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Abstract

The kinetics of non-linear mass transfer and its effect on the hydrodynamic stability
of fluid-solid permeable surface, gas-liquid and liquid-liquid systems is presented. A
comparative theoretical analysis of the influence of non-linear mass transfer and the
Marangoni effect on the heat and mass transfer and the hydrodynamic stability is dis-
cussed.

A linear analysis of the hydrodynamic stability of gas-permeable surface systems is under-
taken. The problem can be reduced to an eigenvalue one, consisting of an Orr-Sommerfeld
type equation coupled to the convection-diffusion equation through the boundary condi-
tions at the permeable surface. Previous studies have ignored the effect of this coupling.
The effect of coupling on the stability is studied at different values of the mass-transfer
rate and Schmidt number. Comparison with approximate solutions is presented.

The natural asymptotic limit of large Reynolds number and "small" amplitude distur-
bances of frxed frequency are also considered. Under these assumptions the linearised
disturbance equations are governed by the standard triple-deck structure of Smith, and

others. The eigenrelation, which determines the stability of the flow, is derived by solv-
ing a series of equations in each layer of the triple-deck. Due to the different scaies in
hydrodynamic and concentration boundary layers the resulting eigenvalue problem must
be tackled numerically.

The problem of diffusion induced separation of boundary-layer flows under conditions
of interfacial mass transfer is also investigated. A semi-implicit marching algorithm is

used to solve the boundary-layer equations over a permeable "slot" through which species

diffusion occurs. A simple representation for the mass-transfer parameter is constructed
in order to model the presence of the slot (the region of active diffusion) and to ensure

that no discontinuities are introduced into the calculations.

It is shown that in the case of diffusion driven boundary-layer flows the streamwise

velocity develops an inflection point at some streamwise location downstream, which
may result in an early transition from laminar to turbulent flow over the "slot". An
inviscid Rayleigh instability analysis over the "slot" is carried out. The magnitude of the
mass-transfer parameter required to render an otherwise stable flow inviscidly unstable
is determined.
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Introduction

The latest developments in the chemical engineering, bio-technological and medical equip-

ment industries and the study of kinetics of all processes based on fluid flows through
porous media pose the task of devising instruments with high power-to-weight ratio along

with the requirement of reducing the equipment size. The most natural way of achieving

these goals is the implementation of high mass and heat-transfer rate processes. This can

only be achieved through an understanding of the nature of transport phenomena and

consequently flow instabilities.

The basic problem of transport phenomena in fluids is usually considered by setting up
a macroscopic framework based upon the principles of hydrodynamics and thermody-
namics. Any system not in equilibrium will naturally tend towards an equilibrium state.

This results in a transport of heat (in the case of thermal equilibrium) or mass (in the
case of concentration equilibrium). Since the equilibrium state is characterised by the
absence of gradients of the system parameters, a spontaneous process of mass transferl
in the non-equilibrium state is due to a concentration gradient acting within the system.

The concentration gradient then induces a mass flux through the interface.

The optimal design of equipment which operate under conditions of intense interfacial
mass transfer has not been an easy task due to the significant discrepancies between

experimentally measured process rates and the rates predicted by the linear theory of
mass transfer. The linear theory of mass transfer is characterised by three basic features:

1. The ma^ss-transfer rate does not depend on the direction of mass exchange between
phases (for example absorption and desorption rates are equal);

2. The Sherwood number2 does not depend on concentration;

3. Mass transfer does not influence the hydrodynamics.

The basic rea.sons for the deviations from the linear theory are the occurrence of several

non-linear effects as a result of the gradients of pressure (Stefan flow3, that is a vapour
(gas) flux generated from the gradient of pressure on the interface). This gradient can

be considered as a result of phase transition - evaporation, condensation etc. During the
phase transition the phase volume changes. The other cause for the pressure gradient

can be a chemical reaction on the interface if the volumes of the reactive species and

the products of reaction are not equal, i.e. 3Hz * Nz - 2N Hs (where four volumes

give two), density (natural convection), concentration (non-linear mass transfer), and

surface tension (Marangoni effecta), that is a secondary flow as a result of the gradient

rMass transfer considered as mass in transit as a result of a species concentration difference in a
mixture (see Incropera & DeWitt (1990)).

2The Sherwood number Sh = kLlD is the dimensionless concentration gradient at the surface and a
measure of the convection mass transfer occurring at the surface. Here ,k is the mass-transfer coefficient,
Z the cha¡acteristic length and D the diffusivity coefficient.

3Stefan flow is a special case of diffusiophoresis, with particle motion towards or away from evaporating
or condensing surfaces.

aThe Marangoni effect is a phenomenon whereby movement of the surface of liquid occurs due to
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of the surface tension on the gas-liquid or liquid-liquid interface. The cause for this
gradient is local diflerences in surface tension, temperature and/or concentration of the
transfe¡red substances. The existence of the temperature and co¡q',nt¡alrlq {¡pendelqlqs
oI tne parameters tn the equations of momentum, mass and heat transfer, as well as the
chemical reactions (especialty those of higher order), leads to other types of non-linear
effects. All these effects represent the influence of the temperature and concentration on
the flow rate of a fluid, in which heat and/or mass transfer takes place. They may occur
in two ways. First, the changes in the velocity field lead to changes in the concentration
and temperature fields, and therefore to changes in the kinetics of the mass and heat
transfer. Second, the change in the velocity field can lead to a loss of stability5 of the
flow, and consequently to the appearance of stable dissipative or turbulent structures.
These in turn lead to new mechanisms of heat and mass transfer and to an essential
increase of the heat and mass-transfer rate. In most cases, existing models of non-linear
processes are treated as a superposition of the linear theory and the separate non-linear
effects such as the induction of secondary mass fluxes normal or tangential to the interface
and the non-linear effects due to high concentrations and chemical reactions

Mass transfer through an interface is always connected with momentum transfer. In the
case of intense interfacial mass transfer however, this momentum transfer is comparable
with the basic flow momentum transfer. Thus, the intense interfacial mass transfer in-
duces secondary flow through the surface. According to the non-linear theory of mass
transfer the local mass flux .I across the interface has both diffusive and convective com-
ponents

I:-MDH.Mc*un:-ryH, (1)

where p* : pö * Mc* and c* are the density and the concentration of the transferred
substance through the phase boundary. The derivation of this fundamental equation
of mass'transport phenomena theory can be found in Bird, Stewart & Lighfoot (1966)
(see equation 17.0-1). In (1) the normal component of the velocity of the induced flow
on the interface un can' be defined by the mass flux through the surface as follows (see
Incropera & DeWitt (1990))

MD 0c*
an pô ôn' (2)

where M is the molecular mass, D is the diffusion coefficient, pfi is the density of the
fluid,0/0n denotes the derivative normal to the interface. m lz) an can be consid-
ered as the rate of the Stefan flux but it does not result from a phase transition (see
Boyadjiev & Vulchanov (1990)). It has an effect of "suction" or "blowing" from/into the
flow depending on the direction of the induced mass flux.

Expression (1) shows that the mass-transfer rate depends on the mass concentration and
the concentration gradient on the interface. The influence of the mass concentration at
local differences in the surface tension of the liquid.

sAntonyms stability and instability are interchangeable as terms.



xv

the interface in the case of reversible processes is expressed by

P* --r-M"*pö-'- pô' (3)

The effect described above is of particular significance when Mc./p6 > 10-2. Therefore

when the processes are irreversible (i.e. once having taken place they cannot be reversed

and in doing so leave no change in either the system or its surrounding) this effect is
theoretically absent and in a number of cases (all the processes that cannot be studied
as quasi-equilibrium ones) can be considered as negligible.

The new velocity component u,, (in the linear theory of mass transfer un = 0 on the

interface) can then influence both the dynamics and stability of the flow. In this case

the velocity vector o depends on the concentration distribution, and the left-hand-side

of the convection-diffusion equation

aYc: V.(DVc) (4)

will be non-linear6.

The theory of non-linear mass transfer is of practical interest in high intensity heat and

mass-transfer processes. Hence, fluid-solid permeable surface, ga^s-liquid, and liquid-
Iiquid systems will be examined. The results that will be obtained will be of use in the

clarification of the physical models and the kinetics of a number of practically interesting
processes. For instance, in the cases of intense interfacial mass transfer in electro-chemical
systems with high current densit¡ an example of which is the process involving metals in
the electrolyte flow, the anode dissolution can increase substantially because of flow tur-
bulation at relatively small values of the Reynolds numberT, while the electro-separation

of metals out of concentrated solutions can be implemented under laminar flow conditions

at high values of Reynolds number. Intense interfacial mass transfer is also of interest

for the process of ablation (for example, a spacecraft descending through the denser at-
mospheric layers). Intense evaporation of a substance from a solid surface leads to an

increase of the heat-transfer coefficients, i.e. to a decrease of the "undesired" heat flux
toward the spacecraft (missile) rounded fuselage nose.

The suggestion by Prandtl in 1904 that the fluid motion around objects could be divided
into two regions: a thin transition layer close to the object where frictional effects are

important, and an outer region where viscosity effects can be neglected, was one of the

most important advances in fluid dynamics. This thesis will focus on low-viscosity flows

(u <.1) and hence large Reynolds numbers. Therefore, we shall concern ourselves with
boundary-layer flows. There are several implications as a result. Firstly, environmental
disturbances are present in any flow and these can amplify so as to produce turbulent flow.

For small Reynolds numbers viscous effects are sufficient to prevent the amplification of
disturbances and a laminar flow is maintained. By increasing the Reynolds number even

6Here V : ô/ôri + ôlAyj + ôlïzle is the usual gradient operator in Cartesia¡r coordinates.
TReynolds number Re = U*Lly is the ratio of the inertia and viscous forces, i.e. a measure of the

relative importance of inertia and viscous forces. Here U- is the free-stream velocity, L the cha¡acteristic
length and v the kinematic viscosity.
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small disturbances can be amplified to a point where the flow undergoes a transition to
turbulence. Secondly, the magnitude of the Reynolds number influences the momentum
boundary-layer thickness ô- : O(Re-L/z). In adQilion to the momentum bou4{ary layo¡
which determines wall friction, the presence of mass transfer in our studies requires the
consideration of the concentration boundary layer. The thickness of the concentration
boundary layer is of order O(Sc-L/zp.e-L/2) whe¡e the Schmidt number ,gc : ulD is
the ratio of the momentum and mass diffusivities. The physical interpretation of the
Schmidt number is as a measure of the relative effectiveness of momentum and mass
transfer by diffusion in the momentum and concentration boundary layers. For gases
the value of the Schmidt number is near unity, in which case momentum transfer and
mass transfer by diffusion are comparable. It is evident that for liquids where ^gc > 1

the momentum transfer exceeds the mass transfer by diffusion. In a manner similar to
the roie of the Reynolds number, the Schmidt number determines the relative thickness
of the momentum and concentration boundary layers - for gases they are comparable
and for liquids the momentum boundary-layer thickness is larger than the concentration
boundary-layer thickness ô" : O (S c-tlz p"-t/z¡.

Broadly speaking, we say that instabitity problems are concerned with the behaviour of
systems when there is some disturbance to their equilibrium state (equilibrium of the
external forces, inertia and viscous stresses of a fluid). The behaviour then depends on
the system's stability. In the case of mass transfer dominated systems the induction of
the secondary flow changes the velocity profiles in the boundary layer, and hence its
hydrodynamic stability properties.

In this thesis, the problems to be considered are set up by studying the laminar flow
of a viscous incompressible fluid over a flat, semi-infinite, permeable plate across which
a concentration gradient exists or across a movable interface in the case of a twepha^se
system. The problem of the onset of instability will be examined by making one simplifi-
cation. First, the physical mechanism regarding mass fluxes and concentration gradients
will be somewhat simplified. Certainly the most important contribution to the mass flux
is that resulting from the concentration gradient (see Bird, Stewart & Lightfood (1g66)).
We shall neglect the other two "mechanical driving forces" - the pressure gradient and
external forces, such as gravit¡ electromagnetic field etc., acting unequally on the vari-
ous chemical species. According to the theory of the thermodynamics of the irreversible
processes, the whole mechanism is not as simple as stated above and there will be a
contribution to each flux due to each driving force in the system. In this sense we shall
base our work on the assumption that the mass flux is a result only of a concentration
gradient. This allows us to simplify our discussions and to focus upon the most impor-
tant effect, namely the effect of the diffusion induced, normal flux on the hydrodynamic
stability of the boundary-layer flow.

The influence of intense interfacial mass transfer on the hydrodynamic stability of the
boundary-layer flow is even more interesting for systems with movable interface (g*-
liquid, liquid-liquid). A study to examine the effect of such a movable interface will be
done' Interaction between boundary-layer flows in gas and liquid witl be considered; we
shall focus on the dominant effect of the diffusion induced ma^ss transfer, i.e. excluding
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the interfacial instabilities. Here the effect of induction of secondary flows as a result of
intense interfacial mass transfer in the gas-liquid system will be studied, together with
the hydrodynamic interaction between the above mentioned two phases (only through the
basic velocity and concentration fields). In the case of liquid-liquid systems the influence

of the mass transfer on the hydrodynamic stability is analogous to the case of a motionless
interface, but now depending on the distribution of the diffusive resistance in both phases.

The mass-transfer kinetics and instabilities of the flow under these conditions is not only
of theoretical interest, but also of practical interest in view of the fact that they define
the rate of a number of industrial absorption and desorption processes, for example the
absorption of pure COzin HzO.

Experimental studies of systems under conditions of large concentration gradients show

that the densit¡ viscosity and diffusivity coefficients are functions of the concentration.
The effect of these functional dependencies upon the mass-transfer kinetics and flow
stability will be evaluated.

A comparative analysis of the influence of the effects of the mass transfer and the
Marangoni effect on the transfer kinetics and hydrodynamic stability of the flow will
be investigated. As has been mentioned above the Marangoni effect is a phenomenon

where a normal mass flux occurs on the interface due to local differences in the surface

tension of the liquid. Co-current gas and liquid flows in a laminar boundary layer along

a flat semi-infinite interface surface will be considered. The gas component is absorbed

by the liquid and reacts with the liquid component. The chemical reaction rate will be

taken to be of first-order. The heat effect from the chemical reaction creates a tempera-
ture gradient, so that the mass transfer is accompanied by heat transfer. Data for heat
and mass-transfer coefficients will be obtained as well as the critical Reynolds numbers

and the corresponding critical wave-numbers and frequencies (or wave-speeds).

A further study of fluid-permeable surface systems is proposed which is mainly motivated
by a desire to remove a simplification made in the aforementioned studies (see Boyadjiev &
Halatchev (1996a,b,c) and Halatchev & Boyadjiev (1996)). This simplification employed

in earlier works was based upon the fact that the inhomogeneous boundary condition on

the vertical disturbance velocity component contains a term proportional to the mass-

transfer parameter and the reciprocal of the Reynolds number. It was argued that even for
moderate values of the Reynolds number and "small" mass-transfer parameter, this term
would be small and hence that the inhomogeneity could be ignored. In this case, the only
way the mass transfer can affect the boundary-layer flow is through its influence on the
basic flow, changing the shape of the velocity profile and hence its stability properties.
We shall determine the realm of validity of this assumption, and the range of critical
parameters (namely the Schmidt number) where it cannot be applied. Thus, the correct
critical values of Reynolds number will be obtained.

Further we will obtain an analytic solution to the problem which presents itself in the
high Reynolds number limit. We shall restrict our attention to "small" amplitude dis-
turbances of fixed frequency. Under this assumption the linearised disturbance equations
are governed by the standard triple-deck structure (see Smith (1979a)). By solving a se-
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ries of equations in each layer of the triple-deck, the eigenrelation (which determines the
stability of the flow or the position of neutral stability) will be derived. A close examina-
tion of the equations, and the corresponding boundary conditions, within the lower deck

concentra are
coupled, the magnitude of this coupling being dependent upon the magnitude of the con-
centration gradient across the permeable boundary. The curves of neutral stability will
be obtained' The first-order correction to the neutral stability frequency and wavenum-
ber, as functions of the mass-transfer parameter, will be determined for different values
of the Schmidt number.

In order to maintain unseparated (or attached) flow severe restrictions must usualiy be
placed upon the flow parameters; in many cases these restrictions lay outside the normal
operating envelope of the particular device. The early onset of flow separation, resulting
in a closed region of re-circulating fluid, can have a significant detrimental effect in devices
where mixing is the desired outcome. Typicall¡ fluid is entrained within the separation
bubble (that is, the zone of flow recirculation) that can arise when a boundary-layer flow
separates and as such it does not mix with the bulk of the flow. The probtem of the
onset of flow separation is of vital importance in the study of boundary-layer flows which
arise in modern industrial applications. For example, in areas such as electro-dialysis
applications, the early onset of flow separation must be controlled in order to adequately
control mixing within the flow. Another interesting practical aspect is the use of diffusion
induced "blowing" a^s a means of effecting an increase in heat transfer from a hot surface
to a cooler fluid. Our concern is with the effect of diffusion driven secondary fluxes,
induced by the presence of large concentrations gradients, on the boundary-layer flow
which arises when an almost inviscid fluid flows over a permeable surface through which
another fluid (or gas) diffuses.

In general, separation occurs in boundary-layer flows under an imposed adverse pressure
gradient (see Chang (1970)). Under the influence of the adverse pressure gradient the
fluid elements moving inside the boundary layer, having a smaller amount of kinetic
energy than the elements of the outer flow, decelerate more strongly, leading to a gradual
change in the velocity profile in the boundary layer. At some local streamwise position
the skin friction becomes zero and further downstream a region of slow reversed flow
appears, which expands rapidly, moving fluid elements from the boundary layer to finite
distances from the body surface.

We shall consider the problem of diffusion driven boundary-layer flow separation, exclud-
ing from our study one ofthe causes offlow separation, the pressure gradient. Therefore
we focus our attention on a boundary-layer flow under conditions of intense interfacial
mass transfer with zero pressure gradient. This will be done not only for the purpose of
simplifying the problem, but to study the effect of the induced secondary flow, due to
a concentration gradient (diffusion in our case), acting normal to the streamwise direc-
tion of the boundary-layer flow. To overcome the inevitable difficulties connected with
the presence of different scales, within which the relative importance of diffusivity over
viscosity is to be accounted for, we shall consider only the case of flow separation along
a gas-permeable surface for which the Schmidt number Sc - !. In contrast to previous
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studies of a boundary-layer flow under conditions of intense interfacial mass transfer (see

Hartnett & Eckert (1957), Boyadjiev, Halatchev & Tchavdarov (1996) and Halatchev &
Denier (2000)) we consider a finite mass-transfer region, this being a more realistic model

for many mass-transfer (diffusion) dominated flows. The detachment of the boundary-

layer flow is a result of the shifting of the fluid elements in the boundary layer far from

the surface (membrane) due to the diffusion induced vertical velocity component on the

surface.

Prior to separation the diffusion driven flow develops (what is termed) a point of inflexion

and as such will become susceptible to the high frequency, short wavelength, instabilities

known as Rayleigh waves. These waves are known to provide one route for the rapid

onset of turbulence in the flow. We will study the level of diffusion required to render an

otherwise stable flow inviscidly unstable. The stability aspects of this flow will be con-

sidered by solving the Rayleigh pressure equation numerically, employing a global solver

for complex eigenvalue problems, to determine the growth rate at selected streamwise

locations over the slot region. This will allow us to determine the point at which the

flow becomes unstable in terms of the level of mass transfer through the slot. Ultimately
the outcome of this study will be the development of techniques which will allow for the

prediction and active control of instability in the flow.

Finally, we should draw our attention back to the two-fluid problem. The linear stability
analysis of two-fluid systems in this thesis is limited to an immobile interface and the

criteria for flow instability of a horizontal interface between two liquids is not firmly es-

tablished in Chapter 2. This limitation was motivated firstly by the complexity of the

real problem and secondly by a desire focus on the dominant effect of intense interfacial

mass transfer. There are several attempts, from the hydrodynamic point of view, to
examine some aspects of the boundary-layer flow instabilities in the cases of ga"s-liquid

(see Boyadjiev & Halatchev (1996b)), liquid-liquid (see Halatchev & Boyadjiev (1996))

and gas-liquid film-solid surface systems (see Boyadjiev & Halatchev (1996c)). The full,

complete solution of these problems is yet to be presented; the interface had been con-

sidered rigid, thus restricting attention to the effect of mass transfer and not considering

the possibility of interfacial instabilities. However, in the la^st section of this thesis (see

Fì¡ture Work) the governing disturbance equations and their boundary conditions are

derived for the general problem of interfacial instabilities. Their solution, is however,

outside the scope of this thesis. Such a study provides a good starting point for future

analysis.
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Historical Survey

Many experimental studies show that the linear models of mass transfer fail to capture
the true physics of mass transfer processes. Several references (see Grassman & An-
ders (1959), Sterling & Scriven (1959), Ruckenstein & Berbente (1964), Linde, Schwartz
& Gröeger (1967), Thomas & Nicholl (1969) and Ramm (1976)) indicate an influence
of the direction of interfacial mass transfer on the mass-transfer rate at the interface.
The dependence of the Sherwood number on the concentration has been noted in a
number of cases, particularly when the mass transfer is accompanied by a chemical re-
action (see Astarita (1967)). Most often the deviations of the experimental data from
the linear theory arise in cases when the mass-transfer rate increases, which can be
partially explained by spontaneous (surface, or interfacial) turbulence, the Marangoni
effect, or self-organising dissipative structures (see Sterling & Scriven (1959), Brian, Vi-
vian & Matiatos (1967), Linde, Schwartz & Groeger (1967), Thomas & Nicholl (1969) and
Porter, Cantwell & McDermott (1971)). All deviations of the experimental data from the
predictions of the linear theory of mass transfer, mentioned above, are a result of different
non-linear effects. The problem of non-linear mass transfer appears in connection with
the examination of systems with intense mass transfer. A series of non-linear effects in
the mass-transfer kinetics occur under these conditions as a result of the development
of large concentration gradients in the transferred substance. These effects have various
manifestations, but their influence on the mass-transfer rate can always be regarded as

interconnected. Theoretical analysis of the mass-transfer kinetics permits the identifica-
tion of a number of main effects, which differ from one another in principle. According
to Boyadjiev & Babak (2000) some of them can be regarded as quantitative only i.e.
having an impact on the mass-transfer rate, and qualitative effects which are of greatest
interest because they influence the mass-transfer mechanism.

The case when the dependence of the mass flux density on the concentration gradient
of the transferred substance is non-linear could be considered as the first example of a
non-linear effect. Under these conditions models are usually used, where the diffusivity
coefficient depends on the concentration of the transferred material (see Bird, Stewart &
Lightfoot (1966)), i.e. the Fick's laws is non-linear. This non-linear effect is significant
in liquid systems, but not in gases because the diffusivities of gases at low densities
are almost composition independent, increase with temperature, and vary inversely with
pressure, while liquid diffusivities are strongly concentration dependent and generally
increase with temperature (see Bird, Stewart & Lightfood (1966)). For the purposes of
engineering calculations this effect can be accounted for by the relationship between the
chemical reactivity and the concentration of the transferred substance, if the chemical
potential gradient is added into Fick's equation (see Sherwood, Pigford & Wilke (1975)).

Another non-linear effect, which also shows up when the concentration gradients are not

8Fick's first law of diffusion, written in terms of molar diffusion flux (Ji = -kDtBYca), where &

is a proportionality coefÊcient ar¡d c is concentration, states that species A diffuses in the direction of
decreasing mole fraction of A, just as heat fl.ows by conduction in the direction of decreasing temperature;
Fick's second law of diffusion is simply the diffusion equation (see Bird, Stewart & Lightfood (1966)).
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very large, is connected with the dependence of the viscosity on the concentration of
the transferred material. This effect influences the convective mass transfer in liquids
(including those with complex rheology), but its impact on the mass-transfer rate is
not strong enough to change the mass-transfer kinetics in a qualitative way. Thus, for
instance, it Ìras been shown in Boyadjiev (1984) that taking into account the dependence
of the viscosity and the diffusivity coefficients on the concentrations does not lead to a

change in the mass-transfer mechanism.

Flom theoretical and practical points of view the most interesting non-linear effect is
associated with the initiation of a secondary flow under conditions of intense interfacial
mass transfer, that is of a new mass flux which takes part in the overall balance of
the transferred substance, thus changing the mass-transfer mechanism (see Boyadjiev &
Beshkov (1984)). This non-linear effect has various manifestations, the most interesting
being the impact of the direction of the intense interfacial ma.ss transfer on the rates of
mass transfer, heat transfer and multi-component mass transfer. The secondary flows at
the phase boundary can be normal (non-linear mass-transfer effect) or tangential (the
Marangoni effect).

Another effect of interest is connected with the existence of a non-linear source or sink
of the diffusing substance as a result of chemical reactions in the volume of the phases
(liquid, gas). The influence of this non-linearity can be regarded as a qualitative effect,
so far as the non-linearity of the chemical reactions kinetics changes the ma^ss-transfer
mechanism significantly as in an Arrhenius reaction, as occurs in the case of combustion.

The non-linear effects in systems with intense interfacial mass transfer lead to changes in
the hydrodynamics of the systems and their stability. In work by Boyadjiev, Halatchev
& Tchavdarov (1996a) the hydrodynamic stability of systems under conditions of in-
tense interfacial ma-ss transfer, in fluid-solid permeable surface systems, was studied. A
laminar flow of a viscous incompressible fluid over a flat, semi-infinite, permeable plate
across which a concentration gradient exists, wa^s considered. A simpliûed assumption
that the mass transfer is a result only of a concentration gradient was employed. The
concentration gradient induces mass flux through the interfacial boundary which has an
effect of "blowing", or "suction", in/from the boundary layer depending on the direction
of the mass transfer. The flow was assumed to be nearly parallel and the stability proper-
ties governed by the classical Orr-Sommerfeld eigenvalue problem. The Orr-Sommerfeld
equation was solved numerically to determine the critical Reynolds number and wave-
numbers of the flow at different mass-transfer rates and Schmidt numbers.

The extension to gas-liquid and liquid-liquid systems was considered in the studies by
Boyadjiev & Halatchev (1996b,c). In the former, the diffusion acts from the gas to the
liquid whereas in the latter diffusion of different species can occur between both liquid
phases. The onset of instability was examined and the critical system parameters were
determined. Results for the flow in a gas-liquid film-solid surface systems were presented
in the work by Halatchev & Boyadjiev (1996). This work demonstrated that the influence
of a tangential velocity at the interface on the stability of the gas phase (that is, the upper,
less dense fluid) was significant.
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A theoretical analysis of the effect of a large concentration gradient on mass-transfer
kinetics was done in the study by Boyadjiev & Halatchev (1998b). Under conditions of
large active concentration gradients the density, the viscosity and diffusivity coefficients
are functions of the concentration. The results show that the change in the density
with the concentration affects the stability of the flow in gases and liquids but has no
impact on the mass transfer in gases. The change in the viscosity with the concentration
influences the stability and the mass transfer in both gases and liquids. It was shown
that the non-linear theory of mass transfer, at constant values of the density, viscosity
and diffusivit¡ is of sufficient accuracy to describe the mass-transfer kinetics in gases and
liquids if the densities of the transfered substance and the gas (or liquid) mixture do not
differ significantly. An analysis of the influence of large concentration gradients on the
stabilitye of systems under conditions of intense interfacial mass transfer was considered
in the work by Halatchev & Boyadjiev (1998). The results show that the inclusion of
the dependence of the density on concentration acts to stabilise the flow. The decrease

in the concentration gradient leads to a decrease of stability. It was shown that in the
cases where an increase of concentration leads to an increase of viscosity one can observe

an increase in the stability of the flow, while changes in diffusivity do not influence the
stability of the flow. This was extended by Boyadjiev & Halatchev (1998a) to consider
the effect of surface tension.

In the aforementioned studies on flow instability the effect of coupling between the mo-
mentum and concentration disturbance equations w¿rs largely ignored. This was done

on the supposition that, even for moderate values of the Reynolds number and small
mass-transfer parameter, the inhomogeneity in the wall boundary condition for the ver-
tical disturbance velocity could be safely ignored. Also the mass-transfer parameter in
this term wa^s considered to be "small" while still regarding the mass-transfer processes

as intense. In essence this assumes that mass transfer can affect the boundary-layer
flow through its influence on the basic flow, changing the shape of the velocity pro-
file and hence its stability properties. In the study by Halatchev & Denier (2000) (see

Chapter 4) we remove this approximation by solving the fully coupled system describ-
ing the disturbance amplitude; this consists of a fourth-order Orr-Sommerfeld equation
and second-order concentration equation. This was done by developing a new numerical
scheme that was able to account for the coupling in these equations in the boundary
conditions at the permeable surface. 'We were able to determine the correct values of
the critical Reynolds number and wavenumber and carry out an exhaustive parameter
study, in terms of Schmidt number and mass-transfer rate. Comparison with the earlier
approximate solutions suggests that they do remain valid for a relatively large Schmidt
number; at Sc: 100 the difference between the exact and approximate being less than a
few percent and therefore provide a useful engineering approximation for these complex
flows.

Although there are numerous studies into the phenomenon of flow separation, either
self-induced or by blowing into the boundary layer, little has been done on the prob-
lem of flow separation induced by diffusion through a permeable surface. Early work

estability with respect to Tollmien-Schlichting waves and not interfacial instabilities.
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on the problem of mass transfer, or transpiration, induced cooling was reported by
Hartnett & Eckert (1957). They considered solutions of the Falkner-Skan equations,
which describe the self-similar boundary-layer flow over a wedge whose angle B is given

1f rTL were to
demonstrate that there is a critical level of mass transfer at which the boundary layer
will "blow-off' from the surface; in this case the similarity solution satisfies ús :0 aI
A : 0 and u : 0 for any finite y. Of course, such a result indicates that the similarity
form of solution to the boundary-layer equation does not adequately describe the state of
the boundary layer as the level of mass transfer approaches its critical value. This early
work was also summarised by Gadd, Jones & Watson (1963).

The restriction to self-similar flows rvas removed in Catherall, Stewartson & Williams
(1965) where the boundary-layer equations were solved in their primitive, partial dif-
ferential equation form, for the ca-se of a constant blowing velocity prescribed on the
surface of a flat plate. In this case the flow separates at a particular streamwise loca-
tion, and a^ssociated with the point of separation is a singularity in the boundary-layer
equations. Klemp & Acrivos (1972) provided a rational expansion to describe the injec-
tion region. A very systematic account of more recent studies can be found in surveys
by Stewartson (1974), Smith (1932), Brown (1996) and Sychev, Ruban & Sychev (1993).
In the recent work of Roy (2000), a non-uniform slot injection into a compressible flow
wa^s studied, where ma^ss injection occurs in a small porous section of the body sur-
face. Here, we focus our attention on a boundary-layer flow under conditions of intense
interfacial mass transfer with zero pressure gradient. We choose the case of the flat
plate (zero streamwise pressure gradient) boundary layer in order to allow us to focus
on the effect of the secondary fluxes induced by a concentration gradient (i.e. diffusion
in our case), acting normal to the streamwise direction of the boundary-layer flow. We
consider only the case of gas-permeable surface (Sc - 1). In contrast to the previ-
ous studies of a boundary-layer flow under conditions of intense interfacial mass trans-
fer Hartnett & Eckert (1957), Boyadjiev et. o,l. (1996a), Halatchev & Denier (2000) we
consider a finite mass-transfer region. It is shown that diffusion induced boundary-layer
separation can occur if the level of mass transfer is suitably large (see Chapter 6).
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The Structure of This Thesis

This thesis presents studies of the non-linear mass-transfer kinetics and a linear analysis

of the hydrodynamic stability of systems under conditions of intense interfacial mass

transfer. The thesis has been divided into two parts.

Part I presents my previous studies on this problem. It is concerned with the kinetics
of the non-linear mass transfer of systems under conditions of intense interfacial mass

transfer and a linear analysis of the hydrodynamic stability of these systems.

The asymptotic theory of non-linear mass transfer is presented in Chapter 1. It gives

a brief introduction to the mathematical models used in the theory of non-linear mass-

transfer kinetics of fluid-solid permeable surface, gas-liquid, liquid-liquid systems and

multi-component interfacial mass transfer. The presence of a large concent¡ation gra-

dient through the phase boundary induces a normal secondary flow (having an effect

of "suction", or "blowing", from or into the boundary-layer flow). Its influence on the
mass-transfer kinetics is discussed. A comparative analysis of the linear and non-linear
mass-transfer theories is done.

The above mentioned secondary flow affects the basic velocity proûles of the boundary
layer, serving to stabilise or destabilise the flow. In Chapter 2 this effect is studied
under the approximation of the linear theory of hydrodynamic stability. Here we make

use of the simplifying a^ssumption that a linearisation in the boundary condition for the
vertical velocity component of the disturbance at the interface is appropriate. This leads

to a decoupling of the disturbance equations, leaving the need to solve the classical Orr-
Sommerfeld eigenvalue problem. The effect of the mass transfer on the hydrodynamic
stability of the flow is therefore present only through its influence on the basic flow. The
fluid-solid permeable surface is studied as well as gas-liquid, Iiquid-liquid systems.

The work of Chapter 2 also employs the assumption that the-density, viscosity and

diffusivity do not depend on the concentration. However, it is very well known that when
there is a significant variation in concentration the dependences of fluid properties on the
concentration of introduced species should not be ignored. This additional effect is taken
into account in a first-order approximation in Chapter 3. The first part ends with some

conclusions drawn from the results presented.

Part II of this thesis consists of a further analysis of the linear stability of fluid-permeable
systems, a study of flow separation of diffusion driven boundary layers and the inviscid
Rayleigh instability analysis of this boundary-layer flow. The transport phenomena is

studied in terms of permeability.

The simplification which led to decoupling of the disturbance equations is removed in
Chapter 4. The numerical algorithm to solve the fully coupled disturbance equations,

consisting of the Orr-Sommerfeld equation and the convection-diffusion equation, is pre-

sented. The critical Reynolds numbers are obtained and these are compared with the
results of early chapters, showing the realm of validity of the previous approach.

The linear lower-branch stability of a Bla^sius boundary-layer flow under conditions of
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intense interfacial mass transfer is discussed in Chapter 5. The natural asymptotic limit of
large Reynolds number is considered. The linearised disturbance equations are governed
by the triple-deck structure of Smith. The modified eigenrelation for this problem is

A different aspect of boundary-layer theor¡ namely the effect of mass transfer on flow
separation, is studied in Chapter 6. We examined a Blasius boundary-layer flow over
a semi-infinite plate with a porous section. The mass transfer acts in a finite region
(throughout this thesis we will employ the term "slot"). A semi-implicit marching algo-
rithm and a simple mass-transfer parameter representation were employed. The level of
mass transfer at which this diffusion driven flow separates is investigated. Also the invis-
cid instability analysis of this flow is presented and the stability properties determined.
The second part concludes with a discussion of the results obtained together with some
suggestions for future work on these interesting problems.



Part I

MASS TRANSFER AND
STABILITY

I





Chapter 1

Boundary-Layer Flows and the
Asymptotic Theory of the
Non-linear Mass Transfer

Many experimental studies (see Linde, Schwartz & Gröeger (1967), Thomas & Nicholl
(1969) and Ramm (1976)) of systems under conditions of intense interfacial mass transfer
show significant deviations from the linear theory of mass transfer, which assumes the
independence of the velocity field from the concentration and temperature fields. These
deviations have usually been considered as Marangoni type effects (see Sorensen (1979),

Boyadjiev & Toshev (1989)), i.e. the appearance of tangential secondary flows at the
interface boundary, induced by the gradient ofsurface tension due to local differences in
surface tension, concentration or temperature.

Theoretical studies of systems under conditions of intense interface mass transfer as a
result of large concentration gradients (see Vulchanov & Boyadjiev (1990), Boyadjiev &
Babak (2000)) show that large concentration gradients induce secondary flows normal to
the interface. On this basis, a non-linear theory of mass transfer has been constructed.
This theory provides a satisfactory explanation of the deviations of the experimental
results from the linear theory of ma^ss transfer.

In the limit of large Reynolds numbers Re Þ 1, as naturally occurs in the flow of an almost
inviscid fluid over a rigid surface, the flow develops a boundary layer. Historically the
boundary layer concept evolved from the attempts to solve the Navier-Stokes equations

for general flows, by assuming reasonable simplifications. Neglecting the terms with the
Reynolds number Re in the Navier-Stokes equations, which seems the easiest and safest

approach leads back to the inviscid flow equations, which cannot predict drag or mass and
heat transfer. Prandtl (1904) was the first to realise that for high-Reynolds-number flows,
viscous effects are confined to a thin layer along a solid surface. This boundary layer is

necessary to allow the velocity to adjust from relatively high values out in the free-stream
down to zero on the surface (the no-slip condition). This produces large gradients and
therefore signiûcant shear forces even for low-viscosity flows. Outside the boundary layer

3
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the flow behaves in an essentially inviscid
layer must clevelop if the free-stream and
to the thermal boundary layer. Although

manner. By analogy a concentration boundary
surface concentrations differ; the same applies
these layers are very thin relative to the total

mass
place through them

1.1 Mass transfer in fluid-solid permeable surface
systems

The kinetics of non-linear mass transfer will be demonstrated for the case of a Blasius
boundary-layer flow over a semi-infinite, flat, permeable plate across which a concentra-
tion gradient exists (see Boyadjiev & Vulchanov (19s8)). This model can describe, for
example, the flow of species with different surface and free-stream concentrations, as oc-
curs in a binary mixture of chemical species A and ,B flowing over a porous surface. For
simplicit¡ we assume that there is no chemical reaction and no external forces acting on
the flow, and we neglect emission and absorption of radiant energT into the bounáary
layer (see Bird, Stewart & Lighrfood (1966)).

A schematic picture of the flow is given in Figure 1.1. In the absence of disturbances a
steady concentration boundary layer develops along with the steady velocity (or momen-
tum) boundary layer. The governing equations describing the problem consists of the
steady Navier-Stokes equations coupled to the convection-diffusion equation

(1. 1)

with the initial and boundary conditions

(Uo,Vo) : ((J*,0), Co: C*, Po : 0 at z :0; (1.2a)

(1.2b)

(1.2c)
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We shall focus our attention on the boundary-layer flow, thus the following momentum
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and concentration boundary-layer approximations will be substituted into (1.1) and (1.2):

Vo,

?Uo ?Vo 7Vo

0r' 0a' 0r
ôz(Jo ..02u0

---
0s2 0a''

ô,vo
0a''

0Co

õr'

(1.3)

The mathematical model for this case reduces to

Uo

ôUo

6
ô2Vo

ñaa
0rvo
A"'
ôCo

w
ïVo

6
0Uo

6
0Po

6
0Co

w

*Vo

*Vo

0Uo

a,

0Co

A"

Uo

Uo

with the initial and boundary conditions

0Uo

a*- 0,

02Uo,W

Uo:U*, Co: C*i
(Jo :0, Uo : -M-? 

U?, ,o - Õ*;" p:o

Uo + (J*, Co: Õ*,

0

(1.4b)

(1.4c)

(1.4d)

(1.5a)

(1.5b)

( 1.5c)

(1.4a)

(1.7)

g:0:

u:0:
3/->oo:

where [/- is the free-stream velocity, C- the concentration of the free-stream and C*
the concentration on the interface. Let us suppose that there is a rapid establishment
of thermodynamic equilibrium so that the concentration C* is always a constant on the
solid, permeable surface. The thickness of the concentration boundary layer ð" is typically
defined as (Õ- - Co) l(Õ. - Õ*) : 0.99. Species transfer by diffusion between the surface

and free-stream fluid is determined by conditions in this boundary layer. The molar flux
associated with species transfer by diffusion is given by Fick's law, hence, the normal
component of the velocity at the interface is determined from the equation (2 p.xv),
corresponding to an intense interfacial mass transfer

%(",0) - -MD (%\ (1.6)pö \õa )o=o'

The average rate of mass transfer for a plate of length L can be determined from the
average mass flux

J : Mk(Õ. - Õ*) : l, fo" 'o,
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Fluid flow
(species A) Fluid-solid

interface

Õ* gas(liquid) (Joo

C* fluid-solid permeable interface

Qt" + e-le(Þ" : o, t[r, + eÕrlr, - o,

o(0) - ou/,(O), o,(0) :0, qr(O) _ 1;

@'(oo) : 2e-1, ü(oo) : g,

Coo

L

r
Figure 1.1: Schematic describing a flow of species with different free surface and free-
stream concentrations.

where /c is the mass-transfer coefficient and .I can be derived from (1 p.xv) as follows:

r_ MDp* (ACo\
' : -T \ ao )u=o.

In what follows we will consider the Blasius similarity solution. In order to solve system
(1.4) with boundary conditions (1.5), it is useful to introduce similarity variables

1 l_1(U*r\'/',,Us:jUooeQ', Vç 2\ s ) r,JQ'-e), (1.S)

cs - Õ_t (Õ. _Õ_)v, Tt: a (h)''' ,

where e - ScL/2, Sc: uf D is a non-dimensional parameter - the Schmidt number,
O - Õ(rl) the stream-function, E - ilr(z) the non-dimensional concentration. The most
important feature of the similarity solution is that despite the growth of the velocity
(hydrodynamic) and concentration boundary layers with distance afrom the leading edge,
the velocity UolU* and concentration Co/lÕ*+(Õ.-Õ-)] profiles remain geometrically
similar"

As a result of these substitutions the boundary-layer equations (1.4) and boundary con-
ditions (1.5) reduce to

(1.e)

Fluid layer
(spectes A)
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I

where

: M(C* - C*)
epö

(1.10)

is a parameter which reflects the effect of the intensity of non-linear mass transfer. Further
in this chapter we shall consider the parameter O as small. In the linear theory of mass

transfer O : 0.

We can substitute (1 p.xv) into (1.7) for the fluid phase to obtain an expression for the
Sherwood number in terms of our new variables

sh : kL : -tp"v'v'(o), pe:W, (1.11)e'o- 
D- P6'" 

-\v"f' ¡v- 
D '

where Peís the Peclet numberl.

It is seen from (1.11) that the mass-transfer kinetics is determined by the dimensionless
diffusion flux ü'(0), which can be obtained by solving the system of equations (1.9). The
solution has been found by Boyadjiev & Toshev (1989) by expanding Õ and i[ in power

series in terms of the small parameter O

Õ:Õo+OOr+O2O2+...,
{r : úo + Oitrrl + O2üz + .. .

(1.12)

It was demonstrated that V'(0) could be determined as follows:

o

v'(o) :-**r'#*r'(-#+W
€et

4egst
+ + o(o3), (1.13)

where the parameters ge, gs, gzz and rps are functions of the Schmidt number given by

9o

9s

9ss

gsz

Io* "r,,,

l,* ll,'

I,* IT,'

I,* IT,'

)dpp

ç(s)

P(s)

f B.otsr-o'tu for gases

l. 3.tzsr-o'tn for liquids,

E(e,p)dp= { 3:333;-lll _ds

ds

ds

for
for

for
for

for
for

liquids,
gases

uids.Iiq

p(s)
2

E(r,p

E(e,p)

24.05c-r'3
72.25c-t'o

0.326,Sc-1'6 -
0.035^9c-1'1 -

Here

E(,,p): exp l-+ I' lÞ)ar] ,

lThis definition of the Peclet number slightly differs from the standard definition in textbooks Pe¡ =
U*Lf a, where o is the thermal diffusivity.
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and p: (2le)q, f , g and g are solutions of the following boundary value problem

2g"'+lg"+f"g:0,
2ç"'+fg"+Í"Q:gg",
/(0) :0, /'(0) :0; ,f,(oo) : 1;

Q@) : L, Q'Q): o; Ø(oo) : 1.

A full derivation of these parameters can be found in Boyadjiev & Toshev (19g9).

In order to verify the asymptotic theory the problem (1.9) has been solved numerically.
A quantitative analysis of the influence of the direction of mass transfer on the mass-
transfer rate by numerical integration of the twopoint boundary-value problem (1.g) is
presented in Boyadjiev & Vulchanov (1990). The result of this work demonstrated that if
the Schmidt number Sc is increased, the concentration gradient at the interface, i.e. the
Sherwood number, decreases. This is a natural response as it corresponds to a decrease of
the diffusivity or an increase of the viscosity. It was shown that a change in the direction
of mass transfer will affect the magnitude of the concentration gradient on the interface
(,Så, respectively). The change of the mass-transfer parameter O does not affect the
concentration boundary layer and the effect ofthe induced secondary flow is confined in
a sub-layer, termed the "layer of non-linear mass transfer", and is approximately one-third
of the thickness of the concentration boundary layer. The influence of the direction of
mass transfer on the velocity field was also studied in Boyadjiev & Vulchanov (1gg0). It
was shown that Õ'(0) has higher values at O > 0 (mass transfer directed from the surface
to the free stream), i.e the non-linear effect is due to the normal velocity component.

The results obtained through numerical calculations (V!u(O)) are compared with the data
from the asymptotic theory (V'(0)) in Table 1.1. Note that the missing data is due to
numerical difficulties arising from the difierent scales of the hydrodynamic and concen-
tration boundary-layer thicknesses in the case of e : tÆ,: 10. The results demonstrate
that the direction of the intense interfacial mass transfer significantly influences the ki-
netics of mass transfer as is evident by the change of V'(0) for the respective cases of @
positive or negative. This fact is not valid in the linear theory approximation (O - 0).
The results obtained show that intense mass transfer from the volume toward the solid
surface (O < 0) leads to an increase in the mass-transfer rate, in comparison to the pre-
diction of linear theory. When the mass transfer is directed from the solid surface toward
the volume (O > 0), its rate decreases.

The hydrodynamic nature of the non-linear effect in the mass-transfer kinetics under
conditions of intense mass transfer suggests that analogous effects may take place under
conditions of multi-component ma^ss transfer for all components.



o

o
e:7 e: 10

-vî(0) -v'(0) -v'r(o) -v'(0)
0.00

0.05
-0.05

0.10

-0.10
0.20

-0.20
0.30

-0.30

0.664

0.641

0.689

0.620

0.716

0.581

0.779

0.548

0.855

0.664

0.641

0.689

0.620

0.716

0.581

0.779

0.555

0.843

0.314

0.248
0.459

0.207

0.160

0.305
0.250

0.415

0.250

0.581

0.418
1.080

1.808

1.800

Table 1.1: Comparison of the results obtained from the asymptotic theory (V'(0)) with
the data obtained through direct numerical calculations (V'r(O)) in the case of mass

transfer in fluid-solid surface systems.

t.2 Multi-component mass transfer

Let us now consider diffusion in multi-component mixtures, for example, binary ternary
or ?7.-component systems. In the case of gases two problems have been studied (see

Sherwood, Pigford & \Milke (1975)): first only one component is diffusing (diffusion
of species ,4. through a stagnant mixture containing n components, including ,4) and
second 7¿ components diffusing leading to n independent equations (analogous to the first
problem) describing the diffusion phenomena. For liquids the mechanism is somewhat
more complicated. It is customary in the case of liquid flows to use multi-component
diffusion equations that are derived from experimental measurements of the diffusion
process by employing a semi-empirical approach. This is not done in the case of gases.

Throughout this work the non-empirical approach wiII be used.

Analysis (see Sherwood, Pigford & Wilke (1975)) shows that the transfer of the compo-
nents with large concentration gradients can be considered independently from the trans-
fer of other components with low concentration gradients ci (i : 1, . . . , n). The theory
of diffusion in multi-component systems demonstrates that the independent diffusion ap-
proximation is valid in two cases: firstl¡ when the concentrations of the components are

low and secondly when their mass flux diffusion components do not considerably differ
from each other. This provides a sufficient basis to solve the problem of the influence
of non-linear ma^ss transfer on the multi-component mass transfer in the independent
diffusion approximation. Thus, the following system of convection-diffusion equations for
the lower concentration gradients species and corresponding boundary conditions should
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be added to the system of equations (1.4):

L6+¡yo&: 02Co¿
D1u'r, u'g oa-

r :0 : Co¿ = Cæ¿i

A :0 : Co¿: Ci;

A+æ: Co¿=Cæ¿, 'i:L,... )n.

Q"' + e-lo(Þ" :0,
V"+eorlr'-0,
ùi' + e¿Õü'¿: o,

o(0) - Oiú'(o), Þ'(o¡ :0, iú(o) : 1, iû¿(0) : 1;

Õ'(-) :2€-1, V(oo) : 0, ü¿(oo) : 0, i : L,. . . ,n,

(1.14)

The introduction of the similarity variables (1.8) into the above equations, for all of the
components, yields

e¡: Scl./2, Sq: ;,
i[,(q) :pþ, i:7,...,n.

vi - ttæi

The rate of the multi-component mass transfer for a plate with length L can be deter-
mined from the average mass flux

J¿: M¿D¿(Cï - Õ*¿) : ! ft l;dr;. i, : I Jo 
t¿Qr¿, L: L,. . . ,fl, (1.16)

where

where the mass flux has convective and diffusive (resulting from the induced flow) com-
ponents

(1.1 5)

(1.17)
0Co¿wI¿ : _M¿D¿

) U=0

* M¿(Cs¡un):

_M¿D¿
æ)y=o* ryþ,,W),*] , i:t,- ,n,

where a¿: e¿/e.

An expression for the Sherwood number in terms of the similarity variables can be ob-
tained directly from (1.16) and (1.12) as follows:

sh¡ - X : Pe,/21*,,0, +ø,,ffiv,(o)], i : 1,...,n,
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where !Ir'(0) is determined from (1.13), while VÍ(0) are determined directly from the
system of equations (1.15). The solution has been obtained asymptotically, using series

expansions for ùj(0) (i:1,. .. ,n) in powers of O (see Boyadjiev (1990b)); they are the
same as (1.12). One can express ú'(0) in the following form:

v,(0) : -** ":m - * lm,(ff . #) - ffi Jffrl+ o(o3),

i:L,...rtu,

where the parameters are functions of the Schmidt number

9o¿: po(Sc¿), 2si: çs(Sc¿), 4ts¿: qsz(Sc¿), þzs¿: Øzz(Sc¿),

i: Lr... )n'

The accuracy of the asymptotic theory of the multi-component mass transfer (under

conditions of interfacial mass transfer for one of the components) has been verified by
comparison with the results obtained from a numerical solution of system (1.15). The
comparison of the results obtained through the numerical calculations, Vi"(0), with the
asymptotic theory data, Vï(0), is shown in Tables 1.2 and 1.3. It can be clearly seen that

€ :1,, di:2, €¿:2
o -vi'(o) -úi(0)

0.0
0.1

-0.1

0.2

-0.2

0.3

-0.3

0.845

0.762
0.943

0.689
1.060

0.633
t.2L2

0.847

0.765
0.945

0.700
1.061

0.652
1.190

Table 1.2: Comparison of the results obtained from the asymptotic theory (V'1(0)) with
the data obtained through direct numerical calculations (V!"(O)) in the case of mass

transfer in gas-solid surface systems.

the intense interfacial mass transfer of one of the components, directed from the volume
toward the solid surface (O < 0), increases the diffusion-mass-transfer rate for all of the
components. In the ca^ses where the direction of the intense interfacial mass transfer
is from the permeable surface towards the volume (O > 0) the diffusion mass transfer
decreases for all of the components. These effects do not depend on the change in the
direction of the interfacial mass transfer for components with low concentration gradients
and can be used in the control of the kinetics of the multi-component mass transfer. The
analysis of the multi-component mass-transfer kinetics in the case of non-linear mass

transfer of one of the components (as a result of its larger concentration gradient than
the rest of the components) shows that the mass-transfer kinetics is influenced not only
by the component with the largest concentration gradient but by the direction of the
mass transfer of the other components (see Boyadjiev (1990b)).
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e :20, o¿:0.5, e¿ : 10

o -vi"(o) I -,ÍreI
0.00 0.198 0.194
0.03

-0.03

0.05

0.10

0.167

0.275
0.154

0.132

0.169

0.250

0.170

0.234

Table 1.3: Comparison of the results obtained from the asymptotic theory (Vi(0)) with
the data obtained through direct numerical calculations (V'rr(O)) in the case of mass
transfer in liquid-solid surface systems.

If we examine equations (1.4b), (l.ac) and the heat-transfer equation that will be intro-
duced in the next section, we readily note a strong similarity. They are characterised by
convection terms on the left-hand side and a difrusion term on the right side. The trans-
port phenomena nature of heat transfer implies that analogous effects will be observed.
Actually in the decoupled theories, the heat and mass-transfer relations for a particular
geometry are interchangeable.

1.3 Heat transfer
systems

in fluid-solid permeable surface

The theoretical analysis of heat-transfer kinetics accompanied by non-linear mass trans-
fer was studied by Boyadjiev (1990a). The influence of the non-linear mass transfer on
the kinetics of heat transfer is considered on the basis of the macroscopic irreversible
thermodynamics, i.e. by excluding thermal diffusion. The following model describes,
for example, situations where a flow of species á with different free.stream and surface
concentrations and free'stream and surface temperatures differ. In this case a thermal
boundary layer will develop (see Figure 1.2) along with velocity (hydrodynamic) and con-
centration boundary layers. Since the dimensionless parameters Prandtl number2 pr and
Schmidt number ,Sc have analogous roles in the heat-transfer equation and convection-
diffusion equation respectivel¡ the dimensionless relations that govern thermal boundary
layer behaviour must be the same as those governing concentration boundary layer, i.e.
the boundary-layer temperature and concentration profiles must have the same functional
form (see Incropera & DeWitt (1990)).

In the boundary-layer approximation, the system of equations (1.4) has to be supple-
mented with the following heat-transfer equation and appropriate initial and boundary

2The Prandtl number Pr = v / o,r, where v is the kinematic viscosity and a7 is the thermal diffqsivity,
is the ratio of momentum and thermal diffr¡sivities.
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fluid

Too u@

Toa

r.-- solid, permeable

Figure 1.2: Schematic describing only the velocity (hydrodynamic) and thermal boundary
layers.

conditions:

ur+ +uo*: ora]-T:." dr " õy 0y''
r :0: Ts:Tæ; (1.18)

U :0 : Ts: f*;
Y + æ: Ts:T*,

where fu and T* are temperatures in the fluid free-stream and on the permeable surface,
respectivel¡ and o1 is the thermal diffusivity coefficient.

The average heat-mass-transfer rate for a plate of length .L is determined from the average

heat flux

Jr: kr(Í- - l-) : l, Ir" rydx, (1.19)

which as a result of the induced flow has a convective component as well as a diffusive
component

Ir : -À (æ)r=o * Pó%(roun)v=o; (1'20)

here À is the heat conductivity coefficient, ka the heat-transfer coefficient and co is the
heat capacity of the mixture.

The introduction of the similarity variables (1.8) into equation (1.18) and the boundary
conditions leads to the following two'point boundary-value problem:

O,,, + e-lO(Þrr:0,
v"+eÕv':0,
T" + ëyQT' - o, (1.21)

o(0) - ov'(O), o'(o) - 0, iú(0) : 1, ?(0) : 1;

O'(-) :2e-t, V(-) :0, ?(oo):0,
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where

¡-rt/--\ To-To - D - 1J \q) : #, ãy: €a7, d.7 : 
- - Le-';

J :-.¿n lLry

here the parameter .Le is termed the Lewis number, defined as a ratio of the thermal and
mass diffusivities. It is relevant to any situation involving simultaneous heat and mass
transfer and is therefore a measure of the relative thermal and concentration boundary-
layer thicknesses.

In order to study the heat-transfer kinetics, the Nusselt number3 has to be determined
from (1.19), (1.20) and (1.21)

- -PeLlz
krL

À
Nu:

where the dimensionless temperature gradient 
"'(0) 

is determined from the solution of
system (r.zL). The solution can be obtained through an asymptotic method

r'(o): -#"*orffi
* lm (ff . ffi) - W* - ffi] + oloa¡,

where

(0) + Oea v'(0)

9or -- ?o(eey), Psr: çz(ee-r),
gszr: Qes(eêr), Qær: Qss(eir)

The asymptotic solution can be compared with the numerical solution of the governing
equations (see Vulchanov & Boyadjiev (1983)). Comparison of the results (for a dimen-
sionless heat flux f'(0)) obtained from the asymptotic method with the data from the
numerical calculations 4v(0), is presented in Table 1.4. It can be seen that the non-linear
mass transfer can increase or decrease the heat-transfer rate depending on the direction
of the interfacial ma^ss transfer. It is evident that under conditions of intense mass trans-
fer the non-linear mass and heat transfer are not independent, as is the case for linear
mass-transfer theory (o:0) for small concentration gradients.

In the cases when the non-linear mass transfer is toward the solid, permeable wall (O < 0),
the rate ofthe heat transfer increases with an increase ofthe concentration gradient. The
rate of the heat transfer decreases when the intense interfacial mass transfer is from the
surface toward the fluid (O > 0).

The influence of the direction of intense mass transfer on the heat-transfer coefficient and
on the non-linear mass transfer can be used in the control of the heat-transfer processes
rate in gas-solid permeable surface systems, It was shown by Boyadjiev & Babak (2000)
that non-linear effects (as a result of intense interfacial mass transfer), when compared

3The Nusselt number is defined as the total heat transfer normalised by the diflusive heat transfer
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€ : L, dT:2, €r :2
o -ri(0) -T',(0)

0.0

0.1

-0.1

0.2

-0.2

0.3

-0.3

0.864

0.762
0.943

0.689

1.060

0.633

t.272

0.847

0.765
0.945
0.700
1.061

0.652
1.190

Table 1.4: Comparison of the results obtained from the asymptotic theory ("'(0)) with
the data obtained through direct numerical calculations (4*(0)) in the case of mass

transfer in gas-solid surface systems.

to the results from the linear mass-transfer theory, lead to a rise in the heat-transfer rate,
when mass and heat transfer are co-directional and to a decrease in the heat-transfer rate
when these two processes are not cedirectional.

In the case of liquids, the non-linear mass transfer does not influence the heat transfer,
because the Lewis number Le has large values (õr = 10-2). In other words, the mass

transfer in the thin diffusion boundary layer cannot disturb the "thick" temperature
boundary layer.

The interfacial mass transfer in the gas-liquid and liquid-liquid systems is associated
primarily with industrial absorption and extraction processes. The process intensifica-
tion through generation of large concentration gradients in the ga^s and liquid leads to
occurrence of non-linear effects in the mass-transfer kinetics in the gas and liquid pha^ses.

In this way the interfacial mass transfer in the gas-liquid and the liquid-liquid systems

becomes non-linear. The subject of the next section is the interfacial mass transfer in
gas-liquid systems.

t.4 Interfacial mass transfer in gas-liquid systems

Industrial gas absorption is most frequently utilised in packed bed columns. The size

of these packings is usually small, and the interfacial transfer of the absorbed material
is effected through the thin layers attached to the interface between the gas and liquid
phases. The main change in the absorbed material concentration takes place in these

layers, which allows the theoretical analysis of non-linear interfacial mass-transfer kinetics
to be carried out by employing the concentration boundary-layer approximation.

The kinetics of non-linear interfacial mass transfer in gas-liquid systems is considered in
the case of co-current gas and liquid flows over a semi-infinite flat interface. The gas and

liquid are designated as a first (species ,4) and second (species B) pha"se, respectively
(see Figure 1.3). Under the boundary-layer approximation the governing equations take



16

----_-Ð

(species A)Gas flow i

(species A) 
i

;

-_ç-+
+

--Þ
Liquid flow

(species B)

Figure 1.3: schematic of the describing gas-liquid two-phase system.

a form similar to (1.a) (see Vulchanov & Boyadjiev (1990))

0,+
AUoj

ôr
ïVo¡
0a

Uoj
0x

Uoj
6Coj

0r

(7.22a)

(t.22b)

(t.22c)

(1.23a)

(1.23b)

(1.23c)

(1.23d)

(1.23e)

6Uoi
u¡ ou"'

AzCoj

ôy'
Dj , i:Lr2,

with the initial and boundary conditions accounting for the continuity of stress, momen-
tum and ma^ss transfer on the interface

ø:0
U:O

y+æ:
3/ -) -oo :

Uoj:U*j, Coj:e*ji
(Jor : uor, prY : uzff, voj : -WW,
cot:Xcoz, "#T:'#W,
Uor : U*r, Cu: Õæ¡,

Uoz: U*2, Coz: Õ*2.

Here U-1, U6s2 ate free-stream velocities of the phases, C*t, Cæz concentrations in the
free-stream, p1 â,nd p,2 dynamic viscosities and D¡, (j : !, 2) the diffusion coefrcient of
the ith phase.

Liquid layer

(species B)
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It is useful to introduce the following similarity variables

2
o¡(o) - (-t)iï¡arvi(o), oi(-) iû¡(oo) :6,.)

uoj:rriu*¡r¡o',, voi:(-r¡r-' +, (ry)''' {e,r',- Õ¡), Ç,: Zrn,,

Coj : Õ*j *(Õ*, - yC*2)ú ¡, ,l¡ : er)j-t, (&)''' , i : I,2,

2

oí(0),

(1.24)

(1.25a)

(1.25b)

(1.25c)

(1.25d)

( 1.26)

(r.27)

where ,¡ : S")/t and ^9c 
: u¡lD¡ (i : 1,2).

After introduction of similarity variables (1.24), the system (L22) and its boundary

conditions (1.23b) - (1.23e) become

e'j' + i€;Laja'; -- o, ú'j + ¡e¡Qiú'j :0,

where

Jej

oi(o) -zot1a'zo), oí(o) - -o.5oz(3)

úi(o) : å*i(ol, iú,(o) +{/2(o) : r, i :r,2,

: -#r")t2v,,(o), Pe¡ -ry,

here X is the Henry's constant (see Incropera & DeWitt (1990)). The parameters 01 and

02 account for the kinematic and dynamic interactions between the gas and liquid phases

respectively, while 93 and 0a characterise the levels of mass transfer in the gas and liquid
phases respectively.

The new expression for the Sherwood number 
^9/¿ 

takes the form:

sh¡ J 21

For a quantitative evaluation of the non-linear interfacial mass transfer it is necessary

that Vi(0) (i : I,2) in (L.27) be given thus necessitating the solution of system (1.25).

We shall limit our attention to the cases, such as the absorption of ammonia into water,

where 0* K.l (fr: 1,... ,4). The solution is obtained through a perturbation method

after expanding the unknown functions in series of the small parameters d¡. The first
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order approximation yields

vi (0)
2120t1

€

_80zaezgz
€tPrc

Ag

I + o,o)2

2

20spß 1 80Éz a7- .pil1ta;æ + 
r€rprc (1 + ofif, (1.2s)

(1.2e)

vi(0) 2ao2ilas
Ji7+as 1fragys (r + as)2

802a€2g2 a3 _2|s€tgn as , Bgae2 af,
tr+rtr - lt-tr+rr)r + 76ffi^

In the cases when the interfacial mass-transfer rate is limited by difiusive resistancea in
the gas phase, it follows from (1.25d) that xleo-+ 0, i.e. øs -+ 0, and thus the Sherwood
number in the gas phase can be expressed as

Shr : -Èp":,' (_ Ph ^\
2

€t?rc

When the process is limited by diffusive resistance in the liquid phase, X/eo + oo, i.e.
ao ) oo and we have

shz--ft'";''(h.h.W) (1 Bo)

The comparison of the non-linear effects in gases with those in liquids (see Vulchanov &
Boyadjiev (1990)) shows that the ratio between parameters d3 and ga is

The maximum value of this ratio occurs in cases of gases with high solubilit¡ where 03
is greater than 0a by more then two orders of magnitude. In numerical calculations we
can employ the approximation that d4 : Q.

The examination of (1.28) - (1.30) shows that the non-linear effects are most dominant
when the nonJinear interfacial ma-ss transfer is limited in the gas phase (X/ro + 0). In
the cases of commensurable diffusive resistance (X/eo= 1) the non-linear'effects are suf-
ficiently small and their manifestation in the liquid phase is a result of the hydrodynamic
influence of the gas phase. Non-linear effects are not observed when the processes are
limited by mass transfer in the liquid phase.

The influence of the direction of the mass transfer on the diffusion mass-transfer kinetics
in gas-liquid systems is the same as that observed in the gas(liquid)-solid systems, i.e.
the diffusion-mass-transfer rate, under conditions of absorption, is higher than that under
conditions of desorption.

aSpecies diffusion resistance is defined as Rm,diî = L/D¡BS¡, where.L is a characteristic length,D¡p is diffusion coefficient and .9¡ is surface area, assuming that the molar rate is given as N¿,," -(Cot,rt - Cs¡,"2)f Roo,¿¿¡.

03

0a
>1.
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The numerical results of Vulchanov & Boyadjiev (1990) demonstrates that when (in the
case of absorption and desorption) the concentration gradients are equal and only their
directions change, there is a non-symmetric deviation from the linear theory (da : 0).

This apparent "contradiction" to the asymptotic theory (i.29) (where the deviations are

symmetric) can be explained by noting that the quadratic terms are not present (= 0Ð.

This suggests that the asymptotic theory should be corrected so that all quadratic terms
are taken into account.

Under circumstances of non-linear interfacial mass transfer limited in the gas phase (act-
ing only within the gas phase), the problem (1.25) is governed by the following system

of equations:

Õi'+ e¡loto'1 : g,

QT' + 2e;LQ;rÞrÞ'l:0,
itrr'/ + e1Õ1V', : 0, (1.31)

or(0) : dsvi(o), Õz(0) - 0; Õi(-) - X, 
,tr*r: lt

oi(0) : zl,,?ø'"(o), oí(0) - -0 502(ä)'.í(o),

Ú"(O) - 1' Ü1(oo) : ¡.

The solution of system (1.31) as a series expansion in powers of the small parameters d¡

(j : t,. . .4) tp to and including quadratic terms gives

-úi(0) : -V +0,4+es\€tpto d€tgio pio

+0? +
e3r9r,

4a2p?o

€t?tz
+

€tPtts

2

o,2etglo
(1.32)

+0?

+0ßs

2ep?e
T

Vro
€t9ts
apîl

Á.

9ío
29rtz
aPio

€t9le
Ã

2Pn

"çîo
+ o(01,...)

A succession of functions of the Schmidt number is included in the expressions (1.28) -
(1.30) and (1.32) (see Vulchanov & Boyadjiev (1990))

gto :Po(,Scr), gtt :ps(Scr), f, :'rl #r, oo : #,
gtr : pr(Scr) : 3.01,Sc-1'608, gtz : çz(Sq.): 3.05,Sc-r'285,

ptss : P¡s(Scr), Øße : Qze(Scù, gnz : pes(,Scr) : ,9c-t'3,

e..z : þß(Sc) : 4.LBSc-o'46.

The expansion (1.32) is a basic result of the asymptotic theory of non-linear interfacial
mass transfer in ga^s-liquid systems and is in good agreement with the results obtained
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through the numerical calculations V!"(0) of problem (1.31). The theoretical result (1.32)
shows that the direction of the intense interfacial mass transfer in the gas-liquid systems
influences its kinetics, that is different values of ü!(0) arise for positive and negative

expected that
the same effect could appear in the cases of multi-component interfacial mass transfe¡ in
gas-liquid systems.

1.5 Multi-component interfacial mass transfer in gas-
liquid systems

The kinetics of multi-component mass transfer in gas-liquid systems is of practical interest
in cases of intense interfacial mass transfer of one of the components (the species with
the largest concentration gradient), when this component induces a secondary flow in
the boundary layer as a result of its large gradient of concentration. The gas and liquid
flow dynamics are taken to depend upon the non-linear mass transfer of this dominant
component in the gas phase.

Let us consider 7¿ components for which the interfacial mass transfer does not affect the
hydrodynamics of the flow; this problem has been considered in Boyadjiev (1g9g). In
this case the theory of multi-component interfacial mass transfer is studied under the
approximation of independent diffusion. To that purpose convection-diffusion equations
governing the mass transfer of each species (components) with small concentration gra-
dients must be added to the system (I"22); as a result the mathematical model takes the
following form:

AUoj

0r (1.33a)

urj**ur,ff: ,jW,
ur,*+uriff: o,#,
u,,**u,,W: ,,,W

'i: Lr... ,n j :1r 2,

0+
AVoj

0y

(1.33b)

(1.33c)

(1.33d)



with the initial and boundary conditions

r:0:
a:0:

3/->oo:
a+-æi

Here

Uoj : U*j, Coj : C*j, Co¿j : Cæiji

11 Ír .. )Uo, ôUoz rl MDj )Cojuot: uoz, þr 0a 
: Fz@t voj: -E Uo ,

Cot: XCoz, Co¡r.: X¡Co¿2, '# : W,
-D,rry * corvor: -orrY * cs¿2vs2;

Uot : U*t, Cor : Cært Co¡: Cæil,

Uoz: U*2, Coz: Cæ2¡ Co¿z: Cæ¿2.

In dimensionless form and after introducing similarity variables, defined via (1.24) we

obtain the following equations and boundary conditions that supplement (1.31):

2T

(1.34)

vl(o); (1.35)

(1.36)

V'i¡ + je¡o,¿¡Q¡ú'nj:0, Vit(0) + V;2(0) : 1,

úi,(o) : 
T*i"ro) 

+ egs,,¿y 
[v,,(o) - #]

ìtrr¿¡(oo) :0, i-I...,fl, j:L,2.

a¿j

and X¿ (i : I,.. . ,n) are the Henry's constants for the n components. The solution of
the system (1.31) together with (1.35) h*r been obtained by expanding Õ¡ and Ü¿¡ in
series of the small parameters 0¡ (k: t,2,3) (see Boyadjiev (1998)).

The Sherwood numbers in the gas and liquid phases can be obtained from

where Vi(0) and ú¿1(0) are zeroth-order approximations

vài ú¿¡(q¡): (-v,li- r =C¿i 
- C*¿'

^1) Õæt - X¿Õ*¿z'

D¿z ( (JroDr\'/'
êào: D" \urrD, ) ,

Dj
D¿j

vi(o) :-h, ir¿r(o) :-+, i:Lr...,fl,
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while Vít(0) and üir(0) can be obtained by solving the system (1.31) togerher with (1.3b):

2L 2h1 802d€¿1tp2¿-úÍ'(o) : +

262 a¿

,fr L*a¿ +

+

2 Cæ¡t

L*a¿ eæ¡-X¿Õæ¿z

+

o I 2grto 1 €na¿ (
"t le î+æ -,p,,¡1*oJ \ )l

-vir(o)

a¿2€¿€ilpn¡. &¿ 1

tfr (1+ a¿)2 I * a¿ Cæ¡t - X¿Cæ¿z

A¿
+(I+a¿

21laa2€¿1tpp¿ a¡

t/trçroç?o¿ T+æ-
Cæ¿t

(1.37)

)],t-1,",n'
The expressions (1.37)include functions of the Schmidt number through their dependence
upon â¡

pro¿: ço(ã?t), gts¿:,h@î), ez¿: 9,
ó€2y|a¿2

cli: 
- 

tfrXn
,prãl@' €¿i : tE¡'n¡' E¿¡ : €¡a¡¡' i : r' "' 'fl' i :7'2'

In the'cases where the interfacial ma^ss transfer is limited by the ma"ss transfer in the gas
phase, X¿ ) 0, we can substitute in (1.37) Xtf e¿s: 0 and a¿ : 0 (i, : I,.. . ,n) and the
expression (1.36) for ^9à¿1 becomes

Shn - Pel/z
2

€t?rc¿( , 2fua¡pp¿\*#1, i:L,gngío¿ /' 1n. (1.38)

If the interfacial mass transfer is limited by the mass transfer in the liquid phase, X¿ ) æ,
substitutinge¿olx¿ -) oo and ø¿ -) oo (i:1,...,n) in (1.82) the expression (1.36) for
,S/r,¿2 reduces to

sh¿z- Pel/z æ.ry) , i:1,... .n. (1.3e)

It was shown in Boyadjiev (1998) that in the cases where the diffusive resistance of the
two phases are commensurable (Xl,lrno = 1), according to the equations (1.37), one can
expect that an increase in the large concentration gradient (93) can lead to an increase of
the diffusion-mass-transfer rate in the gas phase and to a decrease of the diffusion-mass-
transfer rate in the liquid phase. It is evident from (1.39) that in the cases where the
multi-component interfacial mass transfer is limited by the mass transfer in the liquid
phase, the non-linear effects have no impact on the mass-transfer rate, that is ,Sfr,¿2 does
not depend on d3.

The theoretical investigations of the non-linear ma^ss transfer in gas-liquid systems by
Boyadjiev & Vulchanov (1988) and Vulchanov & Boya-djiev (1988) demonstrate that, in
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practice, non-linear effects are essential in cases when the diffusive resistances in the gas

phase Iimits the mass-transfer rate.

The mathematical description of interfacial mass-transfer kinetics in liquid-liquid sys-

tems is the basis for improvements in extraction processes and equipment design. The
intensification of this process, by generating large concentration gradients, leads to the
appearance of non-linear effects in the mass-transfer kinetics in both phases. In a num-
ber of cases these effects are connected with the induction of tangential flows along the
interface (Marangoni effect) as a result of a surface (interfacial) tension gradient. It has

already been shown that large mass fluxes can induce secondary flows, the velocities of
which are directed normal to the interface. The theoretical analysis of the influence of
these secondary flows on the kinetics of the interfacial mass transfer in liquid-liquid sys-

tems makes it possible to separate this non-linear effect from that of Marangoni and is
a basis for the calculation of extraction processes with intense interfacial mass transfer.

It is for this reason that the next section is dedicated to the problem of interfacial mass

transfer in liquid-liquid systems.

1.6 Interfacial mass transfer in liquid-liquid systems

The industrial implementation of extraction processes is connected with the need for
mass-transfer intensification between two liquid phases. This is most often gained by the
generation of large concentration gradients. They usually take place in equipment where

one of the liquids is dispersed in the form of drops. The small sizes of the drops im-
plies that the changes in the velocity and concentration fields are localised in thin layers

along the droplet surface (i.e. the interface). This allows the use of the boundary-layer
approximation for the theoretical analysis of the extraction kinetics under conditions
of intense interfacial mass transfer. The thickness of these layers is much smaller than
the diameter of the drops, hence the effect of the curvature of the interface can be

safely ignored. For this rea^son the kinetics of non-linear mass transfer is studied (see

Sapundjiev & Boyadjiev (1993)) in the case of interfacial mass transfer between two in-
soluble liquid phases with flat mobile phase boundary under the approximation of the

existence of a concentration boundary layer.

In practice both liquids are moving, one of them being a dispersed phase (drops) and the

other a dispersion medium (continuous phase). As the interfacial mass-transfer kinetics
depends primarily on the velocities of the drops, our discussion will focus on the interfacial
mass transfer between two liquids, one of them being stationary.

The movement of a liquid in drops is a result of movement of the flow around them at
velocity U-r. Let us denote this liquid as "phase 1" and the liquid in the drops as "phase

2" (lhe stationary phase). The hydrodynamic interaction between the two phases can be

considered in an analogous fashion to that of gas-liquid systems, when one of the phases

is motionless (see Figure 1.4).

Thus, the system of equations (1.22) with initial and boundary conditions (f.Ze) are
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Figure 1.4: Schematic describing liquid-stagnant liquid two-phase system

applicable to the interfacial mass transfer between movable ("phase 1,') and stagnant
("phase 2") liquids, if we simply substitute in the boundary conditions on the interface
Uoz :0 and X: rrt, where r¿ is the coefficient of distribution of the extracted substance
between phase 1 and phase 2.

In this case the interfacial mass-transfer rate and the Sherwood number are given by
expressions

We shall introduce slightly modified similarity variables than those used earlier as follows:

uoj:ïu*,ø,,, vo¡:(-r¡i-, (W)''' G,*i_ Õ¡), e,: ]n,, (1.41)

Çoi : Õ*¡ *ffi*r, rt¡ : ?r)j-r, (&)''', i : r,2,

where ,¡ : S"I/'and ,Sc : u¡/D¡ (j : L,2).

In the boundary-layer approximation after non-dimensionalising and introducing the sim-



ilarity variables (1.41), our problem reduces to

Q'j' + e;2ø,Q'j :0,
itrrf+orv!:0,
o¡(0) : (_r¡j-r0jv,j(o), oi(0) _ Õi(0),

oí(0) --aairi), ú,(0) :r-iûz(o), vl(o) -lvrq);
Õ"(oo) - 2, O2(oo) : g, itrr¡(oo) : 6, i: I,2,

where

25

(r.42)

€zPoz t,,
,,la u¡

pj
Po¡

, _ phpî 16
" - PirPî1V D,€tPot

where

I,*9j: E(p¡)dp¡, 'i -- L,2.

Thus the dimensionless diffusion flux is

vi(o) : (2 - j)bp' + (j - r)me2 L

b% * mgz gj

J 1 2.

In the new variables the Sherwood number (1.40b) can be written as

shj: -*r"i,'vi(o), (1.43)
lr0j

Pe¡ -W i:L.2.' Di r ''-)

where Vi.(O) (i : L,2) is given by the solution of the system of equations (1.42).

In the case of liquids, for which t;' < 1 (j - 1, 2), the equations for Þ¡ can be integrated
to give

'Yi, $.44)

where ot¡, þ¡ and 7¡ ar ducing (L.44) into (1.42) gives us

ìr,j : q, 
Io" 

ø(p¡)¿p¡f ,

E(p¡): exp (-+rl - *ú - ^f¡P¡

Now we can calculate the Sherwood number in (1.43)

, i : Lr2,,
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On this basis an iterative numerical procedure to solve (L.42) has been used (see Sapund-jiev & Boyadjiev (1ggg)). This iterativc approach has been applied for the solution of
the problem (1.a2) ãt €1: 6, I0, 0L 0z +0.1, +0.3, t0.5, ø b:m 1, as well

mass 1n
firsr (mlb:0) or the second (blm - 0) phase.

The results for the dimensionless diffusion flux for three cases are shown in Table 1.5
and these results are used to determine the sherwood number sh¡ (j : r,2).The cases
considered were (a) the case of commensurable diffusive resistance (b/m : 1) which
represents mass transfer in both phases, (b) the case where the interfacial mass transfer
is limited by mass transfer in the liquid (b/m - 0, O2 : 0) and (c) for the case of droplets
for which mf b:0.

Table 1.5: Dimensionless diffusion fluxes under conditions of intense interfacial mass
transfer between two liquids.

From Table 1.5 (see Boyadjiev & Babak (2000)) we observe that, in the case of commen-
surable diffusion resistances (b/m = 1), the increase in the diffusion mass-transfer rate,
as evidenced by the increase in i['(0), in the one phase is coupled with a decrease in the
diffusion mass-transfer rate in the other phase. In the particular case (b/m: L,0t: 0z)
both effects compensate each other completely and the results from the non-linear theory(0r: e, # 0) coincide with those from the linear theory (0r: 0z :0).

L.7 comparative analysis of the linear and non-linear
theories of the interfaciar heat and m¿ìss transfer

It has been demonstrated that the average mass-transfer rate for fluid-solid permeable
surface systems can be determined from (1.7) for a given concentration distribution on
the surface obtained solving the governing equations for a specific problem. Thus the
following expression is readily obtained from (l.z) and (1.11)r

, : -*HpeL/2ú,(o)(Õ. - Õ*), (1.45)

e,: t, €1: ¿2 - lQ
: vl(o0b n'¿: L, -0rnf b:0,út 0 -0b zn:0,ú'r(0ù:02

0 0
0.0
0.1

-0.1
0.3

-0.3

0.5

-0.5

0.4319
0.4316

0.4316
0.4289

0.4289

0.4237
0.4237

0.8786
0.8261

0.9400
0.7398
1.0996

0.6689
1.3305

0.8497
0.9073

0.8003
L.0562

0.7189
r-2703
0.6519



where (C. -C*) is the value of the concentration difference in the concentration boundary
layer (see Boyadjiev (1984)). It can be directly seen (see equation 1 on p.xv) that the

ratio p* f pfi in (1.a5) takes into account the convective transfer of the flow through the

interfacial boundary, which is induced by a large concentration gradient.

The dimensionless diffusion flux V'(0) in the expression for average mass-transfer rate

(1.45) depends on the Schmidt number (e : 1/fr) and on the maximum concentration

difference (Q - M(C. - C*)lep$):

itr/'(0) : F(e, o).

A dimensionless concentration difference can be introduced in (1.45)

A,C : M(C. - C* : 60,
pö

and the ma^ss-transfer rate is then
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(1.46)J : -D+PeL/2F(e,O)AC.

In the approximation of the linear theory of mass transfer O : 0, and p. f pi: 1, and

the mass-transfer rate is denoted as Jo. The dimensionless diffusion flux depends on the

direction of the interfacial ma^ss transfer, i.e. it depends on the sign of O. For interfacial
mass transfer from permeable surface toward the volume O > 0, and in this case the

mass-transfer rate is denoted as "Ir. In the ca^se of interfacial mass transfer toward the

permeable surface (O < 0) and C* - 0 and p.lpö: 1, the mass-transfer rate is denoted

as Jz.

In the ca^se of O ) 0, the rise of AC leads to an increase of O and the ratio p. I pó, and this
also leads to a decrease of F(e,O). When O < 0 and Õ* :0 (p.lpö:1), the increase

in AC results in an increase of -F(e,O). This multiple influence of the magnitude and

the direction of the concentration gradient on the mass-transfer rate can be made clear

through a comparative analysis of Jo, Jt and J2. In the case of diffusion of water vapour

in air, when [J* : Lmf s, L : 0.Im, D : 2.19 x L0-3m2 fs and € : 1 the dependencies

Jo, Jt and J2 on AC are shown at Figure 1.5 (see Boyadjiev & Babak (2000)).

The effects due to an increase in the concentration difference are shown in Table 1.6. It
can be clearly seen that when O > 0 the influence of the concentration difference AC
on the convective (p- lpil and diffusion (F(e, O)) effects is different, while the change of
p[ also leads to a change in O. Regardless of the rise of p* lpô, the Sherwood number at

O > 0 is always smaller than the Sherwood number at O < 0 (for equal concentration

differences). This is analogous to the result for the mass-transfer rate (Figure 1.5), where

non-linear effects due to large concentration differences increase the mass-transfer rate,

in comparison to data from the linear theory.

The results shown in Table 1.6 and Figure 1.5 are valid in the case of mass transfer in a
gas phase. In the case of liquids, the ma>cimal possible concentration gradients observed
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1.103

0,1 0,2 AC
Figure 1.5: The influence of the direction of the mass transfer on the mass-transfer rate.

occur at small O and the above effects are not observed, except in the case of unlimited
solubility of the diffused substance.

The heat-transfer rate (1.19) is determined from the coefficient of heat transfer (k¡),
where the dimensionless flow T'(0) depends on the Schmidt number (e) and ; th;
concentration difference

T'(0) : Fr(e,dr,A). Q.47)
In this manner the Nusselt number is

Nu: -peLlz l*U,õr, 
o) + @ãr&r,(€, o)] . (1.48)

The level of heat transfer measured by the Nusselt number in (1.48) depends on the
dimensionless temperature difference

ar :Ì. :ÌoT* (1.4e)

and upon the concentration difference AC. In particular it depends upon the sign of
these quantities, i.e. whether the mass and heat transfer are co-directional or not.

In the approximation of he linear theory of the mass transfer (O - 0) the following is
obtained directly from (1.48)

Nus: -Per/2Fr(e,a7,o). (1.b0)

Under the conditions of the non-linear mass transfer it follows from (1.4g) that:

I

5

2

1

0

Nu^n - -PeLlz [+tr, 
dr,O^) *Wr(e, O-)

rn = Lr2, n: Ir2,

(1.51)
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A,C x 102 o p.lpã F(1, O) Sh

0.000
0.2t5
0.359
0.718
7.440
2.L50
0.2I5
0.359
0.718

1.440
2.I50

0.0000

0.0315

0.0544
0.1190

0.2950

0.5800

-0.030

-0.050
-0.010

-0.200

-0.300

1.00

1.03

1.05

7.L2

L.29

1.58

1.00

1.00

1.00

1.00

1.00

0.644
0.649

0.639
0.612

0.550
0.486

0.679

0.689

0.716

0.779
0.855

44.9

45.3
45.5

46.3
48.1

51.9

45.9

46.5

48.4

52.6

57.8

Table 1.6: Comparison of the non-linear effects under conditions of intense interfacial

mass transfer in gas-solid surface systems.

where Or ) 0, Oz < 0, A?1 > 0 and LTz 10, i.e. the mass and the heat transfer

are co-directional at m : n, while at m I n they are not co-directional. Under these

conditions we obtain from (1.46)

O- : (-1)--t 4O", m: L,2. (1.52)
€Po

Introducing (1.51) and (1.52) allows us to obtain the relationship describing the de-

pendency of the Nusselt number on the concentration difference, i.e. a relation for the

heat-transfer kinetics as well as the non-linear mass-transfer kinetics. These results are

displayed in Figure 1.6 (see Boyadjiev & Babak (2000)); they are obtained at Pe - 104,

e : !, dT :2, LT,-: (-1)z-t (n: L,2) and are compared to the results obtained from

the linear theory (N"o).

It is seen from Figure 1.6 that the non-linear effects (a.s a result of an intense interfacial
mass transfer under the conditions of large concentration differences) compared to the

linear theory (Nro) lead to a rise in the heat-transfer rate (Nu*n), when the mass transfer

and the heat transfer are co-directional (rn : n), and to a decrease in the heat-transfer

rate, when these two processes are not co-directional (* * ").
The multi-component mass-transfer rate (1.16) is determined from the mass-transfer

coefficient, i.e. from,Sä¿ ('i:1,...,n), where the following can be obtained for the

dimensionless concentration gradient

q(o) : F¿(e,a¿, o), i: L,... ,P. ( 1.53)

Thus it is seen that the multi-component mass-transfer rate depends on the concentration

difference of the separate components

1LC¿: ,P, (1.54)
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Figure 1-6: The influence of the direction of the mass transfer on the heat-transfer rate.

as well as upon the large concentration difference AC. In a similar rilay as in the case of
heat transfer, it is important whether the non-linear mass transfer and the mass transfer
of the other components are codirectional or not.

In the approximations of the linear theory (O _ 0) we obtain

Sho¿ - -Per/24á(€,a¿,@), i: L,... ,p. (1.55)

150

aC0,20,10

Under conditions of non-linear mass transfer the Sherwood number is

shou - -PeLlz lrur,a¿,a) 
* Ært,, """)] 

,

,i: Ir.. " ,p, i: Ir2,

where A'Ca ) 0, AC¿2 < 0 (i - 1,. .. ,n), i.e. the non-linear mass transfer and the mass
transfer of the different components are codirectional when rfi, : ,rrt and they are not
co-directional when m # n.

The relation (1.56) is shown on Figure 1.7 under the following conditions; pe - 4566,
€:1, dT:2, L,c¿: (-1¡r-t (i,:r,... ,n) and a comparison to linear theory (1.55) is
done.

The data presented in Figure 1.7 (see Boyadjiev & Babak (2000)) shows that in compar-
ison to linear theory (Säro), the multi-component ma^ss-transfer rate (Nu-n) increases

(1.56)

mon

NueNurn . Nuo

m#n
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Figure 1.7: The influence of the direction of the mass transfer on the multi-component
mass-transfer rate.

with the rise in the large concentration gradient (AC), when the non-linear mass trans-
fer and the multi-component mass transfer are co-directional (* : n). In the cases of
rn # n, the multi-component mass transfer decreases with the rise of AC.

The theoretical analysis of the intense interfacial mass transfer in gas-liquid systems as a

result of large concentration gradients shows that the non-linear effects are significant in
the cases when the interfacial mass-transfer rate is limited by the mass transfer in the gas

phase. In the dimensionless concentration gradient .F'(e, O) the influence of the motion
of the liquid on the velocity distribution in a gas diffusion boundary layer is considered.

Results show that there is a difference between the absorption rates (O < 0) and the
desorption rates (O > 0). The various effects under conditions of. Pe:104 and,5c:1,
in the cases of absorption and desorption of ammonia in water (or a water solution of
acid) are displayed in Figure 1.8 and Table 1.7. These results are the same as the
ones under the conditions of the interfacial mass transfer in gas-solid permeable systems
(Figure 1.5 and Table 1.6).

The theoretical analysis above shows that the non-linear mass transfer due to large con-

centration gradients leads to an increase in the mass-transfer rate. This rise is higher
when the interfacial mass transfer is from the volume toward the interfacial surface.

The influence of the non-linear mass transfer on the simultaneous processes of heat trans-
fer and multi-component mass transfer depends on the direction of these processes. In
the case when the non-linear mass transfer and the parallel transfer processes are co-

directional, a rise in the concentration gradient leads to a rise in the parallel transfer
process rate. In the case when these two processes are not co-directional, the parallel
transfer process rate decreases.

0
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Figure 1.8: The influence of the direction of the mass transfer on the mass-transfer rate
in gas-liquid systems.

AC x 102 o p./på r(1, o) Sh
0.00

0.65

1.30

1.95

0.65

1.30

1.95

0.000
0.113

0.274
0.517

-0.10
-0.20

-0.30

1.00

1.11

L.27

L.52

1.00

1.00

1.00

0.730

0.676

0.614

0.535

0.785

0.851

0.932

73.2

75.0

78.0

81.3

78.5

85.1

93.2

Table 1.7: Comparison of the non-linear effects under conditions of intense interfacial
mass transfer in gas-liquid systems.

There are some additional effects. The work by Boyadjiev & Halatchev (lggSa) studied
non-linear mass transfer and Marangoni effect in gas-liquid systems; these were subse-
quently extended in Boyadjiev & Halatchev (199Sb) to consider mass-transfer kinetics of
systems with large concentration gradients. The large concentration gradients, which
induce secondary flows, can be created not only by large concentration differences, as ha^s
been shown so far, but also from a decrease in the thickness of the boundary layer. This
can arise through a chemical reaction together with the mass transfer. In the case of
absorption in a falling film (see Boyadjiev & Babak (2000)) the chemical reaction in the
liquid leads to a decrease in the boundary-layer thickness and the increase in the mass-
transfer rate is proportional to the change in p. /p6. The same result has been obtained
in the work by Boyadjiev (1992) when the effect of large concentrations is considered.
The influence of the non-linear mass transfer on the flow in a laminar boundary layer (see
Boyadjiev (1982)) is considerably more complex; when these layers start interacting, for
example the flow of a gas or a liquid into a channel (see Boyadjiev (1992)). As a result

6

I

2
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the Sherwood number depends on the length of the channel.
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Chapter 2

Linear Stability Analysis of
Two-phase Systems (uncoupled
problem)

Most industrial scale processes depend, in one way or another, on the fluid flow stability.
The equations describing such fluid (gas or liquid) flows are evolution equations which
describe the change of both the velocity and the pressure with time and in space. As

noted by Joseph (1976) this allows us to use existing techniques for the stability analysis

of the evolution of hydrodynamics.

As demonstrated in Chapter 1 systems with interfacial mass transfer are characterised

by a number of non-linear effects which can significantly change both the kinetics and

the mass-transfer mechanism as a result of the effect of induced secondary flows on the
velocity and concentration fields. The change may have a significantly greater effect if the
system Ioses its stability and reaches a new stable state, what is termed a self-organising
dissipative structure. The mathematical description of these systems can be carried out
on the basis of stability theory. In the present chapter the stability of boundary-layer flows

in fluid-solid permeable systems will be studied. An attempt to examine some aspects of
the boundary-layer flow instabilities in the cases of gas-liquid and liquid-liquid systems

will be briefly discussed.

2.L Fluid-solid permeable surface systems

A linear stability analysis of the flow in the laminar boundary layer is considered un-
der conditions, where high mass fluxes at the interface induce secondary flows. These

secondary flows have the effect of "suction" or "blowing" from/into the boundary layer,

depending upon the direction of the intense interfacial mass transfer. The induced sec-

ondary flow is a result of concentration differences and has a nonuniform velocity ur, (see

equation (2) on p.xv) along the length of the surface. This velocity is proportional to the

35
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local mass flux on the interface (see Figure 1.1).

Let us consider the steady laminar flow of a viscous incompressible fluid over a flat, semi-
=-=-ì := infinrte permeable piate¡across w

model for this flow consists of the Navie¡-Stokes equations coupled to the convection-
diffusion equation

aui

#.uö#*v;#
L AP;-o66r"*'

AUð

ôr*
+

#*ui#*u;
#*ui#*u;

oa*

AV;
oa*

ac6
oa"

/a2
[aæ *

(2.1)

(2.2a)

(2.2b)

(2.2c)

(
a2

)

)

+

+

a2

æ
a2

6r*

ui,

V;,+2

a2

ôr

Cô,
ôa*2

D

with the initial and boundary conditions

(Uö,V;) : (U*,0), Cð : CL, po* : 0 at ø* : 0;

(Ji :0, vi : -##, cö : Õ[ at a* -- o;

Uö + U*, Cö - ÕL as gr* -> oo.

Here ø* and y* denote Cartesian coordinates aligned along and normal to the plate
surface, respectively, Ufr and Vs* are the velocity components in the ø* and g* directions,
P,i is the pressure, z the kinematic viscosity, Cj the concentration at the permeable
surface, Ci the free-stream concentration (as y* _r oo), pfi is the gas(liquid) density and
an asterisk denotes a dimensional quantity. The coupling between the Navier-Stokes and
convection-diffusion equations occurs in the boundary condition for the vertical velocity
component (2.2b), where M is the molecular mass and D is the diffusion coefficient. This
condition corresponds to existence of species flux at the surface. For the special case of
impermeable surface it simply reduces to )C[lôy* : 0. In order to allow comparison
with the classical triple-deck theory for the Blasius boundary layer we now employ a
slightly different notation to that introduced in Chapter 1.

The above system is non-dimensionalised with respect to a typical length scale ^L (for
example, the distance from the leading edge of the plate), the free-stream speed U- and
the concentrations Õfr and Õ; as follows:

(r*,a*): L(a,a), '* - Lt'-u* (U;,U;) : (J*((Js,Vs),

cö : Õ; + (cö - ÕL)co Pd : påuZP.

(2.3)



The resulting non-dimensional equations are then
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(2.4)

0Uo

a, +
)Vo

Aa

0Uo

oa

?Vo

0y

0Co

0a

0,

0Uo

At

ôVo

at
0Co

At

A2

æ
ô2

æ

a2

ar,
A2

ar,

#)',,
L /a2f 

-rScRe \0r2 '

+

+

)ø,

) 
u,,

which must be solved subject to the initial and boundary conditions

(Uo,Vo) - (1,0), Co: I at r :0;
Us:Q, l/s- o aco ,Co:1 on y-0; (2.5)

Sc Re 0y
Uo -r l, Co:0 as g + oo.

Here Re : U*Llu is the Reynolds number, Sc: ulD is the Schmidt number and

0 : M (Cö - CÐ / pô is a parameter which characterises the intensity of the mass transfer
across the flat plate.

The influence of the intense mass transfer on the hydrodynamic stability of the flows in
the laminar boundary layer will be investigated by applying linear stability theory (see

Schlichting (1979), Drazin & Reid (1981)). This theory will be applied for an almost
parallel flow in the boundary layer (see Boyadjiev, Halatchev & Tchavdarov (1996a)),

i.e. under the boundary-layer approximation. The basic boundary-layer flow and con-

centration field for fluid-solid permeable surface systems are governed by the systems of
equations (1.a) and boundary conditions (1.5). After introducing similarity variables, as

was demonstrated in Chapter 1 (section 1.1), we obtain the system (1.9).

z.L.L Disturbance equations

The linear stability analysis considers the total flow field (U,V,P) ,. a superposition of
a small amplitude, two-dimensional disturbance (u,u,p) upon the basic flow (Us, Vs, Ps):

u(r,Y,t) :
V(r,Y,t) :
P(r,Y,t) :
C(r,y,t) :

Uo(r,y) + eu(r,g,t),
Vo(r,y) * eu(x,y,t),

Po(r,y) + ep(r,y,t),
Co(r,y) + ec(r,y,t),

(2.6)

where € (0 < e < 1) is a small perturbation parameter.

The governing equations for two-dimensional disturbances follow from the Navier-Stokes
equations and the convection-diffusion equation by linearisation about the basic steady
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flow and concentration.state. This yields the equations

urluu : 0, (2.7a)
0 u 09 0 'Lly : -P" I u* I u,ou

-Pv * Re-L (ur, * rru) ,

Re-r Sc-L (cr, * cya) .

(2.7b)

(2.7c)

(2.7d)

u¡ * Usas * uVs" * Vsu, i aVs, :
c¿ * Usc¡ i uCs, * Vsc, * uCs, :

2"L.2 Boundary conditions at the interface

In order to simplify the problem and study the dominant mass-transfer effect we shall
make the first engineering approximation, that is linearisation of the vertical disturbance
velocity inhomogeneous boundary condition. The system of equations (2.7) has the fol-
lowing initial and boundary conditions:

(u,u): (0,0), c:0 at n:0; (2.8a)

(2.8b)

(2.8c)

'tt :0, u
00c

Sc Re 0y ,c:0ony-0;
u)0) c:0 as g/->oo.

It was argued in Boyadjiev et. ø/. (1996a) that since in the first-order approximation the
mass-transfer parameter d is small (ldl < 1), a linearisation in the boundary condition for
the disturbances equations can be made, resulting further in a decoupling of the distur-
bance equations thus leading to a classical eigenvalue problem of Orr-Sommerfeld type.
This assumption was based upon the fact that the inhomogeneous boundary condition
(2.8b) for the vertical velocity component contains a term proportional to the mass-
transfer parameter á and reciprocal of the Reynolds number. Thus, even for moderate
values of the Reynolds number, this term would be small, and hence the inhomogeneity
could be ignored. Considering this simplification in the first-order approximation of the
small parameters e2, e and d the boundary condition for u at the surface (2.gb) reduces
simply to o : 0. Hence, the only way the ma^ss transfer can affect the boundary-layer
flow stability is through its influence on the ba^sic flow, changing the shape of its velocìty
profile and hence its hydrodynamic stability properties.

2.L-3 orr-sommerfeld equation for almost parallel boundary-
layer flows

Under the above assumption, the boundary conditions at the interface decouple. Equa-
tions (2.7a), (2.7b) and (2.7c) are therefore decoupled from the convection-difiusion equa-
tion for the concentration disturbance (2.7d). Differentiating the ûrst two equations with
respect to y and ø gives us the opportunity to eliminate the pressure p from the governing
equations.
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We shall employ a parallel flow like approximation. The stability of the basic flow will
be examined by considering periodic disturbances of the form:

u(r',a) : F'(a) exPi'a(r - ôt), (2 9)

u(t,a) : -iuF(Y) exPi'a(r - ct),

where F'(g) is the amplitude of the disturbances; o and ô are respectively the wavenumber

and wave-velocity:

o:?n . . r -.i (2.10)

In the expression (2.10) ) i, r;;^;; ;; l"'lo',"'*the rrequency and aô,¿ thegrowth
rate. The condition for stability of the flow is e < 0. In the case of ô¿ > 0 the basic flow
is unstable (the amplitude grows with time).

Introducing (2.9) into (2.7), eliminating the pressure, leads to an Orr-Sommerfeld type
of equation for the amplitude of the disturbances

(uo - ê) (F" - ,'F) -'!^Yro , : (2.11)
oa"

L

- oR"@^ - 2,.2F" + a4F) * Llror"' - (m- r') 
"'] 

,

which must be solved subject to the boundary conditions

U:0: F:0, F':0;
g -> oo : F:0, F' :0.

The additional terms to the classical Orr-Sommerfeld equation which appear in (2.11)

take into account the boundarylayer growth (see Van Stijn (1982, 1983)). In this sense

the boundary-layer flow is termed "almost" parallel.

2.L.4 The basic flow field and disturbance amplitude governing
equation

The basic velocity profiles were obtained through solving the two-point boundary-value
problem (1.9) a^symptotically and numerically and the results tabulated. As was noted
in Chapter 1 (section 1.1.) the comparison of the results obtained using the two ap-

proaches shows good agreement (see Table 1.1). Having the exact boundary values

for certain values of the parameter d and Schmidt number Sc, found in the studies
Vulchanov & Boyadjiev (1988) and Vulchanov & Boyadjiev (1990), and reported in Chap-
ter 1 the basic flow profiles were generated by using the last step in the usual numerical
procedure for solving two-point boundary-value problem, i.e. the problem (1.9) was re-

duced to an initial-value problem. In order to do this it is suitable to introduce the
boundary-layer variables

U : Re-r/ry, (Jo: (JB, Vo: Re-L/2Va, (2.L2)
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where 3r is physical coordinate and Y is boundary-layer coorrdinate. The boundary-layer
equations are such that a similarity solution exists and we therefore define a rew similarity
variable

.Y

From (1.8) it follows that the new similarity variable ( can be related to the old similarity
variable 17 via the Schmidt number (e :1FSc, Sc: u/D) as

,
Ç: 

=q. 
(2.13)

€

Hence all functions in the equation (2.11) can be expressed in terms of the new variable

Ue: f'G), VB: 1
........:
2r/r

(ç,1' - f),

(2.r4)

Now from (1.9), (2.13) and (2.t4) / can be determined from

2Í"'+ f Í":0,
.f (0) : ø, /'(0) : 0, Í"(0) : lU,

(2.15)

where a and ö are tabulated in Table 2.1 and determined through solving the system of
equations (1.9) (O(0) - ø, O'(0) : 0, Þ,,(0) : ö). The initial condirions ø and b include
the effect of the ma^ss transfer on the velocity profiles in the boundary layer. They de-
pend considerably on the direction and magnitude of the induced flow rate, i.e. on the
direction and magnitude of the mass-transfer rate. The case of. 0 > 0 corresponds to
"blowing" while 0 < 0 corresponds to "suction" in/from the boundary layer and accord-
ing to the theory of the hydrodynamic stability (see Schlichting (1929)) stabilisation or
destabilisation of the boundary-layer flow should be expected.

Introducing (2.7q into equation (2.11) and its boundary conditions leads to the following
Orr-Sommerfeld type of equation:

(Í' - c) (ç" - ¿'v) - f"'e: -h{rr- - 2A'e" + e) - (2.16)

7 r- ì
,(e t' - Í) e"' + ;lKÍ"' + r") + A, (CÍ, - Í)) ç, l,

)
with appropriate boundary conditions

p(0) :0, p'(0) :0; p(oo) :0, p'(oo) :0

F(ù - ç(Ò, P(i) : 5-irj), 6 -
j :1,... ,4.

lurle
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€ 0 o, b

1 -0.30
-0.20
-0.10

0.0

0.10

0.20

0.30

0.2546
0.1557
0.0716

0.0

-0.0619
-0.1162

-0.1643

1.710

r.557
L.432
7.329

L.239

T,T62

1.095

10 -0.05
0.0

0.05

0.10

0.20

0.0229

0.0

-0.0124

-0.0207

-0.0319

0.0136
0.0133

0.0131

0.0129

0.0128

20 -0.05

-0.03

0.0

0.03

0.0239

0.0t22
0.0

-0.0057

0.0034

0.0033

0.0032

0.0032

Table 2.1: Initial values ø and ö for several values of the parameter á and Schmidt number
Sc (e: rß¿).

Here A : qõ is the wavenumber, C : B f aU* : Cr*i0¿the wave-speed and Re : tJ*õ f u
the Reynolds number.

The linear stability analysis of a laminar boundary layer under conditions of intense
interfacial mass transfer is reduced to determining C, and rp(() at C¡: 0, when the
Reynolds number .Re and the wavenumber A arc given. The critical Reynolds number
Ren is defined as the point on the neutral curve of stability at which dReldA:0, i.e.

the turning point.

The eigenvalue problem (2.16) can be solved numericallyl. Since the problem is a linear
eigenvalue problem, in theory it is possible to solve for C : C(Re,A). Solutions for this
problem are usually presented in two ways: for specific values of the parameters Á and
Re, the corresponding value of C is tabulated or the locus in (Re,A)-plane on which
C¿ : 0 (the curve of neutral stability) is plotted. The critical Reynolds number is the
minimum Reynolds number above which an infinitesimally small disturbance will grow.
We consider only the temporal stability problem in which the Reynolds number .Re and
the wavenumber A are given real values, while the complex wave-speed C is determined
as the eigenvalue.

lThis work has been reported in Boyadjiev et. ol. (1996a). The chasing method for solving twopoint
bounda,ry-value problems has been used (see Na (1979), Berzin & Zhidkov (1965)).
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2.t.5 Curves of neutral stability

The curves of neutral stability presented in the (.Re,.A)-plane as well as in (.Re, C,)-plane
are gtven ln t' lgures 2.1 to 2.6. 'I'hey are obtained for gas-solid permeable surface systems
(e : 1) and for liquid-solid permeable surface systems (e : 10, 20).

A 0'5

0.4

o.2

0.1

0.3

0
200 400 600 800 1000 1200 1400 1600 1800 2000

Re
Figure 2.1: The curves of neutral stability in (Re,,A)-plane in the case of gas-solid per-
meable surface systems (e - tEc- 1).

The critical Reynolds number Ren, the corresponding wave-speed C,, and wavenumber
A ate obtained. Cr^o, and A^o, are also obtained from these results. We denote by
A^o, the ma:cimal value for wavenumber and Cr*o" the maximal value of the wave-speed
at which the flow is stable at any Reynolds number. They are shown in Table 2.2 for
different values of mass-transfer level (9) in the case of "blowing" and "suction',.

It is seen from Figures 2.1 - 2.6 and from Table 2.2, that interfacial mass transfer directed
toward the phase boundary (A < 0) (the effect of "suction") stabilises the flow, i.e. an
increase in the concentration difference lÕ6 - C;l (ttrat is, d) leads to an increase in Ren
and to an increase in Cr^o, and A^or. In the case of mass transfer directed from the
phase boundary toward the volume (d > 0) (the effect of "blowing" ) a destabilisation of
the flow is observed, i.e. an increase in the concentration difference lÕ6 - C;l leads to
a decrease in Ren and to an increase in Cr^o, and A^or.

Thus, high concentration gradients have a stabilising effect at 0 < 0, and this is sig-
nificantly higher then the destabilising effect that occurs in the case of a change in the
direction of mass transfer (d > 0).

e =o.3
U=O.2

0=o,1 e=o,o 0--o.1
0 = -0.2

0 = -o.3

t'1.
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o.25
o 500 loo0 f500 2000

Re

Figure 2.2: The curves of neutral stability in (.Re, Ç)-plane in the case of gas-solid
permeable surface systems (e - ,,Æ,: I).

A o.4

o.3

0 =0.2 -O.1 0-O.05 e -o.O
ô - -0.o5

o.2

¡+O0 5O0 600 700 e00 9OO IOOO liOO

Re
Figure 2.3: The curves of neutral stability in (.Re, A)-plane in the case of liquid-solid
permeable surface systems (e: tÆ,: 10).
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o.36

2OO 40o 600 8OO 1OOO 12OO

Re
Figure 2.4: The curves of neutral stability in (Re,C")-plane in the case of liquid-solid
permeable surface systems (e - JSc- 10).
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Re
Figure 2.5: The curves of neutral stability in (.Re, A)-plane in the case of liquid-solid
surface systems (, : ,/5":20).
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Figure 2.6: The curves of neutral stability in (.Re, C")-plane in the case of liquid-solid
permeable surface systems (e - {Sc: 20).

0 Ren A C, A^o, Cr*o,
1 -0.30

-0.20
-0.10

0.0

0.10

0.20

0.30

1619

1014

689

501

386

310
258

0.259

0.285

0.290

0.305

0.309

0.320

0.331

0.3281

0.3587
0.3816

0.4035

0.4196

0.4351

0.4488

0.301

0.322
0.340

0.359
0.373

0.387

0.398

0.3310
0.3599

0.3848

0.4067
0.4243
0.4396

0.4526
10 -0.05

0.0
0.05

0.10
0.20

555

501

476
459

437

0.300

0.305

0.305

0.305

0.310

0.3960
0.4035

0.4062
0.4085
0.4t23

0.351
0.359
0.360
0.361

0.367

0.3990
0.4067
0.4097
0.4724
0.4155

20 -0.05

-0.03

0.0

0.03

558

528
501

488

0.305

0.305

0.305

0.305

0.3959
0.4010

0.4035
0.4064

0.351

0.354

0.359
0.362

0.3978
0.4037

0.4067
0.4099

Table 2.2: Values of the critical Reynolds numbers Re",, corresponding wave-speed Ç
aîd Cr^o, and A^o" obtained.

The observed influence of the intense interfacial mass transfer on the hydrodynamic
stability in the fluid-solid permeable systems is much more interesting for systems with

0 -0.03
0 -o.o

0- -0.05
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interfacial boundaries, such as gas-liquid and liquid-liquid systems.

#Gas-liquid systems

In the previous section we considered the case of fluid-solid permeable surface systems.
We now turn our attention to the problem of the stability of a laminar boundary-layer
flow, under conditions of intense interfacial mass transfer, when high mass fluxes through
the gas-liquid interface induce secondary flows. The results of this study have been
reported in Boyadjiev & Halatchev (1996b). The interaction between the flow in the gas
and liquid phase is considered in the case of movable liquid surface (see Figure Z.Z¡.
The flow stability under these conditions is not only of theoretical, but also of practical,
interest in view of the fact that it defines the rate of a number of industrial absorption
and desorption processes.

a

gas

T

liquid

Figure 2.7: Schematic representation of the velocity profiles of the flows in the gas-liquid
system.

The governing equations of the non-linear mass transfer in gas-liquid systems (1.2b)
will be considered under the approximation of mixing-layer theory (see fing (tgSS)),
assuming that the diffusive resistance is concentrated in the gas phase (see Vulchanov &
Boyadjiev (1990)) where it rvas shown that the non-linear effects in the liquid phase can
be neglected. Hence, attention will be focused on the problem when the mass transfer
is limited (located) only in the gas pha"se. The basic boundary-layer velocity and con-
centration fields will be taken to be self-similar and governed by the system of equations
(1.31). This two-point boundary-value problem has been solved asymptotically as well
as numerically and the solutions tabulated (see Chapter 1, section 1.4). We will generate
the velocity profiles in a similar manner, as in the last section, by reducing (1.31) to an
initial value problem for the functions f¡ (j :1,2), which are solutions of

2Íj" + ÍiÍj' :9,
Í¡(0): o¡, fj(O): b¡, Íj'(0): c¡, j : L,2,
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where aL : aro, h : €ún12, Ct : elclsf 4, a2:0, bt : €zbzo and c2: -eTczol2. The

values of ø1e, óro, crg, ó2s and c26 (these are the exact boundary conditions of (1.31))

are tabulated in Table 2.3 for €t : t and in Table 2.4 for €z : 20 and different values

0s oro bro cto

-0.30
-0.20
-0.10

0.0

0.10

0.20

0.30

0.2797
0.1703
0.0785

0.0

-0.0682

-0.1283
-0.1816

0.2185
0.2166
0.2t52
0.2138
0.2729
0.2118

0.2L07

r.662
1.520

r.402
1.304
1.220
1.084

1.084

Table 2.3: Initial values / and its derivatives in the gas phase al fi - 0.t, 02: 0.152,

several values of the parameter d3 and Schmidt number Sc (e1: 1@ : 1).

0s bzo czo

-0.30
0.0

0.30

0.0546
0.0536

0.0627

0.00033
0.00026

0.00022

Table 2.4: Initial values / and its derivatives in the liquid phase at fu - 0.7, 02:0.152,
several values of the parameter d3 and Schmidt number Sc (e2 - \M:20).

of the parameters 0¡, 02 and d3 (1.26). Note the parameters d1 and d2 account for the

kinematic and dynamic interactions between the gas and liquid phases respectively, while

d3 characterise the mass-transfer level in the gas phase.

The effects of the intense interfacial mass transfer in the gas-liquid systems appear as

a difference in the rates of absorption and desorption. In the cases where the process is

limited by the diffusion resistance in the gas phase this difference can be explained by

the Marangoni effect in the tiquid phase. The higher rate of absorption (compared with

the rate of desorption) can be explained by the effect of non-linear ma^ss transfer, i.e. the

influence of the induced secondary flow on the kinetics of the mass transfer. Those cases'

where the desorption rate is higher then the absorption rate can be explained with the

flow destabilisation and transition to turbulence, since it is possible for the flow in the

gas phase to be turbulent for desorption and laminar for absorption at equal Reynolds

numbers.

As has already been mentioned, the flow instability analysis wili be carried out under the

assumption that the interaction between the gas and liquid phases in the disturbances

equations can be ignored in the first-order approximation; that is the effect of interfacial

ma^ss transfer is dominant. F\rrthermore, it was argued in Boyadjiev & Halatchev (1996b)

that the disturbances are in the flow volume but not on the interface. In this sense the

stability of the profiles Í¡ (j : L,2) will be studied by solving the Orr-Sommerfeld

(2.16) equation separately in the two phases with the boundary conditions for a rigid
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surface' excluding the effect of interfacial instabilities and considering the effect of mass
transfer only through its influence on the basic boundary-layer flow. The Orr-Sommerfeld
equation for the gas and liquid phases have the same form and can be written as:

(fj- c¡ (e'; - ,q'ç¡) - fj"vi : -h{V; - r¿"vi + ej) - (2.rr)

Tfr,rl - r¡) çi +|lÇtrl" + rj') + A' (e¡rj- r,)ld,I, j : r,2

and the boundary conditions

p¡(0) : 0, V'¡Q) :0; f1(oo) : 0, V'¡(æ) :0, j : L,2. (2.1g)

The curves of neutral stability (Re, A) and (.Re, c,) for the gas phase are shown in
Figures 2.8 and 2.9. The critical Reynolds number, the corresponding wavenumber and
phase velocities are presented in Table 2.5.

A o.5

o.4

0.3

o.2

o.f

o
o 500 10oo fsoo 2ooo 25OO 3OOO

Re
Figure 2.8: The curves of neutral stability in (.Re,,A)-plane in the case of gas-liquid
systems (in gas phase 0 : gs).

It is seen from the results that the direction of the intense interfacial mass transfer
influences the hydrodynamic stability of the boundary-layer flow in the gas phase in a
manner analogous to the case of the solid interface. Hence, in the case of absorption
ds > 0 an increase in stability is observed. In the opposite case, of desorption d3 < 0, the
stability decreases.

0'-o.z

t=1,

0 =o.
0 =-o,1

gas liquid in gas
=o,0

t o=o.
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c,o.5

o.45

0.4

o.35

0.3
o 500 1000 1500 2000 2500 3000

Re
Figure 2.9: The curves of neutral stability in (rRe, Ç)-plane in the case of gas-liquid
systems (in ga^s phase 0 :0ù.

0s Ren A C, A^ot Cr^o,
-0.30

-0.20
-0.10

0.0
0.10
0.20

0.30

25rt
1605

1078

795

605

483

397

0.270

0.285

0.295
0.305

0.315

0.320

0.330

0.3863

0.4095

0.4264
0.4469

0.4620
0.4749

0.4866

0.304

0.325
0.341

0.356
0.373
0.386

0.398

0.3878

0.4108
0.428L
0.4493
0.4645
0.4786
0.4902

Table 2.5: Values of the critical Reynolds numbers Ren, corresponding wave-speed C"
and Cr^o, arrd A^o, obtained (in gas phase).

The solution of (2.LT) for the liquid phase (/2) shows that the flow is stable at large
Reynolds numbers (Re = 25,000), which is readily explained by the fact that the velocity
gradient in the liquid boundary layer is low and the profile ha^s a shape similar to that of
the plane flow (see Boyadjiev & Halatchev (1996b)).

2.3 Liquid-liquid systems

'We now turn our attention to the case of a liquid-liquid system. In the previous sec-
tion it was demonstrated that the motion of the interface significantly influences the
hydrodynamic stability of a flow in the ga-s boundary layer, when the phase boundary
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was considered to be a flat liquid surface. In addition, this motion and the effect of
the intense interfacial mass transfer were superposed. we should em
these two effects are studied here only through their influence on the

phasise again that
basic velocity and

instabilities. The effect of a movable interface is expected to be considerably more pro-
nounced under conditions of intense interfacial mass transfer between two liquids, where
the hydrodynamic interaction between them is stronger and the surface velocity is higher.

Non-linear effects in the case of intense interfacial mass transfer between two liquids can
manifest themselves with the same intensity in both phases. In a number of extrac-
tion processes, where the motion of one of the phases (the dispersion medium) induces
motion in the other (the dispersed phase), these effects are of great interest. Further
we consider the hydrodynamic stability of the flow under conditions of intense interfa-
cial mass transfer between two liquid phases, where the velocity in the volume of one
of them is zero. A linear analysis of the stability of a laminar boundary-layer flow un-
der conditions of interfacial mass transfer between two liquids, when high mass fluxes
through the liquid-liquid pha"se boundary induce secondary flows has been reported in
Halatchev & Boyadjiev (1996). The first liquid (phase I) is in motion over the second
one (phase II in rest) (see Figure 2"10)

a

liquid I

---+

û

liquid II

Figure 2.10: Schematic representation of the velocity profiles of the flows in the liquid-
liquid system

The basic velocity and concentration fields for this problem are given by (1. 2). This
system has been solved asymptotically as well as numerically and the solutions tabulated.
The velocity and concentration profiles are generated again by reducing this two-point
boundary-value problem to an initial value problem for the functions Í¡ (j :1,2), which
are solutions of

2Íi'+ fiÍj'-s,
Í¡(0) : A¡, Íj(0): B¡, ü'@): Cj, j : L,2,
(/í(-) : t, /i(oo) : o),
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where A¡, Bi, and C¡ are a result of numerical solution of (I.A2) and these values are
tabulated for the velocity profile in the liquid I in Tables 2.6 at e:10 in the case when
the diffusion resistance is limited by the mass transfer in the phase I (mlb:0, 9z:0)
and in the case of commensurable diffusion resistances in two liquids (b I m : L , 0 y : Qr) .

Note the parameters 0¡ (j : I,2) characterise the mass-transfer level in the two phases

respectively.

e:10 0t A1 Bt Ct
mfb:0 -0.5

-0.3

-0.1
0.0

0.1

0.3

0.5

0.66525
0.03299

0.0094

0.0

-0.00826

-0.022L9
-0.03345

0.439
0.420
0.405

0.4
0.394

0.384
0.376

0.38722
0.29754
0.27L42
0.26565
0.25742
0.23011

0.21074
bfm:I -0.5

-0.3
-0.1
0.0

0.1

0.3

0.5

0.02rL7
0.07287

0.00432
0.0

-0.00432
-0.01287

-0.02rt7

0.413

0.408
0.402

0.4
0.397

0.39

0.385

0.36788
0.29076
0.2703r
0.26565
0.2432L
0.22tL4
0.20987

Table 2.6: Initial values / and its derivatives in the pha^se I (mlb:0,,02: 0) and in the
case of commensurable diffusion resistances in two liquids (blm - t, 0r: 9"¡.

The linear stability analysis in the liquid-liquid systems is carried out in a similar fashion
to that in the case of gas-liquid systems. The results obtained show that the stability of
the flow depends considerably on the non-linear effects of the mass transfer 0¡ (j : I,2),
a.s well as on the interface velocity (B¡).

The effect of the non-linear mass transfer in the liquid I (m/b: 0) and the effects of the
increase of the interface velocity are superposed and their total influence on the stability
of the flow in pha^se I is shown in Figure 2.11 and the critical Reynolds number, and
corresponding wavenumber and wave-speed are tabulated in Table 2.7. Under conditions
of commensurable diffusive resistances in the two liquids (blm: 1) the non-linear effects

are lower (Table 2.7). The influence of the non-linear effects (á¡) on the flow stability
decreases.

A linear stability analysis of the liquid II (phase II) show analogous results as those in
gas-liquid systems. The flow is stable to large Reynolds numbers (Re x 25,000), which
can be explained by the profile shape (again, similar to that for plane flow).

The studies on the hydrodynamic stability in systems with intense interfacial mass trans-
fer show that the stability increases with a rise in the interface velocity and the rise of
concentration gradients in the cases when the ma^ss transfer is directed from the vol-
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Figure 2.11: The curves of neutral stability in (.Re,.A)-plane in the case of liquid-liquid
systems in the liquid I (phase I) (e : I},mfb : 0, 0z: 0) at several values of 0 : 0t.
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0.6092
0.6081

0.6042
0.5997

0.5969

0.358
0.364
0.372
0.372

0.374
0.375
0.377

0.6246
0.6163
0.6101
0.6085
0.6053

0.6009
0.5974

bfm:I
-0.5
-0.3
-0.1
0.0

0.1

0.3
0.5

2503

2398

2288
2243
2L70
2079

1999

0.325

0.325
0.325
0.330

0.330

0.320

0.325

0.6130
0.6099
0.6079
0.6081

0.6064
0.6020

0.6008

0.367
0.370
0.371

0.372
0.374

0.375
0.375

0.6135
0.6111

0.6086
0.6085

0.6066
0.6036

0.6015

Table 2.7: Values of the critical Reynolds numbers Re"r, corresponding wave-speed Ç
a\d Cr^o, and A*o" obtained in cases mf b :0,02:0 and bf m: L, 0y : 02 for different
values of.0t.

ume toward the interface. The decrease in the interface velocity, and the change of the
direction of interface mass transfer, serves to destabilise the flow in the boundary layer.

In a number of cases experimental studies of mass transfer in systems with intense in-

e --o,6

t=10,

liquid liquid

rn/ó=

e - -0.3

e = -o.1
e =o,
e =o,1
e =o.3
e -o.5
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terfacial mass transfer between two liquids show a higher mass-transfer rate compared
with that predicted by the linear theory of mass transfer (see Hennenberg, Bisch, Vignes-
Adler & Sanfeld (1979) and Linde, Schwartz & Wilke (1979)). To date this has been

explained as being a result of the Marangoni effect, i.e. the creation of interfacial tension
gradients as a result of temperature or concentration heterogeneity on the phase bound-
ary. The interfacial tension gradient induces secondary flows directed tangentially to the
phase boundary. They change the velocity profiles in the boundary layer. Thus, the
mass-transfer rate is directly affected. The results show that under conditions of intense
interfacial mass transfer high mass fluxes induce secondary flows directed normally to the
phase boundary. These secondary flows change the velocity profiles, consequentially they
change the kinetics of mass transfer (non-linear mass transfer) and the hydrodynamic
stability of the flow. In the case of hydrodynamic instability, there is a possible transi-
tion to turbulence and the mass-transfer rate drastically increases. This is a radically
different mechanism of the intense interfacial mass transfer influence on the kinetics of
the mass transfer and the hydrodynamic stability in liquid-liquid systems.

Only with a full solution of the problem, allowing for the possibility of interfacial insta-
bilities, will a comparàtive analysis of the influence of the Marangoni effect and the effect
of the non-linear mass transfer on the mass-transfer rate and the hydrodynamic stability
of systems with intense interfacial mass transfer be possible.
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Chapter 3

Effects of Concentration and
Temperature on the Mass-TYansfer
Kinetics and Hydrodynamic
Stability

In Chapter I we demonstrated that the large concentration gradients in systems with
intense interfacial mass transfer induce secondary flows on the phase boundary. The
induced velocities depend upon both the concentration and its gradient. In this chapter
the influence of the concentration and its gradient on the velocity distribution in the
laminar boundary layer and flow stability will be studied (this work has been reported
in Boyadjiev & Halatchev (1998b) and Halatchev & Boyadjiev (1998)).

3.1 Concentration effects

The theoretical analysis of the non-linear mass transfer and flow instability in systems
with intense interfacial mass transfer which has been presented so far considers only the
effect of large concentration gradients. Under these conditions, however, the concentra-
tions themselves are high and their influence manifests itself in a dependency of density,
viscosity and diffusivity upon the concentration. In order to consider these effects ïue use
the basic model of non-linear mass transfer.

We shall first consider the question of the dependency of the induced secondary flow
velocity upon the density, viscosity and diffusivity for the case of a laminar gas flow over
a solid permeable surface. Let us consider a binary gas mixture, in which gas phase II
has partial densityl p2 and flows over a permeable surface with mass-transfer rate u:2,

rln a multicomponent mixture the density p = Di=, pr, lkg /*"|is a sum of the pa,rtial densities of
its components, defined Æ pí = M¿q. Here, M;, llcg f mot] is the molecular mass of the i-th component
and c¿, lmollmsl is its concentration.
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while gas phase I, whose partial density is p1, is blown through the porous surface with
mass-transfer rate u1. Thus, we have the following expressio¡s for the density of the
binary mixture and the average mass-transfer rate:

2t
i=1

\,cn-n: u Ip¿ +

2

p
1

P¿, ltt - -p lon-n (3.1)
i=L

The diffusion velocity W¿is the deviation of the velocity u;¿ from the gas mixture velocity
'tD:

W¿: ?l)i, - ?!), 'i: L,2 (3.2)

From (3.2) it follows directly that

2 t

Thus, from (3.1) and (3.2) we obtain

2

i=1

22

loowo- a)p+I p¿W¿.
i=l i=l

lorwr:o

i=L i=l

(3.3)

The law of conservation of mass holds for each component

Y.(p-r)-V'[pn(-*W¿)]:g, i:I,2, (3.4)

where summation over the repeated index is assumed. For the mixture, we therefore have

V' (Pu) : g.

We shall focus our attention on the case of isothermal diffusion of gas phase I into gas
phase II. The mass flux of gas phase I, as a result of diffusion, is defined via the mass-
fraction gradient as follows:

û: CõtW1: -DpVC[1, Cör: *, (3.5)
p

where D1 is the diffusion coefficient and Cfr, is the mass fraction of gas phase I. From
(3.2), (3.4), and (3.5) we obtain

v .(p-) - V. (pDpVC[¡),

and making use of the identity

v .(C&N) - p-.VCð, + CðrV .(put), (3.6)
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grves

pu:.VCfi - V. (pD12YC[r) (3.7)

Denoting the components of the velocity u: by UI and Vo* and applying the concentration
boundary-layer approximation:

g"; _, 0cå,
òa. 22 a'.'

we obtain from (3.7) the convection-diffusion equation

o(u,W*r,æ):#('o"ffi), (s8)

where Ufr and 7o* satisfy the boundary-layer equations of the gas mixture.

For definiteness, we shall consider the basic gas flow over a semi-infinite flat plate, with
uniform free-stream velocity U-. Thus, the equations of motion of the gas mixture take
the following form:

V'(Pur) : g,

,(,,#.";#):#(,#),
Uã : U*, p : constant at ø* : 0; (3.9)

Uö : U*, Vi :V" at g* - 0;

Uö : U* as g* -) oo,

where Ç is the velocity of the flow induced from the intense interfacial mass transfer. If
we assume that the second component of the gas does not penetrate down through the
permeable surface, for example in the case when the mass transfer through the permeable
surface is restricted by its porosity we have from (3.2)

us : -Wz at y* - 0. (3.10)

Fbom (3.3) and (3.5) we find

-CirWr: CõzWz: (1 - Côr)W": D2VC[1,

in which case (3.10) can be written as

?t): - (#r;'"t,),=o Dnp
VCð'

Pz 9=0

(3.11)

Let us express the concentration of the gas phase I in (3.11) as moles per unit volume,
and denote the values of diffusivity and density Dn, p and p2 on the solid surface (g- : g)

by D, p* and pfi, respectively

Cí: #, D : Dn, p* : p, pã : pz at g* - 0. (3.12)
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Then, from (3.11), we obtain the normal component of the velocity on the interfacial
boundary as

n- tpö 3.13

(3.14)

p !=0

Note that )Cfi/ðx: 0 on the plate, thus implying Uf _ ¡.
Equations (3.S) - (3.13) allow us to formulate, in general, the mass transfer of a gas or
a liquid flow over a semi-infinite flat permeable plate under the boundary-layer approxi-
mations. The governing equations are

o("#."#):*n
q#*v;#+o(ffi+

)

a
aa.

p a

ú
u;+

ACô

ôr*
Uö

):
with the following set of initial and boundary conditions:

(3.15)

, Cô:Cö at y*-g'
Uä : U*, Cö : ÕL as y* -> oo,

where

p* : p6+ MC[;

in the above system (3.14) and its initial and boundary conditions (8.15) we have omitted
the subscript 1 in the concentration. In what follows Cö : Cðr, the concentration of the
fluid phase.

In order to close this system an equation prescribing the density p should be added
into (3.14) - (3.15). Under conditions of constant pressure and temperature p cannot
be obtained from the equation of state (p : p(7, p) ar ? : constant, p : constant
and p: constant, i.e. it depends only on the substance of the mixture). The density p
depends only on the concentration of the components

P:Pz+MCö'

Comparing (3.14) - (3.15) with the mathematical model (1.4) shows that the asymptotic
theory of the non-linear mass transfer in systems with intense interfacial mass transfer
has been derived by employing the following approximations:

p : constant, ¡.c : constant, D : constant. (3.16)

Uö:U*, Cö:Õö at ø*:0;
r\ö:o,vi: T@ W( ôp

oy* )
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Previous analysis has shown that, in a number of cases (see Table 3.1 and Figures 3.1
- 3.3), the effect of the diffused substance concentration on the density, viscosity and
diffusion coefficient can be modelled in a first-order approximation as linear functions
(see Boyadjiev (1984))

p -- po(l + -pÕ), þ: þo(\ + ltÕ),

D: Do(t + DÕ), ¿ :t-%-.
uo - 9oo

(3.17)

Herc B, p and D are small parameters which can be obtained from experimental data for
the dependence of p, p, and D on the concentration.

Substituting (3.17) into the system (3.18) and its initial and boundary conditions (3.15)
leads to a complete mathematical description of the hydrodynamics and the mass trans-
fer in systems with intense interfacial mass transfer. These are a reduced form of the
Oberbeck-Boussinesq equations (see Kundu (1990)). In our case the effect of gravity
is neglected (it is insignificant) in the boundary-layer approximations in the case of a
horizontal flat plate if the following condition holds

s ^l@1Lo-2, vs-Po.EY u* po

In this case the vertical momentum equation reduces to the usual form under the boundary-
layer approximations

0p
^-u.
da*

The concentration effects were studied experimentally and reported in Boyadjiev (1996)
(the experimental data was taken from Sherwood, Pigford & Wilke (1975)) within the
concentration region l},C^*l where a significant effect of non-linear mass transfer (á:
0.3) is present. The concentration difference LC : M(Cö - CÐ/pi, is used to normalise
the concentrations (C*or:C*or/LC). These results are summarised in Table 3.1 for a
variety of different chemical species.

From Table 3.1 it is clear that for the diffusion of ammonia into air, the influence of
the ammonia concentration on the density (ÞC^",) is 13% and viscosity (ttC^o,) is of
approximately L6%. These changes are significant and suggest that an analysis of these
effects is required. For gas mixtures (such as ammonialair) the concentration effect on
the diffusion constant is negligibie.

For liquid mixtures the influence of the concentration on the density (see Table 3.1) is
of the order of a few percent (under 5%), which is valid for a large number of miscible
twoliquid systems. The effect on the viscosity cannot be so easily classified, the results
here showing variations from 2To (acetic acid/water) to ZZ% (acetone/water).

The influence of the concentration on the diffusion coefficient for one liquid diffusing to an-
other is often significant (see Sherwood, Pigford & Wilke (1975)). For an acetone/water
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system
ammonra

air

acetic acid

water

acetic acid

toluene

acetone

water

water

acetone
C,,ro*lkmol/m3l 0.0134 3.80 34n 3nR 1n Arì

0

LClkmol lmsl
C*o,

p

PC^o,
l-L

lf,U^ot
D

DC*o,

0.3
0.0160

0.837

-0.149
-0.L25
-0.190
-0.159

0

0

0.3

3.92

0.969

0.0134
0.0130

0.0208
0.0200

0

0

0.3
3.52

0.967

0.0420
0.0420

0.263
0.254

0

0

0.3

3.81

0.967
-0.518

-0.050
-0.0854
-0.0830

-0.336

-0.325

0.3

10.9

0.968

0.0461

0.0450

0.746
0.722

-0.843

-0.816

Table 3.1: Ma>cimum concentration effect on the density, viscosity and diffusivity.

system (see Table 3.1) the dependency deviates from the linear as proposed in (3.17).
In cases where the parameters p, p and, D exceed 0.3 the linear 

"pp.o*i-ution (8.17)
becomes inaccurate; neglecting the second-order approximations leads to an error above
L0%- The accuracy of the approximation (3.17) is shown in Figures 3.1 - 3.8. The
accuracy is satisfactory for a relatively high concentration.

00s

05

Figure 3'1: Linear approximation of the dependence of the density on the concentration
for different systems' Shown are plots of p versus C for the cases: (1) ammoniaf air
(.); (2) acetic acidlwater (n); (s) aceric acid/rhutium (tr); (4) aceronàf*atu, (o); (s)
waterf acetone (y).

Boyadjiev (1996) provided an analysis of the approximations of non-linear mass-transfer
theor¡ which was developed for cases p : -lt : D : 0. It was shown that the results

p

CIl

0 1 d

o

ø
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l-r

o'l

00s

05

Figure 3.2: Linear approximation of the dependence of the viscosity on the concentration
for different systems. Shown are plots of ¡.r versus C for the cases: (1) ammoniaf air
(.); (Z) acetic acid/water (A); (3) acetic acid/thulium (tr); (4) acetonefwater (O); (S)

water/acetone (y).

are valid in the cases where these parameters are small enough (for instance under 0.05).
The linear approximations are also valid for different systems such as gas(liquid)-solid
permeable surface, gas-liquid, Iiquid-liquid systems. In these ca"ses, the hydrodynamics
and the mass transfer depend on the concentration gradient (d). When the parameters p,
p and D are within the interval [0.1,0.3] the concentration influences the mass transfer
and this effect can be considered by introducing the linear approximation (3.17). In
systems for which these parameters have higher values (above 0.3), quadratic terms should
be included in (3.17).

3.2 Influence of the concentration on the mass-transfer
rate

The mass-transfer rate can be expressed by the mass-transfer coefficient. We shall define
this rate from the average diffusion flux, through a surface with the specifi.c length ,L,

1 e

r : k(ÕL - cö) : I I,' " (#) 
u=odr.
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D
06

o4

o.2

05 toc

Figure 3.3: Linear approximation of the dependence of the diffusivity on the concentration
for different systems. Shown are plots of D versus C for the cases: (1) acetone into water
("); (Z) water into acetone (A).

3.2.L Gas-solid permeable surface systems

The thickness of the momentum and the concentration boundary layers in gases are of
the same order of magnitude, so one characteristic scale can be applied

0

The problem (3.14) can be non-dimensionalised with respect to a typical length scale
L, the concentration boundary-layer thickness ô¡, the free stream velocity U- and the
concentrations Õfr and Õi, at y* :0 and as g/* -) oo, respectively as follows:

t* : Lt, A* : õoA, Uö:(I*tlo, (8.1g)

vì : u*lro, cö : ÕL+ (cð - ÕL)co.

Introducing (3.13) into the system (3.14) - (3.15) and transforming the variables using the
standard boundary-layer variables (2.12) Ieads to the following system of boundary-layer



and concentration equations and their associated boundary conditions:

CB:l;
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(3 . 1e)

(3.20)

firrua + þtw") :0,

**r"or

* *r"oÍ
Un:1,

âU¡ \
aY )-
ôCa \_t-

aY )-
CB:L

, (,"

, (,"
t:0"

a
,9"aY

a
ñ 9u

Y:0: UB:Q, Va:-00

Y-+oo: UB-I, Ce:0,

a C +Cn
AY I

where

t, : 
ryrp(l)ø(1), 

p. : poe(r), pi: poç(L) - Meö

Õ : fr, LCs: Õt - Õô, s": ffi,
ç : ç(CB) : #,,þ 

: rþ(Ca) : fr, u : u(Cs) : *,
p(0) - 1, ú(o) :1, ø(o) - 1.

We shall introduce the following similarity variables into (S.tS):

p(Je : e', eva : ftfr'r- o) , Ca : F,

o:Q(t), F-F(q), q- Y

{r

System (3.19) reduces to

2ScaztþQ"' + g2oa" - gg' óQ' F'
+2ScA(ptþ' - g'rþ)Q" F' - 2ScA'(9tþ' - 2p'tþ)Q'F'2 : 0,

2puF" t 2(g'u + g'rþ)F'2 + Õ.F'' : 0,

with boundary conditions

o(0) - -0F'(0), @'(0):9, F'(0) - 1'

(3.21)

(3.22)

Õ'(oo) : 1, F'(oo) : g, 0 :200 LCo<p\) - cöp'(L)
LCseG)

The functions rp, tþ and u,, in (3.21) can be determined by spline approximations of the
experimentally measured dependencies of p, Lt and D on the concentration. For a wide
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range of gas mixtures these functions can be obtained, with suitable accuracy, through a
linear approximation

Introducing (3.23) into (3.21) leads to following system of equations:

2Sc(L + pÐ20 + ¡,LF)Q"'+ (1 + 1F)2QO"

-p(r + pF)eø,F, + 2Sc(r + pF) [p(r + BF) _ p(r + pF)]o,,F, (s.24)

-2Scplp\ + BF) - 2Þ(r + pF)le, F,2 : 0,

2(r + pP)(r + DF)F" +21p0 + DF) + DQ + pl)l F'2 +(Þ¡'' : 0,

where

g :2e^LCo - CöÞ
"o ¡q11¡ -p)'

The parameters p and p in (3.2a) are to be considered as small, while D : 0. Omitting
the quadratic terms in the small parameters p and p leads to

2Sc(7 +2pF + trP)ø,,,+ (1 + 2pF)ee,

-pOQ' Ft + 2Sc(p - p)e" Ft :0, (g.25)
2(L + pF)F', + z-pFn + ÕF, : 0,

with boundary conditions

O(0): -0F'(0), Õ,(0) : ¡, F(0) _ 1; (9.26)
Q'(oo) : 1, ¡'(oo) - g.

The system (3'25) subject to the boundary conditions (3.26) was solved using the follow-
ing algorithm (see Boyadjiev & Halatchev (1998b)):

1. Determine the zeroth-order approximations to (Þ and .t' by solving the boundary-
value problem:

,5"qrrr(o) -.,r- p(o)qz(o) - 0,
q(o)1¡) - o, q'(o)(6) :0, 6,(o)(s,o) - 1;

,pil(o)çq(o)¡r(o):g,
¡(o)19) : 1, ¡(o)(eo) :0.

2. Determine Õ at the &-th iteration by solving the boundary-value problem

2Sc(7 * 2ppF-t) I -rp(x-r)¡ç,rrr(t) + (1 + ZptrG-r)¡O(r)qz(t)

-pp(t-t)qt(k-r)Ft(k-t) +ZSc(-p - p)6rt(*-t)¡,(r-r¡ - O,

o(ß)(0) : -AF'(fr-l)(0), q(t)19) : 0; q,(k)(s,o) : 1.

(3.27)

(3.2s)
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3. Determine F at the /c-th iteration by solving the boundary-value problem

2(7+ pp(*-t)ltr"(t) * 2p(F'(n-t)¡z a 6(t)¡',0, - 0,

¡(t)19) : 1; ¡(t)(ee) :0.
(3.2e)

The integration of. (3.27) - (3.29) is done using finite difference schema with a
step-size å.: 10-3 in the interval 0 < q < 6.

4. The calculation procedure (from step 2 of the algorithm) is repeated until

lO,ttl(o) - O,r*-')(0)l < ., lr,{*)10¡ - pr(k-r) (0)l < .. (3.30)

After some experimentation a tolerance of e : 10-5 was found suitable to produce results
converged to five significant figures.

The results for O"(0) and F'(0) in the case of Sc: 1 are shown in Table 3.2for different
values of 0, p and p. They were obtained in 3 - 4 iterations.

No.
Sc: I

e p l.t o'(0) -¡'',(0)
1

2

3

4

0

0.3

-0.3
0.3

0

0

0

0.15

0

0

0

0

0.332
0.301

0.373
0.356

0.332
0.299

0.372
0.187

5

6

I

8

9

01

0

-0.3
0.3

0

-0.3
0.3

0.15

-0.15
0

0

0

0.15

0

0

0.2

0.2

-0.2

0.2

0.379

0.329
0.264
0.290
0.447

0.320

0.198
0.531

0.292
0.322
0.386

0.187
11

L2

13

L4

15

16

-0.

-0

0

3

0

0

0

3

0.15

0.15

-0.15

0

-0.15
-0.15

0.2

0.2

0

-0.2

-0.2

-0.2

0.340

0.362
0.280

0.394

0.347
0.4t7

0.198

0.211

0.446
0.343
0.469

0.558

Table 3.2: The results for Q"(0) and .F''(0) in the case of gases (,Sc : 1) for different
values of 0, p and p.

The Sherwood number and Reynolds number, respectively, are given as

Sh : X : 2PeL/2 F' (0), Re : ry
The ma^ss-transfer rate in gases can be determined from data in Table 3.2. The results
show that the dependence of Õ"(0) and F'(0) on0, -p and p is monotone. The change
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in viscosity F has little influence on the mass-transfer rate (F,(0)) as can be seen from
results in rows 4 and 10 of Table 3.2, while the influence of the density p is six to seven
times greater than the effect of the non-linear mass transfer (d) (see Figure 8.4) .

Gos

Figure 3.4: The dependence of Õ,,(0) on 0, p and p.

3.2.2 Liquid-solid permeable surface systems

The thickness of the hydrodynamic and concentration boundary layers in liquids are of
different orders of magnitude. As such, two specific scales should be taken into account

ôr:

the hydrodynamic boundary-layer and concentration

þoL . [ñ
pou*' o': 

Y u* l: ': scL/z'

0,4

0,2

-0,2

-0,2

0 0,2

p

,o'F '].t

,tl

F'',(0)

0

e

P

o'(0)

tively
boundary-layer thickness respec-



Considering these two scales the following dimensionless variables are introduced

r* : Lï, A* : 6tAt:6zUz,

Ui : U*Ut(r,A) : U*Uz(*,Ar), (3.31)

vi : u*Irr@, ar) : r*?rr(r, ar),

cö : cå + a'coct@, yr) : cL + Lcocz(r, ut),

where U¿, V, and C¿ are the velocity and concentration fields in the liquid boundary
layer, so that Uz: €at, Uz(r,Az) - Ur(s,e-rAz), Ut(r,At) : Uz(r,ey), V2(r,Az) :
eV(r,e-ruz), vt(r,aù : e-Lvz(r,eat), cr(r,az) - cr(r,e-Laz), cr(x,a): c2(n,eyy).

In these new variables the boundary-layer equations are

,,(r,#.^#) --',hQ,#),

fifr,r,l. h(p,v): o, (3.32)
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subject to the following initial and boundary conditions:

n :0 : U1: Uz:0, C1: Qt - g'

At:0: U¡:Q, Ct:Q,
Uz:O : U2: Q, Cz:O, (3.33)

v,_'o#,(%#),
gr-|oo: U1 )L, Cy)O,
Uzàæ: U2è!, C2)0,

where gj,1þj and u¡ (j : L,2) arc defined in a similar fashion to the previous subsection.

Introducing the new variables

vJJt : Õi(rir), pz(Jz: a'rþtr), ,t, : *, nr: *,&&

l^{r"rr- ez),

Ct: Ft(q), Cz: Fz(qz), Ttz: €'0t,

the boundary-layer and concentration equations (3.32) and their boundary conditions
(3.33) become

25 c(7 + z-pfi + l.LFùøl' + (1 + zpFr)OLøi

- poLa'LFí + 25 c(p - p)Q'itri : g,

2(1 + -pFz * DFz)Fl' + 2(p + D)Fí2 t Q2Fl : g, (3.34)

oz(0) : -0F;(0), Õ"(o) : ¡, ¡'z(0) : 1;

Õ"(oo) : 1, Fz(oo) :0.

0Cz

6*Vz9z
ôCz

a,Uz
a 0Cz

9zuz;-
oUz
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where

F (rtr): Fz(nz) : Fz(ertr), Fi\ù: eFf(er¡),

2

and we have employed the linear approximations

g¿: I * pF¿, tþ¿:7I t_tF¿, u¿: I + DF, (i, : I,2).

I¡ deriving (3.34) we have ignored all quadratic terms in the small parameter s p,, p and,
D.

The system (3'34) is solved by using modification of the algorithm employed in the
solution of (3.25) - (3.26):

1. Determine the zeroth-order approximation of Õr (qr) by solving the two-point boundary-
value problem

2ai@ * 0[0)640) - o, (3.35)
o[0)10¡ - e, oi(o)10¡ - s' oi(o)1oo¡ : 1.

A step-size of 0'001 was found to be suitable and the interval of integration was
0(41(6.

2. Determine the zeroth-order approximation or Þ20t2) by solving

OY øù: eÕÍ0)(¡tr), Ttz: €rh, 0 ( 41 ( 6. (8.g6)

3. Determine the zeroth-order approximation of F2(q2) by solving

F{(o) +o[o)4tol - o, (3'37)
¡10)(o) - r' 4(o)(*) : o,

with a step-size /¿z :0.01 in the interval 0 a rl, S 6e. In order to do this {{0)16¡
is varied until the condition 4o)(*) < 10-s is satisfied.

4. Determine the zeroth-order approximations of ^F'1(qr) and F{(a1)

rlo)(rr,) - F;o)Ør): plo)Gnr), ri@Ør) - 6p,@)Ør) _ €F;@Grtr). (s.88)

5. Determine Q1(rlr) ut the /c-th iteration:

2Sc(7+2PF{b-L) + pp{o-')¡O';'t*l + (1 + z-pf{k-L)¡ø('t)arr(t)

-BOÍ*-t)O(ß-r)F(e-1) + ZS"çp - Þ)A,i1'-t)¡r(t-i) --0, (3.39)

q{t)(0)r : -0-p,1*-t)(0)r, Oi(É)10¡ : g; Oi(e)qoo¡ : 1,

while the value of o'i{0)16¡ is varied till the condirion loi(o)(-) - 1l < 10-5 is
satisfied.



6. Determine Q2(r¡2) at the k-th iteration:

o9ør): roÍo)(rlr) : eo\k)(eqr), o 1n, ( 6e.
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(3.40)

7. Determine F2(q2) at the k-th iteration with a step-size fr.2 in the interval 0 1 r¡2 1 6e

2(7 + -p4;u-t) + D F&-r))r;'t*t + 2Ø + D)(F'(x-t)¡z

+of,) Fi(k) : g, (3.41)

q(*)(o) - t' o)(*) :0,

while the value of tr;Gl (0) is varied till the condition ¿ju)(*) < 10-5 is satisfied.

8. Determine F1(a1) and Fl(a1) at the k-th iteration

rlo)(,i,) : F;o) þtr) - rlo) þrt), ri(o)(ry,) - 6pt(k) þtù : erjØt Gnù, @.42)
0(41(6.

9. The calculation procedure (from step 5 of the algorithm) is repeated until

loltor(o¡ - 6';rt-')(o)l . ., F,(k)(0) - ¡tt'-t)10) (3.43)<€.

Here e : tÆ, and ,Sc: 100 (liquid-solid permeable surface systems) and e : 10-5.

The Sherwood number is given as

sh:2(1+ D)PTLIZF;Q).

The results obtained for O'1(0) and ^Ç(0) by solving (3.34) using the algorithm described
above at € : 10 and for different values of. 0, p, p and D are shown in Table 3.3. The
mass-transfer rate in liquids can be determined from the data in Table 3.3. These results
show that the influence of the density and viscosity (p' and p) on the velocity profiles
(hydrodynamics) (O'(0)) is similar to the case of gases, in that the dependency of Õ"(0)
on p and p is monotone, while its effect on the mass-transfer rate (nj(0)) is practically
negligible. The change in diffusivity (D) does not affect O'(0) and Ej(0) (see Figure 3.5)

The analysis (see Boyadjiev & Halatchev (199Sb)) of the influence of high concentration
gradients of transferred substance on the hydrodynamics (measured by Õ"(0)) and mass
transfer (measured by F'(0)) through the concentration dependencies of density (p),
viscosity (p) and diffusivity (D) allow us to make some conclusions. First, a change in
the density with concentration influences the hydrodynamics in gases and liquids but
does not influence the mass transfer in gases. Second, a change in the viscosity with
concentration influences the hydrodynamics in gases and liquids and the mass transfer,
and finally, the change in the diffusivity with concentration has no influence on either
the hydrodynamics or the mass transfer.
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,Sc: 100
No

0 p -p o'(0) -F'',(0)
I 0 0 0 0.332 0.332
2

3

4

5

6

7

8

9

10

11

72

13

t4
15

0.3

-0.3
0

0

0

0

0

0

0.03

-0.03

0.03

-0.03

0.3
-0.1

0

0.15

-0.15

0.15

0

0

0

0

0.15

0.15

-0.15

-0.15

0

0

0

0

0

0

0.2

-0.2

0

0

0.2

0.2

-0.2

-0.2

0

0

0.330

0.334

0.397
0.201

0.272

0.418

0.332

0.332

0.272

0.275

0.243
0.247
0.318

0.342

0.176

0.206

0.r94
0.181

0.186
0.194
0.792
0.186

0.r77
0.200
0.164

0.206

0.135
0.268

Table 3.3: The results for (Þ"(0) and F''(0) in the case of liquids (^gc: 100) for different
values of.0, p and p.

These results show that the non-linear theory on mass transfer at constant values of
density, viscosity and diffusivity (see Sherwood, Pigford & Wilke (1925), Zterp & Oertel
(1981), Boyadjiev et. al- (1996a)) is sufficiently accurate for gases and liquids if the den-
sity of the transferred substance is not significantly difierent from the density of the gas
mixture' This result then allows us to considerably simplified models describing mass
transfer in systems with intense interfacial mass transfer whilst still capturing the dom-
inant (or significant) features of the flow. We now turn our attention to the question of
how these concentration dependencies affect the hydrodynamic stability of the flow.

3.3 rnfluence of the concentration on the hydrody-
namic stability

The data for the basic velocity and concentration fields in the laminar boundary layer
gives us the opportunity to analyse the hydrodynamic stability of the flow. This work
was reported in Halatchev & Boyadjiev (1993).

3.3.1 Linear instability analysis of gas-solid permeable systems

The linear stability analysis considers a non-stationary flow, in the form of a superposition
of a basic stationary flow and a small amplitude two-dimensional periodic disturbances in
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Figure 3.5: The dependence of O'i (0) on 0, -p.

a similar fashion as has been done in Chapter 2. The non-stationary flow satisfies the full
system of Navier-Stokes equations (2.7).Linear approximations (3.17) are introduced to
account for the dependencies of the density, viscosity and diffusivity on the concentration,
while the p, p ar.d D are considered to be small parameters. Again, the governing
equations do not explicitly include the convection-diffusion equation for the concentration
because at the linear approximation for the small perturbation parameter and mass-
transfer parameter d it was argued in Halatchev & Boyadjiev (f 998) that the momentum
and continuity disturbance equations may be decoupled in the boundary conditions. The
periodic disturbances wa^s considered as a travelling wave of the form

u(r,Y) : G'(ù exPia(r - ¿t),

u(a,a) _ -iaG(v) expia(r - ôt),

In the case of mass transfer in gases, for which the basic flow is governed by (3.21) with
non-dimensionalisation (3.18), we introduce into (2.11) the similarity variables

uo(s,y) : ?a,Ø), r, 
:H ha,0t)- o(,i)), G(y) :.yþ1)

A.4:i, o:
,*og, P: r + ÞF(rù, F(rt): #
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Linearising the full system of Navier-Stokes equations for the disturbances then yields,
(after some minor manipulations) thc modified Orr-Sommerfeld equation

.Y
7p I P I

: -httio - zA! + ,qnù + #øfqa, - e).y,,, (s.44)

i.l'r_ffi|nQ',,+ø,,_L(2qF,Q,,+qF,,Q,+F,o,)+A2(qa,-Õ)lz,,
J

which must be solved subject to the boundary conditions

U:0: F:0, F':0;
g+oo: ,t':0, F':0,

where, in (3.44), we have defined

A: 6¿õ, C : ,!, : C, *iC¿,, Re:U*O , e: Scr/2.' aU* us

The functions tÞ(4), f'(a) and their derivatives are obtained by solving the two-point
boundary-value problem (3.25). The solution of (3.44) was found using the same numer-
ical approach as done in Chapter 2.

The neutral curves of stability are plotted in Figures 3.6, 3.7 and 3.8. The critical
Reynolds number Ren, corresponding wave-speed Cr, and Ìryave number ,4, are obtained.
Cr^o, and A^o, are also obtained from these results. 'we denote by Cr^o, and, A^o,
the minimal values for wave number and wave-speed at which the flow is stable at any
Reynolds number (rBe) respectively. These are presented in Table 3.4 together with their
dependence on the concentration of transferred substance (p'and p) and its gradient (0).

3.3.2 Linear instability analysis of liquid-solid permeable sys-
tems

In the case of liquids the basic flow velocity as has been defined by Sherwood, pigford
& Wilke (1975), is introduced into (2.11)

[Jo(r,y¡ : bç\Ør), ,r:W(q,oi Ø) -Õr(zrr)) , (3.45)

nr: affi, dl : ,l'#, e: L * ÞFt(q), G(ù : tt(qt),

where Õr(qt), n(qr) and their derivatives are obtained by solving (3.84). The intro-
duction of (3.a5) into (2.11) leads to an equation for the disturbance amplitude of Orr-
Sommerfeld type. The basic flow profiles are obtained directly from (3.34) using the
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Figure 3.6: The curves of neutral stability in the (Ren,,4)-plane in the case of gas flows

in a laminar boundary layer under conditions of high concentrations. Shown are piots

for the cases: I) 0:0, Þ:0, -lt:0;2) 0:0, Þ:0, P- 0.2;3) 0 -0, P:0, lt: -0.2;
4) 0 :0, Þ:0.1,5, -l.L: 0; 5) 0 :0, P: 0.15, -tt:0.2;6) 0 - 0, -P: -0.15, -t-t:0;7)
0 :0, -p: -0.I5, þ: -0.2.

following substitutions

o(q) - Qr(rl'), F('?) : fi(q'), t(ù: y(n),

T:et, A:At:cr6t, Re:Re1:W, e:10
Ug

The eigenvalue problem has been solved in a similar fashion to (3.4a). The critical
Reynolds number Ren, corresponding wave-speed C- and wave number A are obtained.

Cr*o, and A^o, are also obtained from these results. The curves of neutral stability
in the case of liquid-solid permeable surface systems are shown in Figure 3.9, and the

corresponding values of the critical parameters are presented in Table 3.5. These results

show a dependence on the concentration of transferred substance (p, p and D) and its
gradient (á). The plots in Figure 3.8 presented with triangles and squares, having the

same locus as the doted line (1), are obtained in the case where the diffusivity depends

on the concentration.

The results give us opportunity to determine (see Figures 3.10 and 3.11) the dependence

of. Ren on the parameters characterising the concentration dependencies of density (p),

viscosity (p), diffusivity (D) and large concentration gradients (d).

The data presented in Tables 3.4, 3.5 and Figures 3.10 and 3.11 show that in gases and liq-

5 3

6

2
7

t- ¡\l
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Figure 3.7: The curves of neutral stability in the (R"n,A)-plane in the case of gas flow in
a laminar boundary layer under conditions of high concentrations and large concentration
gradients. Shown are plots for the cases: l) 0:0, p:0, It:0; Ð-e - 0.8, Þ:0,
lt:0.2;3) 0:0.3, p:0, þ- 0.2;4) 0 -0.8, p - 0.15, tt:0;Ð á:0.g, B:0.15,-lt:0.2.

uids the stability of the flow as governed by the critical Reynolds number, .Re"r, increases
when the density depends on concentration (B t O); a decrease of the concentration gra-
dient (d) leads to a decrease in stability (.Re." decreases) and that in the cases when the
increase of concentration leads to an increase of viscosity, we can observe stabilisation
of the boundary-layer flow, i.e. high concentrations lead to high mass-transfer rates in
gases. The change in the diffusivity (D) does not influence the boundary-layer flow sta-
bility (see the data presented with triangles and squares in Figure 3.S). The results (see
Figures 3.10 and 3.11) show that the effect of the viscosity (p) o" the concentration is
analogous to that one ofthe large concentration gradient, that is a decrease in the critical
Reynolds number (destabilising the boundary-layer flow) when density increases, while
the change in the density (p] hus little effect and this dependence is not monotone.

0.3

3.4 Non-linear mass transfer and the Marangoni ef-
fect

Intensification of the mass transfer in industrial gas-liquid systems is quite often obtained
through the creation of large concentration gradients. This can be realised in a number

I
I
t

4

2
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Figure 3.8: The curves of neutral stability in the (Ren,.4)-plane in the case of gas flow
in a laminar boundary layer under conditions of high concentrations. Shown are plots
for the ca.ses: L) 0:0, Þ:0, Ft:0;\ e - -0.3, Þ:0, -tt:0.2;3) 0 - -0.3, p:0,
F: -0.2;4) 0: -0.3, P: -0.15, -þ:0; 5) d - -0.3, Þ:0.!5, tt:0.2.

No. 0 p -p' Ren A^o, Cr*o,
1

2

3

4

5

6
(

0 0

0

0

0.15

0.15

-0.15
-0.15

0

0.2

-0.2

0

0.2

0

-0.2

501

285
1135

608

443

559

2972

0.356
0.394

0.315

0.429
0.428
0.296
0.2r7

0.407
0.445
0.352
0.356

0.373

0.403
0.289

8

I
10

11

-0.3 0

0

-0.15
0.15

0

-0.2

0

0.2

1619

2238
1508

547

0.301

0.286
0.255
0.418

0.331
0.312
0.332
0.361

L2

13

T4

15

0.3 0

0

0.15
0.15

0

0.2

0

0.2

345
2L5

49r
367

0.380
0.411

0.439

0_437

0.431

0.467
0.369

0.384

Table 3.4: Values of the critical parameters Re"r, Cr*o" and A*o" obtained under condi-
tions of high concentrations (demonstrating the effects due to density, viscosity concen-
tration dependences) and large concentration gradients in gases.
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Figure 3.9: The curves of neutral stability in the (R"n,A)-plane in the case of liquid
flow in a laminar boundary layer under conditions of high concentrations and large con-
centration gradients. Shown are plots for the ca^ses: L) e _ 0, Þ :0, Ft: 0, D _ g; 2¡
0 : 0.3, Þ : 0, F : 0, D -- 0; B) e - -0.1, Þ : 0, Ft : 0, D _ 0; 4) 0 : 0, p : _0.15,
lt : 0, D : 0; 5) 0 - 0, Þ_: 0, Fr : 0.2, D : 0; 6) 0 : 0, p : -0.15 , lt : 0, D _ 0; T)0:0, þ:0, l.t: -0.2, D:0; (tr) A:0, -p-_0, lt:0, D - 0.8; (A) 0:0, p:0,
lt:0, D : -0.3.

of cases as a result of a chemical reaction of the transferred substance in the liquid phase.
The thermal effect of such chemical reactions can create significant large temperature
gradients. The temperature and concentration gradients so generated can then affect
the mass-transfer kinetics in gas-liquid systems. Hence, experimentally obtained mass-
transfer coefficients are found to differ significantly from those predicted by the linear
theory of mass transfer.

It was shown in a number of papers (see Sterling & Scriven (195g), Linde, Schwartz
& Groeger (1967), Porter, Cantwell & McDermott (1971), Hennenberg, Bisch, Vignes-
Adler & Sanfeld (1979), Linde, Schwartz & Wilke (1g7g), Sanfeld, Steinchen, Hennen-
berg, Bisch, Van Lamswerde & Dall-Vedove (1979), Savistowski (1g81) and Sorensen &
Henennberg (1929)) that temperature and concentration gradients on the gas-liquid or
liquid-liquid interface can create an interfacial tension gradient. As a result of this a
secondary flow is induced. The velocity of the induced flow is directed tangentially to

-tr}
trI

I

lô
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No 0 B l-L D Re", A*o, Cr^o,
1

2

3

4

5

6

7

8

9

(tr)
(^)

0

0.3

-0.i
0

0

0

0

0

0

0

0

0

0.15

-0.15
0

0

0

0

0

0

0

0

0

0.2

-0.2

0

0

0.3

-0.3

0

0

0

0

0

0

0

501

422

564

556

1073

373
742

502
501

0.356
0.367

0.351

0.518

0.102
0.416

0.300
0.357

0.357

0.407
0.418

0.398

0.358

0.392
0.4L4
0.395

0.406
0.406

Table 3.5: Values of the parameters Re"r, Cr^o, and AÍ,æ obtained under conditions
of high concentrations (demonstrating the effects due to density, viscosity concentration
dependences) and large concentration gradients in liquids.

the interface and it leads to a change in the velocity distribution in the boundary layer
and therefore to a change in the mass-transfer kinetics. These effects are thought to be
of the Marangoni type and to provide an explanation to all experimental deviations from
the prediction of the linear theory of the mass transfer, where the hydrodynamics of the
flow does not depend on the mass transfer.

Studies of gas-liquid and liquid-liquid systems with intense interfacial mass transfer as a
result of large concentration gradients show (see Chapter 1) that under these conditions
the induced secondary flow is directed normal to the interface. It leads to "injection" or
"suction" of a substance into the boundary layer, therefore to a change in the velocity
distribution of the boundary-layer flow and a change in the mass-transfer kinetics. This
effect of non-linear mass transfer can also explain a number of the experimental deviations
from the linear theory of mass transfer which have, to date, been attributed to the
Marangoni effect.

The Marangoni effect and that of non-linear mass transfer can manifest themselves sep-
arately as well as both being active. Thus their influence on the mass-transfer kinetics
and the hydrodynamic stability of the flow should be considered. We turn our attention
to this problem.

3.4.L Mass-transfer kinetics

Co-current gas and liquid flows in the laminar boundary layer along a flat interface are
considered. One of the components of the gas phase is absorbed by the liquid phase
and reacts with a liquid component (see Boyadjiev & Halatchev (1998a)). The chemical
reaction rate is taken to be of first-order. Under these conditions, the thermal effect from
the chemical reaction creates a temperature gradient, so that mass transfer along with an
accompanying heat transfer is observed. Under these conditions the mathematical model
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for the boundary-layer flow takes the following form

aUð¡
+

aVi¡
Ôu*

0
0x*

,,* ðuö¡ ,,*)uöo ôruöo
uo¡ ar. r voj aF : uiffi,
uö,#*u;,W:r,#-U-r)kcðj, (346)

,rr.oTöt tv*{öj - ^ aTi¡, t:uo¡ñ + ,o¡ AË 
: o¡ Añ+ U - t)-LnCô,;

j :1- gas phase, j :2 - liquid phase,

where a¡ is the thermal diffusivit¡ g is a constant which parametrises the heat production
of the chemical reaction, g¡ is the specific heat and fr is the chemical reaction rate. The
influence of the temperature on the chemical reaction rate is not considered in (3.46) as
it has only a minor impact on the comparative analysis of the Marangoni effect and the
non-linear interfacial mass transfer, which are the subject of the present section.

The boundary conditions applicable to (3.46) are derived to take account of thermo-
dynamic equilibrium and the continuity of velocity flux of momentum, mass and heat
fluxes on the interface. It has been shown in Vulchanov & Boyadjiev (1gg0) that in the
gas-liquid systems the effect of non-linear mass transfer is located within the gas pha-se.
Taking into account these considerations the initial and boundary conditions have the
following form:

t* :0 , Uöi : UJ¡, Cör: Õör, Cöz: g Tii : Tð, j : I,2;

u*:o Uör: Uiz, urffi : u,
ùui, 0o

vi, MDt OCõ,

oa*'
ff*vo2:

0A* ôû*'

0, (3.47)
Pöt

cãt: xcö2, o,#W = orW, (pi: pio+ MÕÐ,

Töt: Tð2, 
^r# + piqrtTðr: 

^r#t
g* -) oo , Uör: Uæ., Ch: Õör, T& - Ìi;
y* -) -oo : Uiz: (Jæ2, Cöz:Q, Ttz: Tö,

where the subscript j denotes difierent phases (1 for the gas phase and,2 for the liquid
phase), asterisk is used for dimensional variables, U[. and Vo] are velocities of the two
phases in ø* and gr* directions respectively, Cfir. denoies concéntration, ø is the surface
tension coefficient, TI¡ are temperatures, D¡ the diffusivity coefficients and À¡ the heat-
conductivity coefficients. At the free-stream the temperatures of the two phases equal the
temperature of the ambient ft, the free-stream velocities and concentration are denoted
by U*¡ and Õfrr.

At large values ofthe concentration on the wall one observes large concentration gradients
directed normal to interface (0Cs¡/0U*)s,=0, which induce a secondary flow with rate
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%r(ø.,0). The tangential concentration and temperature gradients on the interfacial
boundary create a surface tension gradient

0o 0o 0Cg2 0o 0T[,

-At*: ACörñ - AT;rñ,
which in turn induces a secondary tangential flow, whose rate is proportion aI to 0o f ôr* .

We shall restrict our attention to substances which are not surface active, í.e. 0of 0Cs2 =,
0.

The mass-transfer rate (J¿) and the heat-transfer rate (J7) can be determined from the
local mass (/c') and heat (ft) fluxes after taking the mean value of these fluxes along a
length (I) of interface. Thus,

L
OCö,

oy*

MD piJç: kcÕö:II,

Jr : k7T[ : l, lr" 
Iy d,r* , /, : -À (

ou¡
0r

I¿dr*, Ic - (

OTö,

oa*

(3.48)
Pio v*=0

* p1cn1(v1T[r)y.=0,
g'=0

where /cc' is the mass-transfer coefficient, ,k7 is the heat-transfer coefficient, Cfr, and ?i*,
are determined after solving the problems (3.a6) - (3.47). In order to do this the following
dimensionless variables are introduced:

n* : Lt, y. - (-L)i*'6jyj, 6j :

uã¡ : ui,u¡(r,y,), ui¡: let¡i*rû- 6¡V@,a¡), (8.49)

Cö¡ : ?Ð'-iÕöC¡(r,a), Tö¡ :zii + (-r)i+LÌ[T¡(r,y¡), i : \,2,

where X is a Henry's constant as defined in Chapter 1.

Introducing (3.a9) into (3.46) and (3.a7) leads to the following non-dimensionalised sys-
tem ofboundary layer and concentration equations:

ôy¡

,r#*r, 0u¡ :02(J¡

ôc¡
- (j - r)DaC¡, (3.50)uj

0x
+vj

u¡ff +v¡ + (j - I)QDaC¡,

j:I - Bâs, j:2 - liquid,

0+
ôv¡

KL

u*,

where

Dø: , Q: ffi, s"¡: f, Pri:ft, i:L,2.
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Here Da is the Damkhöler number2 and Q is a scaled dimensional number, a ratio between
the concentration of the species 1 at the free-stream, thc constant taking into account the
heat effect of the chemical reaction and the temperature at the free-stream, the specific

x :0 : U¡ :7, Ct:1, Cz:0,
gr- Y2- 0 : (Jt: O(Jz, tr# :

,, : -rr#, vz:0, C1* C2: e,

n 0C, )Cz ^ ôTt 0Tz
'u aa': -aT' 

'u ay, - aar;
9t -) oo : U1: t, Ct:7, Tt:0;
Uz + çe : U2: l, Cz: I, Tz:0.

The effect of convective transfer in (3.51) is omitted as in practice, it is negligible, while
parameters 0¿ (i - 1, . . . , 6) have the following form:

,,:H, t,:llt^(æ)''' ,

The initial and boundary conditions of system (3.b0) then become

Tj
ôUz

-ú

0o Ì; MCö

#u'os PioSq'

-0, i
I0t

2-1,
0Tz

ar'

0a

Tt *Tz:0, (3.51)

(3.52)

(3.53)

Ftom (3.48) and (3.49) we obtain expressions for the Sherwood and Nusselt numbers

or:xffi u|r,, ^ Àr

ULr'r' ou: E

sh:X : r@ 
I,'(, * e,s",cÐ (

AC1\

ú)s,=o 
r

Nu: Y : -Ret
?Tt

6, dr + ofrt 
lo

trözUiozttz

9r=0

1

(r + zi)
)

0Ct

6 )r,=, 
o"]

Cî : C1(r,0), Ti :Ty(x,g), Re1 :UJ'L, Pr1 -Wu1 D¡

The problem (3.50), with initial and boundary conditions (3.51), wa^s solved using the
following iterative algorithm:

1. Step I: Solve the two-point boundary-value problem, assuming that at the first
2Hete Lf Ú-2 may be called the residence time, i.e. the time available for the chemical reaction, while

1//c is the time scale of the chemical reaction.



iteration 0t: 0t: 0, then setting il:0.1

vlo) : o;
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(3.54)

(3.55)

(3.56)

lu!*t , av|*t 
^

-¿-:rr

0r ôu, v'

,y,#+v{k)

oulÐ _ov]o) _n
0r ' 7az -v'

u-,#+u;Ðal#):W

\u{xt A2 UÍO

0a,

r:0, U{ß) :1;

Ut:o : U{k) : lrU[n-'), Vlo) - -rrUt-#rr" ,

ur -) oo , (u ) grr-), UÍo) : t;
0(ø(1 01Ar(yr-, Ur*:6.

Aa?

2. Step II: Solve the two-point boundary-value problem, where 0z: 0.145, assuming
that at the first iteration 0a:0

ø:0 : 1;

Uz:0 :

!2èæ:
0(ø(1

u[o) :
au[*)
oat

0z *0¿
9r=0 Az=0

(y, > a2æ), u[Ð : \
0 1U, S Uz*, U2æ:6.0a - g

3. Step III: Solve the two.point boundary-value problem at ,Sc1 : 0.735, at the first
iteration C[o) @,0) : o

u{ + vJft)
ac(k)L 1

ôa, Scr AA?

a:0, Clk):t;
At:0 : Clk) - ç(k-r) (",0);

!1 -) oo : (Ar 2 {r), CÍu) : t;
0(ø(1 0(gt1{t, h:7,

e)

4. Step IV: Solve the two-point boundary-value problem at Sc2 : 564,0s : 18.3 and
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Da: L0

uP# + v;,)# : ## - Dac[k),

f:0

Uz:0 ;

c[o) : o;

aCtk) acÍk)
05

0a,
(3.57)

YL=O

az)æ, (yr>{z), C[o):O;
0 ( ø ( 1 0 1y2 1 y2, yz 1 y1:0.26.;

5. Step V: Solve the two-point boundary-value problem at Pr1- 0.666, at the first
iteration flu) @,0) : 0

,rçt¡or[k) , r¡(,,) ôrlt'l I a'T{o)u1 -ñ-" aa,: p^ aF,
a :0, {e) : ¡;

at : o: ?Ík) : Tlo-r) (r,o); (3.5g)

!1 -r oo : (Ar> A=), ?Ío) : O;

0(r(1 01y1{r, A=t:7.4.

6. Step vI: Solve the twopoint boundary-value problem at Pr2 - 6.54, 0a :0.084
and QDa:8.6

0a,

uy#""P#
¿:o: Ttk) -g;

: 7 A2T;k)

Prz AyZ

oL

J, T1(x'o)

+ QDaC[k),

(3.5e)

^ æy:r.f#) 
;uz:ot nr, \og, /u,=o

Uz ) sa , (Az > yl), A=z:2.4, T[u) - O.

The values of the parameters in (3.54) - (3.59) are calculated for the process of absorption
of N//3 in water or water solutions of strong acids.

The solution of (3.54) - (3.59) allows us to determine

dr, Jz dn,

Js- dr, Jz

Introduction of (3.60) into (3.53) allows us to determine the Sherwood and Nusselt num-
bers

Sh: MlReT(J1r lsSqJ2), Nu - -\/R"rlJs* lepr{h+ J¿)].

t(",0)

(#) 
s,=odî9r=0

(#)
(#)

gr=0 91=0
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The results obtained by solution of these problems in the case of gas-liquid systems are

shown in Table 3.6.

No 0s 0a Jt Jz h Ja

1

2

3

4

5

6

I

8

9

0

0.2

-0.2

0

0

0

0

0

0

0

0

0

10-4

10-3

10-2

10-1

I
5

0.5671

0.6129

0.5274

0.5671

0.5671

0.5670

0.5658

0.5658

0.5660

0.0972r
0.11155
0.08542

0.0972t
0.09727

0.09718

0.09696

0.09696

0.09696

0.01855

0.02143
0.01623

0.01855

0.01855

0.01857

0.01879

0.01879

0.01854

-0.01337

-0.01554
-0.01162

-0.01338

-0.01337

-0.01339

-0.01364
-0.01364

-0.01345

Table 3.6: Values of the average mass and heat fluxes at Da - 10,9r:0.1, 0z:0.L45,
ás : 18.3 and á6 :0.034.

The comparison of values of J¡ (k - 1,. . . ,4) shows that the rate of mass and heat

transfer depends upon the concentration gradient (03) and in the cases of absorption
(0t :0.2) and desorption (0s : -0.2) the mass and heat-transfer coefficients differ by
approximat ely 10% from predictions of linear theory (0t : 0). The comparative analysis

of the non-linear mass-transfer effect and the Marangoni effect in gas-liquid and liquid-
Iiquid systems show (see Boyadjiev & Babak (2000)) that the Marangoni effect has little
impact upon the heat and mass-transfer kinetics, since in real systems the parameter á¿

is very small. This is clearly seen in rows 7, 8 and 9 of Table 3.6.

However, in cases where the velocity of the second phase is very low the occurrence of
the Marangoni effect is to be expected because of the velocity dependence of 0a from
U*, (U-*!/'). Io order to evaluate the above case, systems with a small velocity in the
volume of the second pha^se (U-z ( 1) have also been investigated. Numerical results

of Boyadjiev & Babak (2000) show that under these conditions the Marangoni effect
remains negligible.

The results obtained show that the Marangoni effect is negligible in two-fluid systems

with movable interfaces and absence of surface active agents. The deviations from the
predictions of the linear theory of mass transfer are best explained by considering the
non-linear mass-transfer effect under conditions of the large concentration gradients.

3.4.2 Boundary-layer flow instabilities

In the previous subsection the effect of non-linear mass transfer induced by high concen-

tration gradients has been discussed. This effect can explain many deviations between
experimental data and the predictions of the linear mass-transfer theory. To date, most
of these effects were considered as Marangoni effects. However, in many cases the devia-
tions from the linear theory are significantly greater than those predicted by the non-linear
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mass-transfer theory. This may be attributed to the loss of hydrodynamic stability as a
result of secondary flows induced by the large concentration gradients. These effects will
be discussed to end of this chapter.

The analysis of the flow stability can be done directly by introducing the velocity profiles
obtained by solving (3.54) - (3.59) into the orr-sommerfeld equation

(u¡ - c)(tî - .+]t) - ffir, 
: -i,(ti - z,q\ti + Afui) (3 60)

+#;(vr'; -ffirt- Alui'), i:r,2,
where

cj: Aj R"¡a¡6¡
UJ"¡6¡

u¡

Ú¡:tl¡(7,y¡), V¡:V¡(l,A), W: (W) 
,=r,

arvj
Aa? æ) ,=,' t¡(aì : G(v), i :1,2':(

Note that the problem was solved (see Boyadjiev & Halatchev (1998a)) only taking into
account the diffusion through the interface between the two fluids and surface tension
through their influence on the boundarylayer profiles, i.e. the interfacial instabilities are
not accounted for. Hence the boundary conditions have the form (2.1g).

The solution of (3.60) has been found using the same numerical approach as rvas em-
ploying in Chapter 2. As a result the curves of neutral stability have been obtained
(Figure 3.I2). The critical Reynolds number Ren, corresponding wave-speed, Cr, and
wave number ,4, are obtained. C, *in alnd A^o, are also obtained from these results.
They are shown in Table 3.7 for different values of the parameters d3 and 0a, taking
into account the intensity of the secondary flows, due to the concentration gradients and
tangential temperature gradients.

No. 0s 0t Re", A^o, Cr^o.
1

2

3

4

5

6
F7
I

8

0

0.2

-0.2

0

0

0

0

0

0

0

0

10-4

10-3
10-2

10-1
1

800

I4TI
572

800

800

800

799
799

0.357
0.329
0.382

0.357
0.357

0.357
0.356

0.356

0.4503
0.4L87
0.4763
0.4503

0.4503
0.4503
0.4505
0.4505

Table 3.7: Values of the critical Reynolds numbers Ren, C,^o" and A,no" obtained at
Da:10, d1 - 0.1, 0z:0.145, 0s :18.3 and do : 0.084.
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The analysis of the influence of the effect on non-linear mass transfer and the Marangoni
effect on the mass-transfer kinetics and the hydrodynamic stability in gas-liquid systems
presented in this chapter leads us to some basic conclusions. First, in the case of absorp-
tion of the components of the gas phase into the liquid phase the increase in intensity of
the mass transfer directed from the volume of the gas phase toward the phase boundary
(0t > 0) leads to an increase in the mass-transfer rate (fi) and an increase in the critical
Reynolds number (R"*), i.e. it serves to stabilise the flow. Second, in the case of desorp-
tion of the components of the gas phase into the liquid phase the increase in intensity of
the mass transfer directed from the phase boundary toward the volume of the gas phase

(dr < 0) leads to a decrease in the mass-transfer rate ("f1) and a decrease in the critical
Reynolds numbers (R"-), i.e. serves to destabilise the flow. The rise in the temperature
gradient along the phase boundary length (áa) leads to a decrease in the mass-transfer
rate (fi) and a decrease in the critical Reynolds numbers (Re",), thus serving to desta-
bilise the flow. The Marangoni effect, however, is negligible in gas-liquid systems with a
movable interface and finally, the flow in the liquid phase is globally stable.
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Figure 3.10: The dependence of the critical Reynolds number.Re", from the concentration
dependences of the viscosity (p), the density þ andthe influence of the large concentration
gradients (á) in gases.
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Figure 3.11: The dependence of the critical Reynolds number Ren from the concentration
dependences of the viscosity (p), the density p,the diffusivity (D) and the influence of
the large concentration gradients (d) in liquids.
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Figure 3.12: The curves of neutral stability in the (Ren,A)-plane for a gas flow in a
laminar boundary layer at Da : L0, eL: 0.1, 0z : 0.145, 05 : 18.8 and 0o : 0.084.
Shown are plots for the cases: l) 04 - 0,03 :0;2) 0a: 0,0e - 0.2; B) 04: 0, 0s : -0.2;(t) 0¿:10-4, 0s:0; (O) 0¿:10-3, 0s:0.2; ()) fu:10-2, 0s:0.2; (") 0n_ 10-r;
0s:0; (a) 0n - -1, 0s :0.

o.20

FÞ



Conclusions

The results presented in this part give us the opportunity to make some basic conclusions.
The flows in boundar¡' Iayers of "Blasius type" are characterised by the hydrodynamic
stability which increases with a rise in the tangential velocity component on the interface
and a decrease of its normal component in going from "suction" (d < 0, /(0) > 0) to
"injection" (0 > 0, /(0) < 0) in the laminar boundary layer. The instability properties
of this type of flows depend both upon the normal component of velocity on interface
and interface velocity.

The flows in boundary layers with velocity which decreases with the depth of the fluid
("Couette flow" plane flow) are essentially globally stable, and they are not effected by
changes in the normal and tangential component of the velocity on the interface.

Systems with intense interfacial mass transfer are characterised by the fact that the
kinetics of mass transfer does not follow from the linear theory of the mass transfer
and obvious changes in the hydrodynamic stability are observed. These effects have
been previously explained by appealing to the Marangoni effect, i.e. the induction of
tangential secondary flow on the phase boundary. The investigations of the kinetics
and hydrodynamic instability of systems under conditions of interfacial mass transfer
(see Boyadjiev at. øl (1996a), Boyadjiev & Halatchev (1996b), Boyadjiev & Halatchev
(1996c), Boyadjiev & Halatchev (1998a) and Boyadjiev & Halatchev (1998b)) show that
the same effects can be explained as resulting from non-linear mass transfer, i.e. the
induction of normal secondary flows on the pha^se boundary. Consequently, it is possible
to compare the Marangoni effect with the effect of the non-linear mass transfer.
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Part II

Stability and Separation
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Chapter 4

The Stabitity of Boundary-Layer
Flows under Conditions of Intense
Interfacial Mass Transfer: the effect
of interfacial coupling

Porous media surround us everywhere, in reactors of all kinds, almost every possible

chemical engineering process, in aeronautics, in waste disposal, in aquifers, in fossil fuel
deposits, and in the high intensity heat and interfacial mass-transfer processes. Develop-

ments in new technologies require both improvement and increa.sed understanding of the
fundamental processes involved. The former, with which our present chapter is concerned,

includes an ability to create correct mathematical models and to improve their predic-

tion capabilities. The later is connected with attempts to clarify the physical processes

that underly the properties of transport phenomena. We shall study the mechanism of
diffusion driven flows in terms of a permeable, two-phase system in which fluid flows over

a solid porous surface. Our attention will focus on the question of effect of diffusion on

the stability of the flow (see Halatchev & Denier (2000)).

The objectives of this research, as has beensuggested in Gebhart et. øI (1996), is abet-
ter understanding of the dynamics of controlled diffusion driven flows by concentration
gradients; to devise a procedure which enables one to construct a twodimensional math-
ematical model capable of providing, at least, a qualitatively correct description of the
critical parameters of the phenomena so as to facilitate and study one possible control
strategy and to correct the critical parameters obtained in previous investigations by
Boyadjiev et. aI. (1996a) (presented in Part I).

As mentioned in the Introduction the stability analysis of systems in the presence of mass

transfer has been based on a fully decoupled theory. However, the interaction between the
concentration and velocity disturbance fields is of great theoretical interest and requires
a modification in the solution of the governing equations and boundary conditions. This
modiûcation involves the treatment of the problem as a fully coupled one numerically.
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We shall discuss the numerical algorithm in detail in this chapter and point to the realm
of validity of thc earlier results for the decoupled problern, and to the range of critical
parameters (namely the Schmidt number ,Sc) where the decoupled theory cannot be

4.L Fluid-permeable surface systems with active dif-
fusion through the interface

Consider the laminar flow of a viscous incompressible fluid over a flat, semi-infinite,
permeable plate across which a concentration gradient exists (see Figure 4.I). The mass

gas(liquid)

u*

c8

rv6 permeable surface g
Figure 4.1: A schematic description of the flow

transfer is simply a result of the concentration driving force. The rate un of the induced
flow can be defined from the mass flux through the surface (see section 3.1).

The equations governing such a flow are the Navier-Stokes equations and the convection-
diffusion equation for steady incompressible two-dimensional flow with constant diffusiv-
ity (2.1) with the initial with initial and boundary conditions (2.2).

After being non-dimensionalised with respect to a typical length scale Z (for example,
the distance from the leading edge of the plate), the free-stream speed [/- and the
concentrations Õfr and Õi at the interface (U* :0) and at the free-stream (y. + *)
the system of equations reduces to (2.4), which must be solved subject to the initial and
boundary conditions (2.5).

We shall slightly reformulate the basic boundary-layer and concentration equations, by
using the more usual similarity variables for Blasius boundary-layer flow. In the limit of
large Reynolds number the flow develops a steady boundary layer of thickness O(Re-ttz¡
attached to the leading edge of the plate. Thus we shall introduce boundary-layer vari-

cl
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ables (2.12). Substituting into (2.4) - (2.5) we obtain the steady boundary-layer equations

¿¡"þ ¡
OT

u"* +v"
OT

ðUB

a,
0Vn

AY
ôUa

AY
0Pn

ÔY
0Cp
AY

0,

ô2(JB

+

Vg (4 1)

where we assume that the free-stream is uniform
conditions are as follows

aY2'

0,

t 02Cn

Sc 0Y2'

so that )Pef ôr - 0. The boundary

Y:0:
Y->oo:

fIa :0, va -- -*#, Cn : r;

Ua)L, Cp-+0.

(4.2)

Depending on the direction of the mass transfer, noting that Cpy(O) < 0, there will be

"suction" (d < 0) from, or "blowing" (0 > 0) into, the boundary layer (see Boyadjiev
et. aI. (1996a) and Chapter 1). Our concern is with the effect of this blowing or suction
on the hydrodynamic stability of the flow.

In what follows we will employ a similarity solution to the boundary-layer equations as

our "basic flow". Thus we set

,t - h,(JB: Í'þt), ve - ftrrt' - Í), ca: g(n), (4.8)

where / and g are solutions of

Í"'+!Íf":0, s"+ffs'Í:o (4.4)

subject to the boundary conditions

/(o) : !¿s'@), /'(o) :0, e(o) - t; (4.5)

/'(-) : 1, 9(oo) : o'

The two-point boundary-value problem (a.a) and (4.5) can be solved numerically by
employing a simple shooting technique, using a fourth-order Runge-Kutta quadrature
routine coupled with Newton iteration to determine the values /'(0) and g'(0) for which
the boundary conditions (4.5) are satisfied (see Halatchev & Denier (2000)). Some of
the solutions of this system are presented in Figures 4.2, 4.3 and 4.4 at different values
of the mass-transfer parameter 0, and the Schmidt number Sc (for instance the cases

,Sc : 1, 50).

It is seen in Figures 4.3 and 4.4lhat "blowing" (d > 0) serves to increase the boundary-
layer thickness, while in the case of "suction" (d > 0) boundary-layer thickness decreases.
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Sirnilarity solutions f '(n) and Sh) at Sc=O. /

S-
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0.2
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q

Figure 4.2: Graphs of the Blasius function f'þù and, the basic concentration g(q) versus
7 at different values of the mass-transfer parameter d for Schmidt number ,gc : 0.1.

This change in the boundary-layer thickness is significant at small Schmidt numbers Sc
as in the case of gas flow. At large Schmidt numbers, i.e. in the case of liquid flow,
the concentration boundary layer is thinner than the momentum boundary layer and the
mass transfer has little impact on the velocity and concentration profiles. At 0 : 0, i.e.
in the absence of mass transfer, we simply have the cla^ssical Blasius boundary-layer flow.
A more complete description of the effect of the mass transfer on the boundary-layer flow
can be found in Boyadjiev & Vulchanov (1990) where it was shown that the secondary
flow, with flow rate / (0) , simply serves to modify the shape of the velocity profile f 

, hj .

o=-:o.
A_-N E

0=0

0.=0-S

0=-0.3
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.0=l ,

0=0.:3

.e -=0.;
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Sími|øri"tg solutions f'(r¡) and. g(n) at Sc=1

(U,V, P,C) : (Uo,Vo, Po,Co) + e(u,u,p,c) + . .
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(4.6)

o I642
n

I642
n

10

10

:06t-
Þ)
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0.0
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0=l
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0

Figure 4.3: Graphs of the Blasius function /'(a) and the basic concentration g(4) versus

4 at different values of the mass-transfer parameter 0 for Schmidt number ,Sc : 1.

4.2 Hydrodynamic stability analysis at finite Reynolds
numbers

To investigate the stability of the flow we superimpose a two-dimensional, small ampli
tude, disturbance on the basic fl.ow. The total flow field is then written as

where e is a small perturbation parameter.

The governing equations for two-dimensional disturbances follow from the Navier-Stokes
equations and the convection-diffusion equation by linearisation about the basic steady

0.
0
0

I
5

0.=.3.
ô_F

.0=-a--
g=-
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Sirnilaríty solutions f '(q) o,nd. 5ft1) at Sc:50
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Figure 4.4: Graphs of the Blasius function fþù and,the basic concentration g(7) versus
4 at different values of the mass-transfer parameter d for Schmidt number ,Sc : 50.

flow and concentration state. This yields the equations

ur+as : 0,

ut* Uouz * uUs, * uUs, *Vsu, : -p, * Re-L (ur, * unu) , @.7)
u¿ * Usas * uVs, *Vsu, * uVs, _ -py * Re-L (ar, * ouu),

4l Uo% I uCs" ¡ Vo% * uCs, : Re-L Sc-L (cr, * cyy) ,

where (u, u) is the small unsteady perturbation to the steady basic flow (us, vs), p is
the pressure perturbation, c is the concentration perturbation, ú denotes time, Re :
U*Lf v (Re > 1) is the Reynolds number based on the characteristic velocit¡ the typical
length scale and the kinematic viscosity u and, Sc: u/D is the Schmidt number. The
position of flat piate is given by A : 0, x ) 0 and the free-stream by (Jo : L. This system
has been non-dimensionalised using (2.8).

0=-0.9 :

0=-0.1, ¡0.5., 0, 1, S,:s



99

The mean flow in the ø-direction is assumed to be influenced by a disturbance which is
composed of a number of discrete partial fluctuations, each of which consists of a wave

which is propagated in the n-direction (see Schlichting (1979)). It is therefore appropriate
to represent a single oscillation in the following form

u(r,a) : F'(a) exP [i(oø - Pt)],
u(r,a) : -i.aF(s)expli,(ax - Pt)], (4.S)

c(r,v) : iaG(s) exPfi'(an - Pt)],

where F(g) and G(y) are the amplitudes of the disturbances, a is a real quantity and

B - B,*i,ft is complex; they are the wavenumber, the frequency (B") and the amplification
factor (B). If þ¿ < 0 the disturbance is damped and the flow deemed to be stable,
whereas if 0¡ > 0 the flow is unstable and the disturbance gror'¡/s exponentially with
time. In (4.8), we have employed the classical parallel flow approximation, i.e. the
disturbance amplitude is assumed to depend only on the normal coordinate g and the
dependence on the longitudinal coordinate n enters the problem parametrically through
the r-dependency of the mean flow quantities.

In order to reduce the disturbance equations to their standard form we will make use of
the boundary-layer approximation and introduce the factor

ô* : 1 zl¡R"L. t LvE,

where Ro : L.72(xRe)L/2 is the Reynolds number based on the local boundary-layer
thickness (see Halatchev & Denier (2000) for full details). After eliminating the pressure

term from equations @.7) by cross-differentiation, introducing the similarity variables
(4.3) and taking into account the transformations

F@ @) : 6i,p@ (n), G(") @) : 6no(n) çr¡

we obtain the following system, consisting of an Orr-Sommerfeld type equation for the
disturbance amplitude g and a second-order equation for the concentration disturbance
amplitude ø:

(r' - ô) (r" - Â'e) - Í"'e: -H{{r- - 2Â'e" * onv) (a.ea)

-|trr' - f) e"' +|ltnr"' + Í") + A'(rtÍ' - lll r'),
')

(r, - c), + is,e : -t#lå (", - Â,o) -TØ¡, - Ð ",1. (4.eb)

These must be solved subject to boundary conditions

p(0) : #o'ror, e'(0) :0, ø(o) : s'

P(oo) : o, p'(oo) - o, ø(oo) - g.

(4.10)
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Here we have defined

ß
O : 

U., C : L : C, + i,C¿, R¡ : L72\(rRe)L/z

The system (4.9) with boundary conditions (4.10) constitutes an eigenvalue problem for
C, as a function of á and .R6. The relationship between ^86 and r can be interpreted
in the following way; in determining a critical Reynolds number .R6 (beyond which the
flow is unstable) we will, in effect, be determining a critical position n", at which the
boundary layer becomes linearly unstable to wave-like disturbances.

The results presented in Part I on this problem were obtained by assuming that the pa-
rameter d is small and subsequently the right-hand-side of the boundary condition for g(0)
is negligible. This assumption allows the momentum and concentration fields to decouple
and results in a classical Orr-Sommerfeld eigenvalue problem for the complex wave-speed.
In this case the effect of the interfacial mass transfer on the flow occurs only through
the coupling in the basic boundary-layer equations. This approximation, although cap-
turing the effect of mass transfer on the boundary-layer flow, cannot correctly account
for the forcing of the disturbance momentum transport due to the diffusion through the
permeable surface. We therefore retain this coupling in both the ba^sic boundary-layer
equations and the disturbance equations. In order to determine the stability of the flow
we must therefore solve system (a.9) subject to the full boundary conditions (4.10).

As the solution procedure has some important differences over that which could be em-
ployed if the boundary conditions were decoupled we will now present the details of the
numerical method that have been used.

4.3 Numerical algorithm

Our solution strategy is based upon a finite difference discretisation of the system (4.g).
It is convenient to write the system in the following generic form

(Dn + a7D3 * ø2D2 * a3D * a+)g :0,
(D'+bLD+b2)o*bse:0,

(4.11)



where a¿: a¿(T) and ö¡ : b¡(rù (i: I,... ,4, j : I,... ,3) in the in
and D denotes d/òn. For our specific problem the coefficients have the

A1 - r),
iÂRõ (¡'-t),

-|rr,
Â2

O,g :

A4:

A2 -2 1.720

bt Sc(rtf'- Í):a1Sc,

)ltrt"' + f") + A'Ør' - /)] ,

{r'* #rl¡'u' - c) +r"] 
},

(4.r2)

bz 2

1_,

_A Í'-c
tu: 1þ^!*"n'.- L.720

Special care must be taken dealing with the boundary conditions at infinity as has been
done in Boyadjiev et. al. (1996a). For unbounded flows of this type we must necessarily
truncate the semi-infinite domain at some ?ru ) 1, chosen to ensure that the variation
in the basic flow is negligible at that point i.e.

Í'(qx) : r, f" (rl*) : f"'(rlw) : 0, rtr f'(n¡r) - Í þtù - k, (4.13)

q¡¡ f"'(r¡¡¡) : o, g(rtr) : g'(q¡v) - o.

We will employ Keller's method for eigenvalue problems on infinite domains to first
derive the correct asymptotic form for the far-field (rt + oo) boundary conditions (see

Keller (1976)). First we rewrite the system of equations (a.9) in the followingform:

y'(rù:D(rt;A,Ro,C)y, (4.14)

where

vT þù : (g" - Â'g, ,P"' - Â" g' , g, g' , o, o'),

and the matrix D(q;,q, n,,,C) is defined using (A.Lz); it is given in the Appendix 4.2.

As noted by Keller (1976), to obtain the correct exponential decay of the eigensolutions
as ? + oo rve must ensure that the far field boundary conditions (applied at ? : r¡lv ) 1)

have the correct asymptotic form. These are derived by considering the asymptotic form
of @.Ia) as ? + oo. Thus,

_lip D(a; A,R¿,C) (4.15)
?-+oo

01000 0pïrk o o o o

0 0 010 0

1 0 lz 0 0 0

0 0 000 1

o o o o p?lksc

: Doo(Á, Rd,C):
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where

Â2

p?: ¡,*o4Tlf"e-c)

The eigenvalues ()¿, i: L,.. . ,6) of D-(.Â, R6,ô) are

+Â le2Sc2 + l6p?, (4.17)

and in order to ensure exponential decay as q -) oo we choose those with negative real
component:

Àt: -Â,
1 1c- -4k2 +t6pt, )3 KS lc2scz + r6p?. (4.18)

1r*1
44

Ào-1fr-1-44

)ns"*)k2 + 76þ1,

41+

!n*)r:o

4

The requirement that our numerical solution captures only these exponentially decaying
components can, in the notation of Keller (1976), be written as

Gly:O, as ? -) oo, (4.1g)

where the matrix G! consists of the left eigenvectors of D- corresponding to eigenvalues
(a.18); Gl is given in Appendix 4.2.

These far-field radiation boundary conditions can now be written as

D2-Â2

n+Â)

(" "i
p'z- 

Þ3

k2 + L6p3 _( )

(
1

2
KD I :0, (4.20)

('.i *r")1
Ic2Sc2 + L6p? O :0,

4

in the limit q -) oo. Note that in the far-field, the boundary conditions on <p and
ø decouple. In the ca^se fr : 0 (i.e. ignoring the non-parallel effects arising from the
boundary-layer growth) the first two equations in (4.20) reduce to those obtained by
Keller (1976) thus providing a useful consistency check.

We now turn our attention to the question of the coupling between the disturbance
equations atq - 0. As noted above, our general approach to the solution ofthe eigenvalue
problem governed by (4.9) - (4.10) will be to employ a second-order accurate, finite
difference discretisation of the disturbance equations. In the absence of the coupling at
4 : 0 such a discretisation would lead to a simple penta-diagonal matrix equation for
the velocity disturbance amplitude g; an iteration procedure based upon the smallness of
9(0), sa¡ can then be used to solve for the eigenvalues. In the presence of the boundary
coupling such a scheme is not suitable and an alternate scheme is necessary.



103

To proceed, let us introduce an unknown function H : H (a) defined such that ç" (0) - H .

We will normalise all dependent variables in (4.10) with respect to ^I/; for instance g : HØ
so that g"@): 1. Due to the linearity of system (4.9), it remains unchanged under this
rescaling except for the fact that g and o are replaced by tp and õ. Further, let us suppose
that the value of õ'is known at the boundary and denote it by B; of course B must be
found as part of the solution procedure (see below). The boundary conditions (4.10) can
be written as

ç(o):THr, Ø"(o) -1, o'(o¡: p. (4.21)

Ø(oo) - 0, Ø'(oo) :0, ã(oo) : ¡.

For fixed values of ,Sc, R6,0 and Á th. "eigenvalues" (or unknowns) will be deemed found
if the remaining two boundary conditions õ(0) : 0 and Ø'(0) :0 are satisfied. This
will form the basis of our iterative procedure for the eigenvalues of the generalised Orr-
Sommerfeld system. For the sake of convenience, from herein we shall omit the tilde from
our notation.

Based upon (4.2L) we implemented the following algorithm to solve the problem:

o Step I: Set up initial guesses for C and B at given R¿, Â, Sc and 0;

o Step II: Solve the Orr-Sommerfeld equation and the concentration equation, subject
to the boundary conditions @.2L);

o Step III: Iterate on C and B until rp'(O) : 0 and ø(0) : 0 are satisfied to within
some desired tolerance (the result is the eigenvalues for i, B and the corresponding
eigenfunctions rp and ø).

Letting g¡ and ø¡ denote values of rp and ø at grid point Tj : jä, discretising the
disturbance equations using second-order accurate centred differencing (see Abramowitz
& Stegun (L972)) yields

prpj-2+ u,29j-rt l-tsg¡* l.tapj+t* þsgj+z:0,

vo -ffia, e-r:ffi" - et* h2,

-f,r*-, * Çtp¡¡-t - ezq¡¡ - Çeq¡¡+t *|vt'r+z :0,

-|r*-, * eaq¡,t-t - esqw - (opiv+r t 
f,vN+z 

: 0,

(4.22)

and

l-Laoj-L + pToj i ltaoj+t: Pegjt
o-r: oy - 2hB, (4.23)

op+r:ow-t-ezoN,

where the a.symptotic boundary conditions 4¡y have been satisfied explicitly and we have
introduced the false grid point 4-r in order to retain second-order accuracy in n. The
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resulting matrix systems are given in Appendix 4.1, together with their compact storage
forms, and the full list of the cocfficients is given in the Appendix A.B. We used a step-
size of h : Lq : 0.001. There are no numerical instabilities in the method described

4.4 curves of neutral stability and discussion

The system was solved using the algorithm described above to generate curves of neutral
stabilityin (.R6,Á) and (Â0,C")-plane. These are presented in Figures 4.b - 4.10.

Let us consider firstly the results for a Schmidt number of 0.7 presented in Figure 4.5.
Following the usual convention the curves of neutral stability delineate the boundary

curues of neutrøL stabiLitg øt sc:0.7 fully coupled, in tl¿e BC
0=0.3

0:0.2
0 =0.'.1

0.20

0.1 5s

0.1 0

0.05

500 I 000 1 500 2000 2500
R6

Figure 4.5: Curves of neutral stability in the (R6, ,4)-ptane at ,Sc : 0.T for different values
of0

in the parameter space between stable and unstable disturbances; the flow is unsta-
ble for values of the parameter that lay inside the neutral curve. Flom Figure 4.b
we see that the effect of positive mass transfer (i.e. blowing) is to reduce the crit-
ical Reynolds number and consequently destabilise the boundary layer; the point of
neutral stability therefore moves towards the leading edge of the plate which suggests
an earlier onset to turbulence within the flow. This conclusion is in agreement with
that made in the previous works (see Boyadjiev et. ol. (1996a), Boya-djiev & Halatchev
(1996b,c) and Halatchev & Boyadjiev (1996) presented in Chapter 2) which was based
upon the approximation of decoupling the disturbance fields. We note that, for the
present case (^9c : 0.7), the critical Reynolds number, for a value of g : -0.3, is
2.L9264 x 103 as compared to the value of 2.23226 x 103 predicted by the analysis of
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Curues of neutrøI støbility at Sc:0.7 fulLy coupled in tl'¿e BC

0.45

0.40

<br- 0.35

0.30

0.25

500 t 000 1 500 2000 2500
Ró

Figure 4.6: Curves of neutral stability in the (Br, C")-plane at Sc : 0.7 for different
values of d

Boyadjiev et. al. (1996a) whereas for d : 0.3 the respective values are 2.2L0018 x 102

(current results) and 2.18419 x 102 (results of Boyadjiev et. ø/. (1996a)). These differ-
ences are summarised in Figure 4.11. Fbrther from Figures 4.5 and 4.6 we observe that
blowing serves to increase the critical wavenumber and wave-speed. These general con-
clusions also hold for higher values of the Schmidt number as presented in Figure 4.9 and
4.L0. The changes in the critical Reynolds number, wavenumber and wave-speed as a
function of 0 are summarised in Tables 4.1 - 4.4.

Sc:0.7
0 .R6 x 103 A C, A^ot Cr*o,

-0.3
-0.2

-0.1
0.0

0.1

0.2

0.3

2.t92640
1.219656

0.746276
0.500000
0.361021

0.276337
0.221001

0.1510000

0.1600000
0.1700000
0.L773200
0.1840000
0.1880000

0.1920000

0.3116931

0.3462902
0.3772822
0.4028357
0.4242387
0.4414703

0.4563870

0.1672360

0.1825266
0.1956240
0.2083170
0.2198905
0.2300431

0.2390913

0.3130090

0.3481817
0.3795264
0.4061027

0.4283788
0.447036r
0.4626900

Table 4.1: Values of critical Reynolds number .R6, corr€sponding wave-speed Õ,, *uue
number Á and Â.^o, and, Ôr^o, at Sc:0.7.

Finall¡ the eigenfunctions tp and o al Sc: 0.7 and 0 : -0.3 for certain values from
the neutral curve of stability on the (R;,, A) locus are presented in Figures 4.L2 and 4.L3.

It is seen that in the range of these Reynolds numbers and mass-transfer rates, at

0.+0.2

0:0.1

0: - 0.2

0= - 0.3
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Curues of neutrøI støbility øú Sc= 1 uncoupled. in ilze BC
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Figure 4.7: Curves of neutral stability in the (R6, á)-ptane at ,Sc : 1 for different values
of e.

high Schmidt numbers ,Sc, the coupling effect has a relatively minor role in the whole
mechanism (Figures 4.9 and 4.10). This is a simple consequence of the factor ,Sc-1
appearing in the boundary condition which forces the vertical momentum transport.
However, at low to "moderate" values of the Schmidt number, the effect of coupling is
considerable and must be taken into account if a reasonable and accurate estimate of the
critical parameter values is to be obtained.

In conclusion we have considered the problem of the instability of a boundary-layer flow
over a permeable surface under conditions of interfacial mass transfer. The equations
governing a small amplitude disturbance have been derived and numerical solutions to
the fully coupled problem have been obtained. These improve upon the earlier results (see

Sc-l
0 r?6 x 103 A C, A^o, Cr^o"

-0.3

-0.2

-0.1
0.0

0.1

0.2

0.3

1.604998
1.007698

0.685857
0.500000
0.385065
0.309554
0.257094

0.15500
0.16500
0.17000
0.L7732
0.18300
0.19000
0.19000

0.3295478
0.3585616

0.3820112

0.4028357
0.420L429
0.4356791
0.4466740

0.1763175

0.L872046

0.1981166
0.208317

0.2175227
0.2256855

0.2330865

0.3312340
0.3601031

0.3850448
0.406L027
0.4240635
0.439L204
0.4521988

Table 4.2: Values of the crifical Reynolds number.R6, corresponding \rrave-speed ô", wave
number Á and Â^o, and Ôr^o, at ,gc: 1.
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Figure 4.8: Curves of neutral stability in the (R6,C,)-plane at ,Sc : 1 for different values
of0

Chapter 2) of Boyadjiev eú. ø1. (1996a) to consistently account for the effect of coupling
between the momentum and concentration fields.

In this chapter the parallel-flow approximation has been used in order to reduce the
partial differential equations describing an infinitesimally small disturbance of a basic
non-parallel motion to a more analysable ordinary differential equation. The fully cou-
pled problem was studied leading to a system consisting of an Orr-Sommerfeld type of
equation and a concentration equation for the disturbance amplitudes. The results \ilere
restricted to relatively small Reynolds numbers; the focus being on the determination of
the critical Reynolds number for different values of the mass-transfer parameter I and
Schmidt number ^9c. A number of studies (see Jordinson (1970), Gaster (1974)) show

,Sc: 50

0 .R6 x 103 A C,
'T,,.YL

-0.3
-0.2

-0.1
0.0
0.1

0.2
0.3

0.5419671

0.5256418

0.5117888
0.5000000
0.489947L
0.4809837
0.4731381

0.L7620
0.17520
0.77632
0.17732
0.17932

0.17972
0.18072

0.3977870
0.3991445

0.4011101

0.4028357
0.4047787
0.4059957
0.4073290

0.2056077
0.2066190

0.2075208
0.208317

0.2089932
0.2095971
0.2I02I22

0.4007827

0.4028352
0.4045790
0.406t027
0.4075515
0.4088320
0.4099835

Table 4.3: Values of the critical Reynolds number R6, corresponding wave-speed Ór, wave
number ,Â and Â^o, and, Ôr^o, at Sc: 50.
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Curttes of neutral stabilitg at Sc=50
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Figure 4.9: Curves of neutral stability at Sc: 50 for different values of d.

the relevance of the parallel-flow approach in comparison with experiments. However,
some discrepancies still remain between the Orr-Sommerfeld theoretical predictions and
experimental results. The agreement between theory and experiment can be improved
by considering the non-parallel flow effects. In the next chapter we shall consider the
natural asymptotic limit of large Reynolds number .¿?e ) 1. It is the largeness of the
Reynolds number that under-pins the boundary-layer assumption (see Smith (1g79a)).
Under this assumption the linearised disturbance equations are governed by the standard
triple-deck structure of Smith (1979a). By solving a series of equations in each layer of the
triple-deck, the eigenrelations, which determine the stability of the flow (or the position
of neutral stability), will be derived.

0.
0.

I
2
a

0.=-0-2
0= -0.1
0=0

-0. I
-0..2
-0.3

02
01
0



109

<s

<(r'

0.20

0.1 I

0.1 6

0.1 4

0.1 2

0.10

0.42

0.40

0.38

500 900 1 000

CurtLes of neutrøL støbi|ity at Sc=100

600 700 800
.Rd

0.36

0.34

0.32
500 600 700 800 900 I 000

Rô

Figure 4.10: Curves of neutral stability at Sc: 100 for different values of á

^9c: 100

0 ,R¿ x 103 A C, A^o, Cr^o,
-0.3
-0.2

-0.1
0.0
0.1

0.2

0.3

0.5264242
0.5161596
0.5078787
0.5000000
0.4935537
0.4878432
0.4827328

0.17400
0.17500
0.18000

0.17732
0.17800
0.17800
0.17900

0.3985858
0.4001046
0.4029710
0.4028357
0.4038453
0.4045131

0.4055078

0.2065904
0.2072468
0.2078189

0.208317
0.2087288
0.2091419
0.2094927

0.4027809
0.4040509
0.4051436
0.406L027
0.4070L92
0.4078304
0.4085544

Table 4.4: Values of the critical Reynolds number.R6, corresponding wave-speed C,, wave
number Á and Â-o, and, Ôr*o, at Sc: 100.

0--0 2
0=0 3

0= -0.3
A:--0-2
0= -0. 1

0 --0
0:0.1
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Chapter 5

Linear Lower-branch Stability of
Blasius Boundary-Layer Flow under
Conditions of Interfacial Mass
Transfer - Asymptotic Approach

In this chapter we study the lower-branch of the curve of neutral stability (see Smith
(1979a)) for a boundary-layer flow over a semi-infinite, permeable, flat plate under con-
ditions of interfacial mass transfer.

The a^symptotic structure of non-linear disturbances in a momentum boundary layer
has been described by Smith (1979a); this structure has a three-tiered form, commonly
referred as the triple-deck, in which the fluid adjusts from a thin layer (the "lower-deck")
at the boundar¡ where viscous forces dominate, to a thick outer layer (the "upper-deck")
where inertia dominates. In the presence of interfacial mass transfer, the momentum and
concentration fields will be coupled in the lower deck, which suggèsts a fully numerical
approach will be required to determine the non-linear response of the boundary layer. In
this chapter these equations will be linearised and the asymptotic form of the lower-branch
of the curve of neutral stability will be derived, at different values of the mass-transfer
parameter d and Schmidt number ,Sc (the parameter which provides a measure of the
relative importance of diffusion as compared to viscosity).

5.1 Basic Blasius boundary-layer flow and concen-
tration

Let us consider the flow conditions sketched in Figure 5.1. A fluid moving with velocity
rL : (U-,0) in the free-stream flows over a semi-infinite permeable flat plate. The
fluid contains a species whose concentration is C6þ) on the surface and Ci(r) in the
free-stream. The governing equations describing the two-dimensional, steady flow of an
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incompressible fluid and the development of the concentration field are the Navier-Stokes
equations and the convection diffusion equation (2.1) with initial and boundary conditions
(2.2).

gas(tiquid)

O(ne-eta¡
Uoo

I upp.t
I

:: t::''- --
I vclæiry boundary layc

- - -l 
corccntation bouday laycr

I

I
I

I
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I
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I
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vg t_

)

r
permeable surface O(Re

Figure 5.1: A schematic of the boundary-layer flow over a permeable surface when the
velocity and the concentration boundary layers are commensurable.

The non-dimensionalisation of the above system of equations and boundary conditions
has been done using (2.3). After applying the standard approach used in Chapter 4, the
basic Blasius boundary-layer flow and concentration field are governed by the system of
equations and boundary conditions (4.4) - (4.5).

The problem 4.Q - (4.5) has been solved numerically as in Chapter 4, using a fourth-order
Runge-Kutta quadrature routine coupled with a Newton-Raphson iteration procedure.
The skin friction /'(0) and concentration gradient at the wall 9'(0) at different values of
the mass-transfer parameter d and Schmidt number ,Sc are shown in Figures 5.2 and 5.8
and 5.3, and tabulated in Tables 5.1 - 5.5. The calculations have been carried out for
different values of the mass-transfer parameter g within the interval [-1, 1] and different
values of the Schmidt number, Sc :0.01, 0.2, 0.5, 0.2, and 1 in the case of gas flows,
and ,Sc : 2, 25, 50, and 100 - liquid flows. It is clearly seen from Figures b.2 and 5.3
that the skin friction /'(0) depends on 0 and Sc. At lower values of the Schmidt number
(note ,9c : u/D), corresponding to a thicker concentration boundary layer, one can
expect rapid momentum boundary-iayer thickening even at moderately low values of the
mass-transfer parameter d (the case of gas flows). As the concentration boundary-layer
thickness decrea^ses, for increasingly higher values of Schmidt number, the effect of the
secondary flux through the interface (the "suction" or "blowing") becomes less significant
and the diffusion will not have an impact on the boundary-layer growth as evidenced by
the plots of skin friction Í"(0) in Figure 5.3. It is evident that the Blasius boundary-layer
flow will separate in the case of lower ,Sc, while in the case of liquids the boundary-layer
growth is similar to the classical Blasius one (= sL/z) even at high values of the mass-
transfer rate 0. The concentration gradient through the interface g'(0) depends on á
and .Sc as well. The figures show that the absolute value of the concentration gradient



115

c!

þ
H

ll

a

1

102

101

I O-2

-10

-12

-1.0

-t.o

0.5

0.5

1.0

1.0

00

Basíc Jlotu ønd Cortcentration

-0.5 0.0
e

-0.5 0.o

0

0

-2

s-4
H

H^\= -o
tl

A-e
b

0

Figure 5.2: Graphs of /"(0) and g'(0) versus d for different values of ^9c.

increases when Schmidt number increases and this increase in the regime of "suction" is

much more pronounced than in the regime of "blowing". At fixed values of the mass-

transfer parameter d the concentration gradient decreases with a decrease in Schmidt
number ^9c, nevertheless its impact on the boundary-layer growth is significant due to
the greater thickness of the concentration boundary layer and its interaction with the
hydrodynamic boundary layer.

5.2 Asymptotic expansions within the triple-deck struc-
ture and linear stability analysis

The influence of the intense interfacial mass transfer on the hydrodynamic stability of
the boundary-layer flow will be investigated by applying linear stability theory. In the
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\ilork presented in Part I the flow was assumed to be parallel (but with the effect of
the underlying boundary-layer growth accounted for via a parametric dependency on the
streamwise variable) and the stability properties governed by the solution of an Orr-
Sommerfeld type eigenvalue problem. In this linear approximation the influence of the
concentration disturbances on the velocity disturbances, and vise versa, wffi neglected.
These results were also limited to, large, but finite values of the Reynolds number. In
practice however the Reynolds numbers encountered in such flows are significantly larger
than can readily be dealt with by employing a numerical solution of the Orr-Sommerfeld
equation. In the limit of large Reynolds numbers a self-consistent asymptotic solution
of the governing equations is possible without recourse to any of the o,d, hoc assumptions
employed in the Orr-Sommerfeld approach. Here, in considering the natural asymptotic
limit of large Reynolds number Re ) 1, the disturbances equation will be coupled in the
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boundary conditions on the interface.

The governing equations for two-dimensional disturbances follow from the Navier-Stokes
equations and the convection-diffusion equation by linearisation about the basic steady
flow u - (us(r,a),vo(r,g)) and concentration cs(r, y), where u is the velocity vec-
tor in Cartesian coordinates r, U. This yields the system of equations (4.7), which for
completeness '\Me reproduce here

(5. 1)

Equations (5.1) define a problem similar to that studied by Smith (1g79a) but with
the addition of a convection-diffusion equation coupled to the momentum field in the
boundary condition for the vertical component of the disturbance velocity at the surface
(g : 0). We shall focus on the lower-branch modes of instability since, in practice they
are the first to become unstable.

5.3 The triple-deck

When Re Þ 1 the velocity (u, u) and the concentration disturbances fields c and the
pressure p are governed by a triple-deck structure (see Figure 5.1) on the streamwise
length scale O(e3), where e = Re-rl8 < 1. This follows from the fact that the typical
wavelength of neutrally stable lower-branch modes are proportional to Re4/a as Re -) oo.

The stability of the basic flow will be examined by setting r : e3 X and considering fixed
frequency disturbances proportional to

.E : exp 
[r (e1x¡ - p,)], þ.2)

where

þ: þrt eþt* r'þr+e3ln eþure3þ++ O (.') (5.3)

is the frequency (a constant), á the wavenumber, which is a slowly varying function of r
in the form

d0ldx : K{x) + eK2(x) + e2Kr(r) + e3ln eKap(r) * e3Ka+ O (es) , (5.4)

and r : e-2t is a scaled time variable. In this multiple-scales approach (see Smith
(1979a)) 0l0x is replaced by e-30/0X +ô10r. Our concern is with how the presence of
the concentration equation in the full set of equations modifies the triple-deck structure
and the corresponding eigenrelations.

urtu, :
u¿ * Usus * uUsr l uUs, lVsu, :

u¿ * Usu, * uVs, +Vous I uVs, :
c¿ I Usc6 * uCs, * Vsc, * uCs, _

0,

-P¡ * Re-l (ur, * uoo) ,

-pv * Re-L (ur, * ror) ,

Re-r Sc-L (cr, * cyy) .
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Generall¡ we shall use the standard triple-deck scaling set down by Stewartson (1g24).
Thc triple-deck structure has length O (rt) in the ø-direction. Normal to the plate the up-
per deck is of thickness O (e3) and is governed by the inviscid irrotational flow equations.

d)

pressure gradient which helps drive the lower deck, the lower deck provides a change in
the displacement thickness of the boundary layer. The main deck, with thickness O (rn)
plays a relatively passive role in the mechanism, the equations are inviscid, but there
are small pressure variations across the deck. The lower deck has thickness O (e5) and
is located on the wall; it is controlled by the conventional boundary-layer equations but
with new boundary conditions. The effect of the concentration gradient, and hence the
intense interfacial mass transfer, is shown to be limited to the lower and the main decks.

The scalings above and expansions for disturbances in all three decks can be obtained
by inspection through a priori estimates. They can also be obtained deductively in the
style of Mauss (1994). A comprehensive review of the triple-deck theory and its broad
range of applications can be found in Smith (1932)"

5.3.1 The main deck.

The main deck is an inviscid middle layer where the oncoming flow undergoes a downward
displacement. It is characterised by the predominant small effect of displacernent. Here
the scales ãtÊ, y : e4Y, r : eïX, T : e-2t,where Y : O(L), X : O(l), T :O(1). The
disturbances expand in the following form:

u:
u:
p:
L-

frt + eu2 * e2us + ea lneu4¡ + esut + o (eï)l E,

f.rt + e2u2 + esus + ea lneua¡ I eau4 + o (ea)l E,

lrp, + r'p, + rtp, + ea ln epa¡ * rnpn + o (ea)l E,

lc¡ + ec2 * e2ca + es ln êc+n * esca + o (e})l ø,

UB(t,Y)+O(e8he)
eaVB(r,Y)+O(e12lne)
C B(r,Y) + O (e8 h e) ,

(5.5)

where LLrt...,1)1,...rpt,...,c1,... are functions of the normal coordinate Y and the
slow streamwise coordinate ø. The basic Blasius flow and the basic concentration take
the following form:

Uo:
Vo:
Cs:

(5.6)

where Un, VB and CB have been defined in (4.3) - (4.b)"

In what follows we will require the limiting forms of. (JB, Vp and Cn as y + 0 and



Y -+ oo. Expanding these in a Taylor series about Y:0 we obtain from (4.4) - (4.5)
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(5 7)

UB(x,Y)

Vs(r,Y)

Cp(r,Y)

as Y + 0. In the limit l'-> oo we have

x 
^y 

- )es"-' >,rv' + rue's"-2 

^p2y| 
- let s"-r )ptyn

-fin-'vn + olY'¡,

0 s c-L ¡t - *^,t' + 
le 

s 
"-, e t ),ys - )e, s 

"-, 
(^ t \,yn

+fie' s 
"-' 

(^p:),y' + fi{t' r-r),y, + o (y\,

r + ¡ff - ït r,r, + rur'' 
u'v' - f,nn' ,nyn

-fis"trr-Ly| + o(y'),

UB(r,Y) ->

Vp(r,Y) -)
Cp(x,Y) ->

1

k

where fr is defined in (4.13). In (5.7) )(ø) - .f"(}¡r-t¡' is the skin friction and pt(r):
o'(O)s-t/z is the first derivative of the concentration in the Blasius variables. As noted
earlier the values of /"(0) and g'(0) are tabulated for different values of ,Sc and d in
Tables 5.1 - 5.5,

Substitution of (5.5) and (5.6) into (5.1), introducing the operators Mt, Mz and Ms
(see Smith (1979a)) defined as

2\/n'
0,

(5.8)

M1(u1,u) :
My(u2,u2) :
My(us,us) :

My(ua¡,ua1) :
M1(ua,ua) :

'i,K1u * uy,

UsiKtu I uUsy,

UBiKp * uCsy,

0

-iK2u1,
-i(K2u2 * Ksuy),

-iKa¡uy,
-i(K2us * Ksu2 * Kau¡) * ubi

Mlu,u) :
M2(u,u) :
M3(c,u) :

and equating coefficients of powers of e to zero gives the following system of equations
for the main deck:
continuÍty:

(5.e)
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ï-momentum;

M2(u7,u) 0,

M2(us,us) :
M2(uay,ua¡) :

M2(ua,ua) :

i(þtuz t þzu) - Upi(K2uz * Ksut) - i(Kpz t Kzp),

-Upi,Ka7u1,
i(þtus I þzuz * þzu) - Upi.(K2ue * Ksuz * Kau¡)

-(Unu)" - Vsuv - i(Ktpz * Kzpz i Ksp) * uvvi

(5.10)

(5.1 1)

A-momentum:

0

UpiKlul
Upi(K2u1i Kp2)

0

Uei(Ksu¡* K2a2* Kyq)

-PLY t

-P2Y¡
: iþpr - psv,

: -P¿rYt
: i(þpz * þza) - Pnvt

and
concentratÍon

(5.12)

The boundary conditions to be imposed on the system of equations (5.9) - (5.12) are
matching with the lower deck solutions as Y + 0 and with the upper deck solutions as

Y->æ.

6.3.2 The lower deck.

The lower deck, which together with the main deck comprises the boundary layer, is an
inner viscous region driven by the induced pressure force. Hence, the scaling within the
lower deck is a-s follows: A: eíZ, û: e]X, r: e-2t, where Z -- O(I), X : O(7),
r : O(7). The expansions of the disturbances, which come from the asymptotic form of
the main deck solutions as Y -+ 0, have the following form:

lut + eu2 * e2[\ + esrne(Ja¡ * e3(Ia+ o (e3)] E,

lr'v, + e3v2 + eavs + e5 lnevaT + esva+ o (e5)] ^Ð,

[.Pt + ,2 P, + €3P3 + ea ln ePa¡ + ea Pa + o (ea)) E,

lct + eCz * e2C3 + e3 lneCat + esCa+ o (e3)] E,

Ms(q,at)
Ms(c2,a2)

Mz(cs,as)
Ms(ca1,ua1)

Ms(ca,ua)

:0,
: iþpt - UsiK2q,
: i(þpz * þzc) - Usi(K2cz I Ksc¡),

: -UsiKaecl,
_ á(þúe * þzcz * þ*ù - Uei(K2cs * Ksc2 * Kac)

-UaCu - utCa, -Vacv * Sc-Lcyyy.

u:
u:
p:
u-

(5.13)
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where Ut,...,Vt,...,CLr... are dependent on Z and ø, but Pt,...are functions only
of r. The basic flow and the basic concentration here can be determined in the same
fashion as for the main deck, they have the following forms:

Us(r, Z)

Vs(r, Z)

e À Z - l-r' 
e s 

"-' 
>, u, 22 + lrt e' s 

"-' 
À t' zt - firn et s 

"-3 
s rz 2a

-firn n-L 24 + o(zt),

ea 0 s c- L 

¡t - rrru 
s, z' + !ur' e s 

"-' 
(À t ), zt - firt e' s c-2 çÀ ¡f ), 24

(zu), (5.14)+ firn e' s c-s çÀ¡.f¡, z' + fid {t',-L),25 + o

fiunr,t un zn
1 1I_'6Cs(x, Z) | * ep,Z e2e¡.P 22 e3o2 p,3 23 -2

-ftrns"lpr-r2a + o(z\,

as Z + 0. In an analogous way to the previous section we introduce the operators ,C1,

L2 and.C3, defined by

L¡(u,u) :
L2(u,u,p) :

L3(c,u) :

iKlu * u2,

i(^ZKL - þr)u* Àu * iKlp - u22,

i(^ZKL - /ùcI pu - Sc-1c22.

Then substituting (5.13) and (5.14) into (5.1) we obtain the equations for the structure
of the disturbance in the lower deck:
continuíty:

LL(UL,VL) :
LL(U2,V2) :
LL(Us,Vs) :

Ly(Ua¡,Va1) :
LL(UA,VA) :

0,

-i,K2u1,

-i(K2U2 * KsU),

-iKu,Uu
-i(KzUs * KsUz + KAUL) * [Ju;

(5.15)
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r-moIJnentum:.

Lz(UuV, P) 0,

1-?, +0s ÀpZ ZiK{t + Vt
2

I ,

Lz(Us,Vs, Ps)

L2(Ua;,Va)
L|(U+,V+, P¿)

-0Sc-r p,(J12,

: i(þrUz + þsUt) - 
^Z|(K2U2 

+ KIUL) - i(K2P2 + KIPL)

+|r,s"-'>,¡tz2t(Kru2 + KzuL) - |rr r"-, Àp, z, (lztxru,
*ur) - LSc-L p,(J22 + \Sc-rÀ¡tzV2,

: iþu,Ut - ÀZi,Ku,Ut - iKa¡p1, (b.16)
: i(gzUz * þsUz + þ¿Uù - 

^Zi(K2th 
* KzUz j- K+(I)

-i(K2& * KsP2 + KAPL) + rr/l s "-' lp,z2 (xrtts * Kz(Jz

+4..uL) - [e, 
s"-, )¡] zsi(Kr(Jz * KzLrtt + 

fr.1ø- 
| zaiK¡J1

+fiet s"-3 Àp,3 z|i,Kilt - z(^uL), - pt,+ 
f 

ats"-t 
^t 

r zr7

*|sr-'z,v, - |e, 
s"-rl,u, zrv" + ,,sc-t Àp,zv,

+|s,,2'ur2 - osc-r p,(\2;

and
concentratÍon

h(CL,VL)

Lz(Cz,Vz)

h(q,Vt)

Ls(Ca¡,Vap)

h(C4,V4)

0,

iþzCt - 
^Z)K2C|+|eS"-,x¡tZ2jK1C1- 

0Sc-rp,Cts + 0p,2ZV1,

: i(þzCz+ þsCt) - 
^Z\(K2C2+ 

KBC¡) +f,rls"-'tp,Z2t(Kp2

+K2cL) - !t, t"-, À¡Ì zziKrcl - Lsc-L ltczz - !e, ¡rt zrv,
+0¡,PZV2,

iþ¿tCt - ÀZiK¿nCt,

i(0"CsI þsCz+ þ&) - 
^Zi(Kzq* 

KsC2* K¿Cù

(5.17)

*'res"-'sp,z2i(K'Cs r KzCz + KsC) + |s">,ur-L ZaiKrCl

-[t" t "-, À ¡] zr t(K tcz * K zc ) + )e' s 
"-s 

À ¡-p 24 i, K rc,

-zÀcu - þ,Z(Jt +|x,zrctz - \sc-LpCsz +fF ¡razsv,

+|s"xur-L zsvt - ltr rt rrvz + o p,2 zvs.

The appropriate set of boundary conditions for the above equations (5.15) - (5.12) are
matching with the main deck solutions as Z + oo. In order to define the wall boundary
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conditions special attention needs to be given to the effect of the concentration gradient,
due to the mass transfer, on the lower deck. The development of the velocity boundary
layer is generally characterised by the no-slip condition (the no-slip condition pertains
to u : 0 on Z : 0, the mass transfer modifies ?J : 0, i.e. no normal flow) for the
disturbance velocities as well as for the basic velocity along the surface. However, if there
is simultaneous mass transfer tof or from the surface it is clear that the no normal flow
condition does not pertain to the transversal components of the disturbanceV¿ (i : 1,. . . )
and basic flow velocity Vo (4.5). They are no longer forced to be zero along the surface
(u Z -+ 0). Using the lower deck scaling and the boundary conditions (2.5) we obtain
the following form of the boundary conditions for the disturbance equations in the lower
deck:

,tL :0, u : -e3bl#l 
r=0, ": o (b.1s)

where we denote b -- ?Sc-L and in addition the boundary conditions (4.2) for the basic
flow and concentration held.

A close examination of the equations, and the corresponding boundary conditions (5.18),
within the lower deck of the triple-deck structure, demonstrates that the vertical momen-
tum and concentration field are coupled, the magnitude of this coupling being dependent
upon the magnitude of the concentration gradient across the permeable boundary. The
triple-deck structure itself is not modified, however the first-order correction to the neu-
tral position will be modified.

We shall see that at low levels of mass transfer (corresponding to a relatively small con-
centration gradient) and under the conditions of mass transfer with the rate of order
unity the eigenrelation for lower-branch Tollmien-Schlichting waves is unaltered (at lead-
ing order). As the level of mass transfer is increased so the standard triple-deck structure
must be modified. The disturbance velocity and concentration fields now becomes fully
coupled and the resulting eigenvalue problem must be tackled numerically.

Our analysis of the expansions give us an estimate of the order of magnitude of the
compound parameter ö for which the problem can be treated as decoupled in the leading
order lower deck equations, in this case, characterised by ö : îSc-L : O(1). The
boundary conditions have the following form:

U¿:0, (i:1,...)
Vt:0,

v+t: -rl#f ,=,, (5.1e)

V¿r:0,
C¡:0,

as Z + 0. Note that the study presented here has been carried out for the case of
gas-permeable surface systems with ,Sc: 0.01, 0.2, 0.5, 0.7 and 1, and liquid-permeable
surface systems with ^9c 

: 2,25 and 100 and the mass-transfer parameter 0 within the
interval [-0.9,0.9].
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5.3.3 The upper deck.

Finally, the third I rS ln otcn
order to relate the pressure induced by streamwise changes in the boundary layer to the
iocal displacement (streamlines in the boundary layer have been displaced by an efiective
change in the position of the wall). In this layer the wave motion is described by classical
inviscid irrotational theory. Given that the disturbance to the concentration field are
small and the assumption that the effect of concentration is limited to the region in the
vicinity of the wall, the scaling within the upper deck is: y : e3A, r: e3X, r : e-2t,
where 9 : O(I), y - O(7)1 r : O(1) The main deck scaling suggests the following
expansions of the disturbances:

u : lrr, + r"tt, +e3u3 + ealnettaT * eaua + o (ea)l E,
,t) : [ut, + ,rrr+eau3 + ealneúa¡]-eaaa+ o(ea)] E, (b.20)
p = lrF, + e2Fz + espz + ealneBaT * rnpn+ o (ea)l E,

where 'uL,. . . ,'t)1,... ,pt,.. . are functions of g and c. In the upper deck the basic flow
approximates the uniform stream and has the following form:

Uo:L+o(ea), Vo:o(rn). (b.21)

We introduce the operator 2 defined by

D:pùe_K?p.

Substituting (5.20) and (5.21) into (5.1), equating like powers of e and eliminating the
velocity components we obtain

nu,

_ 2K1K2p1,

: ZKL(K¡FL + KzFz) + KïFr,
: 2K1Ka7p1,

: 2KL(K4FL * KzFz + KzFe)

+Kïp, - iKt (2Fu + (KulKr)pr) .

(5.22)

The boundary conditions for equations (5.22) are those of matching with the main deck
solutions as g ) 0 (as Y -+ oo there) and decay as gr -+ oo.

5.4 The disturbance equations solutions

We shall first derive the main deck solutions, which will enable us to match them with
the lower deck and the upper deck solutions.

D(F,

D(F

D(F,

)

)

)

)D(Fnt

(FòD
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5.4.L The main deck solutions

Having the controlling equations and the boundary conditions we can solve the main
deck equations to give

U2:
U2:

Pz:
C2:

u¡: AyUev,

at: -iKtAtUs,
Pt: Pt'

ct: AtCnv,

(A, - K2KLr A)UB7 - Py(UByH2 + U"'),
iKtPtU BHz + ipLAL - |K¡A2U p,

P2 - ALK?Hb

(A, - K2K;LA1- P1H2)CBy;

(At- K2KrLA2+ KïK;2A:)uBv - P2(usvH2+u"t)
+KIALUB'(tJ"rilr+ ä1) - K\KLLAilav

- þrAt(U Bv Ha * U 
"L 

(J ey H2 + U 
""),i(K2PL * KPz)(I B H2 - |ALKI Hs t iþtPP e Ha

+ipL(Az - K2KLL A) + iþzh - iKlAs(Jp,

Ps - K?PLH| - KL(K|A. * KtAz)Ht * 2B1K1A1Ha,

(A, - K,K;LA1- pzHz - K,KLLA2 + K|KL2AL
+ K? ALU B' H' - 7LALU BL H2)C 

"";

Uev,

(5.23a)

(5.23b)

(5.23c)

(5.23d)

(5.2aa)

(5.24b)

$.2ac)
(5.24d)

(5.25a)

(5.25b)

(5.25c)

(5.25d)

(5.26a)

(5.26b)

(5.26c)

(5.26d)

U3:

U3:

Ps:
Cg:

u4L

uaL

P+r,

ctL

A¿r,_ftn,

-iKlAayUB,
Pq,r,

A¿r - fte, CBvi
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I -1

U4

Pa

- x] x ;2 I't + K| K ;' A, + K3K2K Í Ar)(I Bv - n(U By H2 + u 
"')-Kr'(þrPz + p2pr)(uBvúa t (I;, H, + u"r)

+ PLK2K t 
r A1(U By H 6 + u Br H2 + U 

"r) 
+ K? A2(U Bv H s * H r)U 

"t+ Kl AL (U BU By H T + H s)tJ;r t K 2 K 1 A1(U Bv H, + H y)U ;1
+PÃÁL(U"2(JByH, +UB2HL - Uavma - 2[IBLH4)

+p?KIt A,(u;Lu",Hu r uÇz(IByHz t IJpvHg + u"t)
1-'iKrrAT,Upy (5.2Ta)

i(KrPL * K2P2 + KlPs)[IpH2 - i(zArKrK? + Kl A2) Hs

+i(P2h + P:P2)UBHa * iþr(As - K2Krr Az + KIK;2 A,

-K3KLL A) + ¿pr(¿'2 - K2K\Aù + iþzh - iKlAa(Ie
+iKlPLuBHz * |PLK?A¡VBHB + ip?KtL PlusHs - At(Ja", (5"2Tb)

Pa+ (K?Pz + 2KLK2PL)HI - KL(KLAr * KzAz + KrAL)Hr

+z(p2KLAt* þtKtAz)H¿- p?ArV - KIALHLL

+pLKLh(Hn - Hrc), (5.2Tc)

-iKlLuBrloþrh, * czþz t csþt) - i,(Kac1* Ksc2 * Kzcz)up

-urCB, - eyVB - a+Cny + Sc-Lcyy]. þ.2Td)

C4

Here P¿ : P¡(r) and A¿ : A¿(r) (i - I,. . . ) are unknown, slowly-varying amplitude,
functions (the wall pressure and negative displacement perturbations respectively). The
integrals Hj : H¡(r,V) (¡ - 1,. . . ,I2) are defined in Appendix 4.4. The solutions for
the pressure disturbances have been obtained by matching with the pressure in the lower
deck.

5.4.2 The lower deck solutions

In order to obtain the solutions for U¿ (l :1, . . . ) we will apply the transformation

Ç : 6t/s Ø - þrl^K,), a :iÀKt, (5.28)

to eliminak Z from the ø-momentum equations. \Me are interested only in the first
modified eigenrelation.

The solution of the equations (5.15) - (5.17) for the disturbance velocity U¡ (i :1, 
" . . , 4, 4L)



in the lower deck yields

where

U\ : BlAi(€)'

(Jz€ : B2Ai(6) +!@rX;L - LS|-L^-' trþtKr'

-io S c-L À-L FK;I 6z/z) BrAi"' (€)

+i(pLK2Kr' - þ, - |e 
s"-, s-, pp? xr r)B1a-2l3Ai,(€)

-lisc-L¡t (ot",r, - åon,r)) r,n-'z',

fI+L€ _ B LAI(€) + [ôlAi'(€) +62/i1',t'(€)]L-'/t,

exp(-K1g),

L27

(5.2ea)

(5.2eb)

(5.2ec)

(5.30a)

(5.30b)

(5.30c)

(5.30d)

ôr : -BLlK4LKr-tA,/r*o * iþ¿t],

õz : larxort 
/t lKr,

Ai(€) is the Airy function and Bn(t) (i, : \,. . . ) are unknown functions. A similar process
can be performed for the higher order equations, but as we are predominantly interested
in the higher order concentration effect we will terminate our expansions here.

Due to the different scale factors multiplying the arguments of the Airy functions which
arise in the solution of the concentration equations, the algebra becomes particularly
cumbersome at this stage. It is then prudent to obtain the solutions C¡ (i, - 1,. .. ,4, 4L)
numerically. These will be described further in the next section.

6.4.3 The upper deck solutions

The solutions of the upper deck equations are

P¿t

fu : Plexp(-K:g),

Fz : lP" - Kzhll exp(-Krg),
l- - 'l

Fs : 
L¿ - (KePr + K2P2)g + -Uxln 

92

lPn" - K+r,Prgl exp(-K1g),
r_

l'^ - (K¿P, * KsP2 * KzPz - iPu)!

* (|rcn, * KzKsPt -|o*r,) u" - Lux¡e,s'

P+

where k: k(") (i : L,. . . ) are unknown functions of ø.

exp(-Kg), (5.30e)
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Matching the solutions in the upper deck with those in the main deck yields

P1 : Pt, (5.31a)

u3oo

uloo

P2

u2æ

P3

Pat

u4Læ

Pa

u4æ

: \-|KLAPB]"-- : -iKtAt, KrPr: K?At;
: P2 - A.K?HLØ, (b.31b)
: i,K¡P1H2* + 2ihAL - i,KtAz: 'iKzAt - iPz - iK2Pyf K1;
: Ps + K?ptHs- - KL(KjA2 + K2AL)Hì* * 2þtKtAtHq*, (b.31c)
: i(K2Pr + KLP2)H2* - i,AtKi¡¡u- * i,B1p1H6*

+ipL(A2 - K,KLL A) + i,þzA, - iKlAs :
[(P, - Kr)ur* + (0, - Ks)ur*] Kr' - iPz - iKsPL/KL

-i.K2P2lK7;
: P¿¡,, (5.31d)
: -iKtAu : i,K¿r,At - trn" - iKaaPlf K;
: Pa + (K?Pz + 2KLK2PL)¡Ir- - Kr(KÁs * KzAz

+KzAr) HL* + 2(P2KtAt * fuKÁ2)H4* - KlAr./lrr-
*þtKft(Hrr* - flro-), (5.31e)

: i(Ksh * KzPz+ KLä)H2* - i(2A1K2K? + K\A2)HI*
+i(P2PL * hPz)Ha* * iB1 (Ár - K2K¡L A2 + xlx;2,1,r¡
+ip2(A2 - K2KLL Ar,4r) * iþsAt - |KLAA + iKlpLHT*

+ipLK?ALHe-* ip?KltpLHs-: 
[(É, - Kr)ur*+ @r- Ks)or*

+@s - KA)uL*fKr' + KLL(KLAL), - iPn - ;KAA/Kr - iKsP2f KL

-iK2h/KL- Pu/Kr

5.5 Semi-numerical treatment
'We have already mentioned that the solutions for the concentration disturbance in the
lower deck will be solved numerically. In order to determine the second-order distur-
bance V2 along the surface we need to determine the first derivative of the leading order
concentration disturbance at Z : 0. We found it appropriate to solve the full system
of equations for the leading order disturbances Ur, Vr and Ct in, the systems of equa-
tions (5.15) - (5.17) with the boundary conditions (5.19). To do this, we first solved the
standard triple-deck equations

(Jvz _ ¿K?h + 
^Vr 

+ i(^ZKL - þr)Ur, (5.92)

Vtz : -iK1U1,

subject to the boundary conditions

(5.33)Ut:Vt:0 at Z:0; Ut+À a"s Z ->oo.
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To solve this system numerically we first replace the non-homogeneous boundary condi-
tion U1 -> ) as Z + æ with the homogeneous boundary conditionUv:0 at Z: Z*.
We then iterate oî þt and K1 using the Newton-Raphson method until the remaining
boundary condition lU, - Àl < . at Z : Zoo is satisfied. After some experimentation
a tolerance of e : 10-5 was found to yield results converged to five significant figures.
The subroutine we developed for solving the system (5.32) - (5.33) is based on the NAG
subroutine Dl2RAF which solves the two-point boundary-value problems with general
boundary conditions, using a deferred correction technique and Newton iteration (see

Pereyra (1979)).

Finally we will solve the concentration equation

Ctzz : Sc(i,ÀK1Zq - iPGt 4- 1rV7), (5.34)

with the following boundary conditions:

Ct:O at Z :0; Ct + p, as Z -) oo. (5.35)

All equations have been normalised as follows

Ut

The equations for the leading order terms in the systems of equations (5.32) - (5.35)
have been solved with Z* : 50 and 2000 grid points. The first-order concentration
disturbance equation (5.34) with the boundary conditions (5.35) has been solved by using
simple second-order central difference discrete scheme, employing the Thomas algorithm
to invert the resulting tri-diagonal system and using the solutions from the equations
(5.32) - (5.33). The solution is obtained and tabulated, for different values of ,9c and d
(see Tables 5.1 - 5.5 and Figures 5.4 and 5.5, where ù: )Ctl0Zlz=o).

Since we are interested only in the dominant effect of the induced secondary flow on the
disturbance structure (ma.ss-transfer effect) the higher order corrections have not been
determined. However in Appendix 4.5 we present the full system of governing equations.

5.6 Solutions - eigenrelations

As mentioned in the last section we are only interested in the first correction to the
leading order eigenrelation, i.e. we shall limit our attention to the second-order neutral
term in the expansions, in so doing we shall obtain the first modified eigenrelation.

The form of the leading order eigenrelation is unchanged. For completeness we give a
brief derivation of its analytic form here as we will make use of it as a check of our
numerical scheme for solving the leading order lower deck equations. Applying the wall
boundary condition on Z :0 in (5.16) gives

BLAi|A2/s : iKrPt, (5.36)

Ct
Vt

A,
V

Ut

h
Ct

h
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Figure 5.4: The first order disturbance concentration gradient along the surface versus
the parameter 0 for different values of the Schmidt number ,Sc.

where the subscript 0 refers to the function being evaluated at € - €o : -ihL-2/3.
Next the matching condition on I as € -f oo is tl ] ÀA1, from (5.16) and (5.6) we
obtain

B1k: ÀA¡, (5.37)

where

Ik- Ai(q) dq

Eliminating 81 between (5.36) and (5.37) we obtain a relation between the wall pressure
(P1) and the displacement (-Át). Flom (5.30) and continuity of pressure and normal

oo

€o

Sc:O

Sc=50
Sc=25 : Sc=0.7

Sc=r00:
: Sc=0:5

Se=25

S.c=4.2

,Sc=0..5:

së'+0:7

Se:3

.Se:.1
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Figure 5.5: The first order disturbances concentration gradient along the surface versus
the Schmidt number ,Sc for different values of the parameter 9.

velocity es ú + 0 (5.31) and combining (5.36) with (5.37) we have the leading order
eigenrelation

iK?k
r4ffi: t' (5'38)

which fixes the wavenumb er K1(") * a function of the frequency B¡ and the skin friction
)(").

For neutral stability (K1 and B1 real), it is found that (see Lin (1945), Reid (1965),
Schlichting (1979), Stuart (1963), Tollmien (1929))

11.

,,K=F - 2-2e7, (5.3e)

which implies the relation €o - -2.297i1/3, viz., €0, Aio, Ai'o and k are independent of
ÀK1. Their values have been obtained in the way similar to that in Bassom (fSaS) and
are given in Appendix 4.4. From (5.39) \rye can obtain that (e,t : -2.2g4Lilo.

00

e =t- 0.3

:a
=0. I
=9.3
-=p...5

0=:-0.5

0
e
a
à

0

a+0.5

0
e
e
e

e+-0.3
=-0.1
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This is the first-order eigenrelation, which fixes the wavenumb er Ky (") * a function of
the frequency þt(r) and skin friction )(ø). It is, of course, identical in form to that found
in Smith (1979a). We have (see Smith (1979a) equation (4.1))

Kt : 7.991¡s/4r-s/a ,

h : 2-299¡312r4/a,

where, for the case of the Blasius boundary-layer flow I : 0.332.
values of the wavenumber and frequency are found to be

KrÀ-5/4rsl8 : 1.000489, pL^-3/2r-314 : 2.29T96T

(5.aOa)

(5.40b)

The corresponding

A similar process can be carried out to produce the successive eigenrelations for K2(r),
Ks(r), Ku(n), Kt(n) as functions of )(ø) and p, (and hence of d and the schmidt
number,Sc), and the constants B¿@) (i,:L,...,4,4L). prcceeding in this fashion the
wall boundary conditions for the lower deck disturbance solutions at Z - 0 yield

BzAí:o * (|u, - (r1 -o,) o,o + o,2ni¿ - i (;"+ 3o4) Aií' + 
]øsAii'

1

-:ra$i[' - 0Sc-L/2r-L/2 pBl$ioA-t/s + ïSc-L/2a-t/z ¡5r6-t/s (5.41)

:i(Kf+2+K2PI)A-2/3,

where

ã4 : 2(K2KLL - 0Sc-L/2^-'pKlt 0ùBr,
a2 : 0Sc-r/, p(r-L/2 - 2)Bt1-r/l,

and

A7

A2

A3

A4

eSc-Ll2 pr-L/2 Br6-L/s ,

t (orxrxr' - þ, - |rr"-,,,À-, ¡"K;, o?) ar,

2-au

I
2

i0 S c-L / 2 
À *K 1 B 1 [-a/ 3 

.

fo €or

The conditions of matching the second-order velocity disturbance solution of the main
deck u2 as Y2 è 0 with that of the lower deck Uz as € -> oo imply

Bzk * (;", - o, - on) 
^r, Ï I Ai(q)d,q1d,q2 - a2;is (5.42)

-i (i"* t*) Aiå - |øseiff + ]øaniii 
: À(Az - p,î - K2Kl Ar),

0

î : 
fu;,çv,¡ av,
i

where
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Now combining (5.41), (5.42) and (5.31a,b) we obtain the second-order eigenrelation,
which is

Dx, : rx2, (n,*- Ht*- Ð - iku (0,-#)
+zip, (,.,*k*,Y) . (iku? + p,x

*,? 
r 
^4-*t, 

(* *'rnr,- ; ffi ) * 
ofio,o,

where we have normalised ô1 using A1 and set

(5.43)

Ai'oAt/a'

ðC,
a€'- 

€=€o

I
Ã

0Up

AY

0Un
AY

ð1

D : !¡ +?z (p'q¿olntrß) D,
3

D : r+k€olLiî.
Upon setting 0 :0 we have the first-order correction to the Tollmien-Schlichting eigen-
relation, which again provides a useful check of our result.

The integral denoted bv i is defined in the Hadamard sense. It has been obtained
by matching the main deck solution u2 with the lower deck U2. With reference to
Hadamard (1952)

0 0

frt'rrUdy, 
:,1,1à uB2(Yù dYL

1I-'u" (5.44)
Y+0 À

We term the limit on the right-hand-side of (5.44) þ the "finite-part" of the integral
on the left-hand-side. The value of the lower limit À is an arbitrary non-zero constant
(modifying the constant of integration) which has no effect on the numerical value of the
limit obtained.

The "finite-part" integral at the left-hand-side of (5.44) can be written as

À

J - _ [ Í(Y) - fP) -Yf'@)ay* I osc-,u,. :- 
I ---T ' iÀ, - )2 m^'

where Í(Y):Y'/U"".We note also that the occurrence of the logarithmic terms in the
asymptotic expansions, for instance (5.3), are due to the last two terms and is forced in
the same manner as noted by Smith (1979a).

6.7 Curves of neutral stability

The calculation of ô1 for different values of ,Sc and á has been described in section 5.5.
Some of the results for the first order-disturbance concentration gradient along the sur-
face, for different values of the Schmidt number,Sc and the parameter 0, are presented
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in Figures 5.4 and 5.5, and Tables 5.1 - 5.5. In the special case .9c : 1 the first-order
disturbances concentration equation (5.34) can be solved analytically as well.

stability. For neutral stability wavenumbers K1 and K2 must be real. In order for the
wavenumber Kl to be real the eigenrelation (5.38) requires that the frequency B1 is given
by (5.a0b). Given that the frequency fu is a constant, the position of neutral stability,
for a disturbance of constant frequency, is given by r : ø,r, where

rn :0.3}4p,,n/t + O(Re-r/a¡. (5.45)

Beyond r : rn the disturbance will amplify spatially. Alternatively, we can express
(5.40) in terms of Reynolds number -R6 based on the local boundary-layer thickness
(Ão : I.720(x&e¡t/z), for which the neutral stability frequency is given by

0n:5.r859¿;3/2\s¡z * o(Re-7/a¡, (b.46)

using (5.2), (5.3) and (5.40) and defining i : /'(0).
For K2 to be real the complex equation (5.48) yields

þï :2.5880&;ztt U, g.4T)

for neutral stability. There is no explicit dependence on 0 and Sc in equation (b.a7)
because the va¡iation of the parameters K2 and B2 is bound to the wall share À, how-
ever, an explicit dependence upon these parameters occur at higher order in the solution
expansion. We can continue this process indefinitely having all the eigenrelation but for
the purposes of our present study we shall terminate this process here. Combining (5.40)
and (5.47), the expression for the neutrally stable frequency B,, is

g^:0.995R0t/' 
ls.ztzolzt, + z.ssaB;R;,/n + o@;L/\f . (5.4s)

At 0 :0 and Sc : 1, the case without mass transfer, the expression (b.48) reduces to
that obtained by Smith (1979a), i.e. this is the result for the conventional, parallel-flow
analysis (there is no presence of ø-derivatives or small normal velocity components in the
basic flow, because the boundary-layer growth terms are neglected).

The second-order neutral frequency þz and wavenumb er K2 as a function of the mass-
transfer parameter 0, for different values of the Schmidt number ,Sc, are plotted in Fig-
ure 5.6 and tabulated in Tables 5.1 - 5.5. It is seen from Figure 5.6 that in the case
of "blowing" into gas boundary-layer flows, i.e. when the mass transfer is directed to-
wards the boundary layer, the contribution of the second-order frequency þz into (5.48)
decreases the neutral stability frequency B,r. We also observe the same effect with the
wavenumber K2. As it is seen from the Figure 5.6 in the case of liquids, i.e. at moderately
large Schmidt numbers ^9c, the thinner the concentration boundary layer the less signif-
icant is this contribution. In the case of "suction", when the mass transfer is directed
from the boundary layer towards the permeable surface, the contribution of the second-
order frequency þzinto (5.48) increases the neutral stability frequency Bn and, again this
contribution is much more significant at low Schmidt numbers (gas boundary-layer flow).
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Sc:0.7
0 À(r)xL/2 þ(r)tLlz õv 6u 0zr7lE

-0.99

-0.5

-0.3
-0.1

-0.05
-0.03

-0.01

0

0.01

0.03

0.05

0.1

0.3

0.5
0.99

0.6387

0.5989
0.4544
0.3651

0.3479
0.34L4
0.3351

0.3321

0.3291

0.3232
0.3176

0.3042

0.2598
0.226t
0.226L

-4.489L
-0.4819
-0.3804
-0.3167

-0.3042
-0.2995
-0.2949
-0.2927

-0.2905

-0.2862
-0.282t
-0.2723
-0.2394
-0.2140

-0.L704

0.0695

0.0434
0.0301

0.0278
0.0269

0.0262
0.0258

0.0254
0.0246
0.0239

0.0223
0.0173
0.0138

-0.6309

-0.4058
-0.2872

-0.2661
-0.2583

-0.2509

-0.2473
-0.2438

-0.237L
-0.2306
-0.2156

-0.1686
-0.1358

6.927r
5.2234
2.5434
1.6390

7.2455

0.8329

0.6219

0.4046

-0.0463

-0.5128
-L.7745

-8.1937
-r7.0970

Table 5.1: The values of the skin friction /"(0) : À(r)rL/2, the basic concentration
gradient on the surface g'(0): F(x)rL/2, first order disturbance concentration gradient
Cf along the surface and the second order neutral frequency þzr7/8 at ^9c 

: 0.7 for
different values of á.

The curves of neutral stability for different values of the Schmidt number ,Sc and mass-
transfer level d are shown in Figures 5.7 - 5.11. It is seen that the results are in agreement
with those made in the previous chapter. Increasing the absolute value of the mass-
transfer parameter leads to an increase of the frequency of neutral stability. Depending
on the direction of the mass transfer, i.e. the sign of the mass-transfer parameter 0,

corresponding to "blowing" or "suction" we have a destabilising or stabilising effect on the
stability of the boundary-layer flow. The high concentration gradients have a stabilising
effect at 0 < 0; this is significantly higher then the destabilising one in the ca^se of a
change in the direction of mass transfer (P > 0).

The result obtained by Smith (1979a) is plotted in Figure 5.8 and differs slightly from
ours at the mass-transfer level of 0 - 0 due to the non-parallel contributions taken into
account in Smith's calculation. The boundary-layer growth has a stabilising effect on the
boundary-layer flow if the wall pressure is taken to be the measure of the instability (see

Smith (1979a)) but it is of less importance compared with the effect of mass transfer.
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,Sc= 1

0 À(r)rL/2 þ(r)rUz 6v 6tn þzx7/8
-0.99 4.9446 -4.9445
-0.5
-0.3
-0.1

-0.05

-0.03

-0.01
0

0.01

0.03

0.05

0.1

0.3

0.5

0.99

0.5380
0.4277

0.3582
0.3446
0.3394

0.3345
0.3321

0.3297
0.3250
0.3205

0.3098
0.2739
0.2460
0.1981

-0.5380

-0.4277

-0.3582
-0.3446

-0.3394

-0.3345
-0.3321

-0.3297

-0.3250
-0.3205

-0.3098
-0.2739

-0.2460
-0.1981

0.2922
0.1947

0.7424
0.1329

0.1295

0.L262
0.1246

0.L229
0.1199

0.1170

0.1102

0.0887

0.0734

-0.6329
-0.4257
-0.3124

-0.2927
-0.2846

-0.2774

-0.2739

-0.2705
-0.2639
-0.2575

-0.2428

-0.1959
-0.1626

6.7380
4.8091

2.2389
1.4605

1.1299

0.7939
0.6219
0.4462
0.0868

-0.2807

-r.2457
-5.7540

-11.3519

Table 5.2: The values of the skin friction /"(0) - À(r)rL/2, the basic concentration
gradient on the surface g'(0) : F(x)nL/2, first order disturbance concentration gradient
C{ along the surface and the second order neutral frequency þzx7/8 at Sc: 1 for different
values of d.

Sc:25
e À(a)rLlz a) Lr 6u þzr7l6

-0.99
-0.5

-0.3

-0.1
-0.05
-0.03

-0.01
0

0.01

0.03

0.05

0.1

0.3

0.5

0.99

0.6029

0.3534
0.3427
0.3351
0.3335
0.3329
0.3323

0.3321

0.3318
0.3312
0.3307
0.3294
0.3247
0.3209
0.3136

-8.8t22
-1.4666
-1.2165

-L.0527

-1.0199

-1.0075
-0.9954
-0.9895
-0.9837

-0.9723
-0.9613
-0.9350
-0.8453

-0.7741
-0.6479

0.5971

0.0688

0.0559

0.0476

0.0459

0.0454

0.0448

0.0045

0.0042

0.0436

0.0431

0.0418

0.0374
0.0339

0.0279

0.0704
0.0060

0.0049
0.0041

0.0039

0.0038

0.0038

0.0038

0.0038

0.0037

0.0037
0.0036

0.0032

0.0029

0.0023

6.3388
1.9158

1.3096

0.8282
0.72L7
0.6799
0.6391

0.6219
0.6016

0.5611
0.524L
0.4307
0.0845
-0.2162

-0.8358

Table 5.3: The values of the skin friction /"(0) : À(s)a,/2, the basic concentration
gradient on the surface g'(0) : F(x)xL/2, first order disturbance concentration gradient
C{ along the surface and the second order neutral frequency þzrz18 at Sc: 25 for different
values of á.
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,Sc: 50

0 À(x)rL/2 þ(u)rrlz dt" ôr¿ þzt7/8
-0.99

-0.5

-0.3
-0.1

-0.05
-0.03

-0.01
0

0.01

0.03

0.05

0.1

0.3

0.5
0.99

0.4880

0.3454
0.3387

0.3339
0.3329

0.3326

0.3322
0.3321

0.3319

0.3315

0.3312

0.3304
0.3274

0.3249
0.3203

-10.4084

-1.8367
-L.5284

-L.3257

-1.2849
-1.2696

-L.2546

-r.2473
-L.240r
-r.2259
-L.2L22

-1.1796
-1.0679

-0.9792
-0.8215

0.3275

0.0462

0.0379

0.0326
0.0315

0.0311

0.0308
0.0306

0.0304

0.0300
0.0279

0.0288
0.0259
0.0237

0.0197

0.1459

0.0193
0.0152

0.0135

0.0131

0.0129

0.0127

0.0127

0.0126

0.0724
0.0123

0.0119
0.0107

0.0098
0.0081

5.4360

r.4700
7.0622

0.7497
0.6819

0.6584

0.6319
0.6219

0.6088

0.5826

0.5599

0.5024
0.2881

0.1027

-0.262r

Table 5.4: The values of the skin friction /"(0) : À(s)xL/2, the basic concentration
gradient on the surface g'(0) : H(r)aL/2, first order disturbance concentration gradient
C{ along the surface and the second order neutral frequency þzr7/8 at ,9c : 50 for different
values of á.

^9c: 100

e À r)xL/2 þ(r)tLtz 6v 6u
-0.99
-0.5
-0.3
-0.1

-0.05

-0.03

-0.01
0

0.01

0.03
0.05

0.1

0.3

0.5
0.99

0.4246
0.3404
0.3362
0.3333

0.3326
0.3324
0.3322
0.3321
0.3319
0.3317
0.3315

0.3309
0.3291

0.3276
0.3246

-12.5563

-2.3048
-L.9220
-1.6696

-1.6189
-1.5996

-1.5809
-1.5718
-1.5628
-L.5452
-1.5281

-1.4873

-t.3478
-1.2368

-1.0392

0.2559
0.0409
0.0339

0.0293

0.0284
0.0280
0.0277
0.0275
0.0273
0.0270
0.0267

0.0259

0.0235
0.0215

0.0179

0.1011

0.0152
0.0126

0.0108

0.0105

0.0104
0.0102

0.0102
0.0101
0.0099
0.0099

0.0096

0.0087
0.0079

0.0066

4.4029

1.1693

0.9015

0.7049

0.6596
0.6444
0.6294
0.6219
0.6112

0.5965
0.5819

0.5426
0.4125
0.3014

0.0776

Table 5.5: The values of the skin friction /'(0) : À(r)ù/2, the basic concentration
gradient on the surface g'(0) : H(r){/2, first order disturbance concentration gradient
C{ along the surface and the second order neutral frequency þzr7/8 at Sc : 100 for
different values of 9.
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Chapter 6

Diffusion Induced Separation and
the fnviscid Instability of
Boundary-Layer Flows Llnder
Conditions of Interfacial Mass
Transfer through a Finite "Slot"

There are numerous and varied investigations into the phenomenon of flow separation,
either self-induced, by slot-injection or slot-blowing into boundary layers. Early work on
this problem, summarised in Gadd, Jones & Watson (1963), was mainly concerned with
similarity solutions in which the free-stream velocity is proportional to î*, rn > 0, while
the blowing velocity is proportional to *r/2(m-L) and is O(Re-L/2fl*¡. In this case the
governing equation is the classical Falkner-Skan equation

Í"' + Í f" + P(1- fo) : o, (6.1)

subject to boundary conditions

/'(o) - o, f (o): -c; /'(oo) - t. (6.2)

Here B : 2rnl (m + 1), C - O(L) is a blowing parameter, / a stream-function and

þ : O(I) (so-called "hard blowing"). Numerical solutions of the Falkner-Skan equation
with B : 0 were obtained by Emmons & Leigh (1954) who found that as C + Co: 0.876
the boundary-layer flow approaches a state of zero wall shear and is blown off the wall;
no solution can be found if C > Co. A uniform distribution of injection was considered
in Catherall, Stewartson &'Williams (1965). In this study the boundary-layer equations
for an incompressible fluid over a flat plate, in the special case when the pressure gradient
vanishes and there is a uniform injection of fluid from the plate, are examined numerically
and analytically. In the numerical study the point of separation was computed with a

high degree of accuracy and found to be ss : 0.7456, while in the accompanying ana-
lytical study the structure of the singularity at separation was determined. An entirely

r43
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satisfactory agreement between the numerical and analytical studies was not possible,
because the analytical study was only valid when ln(l/ø.) ) 1, here ø* is the non-
dimensional distance from the pqint of separatiqn (r* : es ø). !n wo¡k by Napolita¡o
& Messick (1980) the problem of strong fluid injection into a stead¡ subsonic, Iaminar
boundary-layer flow over a flat plate was studied. The problem was formulated within the
triple-deck structure for asymptotic analysis of strong slot injection for large Reynolds
numbers. It was found that in contrast to the supersonic case, separation occurs down-
stream of the slot, where a recirculating flow bubbie is formed. Then in a related study
by Klemp & Acrivos (L972) a rational expansion to describe the "blow-off" ("slot") re-
gion was developed. The structure of a supersonic laminar boundary layer near a flat
plate under conditions of fluid injection velocity O(e-3/8u*) over a distance of O(.L) was
examined by Smith & Stewartson (1973) (here U- is the undisturbed fluid velocity and
.D the length of the plate) and they found explicit expressions for the pressure variations
and boundary-layer thickness using a modified form of the Cole-Aroesty model (see Cole
& Aroesty (1963)). The relation between the strong injection, studied in this work, and
massive injection, when the blowing velocity is of O(U-) ** also discussed. A system-
atic account of more recent studies of flow separation phenomena can be found in surveys
by Smith (1982) and Brown (1996).

The problem of the boundary-layer flow under conditions of interfacial mass transfer,
governed by the classical Prandtl equations, the laminar boundary-layer convection-
diffusion equation (1.a) and the steady heat transfer equation (1.18) was first treated by
Hartnett & Eckert (1957). The system of governing equations was subject to boundary
conditions taking account of foreign fluid injection (with blowing velocity V(x,O) + 0).
It was shown that in the ca.se when V(r,0) æ s-L/2 the system (1.4) and (1.1S) admits a
self-similar solution; they demonstrated that the velocit¡ concentration and temperature
profiles are greatly influenced by either "suction', or ,,blowing,,.

\Me shall consider the problem of diffusion driven boundary-layer flow separation. As we
wish to focus our attention upon the diffusion process we will exclude from our study
one of the dominant causes for flow separation, namely the efiect of an adverse pressure
gradient. We therefore focus on a boundary-layer flow under conditions of interfacial mass
transfer with zero pressure gradient. To overcome the inevitable difficulties connected
with the presence of different scales, within which the relative importance of diffusivity
to viscosity or vice versa is to be accounted for, we consider only the case of a gas-
permeable surface for which ,Sc : 1; the concentration and momentum boundary layers
are then of similar thickness. In contrast to the previous studies of a boundary-layer
flow under conditions of intense interfacial ma^ss transfer (see Boyadjiev et. ø1. (tSSOa),
Halatchev & Denier (2000), Hartnett & Eckert (1957) and earlier chapters) we consider
a finite mass-transfer region, this being a more realistic model of many mass-transfer
(diffusion) dominated flows. The detachment of the boundary-layer flow is then a result
of the shifting of fluid elements in the boundary layer far from the surface (membrane)
due to the diffusion induced vertical velocity component on the surface.

We used arbitrary values for the vertical velocity component on the wall V(ø,0) (the rate



L45

of "blowing") but within the weak or moderate injection description, where

V(r,O) : O(Re-L/" /U*),

in which case the classical boundary-layer equations hold. The blowing rates correspond-
ing to so called strong injection, which can be loosely defined as

Re-t/z K. V (x, 0) l U* <. l,

are not considered in the present work, since the increase in the blowing rate moves
the separation point upstream from the slot's leading edge, i.e. into a region where the
boundary-layer equations certainly do not hold.

In this chapter we show that a concentration gradient acting within a finite region ("slot" )
can cause the boundary layer to separate. An appropriate discretisation scheme to deal
with the discontinuities at the slot's edges and an unconditionally stable semi-implicit
marching algorithm are constructed. The results from our numerical solutions will suggest
that there is no Goldstein singularity at the point of separation. It is argued that for
our boundary conditions the boundary layer can adjust so as to remove, or inhibit, the
singularity.

We next turn our attention to the question of boundary-layer stability. An inflexion point
appears in the streamwise velocity prior to the point of diffusion induced separation.
Therefore the boundary-layer flow will become susceptible to the high frequency, short
wavelength, instabilities known as Rayleigh waves. These rilaves are known to provide one
route for the rapid onset of turbulence in boundary-layer flows. We will study the level
of diffusion required to render the flow inviscidly unstable. The stability aspects of this
flow will be considered by solving the Rayleigh pressure equation numericall¡ employing
a global solver for complex eigenvalue problems, in order to determine the growth rate
at selected streamwise locations over the slot region. This will allow us to determine the
point at which the flow becomes unstable, in terms of the level of mass transfer through
the slot. The ultimate aim of this study is the development of techniques which will allow
for the prediction and active control of instability in the flow.

6.1 Governittg equations

Let us consider the boundary-layer flow over a rigid, permeabie, flat plate through which
mass can diffuse due to a high concentration gradient. We pose the problem in terms
of Prandtl's non-interacting boundary layer which develops when a uniform stream flows
over the plate. We consider the case when the boundary-layer flow is affected by mass
transfer due to a concentration gradient acting over a finite region of the plate. This
concentration gradient induces a secondary flow normal to the plate and the resulting
ma"ss transfer has the effect of "blowing", or "suction", of the fluid into the flow depending
upon the sign of the concentration gradient (positive for blowing, negative for suction).
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Phenomenologically, we should formulate some terms relating to the geometry of our
problem. By the word "slot" we shall understand the region of the plate where diffusion
is active (the concentration driving force is active), r¿s wi! denote thg r-cqqrdinate of
the leading edge of the slot and r¿" the ø-coordinate of the trailing edge of the slot. A
schematic of the geometry under consideration is shown in Figure 6.1.

a

.-
..+

+
+

-
rk --i(si'oti-------

tte T
Figure 6.1: Schematic of the flow in a boundary layer over a finite region of permeable
surface.

The basic flow and concentration fields are governed by the Navier-Stokes equations
for a two-dimensional, incompressible, steady flow and the steady convection-diffusion
equation which, in non-dimensional form, are

V.u _ 0, (6.8a)

(u.V)u : -VPo + frV'u, (6.8b)

(u' V)Co : =I=-Yzç^.' ScRe, 
vu' (6.3c)

where r - (uo,uo), R": uooL/v is the Reynolds number, ,sc: vlD is the schmidt
number, u the kinematic viscosity, Cfr the concentration at the solid surface, Ci the
concentration of the species in the free-stream, p[ the density of the transfered substance
and d : M(Cö -CÐ I pi, is the mass-transfer parameter as defined in Chapter 2. Here we
have non-dimensionalised all lengths with respect to a typical length scale .L (a suitable
choice being the distance from the leading edge of the plate to the slot), all velocities
with respect to the free-stream speed U- and the concentration with respect to the con-
centration difference Cö - CJ The system (6.3) must be solved subject to the following
initial and boundary conditions:

u:(1,0),Co:1at ø:0;

Uo:0, Cg : L, l/s -
0 forrla¿"
0(ScRe)-LCs, for r¿" < r < n¿¿ orL A :0; (6.4)
0 for û) î,¿"

Fluid flow

Uo+L,Co-r0 as g-too.
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Note that outside the slot the usual no-slip boundary condition is imposed

6.1.1 The basic boundary-layer flow

In the limit ^Re -> oo the flow develops a boundary layer of thickness O(Re-r/2) attached
to the leading edge of the plate. We therefore introduce the boundary-layer variables

U : Re-r/"y, (Jo : (JB, Vo : Re-L/rV", Co : CB, po : pn.

The full Navier-Stokes equations reduce to the classical boundary-layer equations coupled
to a concentration equation which describes the change in the species concentration within
the boundary layer:

0Ua

a,
0Va

N
0UB

AY
ôPa

AY
ôCa
AY

+

VB

0,

ô2Un

aY"

0,

I 02CB

S" AY''

(o.sa)

(6.5b)

(6.5c)

(6.5d)

-. ?Un
UB71'

or

u"* +v"or

together with boundary conditions

UB:0rCa:L,VB:

Ua+L, Ca +0 as Y+oo.

In order to focus upon the fundamental problem of diffusion induced separation, and not
upon effects such as the relative importance of diffusivity compared to viscosity (as is
measured by the Schmidt number Sc) we will take ,Sc: 1 in what follows.

6.L.2 The linear stability of the flow

When the effects of viscosity are negligible, that is the term consisting of the Reynolds
number in the Orr-Sommerfeld equation is sufficiently large or the fluid is practically
inviscid (this is the case in our study) the Orr-Sommerfeld type equation (4.9a) reduces
to the Rayleigh equation (see Drazin & Reid (1981)).

To study the inviscid instability of the boundary-layer flow we let

(U,V, P,C): (Uo, Vo, Po,Cg) + e(u,u,p,c) + O(r'),

where (u,v,P) is the total flow field, (Uo,vo,Po,Co) the basic boundary-layer flow,
(u,u,p,c) the disturbance velocity, pressure and concentration fields. On substituting

0

-0Sc-LCsy
0

for r 1x¡.
for r¡" < r < fi¡¿ ort Y :0; (6.6)
for r ) r¿"
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this into the full system of Navier-Stokes equations coupled to the convection-diffusion
equation (2.1) and neglecting terms of O(e2), we then obtain the linearised equations
(5.1).

We focus our attention on inviscid waves within the boundary layer, in which case the
disturbances have the following form:

u(r,t) : tL(Y) expliaRer/2 (r - ut)),

u(r,t) : û(Y) expliaRer/2 (r - ut)1, (6.7)

p(r,t) - p(Y) explio'&eL/z (r - ut)],

c(n,t) - ô(Y) expliaRer/2(r - ut)1,

where û and Û are the amplitudes of the velocity of the disturbances, p the disturbance
pressure amplitude and ô the disturbance concentration amplitude; o and u al:e respec-
tively the wavenumber and wave-speed.

Substituting the expressions (6.7) into system (5.1), and transforming the boundary-layer
coordinate Y : Re-L/tA, *" obtain the following system of differential equations:

'icrtr+# : o, (6.sa)

ia(UB-u)tt,+û 0UB

AY
_?QP,

Ae

AY'

0,

(6.8b)

(6.8c)

(6.8d)

ia(Up - u)û :
DCB

-ia(UB - u)ô * ,# _

subject to the boundary conditions

û(0) - 0; û -> 0 a^s Y -) oo. (6.9)

We should note that the momentum and continuity equations are decoupled from the
concentration equation and hence, we will omit it in our analysis. Flom (6.8d)

u:#õ# (o1o)

which therefore satisfies

ô(0) -0; ô+0 a^s Y->oo.

Thus once û and û arc determined the concentration disturbance field can simply be
calculated from (6.10).

It is convenient to introduce a stream function g(a,Y,ú) such that

"ôgU:ñ, U:-LO¿?,
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Upon eliminating the disturbance pressure amplitude p in system (6.8) we obtain the
classical Rayleigh equation

(U" - r)(ç" - a2ç) - Ußp: 0, (6.11)

subject to the boundary conditions

p(o) : o; P(oo) : o (6.12)

Here Us is the basic velocity component, i.e. the solution of the system (6.5) with the
boundary condition (6.6), a is a non-dimensionalised wavenumber, ø is the corresponding
wave-speed and g is the amplitude of the disturbance stream function.

Rayleigh equation (6.11) is the vorticity equation of the disturbance. Together with its
boundary conditions (6.12) it defines the basic eigenvalue problem for our boundary-layer
flow leading to an eigenvalue relation of the form

F(a,u): g

6.2 Numerical analysis

In this section we shall discuss the numerical algorithms and finite difference scheme used
to solve the problems described in the previous section.

6.2.L Semi-implicit Crank-Nicholson scheme

The system of equations (6.5) with inhomogeneous boundary conditions (6.6) cannot
be solved in self-similar form. \Me must therefore solve this system of parabolic partial
differential equations using a numerical scheme that, given some suitable initial condi-
tions, allows us to obtain the solution in the streamwise (ø) direction. To facilitate this,
and also to adequately account for boundary-layer growth, we employ the Levy-Lees
transformation (see Blottner (1975))

€(") : r, rt(r,\: LxL/z
(6.13)

In this case system (6.5) is transformed to

,€W - rW +2¿L/2%:0,

,W -2€u"W +,p"W -2€'/'v"ff:0,

*W -2€u"æ +nu"W -2€'/'v"a# :o

(6.14)
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This system can be further simplified by introducing new dependent variables

1

F : (Jp, Y - --¡rrP + t'/'Va, G : Cs, (6.15)

to give

2Ë9!+2y-*F:0.-sa€ '-an I r -v'

#-,,#-,#:0,
*#-,,#-u#=o

under this transformation the boundary conditions (6.6) reduce to

.t':0, G:Lrr:{O-rr"-'
Io

F->1, G+0 as ?+oo.

for { < {¿"

G,j for {¿" < E < €¿" on T:0;
for { > {¿"

(6.16a)

(6.16b)

(6. r6c)

(6.17)

As system (6.16) is parabolic in { we must supply appropriate initial conditions in order
to start the numerical solution. Setting € : 0 in (6.16), and the boundary conditions
(6.17), and defining

F(,t): l'þt), v(n): -|tfr>, G(,t) - gØ), (6.18)

we find that / and g are solutions of

Sc
f 

t't
f f":0, g" * g'f :01*t (6.1e)

2

subject to the boundary conditions:

/(0) :0, /'(0) :0, 9(0) : 1; (6.20)

/'(*) : 1, 9(oo) :0.

Thus the initial condition is taken to be a solution of the Blasius equation for /, together
with the solution of the concentration equation for g. This system wa^s solved using a
standard fourth-order Runge-Kutta quadrature routine coupled with Newton iteration
to determine the values /"(0) and g'(0) for which the boundary conditions (6.20) are
satisfied. We note at this point that there is no coupling between the concentration and
momentum fields at the start of our numerical integration. This is due to the fact that,
in applying the boundary condition /(0) : 0, we are implicitly assuming that the region
of active diffusion (that is, the slot position) is within the region € > 0 (i.". €," > 0 in
(6.17)). For completeness solutions of system (6.19) with boundary conditions (6.20) are
presented in Figure 6.2.
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Figure 6.2: Graphs of f'(rù and g(4) versus 4, for the case of no diffusion (i.e. 0 :0
upstream of the "slot" region).

In order to solve (6.16) - (6.17) numerically we apply a semi-implicit Crank-Nicholson
scheme which is unconditionally stable and second-order accurate in Af (see Fletcher
(1988) for details). In order to achieve second-order accuracy in €, the Crank-Nicholson
scheme requires a second-order treatment of the non-linear convection terms. This will
be achieved by iteration at each downstream location.
'We employ the following uniform-grid, finite-difference discretisation

aF = L(P:*'-F!),
æ 

: 
A€("¡ -'ri

# : rt¡ftrr., - Fi-r) - e;i] - 4L*,')l , (6 21)

a2F ! ,,on
@ : ñ L@i-, - 2Fi + 41') + (F7:LL - 2F;+r + {,!-*,')J,

where j denotes the lth grid point in the 4-direction and n the r¿th grid point in the

{-direction. Similar expressions hold for the derivatives of G.

To linearise the system for .F''*1, V"+1 and GnrL, to reduce storage requirements, and
to require only one level of initial data, the undifferentiated velocity components F and
V are extrapolated using FI*' : Fi + O(A€) and Vl+L : V;, + O(A€). In order
to achieve second-order accuracy we must iterate at each downstream location; that is,
the system of equations is solved repeatedly and the iteration is terminated when the
solutions F!*',Gr*',Vl+L donotdifferfrom{, G!,Vf inthesenseof someinitially
prescribed tolerance, which in our case was set to be 10-7. In order to start the iteration
we set Ff : Fi. Convergence of the frth iteration yields the solution at the (n, + l)th
{-step whereupon we set Fn+L - Fk+L.
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Applying this scheme to the system (6.16) and its boundary conditions (6.17) reduces
the momentum and concentration equations and their boundary conditions to
momentum equøtion:

ø! Ff:i + bt Fl+L + c! rfii : dr,

subject to the boundary conditions

4*t : o, F!åì,¡t: r,

where

4

t +)tnv¡) ,

(ef-, - 2Ff + Fl*,) +)nnvi (4r*, - F!-,) - Ë"n,(Fi),,

(6.22)

(6.23)

bi_ -t-ËL,t'Ff,

F?+'1

(cl-, - 2GI + cf*,) + )Uv; (G!*, - GI-,) - Ë"n " Fi*,Gi .

;(
1_,
'-To,vf

d!

and concentrøtion equ ation:

with its boundary conditions

where

nf c!!i + qf G!*' + r:Glii : ,1,

Gå*t : L, G!*l",at:0,

e,

rl

;(
1

sl * Torrf) ,

Èn*l
Iql

w!

Lrf

vfLr¡

A€
1

,

c

1

S"

^9

å(
1-t

The resulting tri-diagonal systems of equations can be solved by using a Thomas algo-
rithm, repeatedly solving the equations by applying the iteration procedure described
above. Once $+I and Gf+l are available, Vl+L is obtained by integrating the equati,on
of continuiúy (6.16a) using

vf*' : vfjr' - t¡(F!*' + Fflr') + t¡, (6.24)
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where

s¡ A€ +

1 ^{€+L/2

r/2
€"+

4

I
4

(t¡ -A,q A€

'trith €n+1/2 : €n + 1l2L€ and yo'+l : -ltSc-t(-g + 4Gi*' - Gi*\. Here á1 de-

notes the value of the discretised mass-transfer parameter d (see below) at the first grid
point. The combination of (6.22), (6.23) and (6.24) is unconditionally stable (in the
von Neumann sense), robust and efficient; it must be supplemented by a one-level initial
condition to start the marching in the streamwise direction (full details can be found in
Fletcher (1988)). When n : Iwe take 4G and V to be given by the solution of (a.a)
and (a.5). Because of the anticipated boundary-layer separation we chose a relatively
small step-size in the {-direction (A€ : 10-u), the step-size in the wall normal direc-
tion being Lq : 0.01, with typically 3000 points in vertical direction. The criteria for
convergence at each downstream iteration was set to U. ll{*t - Ff[ < 10-t, where

llry*' - Ffll - DË,( Ff*' - Ff)'.

We now turn our attention to the treatment of the mass-transfer parameter 0. In order
to model a finite region of diffusion (that is, a "slot" ) and to avoid any discontinuities at
the slots' edges we choose a form for d that is piecewise continuous in {. Thus,

for{<1
€,") forl({<1*e

forl*ecf<1+e+l
- €t"-2e -I) for 1* e *11€ < I I2el-I

for(> I*2e*I

(6.25)

where f¿" is the f-coordinate of the slots leading edge, e is a smoothing parameter, I is
the length of the slot, and t9 is the actual magnitude of the mass-transfer pararneter á. A
schematic of this slot configuration is given in Figure 6.3. Other forms for this finite region
of diffusion v¡ere also used. However, the results obtained were qualitatively similar to
those for the piecewise continuous profile (6.25); we therefore concentrate our discussion
on "slot diffusion" as modelled by (6.25). This model avoids the ellipticity in the flow
equations which is usually encountered at the leading edge as has been demonstrated
in studies by Stewartson (1974), Smith (1982), Roy (2000) and presents a reasonable
description for a real, finite extent permeable membrane.

In order to monitor the behaviour of the boundary-layer flow we calculate, at each stream-
wise location, the skin-friction coefficient given by

q:#(*'),=,
In discretised form this becomes, using a one-sided, second-order accurate difference
formula

"r: #-r.tØFi*'- Fi*\.

(4 * Ff_,) - (vf -vf_,),
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Figure 6.3: Schematic representation of a "slot" and the mass-transfer parameter d({)

The point of boundary-layer separation {,(ø,) is defined by the condition % :0 at { - 6,

6.2.2 Diffusion induced flow instability

We will solve the Rayleigh equation (6.11) numerically by employing a finite-difference
approach. In order to do this we must introduce the new dependent variables (6.15)
into the Rayleigh equation (6.11) with the result that, at each streamwise location, the
stability of the flow is governed by

(F - ,)@" - azg) - F"g :0. (6.20)

Focusing our attention on the temporal stability problem, where the wavenumber o is
real and wave-speed ø is complex we can rewrite equation (6.26) in the form

Fg" - (Fa2 + F")g - u(g" - ag). (6.27)

The appropriate set of boundary conditions is simply p(0) : 0 and p(oo) : 0. On infinite
domains, we note that F't + 0 (indeed, is asymptotically small as ? ì oo) so that (6.26)
reduces to

pi - a2p*:0. (6.2s)

The boundary condition g + 0 as q -| oo can then be replaced by the more computa-
tionally convenient Robin type boundary condition gt - -ag.
Approximatrng g' and g" at the ith node using second-order centred finite difierences
allows us to replace the equation (6.27) and its boundary conditions with the finite-
difference equation

F¿p¿-t - [zUn + Lq2(F¿a' + Fi)]p, * F¿p¿+t (6.29)
: ufg¿-t - (2 + a2Lrf)g¿ * p¿+tl,

È



155

where g¿ is the value of the complex function g at 4¿. We used a uniform grid with nodes at
ni,i:0,... ,N. Inordertosatisfyp(0) :0weset go:0 andtheboundaryconditionat
infinity is satisfied by writing (p*-p¡u-r)lz\rl: -de¡¡-r or piv - -2a\,r¡g¡,t-t*gn-2.
Collecting the values of g¿ (i,- 1, . . ., ¡ú-1) into the vector g : (çt, g2,. . .,gN-2,pry-r)
\rye can rewrite equation (6.29) in the following matrix form

Ag: uB?, (6.30)

where A and B are square tri-diagonal matrices of size (¡f - 1) x (N - 1) whose structure
is readily seen from finite-difference equation (6.29). The structure of the matrices A
and B is given in Appendix 4.6.

Equation (6.30) presents a complex generalised eigenvalue problem for determining the
eigenvalues ø and eigenvectors cp at a given wavenumber o. The solution provides a
spectrum of N - 1 eigenvalues. We are interested in the eigenvalues ø with the maximum
growth rate Im(ø), where o : eu)) i.e. the first, most unstable, modes.

The complex generalised eigenvalue problem (6.30), where A and B are real, square ma-
trices and ø is complex was solved using the QZ algorithm (see Golub & van Loan (1982),
Kerner (1989) for details).

6.3 Skin friction

In order to determine the significance of diffusion (that is mass transfer) in inducing
separation we first consider the case of slot-injection. In this case we ignore the coupling
between the momentum and concentration equations and simply impose a prescribed
level of blowing through the finite slot. In the similar study by Roy (2000), a steady non-
similar compressible laminar boundary-layer flow over a yawed infinite circular cylinder
with nonuniform injection (suction) was studied, where mass injection (suction) occurs in
a small porous section of the body surface. The discontinuities at the leading and trailing
edges of the slot for the uniform injection (suction) rryere removed by choosing appropriate
nonuniform mass-transfer distribution in the slot as has been done in our study. In
Figures 6.4 - 6.5 the scaled skin-friction coefficient €'/'ct is plotted a^s a function of the
streamwise coordinate f, for different blowing rates d, for two case studies: slot located
upstream and downstream respectively (€¿":2 and €¿.:200). It was found in our study
that an increase in the blowing velocity of the nonuniform slot injection moves the point of
separation upstream, which is in agreement with the results obtained by Roy (2000). It is
seen from Figures 6.4 and 6.5 that in the case of passive slot-injection ("blowing")through
a slot into the boundary layer, the flow separation is easily achieved, both upstream and
far-downstream, at relatively "moderate" rates of "blowing" ,V(€,0) : 5 and I/({,0) - 10

upstream and downstream respectively.

The results from the problem above (passive blowing) now provide a benchmark against
which the effect of diffusion on the separation process can be quantified (Figures 6.6 and
6.7). We studied two cases, the "slot" located upstream (€," : 2) and far-downstream
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Figure 6.4: The scaled skin-friction coefficient as a function of {, for the case of slot-
injection at €¿":2,, l: 3 and e : 1.5 for different values of the "blowing" velocity.
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Figure 6.5: The scaled skin-friction coefficient as a function of f, for the ca.se of slot-
injection at €t" - 200, l: 3 and e : 1.5 for different values of the "blowing" velocity.

(€," : 200) for a slot with length / : 3 and a smoothing parameter e : 1.5. Using
the point of vanishing skin friction as a criteria for separation the skin-friction coeffi-
cient graphs have been obtained for fixed Schmidt number ^9c 

: 1 (corresponding to
a gas-permeable surface system). The scaled skin-friction coefficient as a function of
the streamwise coordinate f is plotted in Figures 6.6 and 6.7 for different values of the
magnitude d of the mass-transfer parameter 0.
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Figure 6.6: The scaled skin-friction coefficient as a function of {, for the case of diffusion
driven flow at €¿" : 2, I : 3 and e : 1.5 for different values of 19, the magnitude of the
mass-transfer parameter 0.
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Figure 6.7: The scaled skin-friction coefficient as a function of f, for the case of diffusion
driven flow at €u:200,1 : 3 and e : 1.5 for different values of t9, the magnitude of the
mass-transfer parameter 0.

When the diffusion region is located upstream, the results presented in Figure 6.6 show

that boundary-layer flow separation is unachievable within the mass-transfer parameter
interval we used in our calculations. The scaled skin friction coefficient decreases with
an increase of the mass-transfer level over the region of active diffusion but once past

0.25

"s'0.20\
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the trailing edge of the slot it starts recovering towards the Blasius value. In the case
where the diffusion region is located far-downstream, it is seen from Figure 6.7 that flow
separation can occur at high levels of mass transfer; in terms of its magnitude this occurs
at tl : 3500. However this value is a very large and unrealistic value for industrial
diffusion processes.

Comparing the results from the passive blowing study with those from diffusion induced
separation we notice that in the case of slot-injection an increase in the level of mass
transfer (i.e. the mass-transfer parameter T.9) moves the point of separation upstream.
Although very large levels of mass transfer are necessary to achieve separation, in the case
of diffusion driven boundary-layer flows an analogous effect is observed. It is clearly seen
that in the case of simple slot-injection separation occurs at lower values of the vertical
velocity y(€,0) (y(€,0) : d(€)) than in the case of the diffusion induced separation. For
instance, in the case where the slot's leading edge is at streamwise location € : 2 for
slot injection boundary-layer flow, separation occurs at t9 : 5, while for diffusion driven
separation at this value of the magnitude of the mass-transfer parameter the scaled skin
friction is only mildly effected. This phenomena can be explained by noting the different
mechanism of "blowing" in the case of non-linear mass transfer over a finite slot. Here
the "blowing" velocity is not prescribed as in the case of slot-injection. In the diffusion
problem the boundary-layer equations (6.16a,b) are coupled with the convection-diffusion
equation (6.16c) through the boundary condition for the vertical velocity orr 17 _ 0 over
the slot. In order to calculate the "blowing" velocity the convection-diffusion equation
(6.16c) must be solved at each streamwise location, the concentration and the velocity
fields affect each other and this interaction serves to allow the boundary-layer flow to
adjust, so as to inhibit separation.

The "blowing" velocity V(€,0) as a function of the streamwise {-coordinate at different
mass-transfer rates t9 are shown in Figures 6.8 and 6.9, for the diffusion driven flow. Here
we find large velocity gradients at the leading edge of the "slot", thereafter the vertical
velocity at the wall rapidly rela>res to a moderate value at the trailing edge.

We can make some comments on trends which appear in our results. Generally speaking,
increasing the mass-transfer parameter 0 for a fixed slot length shifts the separation point
from the vicinity of the trailing edge to that of the leading edge of the mass-transfer region.
Different lengths of this region have also been explored. One such result is presented in
Figure 6.10. Here it is evident that increasing the slot length (in this case I - 30) causes
flow separation to occur at lower values of the mass-transfer parameter.

It is interesting to see from Figure 6.11 that the boundary layer far-downstream recovers
the form of the classical Blasius flat plate flow (i.e. the skin friction recovers to that of
the classical Blasius oû€ c¡ x I/|t/z¡.
The absence of a pressure gradient and the fact that the concentration is unknown sug-
gests that the boundary-layer flow does not encounter the classical Goldstein singularity
at the point of separation. This can be attributed to the boundary conditions which
allow the flow to adjust so to remove, or inhibit, the singularity. This conclusion is in
general agreement with Catherall & Mangler (1966) who demonstrated that if the pres-
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Figure 6.8: The vertical velocity V(€,rù at the permeable surface (zi - 0), for the case of
diffusion driven flow at Ë¿.:2,1 : 3 and e : 1.5.
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Figure 6.9: The vertical velocity V(€,rù at the permeable surface (n : 0), for the case of
diffusion driven flow at €rc:200, f : 3 and e : 1.5.

sure gradient is prescribed, then the boundary-layer separation will result in a Goldstein
separation. In our numerical calculations the "blowing" velocity is prescribed as a regular
function of the distance and the the concentration gradient along the surface, which is
calculated from the solution of the concentration equation. This we conjecture leads to
flow separation without the occurrence of a singularity. In order to verify this further
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Figure 6.10: The skin friction as a function of { for "large-slot", located far-downstream
(€¿" : 200,1: 30 and e : 1.5).
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Figure 6.11: The recovery of skin friction downstream of the slot ({¿" : 2, I : 3 and
e : 1.5)"

analytical studies must be undertaken.

The velocity profiles F, V , the concentration profile G and the second derivative of f'
with respectto q at the surface F"(0,r7) are given in Figures 6.12 and 6.13 at different
streamwise locations € : 2, 3.5, 4.5, 6.5 and ú : I, I : 3,e : 1.5 and {¿" - 2. It is
clearly seen from these figures that at streamwise locations € : 3.5, 4.5, 6.5 the velocity
profile F ha-s an inflection point. This in turn suggests that the action of diffusion may

30
€
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Figure 6.12: The velocity profiles F and V at different downstream locations { :
2,3.5,4.5 and 6.5, for the case of diffusion driven flow at €¿" : 2, I :3, e : 1.5

and 19 : 1.
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Figure 6.13: The concentration profile G and the second derivative of F with respect to
q at the surface F"(O,q) at different downstream locations € : 2,3.5,4.5 and 6.5, for
the case of diffusion driven flow at €¿":2,1:3, e :1and d - 1.

lead to a potential early transition-to.turbulence due to the flows susceptibility to short
scale, high frequency, Rayleigh waves. This is the subject of the next section.

6.4 Growth rates curves

We now turn our attention to the question of the inviscid instability of the diffusion slot-
boundary-layer flow. The growth rate oi : otu.i was calculated by solving the eigenvalue

Ê=2
É=3 5
t=¿ s
t=6 5

i:0,s.
:4i5
:3;5
:2:

{
É

-9

:6.5
=4.5:3.5
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problem (6.11) with boundary conditions (6.12). This was done at different values of the
mass-transfer parameter 0, at several streamwise locations over the slot. The results are
shown in Figures 6.14 - 6.16.
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Figure 6.14: Graphs of the imaginary part of the wave-speed ø¿ and growth rate ø¿ with
respect to the wave number o in the unstable regime for a diffusion driven boundary-layer
flow for several values of the magnitude of the mass-transfer parameter g over the "slot"
at f : 3.5.
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Figure 6.15: Graphs of the imaginary part of the wave-speed ø¿ and growth rate o¿ with
respect to the wave number o in the unstable regime for a diffusion driven boundary-layer
flow for several values of the magnitude of the mass-transfer parameter d over the "slot"
at { : 4.5.

In Figures 6.74 - 6.16 we present plots of the dimensionless imaginary part of the wave-
speed u¿ ãnd dimensionless growth rate o¡ for the unstable normal modes. These results
demonstrate that at a fixed streamwise location {, increasing the level of mass transfer

õ
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Figure 6.16: Graphs of the imaginary part of the wave-speed ø¿ and growth rate ø¿ with
respect to the wave uumber o in the unstable regime for a diffusion driven boundary-layer
flow for several values of the magnitude of the mass-transfer parameter d over the "slot"
at ( : 6.5.

leads to an increase in the maximum of the dimensionless imaginary part of the wave-
speed, dimensionless growth rate and wave number a respectively. For instance, at (:
3.5 in the case of "blowing" with mass-transfer parameter d : 1 the maximum growth rate
is 0.00425 at wave number 0.1408, while for d : 10 the maximum growth rate is 0.03016
at wave number 0.2780. The growth rate curves were calculated at different streamwise
locations at a fixed value of the mass-transfer parameter and going downstream the
marcimum value of the dimensionless imaginary part of the wave-speed and dimensionless
growth rate increases. For example at € : 6.5 and t9 : 10 we have oimoa - 0.03226. The
unstable bandwidth increases at fixed location as rüe increase the level of mass transfer,
i.e. at { : 3.5 and Û : 1 it is 0.2292, while at û :5 the unstable bandwidth is 0.44.
At small, fixed values of the mass-transfer parameter the unstable bandwidth increases
downstream: at Û: I and € : 3.5 the unstable bandwidth is 0.229, while at 19 : 1 and

€ : 6.5 it is 0.2555. At large, fixed values of mass-transfer parameter we observe the
reverse effect: at Û :10 and { : 3.5 the unstable bandwidth is 0.540, while at rl : 10

and f : 6.5 it is 0.516.

It is clearly seen that even at small levels of mass transfer (d : 1) the boundary-layer
flow becomes unstable. Results for the second and third modes yield growth rates that
are sufficiently small to allow us to conclude that the instability of the boundary-layer
flow will be dominated by the first mode.

Graphs of the wave-speed ø, versus the wave number o in the unstable regime for a

diffusion driven boundary-layer flow for several values of the mass-transfer parameter ,ú

over the "slot" at different streamwise locations { are presented at Figures 6.17 - 6.19.

Note that our results do demonstrate some grid dependenc¡ as the comparison of the
graphs of the growth rate o¿ - e,u)i with respect to the wave number a for different
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Figure 6.17: Graphs of the wave-speed ø" with respect to the wave number o in the unsta-
ble regime for a diffusion driven boundary- layer flow for several values of the magnitude
of the mass-transfer parameter d over the "slot" at { - 3.5.
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Figure 6.18: Graphs of the wave-speed ø, and with respect to the lryave number 6u in
the unstable regime for a diffusion driven boundary-layer flow for several values of the
magnitude of the ma^ss-transfer parameter á over the "slot" at (:4.9.

0.0

values of the vertical step size Lr¡ at € : 3.5 and tg : 1 plotted in Figure 6.20 show. This
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Figure 6.19: Graphs of the wave-speed &rr with respect to the \'üave number o in the unsta-
ble regime for a diffusion driven boundary-layer flow for several values of the magnitude
of the mass-transfer parameter 0 over the "slot" at { : 6.5.

is, however, confined to the vicinity of the point of neutral stability; the results for the
maximum growth rate showing little variation with stepsize Lq. The results presented

in Figures 6.L4- 6.19 were obtained using Aq:0.05 with 200 grid points.

For completeness the growth rate curves were calculated for the case when the diffusion
region is located far-downstream at ( : 293. The results are analogous to the slot
Iocated upstream for the growth rate curves (see Figures 6.21 and 6.22). The results
for the wave-speed ø, presented in Figure 6.22 show that it has maximum, whose value

increases as \Me increase the level of the mass transfer (at € : 203 and t9 : 150 the
marcimum is u, *o, :0.249L1 at o¿:0.663, while at ( - 203 and 19 : 1057 it is 0.26696

at o¿:0.697).

q.
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Figure 6.20: Comparison of the graphs of the growth rate o¿ with respect to the wave
number o for different values of the vertical step size A,r¡ at €:3.5 and tg:1.
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Figure 6.21: Graphs of the imaginary part of the wave-speed ø¿ and growth rate o¿ with
respect to the wave number c in the unstable regime for a diffusion driven boundary-layer
flow for several values of the magnitude of the mass-transfer parameter d over the "slot"
at {:293.
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Conclusrons

The crucial assumption made in the present research is that separation occurs down-
stream of the slot leading edge. With increasing rates of injection it is probable that the
separation frrst occurs upstream of the siots' leading edge and the proposed boundary-
layer equations, and consequently the numerical scheme, break down. It was for this
reason that our study of the slot-injection problem was carried out within the weak or
moderate injection regime.

Diffusion induced boundary-layer separation can occur far-downstream at high mass-

transfer parameters d. However the levels of the interfacial mass transfer at which
boundary-layer separation is observed are very large and hardly achievable in practice.
In the case when the slot is located upstream, separation does not occur. It is impor-
tant to draw attention to the different physical mechanism of "blowing" for the diffusion
driven boundary-layer flows, where the velocity and concentration fields are coupled in the
boundary conditions over the slot length, which in turn serves to inhibit flow separation.

The higher the mass-transfer rate, the nearer the separation point is to the leading edge

of the slot. Increasing the length of the slot leads to flow separation at a lower level
of mass transfer. There is a distinct similarity between the simple "injection" induced
separation and the diffusion forced one.

There is no evidence of a Goldstein singularity at the point of separation, i.e. a smooth
separation is observed, due to the fact that the boundary layer can adjust so as to remove
or inhibit the singularity. We have not attempted to obtain a detailed mathematical de-

scription of the flow in the vicinity of the separation point. This does, however, provide an

interesting avenue for future work. A more rigorous mathematical treatment is necessary

in order to clarify this point.

Diffusion leads to an inflection point in the velocity profile F' at some local station (",
and the boundary-layer flow becomes unstable. The results of this work demonstrate
that, although moderate levels of mass transfer can induce flow separation, the flow will
become susceptible to inviscid instabilities well before separation has occurred.

The question of the separation marginality is still open and it will be the subject of future
work on this problem.

o
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Future Work

Linear analysis of two-fluid systems

The linear stability analysis of two-fluid systems considered in the Introduction and
Chapter 1 was restricted to a stable interface (i.e. one which is not deformable) and the
criteria for flow instability of a horizontal interface between two liquids was not firmly
established. The problem of laminar boundary layers on either side of a plane, stable
interface was first studied by Potter (1957), the hydrodynamic conditions are represented
in Figure 7.1. There have been several approaches, from the hydrodynamic point of view,
to examine some aspects of the boundary-layer flow instabilities in the cases of gas-liquid

ool r CLt

a fluid I

-----+
w02

vo1 t

fluid II

, clz
Figure 7.1: Schematic representation of momentum boundary layers at the interface
between two co-current fluids.

(see Boyadjiev & Halatchev (1996b)), Iiquid-liquid (see Halatchev & Boyadjiev (rOO0))

and gas-liquid film-solid surface systems (see Boyadjiev & Halatchev (1996c)). Unfor-
tunately these studies only provide a partial solution to the problem as they took the
interface to be rigid and non-deformable. These studies have therefore considered only
the effect of mass transfer upon the purely shear (viscous) modes of instability and have

not considered the important question of interfacial instabilities. A detailed study of this
problem is outside the scope of this thesis, however, we briefly consider the changes in the
boundary conditions connected with coupling of the disturbances equations in two-fluid

17t
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systems.

The instability analysis of a variety of steady two-layer flows has been examined numer-
ically as well as asymptotically (see Joseph & Renardv (1993)). Different confinrrarions
of bi-component flows, i.e. coupled flows of a fluid and another constituent, have been
studied, such as rotating flows of two fluids, two-layer Bénard convection problems, plane
channel flows, drops and miscible liquids, core-annular flows in vertical pipes, to mention
just a few of them. An excellent survey of these studies can be found in Renardy, Cow-
ard, Papageorgious & Sun (1996). Here we wish to focus our attention on the problem of
the stability of laminar boundary-layer flows, under conditions of intense interfacial mass
transfer, when high mass fluxes through the gas-liquid interface induce secondary flows.
The interaction between the flow in the fluid I (gas, phase 1) and fluid II (liquid, phase
2) is considered in the case of a movable interface (see Figure 7.1). A very conservative
approach to the problem will be undertaken in the first stage of this final section on
possible directions for future research. The flow stability under these conditions is not
only of theoretical interest, but also of practical interest in view of the fact that it defines
the rate of a number of industrial absorption and desorption processes.

Let us consider a transition layer between two uniform streams, which is the diffusing
sheet vortex (see Batchelor (1970)) under conditions of interfacial mass transfer between
two phases. The pressure is uniform throughout the flow and consequently inside the
layer. When these fluids are in co-current flow, the shear stress resulting from their rel-
ative motion results in a velocity distribution near the interface and this will affect the
mass-transfer rate between the two phases (see Skelland (197a)). The governing equa-
tions for steady laminar flow, for the two phases, consists of the Navier-Stokes equations
coupled to the convection-diffusion equations in each phase

0,
aUö¡

ðr* + ?v,i,
Ôa*

(7.1)

Here the index j :1,2 denotes the upper/lower fluid respectively (see Figure 7.1). The
system (7.1) is subject to the boundary conditions

o At the start of the interface ø* : 0

(Uö¡,Vi) : (U*j,O), Cö¡: ÕL¡; (7.2)

o At the interface y* : h6(a*, ú*) we have the requirement of continuity of velocity,
the kinematic boundary condition on the interface, continuity of shear stress, the
jump in the normal stress which is balanced by the surface tension, continuity of
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concentration and mass flux due to concentration gradient. These can be written
AS

ahö , rr*ahö MDjacöj
at. - "ojÑ - pú W

0Uöt

: vi¡ (7.3a)

Uår: Uär, ltt

* Uoi
6Uoi ¡ Voiôr
AVoj

ôa

, ôY0., \- ar.)+
ou* ):,,(

ôvi,
0r*

OUö,

ða*

hö"

(7.3b)

(7.3d)

(7.4)

(7.6)

Cöt: XCö2, zttr#- Po*r : ,S*

Dtpi ôCö, _ Dzpi )Cöz 
.

Pï ou* Pi,z ôa* '

* 2t"rffi - "r, (z.sc)
(r + a6'z)

3/2

o In the free-stream as g* -) oo and y* -f -oo

g* -) oo : Uã: Uæ,, C&: Ci.t;
g* -> -oo , Uöz: Uæ2, Cãz: CLz.

Here ,S* is the dimensional surface tension coefficient, the subscript j denotes the different
phases and an asterisk is used for dimensional variables. The interfacial mass transfer, due
to the concentration difierence, is taken into account with the coupling of the Navier-
Stokes equations with the convection- diffusion equations in both phases through the
kinematic free surface interfacial condition (7.3a). The conditions at the interface are
posed at the unknown position hö - hô(x*,t*).

The system prescribed by (7.1) - (7.4) can be non-dimensionalised using a typical length
scale.L (for example, the distance from the start of the interface), the free-stream speeds

[/66¡ and the concentrations Cfi, and Ci¡ * follows:

(x*,v) : L(r,y), hå: Lho, f : #, @öi,ui) : U*¡(Uo¡,Voj), (z.b)

Cö¡ : Õi.¡ + (Õå, - xÕiàCo¡ Pö¡ : o6¡U2*,esr, S :

The resulting non-dimensional equations are

AUoj
+ 0

6Uoi

0t
AVoj

ôt
ACoj

at
ACoj

0r

+ +

AVoj

0y
AUoj

ôy

AVoj

0a

ACoj

ôs

Voj

ôr

Uoj

A2

a*
A2

oa'

6Poi, 1 (A,
--ã; - R% \*, -
_gfu_,_ 1 (a'--W - R% \4", -

L /A2 A2\| 

-l- 

|

Sc¡Re¡ \âr, ' 7gt )

Uoj

Voj,

¡ Uoi * Voi Coi, j : L,2,
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with the following boundary conditions

x -- 0 t (Uo¡,Vo¡) : (1,0), Coj :0; (7.7a)

a : h: Uu -- 1zUoz, * Uoi
at 0r Sc¡Re¡ ôy

: Voj, (7.7b)

(7.7c)

(7.7e)

(7.7f)

(2.7s)

W.*:',',(W.W)
,W - Re1Ps,: g +2i,ro2 (W - R",eo,) , e.Td)(r + h'oz¡eÆ

3/-+oo:
g-)-oo:

1 * cor : xcoz, ?Cot ÔCoz

ô, :eo 6r;
Uot:1, Cor : 0;

Uoz: L, Cs2:0,

where Re¡ - U*¡Lf u¡ are the respective Reynolds numbers for each phase, Sc¡ : ,¡ lD¡
are the Schmidt numbers in each fluid, es : (D2f n)ØîlpÐØör/pör) is the aie"rirrity-
density ratio, h : hllt2 is the viscosity ratio, 0z : U*z/U_1 is the ratio between the
free-stream speeds of the two phases and fu¡ : ttt(ÕLr-XÕL)lpö¡ is a parameter which
characterises the intensity of the mass transfer across the interfacé.

To pose the general problem of stability of such flows perturbations to the velocity,
pressure and concentration fields are denotedby (u¡,uj,pj) and interface position å,s is
considered as a small disturbance.

(U¡,V¡, P¡,C¡) : ((Ioj,Voj, Poj,Cr¡) + e(u¡,u¡,p¡,c¡) + ." . , (2.8)
ho: eh'

where € (0 < € < 1) is a small perturbation parameter

The governing equations for two-dimensional disturbance follow from the Navier-Stokes
equations and the convection-diffusion equation in both phases by linearisation about the
basic steady flow and concentration state. This yields the equations

u¡a * u¡u :
u¡t * Uo¡u¡, * u¡Us¡, * u¡Us¡, * Vs¡u¡, :
a¡t * Us¡u¡x * u¡Vs¡' I Vo¡u¡s * u¡Vs¡, :
c¡t * Us¡c¡¡ * u¡Cs¡, -f Vo¡c¡u * u¡C¡oy :

0,

-Pj, * Re¡L (ui,, * u¡uò, (7.9)

-pjy + Re¡r (uir, * ujuo) ,

Re;rSc;L (c¡,, * cjro), j : r,2.

The boundary conditions for the total field (t/¡,V¡,P¡,C¡) have the same form as (T.T).
Since the interface position hs(r,t) is assumed to be small we can expand the interfacial
boundary conditions in Taylor series about U :0 and truncate at O(e). The disturbance
boundary conditions then become:



Ony-0

h
ôCot

0a

and in the far field

^W.#:^(nW.#)'

^W 
*u1: t,(nff *,"), (7.roa)

#.r,,#-&þW.æ):nff+,i, (z1ob)

^ô'fJo, 
_, o}'Vo, - ôr, - 0u,

" aa' '''aray' aa ' a,:otø(^W*nffi.W-#), (7 10c)

,nW *r# - Re,pt: sh" -20102(^W.# -|^ro,), (7 10d)

þW*')'*h-X
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(7.10e)

(7.10f)

(7.13)

(7.11a)

(7.1lb)

For the basic flow field, in the limit of large Reynolds number, the two flows will develop

boundary layers of thicknes s O(Re,L/'). W. then introduce the following boundary-layer
variables:

a : R"¡'/'Y¡, uo, : (Jnj, voj : RerL/2vs¡, coj : cnj, Q.12)

where gr is physical coordinate and Y¡ the boundary-layer coordinate appropriate to the
jth pha"se. Note that these are two different scales and the two Reynolds numbers are

connected as Re2 - rïúzfue1, where r : påzlpör. Introducing (7.12) into (7.6) and the

corresponding boundary conditions (7.7) reduces the problem to a system of Prandtl
equations coupled with concentration equations for both phases.

The linear stability analysis of two-fluid systems can now be posed by considering a small
wave-like disturbance

ut) 0, c1->0 as g-)oo;
uz)0,c2-> 0 as g->-oo.

ui@,a) : rj(u) exP[ia(r - ct)],

u¡(r,a) : -iaF¡(Y) exP [ia(ø - ct)],

c¡(n,a) : iaG¡(Y) exPfia(r - ct)],

h(r,a) : -[/ exP li'a(a - ct)] ,

where F¡(A) and G¡(y) are the amplitudes of the disturbances, o is a real quantity and
c : Ç * ici is complex; they are the wavenumber and phase speed respectively, and Il is
an unknown constant.
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The disturbance equations (7.9) and their boundary conditions (7.10) - (7.11) can be
reduced to a standard form in a similar fashion as in Chapter 4. Substituting (7.13) into
(7.9)- (7.11) then yields an eigenvalue problem in the form of a two-point boundary-value
proDlem' wnrcn serves to determrne the complex wave-speed c as a function of the system
parameters a, Re¡,, S, Sc¡,0¡, etc. The numerical solution of this system will be the
subject of future work.



Some Mathematical Derivations

Appendix A

4.1 Discretisation of the Orr-Sommerfeld and con-
centration equations - matrix forms

The system (4.22)

ltt ltz þz þq, þs

9w-z
Øw-t

Øw

The system (4.23)

Og

õ¡
õ2

l-ta ltz lta

çt
Pz

Ps

Ø.+

Ør

dt þ¿ lts
ltz lte lta lts
ltt ltz lts ltt lts

þt ltz ps lt¿, lts

Ty

T2

0

0

ó

ó

0

0

þt ltz lts lt¿ lts

ltt ltz d,z d,s

d,a d,s d'ø

Qo

Qt

8z

;-O¡

ltz d'z

lta ltz þa

lta ltz lta

lta ltz Pe

lta ltz lta
d'z d's

o ¡'l -z
õN-t
õw

Q¡,t-z

Çiv-r
Qw

L77
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In their compact storage forms:

dL þ+ lts þz d'7

lta ltz lta

;, Fz tta

;, þz pa

lta þz lta
d,z d,s

þt ltz lts lt¿ þs
ltt ltz lts lt¿ þs

;, þz tts ttr þs

;, ltz lts ttt tts
þt ltz d,2 ds

d,a d,5 d,e
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4.3 Central differences coefficients

d,1 :
d,z :
d,z :
d,a :
d,s :
d,a :
d,z :
d,a

Ps - pt,

l.Ls + l.L|llL,

lt¿ - l.tsÇlz,

lh * ¡t'r,

ttz * p,4{l' - 2ps(Ç - GQr),

tta - pto,z + 2ps(Cz- GOz),

þa I l-La,

ttz - tteÇ2,

T1 :

T2:
-dD-pr(2aD+h\,
-þtdD,

_ (apn+2p6h)D,
: þg9t,
: ps?z,

þgPtc,

Qo

8t

8z

Q*

where

7

a
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þz

ltt

lt¿

lts

lta

ttz : # (r_ i,) ,

ts: h(;^.;) ,

1-
lts : hrbt,

(;,,- ;)
1

llt : -W

t r\
to'* n )
(ï,'- å) ,

h3

Ln.
4

1

4

:AXz

1114
2hot* *o,* *o,- nt,

26at- 
hzaz* hn,

11L4
2has+ hror- hror- hn,
1

h3

k2 + r6p3 -

1

a
Sc2le2 + l6p? Scls,

1

4

1
h2A2 + hy1+ L,

(
1

Xt

p3Xs:

X¿:

(r

ez

(e

Çt

G

(o

e,

2

ç¿r

Cl2

hyr(h2Âz + z),

In'Â'-hy¡r:.,

Tn'*rthxz+!,
hþ'z Âp3 + 2xz),

Int*r-hv2+L,
2hx+,

Ç-e¿
, >7(e-Ço
ez-Çs
Cs -(o
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4.4 The integrals H¡ and terms €0, Aio, Aiå and k

The integrals rl¡ and terms €0, Aio, Aii and È appearing in sections b.5 and 5.6

ôr

D : 
i,.tr(p,q¿o/trn"/t) D,

D _ L+K€OIA,L,

0Ct
a€

€=€o

uBt(Yr) dY,

U'"(*,Y) dYL,

u"'(r,YL) dYr,

Y Yt

I

0

î _ 
fu;'çv¡ av,,

Ã

i
0

f
À

Y

Hr: t
J
0

Y

H2: Ii
Hg: I

0

Y

Ha: I
0

Y
fH6: I

J
Ã

Y

u2"(r,vr) dY2dYr

u3@,Yr)'
À

UB(a,YL) dYL,

Hs : Us(r,Y) uB"@,Yr) u3þ,Y2) dY2dYr,

H7: I

00
yyt

u"'(r,yt)dyt* I ur'ø,vr) 
x%@,r¡ I u",(*,yz)d:rzdyL,

Ài
Y¡ Yz

u"'(r,"r) I u'"(r,"ù I u"r(r,%)dy' dy2dyt,
0i

Y

t
Yt

I

0

2 uB'@,Yr) UB(o,Y2) dY2dY, + U;L(r,Y)

Y

I
Yy

I
0

Y

I
Yt

I
0

Y

I
Yt

I(s,h)
0

He

-2 r r-3ug

0

U'"(",Y2) dY2dYL,

uB2@,YL) U'"(r,Y2) dY2dYL
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Y

IHs 2 UB2(r,YL)

À

0Up

AY

Yt

I(r,Y) u"t(r,Y2) dYzdyr + U"n(r,Y) dYr,

À

Y

I
l

Hrc uB(r,Y) U"'(r,,Y2) dY2dY1,

Y

I
Y1

I
0

Y
f __^Hn: lU""

J
0

Y
f

H,, : I U2-
JD
0

i

(r,Yt)

YrT

Y1 Y2

| ,r'rr,rù I u'"(',Ys)dYdYzdYt,
00

) dY2dY1,

H*
(UBHr)v

Hsv

Hry
Hsv

(UaHa)v

Hzv

Hev

(UaHn)v

Y+0

Y+0
Y-rO : 0,

Y-+0 : 0,

Y+o : 0,

Y->0

Y-10 : 0,

Y-rO : 0,

Y-r0

€o

Aio

AiL

k

0,

UBv î,
Y+0

2Uav I,
Y+0

2UBv I,
Y+0

(-1.9893, -1.1485),
(0.7248, -0.9569),
(L.2677,L.2260),

(1.7096, 0.4266).
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4.5 The full systern of governing equations for the
triple-deck

In order to obtain the full set of neutral stability parameters B¿ and, K¿ we apply a rather
different approach. In the lower deck we have ten unknown parameters A¿- A¿(a), p¿:
P¿(x) (i - 1,. .. ,4) and Aa;, P4¡,, representing the pressure and negative displacement
perturbations respectively. We can solve the lower deck system of equations numerically;
in order to do this, it is necessary to eliminate these unknown functions.

Matchingthe main deck disturbance velocities u¿ (i,:r,...,4) (5.28) - (5.27) with the
lowerdeck ones U¿ (i,:1,... , Q asy -+ 0 and Z ->æ gives

U1: ByA1,

Uz: ßtAz * ß2A1,

Uz:BtAz*BzAz*BsA1,
U¿: BtAq * B2A3 + BzA2l BaA1,

(A.1)

where A¿ (i, - I,.,
defined as follows:

,4) are unknown functions of r. The operators ß¿ (i:1,... , 4) are

),

-^(PLÎ + KzKr\,
-^(p2Î + 2pJ - xïxl, + K'KL1), (A.2)

-^(2pLp2i - 21LK2KLL| - a7?x,-tÍ + 2þri -
KzKtL + K4K;L + Klx¡2 - KBK2K1, + erî¡ + i^Kl An/At,

where I,I and the integrals.F/¡: H¡(r,Y) (j - 1,. ..,I2) which are functions of ø and
Y, are defined in Appendix 8.4.

The unknown functions Pl (i - 1,. -. ,4) in equations (5.16) can be rewritten considering
(5.31) as follows:

Uy:
U2:
U3:
U4:

Bt:
82:
ßz

Ba:

PT

P2

P3

Dt4L

Dt4

: PtAt,
: PtAz * P2A1,
: PtAe * PzAz I P3A7,
: PtAet,
: PtAe * PzAs * PaAz * PaA1,

(A.3)
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185

Kt,
K?(nr*-Hz*)-20t,
Kl(H1*- Ht*Hz* - f/¡- +r/5-) + pßí3H2*-2H¿* - rru-)
tKzKt(/lr- - Hz*) + 27LK2KLL + p?Krt - 2þr, (A.4)

Kl(Hrr* - Hz*) + K|(Hb - Hz*) - þrK?(Hu- * He- - r/ro- I Hn*)
*2K3K1(Ilr- - Hz*) -3K2K?(H¡- - ¡/5-) + 7LK2(H2*+2H4*- f/6-)
* þzKt(Hz* - 2Ht*- ¡16-) + 0?@u* - //e-)

-nz lXlnt* * 2K2H2* * K3Ky' - þr(Hr* - Ilu-)]

-Pr(KLHuæ + KzKl') + g\,.lrKr' - hKzKtL - 0?KrKlt - 2P,

-i.K r' (KLAL), 1 A1 * i,P1,K rr f A1.

Pt:
Pz:
Ps:

Pt:

Following the same procedure as before, matching the disturbance concentrations solu-
tions from the main and lower decks we obtain the following boundary conditions for C¿

(í: L,.. . ,4) as Z -+ æ:

C1 : Ct: CtAt,

c2 : Cz: CtAz * C241,

cs : Cs: CtAs * CzAz * CsA1,

c4 : Ca : CtAt* C2As * CsAz t CaAy,

(A 5)

where

(A,6)

Because of the nature of the coupling between normal disturbance velocity and the dis-

turbance concentration gradient along the surface we shall limit our expansions to the
third-order term.

The same procedure can be adopted for the disturbance velocity field. Using the above
presentations \rre can rewrite the disturbance velocity terms in the lower deck in the
following form, for the ø-component:

Ct

Cz

Cs

þ,

-p (KLHzlv-- + K2K;L + K2K;L) ,

-u(xrx¡r * KtPzHz y+0 - xlx;2 Brnuy-+' - Þ, (rl;t ur) l"*)

Ut(r, Z; At, A2, As, Aa) :
Uz(r, Z; At, A2, As, Aa) :
Us(r, Z; At, A2, As, Aa) :
Un(r, Z; At, A2, As, Aa) :

Un(x, Z; At),

Uzr(r, Z ; Az) * U22(r, Z ; Ar,),

Usr(r, Z; Az) * U32(a, Z; Az) * U3s(r, Z; Aù, (4.7)

Un(r, Z; A¿) * U+z(r, Z; Az) * Uas(æ, Z; Az)

*Uaa(n, Z; Aù,
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for y-component:

V(r, Z; Ar, Az, As, A¿) :
V2(r, Z; At, Az, As, Aa) :
V3(r, Z; Ar, Az, As, Aq) :
Va(r, Z; At, Az, Az, A+) :

Vt(r, z; A),,
Vzt(r,Z;Az) iV22(r,Z;At), (A.S)

Vï(r, Z; As) * V32(r, Z; Ar) * Vs(r, Z; A),
Vq¡(x, Z; Aa) * Va2(r, Z; As) * Vas(Ax, Z; Ar)
*Vaa(r, Z; Aù,

Cn(n, Z;Ar),
Czr(r, Z; Az) * C22(r, Z; Ar),

Cn(x, Z; Az) * Cs2(r, Z; Az)

l03s(x, Z; Aù,

0

-iK2u¡,
-i(K2u22 * Ksu¡),

-i(K2Uæ * KsU22 * KaUy) *U¡,f Ay;

and disturbance concentrations terms as follows:

Ct(r, Z; At, A2, As, Aa) :
Cr(r, Z; Ar, A2, As, Aa) :
Ct(r, Z; At, A2, A3, Aa) : (A.e)

where a column separator in the arguments denotes a parametric dependence.

Taking into account the linearity of the equations, the above separation, the form of the
corresponding solutions in the main deck and the idea of the asymptotic expansions \rye

can subtract from the system of equations (5.16) - (5.17) the terms depending only on
-41 and after normalisation of (J¿¿, V¿ and C¿¿ wtth A, (i :1, . . . ,4) we end up with the
following system of equations:
contìnuÍty:

LL(ULL,VL) _
LL(U22,V22) :
L¡(Uss,Vss) :
LL(U44,V44) _

(A.10)
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r-momentum:

Lz(Un,Vr,Pr) :
Lr(Uzz,Vzz,Pz) :

Lr(Uss,Vzs,Pt)

Lz(Ua*V¿,+,Pt)

and
concentrationr.

Lz(C*Vt) :
L¡(C22,V22) ==

ft(C3s,V3s) :

L3(Caa,Vaa)

0,

iþztJtt - ÀZiKzUt¡ - iK2P7 + 0 Sc-r À¡rz (|nxrUu + :r,r)

-0Sc-r p,(J¡2,

i(þzU"r-r þzUr) - 
^Zi(K2U2z 

* KsU¡) - i(KrPz r KsP)

+|e s 
"-' 

s p, 22 t (K rurz * K zu tt) - |t" "-' 
\ t' z' (! z x ru u

+Vrr) - |Sc-L p,(Jzzz t ïSc-r Àp,2V22," /
i(1zUtt* 1sUzz+ þ¿,Un) - 

^Zi(K2qs* 
KsUzz+ K4UL:)

-i(K2P3 * KsPz + KaPt) +|r,s"-' lp,z2i,(Krurs (.{.11)

* K 2[J22 * K s(J 1y) - 
Lr/.t 

s 
"-' 

À ¡-P 23 I (x fl zz * K zu tr)

+fim-'zaiK{J¡1 + fir,t sc-' Àp,3 z4i,Kru'

-z(^ULr),|A, - PulAt+ 
fatsc-t 

À¡t3z3vy1

+ |m-' z'v, - |e' 
s "-' su' z'v*

+0Sc-r À¡"rZVss * f,l,z'tlrr, - LS¡-L p¡Jss2;

0,

iþzCtt - 
^Z)K2CL, 

+l/lS"-LÀp,ZziK1Cr¡ - LSc-r ¡.tCttz t 0¡t2ZV1y,

i(hzCz * þe1tt) - 
^zi(K2c2z 

* Ks1yy) +!eS"-tsp,Z2t(KrC22

+K21LL) - 
Lrr,s"-'À¡,P 

zsiKrc¡y - Lsc-L ttczzz - |e'¡rt z'v*
+ep2 2V22, (4.12)

i(þzCsst þsCzz* þ+Cl-) - 
^Zi(K2q3t 

KsC22* KaC¡)

+|e s 
"-' 

s ¡r 22 t(K rc n t K2c22 * K sc 11) + js 
"x 

ux-L za i K tc tt

-le' s 
"-' 

À ¡.P zs t (K tc zz * K zc tt) + )et s c-B 

^ 
t P z a 

i, K tc tt

-Z\Ct,f Ay - p,,ZU¡, +|l,z'Cttz - LSc-L ttCeez +lur." ¡raZtV¡
1

I-'12 ScÀ¡tr-L z'vr., - f,r,'¡rt 
z'vrz + o p,2 zvs,

We have omitted the critical Iayer equations for Ua¡,, Vay and Ca¡, the same can be done

for them but it is easier to normalise with .4a¿. The resulting system can be solved
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independently knowing the values of. Kl and Pl. \¡/e wilt note that the first eigenrelation
(defining K1 and B1) and that one defining Kal and, pap are unmodified and their values
are known.

The set of boundary conditions for the system (4.11) - (4.12) considering (5.1g) and
(4.1) - (A.e) is

z -0: Un : Uzz: Uss : U¿¿: 0,

Vt: o,Vzz: V,,Vss: V,V++:
Cn: Czz: Ce¡ : 0;

Un: BtrUzz: ß2,Uss: Bsr[JaE: 84,
Unz : Uzzz : Uzsz : U¿¿z :0.
Ctz : Czzz : Casz :0.
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4.6 The matrix form of Rayleigh equation

The matrices A and B in equation (6.30)

A_ a¿ b¿ ã¡

he1
o,2 bz d2

as 
:' 

as

an-z óN-e

a¡¡-z
oN-s
b¡¡-z

2a¡,r-t
a¡¡-z
Çr-r

and

where

B_

dt c1

C2 d,z C2

cs d,s Cs

ci d,¿ ci

c¡v-g d¡,t-s
c¡¡-2

c¡v-s
d¡¡-z

2c¡,r-t
cN-z

Pw-t

F¿, i:Lr...,N-1,
-2n - h'(Foo'+ F:'),
1,

-2 - a2h2,

öry-r - 2ahø¡¡-1,

d,x-t - 2ah.

qN-1

P¡'l-t :
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