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AsSTRACT

A schene 1r proposed for calculatfng the coefffcienË of self-

dfffueloû Ín a denge gae of rlgtd spheres. Thê nethod proceeds by

derlvlng ¿nd eolvfng a cloeed equatlon for the velocfty dfstributlon

functlon f associated rùÍth a slngle sphere which has specfffed fultfal

posftfon and veloclty fn a Bystem Ín whlch the other partlcles have

lnitfal dfetrLbutLone of equlllbrfun

At low densitfee f eatfefLee a lfnearLzed form of Boltzm¿n¡rtE

transport equatlon. It fs ehown how generalfzatlons of Boltzuånnta

equatÍon can be obtal.ned whfch are sultable for describlng a gao at

any glven densfËy. I¡ the derivatfon of these equatfons one ePproxlnates

the úany-body dynanfcal problen by treatfng the dynanlcs of a fer'r

partLcles exactly and by also Lncludfng cerËafn nany-body dynamical

events. By thLs approach one can obtaft expresslons eultable for

calculatfng the coefflcfent of self-dlffuslon and at the Eaoe tfûe

avofd the dfvergence problem whlch arÍses ¡shen the gaa fs analyzed fn

te¡:ms of contrl.butfons fron ffnite nrrmbers of teolated partfcles.

A generalfzatfon of Boltzmannts equatlon 1e coneÍdered whfch appliee

to ga6es dense enough for configuraËlonÊ of three pa¡tfcles fn cloee

proxinfty to be efgnLficant. ThÍs equatlon dlffere frou the equatlon

derfved by Choh and Uhlenbeck for deecribfng such systens Ín that lt

accounts for cerËafn nany-'body dynanfcal events as well as three-body

collfsÍon aequencea.

llre coeffÍcLeot, of eelf-dfffusfon Il, ee usually deflned, ls equal

to the lntegral over tfne of the velocfty autocorrelatÍon funcËlon

whleh cao be calculated fro¡q the velocity dlstributfon functloa .f, It

Lc ehoern ho¡¡ D fs obtafned from the closed equatfons for f. Evaluîtfon

of D frou generalfzatfons of Boltznannrs equatlon requÍres detafled.

nrnerlcal aaalysie.



Thus 1n order to nake a quantltatLve test of the proposed scheue

we conslder a one dlmensfonal gae of Lmpenetrable point PårtiéIee. It

fs shor,¡n that the velocíty dLstríbution functlon end the coefficlent of

setf-dlffusfon can be deternfned exactly for thLa nodcl. A closed

equatlon for f fs derÍved whfch takes lnto account three-body dynanfcs

as weLl as certafn nany-body events. The latter collfsl.on Bequencee

uust be lncluded to avoLd dLvergences which aleo arfge Ín the one

dfmenslonal model. The coefflcient of self-dÍffuslon aB calculaËed

fron thls equatlon fs found to be very cloee to the exact value.

A digcussÍon fs also presented of an approprLate deflnitfon of the

coefficl.ent of eelf-dfffuslon for dense É¡ystens. A nodffled deffnl.tf.on

1s proposed whlch takes lnto account the observed correlatÍons between

the velocfty of the dlffuslng partLcle and other partfcles of ühe gas.
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I

CHÄPTER 1 INTRODUCÎION

1.1 TIIE DEVELOPMEI,IT TIiEORY OF

The princlples whlch were to lead to a rfgorous molecular descrfptlon

of a fluid were establlstred through the work of l{a:rtorell, Boltzmann,

L1ouv1lle arul Gfbbsl. The macroscoplc equatlons of hydrorlynamfce were

shown to be related to averages of microscopic quantftleS, and wtren

Illlbert, Chapnan and Enskog succee<led Ln solvfng Èhe well-knoun transport

equatLon of Boltznann ft became posslble to relate the coefficients of

vfscoslty, thermal conductfon, dlffuston, etc. of dLlute gases to the

forcee between the nolecules of Ëhe gasz.

YeÈ since that eêrLy work, no comparable descrfptlon of gaees of

noderaÈe or hlgh densltles has been developed. Thus one of the out-.

standing probleura ln the study of flulcls fs to derlve a scheme for

generallzlng BoltzmênntB equatlon Èo clescrlbe dense gages ancl to

experfmentally verify such a scheme.

Boltz¡nannf e equatfon descrfbes Èhe tfme developurent of tlre stngle

partlcle veLocity dfetrfbutlon function f(x.ryrt) whfch 1s defÍned so

that f(år_v-rt)dädg ls the average number of molecules of the gas 1n Èhe

volr¡me erenent d¡ urovfng wlth velocltfes 1n the range y.,gtdg aÈ the

tlme t. Its derLvatLon depende on the assunptlon of nolecular chaoe

t¿hlch states that the average number of collfsfons between two partlcles

moving srlÈh pre-collfslon veloclcles vl an,3 v2 1s f (x,v¡rt)

f (-x-,y¿rt)dx. Grad3 has glven a cletatl.ecl dlscuasLon of thie and other

assuutptlona uEed to derive ttie eguatlon, lts range of valt<tfty and

nethods for fts solutfon. the central problern 1n describing dense gases

le to flnd an appropriate nocllflcatlon Èo the assumptfon of nolecular

chaos.

The possfblllty of obtalning generalfzatlons to Boltzma¡m'Ê

eguatÍon üras opened up by the fundanental worl., of Kirkrrood4,

' -i,

ì'i



2.

Bogolfubovs, and Born and Green6, who obtalned an exact equatfon for the

one partlcle dfstributLon functlon fn terms of a two Particle dfstrfbu-

tÍon functlon. Thls equatfon Ls the flrst of a hlerarchy of equatlons

satisffed by dlstributlon functlons ¡rhich depend on the properties of

!r2r3, etc, Partfcles of the system. the assumPtfon of mOlecular chaos

provides a meane for truncetlng the eet of equatLons and leads, ag shown

by GreenT, to a ¡nodiflcatLon of Bolt¡ma¡urta equation.

The rnethods of Bogollubov have been the !ûost lnfluential 1n the

development of a theory of dense gases. Ille approach fs to assume, for

the purposes of calculatlng Èhe transport coefficfents, thaÈ the two-'

three-, etc. pârticle veloclty dlstrlbutlon funcÈlons can be expressed

as tine-lnrlependent functlonals of the one-parÈl'cle dl'strlbutfon

functions when sufffciently close to theÍr equflfbrlun

values. By thts hypothesls 1t 1s possible to obtain fron the hlerarchy

a closed equatlon for the one-Particle dlstributLon functfon.

Furthemore Bogolfubov proposed a scheme for ffndlfig a sequence of

successfve approxlmatl.ons to the actual functfonal dependence of the

higher order d{etrtbutlon functlons on the sLngle-parÈLcle dlstrlbutfon

functlon. A flrst approxlnatlon to the functlonal form of the two-

partfcle functlon ylelde a nrorllfied for:n of Boltznannts equatlon,

sfmllar to that derlved by Green. The next approxfnatlon rvas fnves-

tigated by Choh and Uhlenbeck8 who derlved a generallzatLon of Boltzuannts

eqqatfon whlch accounts for effects arlsfng fron the dynanics of Èhree

partlcles. It therefore applles Èo gases of sufflcl.ent densfty that

configuratlons of three parËlcles 1n close proxlrnity to one another

comonly occur. Later Holllnger and Curtisg9 t¡ere able to derive the

eguatÍon by applytng the prlnciple of molecular chaos to the precolllsfon

veloclties of groups of three partfclee. Sengersl0 has calculatetl

fron thfs equatlon, transPort coefficÍents for a gas of hard spheree

by numerÍcal technÍques. It fs found that the coefflcfents dLffer
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only sllghtly fron those calculated from an lntuitlve generalf.zaÈÍon of

Êoltznannrs equatlon due to Enskogll.

BogolfubovrE worlc çras based on an unproven assunptlon. lÍ,S. Greenl2

an<l Cohenl3 developerl an approach, simllar to the clusËer expaneÍon

rnethods of equillbrl.um statistical mechanfcs, to invest,f,gate BogolÍubovf s

assunptlon. It was shown horv the two-particle dlstributlon funcÈlon can

be expressed as a tlme-dependent functfonal of the one partl.cle distribu-

clon functÍon. The functLonal was gfven as an expansLon, each tern of

trhich depends on the dyna¡oics of groups of particles lsolated fron the

rest of Èhe systen for some len6th of tlne. It r^ras conJectured that a

tloe-Lndependent approximatfon to each term fn the expanslon could be

obtafned by taking the length of the tfme Ínterval to be lnflrrftely long,

thue verifying Bogollubovfs hypothesÍs. Indeed by this approgch the ffrst

tern ln the expansfon leads to Boltzmannte colllslon operator an¡l the

next terû leaels to Chohfs correcÈÍon to that operator. However, 1t eoon

beca¡re evtdent that the llnlt, as the 1ength of the tlne interval

approaches infl¡rlty, of any oÈher tern fn the expaneÍon does not exist,
sÍnce contributlons to the functlonal from groups of four or more isolaÈed

parÈlcles lncrease with Èhe length of the tlme thaË the group remafne

eeparated frou the remaÍnder of the fluidl{. This fs not to say Èhêt

the two-partfcle functlon cannoÊ be approxfnated by a ttme-lndependent

functlonal of the one-parElcle dLstrlbutfon functlon" but only thaÈ the

nethod proposed for ffndlng the functlonal, 1f 1t exiats, is fnapproprfate.

It 1s exttenely unlfkely that a group of partlcles wfll rernain feolated

for long perlods, and thls property mtrst be taken lnto account at each

stage in the calculatfon of the functfonal.

Cohenl5 has outllner! a proceclure whereby divergent contrlbrtÍons

frou the dynamlcs of four or Eote partfcles can be ¡uodlfferl by accounting

for the posslbllfty that the group lnteracts vrfth other particles of the
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gas. The cltrster expanslon method, ae developed to investfgate

Bogollubovf s asoumptlorrs, aPPears to be unsulÈable for obtalnlng a

tfne fndependent functlonal relatlng the one and truo ParÈ1c1e dlstribu-

tlon functfons, elnce a compllcated rearrangenent of a serles fs

regulred. It would aPPear preferable Èo avoÍd dlvergences from Èhe

beginnfng.

Ifazenkol6 and van telJerenlThave derlved fonoal closed equatÍons

for the velocíty distrlbuÈlon functlon. ßoltzmannt s equat,fon can be

derived aa an approxLnaÈíon to these equaÈ1onc. To obtal¡r expllclt

expresslons for the operaÈors ia thefr equaÈlons' a solutfon to Èhe

rnany-body probleur ls requf.red. In seeking aPproxfnatlone which will

lead to tracÈable expreesiona for transPort coefficlenÈ8' one musË Èake

care to avold dfvergences of the type clÍscussed earlfeË.

The work of Ople and Blattl8, and Prlgoginet9 ha" also been

concerned wLÈh developlng ûethods for generallzfng Boltzmannts equatlon.

The problem of rcdlfytng Boltzmannrs equatlon for a systen ln whLch

bound staÈes can occur has been consldered by Green a¡rcl Uoffmatt2o.

A eomewhac dlfferent approach for calculatlng transport coefficlents

is to proceed from the correlatlon fornulas first derlved by ìf.S. Green2l.

Greents results rvere re<lerlved, and someËfmes noclified, by a nunber of

authore, includfng Kubo22, ltorf23 and I[.S. Green2q. A revíew of thfe

aspect of statisÈlca1 nechanics ls presentert by ZwartzLgz'. Ðlrect

evåluatlon of the correlation foruulas ls achLeved by fntegratlng the

equatfons of notlon of the partlcles of an equllibrlum system. Th.le

hae been made feasible for gases at high <leneitles and for llqutdo by

the uae of electronlc computers. Raluan26 has sËudfed tranePort

propertles of llqulds, whlle Alder, Gass and tlafnwright2T have consldered

gases cooposed of rlgld spheres.

Approxfnate evaluaÈlon of the correlaÈLon foru¡las leads' to Èhe



5.

Iowest orders in the density of the systenn, to the same calculatl'ons that

arfse in solvlng Boltznrann's equaÈion and the choh-uhlenbeck equatlonzS.

llaÍnes, Dorfman and Ernst29 hw. given a method, based on Èhe cluster-

expdnslon techniques of Green and Cohen, for evaluating the formr¡las at

hfgher densitles. Once agaln {lvergetrt terms nust be nodifled to obÈain

fintte values for the transport coefficlents. KawasakL and OppenheÍm30,

Cohen3l, flafnes32 and Dorfman33 have sho¡urr how lnfinite sequences of

certain tlfvergent terms can be combfned to glve a flnlte contrlbutfon to

the coeffLclent of self-dlffuslon. The analysls of these authors has

not been extended beyond reuovLng the dlvergence arisÍng from tire dynamfcs

of four particles. It. !s found thet, beeause of the geonetry of

colllslon sequencea Lnvolvlng four parÈ1c!.es, the contributlon to the

transport coefficlents from four parËfcle dynarrLce is 8 non-analytlc

funcÈ1on of the density, n. !'or instance' the coefffclent of self-

dlffuelon, D, can be exPreseed .s 3h

nD = D6 * nDt + n21og n D2 * rLzD2'+ ...

nrhere Do ls the contributfon froo Boltzmannrs equaÈfon, D¡ cones

from the Choh-Uhlenbegk equatton' and D2 and D2' reeult froo 4-body

dynamlcs. Calculations by whlch DZ, D2' and correspondlng terms for

other Ëranspoft coefflcLenËs Íury be obtai.ned have been rnade by Gervofs'

ÌIornand-Alle an<l Poueau3s fn the case of rlgid spheres. The complexity

of nany-body dynamlce means that only qualftatlve statements can be made

about higher order tern6 1n the expanslons for transport coefficl'euts.

tialnes32 dl""usseg the posstble for¡l of the densfty dependence of the

coefflcients.

Experfments36 have so far falled to confirm or disprove that the

transport coefffcfents are non-analyÈÍc funcÈlons of Êhe denslty.

An Lnportant problem hae arisen fro¡n the sÈudy of correlation

forrtrlas l¡1th Èhe reeult that the mlcroscoplc basis for the equatf.ons of
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hydrodynarnl.ce le not yet coaeidered as beÍng fully achlaved. It seens

that for denae gases the correlaÈlon functlone apPeerlng ln the

correlatfon formulas do noË, as fg assuned 1n thefr derf.vatfon, decay

to zero rapfdly fn a tLue lnterval ehort enough that ûåcroscopfc

quantltles, euch aa local denslty and local tenperature, remaln almost

conatant. For a dílute gas the correlatlon functlons exhibft the

erçected rapld decay. Mclaughlln37 has ehown thie expllcitty for a

l,fa¡Írell1an ¡nodel of a gas.

Alder and tr'Ialnwrlgh¡38 have ahown, from coryuter efnulatlone of a

denge gas of hard epheree, that the veloefty autocorrelatfon functÍon,

whfch Íe associated wfth the coefffcl.ent of eelf-dfffusfon, decays

only slowly wlth tfue. Ernst, Hauge and van Leer¡¡en39 predfct Èhat

other correlatfou functlons also decay slow1y wÍth tine. their analyels

fnvolvee a number of unproven asar¡EptÍone, but nonethelees predLcÈs a

long tlne form of the velocfty autocorrelatfon functfon fn agreement

wfth that found frou coryuter studfes. Dorfman and Gohenh0 have

studled the decay of correlatíon functÍons of moderately dense gases

through the use of cluster expansfon method6. Thefr results can be

conefdered ae arleLng fron a geoeralfsed form of the Choh-Uhlenbeck

equatfon whfch accor¡nts for the effects of 3-body dynanlcs exactly and

for the effects of uany-body dynanics approxfnately4t. Another

approach, consldered by Haugehz, 1s to use the full non-linear fo¡m of

Boltznannts equatfon, rather than a lfnearlzed forn as 1s usually done

when atudylng steady-ÊtaËe transport phenomena.

As a consequence of the slovr decay with tfne of the correlatlon

functlone, Ít has been suggested that the equatlone of hydrod¡manfcs,

wlth conetant transport coefffclents, deacrlbe only states of a f1uld

whlch vary lnfinltely elowly fn epace and tfne, and not the range of

nou-equlllbrlun atates to whlch the hydrodynauÍe equatlons are normally

applled s3.
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The nethode of klnetlc theory ¡¡hlch have been d.eeerfbed can be

appJ.ted to a ntrmberof e,lnpLe modele of a gas. The eLnpleet ls a one

dlmeüslonaI system of rfgfd rods sÍnce'ae Jepsenhb hae aholtn, all

pÈopeftlee of the system 'can ''be calcul,ated eaacËIy. The coefffclent of

self-diffusfon le Èhe onty fnpcrtant transpolÈ coefffcfent for thfa

6ysËem. Lebo¡rltz and Percusqs, Lebowigz, Përorls end Sykes[6, and

BiLun and:LebowftzbSr,, lh.ve etudLed thLE one dluenslonatr' eyetem fn an

atteupt to obtafn'resulta whlch are appllcahle Ëo three dl¡enslonal

systems. the dfvergence problen also arfses fn thfs nodel, but, becÊuse

the rods are conffned to uove Ln one dÍmensÍon, the coefffcient'of sel'f-

d.fffuslon does not exhlblt the non-analytlc dependence on the densfty

fou¡d fn three dfuenel,onal syetems.

There LE a clsss of uodels rfn whlch a Ëfnlte rnovlng Partlcle

lnteracte wlth an lnfinfte.,sEray.of fLxed scatterers. Getee4S has pro-

poeed en'exactly solvable noddl ifn whlch a pårtfcle uovfng rln two

dfueneLong 1g scattered by horfzontal:flat plates. The dfffusfon eo-

efflclent D for the system Ís suchithat nD ls an analytfc functlon of

the densfty, n¡ fiso end three dfmensÍonal,Lcirentz nodels ln whfch a

particle collfdeg wfth'flxed circular or:spherlcal. Bcâtterêro have bpen

etudfed by van Leeu¡¡en..and l{eyland49 and Eñst and l{eylandsO. rt 1s

predlcted thaË the coefficient of eelf-dfffuslon fe a non-analytfc

functfon of the densLty,and thfs appears to be conflrned by the nr¡nerfc¡l

work of Bruin5l.

Dorfûan, Kuperuan, Sengers and McC1ur.52 h".r" sho$n,:that the theory

for the drag on a nacrosc{rpfc obJect placed 1n a gas Btrean is sfnflar
Ëo the cluster e:çansÍon uethods,of conputl.ng transport propertles.

Divergent tereg arfsing fron cötrl,Lsfon sequenceei fnvolving a few

Partlcles have to be nodlf'féd and, the drag coefflcfent dÍsplaya a 1og-

arithnÍc dependence on Èhe denpfty of the gas.

Another oodel wtrich l-s more closely releted Èo real gases Le that
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of a tno dlmenefonal gae of rigld dfscs. lranspott coefffcfent for

euch a srystên have been computed from Boltzmannte equatl.on and a first

correcti.on to Boltzmannrs equatloo53 . Computer etudleas+euggeat that

the tine Íntegral of the velocity autocorrelatton functfon dfvergee

whfch has led to the conJecture that the usual equatfons of diffuslon

do not apply to tno dlmeasLonal systens.

I,2 Æ{ OUÎLINE OF THE THESIS

The afn of thls thesÍs ls to make sone progrese towards a general

theory of the steady state transport propertfes of dense gaseÉ¡. The

enphael.s of the work fs on developlng a practlcal DeËhod for the

calculatfon of the transport coefficienËe of a gae, the psrtl.cles of

utrfch fnÈeract w'lth knorrn Ínte¡ilolecular forces. The euccesgful com-

pletlon of a program whlch glvee reeults beyond thoee obtained from

Boltzmannrs equatfon hag fupllcatlons for the accurate deEerminatlon

of fntermolecular forces and for the study of chemlcal reactfons when

uany-body collf.sl.one play an fnportant role.

The scheme whfch fs presented here le applfcable to gases with

fntemolecular potentials whl.ch are short-ranged and repulsfve. These

two requLrements avofd the need to consider the conplete narry-body prob-

lem fn whlch a partlcle may be lnteractlng wlth eeveral partfcles

sLmultaneously. Neverthelese lt may be posslble to adapt the echeme to

fnclude the effects of aËtrac,ÈÍve potentLals when bound statee c6R occut.

A detalled appllcatlon of the echeme ¡rfll be made to determine the

coefffcfenta of self-dtffuelon of gases of rtgfd spheres, rfgld d{scs

and rigld rode.

Chapter 2 preeente a dfscussfon of the coefflclenÈ of self-

dlffuslon, lts'relatÍon to the velocity autocorrelatÍon foroula and the

range of valldlty of the usual macroscopic equattons of diffuslon. tJe

show, by conslderfng the theory of Brownfan motfon based on the Fokker-



I

Planck equatlon, that Èhe coefflclent of eelf-dff,fuefon does noË

necessarlly depend on Ëhe tine fntegral of the veloclty autocorrelation

fornula alone.

In Chapter 3 a etudy fs made of the veloclty dfstributfon functfon

aEsoclated with a single particle of a gae fn equflfbrLun. Thfs func-

tlon whLch 1s the fLrst of a hferarchy of n-partiele dfstributlon

functfone, 1a shol6 to eatLsfy a cloeed equatfon fnvolving operators

whlch requfre knowledge of uany partfcle dynauics before they can be

expllcltly lritten down. Ilowever, the exact equatlon ls derlved fn

such a !üay that expllcl.t approxfmaÈfons to lt are readlly derÍved.

Boltzuannfa equatfon Ís a firat approxfmatlon; a further approxlnatlon

takes fnto account 3-body dynarnics exactly and partLally accounts for

colllgfo¡ sequencee lnvolvlng four or tore Particlee. There are a

ngmber of waye ln whfch these nany-body fnteractÍons can be

approxfnated. Certaln equatloûE r¡hfch have been Prevfou€ly derfved nay

not be the moet convealent for calculatlng transPort coefflcfentg.

the solutlon of the equatfons Ís discussed fn Chapter 4. the

coefffcfent of seff-diffusfon 1s expressed ln termo of the solutfon of

an Íntegral equatfon. 1o obtafn a correctl.on to the values frou

Boltznannfe equatlon requlree knowledge of 3-body dynanfcs and hence

nrnerlcêl Èechniquea are needed.

The couplexfty of uany-body dynaufcs leade u6, fn Chapter 5' to

consÍder the stople one-dluensfonal system of a gas of rlgld rodg. The

prlnctple of molecular chaos 1s fornr¡latêd exêctly for thfe system and

ft fs shown hor¡ the hlerarehy of equatfons for the n-partfcle veloclty

dlstrlbution functlong can be eolved directly.

If the coefffcfent of self-dlffuelon fs evaluated by the approxl-

uate tethods propoeed for a Dore general nodel of a gas, we ffnd that a

firet correctfon to Boltzmannts equatlon ylelde aLnost the exact value

of the coefffcleat.
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CHAPTER 2. TTIE COEFFICIENT OF SELF-DIFEUSIOII

2,L INTRODUCTION

the thesis presents a sÈudy of the transPort ProPertles of dense

gaseg, the n¿ln part of lt being concerned wlth gasee of rlgfd epheres'

rfgfd dlece or rfgfd rode and the traneport phenomenon of self-dfffuefon.

It 1s therefore lnportant to decide on v¡hat fs meant by eelf-dlffuslon

and to ehow how the coeffÍclent of dtffusfon can be calculated.

From a qualltatlve poLnt of vler.r, seu-dfffusfon refers to a

moleculeos eLow movement through a flutd. Despfte the hlgh average

speed of lndivfdual molecules, they tend to move only maeroscoplcally

snall dlstances fn a long time fnterval because of frequent lnteractlons

with other moleculee. theoretical studies of self-diffuELon are usually

baeed on theorfes of Bro¡.rnlan motlon. By analogy wlth Elnsteln'sss

analyeis of Brow¡rlan moË1on, one assumes that' 1n a sufflciently long

tfne lnterval te the nean square displacement of a molecule of a gae

fn equlllbriun Le given by

( a.<.1 lù 
"o 

- 6Dt (1.1)

Bere r(t) Íe the dfeplacenent of some molecule ln tfue t and the

brackets ( >"0 denote an aveaage over a ståtfstical ensenble

appropriate for descrfbing the state of equlllbrÍr¡m. A tfne fnterval

long enough for the particle to suffer several colllefons Ls congÍdered

sultable for (1.1f to hold. Equatlon (1.1) then ls taken as deffnfng the

coeffl.clent of self-dlffuelon D for a gas in equllfbrlun.

Yang56 hae ghorùn that fn a diluËe gas (1.1) fs satleffed for

nacroacoplcall.y anall tlme Íntervale, and therefore that D fe Juet the

coefffctent of mutual dfffusÍon whlch appears fn the equatl.on

nr(ï,t)lr(T-,t) B -oå*t (1.2)

¡rhlch descrlbea the dlffuefon of partlcles of type I ln a gas
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sufffclently close to egulllbrium, conslEËfng of partÍclee of two tJpea,

lebelled I and 2, aalr nr(Ërt) fe the nr.nber denelty of partfclee of

type 1 ât the posltlon Ä at tlme t, whlle wr(¿rt) Íe the dlffuel.on

velocfty of partieles of type 1. EquatÍon (1.2) fs valld when the

tenpereture and pressure of the systen are congtent.

The eltuatLon le dlfferent ln dense flulds. Computer sfuulatfons

of gases of hard spheres and hard dfecs suggeat that (1.1) fs valfd

only after an lnflnitely long tfne lnterval for a gas of spheres, whl1e

fn a two dlnensfonal syaten there fe no relatÍon ltke (l.l) between the

mesn Bquare dfsplacemenÈ of a partlcle and Ëhe tfne lnterval fn whlch

the ôlaplaceuent occurs. Followfng on from theee obaenratfons LÈ has

been suggested43 Èhat, ln three dl¡ensLons, the generalfzatfon for

denee gêseg of equatlon (1.2), with conatant coefficfent of dfffusfon,

fs valfd only when the eyetem 1s so elose to equfllbrlr¡n that nlþ,rt)

and g¡(grt) vary lnf1nlüely elowly fn space and tfme. For a trso

dfnenelonal gas equatLona llke (1.2) should not be valld for any non-

equllfbrlun sÍtuatlon. It appears that denEe two and three dLuensfonal

gases have the characterfstfce of a fluid with a úemoryr The nodtfÍca-

tlone to Ëhe hydrodynaufc equatfons whfch are requfred Èo descrfbe such

fluids are dl.scuased by Storer and Greens7.

Thie chapter has thro purposeg, The fLrst ls to gfve the

correlatLon fo¡mula for the coefffcLente of dlffuefon for a gae conslsÈ-

lng of tlro types of part,lcles. ThLs fonnula was ftrst gfven by

H.s. Green2h. If the tlvo types of partÍc1ee are mechanfcally fdentlcal,

Èhe fo¡mula reduces to a nodiflcatlon of the velocfty autocorrelatlon

fortula for the coeffLcfent of eeff-diffuelon t¡hfch can be applled to

systeos of flnfte volume.

The second polnt we nake 1s that lt fs poseible to nodify the

deffnltlon of the coefffclent of self-diffueion eo that lt fs well-

deflned for both two and three dfmensfonal eyetene. The relatlonshfp
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between thfe coefficfent and macroscopÍc equeBLons of dlffuel.on has

not been worked out.

üfe firet discusa Ee1f-dlffuefon ês a sPeclal caee of nutual

dfffuslon and gfve the velocfty correlatlon formulae for the dfffuston

coefficlents gfven by Green. Thls 1a done 1n Sectlon 2.2.

In SectÍo¡ 2,3 we descrfbe dfffusion of a Particle by using the

Fokker-Planck equatlon. The coefffcfent of diffuslon ls related to

the mean square dfsplacement, relatlve to the mean dlsplacement, of

the dlffuslng partfcle. IrIe take thfe relatlon as deffnfng the co-

efficl.ent of self-diffusLon even 1f the Fokker-Planck equatfon fs not

applfcable. Fot a dllute gas, the deflnftfon leade to the same value

for the coefflcÍent as does (1.1); however, ln a dense gas, correla-

tlons beBreen the veloclties of collldlng partfcles are fmportant and

the deffnftfons do not cofnclde.
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2.2 SET.F-T¡IFFUSION CONSIDERED AS MUTUAL DIFFUSION

Fron an experinental point of vfew eelf-diffusion fe not usually

studled dfrectly. Rather ft le consfdered as a epecfal case of mutual

dlffusfon in a gas consietfng of two types of partLcles whlch are

mechanfcally ldentfcal but distlngufshable 1n eome way. For a dllute

gaar one obtafns by thia approach the same value for the coefflclent of

self-diffuslon as fe obtafned. by conslderfng the diffuslon of a eLngle

partfcle.

tle glve here a brlef discussfon of dfffuslon fn a gas of two

coDPonentsr Ife gfve the correlatíon formula, due to Green, fron whlch

the coefflcÍents of diffuafon can be calculated. As wfll be shown,

thfe formula dfffers fn an Ímportant way from other fornulae that

have been derlved.

Coneider a gas conefstfng of two Ëype6 of mechanfcally ídentfcal

parüfcles. The types are called a and b. lJe deffne, fox L - arb,

n, (¡1' È)

u, (x, t)¡
!t(Å, t)

å.(l' t)

n nr(Ë,t) qGrt) = -

as the nu¡¡ber density of partfcles of type 1.

aB the chemfcal potentlal of partfcles of type 1,.

as the average velocity of particlee of both types.

as the average velocfty, relative to en observer movlng

wLth veLocfty g@,t), of partLcles of rype f .

rf these quantÍtfea Êre close to their equlllbrir¡m values, and the

temperature of the gae 1e unlforn, the followfng dfffuefon equatfons

are valfd:

ED
J=arb

l' = arb (2, l)

orJ t" the trauBport coefficlent appearfng fn the nacroscoplc theory

of frreverelble processes developed by onsager, de Groot and othersS8.



Green2b hae ehown Ëhat, the coeffLcLents sPPearfng fn theee

equatÍona are glven by

(b)
E

(b)
(o). E

J

(a)

, :r(t)l

14.

(2.2)

(2.3)

(2.4'

D
a q(o).

n
r-3ln

n-

q(t) -;s t
L

D. t D- ' -DaÞ Þa aa

ab
m2

3knr

m2'm u.(r"
(a)

).nE
b

J

In thie equatlon, u. and \ are the equlllbrfirn values of the number
(k)

densttLee¡ n - r.hb, the ermatfon E fs restrfcÈed to partfcleE
1

of type k (þ - arb) and the averege lE over an equflfbrfr¡¡n ensemble.

Equetlon (2.2, should be compared wlth the formula gfvern by

M.S. Green2t and Mor123.

3 Duu

þ fi. ( Í,,D gr l tt) )"r
Thls latter foruula Ls uot correct sfnce the lntegral wlth respect

to tloe does not converge. To see thfe ¡ue consÍder, for the purpose of

evaluatfng the correlatlon functfon ln (2.3), the eubensenble of the

grand cauonlcal ens@ble of equtlfbrün 1n whfch Bome partfcle of the

ath Ëype has deffnfte veloclty Ja, say. After an fnfinfte tfme the

Douentun of the dlatLngulehed partfcle fe shared between partlcles of

type a and t¡¡pe b ln the ratÍo or/\. Hence for long tfmes the

correlarion rtmcrron (2.3) equal" ( lf")Ent")lr)"n \/o,
a non-zero quantfÈy, and consequently the fntegral 1n (2.3) dÍverges.

On the other h¿nd Èhe correlatÍon functfon 1n (2.2, ls zero for very

long tl,nes.

Equatlou (2.2, can be put lnto a &ore fanfllar forn. Conefder Êhe

followlng expreeslon which appeare 1n that equatfon¡

v*(o). tt'
n-

rr(t) - *
¡t (b)

x
j

(a)
x r, (t)l

J

Now å(o). r, vr(t)
eq

E (rr<",r')
eq

(2.5)



slnce Lf the Douentr@ of the Bystem fB å(o) at t . o, lts total

monentum frq (t) at a laÈer tlme w111 et1ll be fn(o). Furthermore

the partfclee of type b and of type a, other than partfcle 1, are

novÍng on the average wfth the eane velocfÈ1es. Hence

15,

(2.6)

(2,7'

(2.8)

( }vn(o). EJ å(r) / (nbv) - G lt{
ttu

(t) / (u.v - l)
(b) (a)

eq
(o).

D
a

E

J
eq

Subetitutfng (2.5) and (2,6) lnto (2,4) we obtafa

D.
AD # + Ii. (",",.[+-å(,)J ).n

The factor q(o)/v whlch appears ln thls equatfon fs neceaeary ro

ensure that the lntegral converges.

For a dflure gae,

ãnq
âg t'Êl

rm
Ðu'a
âg

If the pressure of the gae Ls uniform, ¡¡e obtain frou (2.1),

n!û E3æ

The coefffcient of

Fron (2.7) rre have

þc

t'9 aa

ân

â4

ân-/Ð¡ s¡ae denored by D ln equatLon (1.2).a

åfi. (*,',. (:*(t) -+9,¿,
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2.3 THE EQUATION OF FOKKER AIID PLAIICK.

In this sectlon we coneider a nodel of diffusÍon based on a

generalfzatlon of an equatfon derfved by Fokker and P1anck59. The

generalfzatfon due to Chandrasekhar6o was developed to descrlbe the

dlffuslon of a Brownlan particle fn a l1qufd, whlle the further

generallzatfon by Kl.rkwood[ le afmed at prowfdÍng a nolecular descrlp-

tLon of the nâcroscopfc propertles of gaseg and llquids'

I{e show that the Fokker-Planck equatlon relaÈes the coefficfent

of diffuslon to the mean square dfsplacenent, relatfve to the nean

dlaplacenenË, of the dtffusLng particle. This relatlon ls taken as

deftnlng the coefffcfent of Eelf-diffusfon 1n a flufd, even ff the

generallzed forn of the Fokker-Planck fs not applfcable. Equation

(1.1) cen be obtafned from this deflnftlon when the gas 1s dllute buE

not when the system 1s dense sfnce then correLatÍonE between the

velocÍtfes of particles are Ímportant.

The equatlon of Fokker aad Planck describee the tlme evoluÈLon

of the probablllty dletrfbutlon functfon f(xrvrt;x'r!') which ls

deffned so that

f (xrvrg;¿'r!')dxdv = the probablllty of ffnding, at ÈÍne t' the

dlffusfng particle ln the element of volume d5, about the polnt Ër

and novÍng wfth velocfty in the range vrv*dy, gfven that at t=o

Ít was aË posttlon Ë' and had velocfty !'.

The equatfon whfch describes the tÍme evolutfon of f 1s

åf + v. Ë + fu er) = o (3.r)

where a ls the uean acceleratl-on of the partfcle. KLrk¡uood approxÍ-

nated a by

qr E *; ("o. - p) - ,[+ Ë * '<v-s)] ß'2,

where k fs Boltzn¿nn?s constanÈ, m the maes of the paftlcle' n
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the denaity of the fluld, T Lts temperaturer p the pressute and u

the veloclty of the flufd. ç 1e called the frfctÍon consËant, and

Ee Klrklrood has ehown lte exact evaluatlon depends on eolviag the many-

body dyaa¡¡lcal problem. In Chandrasekharte descrlptlon of Brownlan

motlon, s fe gaken to be

na = - .r(F f$ + n(y - g)) (3.3)

the frictÍon conetant ÇBr approprlate for Brownlan ootfon, lE related

to phyefcal propertfes of the Btosnlan partfcle and lte fl¡¡1d

enviro¡rment. In (3.2) aud (3.3), the conPonent of force, -uf (Y - 9),

Le the frlctfonal force on e Partfcle noving wfth velocfty v through

a fluid wlth veloclty uo The component -ç(kT/B)àf,lay reeults from

the randou moleculer colllsfone whfch the partlcle experfencee.

In the followlng we ffrst consider a to be gfven by (3.3) or

(3.2> wÍth the ter¡¡ â(nkT - p)/âl neglected. On solvlng equatlon

(3. l) wlth thls restrLctfou on the forn of g¡ ¡¡e find that the density

dlstrlbutfon functlon¡ deflned ae
I

n(x, t;x'rv') - lqf f (årg, :',ix' ,{) (3.4)
t-

fe given by6l

n = (4nD1t)-31' 
"*ot-(ä - x' - s-(t))zl<tn¡t)] (3.5)

where Dl(r) = kr/(ntg2) (r. - 312 + 2e-Ët -,.te-2ctL) (3.6)

whlle r(È), the dfsplace¡nent of the partlcle when the effect of

uolecular collfsfons Le neglected, satisfies

ds(t)/At - c(t)

dg(t)/¿t - -E(¡1(t) - u(g(t),t)) !(o) - y'. (3.7)

From (3.5), ühe nean dLeplaceoent of the partfcle Ln the tloe lntewel

t f.s

¿-G - x') n$rti x-r.y') - r(t) (3. 8)
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end lts trean Equare disPlecementr felatlve to fts mean dleplacement 1s

I
ld5[5 ' d 'r(t)l2 t@,tiË',g') = 6 Dr (t)t (3'9)
I
The above calculatlons agsume that the dlffuslng partfcle has

fnftlal veloctty !', If an average iB tåken over all poeeible lnit1al

velocltles we obtafn

dg.h(g') dË [ä-Ë'-É(t)]2 n(5,tië's') = 6Dt(t) (3.10)

where h(v) le the velocÍty dletributlon functlon assocfated ltfth

particles at L' at Èhe lnltial tlme.

It ehould be noÈed thaÈ (3.10) lead8 to the same value of D¡

l¡hen the veloefty of the flufd ls changed by an amount g'(t). thfs

eßpresses the fact that the value of the coeffÍcfent of dlffuslon fe

lndependent of the velocity t¡(t) of an observer meaeurlng the co-

efflcÍent. 1.ê. ls lnvarfant under GalÍlean transforilatfors.

For tlmes t >> LIE we uay replace Dt (t) by Dr fn (3.10) with

neglfglblê êtrot.

To define the coefffcfent of self-dfffuslon for a gaer the tenp-

erature and density of whfch are conatantr we r.lrfËe

dv'h(y, ) dË[Ë-I' - ",GIl2 
n(x,t¡ä',g') - 6D(t)t (3. 11)

where IïrI d*(l - l') o@rt;Ë',9')

and aeeume that I¡ - lln D(t) exlsts. D 1s then taken to be the
t-ræ

coefffcfent of se1f-diffuslon. Note that we are ûot nolt assunfng that

n saÈ19f1e6 the Fokker-Planck equatlon. Îf D la related to the

coefffcfent of diffusion Ín some nacroscopfc dfffusl.on equatfon' 1t fs

to be expected Èhat, fot tiuea t greater than some necroscopfcally

short Èlme
D = D(t) (3. 12)

For a dllute gae, whÍch le adequately deecrlbed by Boltznannre

equatfon, D can be ehown to exíst and (3.12) to hold for macroscopfcally



short tlmee. For a dense gas, certaln lnfonratlon about many-body

dynamics, or equfvalently a generalizatlon of BolÈznaunts equation, 1s

tequfred to show that the procedure outllned above leads to a well-

defined coefflcfent of dLffuelon.

Before proceeding to a discusslon of diffuslon ln a dllute gas'

and then ln a dense gas, we express D Ln tertns of a veloclty

correlatLon functfon. lJe asetme that the gas Ls !n equlllbrfun and

wrlte (3.11), evaluaÈed at a long tfme t' as

I
la*r'fr^1*r'¡ . [x(t) - <ë(t) r'12,' - 6Dt (3' 13)
t-

the bracketE < >'

grand ensemble of equfllbrÍum {n whtch some partfcle has lnlt1al

velocity y'. x(t) ls the dÍsplacement of that Partfcle ln tfme t

and tro(t) ls the equlltbrft¡m velocfty dlstrfbuÈion 1.e. the

l,faw¡elll.an distrlbuÈlon functlon. Dffferentfatfng (3.13) rílth re8Pect

Èo tlme, and writing v(t) - dA(t)/dt we obtain

L9.

(3.14)

(3.15)

{ fu"'ooa.,', 
.ftu.'þ{t') - <y(t')>')'(vctl - t"(t)")"

and consequently

D = tin å fl..'J."'ho(y') 
(<y(t').v(t)>' - <v(t')>' <v(t)>')

D=lln
t+€

Now

Í
Jag'rro(\r') 

<r¡(t') .v(t) >' .n <v(t') .v(t)> eq

, <rt(o) .v(t - t')>ee

sfnce ln a gas ln equlllbrlum, Èhe correlaÈfon between a particlets

veloclty at one tine w1Èh that aÈ another tine depends only on Èhe

length of the lntervel beEween those tÍmes. On uslng Èhe relatLon

(3. t5) we obtaÍn the correlatlon formula

11tn
È-ro

I
3

t
þr

o
dt' [<v(o) .v(t')r.q - Ju.r'no{:')<v(t')>'.<v(t)>' 

J
(3.16)
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whtch dlfferE from the fon¡ula ueuâlly given for D by the aPPearênce

of the second tern on the rlght sfde.

In the lor¡ denslty llnfÈ, a ll.nearlzed foro of Boltznannts equatfon

can be ueed to evaluate (3.16). Mclaughlfn3T hee evaluated the

dlstrfbutfon functl.on f for a Ìfaxwelllan nodel of a gae. From hie
l-

calculatfons ft can be eho!ùn Èhat lfn <g(t)>' - o whfle I atcg(t)>'
t+æ 'o

1e ffnite. Hence the coeffLclent of eelf-diffuelon fe gfven by

D -åJ]ur.","r.y(t)>eq (3.17)

an expreaslon whl.ch can be derived dlrectly from deflnltfon (l.l).

'FromYangte56 lrork too, equaÈ1on (3.17) car¡ be ehown to apply to dflute

gase8.

In a denee gae correlatfons between Èhe velocltfee of particlee

beeome luportant. Thls has been clearly demonstrated fn computer

efnulatlonE of gaaes of rigid dieks carrled out by Àlder and

I{afnwright and can be expreesed quantltatfvely by the face that for

long tLnes the veloeity autocorrelatLon functlon fs glven byh3

<g(o)'!(t)>"n - c(u);dlz (3'l )

where d fs the dfmensfon of the syetem and o. ís a paraneter

dependfng on ¡r, the denslty of the syeten. Approxinate methods for

deecrlbLng the nany-body effecte ¡uhfch lead to the slow tl.oe decay of

the autocorrelatlon functfon have been glven by Dorfnan a¡rd Cohenbo,

Ernet, llauge and Va¡r Leeu¡en39 and Hauge42.

llow the correlatlon fo¡mula (2.2), ox equfvalently (2.8), for

the coefflcfent of s eff-dfffuslon 1s derfved on the aseunptlou that

the velocity correlatfon frurctÍone whlch appear fn these formulas

decay rapidry compared wlth the tLme fn whfch Èhe denslties n¡(ä,t)

and n2@rt) and the fluld velocÍty u(¡rrt) chaf,ge appreelably.

Slnce the velocity autocorrelatlon functfon decays only slowly one
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expebts ÈhaÈ the dLffuelon eguatfona (1.2) 8ûd (2.1) apply only when

the denaitles nt and Ã2 (or Ut and U2) and the fluld velocLty u

vary lnfloltely alowly. For a two dfneaslonal system the fntegral of

the veloclty autócorrelatfon functÍon doee not exfet so thet the

dlffuefon equatfons ehould not apply to such a gaa.

It appears nece6sary Êo toodlfy Ëhe equatlone of dlffuelon (and

other equatfong of hydrodynanice). Storer and GreensT dLecuss tbe

forn of equatfong whlch descrfbe a fluld lflth memory. Keyee and

OppenheLn62 tav. propoeed a deffnttfon of the coefffcÍent of self-

dLffuafon whlch fs flnfte for two dLnenelonal eystenE' but they do not

atte!ùpt to relate ft to a coefficient fn a dLffusLon equaÈfon.

The defl.nitfon (3.16) of a coefffcl'ent of self-dÍffuefon arose

from a conelderatl.on of the theOry of Brownfan motlon. An analyeis

of the data from co¡tputer efnulatlone of gases lttll lndfcate vtheÈher

thÍe definftLon fa eulüable for deecrfbfng eelf,-dfffuslon ln denge two

and three dfinenslonal systeos. Tt" definltfon attenPËs to account for

correlatfons betlfeen the veloclties of nefghbourfng partLclee. Computer

etudfee ehow that the average dleplacegent of a diffuslng partlcle,

wl.th glven Lnl.tl.al velocfÈy, Ls greater fn a dense systen than fÈ ls

fn a dflute system. In boÈh cases the dlffuslng partfcle rapfdly attalns

the average veLocity of surroundfng partlcles, but for denge systeme

thfs average depends on the lnfÈlal velocfty of the prefer¡ed parEicle.

The coeff,lcfent whlch fg deffned ln terns of oLcroscopic quantitLea

by eqqatlon (3,16) nay be related to a constil¡t ln a nacroecoplc

equatl.on, JueË ae the velocity autocorrelatfon fiurctfon fe related to

the dfffuslon coefffcfent ln equatfon (1.2). Such an equaËfon would

differ sllglrtly fron (1.2) possibly through the appearance of

correlated stream velocfty functfongr sfmflar to thoee whfch were

lntroduced by Green and Hoffnan20.
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CHI\PTER 3 GENERALIZATIONS OF BOLIA{ANNIS EQÜAÎION

3.1 I}ÍTRODUCTION

It was Ehown fn Chapter 2, thaÈ 1û order to calculate Èhe coefffclent

of gelf-dfffuefon for a dense gas lt ls necesgary, but noË eufffcfent'

to evaluate the tLne Íntegral of the veloclty autocorrelatÍon funcÊlon'

Thls requlreg thaÈ we conaider a gas ln equflfbrium and deterûLne the

veloclty of eome partfcle over afl fnflnlte length of tfme. one approach

for obtalnfng euch Lnfor:natlon |s to derl.ve and solve an equatfon for

Ëhe veloclty dlstrLbutlon functÍoa f(xrvrt) deffned fn sectlon 2'3'

the derlvaflon of equattone for f 1e the purpoee of thÍs chapter'

Thef¡ solutfon ls consfdered 1a Chapter 4'

There 1e no great dlfflculty ln derlvfng a formally exact equatÍon

fot the velocfty distrfbutfon fuoctÍon, and thl's hae been done fn

vatfous ways by Cohenl5, Lebo¡sftz, Petcua and Sykes63, van BeLJerenlT,

and Mazenkotc, ." welL ae by other authors. These equatlone lavolve

operators whlch transforu the posÍtlons and velocftles of partLcles Ínto

thefr values at some later tfme. Hence to gfve expllcit expresslons

for these operators anrl to solve the exact equatfon requfrea knowledge

of the rnany-body problem. Therefore lt ls Lnportant to derlve the exact

equatlon for f fn such a lray that approxl.matlons Ëo Ít can be found

fn a etralghtforward faehfon.

The cluster eKpanslon methode of Green and cohen have been used

to derÍve a eloeed equatlon for the veloetty dlstrfbution functlon. By

thie approach, the effect of collfefons on the tLoe developoent of f.

La gfven by an Ínflnfte sum of Èl.ne-dependent collls1on oPeraËors, each

dependfng on the d¡mamfcs of some flnite nr¡mber of parËfelee. For the

purpose of calculatLng ateady state transPort proPertLee, a tiae-

fndependeot åpproxfmatfon to the long-Èfme values of theee oPerators

Le sought. Apart fron Boltznannts operator, whfch ls tine-lndependenË'
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and the tbree-body operator, each Ladlvfdual operator 1e an fncreasLng

functlon of tloe. Tn order to obtain a tfme-lndependent oPerator' one

must suD certaln Parte of each oPerator to obtaÍn a many-body operator

whlch approaches a finlte value for long tfmes.

Instead of undertakfng a conpll.cated rearrangement of the equatfon

derlvèd by clueter expansfon technlques, a more dfrect approach to ffnd-

fng an equatLon for ttre velocfty dfetrfbutlon functlon fe to uake a re-

arrange¡ilent of the hierarchy equatl.ons eatlsfied by the t'r2-r... partlcle

dlstrtbutfons functfonE whfch deecrfbe the gas. Frl.enan and Goldnan6b,

Dorfi¡an33, Pomeau65 and Mazenko2l have all shown how to derfve a ffrst

correctl.on to Boltzmannts equatlon which lneorporates ttro- and three-

body effects exactly, and approxftetes hlgher order dynamlcs.

In this ehapter we derlve an exact equatfon for the efngle Particle

velocity distrlbuËfon functlon. Our delLvatlon fs such that approxl-

madfons, whlch correctly account for the dynanies of a certafn number

of pattlclea, can easlly be found and furthermore, these approxlmatlons

are sultable for calculatlng the coeffLclent of self-dtffusfon. the

fnportant step fn our analysfs ls to express the hferarchy of eqtraÈloue

ln a way whfch clearly brfngs out the fact thaÈ a partÍcle does not

remafn leolated from other partlcles for long perlods of tfne.

The contents of thls chapter are as follows:

In sectl.ou 3.2 ¡ve defl.ne the n- partlcle velocfty dlstrlbutfon

functfon whfch describes the notfon of a diffuelng partfcle and n-1

other patticles, lte derlve cluster expanslons for the velocity dlstrl-

butlon functlons by an approach whlch 1s nore dlrect than usually glven,

slnce ere use the grand canonÍca1 ensemble of stdËLstfcal mechanÍce,

rather than the canonÍcal eneemble. Ile show that when applled to a

gas of rigfd spheree the hlerarchy of equatlons, whfch the veloclty

dlstrlbutlon functlons satiefy, can be refomulated to ¡nake evfdent that
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the gas evolves through a seguence of blnary colIÍsfone.

In sectfon 3.3 we show that the vel.oclty distrlbutlon functlon

f(¡ryrt) eatiefles an equatfon of the forn

(þ + g.å-*)r(x,v,t) - u(t;r(t)) (1.1)

where U(t) ," " ,*" dependenC oPerator whlch represents the effect

of co1lláfona on the rate of change of f(t). U(t) is expreeeed

as a sum of contrlbuÈLone fron 2-r3-r4-r... body dynamice, the flrgt

contributfon bel.ng Just the lfnearLzed forn of Boltzmannre collfsl.on

operator.

For the PurPose of calculaÈing transport properties' U(t) can

be replaced by t = lfn U(È). Approxiuatfons to ü cannot be cal-
t+æ

culated easfly from the expanslon for U(t) aince lndlvidual te¡ms ln

the expanslon dfverge. However, 1t ts poeefble to obtaln traneport

coefflcfents dfrectly from (2.1) wLthout the need to ffrgt find a

tlne-lndependent operator.

In sectfon 3.4 we derlve an equatlon of the fom

fL * ,, 3-ì\¡¡'r.F*,lr(x,y,t) - B'(t(*,*r,t)) + fl u.' v(t-t';f (È')) (1.2)

where Bn ls Enekogts nodÍffcatlon to Boltzmannts coll1e1on operatot.

the tlne dependent collfslon operator V(t) can be expressed as a

sum of operators each dependlng on the dynanica of a snall group of

partfclee movlng fn a larger Byatem. It 1s possible to derfve a

number of different expânslone dependlng on how Èhe fnteractfon between

groups of partlclee and the reet of the Bystem Ls treated.

In eectfon 3.5 ¡¡e consÍder an approxlmatfon Èo (t.Z¡ whlch Ëakes

lnto accounÈ two- and three-body dynamlcs exactly and whlch approxfmates

hfgher order dynanlce. In order Èo obtaln an explfcft expressfon for

the three-body colllsfon operator, !'re present a detafl.ed diecueslon of

the dynanics of three partfcles.
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3,2 THE VELoCTIT DrsltsrBulroN FuNcrroNs

The obJeet of thfs chapter fs to develop I Eethod by whfch the

velocLty auÈocorrelatlon functlon can be evalueted. Thfs functlon fs

an average over an equlllbrl.um eneemble, and so fn thfs sectlon we

ffret glve a brief descrfptlon of aome atandard results of etatlstical

mechanÍce. The equllfbrir¡m eneenble average can be conputed by flrgt

conefderl.ng the eubeneemble of Ëhe grand ensemble of equlllbrfi¡m ln

whfch some partlcle ls lnftlal.ly at the origin and ls noving wlth some

deflnite velocfty. Velocity dfatrLbutfon functlons are deffned to

degcrfbe the tLne evolutlon of the subensemble. These satisfy a

hferarchy of equatlons whfch, for a gae of hard apheree, dfscs or

rode, are put fnto a form convenlent for later uee.

In order to deecrfbe the proPertles of a gaa we conelder, not

Just one aystem of partlcLes, but an ensenble of syatena. Aeeoclated

¡¡fth an eneemble are dfstribuËlon functfone deffned on Ëhe phaee sPace

of a system. A detalLed discusslon of these fdeas fs glven by Green

and Lelpnlk66.

Each systen ln Èhe ensemble Ls epecl.fled by the nr¡mber of fts

partfcles and the poef.tfon and veloclty of each partlctre at aome Èfme.

If a system has N particlee, they are labelled fton I through to N.

The poeiÈ1on of the lth parÈlcle fs denoted by Ë(f), lte veloclty by

.r(t). The space contafnlng the pofnts g(1) - (x(1)rg(t)) 1e the

phase space of Èhe partÍcle. The space of pofnts (z(r) ,Z(2>r... rg(N))

Le the phase space of the N parËlcle syateu.

l{e now deffne the N-partfcle phase 6pace dlstrlbutlon functfon.

(1) (2) (N)
ConElder Ëhe vohse element dz d,z ,...d,2 about the polnÈ

(s(l) rz("r...r-7.(N)). The proportÍon of systens of the eneemble whfch

are repreÊented by a phase space poÍnt wfthin thls vofuae elenent 1e
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denoÈed by

*: ,*<¿(t, ,z(2), . . . ,g(N), t) ag(1) auP). . . dg(*)

fN(a) ls the N-particle phase apace distrfbutlon funcËlon. Srnnlng

over all posefble nr¡mbers of particles and over all posslble configura-

tLone of the system nu€t gfve unlty l.e.

NoÈe that here and laÈer r¡e do not lndl.cate the range of lntegratlon

when for posLtlon varlables the range fs the volrme of the system or

¡rhen for velocfty varfableg the range 1g unrestricted.

the eneenble average of a functÍon G of phase space points 1s

glven by

(l) (2t<c(3 , z ,...)>t

:f

dz(1). ..
J 

a=t"l rN g( 1) 
, .

o
al

*å" Ñ

(t )z 't) G(-? ¡Z ) (2.1)

An lnportant example of a phaee sPace dletrlbutlon functlon fe

that which deecrlbes an equllfbrlr¡m eneemble:

rltr(t¡,...,g("), =Iexp(B(u¡l - nNl) (2,2)

Z, a nomallzatfon congtaDt, ls the grand partitlon functlon. U 18

the chenical potentlal. B - U(kT) fa related to Boltzmannts constant

k and the temperature T of the Eysteo. HN 1s the hanlltonlan of

the systen.

Next lte conelder the tLne dependence of the phase space

distrlbutfon functlons. Consfder N partlcles ¡¡hfch at tfne to are

at phase 6pace polnts 4t' (1 = l,'.rN). They wfll move Ln such a

way thaÈ at tLne t partlcle I le at the polnt e(t). I,le def Lne

the N particle stremÍng operator sN{t-to) bv

(2)(N)
I

6nl
N¿o N

,



gNlr(r),..,g(*),r-to) f ø(1),..,g(") - t4t',..,4t)))

r¡here f fs eooe functÍon of 2N varlablee'

Lfouvl.llers equatlon Etates that

FN(s(1),..,g("),r) - FNdl),..,4iN),.o)

Equatlon (2.5) can be Put ÍnÈo the dlfferentfal foro

(|. . rÐ trN1t¡ . o

i
N=o

where v.
(1) (t) fs a functLon of the variablee z 

(r)
n ,..,4"',.

It lB convenLent to Íntroduce lnto thÍe expresslon the three

dt, - q) aad odt, - q) ro

(2.6>

where

LN
(2.7,

and il le the potentía¡- energy of a N partfcle aystem. ¡tl fs

the er¡m of all lnterpartLcle potentfals V(r) whfch depend only on

the aepatatlon r of the palr of Partlcles.

ÍN=¡ u(lg(l)-x0)l)
f<J

I{e are Ínterested ín the veloclÈy autocotrrelatÍon functfon

<v (1) (o).y (1) , whlch on uaing the deflnftlon (2. l) of the(t)>
eq

El,enseoble average and the equfllbriun dletrfbutl'on nay be expreseed

aa

[ ."{n) ,uJ-oa
(t)

v(1)
-

(t)v,4t',..,

f .* I *" *.["j,fu'Í"...f u=i') u{')-+r o<{')q, 'f =t"

N

-[ lv(r)
I l..-

1efl
'F)

27.

(2.4'

(2.5)

(2.8)

(t)

(2.9)

{r

*, J 
u4""'

dfmensfonal delta functLone ô

obtafn

one can deffne a new phaee sPace dietrlbutfon rTtal whlch at
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rfg{t), .. .,å(N),ro) . * q+#to(t)-å)o(=(t)ql {t"(t1,. .s(t)) (z.ro)

V fg the voLr¡me of the syetem, and

ho{I) - (Bu/(zn))312 "*etþ*r'¡ 
(2.1t)

fe the equÍl1br1nn velocfty dfstrfbutlon ftmcË1on for a sfngle partfcle

of oaes m.

At leter tlnee f| f" gfven by the golutl.on (2.5) of Lfouvfllefs

equatlon, wlth (2.l0) ae fnlttal condltlon. tïk(1)'.(2)..,g(N),t)

fe eyornetrfc 1n Èhe arguments zQ). ,. . ,å("). rt descrlbes the gub-

ensembl-e of the equlllbrluu engemble 1n whlch particle I fs at poaltlon

å and movfng wlth velocity g" at the tfme to. The average over

thLa ensenble of a functfon G 1s deffned by

I dz
(1)

f ur,*, rf lr(t),..,s(N),t) c(g(') ,r(') ,.,, (2.r2,

tlme t -0 fa
o

<I

l'<G> r
|'ilc

¡
t

Then by uslng Llouvfllets Theorem:

an(t) ... ug(*) Ê 4t' ¿, 
(N)

n

(r) 
1o).s(1) (.)'.n = +f

rphere z 
(r) 

and
-)

z were deflned lonedfately prfor to equatfon

(2.4r¡ trê nay combÍne (2.9), (2.10) and (2.L2> to obtaín

dv
-

ho%)%..r,(I)tl (2. 13)

I
È t. Lntroduce a set of veloclÈy

(1)

dx"o

To facflltate the evaluatlon of

ft¡nctLons fn(t); n o l¡2¡...

f Q¡i!2,. . r3o,t) UU I d=t f (gr i!!r.. rfu,t)

le the probablllty that pertfcle I w111 be ln the phase apace

element z¡, when gome oÈher partfcles are at Ëhe phase space poÍnte

?2r. rån

(1)<v

deffned so that



ltre n-partlcle velocity dfetributlon functl.on fs calculated

from an ensenble average of delta functfona

29.

(2. 14)

(2.ls)

fo(gt iZ2r., t\rt) - <ô (Zt-Z(1)t I 6(s2-z
J2t. .#Jn

G2)) ,..6(4-zttt'rt
I
t

Ttre notatfon I fndfcates a eumatfon over the (N-l)!/(H-n)!
J;*.. -i3fl

dffferent (n-t) - tuplee that can be choaen, havfng rägard to order,

fron N-l partfcles.

Froo (2.14) and the deflnttLon (2.12) of the ensemble average'

we have

r,,hr. .,!or) =jrd", f u.tt'. . .f urt") o(.r-.(t))

o(2"-zQr)). . .oq-"(J")l rf t"tr),..,g(N),.)T
J2rÊ...#Jn

Ualng the aymetrY of

leads to

FN't and fntegrating over the delta functlone,

ro(3, ,..,\,., =j, nhi,f u**r...f u*n rT(=r,..,s¡rt) (2.16)

Those terns for whfch N<n do not contrLbute to (2.16). 0n putÈlng

J = N-nr we have

ro(z' t " '¡¡." ' 
=ri" ï, I u**r " 'f u**, ri{ te" " '3oa3 rt) (2't7)

I,le may solve thls set of equatlons for tT t

,î{z, ¡.. ¡4tt, =ri"+,' f uq.r.. .l u**, rr,*5 (31,...,4r+J,t) (2.18)

Verfflcatfon of thfs.expressfon 1s achieved by dlrect substltutfon

of (2.18) fnto (2.L7>.

The velocity dlstrlbutlon fr:nctlons satisfy the followlng

hferarchy of equatlona.
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l.ât

n?II
k-l J

+rìrt
dgrr*r

fo(gl' ..,{,t) -

I âvk,o+l l- ,. Ç'- 
-' 

i4r"+ t(zl" ' '3rra1' 
t)

30.

(2, 19)

where Lr, ls the LlouvLlle operator deflned by (2.7) ulrJ fs the

potentlal enetgy arf.elng from the fnteractLon of PartlcleB I and Jt

¡¡hfch are at poslËfons q and å. The derlvatÍon of equatlons (2.19)

proceeds by dlfferentlatÍng (2.17) wLth respecË to tlne and using

Lfouvfllere equatlon (2.6).

For a gas of rfgld epheres, rlgld dfscs or rfgid rods of dfameÈer

a the hlerarchy equat{ons can be wrftten aa

n

13- + rrr) fo{3, ). .,4t.) -rl, Jl,rr*l (to*, (zL,..,zr*t,t)) Q.zo)

Jf,o+l(fo+t) fe the contrfbutlon to the rate of change of fr, due

to colllelons between the partlcle wÍth coordfnates q. = Ch,q.)

and eome other partLcle of the eystem. J actB on functfons of
f ,a*l

ZL and 4, as follolts:

tr,t (tQh,å,¡r.,gk)) e

f ." f uu.*, e(e.4r) (rQk,yí,å+e,yk) - sE,rr,{-e.,vÌ)) tz.zr)

Ihe lntegratlon wfth respect to a ln this erpresalon le over

the surface of a sphere (for a three dlmeneÍonal syeteo) of radiue 8.

dg Ía a vector wlth directton ¿¡ and uagnltude an elenent of surface

area. For a tr¡o dlmensfonal sysÈen the fntegratlon fs over a cfrcle

and dg fs an elenent of arc. In one dfmenslon, the Íntegratfon

regfon fs elnply two pofnts. yí and:,[ are the precollfsfon

velocftles leadlng to posÈcollfefon velocitfes q and gk when

the vector from the centre of partlcle k to the centre of particle

f fe g at the tl¡e of colllsfon between these partfcles. The

lntegratlon 1n (2.21) te lfulted to regfone in whlch e.(4-tn) > 0.



Eence we have lntroduced the eÈep frurctfon e(x)

e(x) - 6 N < o
rl x>o

q and gi are glven Ín terns of g and \f

Yí=å- (:41'e)e/a2

gk-Yk+ (:tr*'e)e/a2

Furthettore, tf &.f 'y,[ - q, we have

. = .ttr-{r)/l\r-yirl

-v.
-_

tv-
-tc

deflned by

31.

(2.22)

(2.231

(2.24'

Equatlon (2.2O, is a coneequence of assrnl'ng Èhat ln a gas of

rtgld partfcles¡ conffguratlons fn r¡hich a partLclê fnterac,t6

el¡nultaneously wfth two or noüe partLcles can be neglected,. The

derlvatfon of equeËlon (2.20) ls given fn Appendlx A.

fn(t) nay be obÈalned fn terDs of the veloclty distribuÈlons

at aoEe earller tLme, to, by dfrect Íntegratlon of the hferarchy

equatl.ons. However a Dore convenÍent forn of the Eolutlon 1e obtained

by ffret applylng Ll.ouvlllera equatfon to (2.17, so that

fo(ålt ' ' r3o' t) =

[-, ìt J 
u+*r'''fu**, sq" "å+J't-to) tfl"nr" "Ça3'to) c'2s>

and then expreselng

l{e obtain

rf (to) fn teroE of fo(to) through (2.18).

t.n

¡r S(3.tr..'å+J

whlch on deflnfng

' 
t-to) fn+J+kQ, ",{a5a¡,to)

g=J*k¡ becomes

(.) -rlo î,i"çit' f u**,... f u**r*n

ro(t) =oi" *,rlo (-r)c-r [3]l u**,... I ^^*,
x Sq'. . r3n+J rt-to) fo+f (3f ,.. r3o+ßito) (2,26,
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Theee equatloûs are precleely the cluster enpansfons of the

velocfty dfetrfbutfon func.tlons ffrst gfven by Cohenl3. Ey deecrfbfng

the gae ln terme of e grand canonfcal ensenble, rather than a cenonical

eîeeoble, we arrlve at these expanefons ln a far more dfrect manner.

The velocfty diatrlbutlon functlons fo differ from those deffned by

Cohen, but the analysls gl.ven above 8t111 aPplÍee.

Equatl.on (2.26) e:xpresses the tf.ne developnent of fn(t) ae

contrfbutlonE from thoee configuratÍons of the eyeten at tfue to

which are Euch thaÈ Ín the fnterval (to't) parÈÍcle I suffers no

collfelon, no Dore than one colllsfon, no more than trvo colllefonst

etc. The dynanica of a Eany-pêrtlcle system hae been expreseed ln

terus of the dynauica of flnlte nr¡mbere of partfcles.

To complete thfe sectlon of prelfnlnary resulte, we dlscues the

lnft1al valueg of the'veloclty diatrfbutÍon functlonE. From the
I

definfÈlon (2.14) of fo, the definitfon (2.12) of the average < >r

end the lnltfal condltlons (2.10), we ffnd

r.@,,..,4,o) - (v/troçr)) ô(zr-%)

-x
-2

(2.27'.)

(2,29'

Theee averagee can be partially evalúated by usfng the equlllbrfi¡o

phase Bpace dlstrlbutlon fr¡nctlon given by (2.2).

f{zt,o) = ô(gr%)

fn(gr, .,,4ro) = nq(Ër' . . r\;ät) ho(%). ..no(å) fr(gr,o)

ho ¡¡as deflned by (2.11). lùe deflne oq aa

tq$"''\;x1) -

)...0,u,rn,T
úJ

2

v.ôG (1)
Ël)

..*J
q

6 (x.ßz)
"t)'eq

(2.29>
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whlch fs the equllfbrÍtrn denefty of partLcles at yr'..'a gfven

that pårÈ1c1e I ls at 11.

Ttre fnitfal condftlona (2.28) play an Lmportênt Part fo the next

BecÈlons when we derive closed equatlons for fl(t).

The dfetributfon functlone tk can be wrftten as I Po!üer serfes

in the denefty by ueing ühe expãnslon methode of Mayer67. We note

here that

n
-v

(x¡x)'ne 12+
2-2-l

ro(å,.. r\lxr) - ¡{-l

r -vrg -vzg
rrz I ax (e -1) (et-3

"-utr.'rg 
* ...

-vtz
-I)e +...

n=<l

(2.30)

(2.3r)

where

fi)
J

o(å-x )>

fs the equlllbrftn denalty of the Bygten and where

on lorr2r..rql ' exP I tJ 1t v
l.J=l

3.3 N$ GENER.ô,L TRAìTSPORT EQUATION

In order Èo eveluate the velocfty autocorrelatfon functlon, we

are required to flnd a eolutlon to the hferarchy of equatlons (2.19)

subJect to the laftfal condftlona (2.28). In thls BecÈÍon we derÍve

a cloeed equatlon for f (¡rvr!) of the forn

àf ef
Ëä * ". Ëi - u(.,r) (3.1)

where U(t) * . a-"-dependent operator, and we dfscuse some

qualltatlve features of this equation.

Derivatfon of (3.1) proceede by eubstltutfng the lnftial con-

dltlong (2.28) fnto the expaneÍons (2.26)¡ thue f2rf3, etc. can be

enpreseed fn tetue of f(o) and equllfbrlun dfetrlbutLon functfono.



If we wrfte for t . 0, f and f.2 are gfven bY

f(Zt t) - s(gf ,t-Èo) f (stto)

d92.., d?,*t {*l s(sr,'',2L¡1,t)J-k

t
o
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(3.2)

t
k-o

(-l)

* oJ*Iq,..,å+l¡x1) tro(v2) -'.'hogJ*1) f(31to)

fz(Zt,F¿t) - s(gr tg2,t-to) oz(Ëz;x1) ho(Y-e) f (el'to)

.,i. jr! (-t)J-n 
[lJ s(r.r, ..,2.*2,t-to)

J-l J'k-o

* o5+e9, ",ËJ*2;ãt) ho (.J,ù"'ho(gJ*z¡ f (21'to) (3'3)

These are equatfons of the fom

t(Zt,t) = T(å¡ , t-to) f (sp tr) (3.4)

end

Ír(2¡g2,t) - T(g1,2¿,t-to) f(gpto) (3'5)

where 1(grrt-to) and T(?tr?zrt-to) are oPerators.

To obtaln e cloeed equatfon for f we flrst ellmlnate t{to)

frm (3.4) and (3.5) to obtafn fZ ae a fufictlonal of f which fs

then eubetftuted lato the ffrst hierarchy equatlon (2.19). To

ellmlnate f (to) lte nuot ffnd the lnverse t-tq't-to) of the

operator f(åtrt-to). Thfs requfrea that we have a solutÍon to the

nany-body problen. However, ft lE possible to calculate the fnveree,

correct to eoue po!úer of the densLty, by solving (3.4) by lteratlon.

Expandlng (3.2) and (3'3) 10 polters of the densLty' we obtaln

f(ZL,t) - S(3i.r,t-to) f(et,to)
-vr g

*n dgg [s(g' 23,'t-t) - s(g.l,t-to) I e ho(gs) n(zt,to) + ... (3.0¡



t2(¿t¡Zz,t) - s(-?r,Z2,t-to) [n + n2 Itt ("-vla - r)

x 1e-vza - r) ho(ga)l ho(g) f (21,Èo)

+n2 Í
J 

UO [s(-?.r,?2,?g,t-to) - s(år '?2't'to)l

* .-v123 hoQ2) ho(g3) f (zt'Èo) + ...
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(3.7)

Ite have used the expanslone (2.30) of n2

theee expresslona. (3.0) fs solved for f(to)

and o3 to derfve

by LteraÈfon:

f(zt,ao) - S(¿rrto-t) f(-?.rrt) - n s(gl,to-t) d?s [S(3r,33,t-to)

- s(gl,r-ro)] e-vt3 tro(Ir) s(-?.r,to-t) f (z't) + ...

and ¡rhen thfs ls tub3tltuÈed lnto (3.7) there resulte

(3.8)

fr(zr,\,t) = rGr tLr,t-to) t-r{Et,t-to) f Gt,t)

- s(gr,zz,t-tol [n + n2 I u=r(1 - e-vrs)(t - "-Vt3)to{yr)l

x ho(lz) s(g'to-t) f(Lt,t) + o2 I ut [s(-?.r ,32,3s,t-to)

- s(er,þ$-to) I .-vtzs ho(g2) ho(g3) s(z'to-t) f (21,t)

- "' Idgs 
s(gr,g¿,t-to) s(a'to-t) [s(srrE3,t-to)

- s(E't-to)J .-vts troQz) ho(13) s(3r,to-t) f (Et,t) + "
(3.9)

If we conslder a gas of hard epheree or hard dfecsr when the

hlerarchy equatione can be urÍtten as fn (2.2O), f2 need only be

evaluated for precollfslon confÍguratlons of trro partfcles i.e. for

(11-*r).G1-12) ( q. In thia caee (3.9) becones, after soue rearrange-

ment of tems
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fz(t-t,þ,È\ = [n * "t f ** 
(e-vtg - 1) (e-vzg - 1)] ho(v,z) f(3t,t)

* "t f da? e-vr23 [s(E' zz,!g,t-to) - sþr,g't-to)J

x ho(Iz) ho(h) S(g'to-t) f(z,t) + n2 I u* 
"-vtg

x (1 - "-vtt) [l - s (ztrzs,t-to) s(år,ro-r)]

x ho(Iz) ho(Yr) t(?t,t) + ... (3'10)

Ilere and 1r (3.9) we have o<pl1c1tly lndlcated the flret tÎúo ÈerDs fn

the dengl.ty etpanslon of the functÍonal relatlonehlP between f and

fZ. Thle expanslon fs efnllar to one derÍved by Cohen3l. It

dfffers from Cohenrs ln the choice of Lnltlal conditfons. Cohen' ln

effect, takee

fn - (n)k-l to{rz)... hoQk) f

Í.e. rk-l fs replaced by (o)k-l fn (2.28).

The f lret ter:n fo (3.10) fnvolves the ffrst ttto terns 1n the

deneÍty expanefon of nZQhië.1). It 1s the contrÍbutfon to f 2 from

pairs of partlcles, the velocitfes of whtch are uncorrelated. Ttre

next term l.s a t'three-body" term. It vanlshes unleEs aÈ leagt two

colll.sfone take place 1n the tfme lnterval (tort); â third collfsion

ls about to occur st tLne t. For Ínstance 1f partLcle 2 doee not

lnteract ¡ulth I or 3 then

s(Ztr?zrårrt-to) . s(3rr33rt-to) s(4,t-to)

or ff only partfcles 2 end 3 lnteract, then

S(g¡,22,23'È-to) hog2) tro(I3) - s(g.r't-to) tro(92) tro(93)

sfnce the 3-partlcle operator transforme the velocftles of particlea

2 and 3 to precollfsion valuee and by conoenretlou of energy, the

product of the equlllbrfirn veloclty dfstrfbutfon functlons reoafne

unchanged.
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the collteÍon aeguencea whlch do contrfbute to the 3-body term

have been chafacÈerlzed, by Sengerel0. The eequence in which I and 2

collÍde, followed by an lnteractfon between I and 3 and then between

I and 2 1e such a eequence. There are, ln addftton to sequences of 3

coIl1e1ons, sequencea fnvolvÍng 4 colllefone but no hfgher nunber.

Contributlons to the third term of (3.9) come from confl,guratfonE

ln whfch perticles 2 and 3 are overlapPÍng aÈ tfne t l.e.

lU-åsI . q and fn whlch parttcles I and 3 fnteract fn the fnterval

(to, t) .

Our derfvatlon of a closed eguatfon for f eesentlally results

from Lntegratlng the equatlons of motÍon from a tLme to at whfch

the n-partlcle velocfty dlstrlbutlo¡ functfone can be expressed fn

terms of the one-partfcle dfetrLbutlon functfon. Because of the

apecial eneenble whfch lra6 conatructed to evaluate the velocity auto-

cotrelatfon functlon, lite have taken to- o. llowever, there nay be

other cholces for to. For ÍneÈance, 1f the gas ls of eufflclently

low deneity, 1t wllI be a good approxfmaÈÍon to neglect the Poesibfllty

that two partfclee whlch are on colll.slon traJectorles trave lnteracted

elther dfrectly or lndirectly 1d the paet. lùe uay then neglect all

terms ln (3.10) apart from those corresPondfng to uncorrelated pre-

coll1glon velocLtl.ee, or what 1e equÍvalent take to - t. l{e then

obtafn

fz(Zt'ht> - o hogz) fG.¡t)

(x,-xo).(vr-vo) < o (3.ff)
-¡1-41

and hence a llnearfzed fom of Boltzuannts equatlon.

àf âf
--tr-Eât ' å'ax

" f *l dg.(g-s) etQ-v).el [ho(s') r(x,vít) - ho@ f(x,l,t)] (3.12)
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l{e Day suppose that aB the density of the gAe fucteases configur-

âtLons of Èhree particlea ln close proxlnÍty to each other wLll occur

uore frequeatly. I{e nlght then congLder the correctÍon to Boltzmannts

equatlon whfch ariaee from the second and thlrd telqs.of,the o<pansfon

(3;10). The tLme to Ís thenìchosen to be before the;three Partfclee

fnteract, sfnce lf Èhey have not fnËeracted prevlouelyr the fectorlza'

tfon (2.28) w111 apply, If the tiie t le eufflclenÈly long ft w1L1

be a good approxlnatfon to take the ltmlt as lt-tol * - of thoee

terßs of (3.10) under consfderatl.on. the resultant ÊÍme Lndependent

functlonal relating fZ to f leade to a llnearfzed fo¡m of the Choh-

Uhlenbeck equatfon.

One cannot contfnue thls process by taklng lnto accÕunt the four-

body term of (3.10). It fs found that there are certaln collfgloa

sequences fnvolvfng four partfcles nrhfch cause the four-body operator

to dlverge ae lt-tol * -. The eame effect occurs for hfgher ordet

teÌoE fn the expanefon (3. f0). Thege dlvergencea are a reeult of the

nethod of analyslng the dgamica of the complete eystem by conslderfng

the dynantcs of enal1 groupg of pirrtlclee fsolated fron the reEÈ of

Èhe syatem for long perfods of tine.

Thue lt fe noË poeeible to verffy Bogolfubovts aserûptlon about

the functlonal fom of fZ by conefderf.ng 1n aucceesl.on t!ùo-, three-..

body effects. A rearrangeuent of (3.10) 1e requfred, to take fnto

account thaÈ partÍclee frequently colllde. A partlal reEumatfon,

rùfch removee the dlvergence due to four pattlcle dynanfcer has been

carrÍed out þy Kawasakf and Oppenhefm3o, Cohen3l, Hafnes32 and Dorfman33.

EoÌrever, the uge of cluster enpanefong doee not se@ e very

practfcal way of obtalnfng a tlne-fndependent functLonal relatlonehip

bet¡veen f and f,Z. In the next sectfon we ehall re-exa¡¡fne the

hlerarchy equatfons to obtaÍn more useful expansÍone for the one- and
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trúo-partfcle dfstributlon functtone.

It should be nentfoned that correctfons to Boltzmannb equatfon

nay be obtaf¡red wtrlch fnvolve tfne dependent funct,fonale.

An equatfon such ae

Ðf (3. 13)
âr + Ðf\'.:-

-ax
- nr(a) B(f) + ur(t;f) + ...+ urr(t; f)

where B fe a lfnearfzed form of Boltznannt¡ colllsl.on operaüor, aud

U,_(t) are tLme-dependent oPerators dependlng on the dynanfcs of k
K

particles, le obtained by retalnlng the flrst feru te¡ns of the

expanelon (3.10) and eubEtftutlng fnto the hlerarchy equaÈfon for f.

I,lt¡1le the functlonsle Ur+(t)rUs(t) etc. are dÍvergent functfons of

tfme, Uk(t;f(c)) nay approach zero for long tlmes, provided the

solutfon of (3.13) approaches the equlllbrfi¡n value of f rapldly

enough. Thfe ls becauae Un(t;f) - o when f . ho.

To prove that solutfone of (3.13) have thie property !ùould eeem

a dffficult taEk. llo¡rever the propertlee of Boltznannts operator B

are euch that ff the effects of the other operetorc¡ are emall, the

rapl.d approach to equfllbrLr¡¡n exhÍblted by the eolutfons of Boltzmannf s

equatfonmay be aeen lo the solutl.one of (3.10). In Chapter 5 we

calculate the coeff,fcfent of eelf-dfffusfon for a one dlnenelonal sysÈen

with an equatLon of the form (3.13), wfth n = 3. A enalt correctfon

only to the value predfcted by Boltzrnannts equeË1on ie obÈafned,

euggeatfng that lt fB neceesary to solve (3.13) for large values of

n to obtafn accurete values of the coefffcÍent of eelf-diffuslon for

denee gaseg.
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3,4 ALTERT{ATTVE FonM OF TtrE TRANSJORT EQUATTON

The equatloa for f derfved fn the prevlous eecËfoa Ínvolved a

erû of terms ageoclated wlth grgups of partlclee separated from the

renafnder of the system for eome perlod of tfme, Such conffguratfone

of the fluid ehould provlde only euall contrfbutfone Èo Èhe tlme

developrment of f eince they have only a enall probabflfty of occurr-

lng. lftrfle equatÍon (3. 13) may take fnto account thle property of the

flufd, fÈ 1s preferable to derlve equatfone for f ¡¡here the hfgh

probablllÈy of collfElons occurrfng fe made expllcft fron the

begfnnfng.

l{e now derlve an equatÍon of the foru

âf af ¡t
iË * g.ä = n2(a) B(f) + | at'v(t-t';f (t')) (4.1)

fn ¡uch . t"i.n"t approxln".*":" to the functlonal v(t) can be

cclçulaËed readfly.

EqueÈlon (4.1) fs not dtfffcult to derfve ln a formal fashfon.

It can be obtalued readfly by Laplace tranaforuatlon.of equatfone

(3.4) and (3.5) which express f(t) and tr(t) as functfonals of

f(to). The derlvatlon of Lebowitz, Percus and Sykes63 fs cloeeat to

ours. Ëowever we have proceeded further than thefr formal derfvatfon

of (4.1) ln that we obtain a systematlc sequence of approxtnatLone

ro v(Ë).

Dfvergences appear fn Èhfs approach 1f approxfnatfons Ëo V(Ë)

do uot approach zero rapidly enough wlth tfme. For not only doea the

eecond tenn of the right efde have to renal.n ffnÍte for all tlmee, ft

uugt also approach zero sufficlently rapidly so that for large tfmee

f attafns a atatlonary forD.

TheEe condftlons lead ua to aeek orpanslone of the functÍonale

fn the equatÍone

f(Zt,t) = T(3r,t) f (91,o) (h.2)
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f(Ztr?¿rt) - Î(s.r rþrt\ f (ål,o) (4.3)

fn which each term of the enpanslons approachee zero wlth ÍncreaeÍng

tfme. In phyafcal terms, thfs correaponde to enaurfng that contrlbu-

tlons from the dpanica of partfcles fsolated for long perfods are

small. There are a nunber of ways by which thfs can be achLeved and

theee lead to equatfone of varyfng suÍtabfllty for calculatlng trans-

port Propertlea.

A large clasg of expanslone of the operators T(Ztrt) and

T(Zt,hrt) can be generated by the following efnple procedure. I.Ie

flrst wrfte the hierarchy equatlons (2.2o) for a gas of rtgtd epherea,

dlscg or rods as

(åî+ Ln + rn) rn(r) - j, ri,o*rlrn+r(t)l + r,r, fo(t) (4.4)

l{e have added the term Àrrf, to both sides of the hferarchy equatlona.

Ào *y be chosen to be a nuuber, functfon or operator. However,

Holtzmannts equatfon should be obtained as the firet of a serÍes of

apptoxinate equatlone for the single particle dietributfon functfon.

Furthe¡morer a firet correctfon to Boltzmann's equatfon should give a

value of the coefflcfenË of self-diffusion 1n suffLciently good agree-

ment wfth experJnent.

EquatÍon (4.4, fs tntegrared nexr to obtafn

fn(t) - r(31,.. r3n,.t)fo(o)

I
Ji,o*r[ro+t(tt)] + Ànfn(tt)] (4'5)

where

I(gl, .. rqrt) - exp[-(l,o+frr)t¡

By a serl.ee of succesefve aubetLtutfone we obtain fron (4.5) the

followfng expansfons for f and f't

. fju., r(zt,..rår,t-tr) IT

(4. e¡



f(t¡ - r(år,t) r(o). fl u., r(21,t-tr) {rrr[r(e¡,þ,t,¡ rr(o)l

+ rr r(ärtr) f r(o) + .lrr¡flttat z r(¡.ttZ2tÈ¡-t2)(Jrs + J23)
to

[r(zr tþt!s*2) fs(o)J] + Àz T.(gl¡,p2,r2) f2(o) * ... ]

f2(t) - r(3r ,þ,t) fr(o) * [tu., r(Zt,?z,t-tr) {(¡r, + J23)
J6

+ r')
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(4.7)

(4. a¡[r(gr t!2t!sttt) f3(o)] + Àz IGr,þ,t7) f2(o) + ... ]

I{e mentfon at thÍE pofnt that we need congfder only those

conflguratlons of partlcles I and 2 for whfch (Ëf-fz). (g¡-y2) < o.

0n eubstltuËfon of fnftfal condltlone (2.30) fnto (4.7, and (4.8)

we obtafn o<pansfona for f and fZ ln terme of f(o). Before

showl,ng how f (o) can be ellnlnated frou these expanslons, rüe

eaprese the fl.rst ter¡ ln the enpenelon (4.8) fn the fo¡m

f2(t) - nr(I2;Ër) ho(92) t(g't) f (o) * ... (4.9)

It le then poeslble to obtain Enskogts uodificatfon to Boltzmânnts

equatlon. For the purpoee of derlvl.ng (4.9), deffne

y(Zt,Zz,t) - exp[-(t2+rl+À-)t] nz(¡z;xr) tro(gz) f (21,o) (4. ro)

where

tr'-12-ll

If the operators L2, l, and À' do not cormute, the evaluaÈ1on of

y(t) 1e not stralghtfonvard. Here we descrf.be an lgeratfve schene

for fts evaluetion.

I'le noÈe that nrQg;x¡) fe a funcrlon of the single varfable

E - är - Az (whfch rse wrlÈe as ã(r)) aqd that y satlsffes the

equaÈÍon

(ft+=r.åE, + Àr + (vr-e)' al av aa

x Y(ë,tr!¡r!r!2rt) - 0

âr n âr' âgl

(4. tl)
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where V(r) ls the fnterparticle potentlal for rfgfd particles.

Equatíon (4.11) can be solved by fteratfon as followe.

y(t) - .-(Lt+ll)t l(r) hoe2) f (Zt,o)

fl .., e-(Lr+Àr) (t-t') [(g1--v-2).Ë - * L .(ä; þ) * ^'r

* "-(L1+lr)tr ã(r) ho(rr) f (gr,o) * ...

= ã'(r) ho(gz) r(gr,t) f(gr,o)

t

o
dt ¡ r (g1 , t-t1) [ (gr:-.2) .å, - ravfa

-- 
l-

n ag [Av1
-bl +À'l

xã(r) ho(\r2) I(gr,t¡) f(g1,o) * ... (4.12)

Thle expanefon contalns the tem

oz(5z;xr) ho(sz) r(3r,t) f (gt'o)

whfch we were eeekÍng. On cubstLtution of (4.12) lnto (4.8) we

obtaln an equatÍon of the forn

f2(t) = n2(52ixr) hoQ2) r(s¡,t) f (g1,o) + rc2(Zt-g,t;f (o)) (4.13)

where Kz(t) {e an operator.

Ite aleo r¿rfte (4.7) ae

f(t) - I(gr,t) f(o) + Kr(gr,t;f(o)) (4.14)

and we now show how to elfmlnate f(o) frou eguatlooe (4.13) and

(4.14).

Since Kf (o) - KZ(o) = o lte IDay wrfte, using K(t) to denote

efther Kr't) or Kz(t),

K(t) = [t u.r år[.'{rr¡"-(tt+l¡)(t-tr)]l6

- fl u.r[r'(t-tr) .-(Lr+rt)tt + r(t-tr) (tr+Àl) .-(Lr+tr)tr]
(4. 15)



f'(t) denotee the tfue derlvative of the operator K(t).

Ualng (4.15), eguatlons (4.14) end (4.13), can be rrrftten ae

f (r) = "-(r'1+r¡)t r(o) * [t u., Mr(gr,r-r.) .-(r't+lt)t'r(o)
,o

fzÞ) - n2(ë2¡xl) f (t) * [t ur' Mz(zttþ¡t-t') "-(Lt+Àt)t'Jo
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(4. 16)

(4, t7)-

(4.19)

f (o)

where Ìtf(t) and Mz(t) are operators.

To elfmfnate f(o) from these equatlong, trte solve (4.16)

Iteratfvely.
t

u-(L¡+Àt)t r(o) = f (r) - dt1 M1(t-t1) f(tr)

0n eubstltutlon of (4.18) lnto (4,L7, we obÈafn the desfred

relatlonshlp between f and f.Z,

o

+

I
dt2 Dfl (r1-t2) f (tz) + ...I

lerms such as

whfch occur ln (4.19) nay be rewrftten as

Hence (4.19) fe an expresslon of the forn

t

fl .., Mr(Ë-tr) fltu., Mr(tr-te) r(te) * ... (4.r8)

fz(t) = nz(r,z¡ë.r) ho(s) f(t) . f: u., M2(t-tr)[f(tr)

f"

f1.., flt u.r. . .fl"-tut,, M2(t-tr) Mr (t1't2) . . .M¡ (to-r-t,,) r(tn)

fl..t t Jttu.r. 
. . fl"-tuto Mz (tr-tz) M1 (t2-t3) . . .M¡ (tr,-r-to) | r(t-t1)

f2(È) = n2(52i!r) ho(gz) f(t) + dt' M(g1 ,p.tt-t") f (t')
o

!{lth thls relatlonahfp and the hierarchy equatÍon for f

we obtain a closed equation for f,, of the form (4.I). Our

(4.20)
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derlvatlon ls longer than other derlvatlone but thls fe becauee we

lntend to derlve explfclt approxfnatfons Ëo the operator fr, The

approach of thfs Eectfon enables us to do thfa. l{e next consfder

varfous flrst correctfons to Boltzmarurts equatlon whfch reeult from

dlfferent choÍceg of I

3.5 CORRECTIONS TO BOLTZMANN'S EQUAITOW

lrle contlnue our dfscussfon of the scheue proposed fn the prevfous

sectfoa. Iùe derfve closed equatfons for f r¡hlch fully take lnto

account two and three body collfelon sequencea and whfch approxfnate

the dynanlce of four or uore parttcles. tle conEl.der two chofces of

the factors l-. theee correspond to two dlfferent waya of aPProx-
n

lmating nany-body dynamfcs.

Tbe flrst chofce fs

ÀO=nc(y) k=Lr?r,.. (5.1)

where
((

ncr($ - o I dw I da.(w-v) eþ.(g-y)¡ tro(g) (5.2,
I -t

fe the frequency of colllslons experlenced by a partlcle movlng with

a velocfty v through an equfllbrlum envÍronnent.

A eecond choÍce is the operaÈor Ànr deflned on functfone of

z¡s..tzyr bY

ln - -nB(gl) - ... - nBq) (5.3)

where B(y,) ls the Lorentz-Boltzman¡r collfsfon operator, deflned

n

on functfone ofvby
(

dg 
.| 

dr. (g-g) e þ. (g-g) I [ho (g')BQ) e(g) = g(I') - ho(g) sQ)l



ft*f (3tr.. r{r\r.. r3¡rë1-3rv,(+1rt) - n ho(gt*f) ft(gt¡.. ¡z¡rt)

¡¡hen a. (It+fa¿) t o (5.4)

ls good for dfluËe gases and enall values of k. It le a conaequence

of aseumlng that the velocitles of partfclee f and kfl, which are

in a precolll.elon conflgutatlon, are uncorrelated. l{hen (5.4) 1s

eubstftuËed lnto the hferarehy equatLon for fk, we obtafn

çfn + \) (5. s)

For a dflute gas qre have fsolaËed the most fnportant part of the

colllsl.on term ln Ëhe equation for fk. therefore, ln the study of

moderately dense gases, the operator Àk, defined by (5.3), should

falrLy accurately represent the effect of the reet of the aystem on

the dynanice of a snall group of parÈfc1es. The chofce of lO - no(g)

ls a cruder approxfmatlon of nany-body effects, Ilowever the slnpllcfty

of thie choice leads to equatfons whlch are easler to analyse than

those derlved from (5.3).

the caee r¡hen Àt fs glven by equatfon (5.3) fe treated Ín

Appendix B.

In thlc sectlon we consfder the latter choice for lk. $Ie ffret

note thar, when (¡z-¡.r). (gz-:h) < o

The motlvatfon for ehoosing

approxlnatfon

ln ae fo (5.3) fs that the

fn = -trOfn t

46.

exp[-(Lz+ no(vr))r] nz(-,zixl) ho(ye) f (gr,o)

= exp(-na(g1)t) ãkt-*t-(tz--r)t) tto(9) f Gr-vrt,!r,o)

¡E!-r ["2(tz¡Ër) + 
lo 

u.'Í;, "tt-Or-(g-gr)t')] ho(yz)

x I(år¡t) f (?r,o) (5. 6)



fo 
;t"l - n, Ide ¡e-vG-e) - r)

whÍch fs a consequence of the denslty expanslon (2.30) for trz.

Ilence (5.6) becomes

Í.(3¡,;2,t) fz(o) . oe@z¡x1) ho(92¡ r @r,t) f(o)

. ", f: ut' 
Ide.(y¡-yz) 

r(zr ,!2,.-t')

* ("-vGi-ëz-?) - r) ho(yz) r(s'r') f(gl,o) (5.g)

Furthe¡more, wfth ÀU = no(g),

f(g lt) - I(sr,t) f(o) . "f. dt1 l(s1,t-rr) f u",

x e(a.v31) ho(v3) r(ët,trí,tt) f Gl,vÍ,o) + ...

Non to second order Ín the densfty

and

x

These equatlone folIow from (4.7) and (4.8).

Fron equaÈfons (5.8 - 5,10) we obtal.n

fz(Zt,?¿ t) - r(g.l ,þ,t) f (o) + ,,tft aa, r\v¡,g2t-t¡)

dys dg.vs1 e'(g.v3r) I(lr,!írÐr!2r!1f!,Ií,tr)

I dg.get
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(5. 7)

(5.9)

{f

x ho(g2) ho(gá) f (x1'vi,o)

* Jeg[r(g'Z2,Zs,tt) hoQ2) ho(g3) f (g¡,o)]] + ... (5.10)

rz(t) - n2(¡2;xr) ho(vz) f(t) + * f"drl r (zt,þ.,r-rr)

- { f dg.9re (r - "-v(xl-rz-ê)) ho(å) r(s'tr)

* Jls t(rkr,4,Zs,rl) - r(Zt,zs,tr)) ho(vz) ho(Ir) f (gr,o)l

* Jzs fl(4'4,2g,!r)ho(q) ho(:r) f (Er,o)J + ... l (5 . 11)
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To obtafn fron thfs equatfon a suftable reletfonshlp between f and

fZ requlres that we analyse the dynenlce of three PartlcleE.

If l¡e exa¡nÍne equatlons (5.ff¡ and the definftlon of the oPerator8

Jt, and Jzg, !úe aee that we nrrgt evaluate the expreaslona

Tb.r,\,x.¡-9,.y3,t) hotL) ho(%) fÇro) (5'12a)

r(It,gí,22,!t*!,.I!,t) hoQz) hoe:ã) f (Ër,Lí,o) (5'12b)

wlth a.(v--v,) > o

and

T(Ztr4zrïz-åI3rt) ho(f,2) hoQ,r) f @r,o) (5.13a)

T@t,4.,5,q+e,Ii,t) ho(g) tro(\'!) t(g'o) (5.r3b)

wlth a. (43-lL2) > o

CollÍsfon aequencea Lnvolvlng three fsolated dfsce or epheres

heve been coneldered by Sandrl, Sullfvan and NorenoS and Ly Cohen,

Murphy and Foch69. It has been gho¡on that no more than four colllstons

are possfble and that the fractLon of colllsfon eeguencea wlth three

collfslons for whlch a fourth collfslon can occur ls of the order of

one or Ëwo parts ln a thousand. Hence tre ehall conelder only the

poestblllty thaË three colllelons occur among three Pertfcles.

There ate two different Eets of conffguratÍons whlch !ùe uust

conelder. The flret aet, whÍch occure in the evaluatfon of (5.I2a)

and (5.13a)r is that at tfne tt partlcle 3 ls about to coll1de

w'tth etther of particlee I or 2lyhich rvould othemiEe h¡ve eollfded

at Èfue t. The eecond eet, applyfng to (5.12b) and (5.13b), consfste

of thoae conflguraÈLons 1n whlch particle 3 fs abouE to collfde wfth

I ot 2 at Èlne tt thus caualng I a¡d 2 to collfde at time t.

Denoting a coIlfslon betweea Partfcles I and J by (1J) and

a colllslon which would have occurred, Íf an earlfer coll1g1on had not

taken place by G-J), we need consfder the followfng eequencea.



49.

(A colllsion wrÍtten to the left of another lndfcatee ft occurred

earlfer. )

For I(!1,!2,.2y !,!3r t ) coneLder (23) (13) (Tt) .

For I(¡r,g'í,årËr-êr$,tr) coneÍder (23) (13) (12) and (12) (13) (12)

For l(ZrrtrrÍ,r-grI3r tr) consfder (13) (23) dZ)

For r(Zr,Lz,yi,þ+g.,Ii, t¡) consfder (13) (23) (12) and (L2, (23) (L2)

To characterlze the conffguratlone whtch lead to a partfcular

aequence of collfsfons, we lntroduce the expressfon

fl ..' f u.,ån "€.å¡.) 6E - q(t-t') ; ¿ - xn + 5(t-r')) (5. 14)

whfch equale one ff particlee J aad k tr¿ve eollfded 1n the tfne

lnterval (ort) and zero lf they have not.

To eee that th16. fs appropriate we transforn the fntegratfon

1o (5.14), whtch fs over the surface of a henfsphere, lnto an lnte-

gratlon over a dlac of radÍus a fn a plane perpendfcular to the

relative velocfty å - y*.. .(See Ffgure 5.1)

Then

f u*.ån "t".rr*l - J' d0 lqrldbb
2¡

o

I{e have lritten the three dÍmensfonal delta funcÈÍon of (5.14)

ae a product of one dLnenslonal delta functlons. Ì,ile have denoted the

proJcctlon of the vector å - Ik on to a plane perpendiculcr to the

vector IJt by the polar coordfnares tq - ¡r.)+, 0).

the delta functfon ot(å - q) r - bl ltufts rhe cooftgurarfone



9c - \åb

Figure 5.1. Relation betlreen a and (b'0).

dq

bdb,tf
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of J and k whlch contrlbute to (5,14) to those for whfch J and

k would have collfded sometlue 1n the past. The delta functlon

o tQl - + r'Ð.fr¡/l1rl - lVlsl(t-t')l speclfieg the colllelon

tLme aB Ë'.

uefng (5.14) we may wrl.te, to take (5.12a) as an exgFPler

r(Zt,Z¿,!z-gry3,t¡) ho(th) ho(g3) f (21,o) ' r(3r,tr) ho(þ) ho(gs)

x f (g¡ 
'o)

. f"t ur, 
IdÞ.vgr 

e(Þ.gsr) o(v - a - ss(tt-tz) * b - xr

+ v¡(t¡-t2)) [rGr ¡Z2tçz-Llgg,tr) - t@ytt)l ho(I,) tro(y3) f (sl'o)

(s. ls)

ltre ffret term of the rfght slde ls the value of the expreealon

for thoee conflguratl.onE fn whlch no lnteractlon anong the three

partlcleg occurs ln the tl¡qe lnterval (ort). The second term tesulta

fron all configuratÍons 1n which partfeles I and 3 collfded at tlne

t2, the colllefon belng speclfled ÞI the vector b.

rf the conflguratlon of partl'cles lr2 and 3 at tlne tt ls euch

that at the earlfer Èime t2, Pargfclea I and 3 colllded' then

r(xpsr t:t.2..!2t:l,2-grgar!¡) ho(y2) ho(v3) f (g'o)

= expl-no(gr)(tr-tz) - na(gî)tzl tro(lz) ho(gá)

x f (Lr-Ir(tr-t.) - yítz,gi,o)

where vi and yä are Èhe velocftlee of partfclea I and 3 prl.or to

thelr colllgfon at tl¡ne t2.

Hence (5.15) can be wrÍtten

r(zt,Zz,þ-9,rg3,tr) hoth) ho(g3) f (gr,o) = t(år'tl) ho(å) ho(Y.r)

fËr (* t(Zt,o) * I 
- U.. 

.| 
UÞ.*"r e(Þ.]'sr) l(Zt,Ð-g,g3rt¡-t2) ô(U-s-xr-Þ)

¿o 
' ,cont.)
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x ho(y2) [ho("í) r(Ër,gí,tz) f (x1,vi,o) - ho(:b) r(xrrf¡,t2) f (x1,v1,o)l

(5. 16)

The expreseÍons (5.12b) and (5.13arb) can be analyeed Ln a afnflar

fashlon. On substltutlon of the approxlmatlon

I(ë.trrtt,tZl f(är,vlro) - f (x¡¡y1r t2)

lnto (5.16) we obtafn

I(Z¡,I¿'þ3,I3,tt) ho(92) ho(gr) f (zt'o) = T(Z* tl) ho(vt) tro(y3) f (g¡'o)

Ì
+

f" dtz dÞ.ger e(Þ.Ig¡) r(gr,Ë¿-g,v¡,tt-tz) ôGz-g-xe-Ð

x ho(:z) [t'o(gá) f (Ër,lí,tz) - ho(gr) f (Ë.r,Il,t2)] (5.17)

Wren (5.17) and sinllar enpressLons are substftuted lnto (5.11)

there results

fz(t) = nz(þ.irr) ho(g) f (t) . "' f: dt¡ exp[-r,o(\'l)(t-t1¡¡

x s(gr,gzrr-rl) {c¡(r(t1¡¡ + Jtr a., (cr(tr-tr) +...+ c,*(tr-tr)

- cr(t1-tr)) f(r2))

where the collfslon operators CIr.., CS are glven as follows:
(

c¡(r¡ = juu."r, (r - "-v(x12-g)) 
ho(y.z) r(21,r1)

* f u", f uu.=rr e(a..vsr) ho(rz) [1e-v(ë.rz+e) - t) ho(vá)

* r(Ër,vf , t1) - 1"-vGr z-9) - t) ho(gr) rft'r'rl)l
The ffrst tem of the rlght elde of thfs expressl.on for Ct

already appeare tn (5.11). The other terms are a consequence of the

fact that operators such as I(z¡,z3rt) are non-zero when lg-¡gl . 
"

whereag T(Zt,ZZ,zSrt) fe zero for euch valuee.

(5. l8)

(5.le)
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Czlrrtù f (t2) . dg.v3t e(9.v31) ¿Þ. t¿z=í) e[Þ. (yz-vÍ)]

x r(r.t ,!i,x2rg2rt1-r2) 6(¡z-lr-U) hoQj)

x ltroQã) r(*r,gí',4) - ho(y2) f 0q,ú,rz)] (5.20¡

Thfs 1e the contrlbutfon from collLeion aequences, ln whfch

partlclee 1 and 2, wtth lnftfal velocltLes yí' and y;., colllde at

tlne tZ (þ speclffes the colllelon). they then move wl.th velocÍties

gí and lz untfl I and 3 colllde at tLme t¡ (g epeclflea thls

collfelon) so that partlclee l,r2 and 3 have ffnal velocitfes Il, gZ

and v3 respectfvely. Syubolfcally we write thl.a sequence as

f'*f I

a
(v.í, yz, .'6) T 0r, yz, v3)

t1

b
) 

-->
t2

(gí" gí, gí

c3(t1-t2) nGz) dg.rgz e(9.v32) dÞ. (ví-y.r) 
"[Þ. 

(y.í-v.¡)]

x I(ër tlr ¡:x2*atgã, tr-rz) ô (g+g-x.r-Þ)

x ho(d) lhoQ.á1 r(5,gí,tz) - ho(v.í) f(x¡,v1,t2)] (5.21)

Thig ls the contrLbutÍon from collÍslon sequences

Ca(t1-t2) f(tz) - dYs dg.gge e(g.vsz) dÞ. (y,ã-v.r) t [Þ. (ú-s¡) ]

x I(Är,\ ¡,þ,!j, tr-t2) 6 (¿r-gr--þ)

b(yí, yí, y? = , (111, v!, yã) --g-' (!¡, !2, v3)
t2 t1

I
t

Qã) lho(yp f (:cylí,tz) - ho(y;) f (x¡,rr¡, tr)l ç,22,xh
o

1e the contrÍbutfon from sequences

b

í
,

a
) 

--+
(v:
-l

,!it!¡, --; (ur,g'ri
t¡

(l¡'y2'lL3)
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cu(cr-tr) flcr) = dv^
-J

dg.Igz e(g.gra) I dÞ.ge r e (Þ.vsr)

* t(Ër rvl rlz-årvrr tr- t2) ô (52-g-är-Ð

x ho(g) [ho(v;) f (x,rny.í,tz) - tro(g) f(ãr,Iptr)l (5.23)

fs the contrl-butloa frou Bequences

b
(!i,v,2,I!) å(g1,g,g) -, (gr, , )

t2 t1

The collfefon at tfme tl betr¡een 2 and 3 fnterupts the path of

particle 2 eo that no collfelon between I and 2 occurs at tfne t.
Hence C5 fa eubÈracted 1û equatl.on (5.18).

Equatfon (5.18) sxpressea fzþ) ae a functLonal of f . trlhen

subetltuted lnto the firet hferarchy equatlon lt ylelds a generalfza-

tLon of Boltzmannrs equatfon whLch accounts for 3-body interactlous.

In the next chapter lre show how the velocfty autocorrelatÍon fornula

nay be obtal.ned fron thfs equatlon,

In Appendfx B we derfve an equatlon s1nlIar to (5.18) 1n whfch

the Boltzmaun colllsLon operator 1s ueed to take lnto account the

fnteractfon bet¡¡een three particlee and other particlee fn ttre gas.
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CHAPTER 4 CALCUI.ATION OF IlIE COEFFICIENT OF SELF-DIFFUSION

4.T INTRODUCÎION

In Chapter 3 rue derived an exact equatlon for the dLetrl.butfon

functlon f(¡rvrt) aEsocfated with a specÍffed parËfcle of a geo.

That equatfon was lrrÍtten 1n ttp ways:

af
ar +v .Eaf - nr(a) B(f) + n2Ur(t;f) + n3Uu(t;f) * ... (1.1)

and

af
er +

(1.2)

In (1.1) the interacÈ1on betr¡een the preferred partfcle and other

partlclea ls repreeented by a ern of operaÈotrs, each dependlng on Èhe

dynanfea of a suall nrsber of Ísolated partLcles. In equatlon (1.2)

the operators V3, V,r, etc. depend on the dynanlcs of 3r4, etc.

partLcles Lnteracting with other partlcles Ln che EyBteE. Ae orplained

fn Sectlon 3.5 there are e numt,er of waya fn whfch theee nany-body

effects can be accounted for. In thie chapter the operators V3, V,,,

etc. w111 be taken as the operators arlslng from equatfon (5.18) of

Chapter 3. In thls equatlon, the effect of lnteractlons between a few

speclffed partfcles and the other partfcles fo approxlne.ted by the

factor exp(-nat).

In thls Chapter we show how the coeffÍclent of Eelf-diffuslon can

be calculated from approxfnatlons to equatlons (1.1) and (1.2). One

aust be careful to avofd dlvergent terms when eeeklng approxfnetfone

to the exact closed equaÈlon for f. - Sultabl.e approxfmatlons to (l.l)

and (1.2) cau be obtained by elnply neglecting terD8 uk*1, ul"r2r.o. or

Vk*I, V!.*2r... for eme flnlte value of k. It ehould be noted that

thÍs Íe a suitable nethod for approxlmatlng (1.2) only because certaln

many-body dpanlcal effecte are lncluded fn each of Èhe operators

afV.F
-dx

¡t- n.(a) ¡(r) + 
Jo

dr' lvr(t-r';f(t'))+v,+[t-t';f(t'))+.. .]
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Vg, Vu, etc.

The sfnplest approxlnatfon to theee equations Ís

af af
Ë + v.fr = nr(a) B(f) (1.3)

an equatfon ¡¡hlch has been studled Ín great detafl, Iüe present a

brfef dfecussLon on how the coeffLcfent of self-dlffuslon 1s calculated

fron thfe eqtratfon. ApproxinatLons which lnvolve three-body dynanl.cs

are much nore dlfflcult to study because of the comBrexfty of the

dyäanlcs of three partlcles. However the requÍreó technfques have

been developed by sengersl0r53r7O and we wfll show how our rrork Ís

related to the choh-tlhlenbeck equatfon as analyeed by sengers.

4.2 cALCtttATroNs

In Chapter 2 we proposed a deffnltf.on of the coefficfent of

self-dfffuslon wlÈh tire al.n of avofdlng dtfficultles whfch arl.se ff

one efmply applfes Efnsteln's deflnftlon of the coefffcfent of

dfffusfon for Brorm{an notlon to the proceas of self-dlffuslon. Ttrls

deffnitlon takeg lnto account the small, but observable, correlatfons

betveen the velocfty of the diffusing partÍcle and those of other

Perticles. In a dflute gas these correlatlone decay nearly e:çonentlal,ly

wfth tfme so that the formula

(2.1'

fs adeqr:ate. rt 1s to be expected that the generalizations of

Boltz¡nannrs equatlon consldered fn this sectfon also predfct that the

correlatfone decay rapfdly wfth tfue. ThÍs Ís beceuse nauy-body

dynanlcal events l¡hlch are the cauae of the actrral slow decay of the

velocLty autocorreratroì functfon are accounted for rn only an

approxlmate fashlon through the factor exp(-nct). Hence equatfon (2. l)

D = å f' u. < v(o).v(r) >es



56.

wfll be suitable for calculating the coefflcient of eelf-diffuslon fron

the generalfzatlons of Boltznann'a equatlon congfdered here.

On the other hand ff one regufres a Eore accurate descrlptlon of

the diffuslng particle, the generallzatLon of Boltznanars equatlon

discuseed ln Àppendlx B shouLd be suitable. In thÍs equatfou nany-body

contrÍbutfons are contalned ln the tem

exp t-e.ä - ns(v))tl Dorfman and Cohen4o hav. sho¡m tbst.by

fncludfng thfs factoË the long time behavfour of the velocfty auto-

conelatÍon functLon can be predfcted. The coefflclent of eelf-dfffuslon

wf11 be some!ùhat oore dffflcult to evaluate from thls generallzatfon of

Boltznannts equatlon than from the elnpler generalfzatfons coueidered

here, but sLnce the correlatfons between velocfties of partfcles are

snall ft lB probably not necessary to use the equatLon of Appendfx B

to obtain a value of the coefffcferrt of self-dfffuelon suftably close

to e:çerÍmental values.

To calculate D as deffned by equatlon (2.1), we flrst note thêt

the velocfty autocorrelatlon fuuctfon ls related to the veloclty dls-

ËrfbutLon functfon f by

< v(o).v(t) >

where

by

h(v, t) = J 
a¡ r{",r,,t)

f u. f ,"- hog)% h(s,t)

.q = J % ho(%)ro' f u= f u" r(¿,v,t)v (2.2>

(2.4)

f (x,g,o) - ô(L - q) o(g - %)

It ls convenLent to fntroduce the functlone h and 0 deffned

(v)0

8o that

D -åJdsoQ)'v (2.5)
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I{e now consider the evaluatlon of D when f satfsfLes equatÍon

(1. 3) . Ttren h obeys

2
dg dg. (g-") ela.(g-g)l[ho(g') h(:fít) - ho@ h(y,t)l (2.6)

Now the eolutLon of, (2.6) ts such that the tfme 1nÈegra1 deftning L
ls certafsly finfte. Thts fs best seen by an examfnatÍon of the efgen-

values and eigenfunctlons of the collfsfon operator B(v) whlch appears

Ln (2,6r. Ttre spectrum of the operator B fs dlscussed by Foch and

Ford71. The fr¡nctlon ho Ls an elgenfunctfon correspondfng to the

efgenvalue O. All other efgenvalues If are negatÍve. The solutfon to

(2.6) fs of the form

ozÀft (2,7'h(g, t) = f,, a, e úrQ)

where ûf ls the efgenfrnctlon correepondlng to Àf. Ttre constants "i
are deternl-ned fron the fnftlal value of h. We ehåll wrfte equatlon

(2.7) Ln the coupact form

h(g,t) = "nzB(f')t 
h(g,o) ' (2.g)

These consÍderatlone shon thåt the tl¡oe lntegral 1n (2.4) 1e flalte anúl

thus g fs well-deffned when h satlaftes (2.6).

To obtafn the equatlon whfch Q satlsffes, multfply both sides of

(2.6) by ho$)% and lntegrate wfth reapect to å and t.

Now

[- u. f .* hog)% *l = - gho@,o .

aince h(g,o) = ô(g-%) and h(t) -r ho aa t * æ. Hence I satlsfiea

the lntegral equatlon

- I ho(v) - nr(a) Btg(rl)l (2.e)

I{e note that thts equatLon can also be obtained from equatÍon

(1.3) for f by usfng the methods of Gtrapnan and Enekog2. one
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(2. 10)

(2.11)

f (l,v,t) = n(ë,t) [ho(v') - gQ). f] * I

where

n(_x, t)

to obtafn

llrf tlng

dv f (9,y, t)

,Í * y.åÍ = - nr(a) rcg).*i * ...

Ðf
ãE

rân
tat

a dv v f (ä,yrt)

dg v [n(¡,t) ho(!.) + ...]

af
E*v. + y. Þ ho(r) + ...

and r¡rl-ting the continulty equatlon as

I

I

a

a¡
ân
ar

a

âx.

¡¡e have to a ffrst approxLuatfon that

af
ar ff==n"Q)Ë

whfch when substltuted lnto (2.11) yields (2.10).

the usr¡a1 method of solvLng thfs equatlon fs to expand the

functlons L and v ln terms r¡f the Sonlne polynonfals2. One then

obtafns an lnflnite set of sfmultaneoua equatÍons for the coefffctents

of the expanslona. If the l-nffnfte set of equatlons fs replaced by a

ffnlte get one can obtal.n approxinatÍons to the coefflcfent of self-

diffuefon.

An alternatÍve nethod of solvlllg Q.6) fe to tranaform the

equatÍon Ínto a dl.fferenttal equatfon. Thls approach has been con-

sLdered by PekerLsT2, Brooker and Green73. KunarTb hea reforoulated the

method of Chapman and Enskog ln terms of frreduclble tensors and

natrfcee. By thts approach one doee not requlre any of the theory of

fntegral equÂtfons.

*v.
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The solutl-on to (2.9> wfll be written as

I0 (r') n, (a) t-l [: tro(v)l (2.12)

where we have lntroduced the fnverse operator B-1.

The value of the coeffÍcÍent of self-diffuelon Èhat ts obtaÍned

fron this equatLon fs72

D = r.ore# Çstrr*",
uslng the denefty expanslon of nr(a) given by equatfon (2.30) of

Sectfon 3,2 we findlO ,

¡r n - r.ote aþ ÇÐt" fr - å rra3n + ...) (2.r3)

The fLret Èerm of the rfght hand slde of (2.f3) ls consisrenÈ wLth the

value of nD at low densltfes whfch Alder and ltalrurtgh¡38 obtalned

from a computer slmulatLon of a gas of rigid spheres. The next term,

accordlng to the conputer studles fs
q- 0.8 x ft. na3n

Hence the nost lmportant part of the ffrst correctfon to the results

fron Boltz'natlnts equatfon comes from the equfllbrlun dfetrlbutlon

functlon î2. Further correctlons arLse from consfderfng three-body

dynaurica, and we now coneLder how these can be calculated.

conefder ffret the approxfmation to equation (1. t) whlch reeulËe

when the operators uk+l, uL*2,... are neglected. 0n fntegratlng the

resultant equatÍon wfth respect to the varlable Ir we ftnd that h

satisfLes an equatlon of the type

å* - rr(a) B(h) + n2cr(t;h) + ... * nk-l cn(t;h) (2.L4,

where c3, c,r, ... âEê operators. lrre propose that thfs equatlon

provfdee a euitable descrlptfon of the gas even though the operatore

Ct nay dlverge. To see thLs, !ûe put (2,L4, fnto the Lntegral forn
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(2.1s)

h(v, t) = e h(y,o) * dt'e
o

x [n2cr(r.) + ... + ok-l cn{r,)] h(v,r-)

Thl.s equatlou can be solved by lteration:

n^Bt ¡t n^B (t-t')
h(rr,t) = e' h(r¡ro) + | dt' e L

¿o

x [n2cr(t.) +... + rrþ-l cn{r-¡1 "t2Bt'n,=ro) 1... (2.16)

It should be noted that

ck(r) [ho@] = o

so that

ck(t) .n Bt h(vro) + I as Ë + cD

provlded ck(t) does not fncrease too rapfdty with tine. Eence each

term fn (2.L6) approachea zero for long tfmes, apart fron the flrst
term which approaches the equllfbrfum value ho. To show that the

solution to (2. 14) te r¡ell-behaved requfres Èhat the sum of all terms

1o (e.16) approaches zero. A detafled analysis of the operators Ct

fs requLred to decl"de whether that property fs true. However eolutÍons

to (2.14) obey

r

J 
uY n(r't) - 1'

for al-l tlnes t, which €ugEesrs that h is well-behaved. Thfs

fdentlty follows from the fact rhar (2.Lh) is of rhe for¡r

*t = tr, [c(yl,r¡r,r;h)l

where C Ls a functlonal and that J* has the property

I dI, Jr, [s(gpvr)l -Q

Thus lt aeems lfkely that finite values of the coefficfent of

eelf-dlffusfon can be obtafned from equation (2.14) even though the

operators ck(t) nay dfverge for large tfmes. IÈ ls the operator B
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whfch provfdes the necessary nodfffcatlon to dLvergeût terus and there

ls no need to consfder many-body dynamics.

gQ) fs given lmedfately by equatlon (2.16). Fron the def tnlÈlon

(2"4) of g we obtaln

ô(v) - |r' u. "t"t 
re ¡t'

lo ' [Y ho91 * 
.|out Jo

n^B (t-t')
dt-'ez

x [n2cr(t') + ... + n
DoBt'

ck(t')] u' [gho(f)] +...k-1

t 
f, tt [n2cr{t) + "

0e,) = - t* r-t¡v rro(v)l * Çgr)'n-l õ. r-tlg ho(r¡)l + ...

- - *, u-t [y. ho@, - *, t

.. * ok-l ck(r)l .o"t þ ho@l t ... (2,r7)

The factor to,tt represents a sum of e:çonentially decaylng termg.

Hence each term ln (2. 17) fs finite and so correctlons to D beyond

the value predlcted by Boltznannts equatfon can be obtalned.

üfe wfll brlefly conefder the next two cerus which take fnto

account three and four partlcle lnteractLons. If the operaotr Ca(È)

fs replaced by Ca ,(t), one obÈains from (2,17), on neglectfng=lLmC
tæ

C4r C5r " '

(2.18)

Thls ls the iterated eolution to the lntegral equatlon derlved from

the Choh-tlhlenbeck equatlon

SectÍon 3.3.

C^ le gfven by equatlon (3.10) of
5

one can make some quall.tatlve statemerits about the conÈrlbutlon

to L from the operator Cb by drawfng upon the reeults from an

analysLs of four-body dynanfcs made by Pomeau and others3s.
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¡t
cu(t) = I a.

Jo

nBt n Bt'
e

nBt
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(2. le)

by

õ4 (t-)

we eee that

t Cu(t) e f.

I

dt' cu(t-)

nBt
at õu{t) .o o' (- * r-t)

nBt -tls'

f. dte

-

so that (2.L7, can be vrritÈen

+n3

For snall valuee of n, lre expect from the work on the dynanÍcs of

four partl.clee that the operator

ú(v) - - 
"t, 

tt [v ho(v)] * *, r-t lrõs

F'
j" u. cu(t) e lv h^(v) l

r
Jo 

ut c'+(t) e

** - orr,h) + I dr' {43(t-t') r ... + Ur-r')} h(r')oL t to

wfth \(t) tine-dependent, operatora.

nBt

1s proportlonal to ln n. Thls lnplfes that the self-diffuslon co-

effLcient D" depends on the denelty n 1n the followfng way

(2.20l,

the fo¡m of hígher order terms fn the expanaion fe dlecussed by Hainee32.

1o conclude our dÍscuselon of equatlon (2.14) we renark that such an

equatfon fs used ln Chapter 5 to provide a flnlte correctlon to Èhe

value of D from Boltzmannts equatfon for a one dfuenslonal gas.

We now consider the calculatfon of D from approxLnatlons to

(L.2, whlch are obtalned by neglectfng Vk+', Vk*2, erc. tr{fth such

an approxlnatfon n obeys an equatfon of the type

nD-Do+Dl+nlnnDr*

(2,20>



63.

The equatlon satisfted by I ls obtalned from (2.20) by

nultiplytng both sLdea of the equatlon by % ho(%) and fntegråting

lrfth respect to % and È.

Thus

- r ho(y) = nrnþ(s), . I" .. f dr' {43(t-t') + ... + \(t-t')}
t

o

e

?

* l%ho(%)qh(v,t')t'
whl.ch on ehangÍng the order of lntegratlon wlth respect to t and

t' beconeE

-:¿ ho@ = ozBtgQ), . 
J" 

dr {43(r) + ... + \(r)} g(9 Q.21,

g then, 1s the solutlon to thls lntegral equatlon. It hae already

been mentloned that the operators \. contaln contrlbutions from

certaln nany-body collisfon sequences and ÈhaÈ these uust be lncluded

1f the tf.ne lntegrale ln (2.21) are to converge.

The operator [- ua A,(t) can be obtalned from equatlon (5.18) of
Jo r

SectLon 3.5:

J" 
.. A3(r) ot¿r) = n'Jr, t f"

-na(vr ) t f

J 
ue'=r, þ"-v 

(å z-11 2t-e),

x hoQr) g(fr) atl

+ n2rr, t f] u. .-nc(r')t s(år te,t) ho{:o)

-vx Jrrl(e 'zs 
-L) ho(vs) O(\¡t)i]

+ nzJr, , f]u. "-oo(Ilr)t s(3r ,þ*)

" fu"rJ 
de.ssr e(g.s1)

f -nc¡(ví) t* 
Jo 

ut " s(lr ,9r 'z2t!2't)
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x db. CLr.-yí) e tÞ. Ch-\¡í) I

x ô(lr1-Ð tro(v3)[ho(gi) 0(r'r') - ho$)g(\'r)l]

* ... (2.22)

FurËher terîns can be obtatned dlrectly from equatlon (5'18).

The collÍslon sequences whtch contrlbute to the varl.oua telns ln

this expressÍon were descrlbed fn Sectfon 3.5. Because of the factor

exp(-not) each of the terme is certafnly flnfte, although the

fnclusfon of these factors ie not esaentfal to obtain finlte values

of D. Thie 1e because of the PartLcular geometry of colllsion

sequences lnvolving three partfcle6. If the ercponentfal terms are

replaced by I 1.e. 1f nany-body colltsfon eequencea are neglected

we obtaln fron (2.22) an lntegral equatlon whlch has also been

derlved by Sengere, Ernst and GtllespLe7s by using Laplace trans-

fo¡c¡natlon technÍques developed by Zwaaztg. Thls fs demonstrated ln

Appendlx E. The equatlon fg of the fono

-r. h^(y.) - (n,B + n2 Ã) 0(Ðo- z -
and can be eolved by lteratfon

g(g = - *, (I - n B-1 Ã + ...) B-r [g ho@l (2.23)

SengersTo has developed numerÍcal Eethods for evaluating the result

of the operatot A actfng on e functfon of v. It 18 found that

the fl.rst tr¡o teros of (2.23> lead to

3 ¡lÈ+.,I12
at) ¿ E;z,#"o [r.ol9 - t rå, n"' n + ...] (2.24)

reherel o

r=0.9150ù0.0018

thfs expresafon ehould be cmpared wfth equatÍon (2.13), wfth r-1,

which fs a consequence of consfdering only two-body dyna,nics and wÍth

the value r-0.8 obtained frou computer studÍes. Thts dlfference
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bet^¡¡een the calculated and obgcrved valuee of r nay be a consequence

of consldering only Êhe ffrst two terns of (2.23). Alteruatlvely lt
nay be neceagary to fnclude uany-boily effects as welr aB Èhree-body

colllslon aeguences to orplaln Èhe dÍfference. ¡! detal-led analysfe of

l-
the operator I dt q(t) as glven by (2.23) would seem lrorrhwhlle.,o
From a physlcal pofnt of vlew it 1a to be e:tpected Ëhat accountfng

for the poeefbllfty of lnteractfons between threê partlclcs and oÈher

partlclea nould gfve a more accurate descrlptfon of the gas.
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CHAPÎER 5 A STT'DY OF A ONE-DIMENSIONAL CAS76

5.1 INTRODUCTION

In the earlfer chaptera of this thesLs r¡e have dèveloped a

theory of self-dfffusfon fn a dense gas of rlgid spheree or dfsce.

Some dLgcussfon of nr¡merfcal predfctlons fron ËhLs theory has already

been presented. However the complfcatlons of even three-body

dynarnfcs requl-res that elaborate numerical analysfs be perforned Lf

accurate correctlons to resulÈs from Boltzuannts equatfori are to be

obtafned. The echeme which we have developed can be adapted to

descrlbe a one-dimenslonal gas of rfgid rods, a Eystem for rçhl'ch the

dynarnlcs are comparâtfvely sfnple. Indeed, l-n this case the coefficient

of seLf-dlffusLon can be câlculated exactly.

In this chapter Ì¡e present the theory of a gas of polnt Particles.

The technÍques used Ín prevlous chapters can also be appl-ied to Èhls

model of a gas. Divergences arlse from the usual methods and are

even more severe than Ln t\úo or three dimenslone. A form of

Boltzmannts equatlon can be derfved, Ilowever, unlfke the sÍtuatfon

fn hlgher dlmensfons, this fs an âpproxlmate equation even rr¡hen the

denslty of the gas Ls low. The coefficient of eelf-dlffusÍon as

derlved from Boltzmannrs equaÈlon 1s always 167, off the exact value

lrrespective of the denslty of the system. I{e derfve a generalfzatlon

of Boltznannts equaÈ1on by consfderlng three-body and certafn nany-

body dynamical evenËs. The laÈter are requfred to nodffy dfvergences

due to the dynamfcs of three isolated partlcles, The valUe of the

coefffcfent of self-dlffuslon as calculated fron thfs equatLon fs

close to fts exact value.

In SectiorL 5.2 we deffne veloclty dfstrlbutfon functÍons

appropriate for deecrfblng a slngle paftfcle 1n the one-dÍmenslonal

gae phen the other Partfcles have an lnftial dletributíon of
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equlllbrium. Theee dfstrfbutÍon functlons are ehow¡r to satfsfy a

set of eguatlons, analogoua to the hierarchy developed for tlto and

Èhree dlmensfonal gases. IË le poselble to ffnd the exact relatlonship

beÈv¡een two-partlcle and orie-particle dÍstrlbutfon functíons whlch

enableÊ the hierarchy to be solved exactLy.

In Sectlon 5.3 we apply the methode developed fn prevlous

chapters, to derfve approxlmate closed equations for the ens-partfcle

velociry dfstrfbutfon functlon. the coefffcLent of self-df.ffusfon fs

calculated from these equatfons by numerical technlquee, Ín order Èo

demonstrate the efflcacy and accuracy of these ¡rethods.

5.2 THE DISTRIBI'TION FT'NCTIONS

In this sectlon we examine the behavlour fn tfme of a speclfled

partLcle fn a sysËem of lmpenetrable polnt particlesr constrêfned to

move along an tnffnfte l1ne. The statl.stical eneef,lble r¡hfch descrlbes

Èhe state of the gas ln r¡hfch we are Lnterested ls the subensemble of

the grand canonfcal ensemble of equfll-brium ln whfch some Partfcle has

speclffed posltlon and velocfty. The specfffed partlcle is labelled

as partlcle o and oÈher partLcles are labelled accordÍng to theLr

order along the l1ne, with partLcles labelled by negatíve numbers to

the left of the dtstingulshed partfcle.

The dlstrlbutLon function FM'N{"-", . . I \¡, Ë) descrJ.bes the sub-

eneemble wfth M Particles to the left and N Particles to the right

of particle o, and obeys the l'f+lq+l Loulvl'Ile equatfon

[år. ""'*J '"'*
0 (2.1)

rvhere LMtN 1s the Llouvll1e operator for the system. the engemble

average <G> of any property G fs then glven by the

<Ç> = j. j, I u,-*. f uo rM'N(o) cM'N('-*{t)""2*(t))

x_y < trr a 
\

(2.2)
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r¡here

particle

functÍon

zr(t) = (x*(t),vr(t)) denores the posftlon and velocity of

1 at time t, and z

rM'N(o) 1e gfven by

FM'N{z-",..r2*ro) = 6(zo-:z') exp {Btu(u + N) - ttM'Nll/tz"z*)

,' = (xjv') speclfLes the fnitfal posÍË1on and veloclty of the test

particle. IIM'N ls given by

N

I
J=-M
J#o

HMtN = (knv
J

2 I
k#J

t ,L (o). The lnftfal dletrlbutlon

(2.3)

uoJ )

urhere ukj - v(x* - xr) is the lnteractlon Potentfal between a

partfcle at \ and one at *J. Zt 1s the equlllbriun grand

ensemble partitlon functfon for partÍc}es to the left of partlcle o,

and Z* 1e deflned efnllarly for those to the rlght. ß fs the

statlstlcal temperature and u the Chemlcal poËent1a1.

Veloclty dÍstributfon functlons trt"' are deflned ae follor¿e:

f (
J

n) (z¡iz2r. . , zo, t) =

.6(zJ(t) - .rr 
rrnl..#J' 

GrrG) - zz)...ô(rJo(t) - zrr)> (2.4)

so rhar tr,t,,"rrÈ) dz¡ is the probabilfty of finding PartLcle J

Ln the phase space volume dzl about the pol-nt 2t at tlme t, and

,!" rrr.,zzrt) ls a dlsÈrfbutfon functlon assoclated wlth ffnding

partfcLe J at zt and any other partlcle at 22. the hlgher order

dlstributfon functfons have a eln1lar Lnterpretatton.

The dlstrlbutfon functione obey a hfetarchy of equatfone slmilar

to the hLerarchy appllcable to tlto and three dfmenslonal fluLds'

(å¡ * ,,") rr("){"r ,..,2r,., = j, f uro*, * ft,*, hr*r tÍ"*t',., (2.5)

where m le the nass of a PartÍcle, and
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LN
tà
,-t",_t

m

a

o*f(rr
n=l

L-l

n
I u*¡) (2.6)

(2.7)

12,9)

J'l
J¡¡r

fs the ¡-partl.cle Lfouvflle operator.

The hferarchy (2.5) can be put into a f,ofn elnÍlar to the

h{erarchy of equaÈfons for the dfstrlbutl.on functfone deeerfbl.ng a

gas of rfgld spheres or dlsca. l{e wfll conslder ln detafl the flrst

hLerarchy equatlon, whlch contains the term

Ðvre (2)*f ¿"2 ãlf
Ð

âv
f

J
(z¡rz2rt)

x1*e

dxz

xI-e
dv2 (v2-v1) ã(Ftt f 2) (zyrz2rt)

I

Now for the fnteractlon under conslderatLon, the fntegratlon range ln

this expreselon can be ll¡nlted to an arbltrarfly snell lLne segment

contafnlng xl and fn the llnft where thfs range becoueg vanishlugly

small, only terms ln the fntegrand lnvolvfng ô-functfons contrlbute

to the lntegral. The terne LnvolvLng ô-functfons fn the equatlon for

t:" are expI1c1Èly dfsplayed ln

r(vr-vz) 6þ,- * # (|n, furl ,Í" r'r,zz,t) (2'8)

= other tertrs

whfch Ls a consequence of the second hierarchy equatfon. Substitutlon

ot (2,8) tnto (2.7) leade to

[åt. ", å0,] 'i" (21,t)

- lfm
e+O

!xl

I
a (

J

= l* I u", l'r-'rl rt,(')(xr,vr,*f,'r,t) - tr(z)t*r,v1,xi,v2,t)l

where

xrtesgn(v2-v¡) (2. 10)



The varíables xl¡ vl, xl*, v2 åre postcolllsfon vaËLables whereas

xlrvl¡ x1 r v2 are precolllslon varlableà. 
''Boa'itot'(Z.A)

70,

(2.11)

(2.L2)

(2. r3)

(2.L4)

rrr r(2) (xl,vrríf,rr,Ë) = lÍm
e+0 n ' L' L' z' 

e+0

sfnce 1n the ltnlt e+0r the rrother

[h.",*,J dvz |tr-tz I

) {*;,rrr,*r,vr, t)
r.,i:rr:, ,

terms'r of (2.8) can be neglected.

(ztrt) dvz ltr-tr Illn
e+0

f(2l

I'tre have also used the fact, that for thls system, tsro partlcles sl.mply

exchenge velocttLes upon coll-l-sion. From (2.9) and (2.11) we obtain

J

l{e can m¡ke use of the fact Èhat the partLcles are fnpenetrable.

The Jth pertfcle Ls always next Èo the (J+l)th and (J-l)th

partLcles and so

2'

x[f

l1n f
e+0

t (t) (zrrt) = llm
e+0J

j
(2) (xlrv2rxlrvlrt) - f (2) (x1¡v1 ,xj rv2, t) I

(
J

(xlrv2xtrv't) = lÍm f (x'v'xlrvpt)(2)
(J)

I

where

(J)=J*sgn(v.-v¡)

Equatlon (2.I2) can then be wtitËen 1n the form

[år. ", ån,]
(1)

f.
J

(2. 15)

By a siurllar procedure we can exPress the hlerarchy equatlons

for trt", tÍt', etc. Ín forms sinflar to (2.12) and (2.15). In

these eguattons tt 1s not necessary to take lnto account any fnteractions

other than those of the jth particle wLth the unlabelled partÍcles

sfnce fÍ") 1s symetrfc rufth respecË to unlabelled partfcle lnter-
I

change. Thls is because parÈlcles exchange vèlocftfes'upon coIl1slon

" tt[lì (xrnvr,*f ,v2,t) - tÍ",*r,vpx],v2,t)l



and so the unlabelled partfcles behave, as far 8s the notfon of

parÊfcle J is concernedr llke an ldeal gae.

The equetlons governlng f.(n) then are
J

0<xcL

other:çrrl.ee

7L.

(2. 16)

(2.t7'.)

[,+.'î]
(n)

. llm
e+0

f
J

("r; .. , zo, t)

f **, loo*, - 'rl tr (xl rv.r*r; . . ¡x1 rv1, t)(n+l)
J

- rr("+tl (x'vr i . .,xl,vrrnr.r, t) l

j1)r,,or - Hli-1 "-o* 
ho(v)

where ll ts the n-particle Lfouvl11e operator which lneludes only
J

fnteractlons bet$reen particle J and the unlabelled partfclêF.

EquatLons slurllar to (2.15) .can also be obtained.

The fnltlal valueg of the dtstrlbuÈÍon functÍone can be found

fron equatlons (2.2), (2.3) and (2.4). Assume ËhaÈ the partfcles are

lnltlatly constrafned to an fnterval (-LrL) with partlcle O at the

origLn so that

lS'N (o) - ô(xo) ô(vo-v') exp {B[u(¡t+¡l) - ttM'N]ll<z"z*>

if for Í = -M,..rlT l"il < L

0 othemlse

Then,

forS-6' (1)
f. (2,0) = ô(x) ô(v-v')

o

forJ>0: f

c$

(1) (1)
-jforJ <0: f (zro) = ¡ (-xrvro)j

where n 1s the lnltfal denalty of partfcles other than partlcle 0

and

tro(v) = (9r/(2n))¡t e:rp (-tß¡wz) (2.18)



(n)the hfgher order distributlon functfons f. ratiefy
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(2.L9'

(2.2O)

rr("+tl(21;..,'n*t,ol = rÍ1) (zú..,2o0) h(x*1,v.r*1)

where

where

J' = J - I ocxrr*r<x¡

,J+l xlcxrr*t<o

=J otherw{ee

and

h(x,v) = nho(v) + ô(x) ô(v-v') l"l < L

cQ othen¡lse

It fs shown ln Appendlx C, that for later times a sinflar

factorizatlon of tr("+t¡ occure for conffguratlons of ït+l parttcles

for which partlcle J has not prevlously fnteracÈed wfth any of these

partlcles. For lnatance, l-t. (xt - xz)(vf - vz) < I

rr(2) t", ;22,t) = trt:ì (21, r) h(22, r) 0 < xr-vrt < \-vlt

=f (zr,t) h(z*t) xt-vt t < ,tz-vzt < o

(1)=f (zr, t) h(zer t) other!üfse
J

(1)
J+1

h(x,v,t) - n tro(v) + ô(xz-vzt) ô(v-v') lx2-v2tl . t

nhen (2.20) ie sï".r.,,..d rnro (2.r5) *" i:Ï:]""*"rr"re Ber or

equatlons for tll) (k r 0,1r2r,..) whtch can be solved aa described

ln Appendfx C.

The velocfty dletrlbutlon functfons f,(n) can be wrftten 1n
J

teru6 of functfons F,(t) d.ffrred by
J
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F
(n)
J

It can be shown that

and

(n)

þe fJ. f dv' ho(',,')',' f

d"o*r' ' ' d'o*k f (zLt .. , zoa¡, t)(n+k)
J

(2.21)

(2.22>

(2.24'

(2.25'

(zr;. .,lÍtt) = fÍ") (zti,.,zrft) - Í 
ur'.*r t (zI; ..,zn*l,t) +. .(n+t)

J

_i
r.4o I

(*E * rl) rr(") = o

I
E:i

k-0

(n+k)
JÉ1"' d"rr*k F (zf .. , z.+¡, t) (2.23,f (t) = dz

J

(2.22) can be obtained by uslng the hÍerarchy equatlons (2.5) and

(2.29> can be verLfied by dlrect substltutlon Ínto (2.21). Sinflar

6et6 of equatfons have already been derlved for systems of hf'gher

dlnenslon.

In the rext sectfon we shall use the scheme proposed fn

Chapterg 3 and 4 to calculate approxfinate valuee of the coeffLclent

of self-díffuslon deffned by

where

h(v, t) =

dv h(v, t)

(1)dxf (xrv, t)
o

satisffes

To sfnplffy natters, r.te a68ume that the fnftlal distrfbutlon

of partlcles is over an lnffnlte lnterval. On taklng the lfnit L+-

of the expreeslon (C17) (Appendlx C) for t:t), we calculate D as

¡ = (2nßn)-k o-1 (2.26,

From equatlon (2. lI) and Èhe property

ttr f .(2) (x,vr,xta,v2, t) = rrm rr(2) (x,v2,xte,v, t)
e+o , "*o 

J

we 8ee Èhat h(t)

ft. n{vn,t) = dtz Irr-rz | [tr, (v2,vt r t) - h2 (v1 ,v2, t) I (2.27)
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where

(2.28)
o

5.3 GENERALIZATIONS OF BOLIZ}TANN'S EQUATION

FOR THE ONE DIMENSTO}TAL }ÍODEL

The work of chapters 3 and 4 can be applled dÍrectly to a one

dlnensfonal system. Besl.des the slmpllflcetton due to the dynarnfcs of

point partlcles, there 1s the addltlonal benefft of stople lnitlal

condLtl.ons. trIe find that

fr(z,o) .' ô(x) ô(v-v')

fn(21i..¡z¡so) = nk-lho(v2)...ho(vo) fr(z,o) (3'1)

r¿here we wfll use the notatlon ft - fjk) from now on.

lle ¡uf1l calculate the coefflclerrt of self-dlffusfon from three

different closed equations for the dfsttibutlon functlon h(t). the

flrst Ls Boltzna¡nts equatlon

f| = nrthl
(

= n I dw lv-wl [ho(v) h(w,t) - ho(w) h(v,t)] tt.')
I

whl,ch reeults from subetftutlng the approxlmatlon

hr(vrw, t) = n tro(w) h(vrt) (3'3)

Ínto equatLo¡ (2,27). Equatfon (3.2) can be solved exactly; lte

soluÈion ls gfven ln Appendfx D. the coefficient of eelf-diffusLon

1s found to be L6/. o[.f. Lts exact value (2.26, lrrespectfve of the

denslty of the system.

tle then consider two correcÈfons to Boltznannts equatlon wt¡1ch

account for correl¿tlons between the velocftles of coIlldfng particlea

caused by three body colllsfon sequences.

h.(vr,vrrÈ) = :* f dxf (2) (*rt,,x-e sgn (vz-vt),v2, t)



One equaÈion Ís of the form

*å = otlhl + nzt c[tr] (3.4)

where C le a time-lndependent Lntegral operator which 1s derfved by

the methods descrfbed ln Section 3.3 by consldering the dynanlcs of

three lsolated partfcles. !üe obtafn fron thLs equatfon a snall

correctlon to the value of the coefffcfent of dlffuslon.

The other equatLon ls of the form

ål = ,,rtn¡ + n2 fj u.,u¡"-ns(t-t'); h(r-)) (3.5)

The operator V as well as lncludlng three-body effects, lnÈroduces

many-body dynamÍcs through the term e-nct where

n s(v) = " f dw lv-wl ho(w)

fs the rate of collLslons experlenced by a partlcle noving wÍth

velocLty v Èhrough an equfllbrLum envlronrnent. Equatl.on (3.4) ls

derfved by the approach of Sectlons 3.4 and 3.5. The coefflcfent of

self-dtffusion as calculated frour thLs equatLon ls wlthfn l% of lte

exact value.

the factorfzatfon condltton (3.3) whLch leads to Boltznannts equatfon

ls exact at the l-nftlal tfne as well as r¡hen the velocfÈy dfstrfbutfon

funetlon h(t) has reached lts equlllbritn val're. Hence we expecÈ

equatfon (3.2) to give a reasonably good approximatÍon to D.

If we define 0(v) by

l*(
0(v) = Jo 

u. 
.| 

u"' ho(v') v' h(v,t) (3.6)

so that

I
(3. z¡þ= dv 0(v) v

we obtaln, by the ueËhods of Chapter 4, the lntegrel equation

75

-vrro(v) - " f dw lv-wl [ho(v) 0(w) - ho(w) ó(v)] (3.8)
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the solutlon of r¡hich fs gfven by equatfons (D9) and (DlO) wlth

o-o. Nunrerical evaluatlon of the Lntegral ln (3.7) then givee

DB = o.329,ú (3.9)

t{e have taken gm = 2 ln these cclculaüÍons, 1n whlch caee the

exact value of the coeffÍcient of self-dfffusÍon ls

D -- - 0.2821¡ (3.10)
exacË

I^Ie now consLdet geoeralfzatÍons of Eoltznannts êquåtfon. From

the expanslon (2. 23) fot the dlstrlbutlon functfon f.(n) and the
J

inttlal condltlons (3. I) u'e can obtafn the expressfon

fn(z¡ l..tzytt) = ,rk-l nJ II
T:i

!oJ !,=O ttl
3-t(- l) I

(r. t r¡

ln exactly the same Danner that equatlon (ZrZd) of Chepter 3 was

derlved. In equatlon (3. ll)

s(o) ("t, . . ¡ zrrr t) = e-Lnt 13.12)

Ls the n-particle streamÍng oPerator. ft(o) can be elfnl.nated fro¡r

the expenslons for fl(È) and f2(t) obtalned fro¡n (3.11). For

precollÍslon confÍguratlons, 1..e. (x1-x2)(vr-vr) < o

Ízþt,z2,t) - n ho(v2) f1(21,t)

+ ,,2 
J 

ar, [s(r) (z¡tz2;z,t) - s(2)(z'z't)] s(l){"r,-t)

x ho(v2) tro(v3) fr(21,t) (3.13)

*...

The tern proPortional to n2 ln equatfon (3'13) 1e zero unless

n:--'tLcle o (whfch ls at the pofnt 2t at tÍme t) has lnteracted

wfth both partÍcles 2 and 3 (1.e. those partlcles at zZ and 23 at

* Ju"n*r... f ur*, s(k+r)(r) ho('z)...ho(rL*J) fr(x'vrro)
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aÈ time t) fn the fnterval (o,t). In general the term aaaocfated

wlth k-body colltslons ln thÍs expanslon wfll be non-zero only when

the dfstingulshed partlcle suffers k-l eolllslons 1n the lnterval

(o, t) .

To evaluate Èhe three-body term in (3.13), we note ffrst that ff

particle o hae not Ínteracted or has colllded only wfth partlcle 3

then

s(3){r, r22,zg,t¡ = g(2) (z¡,23,È) s(1){r.,t)

eo that there 1s no contributlon Èo the three-body Èerm. If particle

o suffers tq¡o colllefons, Lt must flrst colllde wLth partfcle 2 and

then wlth partlcle 3. Thls ls {l'lustrated fn Figure (3.1). !tre see

that the lntegratlon over x3 1n the three-body tern ls restricted to

values for whfch

(xr- x3)(*r- .'rt - (xz- "zt)) > o (3'14)

laklng this lnto account we obtaÍn

hr(v¡,v2,t)' n ho(vr)h(vt't)

+ n2t f u", e[(v1-v2) (vr-v3)¡ lvr-v3l

x ho(v¡) [ho(v3)h(v2, t) - ho(v2)h(v., È)] +... (3' 15)
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The k-body tern 1n thls expanslon contafne the factor n(nt)

Hence Èhe denslty expansfon of the many-'body colllsfon opeEator

k-2

exhibfts the same type of dfvergent behaviour that ls found 1n two and

three dlurenslonal systems. One cannot obtaln ln a stralghtforward

û¡anner a tlme-lndependent functlonal, relatlng h and h2, by thls

approaeh. Nevertheless the dlffuelon coefffcient cân be calculated

from the closed equatlon for h whl.ch results from subetitutfng the

ffret few terms of the expanefon for h2 lnto the hlerarchy equatfon

(2;27). If we retaln Just the two- and three-body terms of the

expansl.on, the equatLon for h 1s of the fo¡m of (3.4). thls can be

!.ßftten as

h(v,t) - 
"oBÈh(rr,o) 

+ ft u.' enB(t-t')È'c[h(t-)l (3. t6)
Jo

and solved by fteratÍon:

h(r) - "t8th(o) 
. 

f: .. .nB(t-t')t'ceoBt'h(o) + ... (3. 17)

It ls shown ln Appendlx D Èhat the efgenvaluea of B are negatÍver

except for the etgenvalue zero. Hence, on the underÊtandÍng that h

ln (3.17) refers to the veloclty dfstrlbutlon functÍon mfnus Íts

equlllbrir¡m value ho, each term of the expanslon (3. tl) w111 approach

zero f.ox large times. thfs ls not to sây that the er¡n of all termg

approaches zero. A nore detailed analysis of eguatfon (3.4), and fn

parÈfcular of the elgenvalueo of the operator C, 1e needed to decfde

upon that pofnt. llowever the numerLcal work whlch we have carrled out

lndtcates a rapld convergence of the sequence of partial sume obtained

fron (3. 17).

To calculate the coefficl.ent of self-dfffuslon from (3.17) we

flr¡t derfve an equatlon for $ deflned by (3.6). From (3.17) we

flnd Èhat 0 le glven bY
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ó(v)'-o-1[1 + B-1 cB-l +... 1u-1¡otro{v) ¡ (3r18)'

where B-1 ls the fnverge of Boltzmann'g operator and fe given by

equatfone (D8) and (D9) of Appendlx D. The functlons A-l'[g(.t)] and

CtS(v)]. Wrere g Íe gone functlon, can be evaluatcd nunerically.

the contrfbutfons to the coefficfent of self-dfffu¡lon fron the flrst

few terms of the expanefon (3.18) are:

B-l 0.328

-(r-rcn-1¡s-t - 0.015

(n-1s3-l¡ zt-r o,oo2

(ztr-rcl zr-21;r 0.003

(B-rCB-r) 38-r 0.000

Srmfng theee contrfbutfons we obtafn a value for D of 0.318 n-1.

Ffnally we coneLder an alternatfve generallzetfon Èo Boltzoannts

equatLon whfch le based on Ëhe nethods of Sec,tfona 3,4 and 3.5. lfc

begfn by rrltlng the hferarchy equatlons for f, aad ÍZ aB

(ft + " å; * no(v)) r, = J[r.t + no(v)r, (3, 19)

(ft+r,2+ru¡(v)) f
2 '' .r[frl + nc(v)f, (3.20)

J 1g the coll1slon opêrâtor whlch occurg fn equatfon (2.16)



(3.21)

na(v) fs approxfinately the frequeney of collfelons experfenced by a

particle uovfng wfÈh veloelty v. The factor e¡cp(-not) whlch appears

fn equatfons gl.ven belø Ls, a conÈrlbuÈlon fron dynanfeal evonÈg

fnvolvfng Lr?r}r... perticlee. It leads to uodfflcatlous of teriort

arlsing fro¡¡ the dynanl.ce of anall sunbers of partÍclea ¡o that

divergenceg are avofded.

the following expreselone are obtatned from (3.19) and (3.20)

c 1s deffaed as

f,r(zr?rrt) - e

+

-(lz + nc(v))t

a(v) - 
J 

cr¡"-r¡ho(w)

r¡(z,r) - e (tå * n'(v))trr{",o)

+ 
Jt a., "-(* 

+ na(v)) (t-t'l (¡trr(r-)l * na(v) rr(r,))

80.

(3.22)

(3.23)

r'2(!,

Jl u.' .-(t' + no(v)) (t-t')(¡trs(r,)l 
+ na(v) rr(r,))
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Now

J[r2(t)] * nc(v) fr(t) = f u"rlr-r¡l {rho(v) fr(x-v3t,v3,o) r o(n2)}

(3.24)

and for precolllslon values of z and zz

Jlf3(t)J + no(v) fz(r)

= lLm I o.r, lo-rs I {r,'s (*l y 3,zz,z, t) h,., (v) h^ (v3) f (xlv3, o) * o (r,s) }
e-+o J t' 

(3. 25)

and r,¡hen (3.24) and (3.25) are substfÈuted l"nto (3.22) and (3.23) there

results

f2(r) = nho(v2) f 1(r) * "' f 
dt, e (r'' * nc(v)) (t-t')

o

x lfn
e+0

(
t

dv3f v-v3l (s1*1"r, z2tzrr') : 9(xîv' r'))

x ho(v) ho(vr) f(xlv3,o) (3.26)

+...

The second term ln this expression vanfshee unless parcicle 0,

whlch collfdes wl-th partlcle 3 aË tfme t , has prevl.ously suffered

a colllsfon r¡Íth partlcle 2. ülhen Èhe efßect of the streamlng operators

ln (3.26) 1s evaluated, we obtafn

h2(v,v2, t) - nho(vt) h(v, t)

¡t(
* "t .| u.' 

.| 
dv3 e[vr-vr)(vr*vr)] Irz-'sl rro(vr)

o

* lho(vr) h(v*o) - ho(vr)h(vr,o) I exp [-no(vr) (t-t') lrr-tr ll1",-"r ll

+... (3.27)

If we retain the ftrst tr,ro terms of thls expansl.on, and replace

h(vro) by h(v,t-) tn the second tern, we obtain after substitutfng

(3,27, lnto (2.27) an equation of the fom
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$ - o"[h] + "t f: dr' A(r-r')h(t') (3.28)

lrfth A an operator.

If equatlon (3.28) fe to correctly describe the development tn

time of h, then the three-body tern fn thle equatfon must approach

zero for long tfmee. Sfnce nany-body'dynaufcal effecte are fncluded

fn the operator A, (3.28) has the desfred behavfour for long tfnes.

Iùhen the exponentÍal danplng Èerms ln (3,27) atd (3.28) are replaced

by 1, thle belng the flret tera fn thefr denelty expansLon, we obtafn

fron (3.28) an equatlon aleo derlved by Lebowltz and Percueb5.

However, Lt does not have the property that ah/ât + 0 for long tLr¡ee.

t1re coefficl.e¡rt of self-diffusion le obtafned fron (3.28) as

follows: The functlon { satÍsffee the lntegral equaÈÍon

(
- I Ut' ho(v') v' h(v,o)

' nB[o(v)] + "'f: .. I u.'f dv'v'ho(v') A(t-t') h(v,r')

whfch can be sinpllffed to
(@

-\(v) - nB[û(v)] + D2 I a. A(t) 0(v) (3.29)
Jo

Becauge of the exponentlal terms in A( ), the operaror [- at A{t)
Jo

fs ffnlte and Le proportfonal to Llt. Hence on writtng
(-

A-n I drA(r)
lo

eqr¡åÈfon (3.29) can be ryritten

-\(v) - n(B + Ã) 0(v) (3.30)

Thfe 1nÈegral eqnatlon can be solved LteratÍvely:

ó(v) - -o-l(r + r-1 ã')-1 ¡-lt*"<"ll
-t -l - -l - -t - -t. -n'(l - I - A+B' AB' A+ ...)B .[\(v¡¡ (3.31)
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0(v) cen be evaluated from this expresefo¡ by nr:mertcal nethods.

The contrfbutfon of the fl.ret four terus of (3.3r) ro D fs o.2go.

contrfbuÈlona from furÈher ter'r appear to be negftgible. Thue ft
seens thaÈ a very good approxlnation to the coefffcfent of self-
diffuslon can be obtalned frou a correction to Boltznannte equation

which takee lnto account three-body dynanics.



APPENDLK A. ÎITE HIERARCSY EQUATIONS FOR A CAS OF RIGID SPHERES.

For a sysÈen of rigid apheres or dlscs, the hlerarchy of equatfons

satlsfied by the veloclty dLetrl.butLon functlons can be rrrrltten ae

l-e-^, ì ç
[ãE 

- 'oJ 'oGr, "t4L,t, - t, Ji,o*t[trr*rGr,",".,*1,t)J (Al)

The operaËor trr' ls deflned by equatfon (2.21\ of. Chapter 3.

I'le now sholr how (Al) can Þe derlved from the uaual fom of the

hierarchy equatLon f.e. equatlon (2.19) of Chapter 3. Our analysls fs

b¿sed on GreenrE¡ approach to derivfng Boltznannts equatlonT.

. I{e begfn the derlvatlon of (AI) by considerfng the expreeEfon

I

J 
ua*, (forur,r,*t) 'Lr"t*t (3r ¡ ' ' r-?'rç¡' t) (42)

whlch appears ln the hlerarchy equatlon for frr. lle consider the hard-

ephere poteutl,al to be the lLntt of a sequence of contfnuous, ehort-

ranged and repulefve poteutfals. The sequence Vo(r).(a/r)n, n - 1 ¡2,,.s

ls a eultable choíce.

Only those configuraÈfons of particles I and n*l fn whlch the

partlclee are wl.thin the range of their f,orces contrtbute to (42). Let

(Ë1rJ.1) and (q*rrv,rtl) be euch.a.conflguratlon at tLne t. tle choose

a tLne to prlor to the tl¡e the partfcles begin lnteractlng and Euch

thaÈ t-Ëo ls eufflcfently short that we can neglect the possfblllty

of a thlrd partfcle tnteracting wlth I or n*1. x*(t'), !*(t'),

5*r(t') and q*r(t') denote the posftlons nd velocitfee of these

partfclee at a tÍme t' fn Èhe lnterval (tort). then

fo+r (år i.. r4(t'), . . r8 r.,.1(t'), t') - fn+l (Et i.. r?L¡. . r{41rt)

where zf1{t, 
"od 3o+t - zr*r(t)

I{e now wrfte

fo+t(Zt¡..,Q¡+lrt)' fr,+tkri.. r\rl1(to)r.. rå+1,\+1(to),t) + a

(A3)



Ttre term A depends on the dffferences to-t, q(co)-q and

xr*r(to)-ërr.u1. For a hard sphere potentÍal À vanfshes sfnce these

dÍfferences can be taken arblÈrar11y snall.

q(to) and v¡rl 

'(to) 
are functfone of fn(t)' vrr*1(t) and

r(t) - xn*r(t) - ¿n(t). Alternarlvely they qay be regarded as functlonE

of 
"(to) 

and the elght constants of the motfon for two body encounters.

These nay be taken ae the components of the totel momentun vector'

angular ¡ûomentüm, energy, and the angle bet¡seen the directlon of

vt+t(to) -:n(to) and some dlrectlon ln the Plane of the relatfve

tnotlon. The constants, whlch we denote by Igtlrvn+1r!)rt ' 1,"r8,

satfefy the dlfferentfal equatÍon

[ç,
-Y{) Ë'h, - l-*,lJ 

uur,**1,!) - o*1
m

a

âr (A4)

Aa v-_l- and L+t (ao) are also functlons of lf,, they also eatÍsfy

(44). Furthermore fo+f (3ri. . r!1rY.1(to) r'. rxr+1'Yr*, (to) rt)

also satlsfies that equatlon.

Using (43) and neglectfng A we wrlte

(fuu,.,r,*r)'fufu, (t) = - Ë'å-*tn+r 
(3r ;' "å'å(to)'' "å+t'v,,*1(to)t)

On using (44)' equatlon (42) becomea

I u^n (y-r*r-å).þo+r bi,. rr.1,\(to),'.,å+1,å,+r(to),t) (45)

In equaÈfon (42) lre may reatrlct the lntegratlon over å+t to a

regfon ln which lä*f-If l . " 
+ ", where e << l, provfded the

potential 1s sufffcfently short-ranged. thls corresponds to reetrictfng

ttre integratfon ln (A5) Bo values of r for ¡rhich l:.1 < a * e. Using

Gaussrs theoren and taking the lfnlt as e+or whfch corresponds to

taking a hard-sphere potentlal, (45) becones

(to)



da (Yo*r - Ir) fn+r (3r i. . r\r\(to),..,\+ê,\.r-,(to),t) (46)

where dg Ls an element, of surface of a sphere of radtue â. Now ff

a. $.r1 - å) . O the partlcles are approachlng each other, and so

q(to) = q and vn+l(to) - år+t, whfle 1f ..(Io*l - å) t 0 Èhey

êre receedfng and :n(to) - gi and vn+l(to) - {a1 are funcÈfons of

Ilrvn+l and a wtrfch are gÍven by equatlone (2.23, of Chapter 3.

Equatlon (46) can then be lrrltten

ds. (+,*r - y{) e [9. (h+r-:h)l

x [fr,+l (zt i' "ë1'Yi" "ë¿+a'ví, r' 
t)

- fn+11år ; " r{r\r " r\-9rvr *['È) l (47)

(47) Ls one of the terns Ln equatlon (Al). The other terms can be

obtalned fron the forn (2.19) of the hierarchy fn a sfnllar fashlon.



@upIx B-. ¿n ATTERMTTVE CORRECTIQN TO BOI.T

The equatfon for f whlch wag derÍved Ln Sectlon 3.5 resulted

from a nodlflcaclon to the prfncfple of molecular chaos fn whtch the

effecte of Èhree-body fnÈeractfons were lncluded. Slnce three Part'lcles

can lnteract through a sequence of blnary colllefons for a long perÍod

of t,Lme, the effects of collislons wlth further partLcles !ùere accounted

for approxlnately. lte now derive another closed equatfon for f t¡hfch

lnvolves a three-body term. The poseLbfltty of lnteractlon bet'ween

threè particlee and other Partlcles fs allowed for by a dampfng term

exp(-tnt) where

Àn = -nB(yl) - ... - ns(k) (Bl)

The physical sfgnlflcance of thfs cholce for lt Íe explained 1n Sectlon

3.5.

The notation of thls appendlx 1s the sane as for Chapter 3.

Becäuse the operators Lt and lt as glven by (Bl) do not cotmute

.thã effects of the operatore I(4rr4a,t) and T(Zrr7rr2r,t) are aome-

whaÈ more dtfficult, to evaluate than r¿hen Àn = -nc(gt).

the dlstrfbutlon functlons f and fZ ltere given as expansfons 1n

terms of the lnftlal conditfone by equatfons (4,7, and (4.8) of Chapter 3.

f (t) . r(Zt,t) f (o) + n dt, r(gr,t-tr) Jl3[(r(år,zytr)
t

o

- r(gi,rl)) ho(gr) f (g.r,o)J

fz(t) = t(Ert!2,t) rrz(h¡xl) hoCL) f (zr'o)

+ n2 [t u., r(2t,4.,t-tl) (J¡s+Jzs)
,o

(82)

x ¡(r(s, tet?3t.r) - r(zr;z*t)) hoQ) ho(Is) r(Zr,o)! (83)

Now to obÈaln Enekogrs form of Boltznann's eguatl.on, we uuat express



f2 as

f2_(t) = îz(xz;xr) ho(v2) f (t) + ...

To achfeve thfs we wrLte

r(zt,zz,r) = s(zr;z*r) + n f: ..r s(zt,zz,t-tr) (s(yl) + n(\,,2))

* t(g' zz,t1) (84)

whLch follows from an examLnation of the dlfferential equation

satfsfied by f(Zt,zzrt). The streamfng operator S(t) was deflned

ín Sectlon 3.2.

Now, from the densíty expanslon (2.30) of î2, we find

S(Zt,Zz,t) nr(xr;ër) = n2Gr;xr) + n2 dt, S(2, "z^rt-tr)L 
-L -¿ 

¡

t

o

f uu."rz (e-v(ë're- 8) - t) (Bs)

where x.^ = x, - x^.
-LZ -I -Z

Ilence from (83), (84) and (85), for precolllsfon confl.guratlons

of partfcles I and. 2,
(t

f2(t) = nr(5r;xr) ho(tr) s(gr,t) f (o) + "' )o dtr s(Zt,Zz,t-tl)

* f uu.=r, {"-v(ë1 2-a> - 1) ho(vz) s(zr,t) r(zr,o)

rt
+ n2 I atr S(zy¡!2,t-t¡)

I

x (Jrr + J23)[I(zr,z2,t¡) hot¿z) ho(va) f (¿1,o)] + ... (86)

From equatlon (82)

f (t) = I(z ,t) f (!r,o) + ...
¡t

= s(gl,t) f(g1,o) * 
Jo 

u., s(:.r,t-tl).lrr[r(¿1,t) ho(v3) f(g'o)]

+ ... (87)

Cornbinlng (86) and (87) leails to



f zG) = rLz(xzâxr) ho (yr) t(t) + n2 dtr S (z1r!2,t-tl)
t

o

x f uu."r2 ("-v(ë,1 z-9) - r) ho(v2) rGr-rr(t-tr),v1,t¡)

*n2 dtl S(!¡,22,t-t1)
o

t

x {J1r[(r{g' Zz,tt) - r(z'tr)) ho(vr) ho(ar) f (z'o)l

* Jzg T(Zt,zz,tl) ho(.¡r) ho(vr) .f (zpo) l ] + ...

To express l(gl ,gz"tt) ho(v2) f (zrro) in terms of f (t),

observe that Í(zrrzrrt) satlsfÍes

lte

(ra¡

(B1o)

th* 
"t.fu, 

*"r.å-=, - nB(J,r) - nB(v2)l t(Zt,!2"t) = otz r(2,2,,t) (89)

where

o =!"fJ m
5
äå

T(7r,2*t) = ro(-e LrZz,.l * J
dtl ro (21,22,t-tl) o12 {s (2¡,g*tr)

IntegratLng (89) and using (84)

t

o

where

ro(år t..t!y,t) = exp [-(vr.fu, * ... t h.i* - nB(J,t) -,¡.- nB(vk)).],rr,

Retalnfng the fl-rst tvro terms of the rlght hand elde of (B11)

and substitutfng lnto (88), glves an expreasion for fz lnvolving

S(gr,t2) f.(zyro), which to a first approxirnation, equale f (Ztrtz).

Hence
¡E

f2(t) = n.(4r;xr) ho(v.) f (t) + n2 | utt s(Zt,Zz,t-tl)
Jo

* | ua..r,, (e-v(ër z-e) - r) hoqh) r(-l-rr(t-tr),r1,t1)j --t'

rtr* " J o 
ut, s(Zt,Zz,t-rr) (t(.'r) + B(g2)) r(-?., ,zr"xr)| (811)

(cont" )



+n2 drt s@t,Zz,t-tr) (Jr, * Jrr) ð.t, Ío (?t,zz,t1-t2)t

o

t
f2(t) = n2(!2îxr) ho(g) f G) + n' I

t

x

+n2

rt
x r J"

f"

0rz S (gr"2r,tr) S(zr,-t2) ho(v2) hoQs) f (Zt,r2) + ...

There are adrlitLonal terms fn (82) and (83) which we have not

yeË consfdered. An analysfs simllar to that already carrÍed out

shows that the following term occurs Ln (813).

¡tU f"drl ro (z¡,22,r-rr) ,rrt Jtla., ro (!¡,22,23,r1-r2) 0rg

* s(år,!3,t2) S(zr,-È2) ho(yr) tro(93) f(gpt2)

If we approximate to(t-t1) in thfs expresslon by S(?t,h,t-t1),
r¿e obtaln a rel-atlonship between f2 f whlch fs simLlar to an

expresslon derived by Dorfrnan33 and others.

(813)

dtt S(Zt,Zz,t-tI)
o

da.vr2 (e V(x12- a)
- r) ho (g2) f (tr-yr (t-t 1) ,v1, t 1)

(t
Jo 

utt s(zr'2r"t- J",tr) (rr r* (1 + P23))

dr2 Io (Zt,Zzrrr-r2) O¡2

* s(Zr,32,tz) s(zr,-tr) hoqg2) ho(fr) f (Zt,t2)l +... (814)

Pca- z5 is an operator actfng on functlons of zô and zo, deffned by

Pzs E(Zz,Zs) - E(!3,2) (Bt5)

Dorfnants expressfon dfffers fron (814) ln that the operator

to (Zt,!2rt¡-i-2), which appears in the thtrd term of (814) fs replaced

by

exp t-þr.fu, * g, .fu, - n¡(rz.r) - nB(./z) - nB'tg,))(tr-tr)l

where B'(yz) ls deffned on functions of vz by



B'(vz)'teQ2)l - 1u", f dg.ggz s(a.v32) [hotÉ) e(:ã) - tro(g2) e(vg)](rro)

rlhen (814) Ís aubsrftuÈed lnto rhe flrst hferarchy equatf.on ve

obtain a closed,equatlon for f whlch applfee to gaseo fn ¡yhfch

three particle .tnteractLons are luportanÈ.



APPENDf,K C. SOLUTION OF THE HIERARCITY EQUATIONS FOR A GAS OF POINT

In thls appendlx we aolve the equatloue governfng the dfstributfon
functfons r.(n) deffned ln sectlon 5.2 for a gas of pofnt partfcles.

J

From equatton (2.16) and equatfons lfke (2.13) of Chapter 5, we have

ft - rT) er(") t"r; .. , zo, r)

þ*'*, l'*, I lrr (zf ..,xl,v*r,t)= llm
e'|o

PARTICLES.

(zf ,. rxlrvrr*rrt)l

v
(n+1)

(J)

where

and

(n+1)
J

aQ

forJ>o

rr(1) {",o) - Hli-'"-'\ (..,)

(ct¡

(cz¡

f (n)
k (k - J-l,1,3+l)

xI=xt-esgn(rrr*l-rt)

(J)-J+egn(ro*1 -rt)

lle solve these equations when the fniÈLal condLtions are

-f.

(z,o) = ô(x) ô(v-v')f(j)
o

o(x<L

otherwfse

forJ<o

rr(l) {",o) - tjrt) (-x,v, o)

I{e show that tr{t*tl can be expressed fn terus of

and thus Lt fe possible to break the chatn of equatfons (Cl) and effecË

thelr solutfon.

trùe lntroduce the function, deflned for n Z 2,



tr(") <"r, . . , zrrt) - ,rto' ("r i .. , zo, t)

,ti-t' (zLi .. , Zn-1, t) h(zo, r) (c3)

where

5*-J_1 -vt<n xl - vlt

-f.

Ocx n

-J+1 *r-rlt<xn-vnÈ<O

= J othenlLee

and

h(x,v,t) - n ho(v) + ô(x-v-t) ô(v-v')

ff-L<x-vt<L

= Q otherwfse

l,le now conffne our attentlon to conflguratfons of a¡ n-partfele

sygtem for whlch partfcle j has euffered no colrfeÍon in fts past

hfstory under the n-partlcle mtLon, although there nay have been

collfslons lnvolvfng other partfcles. For such cases, the Liouville

oPerator tÏ becones

* ... * vn

Uslng the fact that

v a

â*t

(*;*" h(xrvrt) - O

d

At n
I

we heve fron (G. l) that for the conffgurations under conEideratlon

(|T*"r*; +...+vn
I

r
= 11, I ur*, Iro*,

elo '

ï*") er(t) {"r; ' ' , zo, t)

-v I
(n+r)
(j) (zri..rzÍt xlrv*r,t).le

urt*t' (zri .. , zrrr xl,vrFl, r) l (c4)

Ttre fr¡nctrons ,r(o), g,(ttl) and t[ïit, appearlng 1n thrs equattàn

are evaluated only for confÍguratlons ln which partLcle J, or pa¡Èfcle

G), haa suffered no colllsÍoa.



Now g,(o) - o at t - o, eB can be seen from a consideratfon of"J

the fnitial condlÈtons (C2). Ëence equatfoo (C4) lnplÍee *r(") - O

for all auboequent tlmes and so

trt"',r, l..tz,..tt) - fjl-l)(rri..rzr.-1rt) h(zrr,r) (c5)

for reglons of phase space befng consfdered.

It 1s thfe relatlonshlp whfch enables the hfererchy equations to

be sorved for f(1)J.
Sfnce (C1) for n = I Ínvolves trt" only for precolllslon

confÍguratlons of tqro partfcles, equatlon (C5) can be applled to thfs

equatlon and we obtafn

(ft * " åJ r.r(z,t) - Yo[t,-r(z,r) - rr(z,r)l

+ ßo[f3+r(z,t) - fr(zrt)]

where' ¡¡- - x - E sgn(v'-v) and e(x) fe the unit step ftrnctfont

* lln ô(x -v't)
6+o (c6)

pr
o

¡ (x+¡.) / t
"l dw(w - v) ho(w)txlr

¡xltto = tJ 
(*r.)/tdt(v 

- w) ho(w)

Because of the ô-functfon tern on the rlght hand sÍde of thle

cquat,fon, f. ls dfscontlnuous aË x = v't and consequently
J

lfn ö(x--v't) cennot be replaced elnply by 6(x-vt). In Ëhe
t+o

froedfate nelghbourhood of the dfscontinufty, (C6) can be ainpllffed

Èo

(rnv') ã¡*hrt fJ
e(x-vt) (v'-v) [f3+t - t:]

- lfm 6(x -v't)
E+o

+

e (vt-x) (v-v') [f lJ-r -f, j



Integratlng thls equeÈ1on acroaa the diecontlnulty yfelds Èhe

followlng relatlon beBreen the values of tJ on efther side of the

dfscootinuity:

ll.n f, (v-t - Ç¡vrt) o lLm f1.u1(v't * 6rvrt) (c7)
Eæ J 6*o

Using these relacions and those of equatlon (C2) as boundary

condftlone, we can golve the equatlon

(*, * " þ*) r,r(z,u) - yo[t'-, þ,t) - tr(z,t)!
(ca¡

+ ßo[f5+t(zrt) - fr(z't)l

which fs valld evetynhere e¡ßcept at the prevfouely mentloned point

of dfacontfnuity. To solve thls equaËlon, we defÍne the Èransforn

functLon n(e) by

@

n(0)= I e
Jr-o

10J f (ce)

(cr0)

(cl1)

J

tJ I
2¡ ¿e e-foJ n(o)

o

rrom (CB) and (C9) we fLnd that n(0) eatisffes the equatfon

(h * " *-*) ln n(e) = yo(.10-1) + Êo(e-re-r)

whlch can be Íntegrated lmedlately to obtaln

n(0rxrvrt)

o

t>t >0
o

-{a- r) + Êo(e'*"- 1)l

otharwise

- n(e,x-v{t-to+),t,tJ "-'t Jl *ut' [vo("re - 1) + oott=lo- t)1)

whtch has the lnveree transform

2t¡
E

* rì(grx-vt¡v¡o) e¡<p ( f" a. [yo(e
fe

= (¡-vt) I (v'-v)

1s lnfinlteafnally larger than ao

where

to
+

o
and t Theee results follow

(ctz¡



from fntegratlng (Clf) do¡un to the pofnt of dfgcontlnulty at

t orto t'-o 1f too
It can be shown that

_r ¡t r (x+t) /t
n'l dt'B - |

J1 .o J*/t

r(x+L) /T
I
t xlr

t doee not lÍe between o ¡nd t.

dw(wt - x) ho(w)

dw(cr - X) ho(w) - t I
(¡cm)/t

dw h (w)
(x+r)/r o

and

rxlt
J,*-

d¡¡(x - wt) ho(w) - ¡. dw ho(w)

(cra¡

(x-1,)/r

(x-t) /t
(c14)

It can also be showl from

(c1s)

(cr6)

Yo'dt'f;
In

¡x/t
I a"(x - wt) ho(w)
J (x-L)/t

L) lt I

where T La arbftrary and X = x-vt + vT.

(c2) ana (c9) that

¡(0rx-vtrvro) - ô(x-vt) ô(v-v')

+ .f0 n ho(v) e(x-vt) e(L-:r{rrt) exp [n(x-vr) ("1e - r)]

+ 
"-10o 

ho(v) e(vt-x) e(t+:r-vt) exp [n(vt-x) ("-f6- t)]
and frou (C7) that

¡ (grx-v(t-ao*) ,v, to+)

- exp [f0 agn(v-v')J n(e,x-v(t-to-)rv,ro1

whete t^ is tnffnfteeLnally legs than t_.O -o-

Flnally fron (C10), (Ciz) - (c16) we have thar

f r(z,tl - åï.f:t.r .-roj { 6("-vt) ô(v-v')

+nho(v) e(to) e(t-to) e(t-x*vt) e(l+x-vr)

+ n ho(v) [1 - e(t-to) ,(ro)] [.ter(r - x + vr) e(x -vr)

+"i10"(L + * - vr) e(vt - x)ll

x exp [(e
10 - 1) u(t) + (e-10 - 1) u(t)I

(cr7)



where
r (:cH') /t

u(t) - nl dw (wt - x) ho(w) + nL
txl¡

and

¡xltv(t) - nl . dw (x - r¡t) ho(w) + nl,
t G-r.) lt

Ja*"rr.u'ho(w)

(x-r)/t
dw ho (w) (cta¡

-o

In the lfDft L+o and for J=o, equatlon (C17) reducee Èo the

reeults obtalned by Jepsen44 and: Lêbowftz ¿nd Percue4s.

fhe ûoportant feature of the nodel we have been conEfdering whfch

oakes ft poseLble to sol-ve the hferarchy equatfons, I's that the order

along the lfne of the paftfcles Ls DaLntafned for all tl.mes. Howevert

tt ls poseible to er(tend Èhe resulÈs obtalned above to uore conplfcated

one-dlnensLonal Bystems by uelng perturbatlon technfquee. As an

exaople consider the caEe of golnt partlcles whfch have a veloclty 1n-

dependent probablllty R of being reflected upon collfefon. The

hlararchy equatlone ln thfs case are

ft - tÏ) ,rt"' ' nJ a' l'o-'l (rrr{"+tl - rrt'*tl¡

- nJ a" l'-.,1 G[îît' - rr{"+ri, + ERf aw lv-wl (rrr("+tl - t[îit')
(c1e)

Here P Le an operêtor whfch per¡utes the coordfnates of the

JÈh partfcle (f.e. xrv) wfth those of the unlabelled particlee wLth

whfch 1t 1e about to colllde (1.e. x-rt¡). The queûtfty t'1 1e a

narkfng Pataneter which Índfcates that the teËB fÈ nultfpllea fs

preerrmed to be snel[. ThLs term vanfsheE 1n both the R=O and R-l

lf.níta. Ì{e aEerse a eolutlon to (C19) of the forn

rÍ"1 - I rk (rJ("))k (c2o)
.t¡

The to equatLon fs

(# . "î) (trt')o ' R I u' l,*'l tG[îil')o - lrr("*r))ot (c2r)



whfch can be golved for n ). 2 Ln precollÍslon reglons ae be.fore to

obtaln

(rr("))o= [rr(T-l)).n Gzz¡

where lr is aesumed thar at r-o (trt"')o - tJ("). A closed equatlon

for (trtt')o can be obtalned by eubstitutfng (C22) for rtn2 fnro

(C21) for n-1. Thte equat,Íon can be eolved ln exactly the ûanner

prevfouely dlscussed to obtafn

2TT

d0e ¡ (0,x rv, t,) (c23,
o

where

n (0 rx, v, t)

(tr(t')o' I
2\l

:-U 0

x exp[(e

Here

ß(v) - n

= {o(x-vt)ô(v-v') + erenho(v) e(x-vr) exp[rrlx-vtl (ele - t) (t-R)]

+ u-1Ooho(v) e(vt-x) ë(plnlvr-xl (.-re - l) (t - R)]]

* {t + e(t-to) e(to) (R - t) exp[igsgn(v-v')]]

-10- 1) Rtr(x/t) + ("10 : 1) Rrg(x/t)j

[ 
* (w-v) ho (ú')

v(v) - " f:.' (v-w) tro(w)

(cz+¡

(C24, fe dertved by assumfng that the 1nitlal dfstrLbutlon of

partieles fs over an fnffnlte Ínterval.

Equatfon (C24> provides a correct expressfon for fÍl) fa the
J

cåaea R-O (a perfect gas) and R-l (ùnpenetrable partlcles). For

Rfl, the factors

exp[n lx-vtl (.tle - t)(l - R)]

whlch appear ln (c24) assure that ,trtt'ro 1s exponentially danped

and so higher order perturbatfon terms of (C20), whleh fron (C19) obey

eqrratlone of the foru:



¡!- + rï) (rrt"')u = *j u' lrv-vl rtr[îit)]o - 1rr{"*r))nt

* *J u,, l,-,1 rr(rrt"+t))u_, - {r[;]t))n_rr

w111 not exhlbtt secular behavlour.



The purpose of the appendI.x ls to eolve the one dfmensional forn

of Boltznaunt s equatlon

åE n,rr,t) - p 
J arl" - wl ¡rratv)h(¡¡,t) - ho(w)h(v,t)l (or¡

Deflne

g(v,t) - 
J 

Urr, v, ho(v,)h(v,t). (D2)

rt ehould be recalled thaÈ h(vrt) ls also a fuactlon of v,. rn fact
h(vrO) - 6(v - v') eo that. g(vrO) - \(v) ls ao odd functfon of v¡

Let

tl-
B(vre) - I ¿. e-8t g(vrt) (D3)

Jo

be the Laplace traneform of

eä(rr,e)-g(v,o)-el

sfnce g(vrO) fs an odd functl.on of v, the Lfnear equatlon (D4)

1opl1es thar Ë(.rr") le aleo odd.

Introdrrcfng the arucllfary functfon

G(v' s) = I dolv - ¡,1 Ë(,,r,s) (Ds)

we can wrlte equatlon D4 ae

APPENDXI( D. gp soturrgN,oF 80rr ûl's

,g(v, Ê). then aatfeffes

dolv - ,l¡to{*')t(û¡,s) - tro(t¡)Ë(v,s)J (D4)

s *Ér,zc(r, s) - 2g(v, 0) - r ft [tt", "l # - r(r) 8$J (D6)

where o(v) fe defined ae

ä(*r, ")

rntegratfng equatlon (D6) and usfng the boundary conditions

f:

c(v)-Jarl*-.¡ ho(r,r)

G(o,s)-0,*$l --2 d, Ë(., s)

(D7)

v-0

we obtain

G(v, e) -
[" 

* o*."r] f" dto r(o) 
[" 

* o",^rJ
-2

(D8)



r¡here

and hence

f(v) - , 
J" 

., s(o,o) - 2[" * oo(o)J f" * Ë(,,")

ä{o, -¡ - ¡ ¿2
ãiu

['u, Ë(rr") an uoknown quanËiry in equaÈion (D9)r cân be obtalned byJo

lntegratlng equetfon (D9) to obtain

[t * r(s + pq(0,) 
J" * f. ao, no(v)(a + pc(o,)-t] 

f]u" Ë,",",

= ,o Ï.dv ho*, f" dto (a + pa(ro))-' f, * s(u,o)

+ [- u., e(v,o) (c + po(v))-l (Dro)
Jo

lhe quanÈfty 0(v) deflned fn equarlon (3.6) of Secrion 5.3 te
given by equatlons (D9) and (DlO) ¡yirh e - 0.

Let us consíder the efgenvalue equatfon

Àb(v) = Blb(v)J (on)
one solutlon fs b(v) - ho(v) wÍth À - 0. To flnd other eolutfons lre

note that the efgeuvalue equatlon is of the foro of equation (D4) with
g(vr0) . 0 and elp - \. Hence the eolutÍon fe glven by equatLon (D9) and

(DlO). In partlcular the rlghÈ hand elde of (DlO) la zero. gy consfderfng

Èhe Left hand sfde rre eee that I < - d(O).

G(v,s) - oho(v) f] u, t,r,

t s(v,cl [" 
+ ott.rl]

-2
s * pa(or)

-t
(De)



APFENDTX E. Cq4ARTSON !.lrTrr lHE I{OBq OF SENGERS.

It fs Èhe purpoee of thfe apperrdf:ß to chow that the fntegral

eguatfon

-g hoG) - (nzB * fu. A3(t)) gg) (El)

utrich reaults from equa¿fon (2.21) of Chapter 4 reduceg to en Lnte$ral

equatlon dertved by Sengets et a1.75 when the exPonentfal teru¡ 1n

the operator Ag are replaced by I 1.e. when only thrce-body

coutrfbutlont to A, are consLdered. Sengcrer equatfona regult fron

an analyefs of the Choh-llhlenbeck eguatÍou. A3 Íe given by equetlon

(2,22) of Chapter 4. If Ã, te the re¡ult of neglectfng nany-body

contrlbutlon¡ to Ag we wtfte

.q,

Jo 
ut a3(t) - ttq

and ehow that Ã3 le re¡.ated to the oPerator I

SengereTS.

Fron (2.22) oÍ, Chapter 4, we flnd

Ãr{v.¡) !.(sr) f -* r* r* rr, (hog) o{=r)l

consfdered by
3

r¡

* Jrz (Co(3rrgr) dv^ d3.grz [r-"*Qt-u)]

r hot¡) hogr) g(sr))

+ rr2{co(a,,3z) rr, [frs ho$) ho(93) gq)l]

+ rrz{co(\,Ql rr, [rß no9) ho(%) l.(å)]]

t rrz Go(sr ,4, [uzr lur'*, e(s.\rsr) 
fun*r-=í)e[Þ.(gr-:¿íll

r Go(Ë¡,rí'rzrþ) oQhr- Ð ho(gí) thoqá)0Q'í')

- ho(t¿) !,(y,í)1)



* J r, {coÇ 'a) J.* J 
de..!sz ,(s.grz) fu1.*;-utrtr.e;Ë)I

* co(Ër,!¡,\,$) 6(qrÐ hoQí) tho(u;') ôClí)'hoqáU(gr)l]

* J12{Go (zt,h) f u=, I uu.=r, eG.hz) f un.(yí-y.r)rtÞ.Qi-rr)l

* co G, ,v,2 ,þ+g.,Ij) o (¡,,+a-þ) tto Qá) [bo (vá') ô (y.í) ]

- tto(rá)g(gr)I

- rre {Go(år,sz, fuO fun.=r, "(e.%r) fut.=r, e(Þ.rsr)

* co(å,rr,å-ê,%) ôQhr-e-Þ) t'oQz) tho(y;)OQí)

- ho(93) i(v1)l) (nz¡

tr{e have fnttoduced the eynbols

.-vjk -l
and

fr'Jk (ur¡

(ra¡Go(ar ,4) ' Ji.. "*F1g,.*-
â

Je'ax
¿

whÍch Íe equal Èo the tern deffned by SengersTs.lf.u G

e*o

The fourth teru of the expreseÍon (82) can be aeen to arfee from

the fact that the tetr

Jzg tIq'4,?s't1) ho(¡¿o) ho(\ts) f (sl'o)l

of equatfon (5.11) te zexo for conffguratlone fn which

l=, - 831 ' ".
Gonalder the eecond term of the right hand slde of (82). lle

wrlte

+ )tl

I
-T

.f

dv^

d,z^

dz-

I

I

I

dÊ.u1, (r-"-uGt'tnoor) hock) e(-r)

dg.Irs (-f23) ôGrg-å) ho(k) tro(gu) g(t¡)

ds.Iz¡ f ,s ôQhs+e) hoQ) hog3) g(å)



-

+

where

dz-
-5

rrg.gsr e(g.grr) rr, [6Gre-g) - 0(¡.r3tÐ]h tt¿)hoqgs)g<grl

I uU f ur.=r. 
"G.ssz) 

rre tôG¿s-d - 6(523+e)lhoß¿2)hdq)ggr)

tTn u9,E) - fuu.rrn 
e(e.lro) 6Ek-e) ,E,sí,+,4,)

I{e now fntroduce the operators

arer) !(h) ''

where we have !ùîÍtten

ttu, r]¡ ar,a ti- derrned bi

(85)

(Ë6)

(87)

(ua¡

(Ee)

(rto)

(rrt¡

Yí 'å - qh,'Ð el^z

sk - Yn + ChrÐ elåz

tîn . - I u*.qr "(ê.år) 6Ek-Ð

Itln * - J 
.r.snJ eG.fu I oQ¡-e)

these are Juet the operators used by Sengerslo.

t,n le gfven by

'rk-ft*f*t('ïn*Tn)
Uaing (ES), $ê cen ¡rrfÈe (82) ae follows:

+

* lr, r¿s * E , rrsl ho0h) rro(:3) ge,r)

* I t=, I ,uf,, 
"otrlg 

co r,, r rl, co ,

x hoQ.r) ho(rr) !.(gr)

dås f r s rzg T* hoGlr) ho(gr) g(l'l)

a-zg îr. .o[(ri, - {r)rr, * $, - 4Jtrc

* leg GT trI

dz^

dz^

The operatot

l2 o

". ' f" dt expt-q.ä * =r.ä + g3.;;.)tl (ntz¡

EquaÈ1on (Elr) fs equfvalenr to an eEpressfon derlved by sengers

et a1.75 tf sequences of four collfelons between three parÈfclea are



neglected.

re(yl) 0(rr) - Id,z^

Indeed from equatlon (4.9) of refsrence 75 we have

23
fc

o2
T t3

(tl, * rlr) ro r,,

frsd,z -
-J

+f t

+f G
2

* rre Go T* Go Trrlhoe)ho(&)0(fr)

the final tenr of thls expreesloa vanfshes sÍnce

T
23

ho$) ho(Ir) - o

If we use the propcrtleg (see propertfes I.3 and I.4 of. ref. 75)

c

trrc

fn

e Go Tzg Go TrcTl+

f c rQ f +c ftn-c o o o o\ o

o2
Tr

3
+ G

o

2

2

lr

T I

f,tßEto tß

aad

ltr)
d. o

where a¡9 ctand for the pafrs L2, 13 or 23, we see that I
Ãr, are equal.

G

3t and
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