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Abstract

This thesis addresses the structure from motion (SFM) problem in computer vision.
We study recursive algorithms for efficient shape and motion recovery at each frame of
a sequence of images. In real-time applications where image data is extensive, efficiency
of an SFM method becomes very important for estimating shape and motion at each
frame. The proposed recursive method in this thesis improves the efficiency, both
in computational cost and in storage, of a class of innovative SFM methods — the

factorization methods (FMs).

Our work in this thesis may be viewed as an extension of the original [71], the se-
quential [55] and the paraperspective [60] factorization methods. A critical aspect of
these factorization approaches is the estimation of the shape space, and their computa-
tional complexity is dominated by their shape space computing algorithms. If P object
feature points are tracked throngh a sequence of F' frames, the shape space updating
complexity at each frame is O(P) in the recursive least-squares (RLS) method proposed
in this thesis, while that in the sequential FM is O(P?). In contrast, the batch-mode
original and paraperspective FMs, which are not intended to be used frame by frame,
compute the shape space at a cost of O(F P?) after all F' frames are tracked. Further,
the RLS shape space updating algorithm is an adaptive data driven algorithm. Hence
it does not require storage of a large measurement or covariance matrix, while other

FMs usually do.

The proposed recursive method uses the general affine camera model, while the orig-
inal and the sequential FMs assumed an orthographic model. Like the paraperspective
FM, we give Euclidean shape and motion recovery from the estimated shape space
under one of the three specific affine camera models — orthography, weak perspective

and paraperspective, in order to apply the recursive method to a wider camera motion



v

range.

We also extend the recursive method to accommodate the situation in which some
feature points are occluded or leave the field of view during the sequence. The extended
recursive method still retains the low computational complexity of O(P) and is simpler

than the occlusion solutions proposed in other FMs.

Experiments with real and synthetic image sequences confirm the recursive method’s
low computational complexity and good performance and indicate that it is well suited

to real-time applications.
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Chapter 1

Introduction

The structure from motion (SFM) problem — recovering object shape and object or
camera motion from a given sequence of images — is one of the main problems in
computer vision. It has wide applicability in many areas such as robot navigation,
non-tactile parts inspection, manipulation, and CAD. In the last decade, a class of
innovative methods called factorization methods (FMs) has been proposed and has
attracted much attention in the vision community. The FMs have advantages over
the traditional nonlinear methods by their simplicity, accuracy and robustness. This
thesis studies some novel recursive FMs based on several previously presented FMs.
Our new methods can estimate 3D shape and motion at each frame efficiently by using
the recursive least squares (RLS) technique. This study is therefore useful for real-time

applications.
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1.1 Structure from Motion

Given a sequence of images taken by a moving camera viewing a three-dimensional (3D)
scene, the question arises: can we extract simultaneously the 3D shape of the scene
and the relative motion between the camera and the scene? This question involves
two fundamental problems in computer vision. The first is called correspondence,
which decides how points (or other features) “flow” between consecutive images in
the sequence. The second is structure-from-motion, which determines the 3D shape
and motion from matched points (or other features) in the images. Therefore, solving
the SFM problem assumes the correspondence problem has first been solved; that is,
the feature points (or other features) have already been tracked throughout the image

sequence.

The SFM problem has been extensively studied in the last two decades. Approaches
to this problem differ in the numbers of images being processed, the camera projection
models they use, and the assumptions they make about the objects (or the scene) and
the motion. They may require different types of tracked features as input primitives,

and produce different forms of output structure and motion.

Early research on this subject [46, 75] focused on computing structure and motion
from a small set of points matched in two frames. Longuet-Higgins [46] presented a
closed-form solution to the problem using eight corresponding points in two frames.
Tsai and Huang [75] present similar work, but in addition consider the uniqueness issues
in the determination of the motion parameters. Others have extended the essential
parameter approach to lines [19, 64], performed more detailed error analyses [81, 83, 49),

and developed non-linear least squares algorithms for the two-frame problem [82].

Recent research focuses on estimating shape and motion from longer image sequences
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[41, 17, 16, 71, 14, 60, 55, 44, 18] by taking advantage of the redundancy of measure-
ments to obtain better accuracy. Among these long-frame approaches, some are based
on batch mode and process the whole sequence only after all the frames are available
[17, 41, 71, 14, 60], while others use incremental methods which process a new frame

on-line as it becomes available [29, 51, 16, 6, 55, 44, 66, 31, 48],

Although there are some SFM methods that address the most general problems in
real applications, many existing approaches are based on various assumptions about
the scene, the motion, and the imaging model. For example, lots of the existing work
assumes that the scene contains only a single rigid object [74, 75, 71, 55, 60, 44], while
others process multiple independently moving objects in the scene (79, 5, 14, 15]. As
to the motion assumptions, there are assumptions of pure translation [51, 29], smooth
motion [6], constant motion [17], and one of the motion components being known [70],

etc.

SFM approaches also differ in the camera projection model they assume and the
form of output (recovered structure and motion) they produce. In Ullman’s original
proof of existence of a solution (77, 78] for the structure from motion problem, the
orthographic camera model was used under a world coordinate system. However, after
that, most computer vision researchers prefer using the perspective camera model and
a camera-centered coordinate system [75, 4, 64, 29, 51, 6]. At the same time, although
some previous work employed a calibrated camera to recover 3D Euclidean structure,
in more recent research, emphasis has been on the use of uncalibrated cameras [25, 8] to
compute projective structure (Euclidean structure up to a projective transformation)
under a perspective camera model [20, 68, 26, 73, 3, 30, 76, 32, 48], or an affine structure
(Euclidean structure up to an affine transformation) (35, 62, 36, 63] under an affine
camera model (a linear approximation to perspective projection). In quite a lot of

applications, projective structure or affine structure provides enough information. In
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the case that Euclidean structure and motion recovery is required, projective structure
or affine structure can be transformed to Euclidean structure when suitable constraints

on the camera, the motion or the scene are given [3, 76, 86.

On the other hand, most SFM approaches are feature based. They assume that there
exists a set of features on the objects that are trackable throughout the image sequence
and the correspondence problem of extracting features and establishing the required
correspondences between images have been accomplished beforehand. This assumption
enables the SFM methods to focus on geometric considerations and ignore all of the
image processing tasks. Object shape is then represented by the 3D locations of its
features with respect to a reference system. Object (or camera) motion is represented
by the rotation and translation of the object (or camera) with respect to this reference
system. The image sequence means simply the coordinates of the projected features in
the images. Essentially, three types of features have been used in solving SFM problem,
namely points, straight lines and line segments. Points are the most frequently used
features in the SFM methods [46, 75, 20, 71, 60, 44]. Lines and line segments are also
used in some work [64, 68, 26, 69, 62] because they are easier to track than points and
provide valuable constraints for shape recovery. However, the reconstruction process
using lines is more sensitive to noise and being trapped by local minima than that using
point features. As a compromise, some algorithms use both point and line features

[19, 27, 56, 59)].

1.2 TFactorization Methods and our Motivation

Among the numerous approaches to SEM over the last two decades, the factorization
method presented by Tomasi and Kanade [70, 71] is both elegant and useful because

of its simplicity, accuracy and robustness. In the method, under the assumption of
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an orthographic projection model and using an object centered world coordinate sys-
tem, the SFM problem is formulated as a simple bilinear relationship between the
image measurements and the motion, shape parameters. The powerful singular value
decomposition (SVD) technique is then used to compute shape and motion recovery
after all the frames are tracked. Due to the numerical stability of SVD and the even
treatment of every frame and every point in the algorithm, the Tomasi-Kanade factor-
ization method is normally more stable than other nonlinear SFM algorithms. At the
same time, it permits a large number of points and frames to be processed so that the
redundancy of the measurements in the image sequence can reduce the effects of noise

and provide more accurate and robust results.

The emergence of the Tomasi-Kanade original factorization method has inspired ex-
tension and generalization in several research directions. For example, the projection
model was extended from orthography to paraperspective [60, 61], and then to per-
spective [73, 67]; the features used were extended from points to lines [62, 63, 36, 59],
line segments and planes [56]; the number of objects was generalized from one to mul-
tiple independently moving objects [14, 15]; and the original batch-mode method was

extended to sequential and recursive algorithms [55, 44, 31, 32, 66, 48].

The key feature of the class of FMs is their bilinear formulation which relates the
image measurements with the shape and motion parameters [37]. This is captured

schematically as:
image measurements < motion X shape

The images are assumed to be due to two factors: the relative motion between the
camera and the object, and the object shape. They are composed in a bilinear form
such that if either motion or shape is constant, then the image measurements will be a

linear function of the other. The motion parameters refer to the extrinsic parameters
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given by the relative orientation and translation between the object and the camera,
as well as the intrinsic parameters that are interval to the camera. These parameters
may vary frame by frame in the sequence, but are the same for all features in a single
frame. Object shape is represented by the 3D locations of the features on the object
(usually on the object surface) relative to each other. Under an object-centered world
coordinate system, which is used in the FMs, the shape of a rigid object (assumed in

the FMs) is constant over the sequence.

The general affine projection (GAP), a linear approximation to perspective projec-
tion, can be used to model the camera projection when the object size is small compared
to its depth from the camera. FMs that use the GAP model generally consist of two
steps. The first step computes affine shape and motion. From the subspace viewpoint,
this step can be viewed as the estimation of a subspace associated with object shape,
namely shape space (see Chapter 2). It is performed via a number of techniques in-
cluding SVD. After shape space is estimated, affine shape and motion can be derived
directly from it. The second step recovers Euclidean shape and motion from the results
of the first step. It is implemented by using an appropriate affine model (orthography,

paraperspective or weak perspective) to determine the affine transformation matrix.

Although the original FM is useful and powerful, it is not applicable to real-time
applications for the following reasons. First, it is a batch-type method and so shape
and motion can only be recovered after all the frames in a sequence are given. Second,
the key SVD procedure in the method requires O(F P?) operations to compute the
shape space from P feature points in F' frames. It is very expensive when P and F
are large. Third, it needs to store a 2F x P measurement matrix (its size therefore
increasing with the number of frames) prior to computing structure from motion. To
overcome these drawbacks, Morita and Kanade developed a sequential FM [55] that

enables shape and motion to be estimated at each frame. Under their scheme, shape



CHAPTER 1. INTRODUCTION 7

space is updated with each incoming frame at a cost of O(P?) via a power iteration
technique. A P x P covariance matrix is updated and stored as part of the processing of
each frame. However, in the applications where P (the number of features) is large, the
shape space updating cost of the sequential method is still very high and the storage of
a large covariance matrix is also required. Therefore, investigating some more efficient
(both in computation and in storage) shape space updating algorithms so as to improve
the efficiency and applicability of the factorization methods, is of practical importance

in real-time applications. This is the main motivation of this thesis.

Estimating shape space at each frame is actually a subspace tracking task. There
are two classes of techniques for deriving subspace tracking algorithms. The first class
consists of using standard algorithms of numerical analysis to compute an exact or
approximate subspace decomposition of a time-varying sample covariance matrix or a
corresponding data matrix when a new column or row is added. The second class is
based on formulation of a cost function for optimization in terms of a weight matrix.
The weight matrix yields useful subspace information at its optimum. The traditional
SVD of a data matrix (used by the batch-mode FMs) and EVD or power method of a
covariance matrix (used by the sequential FM) belong to the first class. Since the first
class algorithms are normally computationally expensive to update the subspace when
new data arrives, and they require storage of a large data or covariance matrix, the
SVD or EVD is not well suited for real-time subspace tracking. The second class of
techniques usually involves two steps for deriving subspace tracking algorithms. The
first step is to formulate the determination of the desired subspace as the optimization
of a certain cost function in terms of a weight matrix. Various cost functions have been
proposed, including the mean-square errors (MSE) minimization [85], the constrained
output variance maximization [40], and the novel information criterion maximization

[53]. While the second step is to derive data-driven recursive algorithms, where the
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optimization is carried out adaptively via different stochastic search techniques, such as
the conjugate gradient method [22], the Gauss-Newton method [50], and the recursive

least-squares (RLS) method [28].

On the other hand, the assumption of the orthographic camera model in the original
and the sequential FMs limits the range of motions they can accommodate. Orthogra-
phy can only be used to model image projection when the object size and the camera
translation is small compared to the object’s depth from the camera. If the cam-
era motion involves significant translation, then using orthography-based methods will
cause deformed shape and motion recovery because several perspective effects cannot
be ignored. Instead, other forms of affine camera can be used in such situations to
closely approximate perspective projection. For example, weak perspective projection,
also called scaled orthography, can be used instead of orthography to account for the
perspective scaling effect caused by the depth changes when the camera has large trans-
lation along depth direction between images. Also paraperspective projection, which
models the perspective position effect as well as the scaling effect, can replace orthog-
raphy when the camera motion involves significant translation across the scene. Since
the bilinear form of the factorization methods holds under the GAP model (see Chap-
ter 3), extension of the orthography-based factorization methods to weak perspective
and paraperspective model is possible. Although Poelman and Kanade have presented
a FM under these two models [60], it still uses batch-type SVD to estimate the shape
space like the original method. Thus it is essentially a batch method and not applicable

to real-time applications.

In this thesis, we overcome some drawbacks of the previously described FMs and
propose a new efficient recursive FM under the GAP model. In this new method, the
shape space estimation is formulated as the minimization of an MSE cost function.

We show that this cost function provides the desired affine shape space at its global
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minimum. By using the standard RLS technique, an RLS algorithm is developed for
the MSE minimization that uses as input the coordinate vectors of feature points at
each image frame. Shape space is computed with complexity O(P) per frame. Since
it is a data-driven algorithm, the method proceeds without computing and storing
any large matrices. After the shape space is estimated, Euclidean shape and motion
can be recovered from it under one of the three forms of affine camera models —
orthography, weak perspective, and paraperspective — according to the motion pattern

of the camera.

Also the occlusion issue will be addressed. Some feature points cannot be tracked
in some frames of the sequence because they are occluded or leave the field of view.
The RLS shape space updating algorithm is extended to accommodate the occlusion
case. We show that the computational cost for shape space updating in the extended

algorithm is still O(P).

The performance of the new recursive method and a comparison with other FMs are
also covered in the thesis. We show that the recursive method attains the same accuracy
as those FMs, while the computation time is far less. Experiments with synthetic
data and real image sequences confirm the recursive method’s accuracy and efficiency.
Euclidean reconstruction results of orthography, weak perspective, and paraperspective

camera models are compared for a wide range of camera/object motions.

1.3 OQutline of the Thesis

Chapter 2 serves to review several related factorization methods, including the original
Tomasi-Kanade method, the sequential Morita-Kanade method, and the paraperspec-

tive Poelman-Kanade method. The bilinear formulation in these methods is reviewed
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along with the techniques they used to estimate the shape space, whose definition is
given in the chapter. The first step of these FMs (estimation of the affine structure)
is characterized as shape space tracking. The second step (Euclidean reconstruction
from the affine structure under the camera models assumed by individual FM) is then

discussed in detail.

Chapter 3 proposes an MSE minimization formulation for the shape space tracking
under the GAP model. The GAP model and the bilinear formulation is first introduced.
Then an MSE cost function is formulated for tracking the shape space. Finally the

properties of the MSE cost function are studied.

Chapter 4 first reviews the standard RLS technique and the matrix inversion lemma,
then derives a recursive algorithm for the MSE minimization, i.e., shape space estima-
tion, by using the RLS technique. Initial conditions of the RLS shape space tracking
algorithm are discussed. It is shown that the computational complexity of updating
shape space at each frame is only O(P) for the RLS method. Advantages of the RLS
algorithm over the shape space computing algorithms in the other FMs are discussed.
Simulation results on synthetic data compare the performance of the RLS algorithm
with that of the original and sequential FMs. The actual processing time of the three

shape space algorithms is also compared.

Chapter 5 gives Euclidean reconstruction of object shape and camera motion under
orthographic, weak perspective, and paraperspective projection models respectively.
Metric constraint equations, in terms of the affine transformation matrix under each
model, are derived and solved using a linear least squares (LLS) technique. Then the 3D
shape and motion are recovered from the estimated shape space by the affine transfor-
mation. Experiments on synthetic data show the performance of Euclidean reconstruc-

tion under each model over a wide range of translation and initial depth conditions.
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Real image reconstruction also confirms the accuracy of the recursive method.

Chapter 6 extends the RLS algorithm to accommodate the occlusion situation. The
image locations of the occluded points in a frame are first estimated from the other
tracked points in the same frame and the estimated shape at the previous frame. Then
the estimated and the tracked image coordinates are used together as the input to the
RLS shape space updating algorithm. The computational complexity of the extended
RLS algorithm is shown to be still O(P). A comparison with those occlusion processing
techniques presented in the original and the paraperspective FMs shows the simplicity
and efficiency of the proposed method. Also simulation results demonstrate its good

performance.

Chapter 7 draws conclusions and provides suggestions for future research.

1.4 Contributions

This thesis makes the following contributions:

1. Enabling 3D shape and motion to be recovered recursively at each frame.
2. A new interpretation of the first step of the FMs as the shape space tracking task.

3. Proposal of a new MSE formulation for the shape space estimation under GAP

model.

4. Development of an efficient RLS algorithm for shape space updating at each

frame.

5. Significant reduction of the shape space updating cost to O(P) per frame.
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6. No storage requirement for a large matrix in the RLS algorithm.

7. Recursive recovery of 3D shape and motion at each frame under the orthographic,
weak perspective and paraperspective projection models, respectively, to accom-

modate a wide range of camera motion.

8. Proposal of a new efficient occlusion processing method and incorporation into

the RLS algorithm.



Chapter 2

Review of Factorization Methods

This chapter reviews the three factorization methods that are relevant to our work in
this thesis, and uses the novel notion of shape space tracking. A definition of shape space
is presented and the first step of these FMs is interpreted as shape space estimation.
The techniques used for this shape space estimation in each method are introduced.

The second step of Euclidean reconstruction from the shape space is also reviewed.

2.1 The Original Method

The factorization method was first introduced by Tomasi and Kanade in [70] and
[71] by assuming an orthographic projection model and using an object-centered world
coordinate system as shown in Figure 2.1. In the method, singular value decomposition
(SVD) is used to compute shape space at a complexity O(FP?) after P feature points
have been tracked over a sequence of F' image frames. Euclidean shape and motion
are then recovered from the shape space without computing camera-centered depth.

When the object is far away from the camera, this method generally produces robust

13
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and accurate results.

image frames

f+2

f+1

object
X centroid

Figure 2.1: The object-centered orthographic model in the original FM

2.1.1 The Bilinear Formulation and the Rank Theorem

Assume that there is only one rigid object in the scene, and P feature points are tracked
through F image frames of a sequence. Let (u;;,;;) denote the coordinates of the j-th

image point in the i-th frame. Then the image coordinates of P feature points in F'
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frames form the following 2F X P measurement matrix W:

Uy -+ Urp
v v+ UIP
W = (2.1)
UF1 *** UFP
i V1t UFP |

Here, each column of W stores the image trajectory of one feature point over the whole
sequence, while each pair of rows stores the coordinates of the P points in one of the

frames.

Now all P points in each frame are registered by subtracting their image centroid’s

coordinates:
Ujj =Uij —
By =vij — bi

where (a;, b;) is the image centroid of the i-th frame given by

Z ]

(2.3)

i

F
1
P

Combining eq. (2.2) for all P points in F frames into a single matrix equation, we obtain
the registered measurement matrix W. It is equivalent to registering the measurement

matrix W by subtracting from each entry the mean of the entries in the same row, viz:

a1
b1
W=W - [1---1]. (2.4)
SR
P
ar
br
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Assume that the origin of the world coordinate system resides at the centroid of P

object feature points. Object shape may then be represented by the 3 X P matrix
S = [s1, - +,8p), (2.5)

where the 3-vector s; describes the location of an object point (corresponding to the
j-th image point) expressed with respect to the world coordinate system. We can also

infer that

ﬁ§jgzo. (2.6)

Camera rotation over the sequence of F' frames may be characterized by the 2F' x 3

matrix

R=|: |. 2.7)

iF

| Jr |
Here, i;, and j; are orthonormal 3-vectors specifying the orientation in the world co-
ordinate system of the horizontal and vertical camera reference axes, respectively, of

image frame k.

With the above assumptions and notations in place, the following equation holds

under orthographic model:

W = RS. (2.8)

This is the bilinear formulation of the original factorization method. We can see that
under orthography, the image projection coordinates are just related to the camera
rotation and the object 3D location, without any relation to the object depth and the

camera translation. This reflects the nature of orthographic projection.
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Since W is the product of two rank-3 matrices, it is subject to the rank theorem

which states that:

Without noise, the rank of the registered measurement matriz W is at most

3; and when noise exists, the rank of W is approzimately 3.

The rank theorem reveals the high redundancy of information present in an image
sequence, and permits a large number of points and frames to be processed to reduce
the effects of noise. It implies that camera orientation and object shape can be robustly

recovered by direct factorization of w.

2.1.2 Shape Space Estimation via SVD Factorization

Assume that 2F > P. Matrix W € R2F*P may be decomposed using SVD to obtain
W e 01202, (29)

where O; € R2F*F has orthonormal columns, Oy € RF*F is an orthogonal matrix, and
3 = diag(oy, - -+, 0p) with singular values oy > 03 > -++ > op > 0. According to the
rank theorem, in the absence of noise, W has at most 3 nonzero singular values. That
is 04 = - -+ = op = 0. However, a more realistic situation is that the measurements are
corrupted by noise. Then there are more than 3 nonzero singular values. However, as
long as the noise level is not very high, we have that o3 > 04. Thus the best rank-3
approximation W of W is obtained by just considering the first 3 singular values of
W:

W =Ux'VT, (2.10)
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where U, V are the first three columns of Oy, O, respectively, and ' = diag (01,02, 03).

Now setting

R = U[Z]/? (2.11)
S . [2’]1/2vT,
we have that
W =RS. (2.12)

However, R and S are in general different from the desired camera rotation matrix R
and object shape matrix S because the decomposition of W in eq. (2.12) is not unique.
For any 3 X 3 non-singular matrix A, W = RAA'S = RS. In fact, R and S just
determine the column space and the row space of W. Since it is also the case that
W = RS, we can infer that R and R provide two bases for the column space of W,

and S and S provide two bases for the row space of w.

We then define range(R), equivalent to the column space of W, to be the motion
space; and range(ST), equivalent to the row space of VV, to be the shape space. If no
noise exists, eq. (2.8) holds and W = W. Then the motion space and the shape space
correspond to the column space and row space of W respectively. From the above
definition, it can be inferred that: (1) the dimension of each subspace is at most three;

(2) both subspaces are dual in the sense that one can be computed from the other.

Eq. (2.10) reveals that U and V provide an orthonormal basis for the motion space
and shape space respectively. The original factorization method readily obtains these

bases via SVD.

It needs to be pointed out that motion space is only meaningful in a batch FM
when all image frames in a sequence are processed at one time, while shape space is

meaningful for every frame, and remains stationary throughout the sequence, under
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the object-centered world coordinate system. Therefore, in a sequential or recursive
method, where each frame is processed separately, motion space is meaningless and

only shape space is tracked.

2.1.3 Euclidean Shape and Motion Recovery

Now that R and R are two different bases of motion space and S and § are two different
bases of shape space, there should exist a linear transformation between R and R, and

S and S. More specifically, there exists a 3 x 3 invertible matrix A such that

R =RA (2.13)

We also note that the camera orientation vectors i, ji in eq. (2.7) of frame k are

mutually orthogonal unit vectors, and that they must satisfy

el =[xl = 1
k=1,---,F). (2.14)
idx =0

These metric constraints yield the 3F' linear equations
iTAATY, =1
JTAAT) =1 (k=1,--+,F) (2.15)
iTAAT];, =0

with respect to the 6 unknown parameters of AAT. This is an over-determined linear

problem that can be solved by using a linear least-squares (LLS) technique.

After AAT is determined, A can be obtained by eigendecomposition of AAT. Such

a solution of A is valid up to a rotation because the orientation of the world coordinate
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system is arbitrary. This arbitrariness can be removed by aligning the z-axis and y-axis

of the world frame with those of the camera reference system in the first frame.

2.2 The Sequential Method

Since the original factorization method is not applicable to real-time applications,
Morita and Kanade subsequently developed a sequential factorization method [54, 55]
that produces estimates of shape and motion at each input frame under an ortho-
graphic projection model. In this method, shape space is updated with a cost of O(P?)
at each frame via a power iteration method [24]. Euclidean shape and motion are then

immediately determinable from the estimated shape space.

2.2.1 Formulation and Overview

Assume that P feature points are tracked in an F-frame sequence. Let (x5, 7i;) denote
the registered image coordinates of the j-th feature point in the i-th frame with respect
to the centroid of all the P feature points in the frame. The input to the sequential
method is viewed as a vector time series containing feature image positions, so that at

frame k, we have

Xk = [Tr1, Thay -+ Tep]| (2.16)

Ye = [ykh Yr2y " " 7ykP]T-
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Then the registered measurement matrix at frame k is expressed by

r -1

x{

yT

W,=| : |, k=1,---,F. (2.17)

X

Vi
Now define a correlation matrix time series Z, € RF*F containing the image coordi-
nates up to the k-th frame by
k
Zy = Zl(xix;?" +yiyT) =Zpr + Xk + vyl k=1, F  (218)
i=
It is easy to verify that
Zy, = Wi Wy, (2.19)

Since the rank of Wy, is at most three, that of Zj is also at most three. In the noisy

case, if the best rank-3 estimate of Wi, via SVD is

where Uy, € R2%%3 and V,, € RF*3 have orthonormal columns, and X = diag(0x1, Ok2, O3)
whose diagonal entries are the first three singular values of Wi, then the best rank-3
estimate of Z; is

Zy = (UxZe Vi) URZ V] = ViZi Vi (2.21)

This means that the first three principal eigenvectors of Zj are equivalent to the first
three right singular vectors of W;. Since range(Vy,) is equivalent to the shape space
(see Section 2.1.2), it is possible to estimate the shape space by computing the first

three principal eigenvectors of Zy.
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2.2.2 Sequential Shape Space Computation

To compute the three dominant eigenvectors of the correlation matrix Zj that span
the shape space, the sequential FM used a generalized power method - essentially an
orthogonal power iteration method with the updating of Zy by equation (2.18). The

sequential shape space updating algorithm is given by:
Initialization:
Zy = Opxp

Qo,Q, € RP*3 with orthonormal columns

Update equations (for k =1,---, F):

Zr = Zp_1 + XpXt + Yiyt (2.22)
Y1 = Zx Qi1 (2.23)
Q:R: = Y: (QR factorization) (2.24)
H; = Q:Q} (2.25)
Y, = H;,Q_, (2.26)
Q;R; =Y. (QR factorization) (2.27)

In the above scheme, the matrix Qy is expected to converge to the dominant eigen-
vectors V; of Z;. However, even though range(Vy), the shape space, is stationary,
V, itself changes frame by frame since Zj, always incorporates new frame information
as the number of frames increases. Therefore, Q; does not converge to a stationary
orthonormal basis though range(Qy) converges to the stationary shape space. On the
other hand, the desired 3D shape and camera orientation are determined from the

shape space by a 3 X 3 metric transformation matrix A. Different Q;, in each frame
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make Aj, also change at each frame. To update Ay sequentially, it is necessary to com-
pute a stationary basis for the shape space. In the above scheme, egs. (2.25) - (2.27)
update such a stationary basis Q, via QR factorization of the orthogonal projection

matrix Hy of the shape space.

The updating of Q, at each frame involves the updating of Zj and twice QR fac-

torization. Its total computational complexity is O(P?) and specifically 26 P? + 44P.

2.2.3 Sequential Metric Transformation

After the stationary basis Q,, of the shape space is obtained, camera coordinates i
and jk are computed as

i =xQ B =¥ Qs (2.28)
Then the second step of the sequential FM is to determine a 3 x 3 non-singular matrix
A, that transforms ik, jk and Q, into the desired 3D camera orientation vectors and

the shape matrix as follows:

il =1TA, §{ =T As (2.29)

S, = A;'Q;. (2.30)

Determination of Ay is carried out as in the original FM. By using the metric
constraints of the camera orientation vectors i, ji of eq. (2.14) for each frame up to
the k-th, 3k equations of the form eq. (2.15) with respect to the 6 unknown parameters

of A;AT are obtained. Solving this over-determined problem by LLS is shown in [54].
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2.3 The Paraperspective Method

The original and the sequential FMs are based on the assumption of an orthographic
projection model. However, the orthographic model limits the range of motions the
methods can accommodate. Paraperspective projection, first introduced by Ohta 58],
is a projection model that closely approximates perspective projection by modeling
several effects not modeled under orthography, while retaining linear properties. Poel-
man and Kanade developed a FM [60, 61] by using this projection model. This method
can be applied to a much wider range of motion scenarios, such as image sequences

containing significant translation towards the camera or across the image plane.

2.3.1 Paraperspective Bilinear Formulation

The paraperspective projection of an object onto an image, illustrated in Figure 2.2,

consists of the following two steps:

1. All the object points are projected onto the average depth plane, the plane passing
through the object centroid and parallel to the image plane, by the rays parallel

to the object centroid perspective projection ray CG.

2. The average depth plane is perspectively projected onto the real image plane.
This is actually a uniform scaling of the average depth plane by the ratio of the

camera focal length and the distance between the two planes.

As in the original FM, the origin of the world coordinate system is placed at the
object centroid G. Thus

12
G= I Z sp = 0. (2.31)
p=1



CHAPTER 2. REVIEW OF FACTORIZATION METHODS 25

1image
plane f

G (object centroid)

average depth
P plane

Figure 2.2: Two dimensional paraperspective projection model

From the definition of paraperspective projection described above and the geometric
relations in Figure 2.2, it can be shown that the image coordinates of a feature point

P = [usp, vpp)T in frame f are

1. it :

up = —I(iy + Lky) sy — (b5+f)] (2.32)
zf zf
L., jgt .

Vfp = ;[(.lf + —fzf—fkf)'sp — (ts-iy)]-

These equations can be rewritten as

’Lpr = mf-sp + Gr (233)
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Ugp = DSy + by,

where
Zf = —tf'kf (234)
. ted
afz_t_f_li, bfz_ﬂ (2.35)
zf zf
ir—ark ir—brk
zf Zf

If P feature points are tracked in F' frames, we obtain the following matrix equation

from eq. (2.33):

U1 ==+ wp m; a1
Vir ottt Uip n; by
P
Up1 't UFP mpg ar
_'UFl 'UFP_ _IlF_ _bF
Eq. (2.37) is equivalent to the short form
W=MS+T[l - 1], (2.38)
| -

P

where W is the 2F x P measurement matrix, M is the 2F x 3 motion matrix, S is the

3 x P shape matrix, and T is the 2F x 1 translation vector.

Using egs. (2.33) and (2.31), we obtain

P P P
S up = (mss, +ap) =my Y s, + Pag = Pag (2.39)
p=1

p=1 p=1

P P P
S g =3 (ngpsp,+bs) =np Y s, + Pby = Pby
p=1

p=1 p=1
Thus a; and by, the elements of the translation vector T, can be derived immediately

from the image data as

1 & 12
ap= 5 U bf=5 Vg f=100 F (2.40)
PP=1 Pp:l
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The registered measurement matrix W is then obtained by subtracting the known

translation component T [1---1] from W:

N——
P
W=W-T[l --- 1]=MS. (2.41)
P

This has the same bilinear form as that in the original FM under orthography, and
proves that the bilinear formulation and rank theorem under orthography also hold

under the paraperspective model.

In the paraperspective method, Poelman and Kanade also used SVD to factorize
V~V, and then obtain its best rank-3 approximation W and the two bases M and S for
the shape space and motion space respectively by retaining only the largest 3 singular

values. That is:

W = U2F><323x3VP><3T = MS

M=UE, S=VT

Thus the Poelman-Kanade FM is also a batch method and has the same drawbacks
as the original FM — the complexity for shape space computation is high and the
method is not applicable to real-time applications. However, since it uses paraper-
spective projection model, it can be used to applications involving significant camera

translation where the orthographic FMs cannot accommodate.

2.3.2 Paraperspective Metric Constraints

As in the original FM, a 3 x 3 non-singular matrix A must be determined that trans-
forms M and S into the desired motion matrix M and shape matrix S. However, under

the paraperspective model, the constraints on the motion matrix M are different from
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those applying under orthography. Noting that if, j; and k; are mutually orthogonal

unit vectors, from egs. (2.34) - (2.36), the following constraint equations are derived:

2 2 1
|1|mfl|2 _ leII—IIflIL (=) (2.42)
+af f zf
asby 1 ||lmy* | |lng]?
nr = 44 = b= ) 2.43
mynf 2} af f2(1+a%+l+b?e) (243)

To avoid the trivial solution M = 0, an additional constraint should be imposed. For

instance, let

|y || = 1. (2.44)

Egs. (2.42), (2.43) and (2.44) give 2F + 1 constraint equations on the row vectors of
M. Determination of the transformation matrix A is similar to that in the original

FM [60].

2.3.3 Paraperspective Motion Recovery

Once A is determined, the desired motion matrix M and shape matrix S are recovered
as M = MA, S = A-1§. Now, for each frame f, the estimates of the camera
orientation vectors if, jf, ky, the average depth 2y, and the camera translation vector
t; need to be recovered from the known af, by, my, and n; (the latter two being
rows of M). Noting that if, js, and ky should be orthonormal vectors, the following

equation can be derived from eqgs. (2.34), (2.35), and (2.36):

Bsk; = Dy, (2.45)
where ) )
Iflf X ﬁf 1
Bf = ﬁlf y Df =1 —as |> (246)
n; I —by
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and
~ _ i, o My ~ [ 39 Bf

Then the camera orientation vectors are computed as

ks =B;'Dy (2.48)
if = ﬁf X kf (249)
jf = kf X ﬁlf. (250)

These solutions are unique up to an arbitrary rotation. The arbitrariness can be
removed by aligning the world axes with the first frame’s camera axes, so that i, =

[100]T and j; = [0 1 0]7.

Finally, the average depth z; can be computed from eq. (2.42), and the camera

translation vector t; can be derived from egs. (2.34) and (2.35).



Chapter 3

MSE Formulation for Shape Space

This chapter first shows that the bilinear formulation can be extended to a general affine
projection (GAP) model, and the first step of the FMs under GAP can be viewed as
affine shape space tracking. A novel MSE cost function is then formulated for the affine
shape space tracking. It is shown that this cost function attains a global minimum at
the desired affine shape space. The properties of the function are also studied and a

comparison with other shape space formulations is made.

3.1 Affine Shape Space under GAP Model

In the last chapter, the bilinear formulation was shown to hold under the orthographic
and paraperspective models. We show in this section that it can be generalized to
the GAP model. We also show that the first step of the FMs under GAP, computing
the affine shape and motion (the 3D shape and motion matrices up to a 3 x 3 affine
transformation), is equivalent to computing the affine shape space because any basis

of the affine shape space provides a solution for the affine shape and motion matrices.

30
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3.1.1 Camera Models

In this subsection we will give a brief review of the perspective camera model and its

affine approximation, the GAP model.

The perspective camera

The most frequently used camera model in computer vision is the perspective camera.
In Figure 3.1, a 3D-point in the scene with coordinates X = [X,Y, Z]" is projected to

the image point with coordinates x = [z, y]” according to

) =P . A#0, (3.1)

where ) is a scale factor and P is the standard 3 x 4 camera projection matrix. Using

QR-decomposition, P can be factorized as

[ sf o
P=KR t]=|0 7/ u |[R t, (3.2)
0 0 1 ]

where [R, t] represents a rigid transformation, R is a 3 X 3 rotation matrix and t is
a 3 x 1 translation vector. The parameters in K represent intrinsic parameters of
the camera where f denotes focal length, v denotes aspect ratio, s denotes skew, and

(20, 10) denotes the coordinates of the principal point.

The affine camera

With the affine camera (first introduced by Mundy and Zisserman [57]), the projection

of a 3D point to the image has the same form as in eq. (3.1), but the camera matrix
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!
X
; X
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“—_—.
0
world coordinate system A L. »7
C ¢
Y camera cootdinate
sytem S
B
\.X
image plane
Figure 3.1: Perspective projection model
has the following form
Pu Piz2 P13 Pua W
Pa=|pn pa ps pu |- (3.3)
0 0 0 D34

and the homogeneous scale factor A is the same for all points. The affine camera can be
seen as a perspective camera with its center located at the plane at infinity. Restricting

) = 0, that is, restricting all affine points within the affine shape space not at infinity,
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we obtain the following linear equation from eq. (3.1) and (3.3):
x = MyzX + t4, (3.4)

where M is a 2 X 3 matrix with elements m;; = p;/A, (1= 1,2, j = 1,2,3), and

the 2D vector t4 = [p1a/A, pas/A]". Note that A = pss.

The affine camera has the following two important properties (65, 84] that the per-

spective camera fails to have.

e Under GAP, the parallelism of lines is preserved. That is, lines that are parallel
in the space remain parallel in the image.
Proof. For any two 3D parallel lines L (A) = X,+Ad and Ly(u) = Xp+pud, where
X, and X, are two 3D points and d is the 3D direction vector, their projections

under the GAP model are the following two lines:
11()\) = (MAXa + tA) + AM 4d (3.5)
lg(u) S (MAXb + tA) + pM4d.

It is easy to see that they are parallel to the 2D direction vector M ad.

e Under GAP, the centroid of a set of 3D points and the centroid of their image
points correspond to each other.
Proof. Let X; (j = 1,---,n) be a set of 3D points and x; their corresponding

image points. The centroid of the image points is then

o=%j§::lxj=%j§:(MAXj+tA)=MAG+tA, (3.6)
where G = £ 3%, X is the centroid of the set of 3D points.

Thus, if the 3D points are expressed with respect to their centroid, i.e. 5(3- =
X, — G, and if the image points are also expressed with respect to their centroid,

i.e. X; = x; — o, then we have

%; = MaX;. (3.7)
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The affine camera is a linear approximation to the perspective camera and it gener-
alizes the orthographic, the weak perspective and the paraperspective camera models.
These models provide a good approximation to the perspective camera when the size of
an object is small compared to the viewing distance, which is satisfied in most practical

situations.

3.1.2 The Bilinear Formulation under GAP

Assume that P feature points of a rigid object are tracked through F' image frames.
Let w;; = [uij,vi;]T denote the coordinates of the j-th image point in the i-th frame.
As in the original FM, suppose that the origin of the world coordinate system resides
at the centroid G of P object points. Object shape is then represented by the 3 x P
matrix

S =[s1, " -,8p), (3.8)
where s; describes the 3D location of the j-th object point in the world coordinate
system. We can infer that the shape matrix S should be fixed throughout the image

sequence in the object-centroid world coordinate system, and that

1 P
G=FZSJ-=0. (3.9)
7j=1
Let
1 P
0; = F ZWH (3'10)
j=1

represent the image centroid of the i-th frame. Subtracting o; from w;;, we get the

registered image coordinates W;; = [z, yi;]7 of feature point j in image ¢ as
V-“Vij = W;; — 0. (311)
According to property 2 of the GAP model, we have

V?fij = MiSj, (312)
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where M, is the 2 x 3 affine matrix of the i-th frame.

Combining eq. (3.12) for all feature points from 1 to P, and all frames from 1 to F,

into a single matrix equation, we obtain

ﬁv"vu cve Wip le-l
=1 : |[s1:--sp), (3.13)
| W WFp | Mp |
or in short form
W = MS, (3.14)

where W is the 2F x P registered measurement matrix, M is the 2F' X 3 matrix, and S
is the 3 x P shape matrix. Since M is determined by the camera calibration parameters
and the camera motion parameters at all frames, we call it the camera motion matrix.
From Eq. (3.14), we can see that the bilinear form under GAP has the same form as
that under orthography. Therefore the rank theorem (in section 2.1.1) still holds under
GAP model. The implication of the theorem is that the affine shape S € ®3%P and
motion M € R2F*3 (the 3D shape S and motion M up to an affine transformation

A € R3%3) can be readily obtained by a rank-3 decomposition of W, such that

W = MS = MS (3.15)

M=MA S=A"'§ (3.16)
where W is the best rank-3 estimate of W.

As under orthography, affine shape space (simply referred to as shape space) is
defined as range(ST), and the affine motion space (simply referred to as motion space)
is defined as range(M). They are equivalent to the row space and column space of
W respectively. Hence their ranks are at most 3. From eq. (3.15), we know that any

solution of M and § provides a basis for motion space and shape space respectively.
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Inversely, we can infer that any basis of motion space or shape space provides a solution
to M and S. Since motion space and shape space are dual in the sense that one can
be computed from the other, and motion space is only meaningful in the batch FMs
when all the frames are processed at one time, we track shape space to compute affine

shape and motion recursively at each frame.

3.2 An MSE Formulation for Shape Space

Prior to presenting a new shape space tracking scheme in the next chapter, we first
formulate an MSE cost function. It is shown that this cost function attains a global
minimum at the desired shape space. Several important properties of the function are

also discussed.

3.2.1 Preliminaries

Let
Xp = [Th1, T2, kP (3.17)
Ye = [Yrt, Yro, * - 'aykP]T

represent the registered image vectors of the k-th frame, where [zy;, vl G=1,--+,P)

are the P image point coordinates with respect to their centroid oy. The registered

measurement matrix W can then be expressed by
W=[xy:xryr]". (3.18)
Define the P x P correlation matrix C to be

C = E{xx! +yyi} (3.19)
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F
— Z X;X! +Yiyr)
=1

'-"ﬁ

= _WTW,
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where E{} denotes expectation. From eq. (3.19), we can infer that the rank of C is at

most three since that of W is at most three.
Theorem 3.1 The three dominant eigenvectors of C span the shape space.

Proof Assuming the SVD factorization of W is
W = 0,307, (3.20)

where O; € R2FXP 0, € RP*P gsatisfy OTO, = 070, = 0,0] = Ip, and & =

diag(o1,-++,0p) contains the P singular values. We then have
1 1
C= Fozzo{ 0,07 = 02(522)05. (3.21)

This is the eigenvalue decomposition of C. It is shown that the eigenvectors of C

coincide with the right singular vectors of W.

Since the rank of W is at most three, by considering only its largest three singular

values and setting o4 = - -+ = op = 0, the best rank-3 estimate of W is then
W =Ux'VT, (3.22)

where U and V are formed by the first three columns of Oy and O respectively, and

= diag (o1, 02, 03)-

Similarly, the best rank-3 estimate of C is obtained by only considering its largest

three eigenvalues and setting all the others to be zero in the eq. (3.21), that is

¢= V(%Z’Q)VT. (3.23)
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Eq. (3.23) reveals that the three dominant eigenvectors of C coincide with the first
three right singular vectors of W. We know from Section 2.1.2 that the latter span the

shape space. Thus Theorem 3.1 holds.

We then infer from Theorem 3.1 that the shape space can be obtained by computing

the rank-3 principal subspace of C.

3.2.2 An MSE Cost Function

If the columns of a matrix Q € RF*® are an orthonormal basis of the shape space,
then QQT represents the orthogonal projection matrix of the shape space, whereas
I - QQT represents its orthogonal complement. Any P x 1 vectors X, yx can each be

decomposed into two components, viz:

x; = QQTx; + (I— QQ")xy

vi = QQ7yr + (I— QQ")yx, (3.24)

Here, the first component is the orthogonal projection onto the shape space, while the
second component is the projection onto the orthogonal complement. If x;, yy are ideal,
noise-free measurements, they will be wholly contained within the shape space, and
their second components will be zero. If in contrast xy, yj are corrupted with noise, as
is inevitable in practice, they will in general not be wholly contained within the shape
space, having second components unequal to zero. Hence the second components are
the noise effects in the measurement vectors X, yx. A natural optimization procedure is
thus to seek a matrix Q which minimizes in some sense the magnitude of the associated

second components. This suggests that the following MSE cost function be minimized:

Juse(Q) = B{|| @ -QQ )x |I>+ || I— QQNyx I} (3.25)
= B{|| x — QQ"x [I” + | v+ — QQ"y: I’}
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— tr{C} - 2tr{QTCQ} + tr{Q"CQQ"Q},

where tr denotes trace, and Q is assumed to have full rank 3. Note that we do not
impose any constraints on Q. In particular, there is no constraint of QTQ =I5 as in
some other optimization formulations for subspace tracking. Minimization of Jurse(Q)
has some attractive properties. First, note the following two theorems, which are

presented and proved in [85]:

Theorem 3.2 Q is a stationary point of Jyse(Q) if and only if Q = G3H, where
G3 € RP*3 contains any 3 distinct eigenvectors of C and H € R3%3 is an arbitrary
orthogonal matriz. At each stationary point, Juse(Q) equals the sum of eigenvalues

whose eigenvectors are not involved in Gs.

Theorem 3.3 When Gs contains the three dominant eigenvectors of C, Juse(Q)

attains the global minimum, while all the other stationary points are saddle points.

From the above two theorems, we can infer that:

e the stationary points of Jysz(Q) satisfy Q7Q = I, i.e. the columns of Q being

orthonormal.

e when the columns of Q are one of the orthonormal bases of the rank-3 prin-
cipal subspace of C, Jyse(Q) attains the global minimum, while all the other

stationary points of Jysg(Q) are saddle points.

Hence, by minimizing Jys£(Q), we can obtain an orthonormal basis (the three

columns of Q) of the shape space.
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3.3 Properties and Comparisons

In this section, we discuss several key properties of the MSE formulation.

Property 1. The cost function Jysg(Q) has a global minimum at the shape space
and no other local minima. Thus, iterative methods which minimize Jys5(Q) with
proper initializations are guaranteed to globally converge to the rank-3 principal sub-
space of C, i.e., the desired shape space. The initializations of the iteration methods

are discussed in chapter 4.

Property 2. The two theorem of Jy;5£(Q) show that minimization of Jysg(Q) au-
tomatically orthonormalize the columns of Q. No explicit constraint of orthonormality
QTQ = I, is imposed beforehand. Thus minimizing Jysr(Q) is an unconstrained
optimization problem, which has advantages over those formulations where Q7Q =1,
is imposed as an optimization constraint. The advantage is that in the iteration algo-
rithms of minimizing Jys5(Q), no step of reorthonormalizating Q is needed, while in
the constrained optimization scheme, such a step is required at each iteration which
results in extra computational cost. Therefore, the use of an iterative algorithm to
minimize Jysp(Q) will always converge to an orthonormal basis of the shape space

without any orthonormalization operations during the iteration.

Property 3. At the global minimum of Jy;s5(Q), generally Q only yields an arbi-
trary orthonormal basis for the rank-3 principal subspace of C, i.e. the shape space,
but not the true dominant eigenvectors. This is because Jysr(Q) is invariant with
respect to rotation of Q, i.e. Jyse(Q) = Juse(QR) holds with any 3 x 3 rotation
matrix R. Therefore, the solution of Q obtained by minimizing Jy;s5(Q) is unique up
to an arbitrary rotation. However, QQT, the orthogonal projection matrix of the shape

space, is always unique. For the special case when A; = Ay = A3 = A, i.e. the three
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largest eigenvalues of C are equal, Q yields the true dominant eigenvectors because

QTCQ = MI; produces the required partial eigenvalue decomposition (EVD) of C.



Chapter 4

Recursive Computation of Shape

Space

In this chapter, we first review the standard recursive least-squares (RLS) algorithm.
Then we develop an efficient, novel recursive algorithm for MSE minimization. This
is to compute an estimate of the shape space at frame k from that of frame k—1
and the new incoming data, the image coordinate vectors at frame k, by using the
RLS technique. Finally, the performance of the RLS shape space tracking algorithm is

compared with that of the original and the sequential FMs by synthetic tests.

4.1 Recursive Least-Squares Technique

In this section, we review a well-known adaptive subspace tracking technique — the
recursive least squares algorithm [28]. The RLS algorithm may be viewed as a special
case of the Kalman filter. It is also based on a relation in matrix algebra known as the

matriz inversion lemma, which is also reviewed in this section.

42
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4.1.1 Matrix Inversion Lemma

Let A and B be two positive-definite, m X m matrices related by
A=B!'4+CD'CH, (4.1)

where D is another positive-definite n x n matrix, and C is an m X n matrix. According

to the matriz inversion lemma, we may express the inverse of the matrix A as following:

A'=B-BC(D+CPBC)"!C”B (4.2)

The proof of this lemma is established by multiplying the right hand sides of eq. (4.1)
and eq. (4.2), and noting that their product is equal to the identity matrix L. The
matrix inversion lemma states that if we are given a matrix A as defined in eq. (4.1),

we can determine its inverse A~ by using the relation of eq. (4.2).

4.1.2 Standard RLS Algorithm

Some Preliminaries

In recursive implementations of the method of least squares, we start the compu-
tation with known initial conditions and use the information contained in new data
samples to update the old estimates. Since the length of observable data is generally
variable, we denote the cost function to be minimized as U(n), where n is the variable

length of the observable data, and ¥(n) is given by

U(n) = éw-qe(i)v (4.3)

where 0 < ) < 1 is “forgetting factor”, with A = 1 corresponding to infinite memory.

The expression e(i) is the difference between the desired response d(i) and the output
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y(i) produced by a transversal filter whose tap inputs equal u(i),u(d — 1), -+, uli —

M + 1), as in Figure 4.1. That is,
e(i) = d(1) - y(i)
= d(i) — w(n)u(i) (4.4)
where u(7) is the tap-input vector at time instant 4, defined by
u(i) = [u(@), u(i—1),--,u(i—M+1)], (4.5)
and w(n) is the tap-weight vector at time n, defined by
w(n) = [wo(n), wi(n), -, wyr—1(n)]". (4.6)

Note that the tap weights of the transversal filter remain fixed during the observation

interval 1 <1 < n.

The optimum value of the tap-weight vector, W(n), for which the cost function ¥(n)

attains its minimum value is determined by the matrix equation
®(n)Ww(n) =0(n) (4.7)
The M x M correlation matrix ®(n) is defined by
o .
®(n) = Y A" Fu(i)u” (4). (4.8)
i=1

The M x 1 cross-correlation 8(n) between the tap inputs of the transversal filter and

the desired response is defined by
6(n) =3 X" u(i)d" (i), (4.9)
i=1
where * denotes complex conjugation. Eqgs. (4.8) and (4.9) may be rewritten as

®(n) = A®(n — 1) + u(n)u(n) (4.10)

0(n) = M(n — 1) + u(n)d*(n). (4.11)
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Figure 4.1: The transversal filter

To compute the least-square estimate w(n) in eq. (4.7), the inverse of the M x M
correlation matrix ®(n) has to be determined. Since computation of the inverse is
very time consuming, particularly if the number of tap weights, M, is high, we use the

matriz inversion lemma to reduce the computational cost.
The Exponentially Weighted RLS Algorithm

With the correlation matrix ®(n) assumed to be positive definite, the matrix inver-

sion lemma can be applied to eq. (4.10) as

A28 (n — Du(n)u(n
14+ A-tuf (n)®@-1(n — L)u(n)

“
El
|
Nawt

& '(n) = A1® 1 (n— 1) —
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For easier computation, let

P(n) = ® '(n) (4.13)
and
k(n) = T /\/:;E((Z);au_(?)u(n). (4.14)
Then eq.(4.12) may be rewritten as
P(n) = \"'P(n — 1) — A~ 'k(n)u” (n)P(n —1). (4.15)

Here k(n) is an M x 1 vector and is referred to the gain vector. From eq. (4.14) and

eq. (4.15), we obtain the following relation

Py
=
I
B
=
N
)
I

&~ (n)u(n). (4.16)

From all the above, the following RLS algorithm can be obtained:
) = A"1P(n — 1)u(n)

14+ A uf(n)P(n —1)u(n)
) = d(n) — %" (n — 1)u(n)

)
P(n) = A\"'P(n—1) — A'k(n)u" (n)P(n - 1)
Figure 4.2 shows the diagram for the RLS algorithm.

An important feature of the RLS algorithm described by these equations is that the
inversion of the correlation matrix ®(n) is replaced at each step by a simple scalar

division. This greatly reduces the computational complexity of the RLS algorithm.

The initialization of the RLS algorithm requires a starting value P(0) to assure the

nonsingularity of the correlation matrix ®(n). A simple choice is
P(0) =01y, W(0)=Onrx1, (4.17)

where 0 < 6 < 1.
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Figure 4.2: Representations of the RLS algorithm: (a) block diagram; (b) signal-flow

graph.

4.2 RLS Shape Space Updating

In this section, we present a new recursive scheme for estimating the shape space at each

frame with the low complexity O(P) by using the projection approzimation subspace
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tracking (PAST) approach and the RLS technique. After that, we show that the affine

shape and motion can be easily computed from the estimated shape space.

4.2.1 Recursive Shape Space Updating

We develop an RLS algorithm for updating an arbitrary orthonormal basis of the shape
space at frame k given the basis at frame £ — 1 and the incoming image coordinate

data U, Vi

up = [Um, Uk2,*** ,UkP]T (4-18)

T
Vi = [Uklavk27 o '7'UkP] .
The registered image vectors x,y) are then given by

Xy = Uy — O (4.19)

Y& = Vi — by,

where (ag, by) is the image centroid of P features at frame k, and

1 & il i
ap = ﬁ Zlukj, bk = F zl’l)kj. (420)
J= J=
Let
V-(/'k = [Xk yk] (421)
W = Qf_lv"vk, (422)

where Qz_; € RF*3 is assumed having full rank 3. Then Cg, the P x P correlation

matrix up to frame k, can be expressed as

1 k
Cy = E{w;w]} = B S wiw;, (4.23)



CHAPTER 4. RECURSIVE COMPUTATION OF SHAPE SPACE 49

and the MSE cost function for estimating Qy, (the shape space at frame k) is obtained

by using Cy to approximate C in eq. (3.25), as given by

Juse(Qr) = E{|| Wi — QuQi w; ||7} (4.24)
1 k
=L - el I
i=1
= tr{Cs} — 2tr{QF Cr Qs } + tr{Qf Cr Qi Qs Qx }-

Juse(Qg) in eq. (4.24) is identical to Jysp(Q) in eq. (3.25) except for the use of the
image data up to frame k£ and not in all F' frames. Thus the theorems and properties
about Jyrsz(Q) in Chapter 3 also hold for Jys(Qy)- Hence by minimizing Jrse(Qr),
the columns of Qj provide an orthonormal basis for the rank-3 principal subspace of

Cs, that is, the shape space at frame k.

Juse(Qs) is a fourth-order function of the elements of Qi and the standard RLS
technique cannot be applied directly to compute its minimization recursively. Accord-
ingly, we now seek a simpler quadratic cost function by making some approximation.
Assume that QF W, (the projections of x;, yj onto the columns of Q) can be ap-
proximated by W; = QI W;, for all 1 < ¢ < k. Since we assume the shape space is
stationary, the errors in the above projection approximation should be small. Note that
in doing so, W; becomes immediately available at any frame i given the previous frame
estimate Q;_q, for i = 1,2,---,k. Without this approximation, Q}w; would only be
available at frame k when Qy is obtained. This is the main idea of the PAST approach
that was presented by Yang in [85]. After the projection approximation Qf w; ~ Wy,

Juse(Qy) is simplified to J'(Qg) given by

J(Qx) = Z | Wi — Qe Wi || - (4.25)

Under the stationary shape space assumption, J'(Qy) should be a good approximation
to Juse(Qg) and the matrix Qi obtained by minimizing J '(Qg) should be a good

estimate for the shape space.
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Let
1 k
M = ¢ 3w = My + Wy Wy, (4.26)
i=1
1 k
Ny, = i S ww; = N1 + LA (4.27)
i=1
then we have that
! 1 k -~ I ~ ___\T
J(Qx) = tT{E Z(Wi — QiWi)(W; — QrxWi) } (4.28)
i=1

= tT‘{Ck} — 2tT{MkQ£} + tT’{QkaQf}.

To compute the gradient of J'(Qy), we first introduce the following theorem [47] which

transfers the computation of gradient to the relatively easy differentials computation:
Theorem 4.1 Let ®(X) be a differentiable real-valued function of an m X n matrz
X. Then the following relationship holds

d®(X) = tr{[¥(X)|TdX} <= V&(X) = ¥(X), (4.29)

where d denotes the differential, and the gradient of ®(X) with respect to X s defined

as VO(X) = 220

After some computation, the differential of J'(Qy) is

dJ'(Qp) = —2tr{MZFdQy} + 2tr{N, Q[ dQs} (4.30)

= tr{(—2M; + 2QxNx)"dQs}. (4.31)
According to theorem 4.1, we have

VJ'(Qi) = —2My, + 2QxNj. (4.32)
J'(Q4) is minimized when VJ'(Q;) = 0, that is when

Qi = M N;* (4.33)
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A recursive computation of Q; by the above equation (9P + 27 flops), with the update
of Wy, in eq. (4.22) (6P flops), My in eq. (4.26) (6P flops), and Ny, in eq. (4.27) (18
flops) requires a total of 39P flops operation. In this thesis, one flop is defined as
one multiplication plus an optional addition. A more efficient and numerically more
robust method is to apply the matriz inversion lemma (see Section 4.1.1) to compute
the inverse of Ny in eq. (4.33). This results in the RLS algorithm, which is derived in

the following, to update Qy recursively.
Define the 3 x 3 inverse matrix
P, = N;. (4.34)
Applying the matrix inversion lemma to Py, we obtain

Pj, = (Ny_; + Wwy) "
= Pk—l . ngka_l (435)
where
gr — Pk_l—vvk(lz + Wka_lwk)—l (436)

is the 3 x 2 gain matrix. Using eq. (4.35) it is easy to verify that

Noting that
8kWi Pr_1 = (8xW; Pr1)” = Pro1Wigk (4.38)

we may use eqs. (4.26), (4.27), (4.33) - (4.37) to obtain
Qi = MPy

= My_1(Pi_1 — gk Pr_1) + Wigp

= Qi1+ (Wr — Qe 1Wi)Ej - (4.39)
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The RLS scheme is now given by:
Initialization:

P, = 613 (6 is a small positive number)

Qo € RP*3 with orthonormal columns
Update equations: for k=1,2,---
Ly
ar — — Uk
P I

1P
by = —P_;Ukj
Xy = U — aplpxa
Ye = Vi — belpxi
Wi, = [xx Yl
Wi = Qi_ Wy (6P flops)
gr = Py 1 Wi (Io + Wi Pp W)™+ (68 flops)
Py =Py1—gW;Pr1 (45 flops)

Qr = Qr—1 + (Wi — Qx_1Wr)gi  (12P flops)

Here I,, I are identity matrices, and 1pyx; = [1--- 1]T.
P

The initial values Py, Qo should be set carefully to ensure convergence. Since the
covariance matrix of Wy, is positive definite, Py should be set to some symmetric positive
definite matrix, for example 0I3. Qg should have orthonormal columns, a simple choice
being the first three columns of the P x P identity matrix. Clearly, the updating of

Q;, requires a total of 18P flops.
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4.2.2 Affine Shape and Motion Recovery

After the orthonormal basis of the shape space Q is estimated, the 3 x P affine shape
matrix S; and the 2 x 3 affine motion matrix My, at frame k can be obtained from it.
They can further be transformed to the 3D object shape S and camera motion My

by a proper 3 x 3 affine transformation matrix Ay, viz:
Sk = A,;lgk, Mk = MkAk. (440)
Determination of Ay will be discussed in next Chapter. Here we compute S, and M.

In Section 3.1, we stated that any basis of the shape space provides a solution for

the affine shape matrix. Thus we obtain

S, =Qr. (4.41)

Extracting the k-th pair of rows (corresponding to the k-th frame points) from the

registered measurement matrix W in eq. (3.13), we obtain
ﬁ/’f e MkSk e MkAkAlzlgk s Mka (442)
Since Qj has orthonormal columns, right multiplying eq. (4.42) by Qg, we obtain

M, = Wi Q. (4.43)

4.2.3 Comparison

For a sequence of F' image frames where P feature points are tracked, we compare the

RLS shape space algorithm with the other FMs.

In the batch FMs, such as the original FM and the paraperspective FM, by com-

puting SVD of the 2F X P measurement matrix after all F' frames are available, the
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shape space is obtained by the first three right singular vectors. If 2F > P, the SVD
computational complexity is 14FP* + 13—1P3 flops. Moreover, the 2F' X P measurement
matrix, whose size increases with the number of frames, needs to be stored before SVD

computation.

In the sequential FM, the power orthogonal iteration method is used to compute
the three dominant eigenvectors, which span the shape space, of a P X P correlation
matrix at each frame. The correlation matrix needs to be updated to incorporate new
frame information and stored at each frame iteration. Hence, even though the shape
space is stationary, the computed dominant eigenvectors of the correlation matrix at
each frame do not converge. To make the next step — the computation of the affine
transformation matrix A sequential, an extra step of computing a stationary basis of
the shape space is required. This is achieved by computing the orthogonal projection
matrix of the shape space and its QR decomposition. Thus the total computational

cost of the sequential shape space updating algorithm is 26P% 4 44 P flops.

In Hwang’s 3-D linear combination FM [34], only three rows of the 2F x PP measure-
ment matrix are used to compute an orthogonal basis of the shape space. Thus this
method loses several advantages of the FMs including even treatment of every frame
to get stability, and processing a large number of frames so that the redundancy can

reduce the noise effects and provide more accurate results.

Our RLS shape space updating algorithm has several advantages over all the above
FMs. First, it computes an estimate of the shape space at each frame recursively as
in the sequential FM. Secondly, it is more efficient than the sequential FM both in
computation and in memory storage. Its computational complexity is only 18P flops
at each frame updating and no large measurement or correlation matrix is updated and

stored in the algorithm. Thirdly, since it is an adaptive subspace tracking algorithm,
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once a set of initial values is given, the computed P X 3 matrix Q; converges to an
orthonormal basis of the shape space. Thus no step of computing a stationary basis
is required in order to compute Ay, recursively. Instead, Q; can be used as a station-
ary basis of shape space since it converges after some initial frames. In contrast, the
sequential FM needs to compute a stationary basis of the shape space at each frame
iteration, because the computed dominant eigenvectors of an updated correlation ma-
trix are different at each frame and do not converge at all. Finally, the RLS algorithm
has a similar accuracy to the SVD batch FMs and the sequential FM, which will be

demonstrated in the next section.

4.3 Performance Analysis

In this section we describe the synthetic tests used to compare the performance of
the RLS shape space updating algorithms with that of SVD and orthogonal iteration

algorithms used in the original and the sequential FMs respectively.

4.3.1 Synthetic Data Generation

An object was represented by 100 random points within a cube of predetermined size.
The distance of the object centroid from the camera was chosen to be 20 times the side
of the cube and was kept fixed throughout the sequence. Camera rotation was specified
as given in Figure 4.3 and the object was translated so that its centroid projected on
to the principal point of each frame. A sequence of 140 images was generated by
projecting the object points onto 512 x 512 pixel image planes with sub-pixel accuracy
using a perspective camera model. The (fixed) focal length was chosen so as to yield

good coverage of image points across the image planes. Gaussian noise with a standard
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deviation of 2 pixels was added to all points in all frames. Quantization errors were not

added since we assume that we are able to track features with a subpixel resolution.

4.3.2 Accuracy of the Shape Space Computation

We first discuss accuracy and convergence properties of the RLS algorithms and com-
pare them with the original and the sequential FMs. In order to compare the iterative
and batch methods under the same conditions, we perform the following computations.
For the iterative methods, such as the RLS and the sequential algorithm, the shape
space is updated at each frame iteratively. We obtain Q. for the RLS method, Q,x
for the sequential FM at frame k. They are all P X 3 matrices whose orthonormal
columns span the estimated shape space at frame k. For the batch-type original FM,
we form a submatrix Wy, which only contains the feature positions up to frame k.
SVD is then applied to this submatrix to compute its first three right eigenvectors Vi

which span the estimated shape space at frame k.

The shape space estimation error of each method is represented by the subspace
distance between the estimated and the true shape spaces. The errors at frame k are

defined as the following:
E, = dist(range(Qx), range(ST)) (4.44)
E, = dist(range(Qs ), range(ST))
E,, = dist(range(Vy), range(S™))

They are errors of the RLS, the sequential and the original methods respectively. The

function dist(), which represents the subspace distance between two same dimensional

subspaces Si, Se, is defined by

dist(range(V1), range(Va)) =[] ViV] = Vo7 |, (4.45)
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where the columns of V;, V, are orthonormal bases of the two subspaces S, S,,

respectively.

Figure 4.4 shows typical convergence for each of the three methods. The methods
perform similarly, with shape space being estimated reasonably accurately within 40
frames. After about 35 - 40 frames, the shape space estimation errors of all three

methods converge to the same low constant level (about 2.3 x 1072 in this experiment).

4.3.3 Computational Time

We compare the shape space computational time of the RLS method with that of the
original and the sequential FMs. From chapter 2 we know that the computational
complexity of the original FM is dominated by the cost of SVD, which is 14F P? +
11P3/3 flops for P feature points tracked in F' frames (assuming 2F > P); that of the
sequential FM is 26 P2 +44P flops at each frame for computing the first three dominant
eigenvectors using the power iteration technique. On the other hand, through the
analysis of the RLS algorithm, its shape space updating complexity for each frame is
18P flops. Therefore, theoretically, to compute an estimate of shape space, the original
method requires O(FP?) operations; the sequential method needs O(P?) operations;

while the RLS method takes only O(P).

Our simulation with the synthetic data confirms the above theoretical analysis.
Figure 4.5 shows the actual processing time of the three methods on a Pentium PC.
The generation of the synthetic data is similar to the description in section 4.3.1. The
number of feature points increased from 10 to 200, while the number of frames was fixed
at 140. The processing time in Figure 4.5 is only for shape space computation, does
not include the feature points generation and tracking time. The results agree with

our theoretical analysis. We can see that the RLS method is much more efficient than
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the other two FMs, especially when P becomes large. Its shape space computational

time is almost linear in terms of P.
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Chapter 5

Euclidean Reconstruction of Shape

and Motion

After affine shape and motion estimates Sk, M, are computed, the next step is to
recover Euclidean shape and motion from them. In this chapter, we give the Euclidean
shape and motion recovery Si, M from the estimated shape space at frame k under
each of the three affine camera models — orthography, weak perspective and paraper-
spective. All that is required is to determine a 3 x 3 affine transformation matrix Ay

under each individual model, such that

My, = M Ay, (5.1)

Sy = A,;lsk. (5.2)

Preliminary

Under each model, assume that the camera has the following normalized intrinsic
parameters: skew s = 0, aspect ratio v = 1, and focal length f = 1. Also assume

that the origin of the world coordinate system resides at the object centroid G, whose

62
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coordinates in the camera coordinate system of the k-th frame is [Xj, Yy, Zx]”. Then
the object translation vector relative to the camera system is ty = (X4, Vi, Zk]T. The
camera rotation matrix at frame k is Ry = [ix, jx, kx]”, and the k-th image centroid of

P feature points is oy, = [ak, bk)” -

5.1 Under Orthography

Under orthography, an object is projected onto the image plane by rays parallel to the
optical axis. Orthographic projection is simple and typically a good approximation for
perspective imaging when the object’s size and changes in depth between frames are

small compared to the object’s depth from the camera.

In figure 5.1, a 3D point P = [X, Y, Z]” is projected orthographically onto the image

plane at p = [z,y]7. It is easy to see that
=X, y=Y. (5.3)

Hence the orthographic projection matrix is determined by

100 0| ir Xy
Ry tx
P,=|1010 0 =| ¥ |- (5.4)
01x3 1
0001 O1x3 1

Obviously, the orthographic projection matrix P, has the form of P4 in eq. (3.3).
Orthography is therefore an affine model. From eq. (5.4), we obtain the 2 x 3 affine

matrix at frame k as

M, = : (5.5)
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image plane

A X

Figure 5.1: Orthographic projection model

M, consists of only the first two rows of the rotation matrix Ry and we call it the camera

motion matrix. Thus we obtain the following constraint equations under orthography

X y 1
M;MT = M;A,ATM] = L i=1,-+, k. (5.6)
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For all frames up to the k-th, eq. (5.6) gives a set of 3k linear equations
iTALATY; =1
TAATL =1 (1=12,--,k) (5.7)
iT AL AT =0

with respect to the 6 unknown parameters of Ly = Ay AT, For k > 3, this is an over-

determined problem which can be solved by using the linear least-squares technique.

Let . 5
h b I3
Ly=AsAL = |1, Iy 15 |- (5.8)
Is Is s
The egs. (5.7) can be expressed as
Gyl = ¢y, (5.9)

where the 3k x 6 matrix Gy, the 6 x 1 vector 1, and the 3k x 1 vector ¢ are defined

by: ) )
gT(ilail) i i h
1
. . L
g” (ix, i) ,
3 = ly : ¢ 2k
gT(.]la.]l) l .
Gk = 3 lk = ’ , Cp = ' ’ (510)
3 4 la 1
g” (Jk, ) g
e & ls 0
gT(Ih.]l) 3
l6 : k
G 0
i g7 (ix, Jx) | S
and

gT(a, b) = [a1b1 a1b2 + azbl a1b3 + a3b1 azbz a2b3 + a3b2 a3b3]. (511)
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Define
D; = G} Gy, (5.12)
E; = G} Cy. (5.13)
The least-squares solution of the vector 1 consisting of the 6 unknown entries of AkAf

is then

1;, = D;'Es. (5.14)

In the recursive scheme, the following equations are used to update Dy, E; and I

at each frame: For k =1,.--, F

T=xiQr, Jt =7t Qs
Dy = Dy_y + g(ik, 1)g” (e, §x) + g Q. 6)87 Gro 3k) + 8(k, k)" (i, J)  (5.15)
Ei = By + gk, 1) + g0k, 3x) (5.16)
1;, = D} 'Ey,

Here Dy = Ogxs, Eo = Ogx1, and 1 provides the entries for the symmetric matrix
L, = AkAf. A} can be obtained by eigendecomposition of Ly. Such a solution of Ay
is determined up to a rotation and reflection. The rotation ambiguity can be removed
by aligning the z-axis, y-axis with those of the camera reference system in the first

frame. That is to impose the following constraints:
ip=[100)T and j, =[010]". (5.17)

The reflection ambiguity cannot be removed, because it is an inherent ambiguity of the
affine model. However, in real applications, this ambiguity can sometimes be removed

by means of some known information of the object (see [60]).

The camera orientation vectors i, j, and the shape matrix Sy are then computed

by

iT =T Ak, Ji =JiAs (5.18)
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Sy = A;'Qf. (5.19)

5.1.1 Synthetic Test

We now show the results of Euclidean reconstruction from the estimated shape space
using the RLS algorithm under orthography. We continue the synthetic test in chapter
4. The synthetic data generation is described in section 4.3.1. Since the distance of
the object centroid from the camera was fixed at 20 times the size of the object, there
is no camera translation along the depth direction. In this experiment, orthography

should be a good approximation to the actual perspective projection.

In section 4.3, the performance of the RLS shape space updating algorithm is com-
pared with that of the original and the sequential factorization methods. We see from
Figure 4.4 that the shape space converges within 40 frames in all three methods. Here
we continue to compute the 3D position of the feature points and the camera ori-
entation vectors in each frame, using the results of the estimated shape space of each
method. The accuracy of each method is compared by computing the shape estimation

errors and the camera rotation errors.

Shape error is defined as the root-mean-square of the distance between the recovered

shape and the true shape, divided by the object size, at each frame, viz:

ESreci = [tr{(Srec = S)(Srec — S)T}/3P /size
ESueqo = [tr{(Sseq — S)(Sseq — S)T} /3P size (5.20)
ESoris = [tr{(Sori — S)(Sori — S)T} /3P /size,

where ESreck, ESseq, ESorix represent the shape errors at the k-th frame of the

recursive, the sequential and the original methods respectively. Figure 5.2 shows the

shape errors of the three methods . We observe that the three methods perform



CHAPTER 5. EUCLIDEAN RECONSTRUCTION OF SHAPE AND MOTION 68

similarly, with the errors being large at the beginning 20 frames but converge within
40 frames. In this experiment, after 40 frames, the shape space errors attain a constant

of 1072

Camera rotation errors are defined as the difference between the estimated and the
true values for roll, pitch and yaw. The results of each of the methods are compared
in Figures 5.3, 5.4, and 5.5. It is shown that the three methods also perform similarly
in terms of camera rotation recovery. All the methods are unstable in the early several

frames. After that, the errors settle down to within 1 degree throughout the sequence.

We conclude from the above results that the RLS method is as accurate as the
original and the sequential FMs. We already know from chapter 4 that the RLS shape
space algorithm is more efficient than the other two FMs. Note that the computational
cost of Euclidean reconstruction is trivial compared to that of shape space computa-
tion. Therefore, the RLS method is advantageous over the other two FMs in real-time

applications.

5.2 Under Weak Perspective

When the object makes significant translation along the depth direction in an image
sequence, the perspective distance effect cannot be ignored. In this case weak per-
spective projection, which models the scaling effects caused by depth changes between
images, can be used instead of orthography to recover Euclidean shape and motion in

the FMs.

Weak perspective, also called scaled orthography, can be understood as a two-step
projection: first, all the object feature points are projected onto the average depth

plane (the plane through the object centroid and parallel to the image plane) by the
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rays parallel to the optical axis, then this plane is perspectively projected onto the
image plane. The second step is actually a uniform scaling of the average depth plane.

Figure 5.6 illustrates the weak perspective model.

In Figure 5.6, a 3D point P = [X,Y, Z]T is projected to the image plane at p =
[z,y]T. It is easy to verify that

X Y

T=—, Y= A (5.21)

Thus the weak perspective projection matrix under the object-centered world coordi-

nate system has the form

100 0 ii X
Ry t
Py=1010 0 = i |- (5.22)
O1x3 1
000 Z Oixs Zp

Hence weak perspective projection is also a kind of affine model. The 2 x 3 affine

matrix (also called motion matrix) at frame k is then

1| i

M = — (5.23)
Zr | o1
Jk

It involves the average depth Z; and the camera orientation vectors i, j.

A set of constraint equations for determining Ay, under the weak perspective model

are then

N » 1 1 0
MMT = MA,ATM] = 7 ,i=1,-, k. (5.24)
k10 1

Let m7, n¥ be two rows of My, that is, My = [my, ni]". For all frames up to the
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k-th, eq. (5.24) gives the 3k equations

. o1
] Ay Afth; =7
1.
n] AL ARy =3 (i=1,2,-++,k). (5.25)
k

rthkAfﬁi =0
Then we obtain the following 2k linear equations

(th; — ;)T AL AT (th; — A;) =0
(i=1,2,---,k), (5.26)
m! Ay AT#; =0,
with respect to the 6 unknown parameters of Ly, = AyA{. To avoid the trial solution

M;, = 0, we add an additional constraint ||my|| = 1, so that
ml AyAlm, = 1. (5.27)
For k > 3, the above over-determined linear system can be solved by LLS as in the

following.

L, is assumed as in eq. (5.8). The constraint egs. (5.26), (5.27) are combined into
one matrix equation

Guly = cp, (5.28)

where the (2k + 1) x 6 matrix Gy, the 6 x 1 vector 15, and the (2k + 1) x 1 vector ¢y

are defined by:

gT(ﬁll — 1, m,; — fl1) [i " ro

L 0
ly
gT (thy, — fig, iy, — fy) l ,
3 :
G = g” (duy, i) , L= y = (5.29)
l4 5
X Is 0
g (mk:nk)

ls 1

i gT(ﬁlh 1) | ST -
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and g7(a, b) is defined in eq. (5.11). Then the least-squares solution of 1; is given by
1, = D;'g(th,, ) (5.30)
D; = GIGy. (5.31)

In the recursive scheme, the following equations are used to update Dy and 1, at each

frame:

Fork=1,---,F
fy =x;Qp, By =y; Qu
Dy, = Dy_1 + g(thy, — iy, 1ty — fiy)g” (thy, — fig, ty — i) (5.32)
+g(tiy, A )g” (th, fig)
Iy = Dy 'g(rhy, i),
where the initial value is

Dy = g(thy, i)g" (i, ). (5.33)

1, provides the entries for the symmetric matrix Ly = A;AT. Ay can be obtained

by eigendecomposition of L.

The camera motion vectors my, n; and the shape matrix Sy are computed by
m! =1} Ay, n} =i TA, (5.34)
=A;'QF. (5.35)
The camera orientation vectors iy, jr are then computed as
r_ mp

T n{
F= e g T 5.36
= Tl % T Tl (58

We note from eq. (5.24) that under the weak perspective model, the average depth Zj

of the object at each frame can be determined as

1

1 1 1 z
= = — 4 . 5.37
¢ L(nmknz unknﬂ)} (5-37)
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In contrast, object depth cannot be recovered under orthography.

5.3 TUnder Paraperspective

Paraperspective projection, which models both perspective distance and position ef-
fects, can be used instead of orthographic and scaled orthographic in the situation
where objects have significant translation across the image plane. It can also be under-
stood as a two-step projection (see Section 2.3.1). The difference between this model
and scaled orthography is the first step: Instead of using rays parallel to the optical
axis, the object points are projected onto the average depth plane using rays parallel to
the centroid perspective projecting ray. The model is illustrated in Figure 5.7, where
a 3D object point P = [X,Y, Z]|T is projected onto the image plane at p = [z, y]" by
the paraperspective model, and G = [Xj, Yy, Zy]T is the object centroid under the k-th

camera, reference system.

P is first projected, parallel to CG, to the average depth plane at [X — %Z +

Xi, Y — }Z”f’:Z + Y}, Z)T. Finally, this point is projected perspectively onto the image

plane as
i X,
=_—(X-—7+X )
T Zk( Z, + X5) (5.38)
1 Y,
=—(Y-27+1).
4 Zk( 70T t)

Thus the paraperspective projection matrix under the world coordinate system is

given by
10 -3 0 - if — 22kp Xy
k k
P,=|0 1 _'}zﬁ,f 0 = jf—%k{ Ye |- (5.39)
Oi1xs 1
\_0 0 0 Z 01x3 Zy
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Since P, has the form of P 4 in eq. (3.3), paraperspective is also a kind of afline camera
model. The k-th image center coordinates o, = [ak, k)" = [%(Jki, lZ,l:]T, and the k-th

affine matrix (called the motion matrix here) is obtained from P, as the following

1| i - Bk 1| iF — akf
Mk = 7 o . T = Z— - . - (540)
Bk - 7k B Je — kg

Since i, jx, ki are orthonormal vectors, we have

. . 1 | 14+a? ab
M;MT = NLAATMT = — L=,k (5.41)
Zk a;b; 1+ bzz

These are the metric constraints under the paraperspective model. For k > 3, 2k over-
constrained linear equations in terms of 6 unknowns of Ly = AkAf can be derived from
eq. (5.41). Then Ly, Ay, S, My, are determined in a similar way as under orthography.
Since the k-th image centroid o = [ax, bx|T is known from the RLS algorithm (chapter
4), after My, is computed, the camera orientation vectors iz, jk, ki can be computed by
using eq. (5.40), and the average depth Zj is also obtained by eq. (5.41). For details

refer to Section 2.3.3 — paraperspective motion recovery.

5.3.1 Synthetic Test

We now compare the performance of Euclidean reconstruction under the orthographic,
weak perspective and paraperspective camera models. Prior to Euclidean reconstruc-
tion at each frame, shape space is first estimated by using the RLS shape space tracking

algorithm.
Data Generation

A set of 100 feature points were randomly chosen within a cube of side d. 77

synthetic image sequences were generated, with the initial object depths (the distance
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from the camera’s optical center to the object average depth plane in the first frame)
varying from 4 to 80 times the cube side d. In each sequence, 60 frames were produced
by projecting the feature points onto a 512 X 512 image plane, using a perspective
camera model. The camera rotation was predefined as in Figure 5.8. Throughout
each sequence, the object translation components along the image axes were both d,
and that along the optical axis was half its initial distance away from the camera. In
all three axes directions, the object translated evenly. The coordinates in the image

frames were perturbed by adding Gaussian noise with standard deviation 2.
Performance Comparison

At each sequence, we computed the shape space using the RLS algorithm. Since
computation of the shape space normally converges within 40 frames and then remains
within a small constant error, the estimated shape space at the last frame should be
the most accurate one in the sequence. Accordingly, we used this frame to carry out
Euclidean reconstruction under each of the three camera models. Shape estimation
error was defined in the same way as in Section 5.1.1. Figure 5.9 shows the shape
errors with respect to the initial depth in each of the sequences under each of the three
models. We see that paraperspective reconstruction is much better than orthographic
reconstruction over the entire range of depths. This is because orthographic projection
cannot model the perspective scaling effect, which is caused by the translation along
the depth direction. We also note that the performance of the paraperspective model is
better than that of the weak perspective model at close range. As the object becomes
more distant from the camera, the performance difference between the weak perspective
and paraperspective models gets smaller. This confirms the importance of modeling

the perspective position effect when objects are close to the camera.
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5.4 Real Image Experiments

In order to test the accuracy and applicability of the recursive method, we produced a
sequence of 120 real images of a grid with a Pulnix TM-1000 progressive scan camera.
The angle between the two grid planes was kept at 90 degrees over the whole sequence.
In acquiring the sequence, the camera was rotated by hand around the scene. A stream
of 120 frames was grabbed at a rate of 15 frames per second. The frames 1, 70, 120

are shown in Figures 5.10, 5.11, and 5.12 respectively.

A total of 141 feature points were selected and tracked using a corner detector [23]
with sub-pixel accuracy. Figures 5.13, 5.14, 5.15 show the tracked feature points in

frames 1, 70, 120 respectively.

When producing the image sequence, a large rotation was employed while very little
translation was used, both along the depth direction and across the scene. Thus we
chose the orthographic model to do the Euclidean reconstruction in the RLS method.
Application of the recursive method yields a good 3D reconstruction as indicated in
Figures 5.16, 5.17, and 5.18. We can see from Figure 5.18 that the coplanarity of points

is well preserved, and the angle between the two planes is reasonably accurate.

The results of this experiment demonstrate that the recursive method works well
with real images. Its accuracy and applicability are also confirmed. Since the RLS
method is more efficient than the other FMs, it is suitable to be used in real-time

applications.
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Figure 5.12: Frame 120 of the grid sequence



Figure 5.13: Tracked points in the first frame
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Figure 5.17: Oblique view

N

Figure 5.18: Top view



Chapter 6

The Extended RLS Algorithm for

Occlusion

So far, we have assumed that all of the P feature points are visible and have been
tracked throughout the sequence. In real applications, this is not always possible.
Sometimes feature points are invisible and are not tracked in some of the frames because
they leave the field of view or become occluded. The occlusion phenomena are so
frequent that it makes an SFM method unrealistic if it cannot deal with them. Hence,
in this chapter, we extend the RLS algorithm to accommodate occlusion concerns.
Compared to the occlusion solutions presented in other FMs, our extended RLS method

is simple and efficient. Simulation results also confirm its good performance.

6.1 The Extended RLS Algorithm

In an image sequence, frames with missing or occluded features result in the input

vectors to the RLS algorithm being only partially filled in. However, we can always

86
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estimate the image coordinates of these invisible features by using all those visible
feature points at the frame and their 3D positions recovered at the previous frame.
Then the estimated and the tracked image data are used together to form the input

vectors to the RLS algorithm to update the shape space.

The recovery of the invisible feature points in a frame is based on the following

condition for reconstruction rules [71].

Condition for Reconstruction: In the absence of noise, an unknown image mea-
surement pair (up,vyp) in frame f can be reconstructed if point p is visible in at least
three more frames fi, fa, f3, and if there are at least three more points pi, pa, p3,

that are visible in all the four frames fi, fa, f3, f.

In addition, we know from chapter 5 that Euclidean shape and motion can be
recovered only after some initial frames (normally k > 3). Therefore, we assume that
occlusion occurs only at frame k > 4, the occluded points must be visible in at least
three previous frames ki, ks, k3 < k, and there are more than 3 feature points not

occluded at frames ki, ko, k3, k. This assumption is generally satisfied in practice.

Assume that m (m < P) feature points are invisible and not tracked at the k-th
frame (k > 4). We show in the following that their image locations can be estimated
by using P — m tracked feature points at the frame and the 3D positions recovered at
the previous frame k —1. Without losing generality, we exchange the feature indexes s0
that 1,-- -, m represent the m occluded points, and m + 1, -+, P represent the P —m
tracked points in the frame. Combining eq. (3.12) for the P —m tracked feature points

in frame k, the following equation is derived

[‘TV;c,m+1 " .ﬁ’;C,P] = My [S;c,m—i-l " .S;C,P]

= M;c[s;c—l,m+1 T 'S;c—l,P]7
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or in short W}, = M}S;_1, (6.1)

where W} ; (j = m +1,--+, P) are the registered image coordinates with respect to
o, = [ak, )7 (the centroid of P —m tracked feature points at frame k). Also s} ; (j =
m+1,---, P) represents the 3D recovery of the j-th point at frame k referring to O}
(the centroid of the corresponding P — m object points). Under affine projection, o},

and O}, should coincide with each other. Thus we have the following equations.

= ¥ (6.2)
b = Uk, 6.2
P—m J
/ 1 i )
by, = Uk, (6.3
P—m j=m+1 ’
O;c . [a;w ;c]T (6'4)
VV;’j:Wk,j—O;c, (j=m—+—1,,P) (65)
] 1 i :
-1 = — Sk—1,j 6.6)
1™ P—m P/ :
Sk_l,] = Sk_l’j - O;C—l (-7 . m + ]‘7 . b P)‘ (67)

In eq. (6.1), we use sj_, ; to replace s} ;. Under the object-centered world coordinate
system, and after some initial frames, the errors of the replacement should be small.
After the replacement, an estimate of the 2 X 3 motion matrix M, at frame k can be
computed. Assume that the rank of S},_, is 3. That is, the P — m object points are
in a general 3D position, with not all of them coplanar. Then we obtain the following

equation from eq. (6.1)
M, = wi,SI (S,_1SiL) ™ (18(P-m)+27 flops) (6.8)
Thus the image location of each of the occluded points can be estimated as
Wy; =Mys;_, ; (6 flops)
g =45 (1) + 0 (=1 m) (69

Ukj =ﬁf;c](2) + b;c
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Now all the image coordinates wWy; = [ug;, vg)T, j=1,--+, P at frame k are available,
and so the RLS algorithm listed in Section 4.2.1 can be used to update the shape space

at frame k.

The accuracy of the above feature location estimation depends on the difference
between Sy and Sj_;. Since after 30-40 frames the 3D object shape estimation errors
of the RLS method normally converge to a very small constant error (see Section 5.1.1),

the difference between Sy and Sj_; is also very small after 30-40 frames.

In summary, the RLS algorithm in the case of occlusion is given by the following:

1. If this is the first frame (k = 1), choose P feature points.
2. If kK < 4, go to step 4.

3. For k > 4, check if there are any occluded or missing feature points in the frame.
Tf none, go to step 4. If there are m feature points invisible, use egs. (6.2)-(6.9)

to compute their image coordinates.
4. Use the update equations listed in Chapter 4 to estimate the shape space Q.

5. If k > 3, use one of the affine models according to the camera motion pattern to
compute 3D recovery of the object shape S; and the camera motion. (refer to

Chapter 5)

Clearly, the computational cost for step 3 is 6P + 12(P — m) + 27 flops. Therefore,
the total cost of the RLS shape space updating algorithm for the occlusion case still

remains at O(P).
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6.2 Performance of the Occlusion RLS Algorithm

We now use synthetic data to test the performance and feasibility of the proposed

occlusion RLS algorithm.

The synthetic data used here were generated as in chapter 4, except that some
image points were occluded. 8 randomly chosen points from a total of 100 features
were assumed invisible for 10 consecutive frames. After that, the random choosing

process was repeated until a total of 140 frames were processed.

The occlusion RLS algorithm given in the last section was used at each frame to first
estimate the shape space and then recover the 3D shape and motion under orthographic

projection model. The results of this experiment are shown in Figures 6.1 - 6.5.

We can see that the performance of the occlusion RLS algorithm is good and similar
to that of the RLS algorithm without occlusion. The shape space estimation errors
in Figure 6.1 converge within 40 frames to a constant error of 2.8 x 1072, The shape
estimation errors in Figure 6.2 converge to 2.5 X 10~2 within 40 frames. The roll, pitch,
yaw estimation errors in Figures 6.3, 6.4, 6.5 settle quickly after some initial frames

and are within 1 degrees after 30-40 frames (Figure 4.3 shows the true rotation).

6.3 Comparison with other Occlusion Solutions

6.3.1 The Original Method

In the original FM, Tomasi and Kanade used a solution-propagation method [71] to deal
with occlusion. Sequences with occluded features result in a measurement matrix A%

being only partially filled in. In this case, SVD factorization cannot be applied directly.
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In their scheme, the image coordinates of each of the occluded feature points are first
computed by the known points’ positions in the sequence based on the condition for

reconstruction rules introduced in Section 6.1.

In the general case of a noisy 2F x P matrix W, a possibly large, full subblock of
W is first decomposed by SVD factorization. This initial solution is grown one row or
one column at a time to compute the missing entries in W. SVD is then applied to
a growing subblock of W each time a pair of the missing entries in W is computed.
After all the missing entries of W are computed, SVD is applied to the fully filled W

to recover shape and motion as the general non-occluded case.

Although the original FM also first computes the missing image data as in our
proposed solution, its computation is very expensive because SVD is used on a growing
subblock of W each time to compute a pair of missing entries in W. In our extended
RLS algorithm, the cost of computing the missing data in a frame is only O(P). Also
the accuracy of the solution-propagation method in the original FM is influenced by
the choice of the initial subblock of W and in what order to grow the solution. To solve
this problem, a final refinement step is required that adds more cost to the method.
In contrast, in our extended RLS method, computation of the missing data in a frame
uses only the available data in the same frame and the computed results in the previous

frame. Thus no final refinement step is needed.

6.3.2 The Paraperspective Method

In the paraperspective FM, Poelman and Kanade addressed the occlusion issue by
proposing a confidence-weighted solution [60]. In their scheme, the SVD step is first
reformulated as a weighted least squares problem as in eq. (6.10), by adding to each

element w;; of the measurement matrix W a confidence value v;;. If a feature point is
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not observed in some frames, its confidence value is set to zero.

9F P
e =2 7i(wij — (M1 S1j + MiaSaj + MizSs; + T;))? (6.10)
3=1 j=1

Minimization of € is a non-linear problem. It becomes linear in the following two
situations: when $ is held fixed to solve for M and T; or when M and T are held fixed
to solve for S. These linear equations can be solved by an iterative method. Choosing
reasonable initial values for the iterative process is critical for convergence, especially
when there are a lot of ;; = 0 in the system. Thus they developed an approach
analogous to the propagation method in the original FM to obtain reasonable initial
values for their iterative scheme. This step is costly and also makes the confidence
method complicated. Moreover, when the ratio of non-zero confidence drops below

0.6, the method sometimes fails to converge even after 100 iterations.

Compared with the original and paraperspective FMs, our extended RLS method is
much simpler and more efficient. It is incorporated into the RLS shape space tracking
algorithm that is guaranteed to converge. Thus it does not have the problem of choosing
initial values or an initial submatrix as in the other two methods. The step of computing
the missing image data in a frame does not cause much extra cost to the RLS algorithm,
and the extended method’s computational complexity still remains O(P). Furthermore,
it is a recursive method that gives shape and motion recovery at each frame, while the
other two methods are based on batch mode. Since it also has good performance
in the synthetic test, we conclude that the proposed RLS occlusion method has the

advantages of efficiency and simplicity over the other two methods.
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Figure 6.1: Shape space errors of the recursive occlusion method



CHAPTER 6. THE EXTENDED RLS ALGORITHM FOR OCCLUSION

140

107 r T T T T
8
2 10| .
E_ A
[72]
10—2 i L L L L L
(o] 20 40 60 80 100 120
Frame
Figure 6.2: Shape errors of the recursive occlusion method
1 T T T T T T
0.8 : -

Roli error (deg.)

'} 1 1 1 L
[o) 20 40 60 80 100 120
Frame

Figure 6.3: Roll errors of the recursive occlusion method

140

94



CHAPTER 6. THE EXTENDED RLS ALGORITHM FOR OCCLUSION

Pitch error (deg.)

Yaw error (deg.)

-1.5-

_2 !
(o] 20 40 60 80 100 120 140

Frame

Figure 6.4: Pitch errors of the recursive occlusion method

—0.5| -

-1.5}

'} (] | 1
o) 20 40 60 80 100 120 140
Frame

Figure 6.5: Yaw errors of the recursive occlusion method

95



Chapter 7

Conclusion

This thesis has presented a novel efficient recursive method for object shape and camera
motion recovery at each frame. The critical shape space tracking algorithm of the
method is formulated under the general affine camera model and uses the RLS and
PAST techniques. The proposed recursive method significantly reduces the shape space
computational complexity, while having similar accuracy as the original, sequential and
paraperspective factorization methods. The reduction in complexity is important in
real-time applications, especially when image data is voluminous. Moreover, the new
method does not require storage of a large measurement or covariance matrix as with
the other FMs. It thus emerges that the proposed RLS method improves the efficiency
of the class of factorization methods in terms of both computational complexity and

memory storage.

We also give Euclidean reconstruction from the estimated shape space at each frame,
using one of the three affine camera models — orthography, weak perspective and para-
perspective, according to the motion pattern of the camera. Furthermore, we propose

a new solution (the extended RLS method) to the occlusion problem. Compared to the

96
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occlusion methods presented in the original and paraperspective FMs, our extended
RLS method is simple and efficient. It is also a recursive method that gives shape and
motion recovery at each frame, while the other two occlusion solutions operate in batch

mode.

The main contribution of this thesis is summarized as follows.

e The bilinear formulation of the original FM is extended to the general affine
camera model. We demonstrate that the rank theorem of orthography still holds
under GAP. Affine shape space (simply called shape space) is defined as the row
space of the object shape matrix S. Then we formulate the shape space tracking
task as an MSE cost function minimization problem. We show that the shape
space is equivalent to the rank-3 principal subspace of the correlation matrix
of the image measurements, and the global minimum of the MSE cost function
provides an orthonormal basis for this principal subspace. We then study several
attractive properties of the MSE cost function, including that it has a global
minimum, its minimization process automatically realizes orthonormalization,

and it provides an arbitrary orthonormal basis for shape space at its minimum.

e We also develop a recursive least squares algorithm for MSE cost function mini-
mization (shape space tracking). The standard RLS technique, the matrix inver-
sion lemma, and the PAST approach are used in the developing of the algorithm.
The RLS algorithm has several advantages over the other factorization methods,
including its efficiency in both computation and storage. We show that the com-
putational complexity for shape space updating at each frame in this algorithm
is only O(P) for P points tracked in F' frames, while that in the sequential FM
is O(P?), and that in the batch-type original and paraperspective FM is O(FP?)

for processing the whole F-frame sequence. Also since it is an adaptive algorithm
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and uses the image coordinate vectors as input at each frame, it does not require
storage of a large measurement or covariance matrix as in the other FMs. Fur-
thermore, once a set of initial values is given, the RLS algorithm converges to
an orthonormal basis of the shape space. No extra step of computing a station-
ary basis is needed for computing the affine transformation matrix recursively
at each frame. In contrast, the sequential FM needs this step at extra cost. Fi-
nally, synthetic tests demonstrate that the RLS shape space updating algorithm
has an accuracy similar to the original and the sequential FMs, while its actual

processing time is much less.

e A procedure is given for recovering the Euclidean shape and motion from the
shape space at each frame under the orthographic, weak perspective and para-
perspective camera models. The experiments show that when objects are far
from the camera, and the camera motion does not involve much depth change
and translation across the image plane, the orthographic model produces good
reconstruction results. However, when the object translates significantly toward
or away from the camera and across the camera’s field of view, paraperspec-
tive and weak perspective reconstruction yields much better results. Under the
paraperspective and weak perspective models, the distance from the camera to
the object in each frame can also be estimated, while that is impossible under

orthography.

e The RLS algorithm is then extended to accommodate occlusion cases. The co-
ordinates of the invisible feature points in a frame are first estimated using the
tracked feature points in the same frame and their 3D positions recovered at
the previous frame. Then the estimated and the tracked image data are used
together to form the input vectors to the RLS algorithm to update the shape

space. The extended RLS method is compared with those occlusion methods in
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the original and the paraperspective FMs. We demonstrate that our method is
less complicated and more efficient than the other two. Synthetic tests also show

that the extended RLS method performs very well.

e The real-image experiments confirm the recursive method’s applicability and

good performance, and indicate that it is well suited to real-time applications.

Finally, much work remains to be done in the field of factorization and structure
from motion. Further intensive real-image testing needs to be carried out in order
to assess the performance of the recursive method when camera motion involves large
translation, and to assess the performance of the occlusion RLS method when image se-
quences exhibit occluded or missing data. Faster convergence and improved robustness
for shape space tracking might be achieved by using some recently developed subspace

tracking techniques, such as the NIC method [53] and the natural power method [33].

Another important avenue in need of exploration is the incorporation of covariance
matrices into the factorization approach. These matrices provide a measure of the
uncertainty of the data and are sometimes available in conjunction with the feature
detector in use. Improved parameter estimation may as a consequence be attainable
along with the provision of error bounds on the final estimates obtained (see [12,
13, 38, 39, 43, 49]). It would also be interesting to perform SFM/factorization when
a modicum of (model-based) prior information is available concerning the particular

shape in view.
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