
these cases. Thus the estimator is biased®.

In theory, any other sampling scheme will suppress these effects, since the phases will
then not be aligned. However, it may be important to suppress aliases as much as possible.
This is especially true when there are several signals, a case not considered here. Bilinskis
and Mikelsons (1992, pages 80-88) discuss the degree of aliasing, defined as the squared sum
of the Fourier coefficients at aliasing frequencies, for a variety of different random sampling
schemes. They show that random intervals with a positive correlation perform better than with

no correlation, or periodic sampling with jitter. These were discussed in Section 2.7.6. (In

2This is true in practice for the frequency term in the SAR moving target parameter estimation scenario. (This
was discussed in relation to the range velocity in Section 3.5.1.) However, since the radar’s speed is assumed to
be much larger than the moving target’s azimuthal speed, there are no aliasing problems for the frequency rate
term.
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general, sampling schemes which approximate a uniform probability of a sample occurring as

a function of time have the best properties.) These schemes will be discussed later.

5.4.2 Varance

The variance of an estimator is a measure of its inaccuracy. It is useful to put a theoretical
lower limit on this variance; this provides a convenient way of comparing the performance
of estimators under different conditions. The lower variance bounds on the estimation errors
of sinewave parameters were possibly first discussed in detail by Rife and Boorsteyn (1974),
(1976).

This lower variance bound for an unbiased estimator, the Cramér-Rao bound, is given by
CRLB{(u)i} = (J7")es (5.5)

(e.g., (Kay 1993)), where the Fisher information matrix

J 2 E[(al"pg-‘::t’“)> (Blnp(az;t,u)>T]

has the elements

(5.6)

(F)es & Elalnp(y;t,u)8lnp(y;t,u)]_

9(u)x d(u);
Since the ML estimator has unbiased amplitude and phase estimates and only additive bias

for the polynomial phase coefficient estimates (Equation (5.4)),
E[#] = u+b,

where b is a vector containing the offsets. It is shown in Appendix C that the lower variance
bound for this biased estimator is still the Cramér-Rao bound, the result achieved by an unbiased
estimator. This is expected, since variance is not affected by an additive offset.

It is shown in Appendix D that for y ~ CN (m(u), R), Equation (5.6) simplifies to

am(uw)? p-19m(u
(Ner = 2%{ TR 0,

— 2%{ B(pe??™® Yo)H R-! dpel?T® '80}

a(u)k 3(“)1

for this problem, where %o = Awvy, (vo): = P2 Ertit0ati++0xt) and uw = [p, w, ¢, 877,
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Here we have, using vector notation for brevity,

Opel?™® & -
- Op = I,
ow ow

= ej2”¢Bvo,

(9 j21r¢-6 ' )

——% = j2rpe’*™ Gy, and

8 j21r¢,6 ] )

o = i2mpe T,

n

where T' is a matrix containing the sampling times and unknown delay

J may then be written as shown in Equation (5.7). (Note that A¥ = A.)

— wl.

— 72m A(61T + 20,T + 30:T* + ... + KO T* ") | v,

This expression is difficult to simplify, since B is dependent upon the form of a(t).

Therefore, we shall consider the case when w is known to be zero. Then the unknowns

u = [p,$,07]7, so

For white noise, this is

(Dt
(J)k,1
(J)

()

[y

N

2%{ 56" R 5o},
47 pS{ 86" T 2R 5, }, k>2,
—47pS{ 50" R1T'2 5}, 1>2,
872 R{ 6" TR T2 %o}, k,1>2.

= 2 ZnN=I az(t")?

= 0, k>2,
= 0, 1>2,
= 81 LI, a¥(ta) T4, k1> 2.

A"

v

Ey

(5.8)
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Zﬂ?vg’fAR“'Avg} 2p§R{vg”AR"ng}
20%{ o BY R~! Avy 20*R{vo" B" R~ Bvg
4rp {voHAR' ' Avo% 47 p*S {‘UOH AR 'Buvg
47 pS {vo”ATR*' A'vg} 4T p*S {ngATR"ng}
4rpS {vo" AT*R™' Avo} 4rp*3 {ve" AT R~ Buo

—4rpS {vo AR Ave}  —4mpS {w AR T Avo}
—4?rp2‘3‘ vQHBHR“‘A'vg} —47:',023‘ quBHR"'lTA'v(}}
SWZpZSQ%ngAR“AvO} Swzpz%}vo”AR“'TAvo}
8:rr2p3§R{vg”ATR"'Avo} 8f:r2p2§1‘2{vg”ATR"TAvg}
872p*R{vo” AT*R™' Avo} 872p*R{wo" AT*R™'T Avo}

—47pS {w AR™'T? Av,}
—47p*$ {vo BY R™'T? Avo}

SWZPZ%%’(JQHAR_ITZAUQ}
872p*R{vo" ATR- 'T2 Avo )
87r2p2§R{vo”AT2R‘1T2Avo} e

CN))
For white noise, w =0, A = T and 8 = [0, 02]T, the matrix becomes
IN 0 0 o |
1 0 87202 N 872p2 St 872p* S, 12
gL p P 2k tk PZkk' (5.9)

2| 0 8x22Nitk 87PL, 1} 872 Lyt)
0 8r2p?Tyti 8mpPLiti 8770’ Lith

This second order case is of interest since it equates to the simplified azimuthal response of the
moving target in a SAR scene (Section 2.3).
Since absolute times {t } are referred to, it is necessary to specify a reference, here denoted

to, relative to the origin. For uniform sampling, let the times be centred on o:

tk—[ N-1

(k—l)——z—] ty 4o, k=1,...,N,

where ¢, is the sampling interval.
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Using Equation (5.5), we get

CRLB{p} = o*/(2N),
CRLB{&} 3 o2t [N?(BN? — 10) + 7] + 24t3[10t3 — t,2(N? + 1)]
32 p2 T2 AN(N4 — 5N2 4 4) ‘
CRLB(G) _ 3 O [N —4)+ 60 - (10)
U} = sm N —sNTa)
A 45 o2 1
CRLB{%:} = 272 p t,*N(N* —5N2 1+ 4)°

(Note that 0%/ p? is the signal to noise ratio.)
Some of the Cramér-Rao lower bounds therefore depend on ¢y, which is not intuitive,
although the effect was observed for the simpler problem of estimating both ¢ and 8, by Rife

and Boorsteyn (1974, p. 592), who stated that the minimum Cramér-Rao lower bound on qAS

N-1

5 ) ts. An explanation is that the parameters form part

was obtained by choosing ty = — (
of the model of the continuous function y(t¢), which is valid for all time. By finding the phase
we are implicitly specifying the value of the function at ¢ = 0. For the linear phase case it can
intuitively be seen that choosing the centralised ty = — (#) t, minimises the variance of the
y intercept.

However, it transpires that the lower variance bound for phase in Equation (5.10) reaches

a minimum when the sample times are centred on to = j:\/tsz(N 2 +1)/20, a significant
departure from 0. Whilst this is an interesting phenomenon, it will not be discussed further
here.

The most appropriate ¢; to use may be found by arranging the cross terms in the Fisher
information matrix Equation (5.9) tc be 0. With the uniform sampling scheme described above,

this happens when ¢, = 0: elements with sums of ¢ to odd powers become zero, so the bounds

become
CRLB{s} = o°/(2N),
) 3 o 3N?2-
CRLB{¢} = 327r2;_2N(N2—74)’ (5.11)
CRB{0} = 5% e | |
Rs{h} = 5% s |
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For non-uniform samples, we have
k-1
ty = ZT,', k=1,...,N,
1=0

where the {r;} is the interval between samples ¢; and ¢;41, To being the offset of ¢; from

to = t = 0. For the sum of the times to be zero, we have

—

[ 25
T0 — N i=0(’i-—N)7‘,’, (512)

s0 tp is intuitively positioned at the ‘centre of gravity’ of the times. For the sum of cubed times

to be zero, we need to solve the cubic equation

N k=1 \3
Z (T() + Z T;) = 0.
k=1 =1

Since this will give a different result to Equation (5.12) in general, the value of 7o to be used

is not clear; the global minimum of the Cramér-Rao lower bounds may need to be found.

5.5 Random Sampling

Provided the sampling times are fixed, the Cramér-Rao lower bounds in the coloured Gaussian
case can be found using Equations (5.7) and (5.5). However, of particular interest here are the
effects of random sampling on the parameter estimation accuracy. If the times are specified in
terms of distributions pr(t) rather than specific instants, it is desirable to know the expected
Cramér-Rao lower bounds. An additional complication is a variable time delay between the
actual sample times and the times used for processing the data, which models the effects of an
unknown radar position at the time of transmission. The situation is shown in Figure 5.2. The

model of the data is now

y(t) = pe?ug(8,t+6) +n,

where & is an N x 1 vector containing the random timing errors, which are assumed to have
the form 6 ~ Ny (0, ag). (This aspect of the problem is similar to work of Swingler (1996),
who approximated the Cramér-Rao lower bound for frequency estimates with sampling jitter.)

If the sampling times were not known at all, the vector of unknowns would be u’ =
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n(t)

sampler
u = v(t)

T y
unknown 5
delays
enerate t

B) = Smpling Process j—— o

times data

Figure 5.2: A representation of the random sampling estimation scenario. The sampling times
are randomly distributed, but approximately known.

[uT, 02, ¢T]T and the Fisher information matrix would be

Olnp(y,u”) 0lnp(y,u”)
O(u")y, A(u"),

(Jky = Eypn

(which is similar to (Van Trees 1968)), where p(y, u”) is the joint PDF of the measurements
and unknowns. Note that the expectation is over the sample spaces of both the random
measurements and the random unknowns. The unknowns’ PDF py»(u") implicitly appears as
a priori information (via the conditional probability expression p(y, w") = p(y|u”) py(u”)).
It is assumed here, however, that the nominal sampling times ¢ are known, but differ from one
realisation to the next. Therefore, let ' = [u,02]T be the vector of unknowns. There are

two clear approaches to finding the expected Cramér-Rao lower bounds:

1. Find the expectation of the bounds assuming constant transmission times with respect to

the known timing distributions
Br[CRLB{(w)}}] = [ CRLB{(w);;t}pr(t)dt. (5.13)

This is an intuitive method; however, its true meaning is not clear.

2. Since the likelihood function now contains random (but known) times, pr(t) should be

incorporated into the Fisher information matrix (Equation (5.6)):

dlnp(y,t;u') Olnp(y, t;u’)
(') o(u');

(J)ky & Eyar (5.14)
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p(y,t;u’') is the joint probability density function of the sampled signal and the trans-

mission times, parameterised by the unknowns. The expectation is now over the sample

spaces of the random measurements, the unknown delays and the random measurement

times.

This is the approach which has been adopted here.

Using a conditional probability expression,

and letting pr(t; u’)
from Equation (5.14)

(J Ikt =

p(y,t;u') = p(ylt;u’) pr(t;u'),

= pr(t), since the sampling times do not depend upon the parameters,

Evar

Evar

EvaTt

[0 In(p(y|t; w') pr(t)) O In(p(y|t; u') m(t))}
I(u')x a(w'),
[0{Inp(y|t; w') + Inpr(t)} O{Inp(ylt;w') + lnm(t)}]
| O(u') o(u'),
[0np(y|t;w’) Olnp(y|t; U')]

B(us o) |

With af assumed to be zero, our vector of unknowns is just « and we have

(I )k

// Olnp(y|t; u) Olnp(y|t; u)
TJy O(u

)k A(u); ply,t;u)dy dt.

/T[/Y dlnp(ylt;w) Olnp(y|t;u)

O(u)k a(u); p(ylt;u) dy] pr(t) dt

/T(J)k,tpr(t) dt
Er[(J)k],

where J was defined in Equation (5.6). The final result is similar in concept to Equation (5.13),

except that the expectation is over the Fisher matrix elements rather than the Cramér-Rao lower

bounds.

J’s elements (Equation (5.7)) can be written in the form

(g = alk,l) flw (k)R™'z(1)},
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where f{-} extracts the real or imaginary part, so
(i = alk,) F{ [ w0 (6) R (1) pr(e) dt} 5.15)

R~ cannot readily be simplified since the covariance matrix entries are in the form (R)mn =
r(tm — ta): they are a function of the variables being integrated over.
In the case of white noise, Equation (5.15) becomes

alk,l)

o2

(et =

f { /r w (B)e (1) pr(t) dt} .

For w known to be 0, this is

o (k, 1)

o2

f{ [ 8H T 50 () dt}
o' (k

= “A S [0 ) 5 oty
_ (k) f{Z/Taz(tn)tﬂ(k'l)m(t)dt},

(I )k

o2

since the phase terms cancel. The superscript * indicates the conjugation operation. Here

.

2, k=1=1,
drp, k>1,1=1,

o' (k1) = ¢
—4rp, k=11>1,
\ 8m2p?, k,I>1
and g(k, ) expresses the powers of t:
0, k=1=1,
g(k?l) . k+l_4a k7l227

undefined, otherwise.

If the PDFs are independent, we have

(J')k,l — @f{Z/;N.../TZ/TI az(tn) tﬁ(k'l) Hme(tm)dtl dty--- dtN}

_ Ak f{; / _a(tn) 85" pr, (¢) dt},

o2
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and
(e = DN [ a2 560 pr(r) e}

a

if the PDFs are the same. (Note that if a(t) = 1 V¢ the argument of f is the g(k, )™ moment
of the PDF of ¢.)

5.5.1 Example Sampling Distributions

The timing specifications for several sampling schemes were discussed in Section 2.7.6.

Known times If the sampling times are known, so that
pr.(t) = 6(t —tn) ¥,

where §(t) is the Dirac delta function, it can easily be shown that J' = J.

Random offsets If there are random offsets from uniform samples centred on ¢ = 0 (i.e.,

jitter), we have

t, = (n—l— N2— 1)153 + U(0,bt,), n=1,...,N,

as discussed in Section 3.7.1, where

>

Uz (e, 3)

1/(2s), p—s<z<p+s,
0, otherwise,

for uniformly distributed offsets. Then
pr.(t) = U([n—1— (N —=1)/2]¢,,bt,).

The duration of the measurement is then slightly greater than with uniform sampling, as
mentioned in Section 3.7.1, since the PDFs of the extreme samples extend earlier and

later than the respective nominal values.
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It can be shown that, for w knowntobe Oand A = I,

(JV1 = 2N/o?,
(I kg21 = 0,
()12 = 0, and [
/ 82 p? 1 k+i+1
(I k2142 = 2 E T Z{[n 1— —1)/2]t, + b}
—{[n—1—=(N-1)/2)t, — b}"+’+‘.J

(5.16)
Of course, if b — 0 these PDFs approaches delta functions: the Fisher matrix result is the

same as for uniform sample times discussed above.

Uniformly distributed over whole interval In this case, for all n,

1/(2by), —by, <t < by,
pr.(t) = .
0, otherwise.

This distribution may be approximated in practice by using random intervals between
samples; the distribution of the intervals is of no real importance when N is large.

(Section 2.7.6 discussed this.)

It can be shown that, for w knowntobe O and A = I,

(J’)l'] = 2N/0‘2,
(V421 = 0,
(J’)l,k+2 = O, and
p2 ka+l
87r2—2—“’——, k + l even,
(J’)k+2,l+2 = o (k+1+ 1)
0, otherwise.

This is the same as the result achieved with random offsets (Equation (5.16)) where the
offsets are £0.5¢,. However, it is preferable to use random intervals in practice: the
intervals may be constrained to have a minimum sampling time separation, unlike with
random offsets, and there need only be a small degree of randomness; a large amount, such
as £0.5¢, leads to a degree of unpredictability in performance (Bilinskis and Mikelsons

1992). This was also discussed in Section 2.7.2.
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If b, = (N — 1)t,/2, making the time span the same as for a uniform sequence, and

0 = [0y, 6,7, the corresponding Cramér-Rao lower bounds are

CRLB{j} = o%/(2N),

CRLB{$} = %2- 5;- %

CRLB{él} = 2; ;_jtszN(]if— Iy and > e
CRLB{d} 24—:2 i;; m

B4

This is equivalent to Equation (5.11) for large N, but larger for small NV, meaning that the
parameter estimation accuracy is the same for uniform and non-uniform sampling times
with an infinite number of samples. (Increasing the interval b,, will not make them the

same for finite N: the effects are non-linear.)

This result is expected: for random intervals, which approximate uniformly distributed
samples, the noise floor of the sample spectrum near a single signal is very low, as shown
in Figure 2.12. Intuitively, this implies that, once the signal has been identified, estimating

its parameters may be done accurately.

Figure 5.3 shows a comparison between the Cramér-Rao lower bounds corresponding to
uniform sampling (Equation (5.11)) and uniformly distributed random sampling (Equa-
tion (5.17)) as a function of the number of samples N. The variance o? = 1, the squared
amplitude p? = 1, the time offset w is known to be 0, the weights A = I and sampling

interval £, = 1. There is a difference of only about 1 dB between the two when N > 15.

Random intervals Here the PDF of each sample depends upon the previous one:
tl = —(N — 1)T_,/2; tn+1 = tn + 7.
For Gaussian offsets, 7, ~ N (ts, 02):

pr(t) = 6(t—[N —1]i:/2),
pTz(t) = N([l - (N - 1)/2]ts10'2)7

pr.(t) = N([n—1=(N = 1)/2)ts,[n - 1]0?).
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CRB comparison
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Figure 5.3: Cramér-Rao lower bounds for uniform sampling (o) and uniformly distributed
random sampling (x) with normalised parameters and w known to be 0.

In this case,

[t — mt,]* ) $H gt

P - -
sase \/—T “’( 2n— 1)

where m = (n — 1 — [N — 1]/2)t,. This is a difficult integral to evaluate for arbitrary

k+1

For large n and any non-trivial offset distribution, it is as if the offsets were Gaussian by
the central limit theorem; in fact, pr, (t) tend towards being uniformly distributed. This

case was discussed above.

5.6 Simulations

Figure 5.4 shows the estimation errors obtained as a function of the noise variance when the
four parameters p, ¢, 8; and 0, were estimated with simulated data and uniform samples. The
signal’s magnitude p was 1, the number of samples NV was 20, the sampling interval ¢, was
2, the delay w was known to be 0, the amplitude term a(t) = 1 V¢, the phase parameter ¢
was 0.123, the frequency 6, was 0.106 and the frequency rate 6, 0.01. 15 estimations were
performed for each noise variance; the vertical bars in the figure show the corresponding 99%

confidence intervals. The noise values were the same for each of the three simulations. The



5.7. PRACTICAL CONSIDERATIONS 129

estimation errors for uniform samples

-10 : f

variance (dB)

0 0.1 0.2 0.3 0.4
noise variance

Figure 5.4: Estimation errors found by simulation with uniform sampling. The horizontal
curves show the Cramér-Rao lower bounds.

antenna beam a(t) was assumed to be unity as it only varies very slightly over 16 samples in
the stripmapping SAR case.

Figure 5.5 shows the errors obtained during a similar simulation, but using uniformly
distributed samples. The sample times were the same for each of the three noise variances.

There is excellent agreement between the sample variances and the Cramér-Rao lower bounds

in all cases.

5.7 Practical Considerations

Theoretically, the ML estimator demands that the parameters of the moving target be found by
exhaustive search, since only then will the optimal estimates be obtained under conditions of
arbitrarily poor signal to noise ratios. (This is also true for the detection problem, where the
likelihood ratio needs to be evaluated with the exact target parameters in order to achieve the
optimal detection performance.)

This is impractical, since there are too many combinations of parameters which have to
be used in Equation (5.3). However, once an approximation to the result is known, the ML
technique may be implemented using a variety of algorithms including gradient descent (e.g.,

(Haykin 1991)) and expectation maximisation (e.g., (Kay 1993)). In order for these algorithms
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estimation errors for uniformly distributed samples
. ; 0

variance (dB)

0 0.1 0.2 0.3 04
noise variance

Figure 5.5: Estimation errors found using uniformly distributed samples.

to converge on the true parameters in an environment with a poor signal to noise ratio, they
must be initialised with a good first approximation to the true parameters.

This gives rise to the idea of coarse parameter estimates which are used to initialise the ML
algorithms. As mentioned previously, there is a ‘threshold effect’ which is a property of coarse
evaluation methods when there is a low signal to noise ratio.

Section 4.6 discuss practical considerations relating to moving target detection with coarse

parameter steps. These also apply to the problem of parameter estimation.

5.8 Actual Unknown Parameters

The derived Cramér-Rao lower bounds for the polynomial phase signal parameters can be
related to the errors in estimating moving target azimuthal position and range and azimuthal
velocities®. If the parameters of interest are stored in the r x 1 vector « and specified in terms
of a continuous and differentiable r-dimensional function of the parameters u, & = g(u), then

the matrix
_ 9g(u) ;_,0g(u)

. Ju Ju

> 0

3The other moving target parameters are not of concern; see Section 3.4.2 for a discussion of the parameters
which can be determined.
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(meaning that the left hand side is non-negative definite) (Kay 1993, p. 45). The r x r matrix
C contains the parameter covariance Cramér-Rao lower bound. This assumes that  is real
(which will almost certainly be true in practice).

Here, the parameters of interest are the azimuthal position y, range velocity R and azimuthal
velocity §: a = [y, R, 9]7. The unknowns in the model are u = [p,w, ¢, 01, 6,]7. The model

was e/ A(t — wl) vo(8,t — wl) where

(vo(0,t)); = 2 lOitit ot +05ctK]

Relating this to the structure of the azimuthal signal, Equations (4.1) and (4.2), gives

'Upw
—70,/2
V=XR0; + v,

Q
1l

(Note that 6, is half the Doppler frequency rate, F;,.) Since

dg(w) 0 v, O 0 0
g(u
2 = |0 0 0 —)2 0 i
0 0 0 0 —IAR(—ARG)™?
w2CRLB{0}  —%Cov[irfy| — 3% Cov|idy
C > —'—"é—’\ Cov[élﬁz] ’\—ZCRLB{él} \/%—COV[O 02]
— 557 Cov[dd] A8 Cov[d:61] — 22 CRLB{6,}
Therefore
CRLB{j} = (Chy =  v;CRLB{&}
. 2
CRLB{R} = (C)2 = (%) CRLB{,}, (5.18)
CRLB{j} = (C)s = /\:;CRLB{GZ}

(Note that 8, will be negative, so CRLB{{)} will be positive.)

For white noise, w known to be zero, a uniform antenna beam, uniform samples centred on
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Parameter Value(s) Comments
range 29500 m chosen to match the real data
platform velocity 70m/s (140kt)
wavelength 3.2 cm (X-band)
antenna beamwidth 1.5°
Doppler bandwidth 115Hz (derived)
mean PRF 115Hz
target amplitude assumed constant | since only a small aperture
target position y = 0m (w = 0s) | unknown, except for Figure 5.11
clutter model coloured Gaussian | as per Equation (4.8)
antenna beam pattern sinc*(-) as per Equation (B.4)
clutter to noise ratio -80dB i.e., white noise only
(CNR) 40dB clutter dominates
number of samples 64 to show the variation
processed 256
signal to disturbance 0dB
ratio (SDR) 20dB
target Doppler centroid | 0 — 5 x Doppler | O to about 25 kph towards
bandwidth the radar

Table 5.1: Parameters used for the parameter estimation examples. These are similar to
those used for the moving target detection examples (Table 4.1) and the imaging examples
(Table 6.1).

t = 0 and large N we have

A 3)\2g2
CRLB{R} ¥ I TING

A —45/\R0'2
CRLB{i} ~ g orens

and (C)lz = (C)z] =0.

* '

5.8.1 Numerical Examples

The Cramér-Rao bounds for actual parameters were found using Equations (5.18) and (5.5)
evaluated for the Fisher matrix given in Equations (5.7) and (5.8) for different combinations of
parameters. Parameters common to the plots are shown in Table 5.1. The clutter is described
by the power spectral density of Equation (4.8), and the antenna beam «(¢) is described by the
corresponding pattern, Equation (B.4).
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Figure 5.7  Uniform, high PRF (4 x Doppler BW).

Figure 5.8  Aninstance of random intervals (20% deviation from uniform); average
PRF is 4 x Doppler BW.

Figure 5.9  Uniform, low PRF (equal to the Doppler BW).

Figure 5.10 An instance of random intervals (20% deviation from uniform); average
PREF is the same as the Doppler BW.

Figure 5.11 Uniform, high PRF (4 x Doppler BW) with known position y = 0 (i.e.,
w = 0). For white noise, the expected bounds for the non-uniform
sampling case are the same as those for the uniform sampling case.

Table 5.2: A summary of the numerical example plots.

The plots are summarised in Table 5.2. The corresponding legend is shown in Figure 5.6.

The most important features of the plots are the variations with respect to the Doppler
centroid, the clutter to noise ratio (CNR) and the sampling scheme. The numerical values are
of less significance, since real world situations may deviate from the model. (For example, the
target’s motion may not be perfectly linear.)

In the white noise cases (with the low CNR), the Cramér-Rao lower bounds are uniform
with respect to the target’s Doppler centroid. This is expected since there is no frequency
dependence.

In the coloured noise (high CNR) case in Figure 5.7, the bounds reflect the moving target
aliasing phenomenon —at 4 times the Doppler bandwidth, the PRF, they are the same as for
zero Hertz. This is clearly an undesirable situation.

The azimuthal velocity (Doppler rate) bound is interesting. It is clearly difficult to estimate
this to any reasonable accuracy at low signal to disturbance ratio (SDR) with samples spanning
a short duration, although it was found that spanning several seconds’ worth of data has the
potential to resolve fractions of metres per second.

The well known relationship between azimuthal position y and range velocity R, Equa-
tion (2.14) (also derived in Chapter 3), implies that

y oo Zi

Up

A

Therefore, it is expected that CRLB{j} o (%)ZCRLB{E?} = (%"-")ZCRLB{R} ~

A

178000 CRLB{R}. This is true. For example, for the range velocity dot-dashed line in
Figure 5.7, there is a bound of about 0.002 m?/s2. 178000 x 0.002 is 300 m, the azimuthal
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CNR, SDR and N
—_— =80, 0, 256

- - - 0’ ?

. =+ = 80, 20, 256
------ -80, 20, 64
e 40)," 0, 256

- = 40, 0, 64

v w40, 20, 256
v 40,20, 64

Figure 5.6: The legend for Figures 5.7-5.11.

amplitude; uniform sampling.

CRB (relative”2)

CRB (m”"2)

CRB (m"2/s2)

CRB (m*2/s72)

0 0.5 1 1.5 2 25 3 35 4 4.5 5
Doppler centroid (fraction of Doppler BW)

Figure 5.7: The amplitude, azimuthal position, range velocity and azimuthal velocity Cramér-
Rao bounds as a function of Doppler centroid (expressed as a fraction of the Doppler band-
width). The error in phase, CRLB qAﬁ , has not been shown as there is no value in estimating
this parameter. The uniform PRF is four times the Doppler bandwidth.



5.8. ACTUAL UNKNOWN PARAMETERS 135

amplitude; random sampling intervals: 20.0% deviation.
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Figure 5.8: Cramér-Rao lower bounds: the non-uniform PRF averages four times the Doppler
bandwidth.

position bound. y’s inaccuracy may be explained by considering the number of samples pro-
cessed, which is around a twentieth of the 3 dB antenna beamwidth for 256 points. (It was the
irregular shape of the beam which determined w’s accuracy.) From the bounds’ variation with
N it is apparent that a fourfold increase in the number of samples lowers the bounds by about
1.8 orders of magnitude. Therefore, assuming linearity, a factor of 20 should be equivalent to
around 3.9 orders, giving a lower bound around 0.039 m? for a full aperture and 20 dB signal
to disturbance ratio. The effects are believed to be non-linear, due to the increased slope of
the antenna beam edges as more samples are used, reducing the bound below this. (It was
found separately that there is an improvement of four magnitudes if the antenna beamwidth is

reduced by a factor of ten, thereby making the shape of the antenna beam less linear.)
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amplitude; uniform sampling.
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Figure 5.9: Cramér-Rao lower bounds: the uniform PRF averages the Doppler bandwidth.

It is clear from the model that the error in y could not be much greater than the width of the
real antenna beam, which is of the order of many hundreds of metres (for a narrow antenna
beam at a range of tens of kilometres). However, larger errors may occur if, for example, the
target had a much larger radar cross section away from the radar’s broadside than at that angle.

As expected, the SDR makes an important contribution to the quality of the estimates; it
is clear that a variation of 20dB changes most of the lower bounds by 20 dB (two orders of
magnitude).

Figure 5.8 shows that non-uniform sampling has kept the bounds low at frequencies away
from that of the ground clutter. The effects due to aliasing have been suppressed, showing a

benefit of non-uniform sampling.
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: amplitude; random sampling intervals: 20.0% deviation.
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Figure 5.10: Cramér-Rao lower bounds: the non-uniform PRF averages the Doppler band-
width.

At a constant, low PRF (Figure 5.9), the bounds apart from the one corresponding to
amplitude are almost uniform. reflecting the approximation that the coloured noise occupies
the entire unambiguous bandwidth and therefore almost appears white.

This plot needs to be interpreted carefully. It tells of the minimum variance of the estimate;
it does not take bias into account. The estimation itself is ambiguous due to aliasing effects
since the Doppler centroid may be beyond the sampling rate of the radar, so the plot gives an
optimistic impression of the quality of the estimator.

In the non-uniform case (Figure 5.10) the curves are almost identical, except that the
amplitude estimation accuracy never becomes as poor as for low velocities when targets have

Doppler centroids below half the Doppler bandwidth. In addition, there is no bias error, as
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amplitude; uniform sampling.
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Figure 5.11: Cramér-Rao lower bounds: the uniform PRF averages four times the Doppler
bandwidth. Azimuthal position is assumed to be known.

there would be for the situation of Figure 5.9.

It is to be noted that the bounds for the white noise, non-uniform sampling case are very
similar to those of the uniform case, as predicted, despite the low number of samples.

Figure 5.11 is similar to Figure 5.7, but assumes that the azimuthal position is known. The
amplitude lower bound is unchanged, the azimuthal velocity has changed marginally, while
the range velocity bound is dramatically lowered (by about five orders of magnitude). These

effects were expected from the consideration of Figure 5.1.
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Conclusions

This chapter has many contributions.

It derived the ML estimator for the parameters of moving targets in a SAR scene where

non-uniform transmission times are used.
It discussed the subsampling bias which results from uniform sampling.

It found Fisher information matrices which incorporate non-uniform sampling: where the

sampling times are explicitly specified, or their distribution is known.

It has shown that, for white noise and large N, the Cramér-Rao lower bounds are the
same if random samples are distributed uniformly over the entire time frame of interest,
or if they are distributed uniformly within half a sampling interval of the nominal uniform

positions.

It has also shown that, under these conditions, the Cramér-Rao lower bounds are the
same as those achieved in the uniform sampling case, even though the estimator does
not exhibit the bias which results from uniform sampling aliasing effects. (This permits
the accurate measurement of signal parameters well beyond the limits encountered with

uniform sampling.) These results were demonstrated by simulation.

The variance bounds for the parameters used in the model were translated into real world
moving target parameters. These were plotted for a variety of conditions, showing the

effects described.
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CHAPTER 6
Imaging

This chapter considers the azimuthal focussing of stationary scatterers in a synthetic aperture
radar (SAR) scene for the purpose of producing an image of the ground. (As such, the
requirements are quite different from those of detecting moving targets.) It is shown that
the beam pattern produced using a SAR with a non-uniform pulse repetition interval (PRI)
compares favourably with that of a conventional SAR, allowing the accurate representation of

the bright scatterers in a scene.

6.1 Introduction

Imaging is the representation of an arbitrary radar scene as a collection of discrete scatterers in
two dimensions. Its requirements are therefore entirely different from those of moving target
detection: instead of estimating the parameters of a single target which may or may not be
present, the scene is divided into arbitrarily many cells whose reflectivities are estimated. The
focussing filters must be capable of accurately performing the estimation in one cell while
ignoring the effects of the signals in adjacent cells, which may be very large.

As discussed in Chapter 2, the intended application for a non-uniform PRI SAR is for
the detection of sparsely distributed, man made objects in a background of relatively uniform
terrain. Thus the existence of some imaging sidelobes is not a serious handicap. Itis recognised
from the outset that a non-uniform PRI SAR will not produce as good an image as a conventional
SAR, nor will it have the same computational efficiency; however, it is felt that the increase in
capability — simultaneous imaging and moving target detection using no more data— makes
it worthy of consideration.

It is assumed that the radar has performed a range compression operation, as discussed in
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Section 3.2.2, allowing us to consider only the azimuthal data. It is further assumed that the
azimuthal cells have been aligned correctly, taking range migration effects into account. The
focussing filter has only the measurements received by the radar to work with, which for SAR
in the azimuthal dimension are dependent upon the changing geometry as the radar travels
past the targets. These data may or may not lead to a unique reconstruction of the scene. For
example, if the quadratic approximation is made, as discussed in Section 3.2.5, the signals
may be treated as linear frequency ramps. In this case, there is a unique reconstruction with a
uniform PRI in the same way that a discrete Fourier transform (DFT) has frequency bins which
are independent. This is because the situations are the same, except for a fixed, quadratically
varying exponential term. However, if the PRIs are non-uniform, there is no such set of basis
functions, leading to worse sidelobe performance or azimuthal ambiguity (grating lobes) in the
extreme case.

The original contribution of this chapter is coherent imaging with a non-uniform PRI
SAR: the optimal imaging process, the use of several different sidelobe reduction strategies,
a comparison of performance with that of a conventional SAR and the derivation of an
expected beam pattern for random transmission times. Section 6.2 discusses existing work,
Section 6.3 formulates the optimal imaging process for arbitrary transmission times in an
environment containing an arbitrary number of scatterers and a background of stationary,
Gaussian noise, Section 6.4 discusses several different processing and sidelobe reduction

strategies and Section 6.5 considers non-uniform PRI effects.

6.2 Existing Work

Most texts on SAR (reasonably) treat imaging as its sole purpose. There are many levels of
sophistication, however, from filtering the raw ground return through to geocoding (accurately
determining which patch of the ground corresponds to the pixel in an image, compensating for
the many sources of distortion). This chapter is concerned with the most fundamental level,
that of filtering, since that is where the differences between uniform and non-uniform PRIs are
found.

It is normal for SAR to incorporate weights for sidelobe reduction, such as those discussed

by harris (1978) (which will be considered in Section 6.4.2).
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Other techniques include:

CLEAN: thresholding the image, calculating the predicted sidelobes associated with the result
and subtracting them from the image, allowing smaller targets to be detected (as discussed

in Section 4.5) (Kesteven 1997, Freedman et al. 1996),
Constraints to specify the beam pattern’s real and imaginary parts separately,

Data interpolation, as was done for computational efficiency with a non-uniform PRI by

Mobley (1995) and Mobley and Maier (1996),
Minimax: minimising the maximum sidelobe level, and

Non-linear apodisation: lowering sidelobes while maintaining the full resolution achievable
with an unwindowed response by choosing the minimum corresponding pixels in images

produced using different windowing functions (Stankwitz, Dallaire and Fienup 1995).

Flynn (1992) gives an altered wavenumber-domain algorithm which allows for non-uniform
aircraft motion, incorporating a non-uniform PRI.

Mobley (1995) and Mobley and Maier (1996) investigated the imaging performance of
a SAR using different PRI schemes by interpolating the azimuthal data and comparing the
results with those of uniform transmission times. For comparison purposes, the data were first
processed using a standard DFT (which assumed uniform sampling times and was therefore
naturally subject to error), and then with a DFT after interpolation. The advantage of this tech-
nique over exact phase corrections is computational; provided the general bandpass sampling

theorem is satisfied, the interpolated reconstruction should be good.

6.3 Azimuthal Imaging Formulation

The objective of this section is to formulate the optimal imaging estimator with an assumed
number of independent scatterers superimposed on a background of noise. (This is different
from the ambiguity function formulation, which concentrated on focussing a single scatterer.)
The azimuthal signal returned from a scatterer at range R and azimuthal position v,v is
given by
z(t; R,v) = a(t—v;R)vo(t — v; R) prvs

where v, is the velocity of the SAR platform, ¢ is time, jr,, is the complex amplitude of the

scatterer, vo(%; R) is its chirp-like response (which results from the geometry), v is the time the
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scatterer is adjacent to the radar and «(¢; R) is the two-way azimuthal antenna beam pattern.
(This is the same as the expression used to model the disturbance in Appendix B.)

The signal seen by the radar is
y(t; R) = z(t; R,v) +n(t),

neglecting attenuation due to the radar and propagation losses, efc. n(t) is a complex noise
process which will be discussed later.
If the radar transmits at the discrete times {t,}, n = 1,---, N, the measurements can be

written in matrix form as

y(R,v) = (wOv)p+n

where (w),, = a(t, — v; R), @ is the Hadamard (element-wise) product and T s the transpose
operation. (This formulation is equivalent to the one used in earlier chapters, where %y = Awvy,
A having the two-way antenna pattern along its diagonal, (A), , = a(t, — v; R), and zeros
elsewhere: (A)y,,, = 0,m # n (Equation (4.5)).)

The signal returned from M scatterers at time ¢ is given by

NE

y(tb R) = z(t; R, vm) + n(t)

3
[}

Il
Mz

a(t — Vm; R) vo(t — vim; R) pRo,, + n(t).

3
n

This can be written in matrix form as

y = (WoWw)p+n

S [60,1/1, 6O.Vza Tty 60,VM] i) +n
= V(6)p+n. (6.2)
p=1[p, -, pmT. V(6)isaknown N x M matrix dependent upon the known parameters

6 = [{t.}, {vm}]". Neither the {¢,} nor the {v,,} need to be uniformly spaced.



6.3. AZIMUTHAL IMAGING FORMULATION 145

If the antenna beam is assumed to be an ideal broadside wedge shape as defined in Equa-

tion (3.12), i.e.
1, if|t} <T/2,
a(t:R) = 1t} <T/
0, otherwise,
where T = T(R) = Rf,, /v, is the time taken for the SAR to travel the length of the antenna
beam and 8,, is the antenna beamwidth, V' (8) can be written as shown in Equation (6.3). t?,",,),

and ), are the maximum and minimum values of ¢, — v less than 7'/2, respectively.

lim

V(6) =
’Uo(tl hns 1/1) vo(tl — Vz) s ’Uo(t(_ll),-m) 0 e 0
vo(ta — 1) wvo(ta —v2) wo(tz — v3) s UO(t(—ZI)im) :
’U()(t3 d 1/2) ’Uo(t3 — 1/3) . e ", '0 (63)
0
vo(tim ") vo(tnN—1 — vum)
! 0 ST O Uo(t?,-]y")) AL 'v()(tN — I/M) |

(More simply, for uniform sampling (t,, = nt,) and a scatterer adjacent to the radar during

each transmission (M = N), Equation (6.2) can be written as shown in Equation (6.4), where

tlim = (nts)maz < T/2

(00(0) wo(=t) -+ vo(—tum) O oo 0
[vi]  |volts)  wo(0)  wo(=t) e vo(—tum) Fo |
Y2 o wolts)  wo(0)  wo(—ts) e 0 p2
ys| = P3
: 0 fe vo(ts) vo(0)  vo(—ts) .

YN | : vo(ttim) e vo(ts) vo(0)  vo(—1s)| |LAN]

0 e 0 vo(tiim) ces vo(ts) vo(0) |
(6.4)

The more general case will be assumed here, however.)

For an antenna with a narrow beamwidth directed at broadside, the signal from a stationary

scatterer is assumed to be given by

'Uo(t; R) - ejZW[cht‘}'Fdr(R)tz/Z], (65)
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as discussed in Section 2.3, where F}, is the Doppler centroid, nominally zero, and the Doppler
rate
vlz’
Fo(R) = —2—, 6.6

with A being wavelength.

6.3.1 Focussing

If the noise n(t) is assumed to result from a homogeneous scene with many independent
scatterers 1n each resolution cell, its probability density function is stationary and Gaussian by
the central limit theorem (Barbarossa 1992b). It is assumed at this stage that the noise is white
(which is justified by the low average sampling rate in comparison with the clutter’s spectral
density (Section 4.2.4)). -

Conventional SAR processing is done by the maximum SNR estimator, the matched filter,

which is given by

A

Py = V7. 6.7)

The many processing algorithms, including wavenumber domain (Flynn 1992) and step trans-
form (Curlander and McDonough 1991) are different implementations of this, with reduced
computational requirements. These computational benefits may not be available when the
radar’s transmission times are arbitrary, however. (This topic is beyond the scope of this
thesis.)

Note that the azimuthal ambiguity function, Equation (3.13), is equivalent to Equation (6.7)
for the case of a single, stationary scatterer.

Normally, for each range cell, a unique scatterer is assumed to correspond to each resolution
cell on the ground. Due to the broadside antenna pattern with stripmapping SAR, the cells are
adjacent to the radar. If the minimuin PRF is used, there will be one adjacent to the radar for
each transmisston.

Unfortunately, this makes Equation (6.2) an under-determined system (N < M): at the
start and finish of the measurements, the antenna beam sees scatterers which are never adjacent
to the radar'.

Therefore, instead of Equation (6.7), we can use the maximum likelihood estimator for

I'This isn’t a problem with spotlight SAR, since the same patch of ground is viewed repeatedly.
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additive Gaussian noise, the least squares estimator, which uses the Moore-Penrose pseudoin-
verse

~

P, = V'y, (6.8)

where

vt = (v v
for N > M (more measurements than scatterers), or

vt = vE (W)
for M > N. (Recall that V is N x M.)

It is well known that

i)ls = (VHV)_I ;)m_f‘

VIV is the synthetic aperture’s beam response pattern, ideally the identity, I. (The columns
of this matrix correspond to the ambiguity function of stationary targets as a function of y.
This is discussed in Section 6.4.) The inverse of this is being used as a correction factor to the
standard matched filter processor.

Equation (6.8) can be applied to the task of increasing the azimuthal resolution of a SAR
system: since M > N, we can apply it to obtain the least squares solution.

The minimum variance estimator is useful if the additive noise, n, is correlated or has a

changing variance. It is given by

b = (VIK-'V)'VvIK g, (6.9)

where K is a weighting matrix. It is normal to make K be the covariance matrix of the noise
(ie, K = E[nnf]).
More complex processors can be found in (D’ Assumpcao 1980).

6.4 Processing Techniques

Several SAR target focussing techniques are of interest:

Exact phase corrections as was done with the ambiguity function. This assumes arectangular

window and makes a useful frame of reference.
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Weighted using standard weighting functions, such as the Hann window, and exact phase

corrections.
Maximum integrated sidelobe level based on work with real arrays by Boni et al. (1994).

These are discussed in detail below for a single scatterer with an arbitrary azimuthal position,

in which case

2

(W) = Baltn=vi ) exp(~s2r 500 =) + )

using Equations (6.1), (6.5) and (6.6).
The corresponding filter, tuned to a target centred at » = 0, is given by

2
(8)n = atn: B) exp(—ij%ti) |

Using Equation (6.7), by letting the azimuthal time offset be referenced by an equivalent

position offset y = v,v and neglecting the amplitude $ and noise n(t) terms gives

o, e 2T yv,

, 2Ty )
(U3 By {ta} 00 A) = exp(y al )nzz_ooaan;ma(tn —y/vR) exp(—]zTW) |
(6.10)

This is the same as the SAR ambiguity function, Equation (3.13), with a matched target range

and zeroed target motion parameters.

6.4.1 Phase Corrections

For the case of a uniform antenna beam, Equation (3.12), Equation (6.10) becomes

( P T/(2ts) o)
exp(j 7ry> Z exp(—jZ—W&nts ,
AR ) oottt 4

" (y; Ryts,vp,A) = 4
Xaz(y »-p ) —TSyST,

0, otherwise,

where T is the time taken to travel the length of a synthetic aperture and ¢, is the mean PRI

Using the result

n3 z(ny+1 n
on a*( ) — o
Z = z ’
= a 1

it follows that, for uniform sampling times and a uniform antenna beam,
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Figure 6.1: A magnitude squared SAR azimuthal response with uniform sampling.

Parameter Value(s) Comments
range 29500 m
platform velocity 70 m/s (140 kt)
wavelength 3.2 cm (X-band)
antenna beamwidth 1.5°
Doppler bandwidth 115Hz (derived)
mean PRF 115Hz
target amplitude assumed constant | since only a small aperture
clutter model white Gaussian, | due to low average sample rate
zero amplitude

Table 6.1: Parameters used for the imaging examples. These are similar to those used for
the moving target detection examples (Table 4.1) and the parameter estimation examples
(Table 5.1).

exp(—j Ly [Tv, + 2,0, — y]) — exp(i %5y [T, — y])
exp(—j2§—gv,,tsy) —1

_ sin(§glup(T + ) —ly) AT

sin(%%vpt,y)

X,az(y; Ra ts') vp, A) =

Figure 6.1 shows Equation (6.11) evaluated for the parameters listed in Table 6.1. A uniform
antenna beam between the beamwidth extremes gives a pessimistic sidelobe performance: real
sidelobes would be lower than this.

The normalised, squared response has been plotted to show the relative power of the return

from a specified direction.
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azimuthal response azimuthal response
0 0 ;

% =20 b Em i rith e mms mmetbs e e e e fg T R L NI || | e
] O

S| 9

= 2

= =

b 80 _40 FhllalWEHHL 1 |- -~ -

E g

—60 : ;
-10 0 10
azimuth (m) azimuth (m)
(a) Whole beam. (b) Main lobe structure.

Figure 6.2: The magnitude squared azimuthal response with non-uniform sampling.

The skirt visible at the edges of Figure 6.1 is a result of the crosscorrelation of two rectangular
chirp functions which are sampled at the Nyquist rate. Intuitively, when the functions start
to overlap, there are samples which do not cancel, resulting in large values. As the overlap
increases, averaging results in the expected low correlation. This skirt can be reduced by
windowing (see below). (In practice, the skirt may not appear since the antenna beam may not
be accurately modelled by a rectangular window function.)

It is interesting to note that the azimuthal response is twice as wide overall as the radar’s
antenna beam, extending to a distance of v, T each side of the target, implying a non-causal
system: there is a response from a target before (and after) it is visible to the radar. This real
effect is due to the overlap between the filter and the target’s response.

Figure 6.2 shows the azimuthal response with one instance of sampling with additive random
intervals which are uniformly distributed with a 30% deviation. It is clear from Figure 6.2(a)
that the noise floor is poorer than in Figure 6.1, being —40dB rather than below —60dB,
although there is very little difference between the plots’ sidelobe structures in the vicinity of
the main lobe, shown in Figure 6.2(b).

In the uniform sampling case, Figure 6.1, the convolution of the target’s response — an
impulse —and the rectangular window result in the distinctive beam pattern. In the non-
uniformly sampled case, the target’s response is no longer a impulse, due to the samples not
being orthogonal. Convolving this with the rectangular window only suppresses sidelobes to

a limited extent.
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Figure 6.3: The magnitude squared azimuthal response with uniform sampling and a Hann
window.

6.4.2 Weighting

Generalising Equation (6.10), the weighted azimuthal response to a single stationary target is

Xoo (W B, {tn} 0 ) = exp(f;’}f) > alte; R)altn = y/v5: B) (d)n

n=—oo

exp (- j2277r&tn) , (6.12)

where d is a vector of weights.
Let (d), = d(t,), where d(t) is a continuous weighting function and {¢,} are the radar’s

transmission times.

Figure 6.3 shows |x’,(y; R, {tn}, vp, A) |* from Equation (6.12) evaluated for the parameters

listed in Table 6.1 for uniform sampling times and a Hann window:

dy = | Bl cos@mt/TY, < T/2

0, otherwise.
The magnitude has been normalised to the peak.
The skirt visible in Figure 6.1 has been suppressed in Figure 6.3, as expected. The shape is
that expected, being similar to that of the Hann window’s spectrum.
Figure 6.4 shows the azimuthal response for one instance of sampling with additive random
intervals which are uniformly distributed with a 30% deviation. The main lobe is like that

of Figure 6.3(b). The sidelobes, however, differ greatly for the reasons discussed in the last



152 CHAPTER 6. IMAGING
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Figure 6.4: The magnitude squared azimuthal response with non-uniform sampling and a Hann
window.

section: with an inherently noisy beam pattern, rather than an impulse, a Hann window does

not completely solve the problem.

6.4.3 Maximum ISLR

The integrated sidelobe ratio (ISLR) is a useful criterion as it simultaneously takes into account
both contrast and resolution.

Boni et al. (1994) optimises the weightings and the positioning of elements of a non-
uniformly spaced, linear array. The ideas in this section were taken from that paper.

The ISLR is defined as the ratio of the mainlobe to sidelobe energies

Eum

ISIR = ———
ET—EM’

where Ej is the mainlobe energy and E7 is the total energy. Maximising the ISLR therefore

suppresses sidelobes.

Note that the energies do not need to be normalised prior to finding the ISLR, since any

scaling factor will cancel.

Using the weighted azimuthal response Equation (6.12), the energy over a specified az-
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imuthal interval —{ <y <!

!
B = [ .l dy (6.13)
= i X b alti B)a(tni )

/_'l a(tn — y/vy; R) altm — y/vp; R) exp( 22——[t t,,]y> d

This can be expressed as d A,d, where d is the vector of weights and A, is a matrix with

entries
l
(A = alte; )a(tmi R) [ altn = y/v5i R) altm = /05 R) -
2r
exp( 2——”[t n]y> dy. (6.14)
The energy in the main lobe is given by Equation (6.13) with [ = a:
By = [ IXelyi)P dy.

The width of the main lobe, 2a, is the synthetic aperture resolution

” RA RA
a = = =
& 2L(R) 2vp(tmaa: - tmin) '

where the target is visible to the radar between the times ¢, and ¢maz- Since (—a, a) is small,
equivalent to a very small fraction of a degree of beamwidth, the antenna beam pattern does
not vary much from its maximum value, so a(t — y/v,; R) & 1. Ep can then be expressed

using a simplified version of Equation (6.14)

. 4rav,
(A)mn = 2asmc( i3 (tm—tn)) (6.15)

(where sinc (z) £ sin(z)/z).

The total energy, given by Equation (6.13) with [ = b
b )
Br = [ Ixe(wif dy

may have to be solved numerically, since b < Rf,, /2 is large. This results in the matrix As,

which is defined similarly to A; in Equation (6.14).
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The optimal weights d are then given by the generalised eigenvector associated with the

minimum generalised eigenvalue of the pencil matrix
Ad = MA,d

(Boni et al. 1994).

Unfortunately, d has to be recalculated for focussing each pixel as the radar travels, since the
transmission positions are in a different place relative to the main beam?. This fact, combined
with the high computational load required, restricts the usefulness of this technique in practice.

Although this criterion could be applied to the problem of determining the optimal transmis-
sion times, it makes little sense to, since the radar is moving continuously, so that the optimal
positions cannot be maintained relative to a given scatterer. In addition, The main objective of
this thesis is the detection of moving targets, not ground imaging.

To demonstrate the beam pattern with optimal ISLR weights, a short range scenario was
chosen (so there would be a computationally feasible number of sampling times): R = 330 m.
Under these circumstances, the main beam approximation Equation (6.15) was not valid, so A,
was determined using Equation (6.14). Figure 6.5 shows the short range azimuthal responses
for uniform sampling with rectangular and optimal ISLR weights, respectively. The main
beam was assumed to extend to +£0.5m and the sidelobes were constrained out to +5m for
illustration purposes. It can clearly be seen that the sidelobes are unconstrained outside +5 m!
ISLRs: rectangular window, 9.22 dB; optimal, 14.88 dB.

Figure 6.6 shows the corresponding azimuthal beam patterns for an instance of sampling
with additive random intervals which are uniformly distributed with a 30% deviation. ISLRs:

rectangular window, 7.56 dB; optimal, 12.71 dB.

6.5 Effects of a Non-Uniform PRI

The performance of an instance of a non-uniform PRI is summarised by Table 6.2. The ISLRs
are parameterised by the width of the main lobe, which is either the width where its response
has dropped to —3 dB of the peak, the position of the first null or where the main lobe reaches
the level of the peak sidelobe.

21t may be possible to generate the weights for a large number of samples by interpolating those found for a
small number (private conversation with Dr Barbarossa, EUSAR’96).
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Figure 6.5: The magnitude squared azimuthal response with a short range and uniform sam-
pling.
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Figure 6.6: The magnitude squared azimuthal response with a short range and non-uniform
sampling.

Transmission times ISLR (dB) PSL (dB)
and weights —3dB width | first null | peak sidelobe
Uniform, rectangular 4.00 9.30 9.05 —13.3
Uniform, Hann 549 29.86 29.6 -31.5
Non-uniform, rectangular 2.70 6.40 6.25 —13.1
Non-uniform, Hann 4.56 12.61 12.61 -29.79

Table 6.2: Imaging performance: integrated sidelobe ratios and peak sidelobe levels for
various sampling schemes, weights and resolutions; 11.2 s integration period. The non-uniform
sampling scheme uses random intervals with 30% deviations.
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6.5.1 Resolution

The resolution of an imaging system depends upon the aperture — the distance between the
ends of the antenna being used. The longer the aperture, the finer the resolution. In SAR,
the aperture length equates to the integration period. The sample times during this period
do not affect the resolving capability of the aperture, although they do affect the sidelobe
performance. Therefore, for an arbitrary scene, the 3 dB resolution of a SAR is given by
Equation (2.5) whether the transmission times are uniform or not.

However, using a model based approach, such as the one outlined in Section 6.3.1, has the

potential to increase the resolution beyond this, provided that the model is valid.

6.6 The Azimuthal Response with Random Sampling

The objective of this section is to determine the expected azimuthal response given the distri-
bution of sampling times, rather than to just use a particular azimuthal response resulting from
an instance of a sampling scheme.

For the weighted response, the expected result is

B o0 (057, 0] = exp(55%-) 5% (@) Brla(t)

=—00

where
2T yv,

z(tn) = a(tn; R)a(tn —y/vp; R) exp(—jZTftn) ,
based on Equation (6.12). (As previously noted, the expected response is of interest, rather
than the expected squared response, since it is the response which is exhibited by the radar.)
This is a special, weighted case of the expected ambiguity function, Equation (3.28), where all
the parameters of the reference target are known except for its position.

So

BrlXo(y: Bopr(®) v V] = exp() 3 (@ [ - [ [ ot prmyialtastas )

n=—oo

dt\dty. .. din,
= exp() Y (d)n /T 2(t) pr, () dt, (6.16)

n=—0o0
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if the PDFs are independent, or
B, s B ] = exp0)| 3 (@] Loty 61

n=--00

if the PDFs are the same. Note that in the latter case, the shape of the expected response doesn’t
depend upon the values of the weights, provided that their sum is nonzero and finite.

As an aside, note that when a(t) = 1 V¢, we have Ey [exp(—szT"%ﬂtn)], which is the
characteristic function of the random variable ¢,, (Cooper and McGillem 1986).

Several sampling PDFs will now be considered.

6.6.1 Case 1: Uniformly Distributed Times

Suppose that

e the sampling PDFs are uniform:

o = { 1T, —T/2<t< T2,

0, otherwise,

where T' = R—f:‘l is the time taken by the SAR platform to travel the length of the synthetic

aperture,
e the {(d),} sum to N, the number of samples in the synthetic aperture, and that

e the antenna beam is uniform over the length of the aperture, as described by Equa-

tion (3.12).

Then, using Equation (6.17),

Ex (X}, (y; B, pr(t), vp, A)]
8
2Ty .
2 Ley) 4t 0<y<T
eXP( >T/VP_T/2€=XP —j2%Bet) dt, 0<y<T,
= % ,27ry2 N y/vptT/2 < 2T YU
exp(] R ) T/;T/z exp(—JZT—I—{lt) dt, -T <y<0,
0, otherwise,
([ NAR 21y
sin| —=[y—T -T< s
— 2rv, Ty S R[y vp]) ’ SysS (6.18)
L 0, otherwise.
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Figure 6.7: The magnitude squared expected azimuthal response with uniformly distributed
random sampling.

This is a continuous version of the unweighted response (Equation (6.11)). Its square has been

plotted in Figure 6.7 for the parameters shown in Table 6.1.

There is a strong resemblance to the uniform antenna beam, Figure 6.1, although the skirt

does not appear in this plot.

6.6.2 Case 2: Uniformly Distributed Offsets

This case uses Equation (6.16), a uniform beam pattern and uniformly distributed offsets

as discussed in the non-uniform sampling section (Section 2.7.6). Borrowing a result from
Section 3.7.1,

Er(x},(y; R, pr(t), vy, A))

2ry*\ 1 D2 T2 2T yv,,
= i) gt 8, <y < RO,
_ cxp(_? 3 R) L m;./yfvp—me,(p( IR , —r0,<y<R
0,

otherwise.

where my = (y/v, — T/2)/t, and my = T/(2t,).
From Equation (3.33),
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Figure 6.8: The sinc?(-) scaling factor for the radar’s expected beam power pattern when
non-uniform sampling with uniformly random offsets are used.

ET [Xlaz(y; R’ {tn}’ Up, /\)]

s 2w s
sinc(zz_wﬂ’-’ ) ) Sm(T%([F"I' tslv,,—y))

. 27 Y, & L
Sln( iy “‘—LR )

_Rgra S Y S Rera,

0, otherwise.

With b = 0, the result is the same as the uniform sampling case (Equation (6.11)). Otherwise,
the response is multiplied by the sinc(-) function, which has little effect over the range 0 < b <
0.5. (If it could get larger, to say 5, it would be able to usefully suppress sidelobes, which is an
ironic application for non-uniform sampling.) Figure 6.8 shows this sinc(-) function squared,
plotted for the parameters shown in Table 6.1 and b = 0.5, the largest it can sensibly be.

As was noted in Section 3.7.1, having b = 0.5 gives the same result as using uniformly

random sampling times, Equation (6.18), except for the slightly different integration time.

6.7 Conclusion

The contribution of this chapter was to perform coherent imraging with a SAR with arbi-
trary transmission times, discuss several sidelobe reduction strategies and derive the expected
azimuthal response when random transmission times are employed.

The use of a non-uniform PRI inevitably incurs an imaging performance penalty which may
be at least partially suppressed by using fixed weights, such as Hann windows, or position-
varying weights, such as those used to optimise the integrated sidelobe ratio. However, the
primary consideration here is simultaneous imaging and moving target detection: computa-

tionally expensive, slightly degraded imaging may be worth the benefit.
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CHAPTER 7

Application to Real Data

This chapter demonstrates the use of a synthetic aperture radar (SAR) with a non-uniform
pulse repetition interval (PRI) to both image the ground and perform moving target detection.
Non-uniform transmission times are simulated by the resampling of real, oversampled radar

data, which are focussed on the ground and on the moving target.

7.1 Introduction

Data from the airborne SAR INGARA were obtained for moving target experimentation from
the Microwave Radar Division of the Defence Science and Technology Organisation, Australia
(Stacy and Burgess 1996)!. The data were uniformly spaced and oversampled the signal by
a factor of 3.5: since they satisfied the general bandpass sampling criterion for capturing the
signals from both the stationary and the moving targets, they could then be resampled according
to any desired scheme, realistically simulating non-uniform transmission times.

The contribution of this chapter is to perform imaging and moving target detection using
non-uniformly resampled real SAR data. Section 7.2 discusses the data, its resampling to
simulate both a conventional and a non-uniform PRI SAR and the focussing of both the ground
and a trials vehicle with a known velocity. The vehicle’s parameters are estimated from the data
in Section 7.3. Clutter cancellation is demonstrated in Section 7.4. Conclusions are presented

in Section 7.5.

The author expresses his thanks to Dr Nick Stacy for his kind assistance.
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defocussed

—\— road

slant range

' azimuth

(a) SAR Image. (b) Key.

Figure7.1: An area containing moving targets. Slant range is left-right; azimuth is top-bottom.
The vehicle of interest, not visible in the image, is travelling from left to right along the road
in the box. A second vehicle appears immediately to the left of the vertical road in the upper
left of the image; it is grossly defocussed, but still appears, due to its large azimuthal velocity
and small range velocity.

7.2 Moving Target Imaging

Figure 7.1 shows an X-band SAR image of a scene in South Australia. The white outlined
box highlights an area containing a trials vehicle carrying a corner reflector and travelling
approximately in the range direction at 18 kph. Table 7.1 contains the radar parameters.
The data were provided already range compressed and motion compensated, requiring only
azimuthal compression.

Figure 7.2 shows the range compressed data. The moving vehicle and its mounted corner
reflector are clearly visible as a diagonal line. Its brightest return is offset from its actual
broadside position — just above the centre of the image — probably because the corner reflector
was not directed normally to the aircraft’s direction of travel. This causes a bias in the parameter
estimation, discussed in Section 7.3.

The pulse repetition frequency (PRF) was 378 Hz, about 3.5 times the 3 dB Doppler band-
width of the ground clutter, which was 115 Hz. It was intended that the trials vehicle indicated
in Figure 7.1 be travelling at 1.4 m/s so the data would be unaliased — this PRF could ac-
commodate an unambiguous range velocity variation of +3.02 m/s. Unfortunately, the target
moved at approximately 4.9 m/s; its Doppler centroid was at about —310 Hz, so its response

was subsampled. Fortuitously, this spectrum was mostly outside that of the ground clutter, so
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Given | Platform velocity 69.768 m/s
Real antenna beamwidth 1.5°
Frequency 9.375 GHz (X-band)
Sampling interval 0.184343m
A/D sample rate 50MHz
Range 29500 m
Misc. Doppler centroid (nominal) | —0.100 cycles/azimuthal sample}
Derived | 3 dB Doppler bandwidth, By | ~ 115Hz
PRF 378.47Hz (~ 3.5B,)
Range resolution 2.998 m
Ground integration time 11s (2D filter)
8.5 s (1D filter})

1The centroid was found to be —0.04 cycles/azimuthal sample in the areas of interest.

{The integration time is reduced by range migration.

Table 7.1: Parameters corresponding to the real data.

Range | Intended Actual velocity
(m) | Speed (m/s) | Speed (m/s) | Directionf (deg)
29617 1.4 4.93 -5
TRelative to the platform’s port broadside.

163

Table 7.2: Moving target information. The speed was estimated by 2D focussing of the image
to place the vehicle on the road.

the data were still usable. The target’s parameters are shown in Table 7.2; a representation of

the spectrum of the data is shown in Figure 7.3.

To simulate a radar operating with a PRF approximately equal to the 3 dB Doppler band-

width, the data were corrected for the Doppler centroid error, upsampled, the moving target

was translated in frequency to its correct spectral position, and the result was subsampled. This

process is illustrated in Figure 7.4. The parameters are shown in Table 7.3.

Given | Doppler centroid offset | —0.04 cycles/azimuth cell
Range 29617 m
Range resolution 2.998 m
1D integration times ground 8.5s
target  0.59s
Chosen | PRF 108.1 Hz (378.47 =+ 3.5)
Integration time 4s
Target lower frequency | 47.25 Hz (0.25 x Nyquist)
Derived | Azimuthal pixel spacing | 0.65 m
Azimuthal resolution ground 1.7m (2.6 cells)
target 24 m (37 cells)

Table 7.3: Parameters used when imaging the moving target area.
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Figure 7.2: Range compressed data corresponding to the highlighted area in Figure 7.1(a).
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Figure 7.3: The spectrum of the signal and sampled data, showing the subsampling problem.



7.2. MOVING TARGET IMAGING 165

frequency translation
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Figure 7.4: The spectrum of the upsampled data, showing the frequency translation of most of
the moving target signal and some of the ground signal.

The steps were:

1. The azimuthal data in the highlighted area were first corrected for the Doppler centroid
offset caused by a relative motion between the aircraft and ground in the range direction.
This was done by multiplying by a complex exponential whose phase changed linearly

as a function of position.
2. The data were then upsampled by a factor of two using MATLAB’s? resample function.

3. Most of the moving target signal was separated from the ground clutter using a ninth order
Butterworth bandpass filter implemented with the £11t£ilt function, which had zero
phase distortion. The lower frequency of 47 Hz was chosen to best separate the moving
and stationary targets, based on a visual inspection of the short time Fourier transform of

the data.

4. The moving target (and part of the ground signal) was then subtracted from the upsampled

data, translated by —378.47 Hz to its correct spectral position, and added to the data.
5. The data were then decimated by a factor of seven to give an effective PRF of 108.13 Hz.

Figure 7.5 shows the processed images, focussed with one dimensional filters. The inte-
gration time, used for both images, was much less than the optimum 11s to allow for range
migration. The moving target appears displaced from the road in the ground-focussed image,
Figure 7.5(a). The ghosting of the tree line across the road is an artefact resulting from part
of the ground data being shifted in frequency along with the moving target; it is analogous to

azimuthal ambiguity, but appears at half the target —ambiguity separation.

MATLAB version 4.2¢, ©) 1984-94 The MathWorks, Inc.
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Figure 7.5: Conventional SAR images of the moving target area.
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Figure 7.6: Non-uniform PRI SAR images of the moving target area.
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Figure 7.5(b) was focussed with a filter tuned to the moving target parameters. (The
azimuthal velocity was assumed to be zero and the range velocity was estimated using the
knowledge that the target was travelling along the road). The target is in the correct position
relative to the road in Figure 7.5(a), and is sharper than in that image. Its still blurry appearance
in azimuth is due to the poor resolution (11 m), which results from the short integration time,
and decorrelation, due to non-linear target motion. Both the short integration time and the
range blurring were due to range migration.

The target in the moving target-focussed image has a higher amplitude than in the ground-
focussed image. Its greater range extent results from an improved overlap between the target’s
phase history and the matched filter in the frequency domain. The filter’s bandwidth is less than
half that of the target, so much of its phase history was not compressed in the ground-focussed
image.

In this example the target is clearly visible to a conventional SAR, albeit incorrectly posi-
tioned. Only in specialised cases would it be possible to infer the velocity of a moving target,
knowing its position relative to the road on which it is travelling, due to subsampling ambigu-
ities (which exist here) (Raney 1971). Targets with substantial azimuthal velocity components

are far less visible, requiring filters at a variety of possible velocities.

7.2.1 Non-Uniform PRI Simulation

To simulate a radar with a non-uniform PRI, the data were upsampled and the moving target
translated as before, and then upsampled further by a factor of 50. Samples of this were chosen
using a non-uniform pattern where intervals were £20% of the nominal PRI, which was the
reciprocal of the 3 dB Doppler bandwidth. A summary of the data sampling rates is: 378.47 Hz
(original PRF) — X2 (for correct moving target positioning) — x50 (interpolation) — <700
(random decimation) — 108.13 Hz. (Of course, in practice the only data collected would
correspond to the transmission times chosen, so no resampling would be necessary.) Resulting
images are shown in Figure 7.6; as desired, the moving target is defocussed in Figure 7.6(a)
and the ground is defocussed in Figure 7.6(b).

This is an important result. It demonstrates the potential of a SAR with non-uniform
sampling to distinguish between stationary and moving scatterers, supporting the assertion
discussed throughout this thesis.

Imaging sidelobes have caused a minor degradation of quality in the dark areas of Fig-

ure 7.6(a) compared with Figure 7.5(a) when they are at the same range as bright areas. The
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Figure 7.7: Peak filter outputs for different ranges and filter range velocity parameters; y =
Om/s.

significant features, such as the trees and the fence posts along the edge of the road, have been
imaged similarly.

The diagonal artefact does not appear in Figure 7.6(a), having been defocussed as if it were
a moving target. (Azimuthal ambiguity would be affected similarly, since it would occur at an
equivalent speed of about 1.7 m/s. This suggests that non-uniform sampling can be used by
a ground imaging radar to achieve the same azimuthal resolution as a conventional SAR, but
with fewer samples. Equivalently, higher resolution could be obtained with the same number
of samples®. This is analogous to a real, sparse array: higher resolution is achieved by the use
of a larger aperture and the same number of antenna elements. An assumption is that the scene

consists of relatively few, bright scatterers, which are the features of importance.)

7.3 Moving Target Parameter Estimation

In order t; estimate the moving target’s parameters from the data, the non-uniformly resampled
azimuthal data were filtered repeatedly using various values for the range and azimuthal
velocities. This is equivalent to an exhaustive search. Figure 7.7 shows the normalised
magnitude of the peak filter outputs where the azimuthal velocity is zero and the range velocity
is varied between O and 10 m/s. The position of the moving target in range can clearly be seen.
The lower right hand edge of this plot, where R = 0mys, corresponds to the peak output from

the focussed stationary scatterers.

3This was suggested by Dr Alan Bolton, mid-1994.
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Figure 7.8: Peak filter outputs for different filter range velocity parameters; y = Om/s. The
curves correspond to data at different ranges.
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Figure 7.9: Peak filter outputs for different filter azimuthal velocity parameters; R =4.7m/s.

These data are shown in two dimensions for clarity in Figure 7.8. The peak is at R = 4.7ms.
The discontinuities away from the central peak are due to the filter output being evaluated at
large intervals.

Figure 7.9 shows the peak filter outputs when the data at the range giving the peak output
in Figure 7.7 was processed with R = 4.7m/s and g varied. There is only a very slight change
in this amplitude. The peak is at y = —0.9 m/s, corresponding to the slightly diagonal path of
the road in the image.

Figure 7.10 shows the moving target focussed using these estimated parameters: R =
4.7m/s and § = —0.9 m/s. The target is clearly displaced from the road in this image, despite

the parameter estimation. This is probably due to the vehicle-mounted corner reflector not



170 CHAPTER 7. APPLICATION TO REAL DATA
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Figure 7.10: The moving target focussed image using the estimated parameters R = 4.7 m/s
and y = —0.9m/s.

being aligned normally to the flight path of the radar, as noted earlier and shown in Figure 7.2.
(It is interesting to note that this 100 m displacement from the road was due to only a 0.2 m/s
(0.72 kph) error in range velocity.) This image is clearly better focussed than Figure 7.6(b),
however. In addition, the background is clearly better suppressed than in that figure, which
follows from the response shown in Figure 7.8: the filter has a much larger response for

R = 4.7 m/s than 4.9 m/s.

7.4 Clutter Cancellation

This section demonstrates clutter cancellation by implementing an approximation to the scheme
discussed in Section 4.5. Figure 7.11 shows the incoherent difference between the ground-
focussed images produced using conventional and non-uniformly sampled data.

The only visible features are the moving target and the diagonal artefact from the con-
ventional image, and the defocussed moving target from the image generated from the non-
uniformly sampled data. Stationary scatterers, including the trees, have very effectively been

cancelled, permitting the target to be detected under conditions of severe clutter. This comes
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Figure 7.11: Clutter cancellation example: the difference between the ground-focussed images,
Figure 7.5(a) and Figure 7.6(a).

at the expense of the volume of data being doubled, however.
Since the image’s background shows little energy, it can be concluded that the image of the
ground produced by the non-uniformly sampled data is very similar to the conventional SAR

ground imagery.

7.5 Conclusions

This chapter’s contribution was the demonstration of a SAR with a non-uniform PRI using real
data. Processing included ground imaging, moving target imaging and parameter estimation,
and clutter cancellation.

Although there is some degradation in the quality of the imagery produced by a radar using
a non-uniform PRI in comparison with a conventional system, the former has successfully
demonstrated the ability to unambiguously resolve moving targets and preserve the important
features of the ground image with real data, whilst using the same quantity of data as the
conventional SAR. It is to be noted, however, that the vehicle in this scene was a trials vehicle
carrying a corner reflector; targets of opportunity may be more difficult to detect owing to their

smaller radar cross sections.
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CHAPTER &

Summary

The major contribution of this thesis was the application of a non-uniform pulse repetition
interval (PRI) to a synthetic aperture radar (SAR) to address the problem of simultaneous
ground imaging and moving target detection (MTD).

In a wide area surveillance scenario, the detection of man made objects is of the highest
priority. It was proposed for such a scenario that a SAR using the same average pulse repetition

frequency as a conventional ground imaging radar could result in

¢ the minimum amount of data to be collected and processed,

e the multimode radar being able to perform other duties interleaved with these SAR MTD

transmissions, such as searching for, tracking and identifying airborne targets,

e improved electronic warfare characteristics, including a lower probability of radar detec-

tion and increased difficulty of deception, and

e little or no range ambiguity penalty.

Section 8.1 summarises the technique by addressing the SAR MTD problems and consid-
ers advantages and disadvantages of non-uniform sampling, Section 8.2 lists areas of future

research and Section 8.3 concludes this thesis.

8.1 Summary of the SAR MTD Technique

Addressing the issues of an imaging/MTD radar:

Ground imaging The ground is to be imaged faithfully at high resolution.

This is done accurately and efficiently by a conventional SAR.
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Non-uniform samples lack the orthogonal properties of uniform samples, resulting in

worse imaging sidelobes and a greater computational expense (Chapter 6).

Detection The existence of moving targets is to be determined.

This cannot easily be done by a conventional SAR due to the pulse repetition frequency
being only sufficient to sample the ground—a moving target’s aliased spectrum will

always overlap that of the ground (Raney 1971) (Section 2.3).

A non-uniform PRI SAR is able to detect a moving target outside the unambiguous

bandwidth of a conventional SAR (Chapter 4).

However, the target’s Doppler centroid must be outside the bandwidth of the clutter (or
its Doppler rate must be different from that of the clutter) in order for it to be detected,
as discussed in Section 3.6. Since this bandwidth is proportional to the radar platform’s
velocity, it follows that slowly moving targets may only be detected when the platform
travels slowly. This restriction results from using a single antenna; it is not specific to

non-uniform sampling.

Since the target’s motion may not be linear, or have random variations, the radar data will
decorrelate if they are integrated over too long a period. This limits the radar’s detection
performance. (For a slow SAR platform operating at long range, as with the experimental
data used in Chapter 7, the target is visible for several seconds.) Integration time can be

minimised by:
e operating at shorter ranges,

e operating at broadside,

e using a larger antenna (to give a narrower beamwidth, since the integration time is

proportional to this), and

e using a lower azimuthal resolution (i.e. multilook processing, which commonly

performed for speckle reduction (Wehner 1995)).

Position and velocity estimation The target’s position and velocity are important parameters

to be estimated.

The estimation may be performed in two dimensions using non-uniform sampling. In
contrast, conventional moving target indication systems have only coarse position in-
formation and determine only the range rate of the target (Shrader and Gregers-Hansen

1990).
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The conventional ground imaging SAR has the problem of aliasing moving target signals,
creating velocity ambiguities. These are resolved using non-uniform sampling (Chap-
ter 5). Furthermore, the statistical variability of the estimates, as characterised by their
Cramér-Rao lower bounds (Sections 5.4.2 and 5.5) is comparable to that of uniform

sampling.

Target decorrelation is a problem for parameter estimation as well as detection, affecting
the accuracy of the estimates. This is common to a/l SAR imaging with a single antenna,
including those with unambiguous PRFs, since azimuthal resolution requires looks from
different directions. If the target’s specific motion or shape are of interest, inverse SAR

imaging may be used (Section 2.5).

These issues have been discussed in detail in this thesis.

In addition, these advantages of non-uniform PRIs should be noted:

Efficient radar hardware use Simultaneous ground mapping and moving target detection can
be performed with the same number of transmissions as conventional SAR. Additionally,
a multimode radar with no strict requirements regarding transmission times may perform

other functions between the transmissions to the ground.

Good electronic warfare characteristics A radar broadcasting few, non-uniformly spaced

transmissions is relatively resistant to electronic warfare.

Range swath Since the minimum PRI is fairly long, MTD is achieved with little or no range

swath penalty or ambiguity.

There is also the potential for a SAR to use non-uniform transmissions to defocus azimuthal
ambiguities. (This was mentioned in Section 7.2.1). This technique would provide the radar
with a very high azimuthal resolution in an environment with sparsely distributed scatterers.

Current problems with the technique include:

Scene complexity There may only be a few moving targets in the scene; otherwise, a higher

mean PRF may be needed to capture the azimuthal signal (Section 2.7.7).

Computational cost Due to the non-uniform sampling, computationally efficient signal pro-

cessing techniques cannot easily be used. This is an important consideration.
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8.2 Future Research

There is much scope for future research on the topic of SAR with non-uniform sampling.

Possible areas include

e determining the optimal transmission times for the radar to use, subject to the various

criteria listed in Table 2.2 (see Appendix E),

o finding methods of processing non-uniformly sampled data to minimise the computational

requirements,

e applying different techniques to estimate the parameters of moving targets and quantifying

their performance relative to the Cramér-Rao lower bounds (Sections 5.4.2 and 5.5),

e applying different clutter cancellation methods to improve moving target detection per-

formance (Section 4.5),

e determining the susceptibility of conventional and non-uniform PRI SARs to various

electronic countermeasures (including jamming and deception),

e using non-uniform sampling to increase the radar’s azimuthal resolution by permitting

longer integration times, and

e the use of least squares (and other model-based techniques) to improve imaging perfor-

mance over conventional methods (Section 6.3.1).

8.3 Conclusion

This thesis has investigated the novel application of non-uniform sampling to synthetic aperture
radar moving target detection. The technique was analysed in detail from several viewpoints:
the ambiguity function, optimal moving target detection, optimal parameter estimation and
imaging. During this, several important results were found.

The non-uniform PRI SAR demonstrates the ability to unambiguously resolve moving target
velocities and preserve the important features of the image while using the same average PRF
as a conventional SAR. However, there is some degradation of image quality in areas which
have low reflectivity compared with adjacent scatterers and there is a substantial computational

penalty.



APPENDIX A

Extended Ambiguity Function Properties

The extended cross ambiguity function (AF), Equation (3.14), is duplicated here for reference:

x;(t),r(t)(T7 ¢’ ¢,) = / S(t) T‘*(t — 7') e—jZ”(¢t+¢'t2) dt.

Similarly to the conventional cross AF, Equation (2.16), this describes the radar receiver’s
response when it passes the signal returned from a distant, moving point target through a filter
matched to the original signal. However, in addition to the radar’s signals s(t) and r(t), the
time delay 7 and Doppler frequency ¢, there is also a Doppler rate term ¢' caused by the
relative acceleration between the radar and the target.

If r(t) = s(t), Equation (3.14) becomes

Xs(e)o() (T2 $:8') = /_ _s()s"t—7) o= 2m(Bt+8') gy
—  im(gT+e'T]2) /°° s(t+7/2)s"(t —7/2) e—jZW[(¢+¢’T)t+¢'t2] N

= IO (1,0, )

where x,(7, z, ¢') is referred to here as the symmetric extended ambiguity function. Note that
T=¢+ ¢

Properties of the symmetric extended AF follow. (Blahut (1991, page 16) and Cook
and Bernfeld (1967, pages 68-76) list the properties of the conventional Woodward AF,

Equation (2.15).) The conventional results are obtained from the following if ¢’ =0.

1. Let7 = Oand ¢ = 0: x,(0,z,0) = f*_|s(t)|* €792 dt, which is the Fourier transform
of the square of s(t).
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APPENDIX A. EXTENDED AMBIGUITY FUNCTION PROPERTIES

. (Origin) Let 7 = 0, z = 0 and ¢' = 0: x,(0,0,0) = [ |s(t)]* dt = E,, the energy in

s(2).

. (Shift) Let s'(t) = s(t — A). Then xo(7, z,¢) = =2 (=248 y (2 2 L 24'A, ¢').

(Modulation) Let s'(t) = s(t) e/, Then xx(, 2, ¢') = 27 x,(7, z, ¢').

. (Symmetry) Xs(Tv T, (bl) = X:(_T’ -7, —¢I)'

. (Maximum) The largest value of the AF always is at the origin.

IXS(T,z,¢')| < |X8(Oa0a0)| = Ey,

with strict inequality if (7, z, ¢") # (0,0, 0).

. (Scaling) Let s'(t) = s(at), with @ > 0. Then

1 z ¢
n — = ).
XS (T7$,¢) aXS (aT, a’ a2)

(Note that a does not need to be greater than zero with the normal AF, but instead requires

|a] in the denominator (Blahut 1991, page 16).)

. (Quadratic phase) Let s'(t) = s(t) e/™*. Then

XS’(T7 €T, ¢/) = XS(T7 T —aT, ¢’)

. (Volume property) It is well known that

~/;oo /—oo |Xs(7'7$)|2d7'd$ = |X3(0,0)|2 _ EZZ,,

which implies that the shape of the envelope of the AF may be rearranged by altering

s(t), but not reduced overall.

However, I have not been able to show that

/:o /_Z /_o:o xs(7,2,¢")|> dr dzdg’ = a constant.
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10. (Product rule) Let z(¢) = u(t)v(t). Then

X=(T) T, ¢’) = /o:o Xu(Ty A, ¢,/2) Xo(T, T = A, ¢,/2) dA

is the convolution of the two individual functions in the Doppler domain, and a scaling

in the Doppler rate domain.
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APPENDIX B

SAR Clutter Modelling

This appendix derives a simple model for ground clutter in synthetic aperture radar (SAR) for
the purpose of generating a covariance matrix as discussed in Section 4.2.4. This model is
compared with those in the literature (Barbarossa 1992b, Ward 1994, Smith 1995).

The modelling of clutter is a significant field of radar (e.g., (Skolnik 1990)). In order for
a moving target detection radar to perform well, it is important that the model adopted by the
signal processor accurately represent the scene visible to the radar.

The ground clutter model discussed in Section 4.2.4, developed by Barbarossa (1992b),
is very simple; although it was derived from a Doppler viewpoint, it assumed no change in
geometry during the integration period. It is shown here, however, that it is a very good

approximation to the more accurate model derived in the next section.

B.1 Time Domain Clutter Modelling

The clutter vector v, should be derived from the same model as the signal from a moving
target, pAv(8, ¢), as defined in Equation (4.4). The scenario is represented by Figure B.1,
showing the clutter as a uniformly distributed collection of independent scatterers at similar
ranges. (This is known as the ‘sandpaper’ clutter model (Smith 1995).) This is a changing
geometry, rather than Doppler, viewpoint: it is the difference between the signals received by
the radar in two different positions which are important, rather than the motion of the radar, as
utilised by Barbarossa (1992b).

The covariance of the clutter R, = E [vcvf ] , SO its entries

(Ro)ks = Efve(ty; R) v} (t; R)],
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time, ¢
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X
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Figure B.1: A representation of the ground clutter model.

where {t,} are the sample times, ;" means ‘parameterised by’ and R is the minimum range
of the many scatterers in the scene, assumed to be the same for the entire data set due to the
prior range compression and narrow antenna beamwidth. The expectation is with respect to
the random, complex amplitudes of the clutter returns, which are assumed to be statistically
independent and identically distributed.

The clutter response at time t, v.(tx; R), is modelled by integrating the range-compressed

radar returns from all the scatterers:

o0

ve(t; R) = /_ PR tx+v a(v; R)vo(v; R) dv.

v is the relative position of the radar and scatterer, expressed as a difference between the time
the radar was in a particular position and the time it was adjacent to the scatterer. g 4,4, is the

complex amplitude of the return from the scatterer adjacent to the radar at time ¢ + v.
vo(v; R) = exp(j2n[Fav + Fir(R)V*/2)) (B.1)

(Equation (2.10)) is the geometry-dependent phase term. F, is the Doppler centroid and F,
is the Doppler rate. These are assumed to be the same for all scatterers due to the similar
radar-scatterer geometries. (This formulation deliberately neglects constant gain terms, such
as attenuation losses, being more concerned about the structure of the clutter.)

This model is similar to those used by Ward (1994) and Smith (1995), who formulate
the clutter covariance for a space-time adaptive processing (STAP) application. Both use
uncorrelated clutter (although Ward (1994) divides the scene into a finite number of uncorrelated
clutter patches, rather than having infinitesimal patches). The coordinate systems are different

from the one used here, with both references integrating around the azimuth angle rather
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than incorporating the SAR-clutter geometry. That is more appropriate when the patterns of
the receiving elements have large beamwidths; for a narrow beamwidth, as with SAR, it is
reasonable to neglect range migration effects for small values of #,.

Both references assume a linear phase dependent upon the scatterers’ positions, rather
than a quadratic phase. This is reasonable due to the very short length of a STAP antenna,
but is inappropriate for a long, synthetic array. However, both models tend towards that of
Barbarossa (1992b), Equation (4.8), when a narrow antenna beam and small radar position
change are assumed.

Using Equation (B.1), the covariance

(Ro)ky = E[// PRtw+v PRyav, @(V1; R) a(v2; R) -
exp(j 27 [Fac(vr — 1) + Far(R)(v} — 13)/2]) dvy dvr)
= //E[f’R,twul ﬁ*R,t,+.,2] a(vi; R) a(v2; R) -
exp(j2r[Fa(v1 — 1) + Far(R)(vi — v3)/2]) dvi dus.

Since the scatterers’ amplitudes are independent, they are uncorrelated:

E ﬁR.tk+u| ﬁ‘I‘%,t,+u2] . Pz 6(tk +uv—1— Vz).

Then

(R = 7 [almtti—tsR)a(miB) -

eI 2m(Fac(vatti—te 1)+ Fgr[(ra+ti—tx)2—13]/2) dv,

= p? e~ i2m[FactatFarts/2]

/oo a(v — tg; R) a(v; R) e > Farvta 4y (B.2)

= T(td),

where t; = t; — t; is the difference between the sample times of interest. Therefore, the
covariance is a function of the timing differences. This reflects the stationarity of the clutter
process.

For broadside stripmap operation, Equation (4.6) may be used with

6 = vyt /\/ R? + (v,pt)?, (B.3)
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giving the antenna’s normalised azimuthal power response

F(t) = sinc* (ﬂ‘ Duyt ) (B.4)

A/ R? 4 (vpt)?

Then

a(t) = sinc? (w)‘ AT )

V R + (vpt)?

This may be substituted into Equation (B.2). Now, either ¢, is small (in the order of several sec-
onds, say) in comparison with v (which approaches 4-c0) or t4 and v have similar magnitudes,
in which case a(v — t,; R) does not change much. (The limits of ¢; were chosen to lie within
the 3 dB beamwidth of the antenna.) It is therefore reasonable to allow a(v —t4; R) = a(v; R).
Additionally, normalising and using the assumption that F;, = O (since the scatterers are

stationary) allows Equation (B.2) to be written

r(ty) =~ e_j"Fdrtfi/ az(V;R) e~ I%Farvta 4, (B.5)

—00

With a change of variables (Equation (B.3) for 6 and Equation (4.7) for f, assuming that
R >> vyt), this is similar to the model with the power spectral density given by Equation (4.8)
(Barbarossa 1992b) except for the initial phase term. The next section shows a numerical

comparison of the two.

B.2 Comparison between Doppler and Time Domain Models

Figure B.2(a) shows the power spectral density of the Doppler clutter model, Equation (4.8),
with a range R = 30km, platform velocity v, = 70m/s, wavelength A = 3.2 cm and antenna
length D = 1.2m.

Figure B.2(b) shows the incoherent difference between this and Equation (B.5). This
difference is clearly very small, being in the order of -60 dB, justifying the use of Equation (4.8)

for the numerical examples in this thesis.
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Figure B.2: A comparison between the Doppler and time domain SAR clutter models.
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APPENDIX C

Biased Estimator Lower Variance Bounds

It is well known that the Cramér-Rao bound is the lower bound on the variance of an unbiased
estimator. This appendix discusses the lower variance bound when a particular, biased estimator
is used.

The Cramér-Rao bounds for the K unknown parameters stored in the vector u are given by
CRLB{(@)x} = (J ik

where J is the Fisher information matrix, which has the entries

dlnp(y;u) dlnp(y; u)
8(u)k 8(’!1,)1

()it & E

(from Equation (5.6)). p(y;u) is the probability density function of the measurement y
parameterised by the unknowns. E[-] is the expectation operation.

Often we are interested in specific, possibly dimension reducing functions of the unknown
parameters u; let these be denoted by the R x 1 vector g = g(u). (An example of such a
transformation is that of estimating the signal-to-noise ratio of a sinusoid when its amplitude
and the variance of additive, white, Gaussian noise are unknown.)

It is shown by Kay (1993, page 45-46, 70-72) that the lower variance bounds for the

estimation of a transformation of the unknown parameters satisfy

ou Ju

Cyg > 0 (C.1)
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(meaning that the left hand side is non-negative definite). The Jacobian

[OE[(g):]  FE[(9)i] JE[(9)1] ]
d(u) Nu), O(u)k
9E[(9)2] OE[(g)2]  OE[(g)d]
9Elg] _ | a(u), I(u), o(u)k
ou
9E[(g)r] OE[(9)r] JE[(9)R]
O(u) I(u), O(u)k

and T is the matrix transpose operation. 0is an R x R square matrix with all elements set to
Zero.

It follows that the lower variance bound for a biased estimator may be found via Equa-
tion (C.1) by using the expected value of that estimator, expressed in terms of the actual
parameters, as a variable transformation. We then have g(u) = E[%]. Thengisa K x 1

vector. This gives
OE[4] ._, 0E[a)T

- >0
ou d ou — 7

Cq (C.2)

so the lower bounds themselves are given by the diagonal of C

Var[(@)i] > (Cg)ri-

’

This is the vector equivalent of the scalar result published in, e.g., (Van Trees 1968, page 146).
In the limiting case, where an unbiased estimator is used, g = [(u)1, (@)y, ..., (u)x]7, so

that %,g]- = I, the identity matrix. Therefore, the lower variance bound
Var[(@)i] > (Cyglie = (J ')ex = CRLB{(@)},

the Cramér-Rao bound.

As a further example, for an additive bias, g = u + b, where b is a vector of bias values.

Then aE{[ug ] = I also, so from Equation (C.2) the lower variance bound is still the Cramér-Rao

bound.



APPENDIX D

The Complex Gaussian Fisher

Information Matrix

This appendix derives the Fisher information matrix for a random process & ~
CNn(m(u), R), where m(u) is an N x 1 mean vector dependent upon the parameters
w = [u,uy,...,um)’ and Ris an N x N covariance matrix. This problem is similar to one
solved by Kay (1993, page 73-76) for a real Gaussian distribution.

x’s probability density function is
1
pain) = —|R|exp(~[z — m(w)" B[z — m(u)])

(using Equation (4.12)), where ¥ is the conjugate transpose operation.

The Fisher information matrix has the entries

s w|0Inp(x;u)dlnp(x;u)
(J)k'l B E[ Ouy Oouy

(from Equation (5.6)). The left term in the expectation is:

om(u)
Our

Olnp(x;u) _ [3"1(")

H
B Bu, ] Rz —m(u)] + [z - m('u)]HR‘1

If we let y = £ — m(u) be the random values centred on 0, then
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Olnp(x;u) dlnp(x;u)

Guk 8u1
_ [(om@)" oy Om(w)\ dm(w) T
B ( B-u;_. R y_l-y B 8uk 8u1 = v g
Om(u)? ; om(u om(u
( ({hc(k ) R-«-ly_i_yHR—l 8u(k )) yHR—l a’il )
omw)" o omw) g Om(w) dm(w)"
o Vo FVTYVE G T BV
(1) )
om(uw)?__ 4 Om(u) Hp19m(u) o 0m(u)
. auk R vy R 3u1 F y B 6uk 6u1_l
3) (4)

The expected values of each of these terms will now be considered:

om(u)? rOm(u)*
E((1)] = E|—/—— R 'yy'R!
[(1)] { Du vy o
om(u)” rOm(u)”
- R! T R-!
8uk E[yy ] aul
where T is the transpose operation and * indicates conjugation. (Note that R™! = R“H.)
Now,
Elyy"] = E[(a+jb)(a+jb)7]

= E[aaT] - E[bbT] - jE[abT} — jE[baT]
= 0,
so that E[(1)] = 0 since the real and imaginary parts of y have equal autocovariances and are

uncorrelated.

Next:

Bla) = 5~ RUEp RS

since E[yyH] =R.
It is easily seen that E[(3)] = E[(2)]", and that E[(4)] = 0 using a similar argument to that
used for E[(1)].



191

Therefore,

(Ter = 25}3{8?5:)HR'187:91£?)}’

where R{-} returns the real part of its argument.
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APPENDIX E

Notes Regarding the Optimal

Transmission Times

This appendix discusses issues related to determining the transmission times to be used by a
synthetic aperture radar (SAR) performing moving target detection and ground imaging with
the minimum number of transmissions. An investigation into the relative performance of the

multitude of possibilities is beyond the scope of this thesis.

E.1 Introduction

Although the randomly distributed sampling scheme may theoretically give the best perfor-
mance with a large number of samples (Section 2.7), other non-uniform radar pulse repetition
interval (PRI) schemes may be more appropriate for SAR. Note the specific SAR sampling
requirements discussed in Section 2.7.7.

There are several SAR moving target performance requirements: ground imaging, moving
target detection/indication (MTD) and moving target parameter estimation. The first should
be representative of the scene, the second quick and reliable and the third accurate in both
position and velocity. Estimating the target’s radar cross section has a low priority.

Accordingly, each proposed sampling scheme should be rated according to its imaging
performance, detection statistics, parameter estimation performance (bias and variance) and
computational cost. (Its ambiguity function may also provide useful insights.) The performance

requirements are listed in Table 2.2.
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E.2 Possible Schemes

The author has divided sampling schemes into three classes: deterministic: heuristic, deter-

ministic: optimal and random. These will now be discussed.

E.2.1 Deterministic: Heuristic

These sampling schemes usually consist of a fixed number of unique sampling intervals
repeated continuously. They are chosen to satisfy a simple, common sense criterion, such as
having only a few sampling intervals —under these conditions, fast Fourier transforms may
be used and filter weights may be precalculated.

There are many possible schemes, some of which are:

High PRF bursts These may be separated by gaps, a low pulse repetition frequency (PRF) or
random PRIs. They are intended to permit moving target indication (MTI) filtering by

allowing processing over several equally spaced samples.

Different PRFs This is similar in concept to a Doppler centroid estimation technique discussed
in Section 2.5 (Chang and Curlander 1992), where moving targets’ Doppler centroids may

be found unambiguously using MTI and the Chinese remainder theorem.

Minimum redundancy This scheme, based on sparse array theory, is discussed in detail in

Section E.3.

E.2.2 Deterministic: Optimal

It may be possible to find schemes which optimise the different figures of merit derived in this

thesis. Possibilities are

Imaging Transmission times may optimise the radar’s azimuthal beam pattern, for example

the integrated sidelobe ratio (as done in Section 6.4.3).

Moving target detection There are three MTD expressions from Chapter 4 which may be
maximised with respect to the transmission times {#;}: the signal-to-disturbance ratio
improvement I,,, (Equation (4.19)), the detection threshold + (Equation (4.24)) and the
« term in the Marcum-Q function used for the receiver operating characteristic. The

optimal filter, Equation (4.16), is valid for any transmission times; substituting this into
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each of these expressions gives the common result

{t:}ope = argmax o7(6,t)Ry(t)” 5(8,¢) (E.1)
{t:}

where ©(8,t) is the signal weighted by the two-way antenna pattern, 6 contains the
target’s parameters, (t); = t; are the transmission times and Ry(t) is the disturbance

correlation matrix.

A fourth alternative is to maximise the ratio of the signal-to-disturbance ratio improvement
for non-uniform samples to the value for uniform samples, thereby minimising the impact
of (or maximising the benefit from) the non-uniform transmission times'. However, since
the denominator of this is independent of the non-uniform sampling times, the expression

for the optimal times simplifies into Equation (E.1).

Due to the matrix inverse, Equation (E.1) is an extremely difficult equation to solve.
Although this has been attempted by the author, no useful simplifications have been

found, and the equation may have to be solved numerically.

Parameter estimation The estimation errors may be minimised by optimising the Fisher
information matrix, Equation (5.7). This could be done by maximising its determinant,
for example. This is another very difficult problem, since it cannot be assumed that the

noise is white, and the covariance matrix depends upon the sampling times.

There may be little value in any of these results, since they may only be optimal when
the parameters of the radar and target match those used during the optimisation process. For
example, optimality may be achieved at a range of 30 km when a target in a certain azimuthal
position has a ground velocity of 5kph in range and 10kph in azimuth. Suboptimal results
may be achieved for a target in another position.

There is the possibility of adaptively changing the PRIs depending upon a suspected detec-

tion, however.

E.2.3 Random Sampling Schemes

It was shown in Section 3.7.1 that it is preferable from a spectral estimation point of view to

use random sample times rather than repeated ones, as the sidelobes are spread out over a wide

IConversation with D. Gray, 1996.
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bandwidth. This is beneficial for SAR since

e with imaging they degrade the background, rather than cause azimuthal ambiguities,
e with parameter estimation they are less likely to affect the peak or cause ambiguities, and

e randomness gives improved electronic warfare characteristics due to its unpredictability.

However, randomness has the disadvantage of increased computational requirements: the
filters required for processing the data have to be recomputed for every radar position and

target velocity. Some possibilities are:

Good spectral estimation Equation (2.18), a relationship between the spectrum of the sam-
pling process and the probability density function of the sampling intervals, may be used

to design random sampling schemes which have good properties.

Work similar to this was done by Vergara-Dominguez (1993), who found the relationship
between the sampling probability density function and the signal-to-disturbance ratio
improvement and the velocity coverage percentage for both random intervals and random

offsets. These could be applied to the SAR problem.

Random intervals Random intervals, correlated and uncorrelated, were discussed in detail in
Section 2.7.6. They have good properties, tending towards those of uniformly distributed
samples in the limit (but without the problem of infringing the minimum transmission
interval). This means that the expected parameter estimation accuracy and imaging

performance tend towards those of uniform sampling (Sections 5.5 and 6.6).

Random offsets Although the properties of random offsets may be inferior to those of random
intervals, there is some potential for a computational saving: since small offsets do not
affect a slowly changing phase very much, a conventional, position invariant matched
filter may be applied to the central part of a target’s azimuthal phase response, thereby
partially focussing the scatterer. For high resolution focussing, far shorter, position-
varying filters corresponding to the ends of the chirp may be applied and incorporated

with the low resolution image?.

Some sampling distributions may be mathematically interesting but unusable, such as the
Poisson distribution, which gives alias free spectral estimates but violates the minimum PRI

requirement.

2Dr Alan Bolton, 6th May, 1995.



E.3. MINIMUM REDUNDANCY SAMPLING SCHEME 197

Of course, it is possible to employ a sampling scheme which incorporates combinations of

the schemes listed above.

E.3 Minimum Redundancy Sampling Scheme

This section describes a novel deterministic sampling scheme in detail.

The philosophy adopted here is to arrange the transmission times such that their differences
span the range from half the reciprocal of the highest frequency of interest to the period of their
total duration in equal increments. The smallest time difference is limited by the reduction in
unambiguous range.

This is an original contribution. It is based on a technique used for sparse phased array
antennas attempting to determine the direction of arrival of as many targets as possible, e.g.
(Pearson et al. 1990). (Non-uniform arrays were mentioned briefly in Section 2.7.8.)

The covariance matrix corresponding to an arbitrary SAR scene is given by Equation (B.2),
which is a function of the differences between the radar’s N transmission times. Thus for
the times ¢ = [0, 1,2,3]7, there are four ways of finding r(0), three ways of finding r(1),
two ways of finding r(2) and one way of finding r(3). However, if all the time differences
were different, such as for t = [0,0.5,2,3]7, many more values may be found for r(7): in
this case, 7(0), r(0.5), r(1), r(1.5), r(2), r(2.5) and r(3). Even though the latter sampling
scheme has the same span as the former, it doubles the bandwidth of the unambiguous spectral
estimate: the intervals between the 7(-) estimates have been halved, and the estimated power
spectrum is given by the Fourier transform of the covariance by the Wiener-Khinchine relation
(eg, (Cooper and McGillem 1986, page 253)). Note that the covariance samples are uniformly
spaced.

(For a phased array, the number of unique directions of arrival is given by the number of
unique spacing separations between antenna elements. If the array had NV uniformly spaced
elements, this would be N — 1. With non-uniform arrays, the figure may be much larger—up
to N(N — 1)/2 (Pearson et al. 1990).)

Unfortunately, optimal spacings do not exist for more than four samples. Beyond this, the
spacings with a minimum redundancy may be used. For a given IV, these have a minimum
number of repeated differences while guaranteeing that all differences are present. Pearson et
al. (1990) present an algorithm for generating a close approximation to these optimal spacings.

This concept may be applied to SAR by first considering the highest unambiguous frequency

desired. Suppose it were acceptable for the moving target to be detected unambiguously up to
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spectrum: minimum redundancy sampling intervals: 30 elements.
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Figure E.1: Estimated spectrum; minimum redundancy intervals.

10 times the bandwidth of the ground clutter (which is realistic, due to range ambiguity effects
and the increasingly non-linear moving target azimuthal response, Equation (3.11)). Using
Pearson’s algorithm, it was found that this requires N = 30; the time intervals, normalised to
be in multiples of 1, are 1, 1, 1, 1, 10, 10, 10, 10, 10, 19, 19, 19, 19, 19, 19, 19, 19, 19, 19,
19,9,9,9,9,5,1, 1, 1, 1, giving a span of 308. Transmissions with these intervals could be
generated repeatedly.

To detect targets, the returned signal is range compressed and dechirped at each Doppler
rate of interest prior to finding a spectral estimate. (Dechirping is necessary since the technique
relies on the signal being stationary.)

As an example of a spectral estimate, Figure E.1 shows the estimated spectrum of a 2.2 Hz
cisoid sampled using four repeated sequences, each with a duration of thirty seconds. It
can clearly be seen that the aliases occur at multiples of about 10Hz. This figure should
be compared with those of the random offsets and random intervals, Figures 2.10 and 2.12,
respectively. The first sidelobe is at approximately —6 dB, as opposed to =~ —13 dB for the

latter two, and the noise floor is several decibels worse than either.

E.4 Conclusions

This appendix classified and discussed many potential SAR sampling schemes. Minimum

redundancy sampling was described in detail. It is beyond the scope of this thesis to compare

them quantitatively.
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