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FAßüS

lhl.a lh¡nls da¿ls rlth ol¿¡sca of ftßd l¡eth ¡tnü¡y oodr¡

rH.eh qn bs u¡ad for tnfou,d,on tmnn¡l.s¡Lon fn * lro-¡tsto cùa¡nd,.

ths¡s ooiloe a¡o collcd qynßhrr¡no¡¡r cod¡s.

![br 4rnchrrmoua oodee oon¡tnrtod hore ¡re Ln gmenrl norr

efflalcnt tlra¡ eodee IÐfiT to be 1n r¡¡q at tho montl¡ fc rtr
pqenlblç aode lan¡ghs. In foot, tbere Le pme nd.d,r^ar"rty beheffi tho

ncr eoil¡s and tlm losa-ts¡H.atod cwa-ftËå codce of 0ol"onb, Gondon

cnd Bclahr.

Gilbrrt r¡¡r¡ tha tcohnfqun of ttxtng oertaln pøtttq¡ i¡
eysrlr codc rord te aohxcve ayncb¡roaLaatim¡ 1n this thsels an mttnfy
¡er tcobn{qw tÉ aehlovf-ug sy[obronfootfon Lr deveropod, rùü.oh rtt66
the code¡ rhloh tr¡s lt to b^ave htgh cftLctency¡ trha tacbn\rs conafrt¡

of oonrùlalai^ng pebn of Boottioae lnstead of ff¡t¡¡e poattåcre. 1!ba

Furo tcobtrLqnr, rhloh prwLtlea hfÉtùy sfflelanû oodoa f,or nrlt oodr

leagthor la dcrrolorpød flrst¡ a¡d ta r¡red to soñstnrct rytohsosrot¡ oodor

analosiwt to cerbt¡ roll&(iln lfm"r and cyclto ooilee (o.S. tho

Flrs codüs) l r¡o¡ e lrybr.l.d techfqus Lo dovelo¡nü rhioh gtvrÇ hf€ù

cf,flele¡alaa fc ¿l1 othor ood,o lengtba.

..8.t. 0ltbert, rsyaohromfsÊtlon of Ein4¡ Heaeegrer¡ I.E.Ë.

hnnaect{o¡¡c oa Infrsatfm llheor¡r¡ $e¡rtaaber¡ IgSSr

Ð tcm-frrd codssrr caneatfâü Jo¡ræl oû ¡bthr, 1g5go



htotå (cont.).

b?ætr¡¡uoue oodeo of ¡v¡r¡ lrn6tù ¡r'e al"so itwelopeit¡ üil
tücr¡ ¡rc nbcu to bc frty ðI¿ütly loaa sfflolcrt th¡¡ eærespm¡llag

oilil lcn6th codü¡¡

llstr Gl,lbcrt¡a tæbrlçto 1r gpnsnl,tædr rnd a ol¡sa of

oodao te dwaloçcd drtsh Lr a¡ eff!.slqt aÊ ¡¡Ur alsss oû o{ea úfù
uËoÊ è flsd pæltlou tecùnfquo oaD bc'

Ittnally, it ts prervod th,t a ryncheonor¡s qodla oûnrûû be as

offl.cfmt rB e ð@-ft?e code, oreopt for vory sæ,ll ao¡lå l€ngthg,

Inr.f,aotr e¡ r¡pÞæ torr¡l m the efflotency of s¡rnclnuow cdea f¡
tlcvelopaå rhfob 1a aqrd.atønbl¡r laa¡ tù¡n tbat qr aoñßr&tae oodeap

and, oodaa ars ocn¡atnrotcd rùt6b sotr thla qrper barnd fæ d.l qode

leaetùl uD tû 9Sr alrd ràtÉh appmac,h thn bor¡nd fæ cadl¡ lenelåa

¡f*tel tl¡sn thic.



fo th¡ btat of ry kncrhdgl rn(l bollofr nq¡ ú tbr

¡atrr{,rl fn thta tùcsl¡ }es cltbåt bcen prercnt¡d fcr th¡ alr¡d

of, a dcËrrr or dlplru l¡ rny Uúværlty or nrlttm æ puÞIldrd

Þt rrctb¡r prntorr¡ uoo¡lt rhrn rrrf¡¡l¡rc¡ 1; nd¡ f¡ tbr Ðrto

D..f.. -0Lr¡r¡c a



I loúd fü. h !Epü?ðr ry tår*a to &. I. Ilf,.nk*ttca

låt of är frpmr Sme*ù É¡trbLlùEtr blt¡trutr 8æth

ûwtralJ¡¡ for f¡t¡oduoflqß ¡!¡ to tbr þ¡¡tc¡ to }tre 0. f,fir¡ of tùr

Fln¡fnrrtng Deperfuutr Ihlrrrclù of Âôrlaf.elr¡ fæ hrlp oo'lo¡mt¡g

Ð fraatbfffÞ of lrrpla¡abtt$¡ of ftr hùd,$tð tb¡o¡{,Drü

hærlnl antl mBcabfU to lbr J'tr Slnb¡L of thr lhtbnrtlo¡

nqqfutr Uülitnltf of Ailrlal-dc¡ &r thl rry üølpfrl mæratto¡

ho h¡õ n#e ewarafng üil pwttrtler of thtt a¡tsr{¡I.

Alro¡ I thå¡rk ry rlfc tldftù, hoth fæ tfpù46 thi,¡ thorlr

mil for tùc nel sr¡Segrt ¡b åea 6ivo as ilurln6 tt¡ eqdl¿tlor



I}MROÐIICTTOS

In tlnse days of rooketry, sln,ce e:çloration anrl eg,rth

satellítee, tbere fs alc incre¿eing <leaand for reliable, efffoient

methods of t¡ans¡nittJng info:matiotr oyer long distârc€E¡ fue of the

more raLiable nedis, for tra¡enitting fnforsation under theee eircun-

Et¿ncea is the tro-state channel-, rhcre the tro statee ar€ an ront

Etate and a¡r rof,ff state, io€r I eignal of a certaí:r pmæ or tln

abeenoe of a4r sign8.I dntsoever. TIee of such a syaten elimiaa,tes

€rnors rhich can occur in systeua rhere ùe pøer of tbe slgnÊI ie

faportant.

llheee tro st&tea e¿n be roprasanted by the binarT digÉte 0

and 1.

In a th¡ee-state eJrannel, r€ can s6ad b{no'ry dgt¿ anil teserr€

the thlrcl state for oomas (e¡aces) betreon rorde. But uac of such

e 6yst@ ca¡ laad to tllfficultles ¡tren üre ¡eceiver bas to distlneuiah

betreen the threo statec, esp€oLaLly rhen tho massage ls distortad ilr¡¡

to crterr¡al factorsr ergo attos¡ùerto statla or te¡n fnols€r.

lFhersforo, ttrare ia e neeil d codss rhlch a¡e euitabls for tæ¡enieslon

in a tro-state chsnnel. But re must uae both of the etates to t¡ans-

sft infømtion¡ antl re have no etraightforrard neürod of inclÍceting

thc point at rhich one Ínfomation b¿tch¡ or code rordr ende ancl the

nert code rord sta,rts. Ând r¡nless y€ can bs s¡xe that ve ca¡¡ finil the
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ôt¡lt of ¡ opilr rûrd; tltbñ ¡t th¡ begi,nmr¡l8 of th. trots¡dl o" r:8ter

r loas d rynùrmfË¡tlon bcÐrm th¡ roeiv.r rd tb.r tanrrtttrr

dtra tô r¡trrnf lnùrn.dcuttr thü eod. 1t trr.hlsr

!!lwæ ßrú bo rets of dol¡¡;" tbLc, ?ho flæt ir tbst

auploysd þ thc v*t1lble langth woodllg* trlth ¡ush ooilar rÉ tb.

It¡elf ¿ftrr onty r ffrrlt¡ anor¡ut of {nf,omtf¡n¡ haa bsü lott¡ tta

a¡ûaa ert co¡¡tn¡oted ro tùrat lùlr rrl"LL oaontr.

fb¡r rrrÍ,rbh laagth *nood,ln6a ¡rr exq¡llæt for the trnnr-

n1¡c¡lûn of dphabrtio drt¡ ¡trr¡¡ Tb¡ htterc have * varl¡!il,r ploÈ¡btllty

of ooournuo¡ r .

¡fitrá.o ¡htr rrqutñÊt l qltffcr€Dt rB¡rruebr ['r ¡r$r.

åter5r rtt$t har lihr rur prdhbfltry d Þorn¡rnrattrt 8d lt la

dffif¡ôblc th*t avorp codt sor{ haa üre roo lægtb. ft18 to ocpefrlþ

tr.rr ff rs rfrh to t¡mr¡rtt l¡&:aatto ln ps:flr[¡l oh¡¡nelcr

Fc tht¡ !fÒr{E¡ the¡r tò r nrld fo¡'caüe¡ t¡ rhlob 6vaqt

sodr rtrd hm thr ¡m ltrgtb æd rhisb oln br t¡ed tl ¡ fier¡¡.¡.

ohrsrle ht oa¡ee euah r cerll ætr out q¡f rynnhoutcrtùl¡i tt

ornnot reffnsluml"çt itrdf¡ s¡ tùt v¡rl¡blc I'e¡gtb coûot der $o rr

rut qpcer ths rceofrcr utth ao¡r rethotl of rocyacårnld.ug itrtlf,*

nr* qly try thLr ora br ¡&lcvtd tû vt¡ t&¡ ogdr fsutr

Ï'or rnplçr ln a elrs¿ ot' s¡¡dr* dltcwærd by üllbøt* /S/,

r sert¡in þcqu.ao. oî blarqr dl.ettu æ inrFr ¿t tlh båüfuåf,n$ sf ecob
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€oü€ rord, and rt no ot{¡er point i¡ sny code ræd. ThÅs pmvidee a

stEe netlrod of f,iinding the stortl¡g polnt e¡f a rord. But nhau tbe

input Ëressage is synchronised, thsac dlgf,ta a¡c rrated, aånoe no

lnftn¡oation can be transnittect l¡r tbøu.

This thesis introcluos codca rìiÍolr can be uscd iu tl¡¡ m¡¡

sft¡stÍons as Gilbertts codesf frcæ euon6 tbr variou¡ cleocee oú codoo

ne shnl-l Êh¡* ürat, f,or a. 6iy6n code lengthr ra can alrayr find at

leest oao oode rî:ich rill tnaunit norp lnfur-pctlo¡r pcr ro¡d than

tilbsrtts oode of tl¡c ¡aae lan4tbr To aol¡leve ttriat se hav¡ to e(F-

pll*rtc urr qrnelnr;niaLng' proceduro a littlcl but ro aba thst thl¡

dåcadvanta$a 1t not eario¡¡lf fG the first cde sisd rocelved cor*ectly

sfter s loes of ø¡nrohronlsation rill stflL be recognlsed å,üd deccded.

It ca¡r be cppmcl'eted that thcre quat l¡r a, catteÍu qinlæ¡Ë

nrnber of porit.lr;ns rhl.ah uust ba reatricted f.n urdrr thaÈ the

rooeÍver oen r€rynel¡ronise ltee1f. , e rill f1¡rd tlto valræ o:l thle

ni¡i-aus and slì(r that soee of the cod6s m rrllL construct are the¡eforc

*e ef,fiai¡nt ae codes cil th.ls type can bo.



1" ß$rEAAt

1.1. ïåSrü ÐEpI4ïrc[rr;

I.1.I. A flgril

A roril l¡ ¡ flnf,ta atquencr of rJ¡Ents of e, sçt F¡

I.l.I.l. Eba nrubor of t€m in tl¡e öeqrsnoe i^s thø J.angth d tbo

tædr end tl¡c lth tt¡s rlll bo c¿l.Led trs ith ttgit of, tùs ycrdr A

tord orf Lægth n Gân tl¡us bo ¡¡agarded aa in B-'túple of olcnqte d F.

1.1.1.â. tr¡ ¡h,I[ only ooartder th caËe rharo F q¡nsÍ¡ts óf tü.

bf¡ar7 df6lts O *¡d l. fþs e rord of, lotth n rlII bc r lcqrrnoc

of n tom¡r t¡lh tcln bcfnd el.!ùer a t to s1'¡ t¡nl!

c.8. OlOl
la e sord of length 4. ':,'s el¡Lll

ltprooout thl.a ae
0rot

1.I.3" Â Codc

Â oodc fr a aø..aapÇ aat of tsüa.

l.l.?.1" In thLø thaale re rLll only eonal,dqr ooalag Ln whfsh a'll. tho

roadt bvc tù¡e ease lsn€th. fbls eo¡mroì leügth rflI be æ.llod lho

loelù of tào Godü.

1.I.5.

fhs rarè*ht uf r rcnd ln e ooile of tbe aÞw€ ffpe 1r defLnd

to bo tbe n¡rnbor rf untts in Lt.

lÍbe exan¡rle glrø fn eectiüü l.I.l,P. i.e of reigàt &.
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1.I.4. The aot ôf eL[ ,odg of a ¡¡foen lanerlih

i¡or eech positl.Yc t¡to6er n, let
ofrBittfltr of ell rcrfi1! of knrgth n.

A oodo of len#ü. ¡ fs thrs e Bön-€EIrQr auboot uf w([].

I,I.4.1. fbe nmrber +f rcrrda fn ir(n) with wel6þt * fe Ç)¡ alncc

thavo a:¡e v units to be placod, in n poof.t;oa6.

I.1.4.Ê. Iu thLg tboaf;¡ r€ &åll ooãtlntr to rsr a to nprc¡crt tho

loneth of the ood¡ undor comÉú.CiüntL@.

1.1.5. À Cælsnftc Fæd

If a r ßf2 o+. ên., sDd b rbab, ... bor ùre tüe rords of

Ieneth ¡a and n reapaotlvely, then wo rlli dertote by ab ths rtrd

a1ae .'. abttt ... bo

1.1.6. A Cqme-fred Cda

f cod¡ Ç of hn6:th n i¡ seid to bo oml-frte Lf¡ ¿fr sn rn¡r

tro oodo rúdÊ

¡ - tap rrr lo ad b . brÞ¿ '.. b' ¡ tba

no ucrd of tha fqril

t¡+l ". aabl o+r br r O (r (n, ig i¡ t.

1'1.6.I. lia ahll dofl,m Í¡+l ... *Jf ... b, r O( r (nr to bc ¡

falçs rsrd rith rsepect to tbe ome-fÞee eode t. 'rhus ¡ sodc C l.a

c¡*!$e-f!€e l4 ncc of Íts felße t¡¡rda i.e t{isntto.I rlth r eùdr rûrd.

ç(t) a*oto tirc ctÉc
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l¡I.6.2. Ae an ðm¡ryls of €, oüBË-fFêe æite t, cond.der thö codr of
lcagth 4 çhfoir hss ae aod¡ rcrda a a.d b, ltrcru

l-0OOL å$d brOüll
rf rs ooæf.der tho ompodt¡ rorde glvon borÐr ra res tht

thcy yleld tbå corr:rrBmdtne fa-lse tcds.
a¡ r 0O[0, 01G0, 1000

ab r OOIO, t100, l0ûl
b* r qL[O, LloO, 10OO

bb r 0ll0, lt00, X.Oüt

ftr¡s rc a8¡r sei that sl¡oe C f,e oq,-frre 0ü,1CI¡ oloi.r, IOOO,

l0ül, Ollû and LIOO ca noû br sods lords,

Suppoee o r oLll Ls alæ a codc roËdr g¡1¡ r-l¡rlea tht tbe
T øde 6tvü bclor erc fetnr rc¡rdcí

ec r 0O10, 0Iü1, Itìrl
bG r oIIu¡ llolr 10tl
qß r lll0¡ II0O; ICûO

ob r LllO¡ 1lü), 1Cì01

Gc r IllO¡ llOI, l0t1

'ihr¡s th€ code Ê rfth oode rords s., b and c¡ lq,s *¡ farcs

rcrds

O0l,O, 0L00, LleO

qtol, ûI10, Ioot

110), loli, Llfil,

tlto
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firc onfy n€nbtËs .f v(4) repros€uted tn [eithcr C nor thc

rst cf f¿l¡r rcrçla ar

d¡O0Oûrr-lOlO ô¡!d f -llll.
f,w d oor¡lil not ponsf.bly bc a, DGnbor 6f ¿ 6¡p,r+-ftica ædc rf lon6th 4,

tluÉ¡e üd grmerrtss felçc rCIrdt fôüttod rlth d¡ thr aas ¡pÞlL¡r to

fr anel ar al"ro 6snorntoa r f,alcc rorril tdo¡tåsrl rltb e . Sfc cr¡ a¡ç

tì¡t nonr tf ¡, b attd e Le fn thr a¡t r¡f false rord¡. So tbs oodr

oonei..türg d sr b md c i¡ o@t-frcË.

Wr llv¡ th¡¡¡ qo!ûtn¡ot¡tl r êom,-fi¡eo od¡ d lo¡gth ¡t to

rhtoh ¡ro uoro rords ü8¡r bc ¿ildrd. ff¡ h¿ve uot phcrn lhat tùr¡¡ L¡ no

brtter ùoloo of *; b ¡¡d o rhf.oh rurld sÌlc tnothtr nnaÞor g to Èc

¡óded te tbø ooúo¡ Ln the ár¡er üät år tc add¡d o to tt¡r orfCÉHf aholor

of*mdb.

1.1.7. A Sytolrrcnor¡^o Codr

A oæ-frrr oodr $ of l¡ngth n 1¡ ¡elt to br qmohrououa lf,

çca of thr poalti.ura ln tà* oedc *rc sufîleûntly rf,bitlary thst

H.aa¡1r l¡fonetloü Fay br t¡nnsmfttod ln thocc poaltioucr

îo thla ar¡dr üo portulst€ thßt, la r qyncboaour aodtr

potl.t:ona (or ecta cû tro or E!@o poelttona) cøteln d.gfto thf.ob crc

Èotdly fndegendrnt 0f th* dtglta tn a,ry othor posftions (lf rr Ola-

Ëûfl¡ú e¡y erttflshl dcpadeno¡ rhlqh urgr be f¡trodr¡ccit ùy psrfty

ôoshlng of thr Cf g:lta) r jl¡oh gositlon fn n r¡rnet¡¡onüuÉ eodt $ tE
erftbæ/Ï'tæd pwttlon (1.r. porl.tion rhtoù eontal¡a tho såüc ü6ft fcr

fra1f cdr *ord)r or ocnrylctrly aæH-trnry¡



¡5-

Ërge lba rerd {*2 err e"-l0
1¡ l¡ S f,f ¡id ouly lf

ê'l- ¡.¡ ¡ -lLS E¡l 1Ê f"ü S,

or B Eårb€r qf ¿ ¡ct of
poal,tioal rhl,cù fa artltnr¡rr

tog. Ehp tor"d. rlrg orr ¡n_AOl

tt ü $ lf rtrd onlt f.f

f* eor l'-gfO
la Ln S.

À¡ o aniqFre of r ecde rblch ccÈú_ucr thoae attrr,hrtar¡

æntldÉr the ur. oo¡rrfatl¡g €û tb ¡1r rord¡

ol0m
{rtCIüt

üLl00
glrü.
OL¡JO

CItLll

ftrfr aodr ir æm-:[!le¡ slmo eny felac rædü tldú¡uaf¡g r!'tå
ul nr¡st b.€l.n rn pcttioË d of ¡ Eodt üoril, ed th. thfual ¡aü fs¡¡r{¡b

pætttone d fu fs.r¡c rqd rq¡ld tù¡a È¡ 0 å¡d t rerpctlval¡r¡ ao

ooú¡ ro¡{ bs 0 rrrd I l¡ tåasr ¡ræftfoner

&c flrst tro poattto¡¡ erc tLú¡ thry arr 0 ¡nd I æepe-
tivrl¡r for rrer¡7 cdr rcrdc

tha l¡st pocitiol fs ocrryrlctrþ arÞihryl it nry cÉrtrln o

or I fmr¡nettro of tb. &lglt¡ ln {ùc thlrd and fourtb ponltieEei
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Ehe thL¡d Rn{r fourtb ¡ioaítione f<¡ru a !€Ei-arbLtrery eet.

Thry æy contein OO, l0 æ llr no u,ttrlr rhat tÌþ Lect poaltioa

contsilu. But tùry na¡r not €o¡¡trfü OlÒ

I{ote lbt naLthcr tho thl¡É nor foÉ}t pooitÍun La

cøplatol¡r nr$ftrary.

€rge ûtlll and CIL000 in fur thc oodc

OlCtt eü qlOlg rr. not¡

1.1.7.1. A eoffi,-frs€ cod. can only ire qynchxrnor¡a Lf acae of tba

poâltLonË in ovary code rord c¡n be fi[sd arùttrardly, wütbout co¡¡-

sldffifn{l tha eha¡aotc¡¡ ln othçr poaitloao d ths eodc rpr{. lf
tlrcrr ls cÐe dogilaæe Eueug tbc charrctar.e 1¡¡ n eods rqral, opart

frm tbat i¡rtroduacd tutsntl.oußtly ln tl¡e føu of parlt¡r ùrcta¡ aa

¿rtlflûirrl conreupoadeÉGt Þt¡st be catrbllched bcfucen oodrd ÐBrs:¡gaü

enó ooanl,n6a.

Xf the¡t ars sðryr cod¡ ræd¡¡ [ocd cd o rdiotÉoncxt. l of thfl
tme vould drfeat tlp rhslc trr¡E¡loÊr cf a¡rachron{¡ra crdeo; wi¡iab iã to
srbla bfury ln$n¿tiotr to bc tra¡¡n;thrt cconmioelly l¡ ¡ wo..lt*tc

cbtmolr rÉthqut *ry thfrd strte to dcnut¡ thc brraek bctroca ro$üst 3r¡fl

althcn¡€h oøaLd¡¡etlon of cfflolcnoy rIIl t¡kr preoedrnæ svtf omd.d-

a¡¡tloH of tsrd¡arerÍo orn¡rot neg!.eot the lattero So rc riLL orùy

corsldtr oas6e rbørç th¡ cxtrt pro¡rerf poeersæcd þ rynehæncnra sodec

zuBplles tln mthod of lnplumttug the l¡forstLon trn¡rmlcsÍoa.

Ir1.8. LlffLslsrcy <rf a toda

We *¡aL[ def,lm th¡ off,l.clooy of I cr¡dc d lenglb n rtth I
codc rordE to ba (Ioe¿ n)/a.
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L.2. rffi "Ê.Tlf tN- 1lÍ$ T-.sls

1.2"1. Ti:o P¡epc of Beforencr

Âs gtêtad abover vc shell c#nÈldßr only bfnary @doË 1u rhloù*

aa.ah codE rord has the e¡ne langth. In edd.ition, r€ sbsl.l Luapoce üe
rostrl.otfûE thåt e¡rnchrtnoue cod€s nrret be abls to mr¡y f¡rfomatloul

thls c.r¡ only be aol¡frvod lf arm oÍ" thp poaitf.one in evoqf soôc rffal

ara lndep¡ndmt of other*poeitf,one i¡ tào cod,o vord ee in tho ¿iiqvû

ovnnFla¡ ¿¡d ca¡ c¿ flllcd rlt.. either 0 or I as thr f.nl'or¡etlq¡ tnFtrt

dfotetcar ægerdlceE of ti¡o charact¡ns in otlror positioae ln tbe codo

tcd.

L.'é.2. @lt rc Ëb¡ll Attæut

I¡ aeatton Ê¡ ra sl¡el.I ftnd an uppcr bord ötr tba ntqbm cf

aodc tæda pæelhlc l.n e ayrchronæ¡ od¡ d length Ã¡ arid d¡sll dec-

srlb€ brl.cfþ a slaga of cme¡t¡'ee oodcg rhloh reecb thf"r u¡4nr ùq¡¡d

for at lor^at ¡ca vaiues cf n¡ thla olaes of oodea, !*tù çc shaLl eill
tbo Goloab ædea, ere å subset c¡f thocc df ecwcrcd by ;lcw. ilolct ¡nd

otæa /*/. Ilafcrtr¡natsryr thcat codoa do not obry Ëe raldltfonl
ngtrtatlæ lrpoaed on e¡molrqnor¡a codos,

g6 nhrll rtteinpt to shc tlhat tÞ.te upp€r bcr¡ud le r¡area-l,fstio

for rynohræotrg oodoa¡ re shalt fL¡ü arroûh€r bcn¡d ou codoc con¡tructed

Þy r*thoda d the typee r.uod hgrs r @nd glve rvlitenae th¿t Lt ts sn

uppor bilDd or¡ ¡lI rynohronoun oodaå.

1.2.ð. Wbt re qErlt Ac4l¿Lc

ìflr shrrl oorstll¡ot olessca of rynchroaouø codea riiioh llc
vitbl¡ qu frano of rof,arcnco arrd rhæo rfff,otcnry ¡ppro¡ùã üxr upllc
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bcrr¡d Ec!¡tioned eì]ov€¡ rE shaLl algo cr¡net¡r¡r:t s¡mclironeua code6

analognrs to rell-hrwn lfnoar end cycllo corloe.

Trt *¡ell ¿lve the fvrte,te fcr cts,seoE of o¡raohrrnous oodo¡

rhLsb cleoEIBBs Fr¡y æda }æstbr, f¡cludlng wen codl 1*6ther '$fe

shnl] comp¿rre the efflolenoiee of osdos frm thc df.ffææt çlesaec

çhlsh hsve lto sea€ csds lengi;b, .ard, fl-nally, ve ehüÅr rddrrt Goir-

sldcrg'ble ovfdsroc tbat oode¡ ritùin or.u frem cf rofcrenoe bavo cn

upp€r lt¡tt on theLr affl,Gtæaleo of r - En+, ùc¡r E r¡ e oo¡rtaÉ,

t¡atild of the value t - foe¿u att¿å*d by r.ùo GoIqÞ c@Ê-frÊe ocdsf.

In sec$on 5, te ghalJ" develop a Íür ldæ oa a¡rnchrranwt

coðoe¡ tbe nar rdca uee lntra of dlglta, pcrtl.r,rly regH.ctcd to

lehlsvo ø¡acboniseùLq. Fr rrll oonlxr. trd¡ca¡ nç eodec, tbt tr[ oodor,

rftÈr tha cl¡sstq,I cl*çs of oodaE ttfaærcrrd Þy tJ.lbe* /S/ anA

dæmstEato by thtø counarf.eon tlrat the næ codes err hl4hly efflolrnt
fa æ,llr oddr lengthu,

ïo also tpvc to atiæ thrt tha eoCea ocn be tnplenented ritbqû

too nuoh eddtttÐßt hardtar€. îhía i¡ the purpose of esotioo d¡ rhw
ra e¡tablleh r tranefotætú,m fræ blrnry üatr tô the fom soqu!.lcd for
trnnanletfo¡ by thc H oodee, i¡e. Lrtto the peira d rH¿f.ts the nct

cdcE ¡equf¡¡ for ryncbroniætLu"

3ut the lt codae ere not particularly efr'5-oJ.ent fon lergr

v¿lnse of n. To covçr thfç easa¡ ß al*se of codea; üre ii cadce¡ *llo
of odd lengtt¡ hev¡ þerrn eonstn¡cted¡ thoae csd,cs ara reall¡r & croÊ6

batre+n tl¡c ÀI codør ad Gtfbsrtta oodes.
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Like ù"e ]{-asd*r, ttre }, cüd€È år"e of odil leagth, and eo,

eltütn8h üÇ can nc oqrctm¡ct a htgþly sfflclrnt a¡mohmona codc of

snr odd langttrr the¡c haa øo far been no a,ttütlon gf.vcn to üra arar

of c?Gn lmsth a¡rnctrcnore ædes. rn ecotlon 6, üre ønc¡-laugttr

corntorlnú of tha lÍ aodssr ttrc Ð eodal, a¡¡e ooRstn¡otad. ft¡c sron

ler4th eaøo fs ahçn to ba nonÊ ocml¡ler tha¡r thr odd lcngtb oasel ard

tùe noilffic¿tLqs rtrloh havo to bl nrds to the føraat røsult in loe¡

of affloichGli/c iÏoreYÉ, tùs fa,ct tþ,t euch aodæ oan bo conatnmtod,

rlth afflelaoioe eppru.chl¡le oür utr'per bnrnd, shcrc that the¡r fs not

too pi¡ch dj,ffcr¡no¡ lu tùe ¡ffLcÍoaofee ettalxûble vltb ryen ¡¡d odd

logth synobrononn oodre¡ et lea"ßt tü tbc bfnq¡y ooãor

In Sectlon ?¡ a cLaa¡ of oodea, thc F codee, a,¡c osnetnrcted¡

tho¡e oo(læ a¡t vcr1r ¡i-afJ"u to ttlbertre codee¡ br¡t non effÍoü,ento

Tb¡ err æt quftr a^s õfftcl,ent a¡ thß K oodg¡ but thrf¡ grortæ

¡i,¡güe1t' of o¡nnld.oE @ü uake thæ ¡nefelrhle ln prectáeôt r¡;¡ùfc,-

tl,qro

Íh¡ l,pet aaotiott¡ scoti,or 8, dcele vllù a aL¿ss of cods¡

fæ v!¡l.oh øl¡ ¡r¡Ble o'nn¡ùsa cen be eauatnrûtrd¡ tn i'act¡ Èr ryr¡
purposÊ d thle ¡oatlcr fe to dcnøstretr the probebJJfqf Èût

a¡rnchroaous coda¡ 68n aÊver ùe as efflcicurt ee tàe coneopondi.ng

Golab¡s oodaet tb. rFF€r bor¡nil it Lnponeg ia con¡idrrabþ lorcr tba
th¿t dcrlved in sectloü ?r Àndr lE omalr¡sis¡, cvlderrcr is ¡ixnrfuleil

tbct eyræ tbis lateet nppcr bCI¡¡d ey not tn üre loa¡t upp.r bornd for
elt vlluse of ar
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T. CTCT.IS

2.1. I¡treeuol{oq

Tho @noept of e qfclð üas uged by tlolonb et al in trhelr

dlecovar¡r of tha upÊêr bcnnd. We rill eçand thcl¡ lder tn ædæ to

drvelop a aloe€r relatfonebip betreen the lügth of * sods anil tbt

rofuÌrt of üra ñrrds 1n lt' thle 1¡ furportent ån oyncÞsaouc codrl¡

sfncs fte grsatar the fapr*sdr of code rord reigbte, tbc Ss¡t€r th.

evarð€îa nrsbsr of poeitieno l,a rhloh oodc rorda diffør; a,Ë thr sËler

It fc to oor¡oot ærrcc. tshig boqcr* rp¡t¡ent if rc oon$.cler tib lro

tro.ryord sJmalronouç ædç¡ S, and $,

8l r 01000 efd CIllll a¡¡ ccda ro¡ds

$e ¡ Oll0O *r¡d 01101 a¡c codo rolda

A¡ry sinü¡,É crror 1n S, ùr lnmdf¡tely corzcstrÞhf rttb $gr

e einglc stro! !.n pociu.i¡¡ õ lc aot cq.rrstabls.

Ë.1.I. fhrouglurut coctio¡ 2¡ n rill, ba r, ffureti poeltúva inte¿;æ g,ad

nl(n) rl'l.t bc abbnvLated t0 wo

2.2. lfh¡ (Þsratcr B

Ilo ûeffne B on Tl ae foLlcro¡

For e¿oh ço¡d a * alaÊ rorr Bo of uJr dafine

A (r) r lgrg rrrr *¡:r1

lhcn *3, *ð (e) - útgt4 "r'. ¡nÊ1þ

enaf S(e) - e
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The uperat¡¡r I oorrsaËonds to Ëultlplfcall.on by the

polynonÍal x 1n tho reproueutati.c¡r¡ of the code ræd as thc coofficlsntr

of e poþnæiôL sodulo ¡Ír-l over ûF(A).

The rrordstrrr of a to¡rd e ie dcfi¡sd to h€ tb€ ecï13s1

poaitlve llrtcgmf r sueh tlr,t 3r(e) - o.

tbøt the mder of a dfvfdaå n.

Sinps n*(.) r a,r 1t 1¡ cloa¡

?.3. lrefì4i tlo¡r

If a Ls a red ritÌ¡ ordor r¡ flzen the sst

a¡ B(a)¡ n8("), r.r r r*r(*)
of r dlati¡st rcrdc Lc c,ellod e ayclc of order re 0lorrþ¡ a4r

næÈrr cf a cycl,c gsnetf,toe thr oyolce Âlao, a1l. ü. rord¡ iu ¡
c¡ch have the aanc rclght. wc 1111 ¡efer to t*-rfr 8r tùi $latdbtil

of tha ayeho lhe f,ollorfng pra¡rørtlca of oyolos ùil ¡r¡f.lt ¡cttfìl.cdl.

?.4, ilronrties ctr tYcle¡

ä.4.1. the order d evory c¡role dl-videe n.

3.4rä. Di,fferent oyclee ars ctfojtiint a¡¡d lt ia tùe r¡ni.qr of nntually

df'ejoi-ut cyclee.

2.4oßt Xf w- donot¿s the subaet of ry conmløtlng cf, all rædc of relgþtr
t, tlun W' ls ttr rmlo¡r r¡f ¿ll cgrclro rof rei6bt re
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2.4o4c ?he only oïclÈs of order 1 ccn¡1et of

(") the word o0 .*. 0¡ æ (b) tt¡e rræó 11 .r. 1.

2.4.õ' rf tho uoed hagth n ta a prÍno p, firea å,rl tho nm-trlyi¿l
ayoles a¡a of rxdar p.

this follme f,ron ä.4.I.

8.4.5.1. For the ¡qko of mstnu:es i¡ ai¡ue of üre e4rto8ulu$s å:r l.eter

Beeti.oûa, re a;all deaiguate oûabj-aator:fa,I (¿, 
"),

i'c. nl/(r¡ (n*)l), ae cimb(nrr).

2.4.6. ff ¡ fø a prfrc ana l(r(n, thrn Tl, tra {tr ¡aie of,

cmb(nrr)/a cycloø.

Thfe la a cÐaÐGqtenoe of, 8.4.S.

2.4.7. If e - rl ..r ao l8 a ¡cnd i¡f c¡rcer t (u, tbê! i æ¡ bc

rrl,ttr¡ ln the f'o¡n

a-t *¡t ar Ê1 rrr B"aaa aaa aaa

fbou, al¡oo

n

Ð

frh B-¡ it follqe that q/r ¿fvfAso r¡r'ot, -Ë "

È.{¡8.

fr

írêo if there ie a cyclc of order r and reigbt v thør dr
dividea rr

If 5 1a É synehrorðuc ooder fro rrnd,c fra tûr raao oyulr

onnot bo l-n S, becuao if a ie in $, then tàa ræds çhl,ù ¡a

ogualß to b¡ cp{ ttod a¡e a1l &¡ othor n¡bsrs sf tb oyole

Co¡tte{nirrg A.
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ä.4.Ð. ro!' tt¡e aal ñeågon, ao ",olt I Of ortlor ¡ ( nn s¡n bo ln ¡
o¡rnúroricrus codo¡ aLnae om of tbo rcrdg sI{¡lnctoú by ¿¡ ror¡ld

be a ftself,

P.$. Farut rs thËffiw

Sy 2¡4¡4r gJ¡d ä.4.6r¡ ro osü too tùßt, if n ie e prf.m, lr
h¿vo ¿I - 2 rcda dtvidqd t¡to drsjolat o¡roloe r¡ù cüh.r.n.rrrg,n¡,o!ü8.

thor¡fmr, ¡r dlvld"r f - â¡ t pr1.rr.

ffirfa ls I opco!*,I û¡se rf Frrnetrr tbeort,

Wo Ìnvo rc r¡tebliùÇd fihc a¡thod by trlob ÉII tb
Ðt ñ of f øn þc gmræed fnto oyclea, and tt¡¡ f¡ct that *lr th¡
ræúc of ¿ osrt¿ln ratgbt a¡n bc corhotrd *s * ¡et rrf oyolæ of th¡t
rr14þt. wt rÌ*l.l nr lwsstle¡t¡ mro oloæþ tùrc ral¿tfouehl¡r bctrecn

tùr o,yole¡ a¡d th vllues of r fæ * fl"nö v¡lw of n.

fhe s¡t theorcr estsbrttrbe thc nu¡rber of cyoraa of r
slvto rdght r ff n ¡nd r tevr no co¡¡Eon dlvteor glcater thra L, lrhÍt
oaae íe rtrulgþtforrar{¡ and porldo¡ føl tbo aajor'ltr d Brßcr¡

Efiüvcrr the css€ ¡l¡¡* c oæ@ dlvl,ræ ord,cta f,c nr¡sb pøt lnttnn¡-
Ulg¡ 1t raU. h ce¡¡fdorr¡d l¡ ssstfuw 2.? rt aoq,

8rS. lfhcorn

-
If (n¡r) r l, theu t¡bc nubrr cf c¡rcleø of r¡ldùrË r l,¡

6cb(r¡)/n r Ccnb(n-I, ,-L)h.



-14-

hoofr

Consi.dctl rrl srbl.t!6r¡r eyale rtth rcleùt ü tEð ædæ ro

9l¡or r dtlrldce D¡ ür qn lrf' t¡ [ r t*,¡ ft > f) s¡¡d stmr q/r - I,

cllvfdes r¡ k mnt bå lr Tt¡rsr Êvery cycle cf reiebt r hr qôss re

sf-rce th€ tqt¡,l nubc¡r of, rer{s råtib reú.gþt r J.c Ceb(urr} end tùoc
rwds r¿r tlfvl"dral t¡te ¡utrslty üfJolnt oyclea, toh ætrttlaüg a

ræds, tt foll*a thot th mber orf oyclea 1r

cob(nrr)/n

trÌrig f¡ eeotly ahwn to br eEnl to

Cab(nrl¡ r-f)Ê
thle teh.es oû:rs of tho ceao rb.¡ (n¡r) - t, 1!hc ¡rcxt fc

seotÍong rllt üeveloç thç cas6 çbn (nrr) ) I.

9c rtll flrlt devclop tha b¡s1c erg¡¡¡cnt by co+¡r ü.rfnß

tàc o¿¡c rh¡rr s - p8 r F a Is!.m1 Later thfr ;tlL bc gru¡¡¡l,t¡¡d to

or¡oonlÞgr tr6e €ucrrl ¡alues d n.

2.T. Irä,

- I¿t ¡ - ¡rr (rhare p le Brt¡o end ¡ )f) *¿ lot 1(r(",
(r) rf ¡t"'rrl üivfdes r, t"hen ürcrr rr.

cnb(pr¡ r/Fr-r) - c-b(Dol , r/p"-*l)
ræd¡ of ral#t r thct beloag to c¡olee of ordçr Þr.

(f,1) rt p*o dlvldos r, but ,a-r+l docr nat, thcn tbor ar"c

coÈ(pr¡ r/r*o)
tords d rai¿þt r btilonghg ts o¡ælea of cder Bt.



Pt l"

1"S

Proof,¡

å ro¡d b of, lurgth n - pl brlouga to a q7o1c rith o¡{e¡

lco¡ fà¡s or cqrrrl to pt Lf qil orrly ff b hea ordor Dl, rh¡r* t (,
La. Lf anð onþ !.f für orter of b dlrldâ¡ plr hone¡ if ¡nd onlv tf b

mnaf.ct¡ af, l ro¡lil o reprlatod BÊ-a tLlss. rf b hss r¡leht r, iirel c

h¡s ü.reÈt r/ta-r end La5ûh pr. Íhw thr nrrbcr d ræd¡ of leugth

D rrrd vciiùt r rhloh belorg to crycles of æilæ lcaa tb¡ or rqrrl ts

Ccbfuf,, ,/nu\
(f) If pa-r+l dlvlde¡ r, tùn nmber of ro*ds bolonglug to cyclee of

ouder creotl¡r Þr I¡

cmb(¡rr, t/p¿-!) - cmb(pÞI, r/pt-sl)

(ü) rf pN dlvtdc¡ r¡ but u+-nd dora not, ùhere åf,Ð no eÛmlec rftù
orrÛ¡r logs thÊ¡ p3, h"n* üro nunber of nordr hlqlgü¡g to oryc!.os

of æder pr Ío
ceÞ(pr, t/B**)

3.8. Shæræ

$uppoer n - Dt ead r - o.Dk (*ele ¡l ie r prlan,

. )Lr r 2 n, a ) 0r r( nr €nd p dnc rct divtdtr o)o

Tbn thc tqtel nrnbor of otrclcr of rrf¡i$t r f.e

cmb(p¡, o.pl)/pr + (?-t) i (uoøþer, o.f-t)/p**l).
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hoofr

(r)

(u)
(ui)

ffha r r D or r - 0r thp tùsoreû 1ç tr{.vla.l.

Eh*r k - Or tbc tåema l,ç tbc reæ aÊ thaorq ?rS.

suppoer o (;( a ed i.>L It follcs frc lwr Ar? tbt
fc egoù ¡r such tùat c.t+t ( 

" ( a¡ tbro ar:e

(oøu(pr, €.pbs{) - cæb(¡'F{, s.pbþ*})/rt

ryalee of citcr p" rd nfght t¡ aad rÈcn r r ¡* th¡n ¡n
ccb(¡rr¡ o.Dh¡8'a) /D= - cilbftrt, ù/nE

o,yela¡ of o,rü* f,.og rofuþt ro

$f¡oe thc o¡Iy ryelec'iùat, wr oesuË Én o,f o[Ë¡t nF .d Eú&r

q/Do d1vlãra r¡ thrn D-r ¡¡¡et rltvf.¡h r¡ bam r-r(Ir so

th¿t ¡.t ( r çi r"
lttt¡g the totd ¿uùcr of qroke q)

. tcb(p¡*, ,)/pt*

+ (ocrt(¡rr, e.Dl+s{) - g.ub(Dr+, 
".EM ))lf

- cmb(pr, o.pr)lf + fu-r)
k
xFL

(cGb(p*-t, o.gk*1/pn-N)

- o-h
t
X
rb0

pd c*t(pËd, q.pha,

tb¡n q-BrË.Ol

Q-D-l otb¡¡rf¡r



r¡ the oc¡e rhcrt ¡ - p."l pg*u , flE total ¡nnbc of o¡rel,ca of

mlgbt r rhrrr (o , r) ' ,rkr *rte e¡d r - o.rykr vþ , u
ïkz

o4l,k f X rr* ,r"-t ccù(r'rßl-o çrtr o.p$-! nff*t),
rlD s-o
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rt lr uúorü¡nato ürat t!¡e eonbl.¡rato*{al ryebol lc nst a
mrlttplLccttvo ftrretfon¡ 1f lt úe¡l¡ rc rpuld be abla ùE *tstn ¿ m¡eù

neatçr eqlretstou for thlr æqult. ra it io, rc ¡rs drnfcc! ttrla

setLrfactLm.

ubm \.11.rrr0

ll2-98¡5r0

!11 -P1 -l othur'¡l*

lbc pttoza nov ÈecosÊs a,I¡Ila¡lmt] h¡t aæ,rn sirplff,fotÍw¡ fs
fspos¡lb1c, Ar Bo tt rlll ¡ot pro€o.É ffrrthcr rfth thtg lf¿c oû

rrqulr¡re

ïn thÉ ncxt fer oecü.rrna, rø shall iwosü.gnte &e cyclea of
orcilor n¡ rbloh glvo mrah re*ter ¡ssr¡Its.

rn ¡estf,w 8¿5r re rlrr d¡rtv¡ an alte¡u¡tfvr for¡ura rhlù
Lo r¡pliorblc l¡ rcn ¿lonaæx, oao.a üu¡ thoae Juat g{vûr rt ü
lntrrstf¡6: that lùq tro fa¡mul¡,e rrc fdq¡tùod, rùæü thry r¡.ä so

dlffe¡¡nt ln fon¡
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lrhe mrü lhesmu derfvsa a mrt rnfi¡rt fo¡r tbe nnbar ocf

o¡cloe od æri¡r n and vaieht r¡ lt rLrl be lod r" ¡ratfon E¡15 to
d¡rlvr tùe altc¡r¡Eü,vt fsaulå nentl.ürl¡d a,-bov¡.

å.9 fhsau

-
$up¡roec (n , r) - T*

the¡ ûe totrl mubar of cyolee of length u, rclgþt r ¡¡d
ordcrsle ..¡-;

"o L u(a) coqu (n/e' Y/a)

vhrrc the sumstion i.e tekeu c¡rer thc dtctlæt dlvtsorcr d of t¡ r(a(r,
I bøíng neg*rdod as e d:tvlsræ¡ and trerc u 1o thç åüccbtr¡¡ ftrctlon¡ tr.
u(a)rl lf il-l

' (-l)" if ú ' {1Qg rrr q' st ftl, o.r ¡ g, ¿tr df:tfnot pr&æ,

- O lf d - e1þ rrr fl* and tto of ttra prl'ma en tbc fltärËe

iïoofr

Let n - Ifl. Å poaltfve lntogrr r dfvLdca n aad f5 qrob tht
lrlr cfvidcs r t f and only lf r - kt¡ rhrrc t dfvfdler To ¡þr €eÊh

dfvl¡<n t €f [r lot an rl¡noto th sût CIf elr ro¡ila of lmgû n, ro!.@t

r eud oril* Ìt.
nil Br- V Áao a/t

l rural b balorga to 3* tf ¡rd only tf lt oo¡aleta of r ¡oril a of rrasth

kt rcpr¡t¡¿ y'(tt) - E/t tÍ-ues. Thc rd.slrt of, ¡ f¡ */n, hsue tb
nrlbo' of *rd¡ b Et ta cæbtkt, rtÆ) .
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Fc caah itLviec.t of fr l¿t &" Tt iterste thr ohenoter{.rtùc

fwatlø¡ of, tho aet Âar Bnr [hæ

-\(x). L "(a)&/a 
(d' (r)

ðls

bm¡r¡r (r) tf x 1s ù fu, tùru rn¡ (x) . I rb¡

d - I aail I*¡O(r) * 0 *þen ù >t*

(tf) if x t¡ nst fa fur brt r t. f¡ Err tùen r b*Io6r to :
slc sû æder ¡1r, rlm,e tf ritvlÉsa f üd tl <f, haaoo

v
Z_,"(a)%/ch)- I u(d)-o
alr a/(x/r,)

il*r tb¡ ruubar oü roúüE f.û åH

x \(*)

t

-
)ç

¡na W (l)

X
a/r

- u(d) ft ¡r Cl

T
a/E

B(d) cc*k/a, ¡la)

:

-

A.1O Co¡dl¡ç
ff

tt u'r

Ttï tstsl BubG cf ayelca of orüou Ë rrpð îù¡ ro¡Êa * 
"h)r.t

t t B(d) co(d¿,'/c)
ffi o/(t')
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Ehe nsxt tbøo::eru, hcrtrer, given o ur¡clr neiÈt{rr f,onnuil.¿ for
thls cvaltstÈon.

Tbfe ncxt theor* -Jlyfß tùn ûnb$r of ryolos af o:rder n l¡
tùs fuu ueed þ ûorqb et rl" rt øpæffr.ee üro uDs€¡r bor¡nd ou thr
mnbar of rorde is ¿ qrnah¡{rnous aode becausr

(r) Ì{o çæit caa bs ln a r¡nohwue coatc if it ig l¡ * cryare of,

ordar leer ttran n, (by soc{d"ou Ë.4_g) and

(ü) not uor¡ th¡n øo rorrl frrou ery oyox.e e¡¡ br 1a ¡ Emrh¡¡dror¡¡

odc (by g€cti.on 8.4.9).

fforøvarr it r!¡* be rsedlry apBrseaiated thst it nar ba

snposoÍble to ohooes one wold, fæa cverg oyclo and obÈin a qrnohxnous

codr, erthougb æwq,-füffi eodtr, rhfah erro Lass roatrlcteil¡ arrr kucrn

Üùl'sb æ*sb thl's borEd. Iþ asction 6¡ ffi r11I gtve oni.denee thaù th1e

btt¡oé ic uot ¿ttal¡¿bls by aqr bl¡t tt¡o ;ixpJ.eat qrnchlonr;u¡ cdsar

2.lI Theorn

-
Tbe nnben of cyeleß of ordæ n rnong the rord¡ of -Ah) fe
\-

E-l ),u(a\*/ù
dln

3¡¡'oofr

Conslder ¡1I the rorda of 1o46th n ö.vlûod tnù.r thetr grpåo-
tlvc o¡rcløce Eash c¡iorc ie çLther of wder n or of orrder d ( a, rhon
d df,vl.das n.
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If çe dc*l-æ f(A) ss t¡hc maher d rorrts of lmgtb n fn

ryclaa of ordcr ü, it is obylou¡ that

,or X f(d)
û/a

afrnee caoh vtrd heE ¡ oea¡tai.n crdor, hcæe bc1m6n to a rycl.ø of th¡st

orderr and æ ¿t ts oorntoil onpe ¡nd only a*roc l"n tü,r &üürûìticûe

ily th relL.#nørn Xoohius fuueraion fonrrle,

s(n) ¡ I, *tul g/u
ë,f n

Bi¡t erob ryc.l¡ Ef orrúr¡ n aont¿tm a ro¡{r,

lllrrnfo¡rr th Enübô! of o¡mler . r-I f(n).

?.1e oæoll¡.¡r

It frIlore fhoq 2J0 anef 2.11 that the follorl,n"." fs t]F¡rt

n-l
T
f;l d/(r , r)

X u(a) cæu(dan '/d) - ! "<e¡ 
anla

dt/n

Flota¡ shq rr - on I u(a) - o

dld

ffr rfll nç clard"ve a fs¡nul¿ ühieh oe¡r bc usad fJretead of ùrt
gÍven 5 Ê'Br e¡d vhJ.ch qan arao be r¡aed la ncs¡ genørnl sês€6r Ih¡
fact thet lte fo¡n raalns tho ga¡le for ¿11 vElucs of n Lrs:tteo

favorc'bl¡ cmtent;hen lt ie obËorvod tù¿t tbo folsuloe Év¡c¡ l¡ se6-

tfon ,Ë.6 b¡sgs oolplu rbn tro oa ¡no¡po dt¡tfi#t ræt¡cr dÍvfds nr
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âcl$

Wô knsr fte theorrs ã¡9 itrat tbe n¡rirer oû o¡,el€E of ffiæ
a snd tsLfiht r 1ß

n-r>u(d) cd(da, v/À)t wher"e T = (nrw).
dlT

trcç tha other rorde of rofgþt r &tre næbe¡o of cyelee at ædæ

n/ø, ø)I rb€rs a èåvi6oe (n, r),

åaon6 ths mrds fn øbort eyclea l¡ wr re r{t! find rrt tùp

m¡ds r¡ g(d") , rc¡n*ted e tfnec¡

fra aluber eú' aholt o¡relee goneratod b¡r ræde ef oFatcrs n/c fs
thsrrfma

-1F€tr à "(a) coüb(#(da), r/(ae)),

rhore the sì"üftetiæ i.s ail cl\rfltr th¡ cf vSsors of ín/e, v/e).

Fbr¡s tbe tr¡tEL number od cyclea rith xeÍ6bt r 1¡ s oade of,

letgtb n le

-1a I u(a) i:ær(n/(c"), r1(¿E))e

e/(n , r) e/( irl , r)/e)

'.la can nËa:æanëÐ tÍrla ar¡reseion ts

(n'r)
e/(n ¡ r) ú/s

bü errttrn8 rl - (n , y')/e and rir - er/d. In tl¡ía forr ilre rælø af the

greatast û@mon dlviror f-s aaeily obaaweble.

-Ill T .'tX u(c/e) c<Eb(ndl(n r r), r{(n , r)),
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a.l4 ?hc {sù*1 llr¡¡bsr of tvol,ee fui

ScctLon Ë.II bar ahon¡ uB thÅt tho total nrabsr of cyelee of,

"(n)

ordel n Le

;1 vL
d/n

u(d) f/d

Applflns e glullar arêluont to tbat ureil 1n ä.15r re oclr shc''

tbc totel mrber d oyolee of ðI1 orr(lers to b¡

d-1
u(e) 2dle

a/û

e.l5 T-he gololb Coüea

Gol,mb ct al dscoovtred * nw sl¡se of aroa-f¡sË @dee.

lfhcy buflt up tùelr pnoof thst tho codoa !e$t ooþE¡B-fi¡ea þy ila¡¡on-

üt¡ttlnr': thc follcl¡g pt¡op€ttl.oe of rqde of, lag*th n¡ rheru u i¡ odü.

2.1É"1 lrver?f s€grËnoo of dfufta of lagth D, ûan bo rcprsrøtrit þ e

ß.qu6nce sf n d'6uc¡ æch eippr bsf.ng + qr - ¡ the tü¡ qbirraotor ln thc

el,grr reqn¡or la e pLua lf, ths tth df$t ls l¡aa thÀa thâ (ftf)t¡

rflgút (notl n), Ïrut ¡ ef.sua stharrL¡rr f ( n¡ tbe laet srerr ia ¿ repr¡lt

of cmparfuig tha last ard f,fr:at di€lte.

ff rc rprùy thl.a t¡a¡eforutlon to eve¡y one of thc f word¡

* t(n) rc rill S6t duÐltsetiCIn of etgn ãoqì.renoos.

e .9. CIlI srd ü10 hoth g4vr the r16n Êoqr¡Ênoo r - - ¡

l[br¡¡r tùÍr rryregontatt"on preaente B nsthod of grn¡pfn¿f ro¡du

otùcr than by cyoloa, mil tbe sats of ¡o¡da so obtalaed bavc yarying

rslr htao

n

ü/n
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rf evary or¡s of, tåe vorca rhiå havc a ccrtatn d.gn aøquønce

rcpneaentation 1s of ordcr n, thon €v€trr rffi, ln tùe aet oe¡ bg I
qsber of a oær¿¿-frec oodot ð¡Ér eir¡ço üð tJrtð nst l¡te¡s¡ted ln rord¡
qf G¡ll6r orde=, re df.soord thsae and oonEt cer only tho ¡oriþ of

ordæ n xtth tho ,givon repreeentatlon.

fbuc apprioetfon of this idea redr¡ces '¿hç cmprerÍ.t of, tbe

o¡rratloa otr sl¡oosfng @Ë rord frm æoh oyole of ædcr n¡ olrr*ê, qnot

te heve choean onc vorû, rs @n chooee rordnrfronr ol¡her cyclearrl.th

tbe aane elgn seqrnnoe raprosentatien ulthout destrcyf.ug oo6¡¿-frord6¡¡

Bnt tho *{q ptÐ?eae rrf tppL¡Cag thi¡ tnn¡fo¡n¿tiot ir to

cnablc n¡ to flnit thr çorrl rc rant tn a cyole. Fc rrnt fbon ceeh

eyole of ord¡r n ¿ to¡il tbms reprøaantetlm bcgtrE rlth ¡¡r odd ¡ubrr
of pluser end onde rith sn evrn nrnber of, af.nracq cr víoe v€rrare

In thc br'.ry caBB, tlhe ssconõ eltaruatfvc doea not æply,

afnee tb¡rs cen bo no ¡Ëquæûc of trs or 8qn6 plun olgur tn ttr
repreoelrtetlø.

EsrE ra úalL prov€ tàe full*fng lmrn ualng thtr b¡rpothoaie,

altbough tt ha.s bean provad ln the Eorìr êqnÇrll oaer.

gJ5.E t€q,

Ia øvery cûrcls of oCd lagth ) f tnen ia at l'ç*st one ræd

rtrcc mpreaontatíon begt¡a¡ rtth a plue algn and snits rlth an çyen

nunter of ¡¡l,nug d_gnc.
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Proof:

[tæ sign representations of th€ Tord.s i-n a cycle tbemselves

form a cycle.

since no tro plus eigns a:rÉÌ eonsecutive, Í€ rsrcç that tåere

is a sequence of one or ns¡e mínus signe betreen eactr pair of plus

signe. rf re ca¡r shæ that oae of thcae soqu€nces æntaiæ aD €ven

nr¡nber of minue signs, Fn csn chooae the ræil ¡boso rapmsentation

begins at the plus sign follalng this sequonce"

(r) rf the:r ar€ an odd nr¡nbæ of plus signs, thare are an ev€n

number of niar¡e signs, sincs n i-s odd¡ ard f,hese are dÍvicted l¡to an

odd n¡mber of acquencee by tire plus signs.

3y parity at least one of the seqænces Eust contain an eyen

annber of nlnus eigns.

(ü) rf thers ar€ an even nr¡uber of plus slgne, there c.re en odal

nr¡mber of ninr¡s eiss divfuled into an evm nr¡¡ber of sefluôneen.

agefnr by partw¡ thoro m'gt be at rea.st on€ evaa BêgrâDc€o

llhf.s conpLetes the proof.

llbis does not inFly that theæ vil-r be only oue €ven s€quenco,

ff this i-e eo¡ tå.ere Ls no tr.oubre. we shalI resolve Latæ tha aase

rhsr.e there ars ùro oF mor6 ev€n B€qusnceg.
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2e15.5 ìIot* on (}olcbrs_yoù*

Oolonab et a]' h.ve crøltted the lest flûgn of" tle scqìËDoef

thua theJ¡ s€gtr€ncee a.¡e Ðf lcrrgth [-lr ar¡d begln r1ìù an oltd ¡nmber

of plunee and end rith eu odcl m¡ubor of nlnueosr

tbry h,vo shffitr that the choloc of ono vorit rith thfa progcrqr

f,ro e*eÌ¡ cycle of ciier u rÍ11, 6ive a, cole&-frce eodo, p:.ovtdril

a < f5 and n L6 odd. Ji€€s /?/ adtaalishad thet ths rerult 1a a.lao

t¡uo for n - r?o Hcroveæt selfrtdg€, f.a tùo Lattsr FspGrr c¿rste

ilot¡bt upon thef"ir oonJecnrre ttrat eoúes,-fueo codes ametnætod þ thls

ryñïÇt¡ cttstn the upper bound fæ all c¡dû n¡

Tfhs¡r n - 9¡ th€y have eug:esteü a lexicognpù¡ia wderlng for

ehoosfng a rordrttm e cyclegnfth repres€r¡tctiotr

+--*--*-r

(trote that rc do not ohooec a rcrd froa ever.5r cyole vitb thl¿

nepæaoatation¡ aoæ ¡rords, wtth thfç rapleoontatÈon ars of ordæ 5).

ltry have ahc¡ra tùat thts &thoü of c}¡oicc lsads ta I
grl¡F¡-ft[e oodtr

Ìloræer¡ tihey heve not speclfied r mthod of, obclEr i¡ tbc

ocs¡ ùer¡ n f,B prLne. rrbr f,ollrlag nethod s€cc to sira @Írsct

¡¡g¡u1t¡.

Ê¡16

ff thsro ls only o[€ ay€n effing,.- of ¡rl_nmses Ln e Ëoqn€aog, æ

bavc no optü.on. I[covæ, lf thc¡a ar"¡ fuo cr nrotrû ovm ttrlngs¡ n
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have orr chotao of tço or itrôrd repr*sentatåve Éoquonca$¡ re choose

the mc *ltir lts lmg.âat rtrlng rooet noerly posftlmsd a,t thc sentrc

of füe aeerË¡tcoe rf tro Ëaquæe€É a,ro equ*r Ln tlúe reopact¡ ue

tr,kp into a,ssrnnt the mquørom on elther d.dr¡ in careg of ot¡ro r
f-n'eee rr ahooq tbo m¡ ttth tùË touGar atr{.n$ tora¡Éds t}rs etBrt

of the soqtËncå.

{bts nay or aaJr not vor{c in all oåBå8r rt l¡ ;¡oeeiÞle tb¡t
Gormb qt 11 ahose thâtr rcpæmntatlvc e:quonces b¡r sooß otbert

nothod¡ it f"s aloo pæsible tütt tÏ¡ef.:rs is r betton uethodr Eorwcr¡

o¡.tr rEthod dore ¡o¡t 1¡ r¡oe qrßer, ea ehql by tbe f,ollwtng

ercn¡rlea.

2J? hmlcæ
Ës eharl dosonrt¡atc thie Èoohniqrre i¡ ttrr aacr rhoæ n r lr¡

this is ths errtost prl¡rc valrm for rtrich a ahoÍoo hes to be ¡nde.

We shall. oonstftclt thp sode rnd pruve thlt tt ie offi*-fleio
I'ho oæpl€d"tü of thc o¡ntetton¡ rhloh lr ecrpurnded ro.ry ti.qæ orrr
for l*5rr n¡ :lllustrat¿e the rea¡on thet uo oodcs beve bcen soastr.t¡s-

t¡d for n) 1?.

Sa ah*ll wprraaut thc el6n saqu.nû{rg by thr lcn8üb of the

nl¡ua G€qr¡årooß¡ trgr 2s 2t 4 re¡lreaentÊ thå s€quånoc

f--**-frrer
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The tequar¡c@s ro HuBt êoneider å¡ù

lCJ lrlr6 1r1r1r4
lrg lr5r4 IrlrSrA
sr6 ?rer¿ xÁ Llzrara B

5r4 5f Ir4 1r:5r1r2
?r2 Lr5r:{- E)Lræta y,B

2)4tB å Erar¡ra -fr

3r3r2, SrJ.rlrg

+2ß Xt rrlrlrlre
5¡1rÊ

firc ooquenc€süas.lted üith À fn thp aeeond collm ars clrclio

p€lffiutÊ.tlons of eaah otheri th€se a:r6 {rh€ ones rrlth Eolt tban (¡!c

sreh-rrrÐbôrod uta{,rg of nJ¡r¡s sLgn*. so Ë can ohoo*a öur rûprrr

ssEtrtlvo¡ rtrd¡ fn eoEorürcå yLth flr pollo,y @trftr¡d r,børr¡ lt
ohooor 2,t4)2' tná cÉ.t tùÊ othr tùor Ìhfch ¡t hsv¡ æ¡kad. rl.th ora¡aes.

ß1øc.larly, tùG *Êqurtrêlr sr*cil rtth I in trhc thfu{ solruÞ

eleo reprcmnt tlæ aane æ¡ralc¡ and rr ohooçc Lrg)Å|2, âË r€presçn-

t¡tfvc.

ff thc codø ropr+aontad by thøaa tlgn saqì¡onccs ie not

om¡¡a-f¡rae r l.t can only be bcc*uEs ome sigr a€quenoe fn ths eet ls
lelentiaal rltilr tåc orrrrap of tra other oLgn ocquåroëEr (mtr m
nual,odoue to ttrs argurent givan l"u aecü.on 1,1.?).

üf ouureer åf, an ovarlep beg:iae at Ëe stsrt of r srqrroær,

thr pettera of thc overlap Ís identioal siü¡ ¡ code pottorn¡ tirLø

doee not affeet tha -rropart¡r of G,¡¡¡rre,-¡*adm¡ sJ"aco in thfA o¿ec

arqr rror{ rl-th tbls pattarn i.s s code rord.
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(f) Sulrpoae a f¿Isa seqnênce b*6f.no rl"tb the pJ.ue ølg and laet

nlunre atrln€ of e cequeno€r

fhe nunber of nlnuð&$ Ln thle etrln6.1s aåtù.er t, 61 4 or 2.

f;uch a fal'se cÊqusnco sould only be fdentd.cal rith 3r4r8*

Fut then, for tha fals¡ côqrnnos to bo filontf.oel rltÌ¡ *
B€qusæ€ in thr aat¡ 4¡Ê¡ thc only possåbillty¡ ltnlü h¿vs to bogf.n

r sogræwa fn the eat¡ thta lr not ee¡ and ro thls orað fs alf"uf,nrted.

(ff) Su¡lpoøc tho false s6q{¡eme bs8l-ne st t}¡c s€aoùd laet plus sieu

of * øoquoæðr Its flrat ho ntnus rtrlnga ere

116 5r4 4t2 1r4 5rP IrP rrí! &r3

r,rf tirac, only IrE bc6åns a tequsnoe f¡ the aet¡ tha eequmee Ls

1rÈrÊr¿.

bocia t¡¡r s.qÐuo 1n th* ¡¡tr

(fff) Suppoae tho f*tgr acqtntrca bcSÉ¡E rt tb. thtrd l,*at plua r*#n

of r geqrmor. Itp t"rlt tü¡æ E1E¡s rtrfnga an
lrlr4 lr5r8 grlrg 2'2'2 ot lrlrg

lær of füaar ba6É.n a scgtrsäcr ln lùs aat.

(f") Ebo only other pæof.bftity ts tbt lrlrlr2 b€gias a ¡oqn&æå

la tbo æt" This fs not tfiþr

ttrfe coa¡lletee the ploof.
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B.1Iì &¡rph

Wo rh*.ll nfl €lv€ ê d,¡ùLar ooüttnrstlø r¡ô ¡aoof fæ

lfueoaaÈ[rl,El.

fra mte et rhloh lù¡ r¡uber of, poariblLftloa to þr sæþ

al.do¡c{ imraases dænst¡*tse å: fnpÉstlbüfû o( rrnrel I¡frrof,g

fæ n vor6' anroh þrlgcrr

'fhe aoqrrnc€Ê üG mt¡t connfåer ¡¡¡.c tbo¡r rtúoh h¡vr &r
stnuË ltrf.ug eorflê¡¡r*tfm¡r

1A

lrlo
sr8
Ér6

?rt
9tB

lrlr8
fut16
ärPr6 XÂ

1rsf 6

ãrlr4
lrar6 Ng

8tgr/A
g.r{rJ+ D

IrSr{
?rl,ta
6rere frl
5r5r8
dÐ{rE E
srSra
nt6ta À

Lrl)2

lrlflf6
IrlrSr{
Irarar{ }p
t rgrlr{
Erlrgf{ ÍD
ãrär¡,r{ J6

srlrlr{
lrlrsle
LrEtltZ D

Lúgsarî,

l¡tt14¡å E

1rËrlf?
ârlr{rE ffi
grersre lF
grsrg¡gf F
Êr4'lr8 C

ûrl.r5rE
grÊräJg W

ãrõrlr8
{rlrãra re
4rgrlrã rD
srlrlra

IrlrIrr14
rrl.ülrsrg
rrlrgrårg (¡

Irlrsrrra
lr8rlr8r¿ E
lfgr8rlrË E

lr5ûlrlre
g?lrlrarg xn
gr¡'r8rlrg ffi
8r&,lrlre æ
sr¡,r1rlrÈ

Irlrlrlrlr8
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lr ær h*re to ahg€ np:cseeut*tlvcs frru cequåút!€ð Ftp-

resenteil Eoræ tl¡an ü€cr

A€rf¡ ro ne¡¡k ri,th Lattorü tùÊ nonbEre of thc ùi¡g sert'; rh!ù

*r! ßyolLG p¡rtrltatË.øa of, eaoh othcr. lfh¡re rÊr r mrit of oüf¡r

ùo ruoh lett¡¡s l¡ the gr*lour cxan¡rlo¡ hEm re ntril tmo Suob

l¡ the ¡ete at rhJ.oh tha cccplexúÞ l"lcffias.,

In our choisÊ F, r* have th¡ nf.r*or {Ed6 a.se rlth ErStEtE

anil ÊrÊrS¡E¡ re cl¡¡xrae ùbe forrnæ ritlr üpod r66aûnr a.a tr rfl1 eþr
latar.

Suppæo th* falac øL¡¡ ncqrrmco bo61æ rith tha laaù pltra

alm of a ssqÌ¡øcs I,B the ect. Its ftret nl¡rrs atrla6 hss lon$ü

816r{ qr 2. Bhe only poasfþfl1tf.ea for fnler aeqruücea ünÊ

2,t4t4 2]612 ãrg)A4? å¡d Êr4l1rg. iho cf tbear ær¡ld

oorly bo Ldantial slth * ñHqunncô i¡f &e sot lf oæ of

4t4 612 írE7,? or 4rl'rÊ i¡ag¡r Ê scqwnrc i¡ tbo ¡et.
thla ia not tlæ er¡ê¡rtr

9uppoae the fal"so 6qì¡snûc beelno rlth tåc accæd lrst

Blua af.gn. It ¡nust be€ln rlth m uf tha folltrlng eouftgrrgtfoneF

1r8 116 S16 lr4 5r4 4s4 5r4

Lrg 9r7 5r2 6¡2 7rg 4s2 2rg

lhe only poselbl.lJ,tLee fw faleç Gâ{tretrG€'s rrrðr-

lr4rgrB
l,är4r2
1rËrerlra

lI¡t no ¡tqr¡asroc l¡ the eat bogfna sltb either 2r3 4rË ol E¡lr8 .
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$uppoao th¡ false stgr¡eoe be€{.ng rf.tù äe thü 1e€t

plus El.tn of e uequeüæ of tùe eet.

Thc l¡opd.bls confl€n¡rtfq¡ne sre

lr¡.16 1r3r4 3rrr4 lrlr4 Lrãra 2)4t2 Sr5r2 4'Z)E

5r1r2 SrP'3- ArJ.le L)5& grlr2 rrlr8 2,Z,rg, or ã)Lr?

Á Iloaslblc felse seqr¡sntxt tilanttaaL rlth aoquenoss 1¡ üre ¡ct l.ç

J.rL',?rg)2

Eoraror¡ no Ëequsnos Ln th.a eat begf.na rlth IrA.

If r¡ h¡d ohoaen 2&,)'3)Z lnct€åü of Er5rårÊt tùa prod rmlil

bæk dcrrn ¿t thLa pofntl ln Dole eæpllc¿tad easêsr thc sholoa 1¡ not

ao einplc.

Suppoøe lihe faLgc $agueæt b€gfnt vith the fail¡rtb l*at plus

aign in ð acqu€nce in tl¡s set¡

Tbo pordbla esnflggttLoas å,!t

lrl,rIr{ Irlr5f A Lr?}ZrZ 1rSr1r8 42rLr?' SrIrlrA oF 1r1r1r?.

Hcever¡ nme .of theçe start a s€qtnnts fn tùe uetc

lrlr1r1r2r tbô sðqusxco bogttrltry et ü0c flftlt la,nt plaoa of

üre lset Eoqurnc€ f.n üre setr doae not bogln arry soqußnse 1n the ¡et.

Thus ühe aets of rocds nhloh h¿vo ?:bo repleaantaü.ue Sä.Y€D

abova forll a oüun-ft€o @de¡ and ona vord frm €¿oh cycle of æ{æ

n har oao of the repruc€ntati@s gtven. frue üro n¡abor of rmdp

ln ùç omô,-frûÊ sode attalns th¿ upptr br¡nd.



*53c

2,.Ls g.*gg

r,ii¡c havs ühumÊ tha,t tt åe pøsLble to ooËåtruot cmÈ-
fres oodes of lcrr€{ìhø ll an{: I5 rhl.oh havo tåa ruaJúffie poøelble

¡nsbar of w¡ids. ¡ut sainly sa heve Èì:û*T¡ ths rltffiaulty attan-

dant upo'n a proof that tho cods 1s roünq-fnar ltes ln tha extroþ
hldl mnbsr d çases çhleh h¿ve to bo aonafcÉ¡odt a oouparlsCI[ qf

tù¡ tro oxampler shcre oleer!,¡r l¡æ tbo m¡¡bor of m,coc Lc fnorecatn8,

and 1t becnæs oyl,dent that fìrrthar *ttætrrüe at pæf fn tùic

dLreatton w,ruld aElrfeva littlc, ealecLdly f.n vf"ef of selfrfdgore

reautt /T/,

ïn factl $elfridgure r.osult l'a lrpoxfurt to q¡r. oortrutim

th¿t thr n¡nber of oyolon of order n 1s a¡r r¡nrætlattc qppc bou¡rd

on tbo rnrnbrtr of wædn ln e nixcknonous oo€o¡ *í¡æs thg ¡estrtrcrtloæ

ilapoaed þ lJelf!å&;f ÊfÉ rvrrrroh less str.[ct t¡3n ürorÉ t* ha.r€ f'Foósd

æ a¡rnelro¿qrs oode¡+

So for s rùll.e 16 thâll çohccrtr orsarlvee rttb tÐ
ooütt!'ürtlm of rymEwd! æüc6 ütob n¡r hrve a fiftntto urrl rud

not omoca or¡rsclvrs too ¡n¡ù rLth thr nl¡ttærhfp oú thr afffurrnoy

att¡lncd by tiht to tb,ia ac pobrbþ rætt¡Lnbh up¡nr bolnô,

e,fthoudr ¡r rh¡ll of oor¡r¡r ocmsl.dcr thc ronper.atÉvr eftld.mtee of

tåe dÍ.fforr¡t typea of oodrs oq¡tnaot¡d. .ÀfGcr e rùfJn¡ r Ftts¡a
vil.I sr8¡, and tt ülll beomc rp¡nmnü that eyaoÞoæuß oodtor

ænpt¡r¡st€d Þ' th¡ typcø of, mthods rc rbtll rse bare scs to h¡¡e m

uppër bound ou tìålr efflol¡qof,¡a rñisb fr nr¡sh Logo tùåD thrt 6tvcl

lb@çr
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SrI. Gonrr¡l

-
rn tùls E€otloa vc Bhsrl sÌ¡o: tùat thr c¡olaa of "ü ce¡

b{ dtvtd,id f¡ûto tro dr.øJolat subüote¡ fe ar¡y odd veru¡ oû a

6gtar thra Ir r *yæhronoue oode, ür u oo0o otr thet lügtbr orrl

b¡ ¡smblad frÊÊ cne rot{ l¡ rrcb o¡clc f¡ mc of tùr aubeetg,

wr nsed rus ¡ta¡dar{ ,lth rhlsh to oouprre t.h afftcx.nry
oû the lû aoðea¡ fcr tht¡ rc rfll r¡ro i.6sflþs- of the elrSc dlsooverad

by trlbat. Ehr.ç oless o¡f oodss lc l¡ usâ ¡t n+¡y tncto,llatLær
at ä¡ mmt (".g. F**pone ftsar¿¡oh :jstsbllËbÉ&t, $a.ltsbur?¡ Soutù

.ùuctnltb).

sr ah,ll ¡ee frc thfu conparl¡on th¡t tbc N ooüc ærxtaants

¡ d¡finlts ¿ds¡noe for aqFrl v¡,h¡m of ¡t lrorover, for le^rgr r¡lrrr
of nr Gl,lÞertfc sode fs f,er tbo u.r cfff.oiæt, ltus tùc t oodcs

ðo not ¡¡:¡os¡rt o ælutl.ø to thc probln of, daulsi,ne ¿ htibry
cffÍolæt s)4rohrø¡CIsr¡s oodr of, lerßr rürsth¡ thia probt¡n rtill bs

t¡*Icd :[a aeotlon 5r Ia sætis 4, rubood,ra of .M codes" rlll bc

altua to bt anelogurs to ret[-¡.mr¡¡ þpre o(f Llnsar a¡d gygHo oodege

&fg vr¡¡rflltþ gtves us Rßother lntrrrst l,¡ tbc trt eodet¡

Dfu¡rt re rfll dcfLno ¿ dwl.o¡ ühtoh La urod by aany

e¡molræc oodrs, rqüIudrry r1l those dçecclbod fn fül¡ thocla¡ tht
dwlorr a*llad ü¡ lcrr,ld, prwfdce r rrupls ¡¡s,thoal otr ftudtng r
pocølbb fll¡t portt1m fa ¡ wr¡l ¡¡ilong thc roquarroe of digft¡
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ar::tvlrr6 Et äÐ roarfv*r. Fe ¡h*ll lhm tcearlbc Gf,lbErtrs

codoa¡ rtrors ¡n'opor!¡ øf rynohmntcaü.m t¡ l¡ la¡r'æ Fa!,t du, to
tha h¡¡rdt anit rhJ.lc dooodblng thase corloo rs EhBu. h{gbllgLt
tùr argtsqrtr rhfe"h hat! r¡a to cx¡nqt that, fot *q¡ gfrü lcng&,
B r.rrr rff,l,cf.r¡É ryæbonoue oodr th¡a Gllbcrtrr soür of tbtt
fmëüh snn b* eon¡tnrotedr

ï.2 thc ìferald of Ê, ûoda

. whCItr a áåqugnso of úldÉtg ls rrz{.vln6r at ou rooalver¡ rad

ro havr to dlrtta8r¡lab tùo ate¡:t of s w¡ilr ft hclÞe ua if re ilo
üot havc to oonclds¡r (r'¡) ürCImg chci,am ftr tb¡ ftrlt ¡ncltloa baforr

fidf¡g thå dkrt rhtsb actually atrrta ¡ oode wd" s.* æuld¡ of,

oo*rôrr ftnd thl eorssot flrnt poaùtton by taktng oaoh ttlgit f,a t\¡n
and ooaparf.n8 tlm ocqrrnncc of n dtgÉ.ta beeltgrtry at thEt df,.,Ét rttb
el.l thc poçsible oode worde untll m idüu.w iß obtai¡¡od¡ th!,o fa
tþ nethod re n{gþt bvo to usô ;ålÌh ¡ C¡Ëræ-frt. aode. eJt t¡t
tr¡renedçe ie tqo lebord.ous fe ths r¡sss rr h,ve La ¡J.d, and th sf*
of the trllotxÕ¡E"riesr rô ror¡1ü hava b mploy i.s p¡ohlþÅtlm f,or slt
but the nallost n.

[ho nltsrnctfve is tê sts¡d¿rdlsc tåc fi¡et dfgrt in a*oh

coda rord f.n Eone rqy¡ for exa^c¡rla, !t' r¡ etd.¡ulatr ü¡¿t ths flrçt
drdt in averÏ aodo ro¿rd ia e sero¡ re rrrlo u¡t rl,L .'lorts r; poooibrc

st¡Ëtqg poattluo. frle rmtd redrnr orrr ccs'oh tf.Er T$', Ìr¡tg.
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If rg ¡*nt to rsatus our as¡roh Ë¡s svsn furthæ¡ ra
ourldr fon c¡¿¡r¿ple, e¡nelfy üåt tba seoord poaltfou d everT ccdt

¡qral lc alao E rs{rr tsy thrÊ qad fiætùæ etl"puletÉ.ær, ür qur

roduor q¡;r äqaseh to ¿ reasombl¡ n,6aitr¡dr.

lFffis lflËr4€r af ths rcadx.rg poel.trona rn evaly oodo rmd

ls t¡rrs a r¡aofr¡l danf.sc. wa aell tåe utrlrg of ponfH.oae so fiæd
tåe h¡nld of, thr oodco

5..5

9o bavl ahqn tht ¡ h¡eld l.o ¡ r¡ofr¡l dwiqr Lu r
s¡mohmou codt¡ }i¡t wü of * horrld i.u lt¡elf doc¡ mt gunerntlr

tb¡t r codr fr r¡molruuur rrqE t 1n r, foç aoeptl.øal, s¡sc¡ üm
thc h¡nld fa nme tùrn hr,lf aa Lor¡6 ar lùr oode tqrð tt¡tlf,

Por rhl¿lil ahctcn tJr¡n thts¡ ft 1a pæolblc th¿t tb.
he¡¡ril a.qÐM esr¡ril bc dupl:lcated tn tbe ¡En¡i¡dm of tb.c oodr

ror{r ff, tåð rf&t dfuf,tn ¡¡u chosæ in thr csrvst crder¡ and

provl.ded uothiug f.¡ dlouc to ¡rovrat thl! ooor¡rrFrno.. trf j,t tß

pooeÍblr tùÉt $r ¡trlqfi d ¡¡ dteÍt¡ bs€¡¡n by tirtn frlcr tbæaldt and

owrLl¡lD1-ng tnto tht aqt ;erqil ællld tc idcnd.esl rlth r4r ooûr torltl¡

oÐfn lanufn6' ür r{.gþt (or vrong, dcpcnilfu¡g on tàr pr,lat af vierr)

sh(rrse of tllg1tar thæ the oodr rerld nøt be s¡mohnæcnrcr

S.[.1o

Whra ta arre oor¡pfdcrtns codos rfth hcrlð tår only

pælùlom ücn ferae rcrda fðonH.'+r rl"th oodh rurd¡ nr posoibly
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ba6fa år€ tbÕso rher6 e få.Ìsr fhß¡alCr oan bagi[.

if tt fs poeef.ble for a feLsc fh€reldr to oearu ln a cod¡

wordr thøra ¡ßrst be eeê r€stld.otton te,Foaad cnr t}re dL6lts ooq¡Err¡g

certa,ln poettlons in t}n æile roards¡ tùeae restrlstùoms nwt prsvt¡t

rny felse rord fton belng tdonttcrl çitb e, cod,e tordr

g.õ.? &r kattr¡odr

krt h*ve Ju^rt elescÊIH th. tlo ÉËthoda otr reatrloü¡g fbr

adr foæt rhioh¡ rrith tÀ€ r¡so of a henald, çl1l onsurr trBt tbs

a.dle is r¡'ncbfocruus. fþ m¡st placr rssHstions ot&€r tbn tbo

hGËJ.d ou the forteù of a r¡nrchrenfl¡a sode¡ thle ðuFU has boeu ¡hm.
lfe ca¡ eitùæ

(r) €nÉurË that no f,alsd words are ldtenü.t'qt llth oods ror{6t ûr

(ll) ourrrre lhet no falsr tb€Ëldl cm ocrurl in thr.e o*,se there

art¡ rm false worde idenfioåJ. ylth aode rorda¡ s¡d eo thô

ooncätl.on of (i) is eutons,ticelly eetisfiod.

It fs ùvlqrs füat tùc Fofrú mthod t€ &r, rtroqfiæ thrn

thc ftret pcthodl tåiL¡ m¡n¡ tbåt it ie rtrogrr tbn r¡t¡eËrßrirr

ftur e4¡ ode thfoh us€! thls ecsod nothoil of sohifirfug ø¡mchouf*a-

ttø (by proventing fr1sç hcæal.dø) should not be a^s sfi'ißient es th.
nost of,flcfesÈ cods whÍab ueee üo otùæ mtùod.

Gl,lbcrtfe codes arq oonstûËtod so tb¿t no frtsc rhr¡¡,ld"¡r

nâür æcur. ft{e aakss f,ø ertnEnrly srsy a¡rnohmnieatløt tår

rucelvæ þet eoake ttrc fl¡çt helald a€qudcr, rhfch l.t knmc to bc
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the sta¡t oû' ß eçdÉ rolr(lr Ðal baëfnn deoo6in6 rt that poiritr But

lf re e¿n rffsld a @1Ð eophistloeted rsccivetr¡ anü w. can gU*natc¡

thet¡ aftEr a lüaa of aynahrror¡tãet1ør¡ the f,Lrst oorraqtlil rsaeúvst

xo¡d Íe daealed, lhrrs Íc no ri¡ßa tþ tc *oq.fd aoÊ grt ClrrtË
efficlenry by ueLrrg a dlffererrt coüo.

þ a aæe e.-rphlsticatod r"aceiy€r, wê EÈa,rr one tùat can

e:rnnine a cw¡tleta et*{-ng of n Ci.6ftgr {n¡teail of Juet a hsnå,lat

aãqr¡êtrcêr to doter¡¡inc rbcthsr tåc str{¡rg rlgptrÐß(nto a qodo rgd sr
a fa-14ç ¡æd. h¡t rc do not rant to Ent bne& to tù. ritfatlcü|}rvl

e¡rtcu. $o rre Ìur¡ to tlæl¡c ¡i¡¡pla t€rtr on oett¡f¡ pættfons d
fta dfuft atr"ing rhLoh gfva diffc¡¡ent ¡resulta for oodr çwðe ¡¡il
fel.ae rtrda¡ lhLsr cmbLrærl Ttth a rhereldr teat¡ enablag rn to
plck up tÀe fl¡st ærractly ree1¡ed roril rftcr ¡ Iæe of

u¡dreniaetlon.

fo RkE ùeae tests vorìc, *e have tu rr¡strist oertalå

posJ.tions l,n æarSi oode ro¡il. thin oan bs ilone in trro ra¡rs.

filrstryt Ts cen etipnrnte that s oefialn poolt!-ø be a ¡orc
(or a ìnft) f,n evory codc ror{. Foel.ü,qna ao fl¡ed are noruarþ

qFtal Posttlons Ieft ompl'lt61r- artJ.t¡er? to oerry info:sattø,

ït can be atprrecLated tbt¡ tf rs ftr enougb iroritr.msr th¡
eoelt so obt¡lned r1ll te qynohronauar But rhLle {ùro dfgtt rtrtrg ta

etrlvfng: rlt*ror¡t abao¡me]'l1c.cc, end tl¡c ¡coelver la pnttlné¡ a¡t rord¡

ore aftæ the ather¡ zuch elxed poel.tfoae ropresent a coaplnta loae
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of ttm ritl.ohr Lf not uaed to t¡¡,n¡lü tåc f,L¡cd illgÉta¡ oould bc

r¡s.d to t*runlt fn¡fowrtimr But {rhc f,t¡od posf'tfms ur¡it br

i¡cluded fn cass cynehmnlu¿t5.û ls lottt srld ft l¡ oþvlow th,t

thtrr la a El.rd-¡mm nuber of posltlo¡ra vhlch m¡st be f,lxeil lf tbr

sodlc fg to bo a eynchroaorta code¡ foêo tf the falss ¡o¡da e¡so to

¿tve Clfftrant results to the tæstc to ths cods rorde.

It¡ir ¡nl¡turs ccncta rthode uhl.oh æploy teeta on slogr¡

Boaltlonal rt læk at tho !.tù positlm and ny FEhlø ahoutrd br r
unlt. lf thq alfü1t utrÍ.n€'ro¡naocntn e code rorü - 1s 1t?t' &l
Itltatto¡r*yr teæt¡ on tho oürør lünd, øptoys c teet ctr sll, r¡

ponltlt*ret enilr lf tt sould be 1-rqrleneatetl, Ít rould 61ru mob

higbæ afflaf.ano¡r.

Ia there" fåsrr a netlrod rltich lrs thÊ br¡t f,*tt¡ræof bolb

tåaso aystene - É En¡thoil çhlob glvec hJ.ghsf offtof.sæl.es üren thr

sluelc posåtioo test BÊthod¡ but rhloh c¿¡r bc uæd rilùotû refrrrlng

to e. rdlotimreryr? Thsr¡ irl tt aonsf.sts o,f trsürg prfrs cü ütgttr

togetbæ.

lca r}r.ll rùu fn ¡ecttou S.lã tù&t tlris uathod dora 6lvc

htrCù afftcf.aucl,oa, eltJrougþ finñ¡" dcvalopueat of thr ¡scthod for

ilFr{Fr cffLdarq for e'll n råLl bo left rutll aoctloa S¡ and rr
sh¡Il alco sboü that tre tcsta e¡r cäry to ap¡rþ.

Ånclther Boürt çoneG to uind¡ ff tsatlnø pelre of dfeftr

fsoræcos effi.cLencyt will not teetfng tripløtn cr guaCruplets yfuld

eÈill no¡e Eff{qimt cdag' St¡en¡¡ely¡ tlrie ie not tho oaec¡ fer



-40-

sotâ lrlaconr tùa tro-qllgtx tcotlng sJrstems ÉÉ.vsg utrt optlene rngrltrr

and rc 6ha11 pïðvo th{s t.n esctl.on B.

Tie stall acr eet up {illkrtrs aod€.er ¿nd ¡r€rv€ thet tt¡ðy

arÉ synsh¡tnor¡at usû of the atrongæ ætÌ¡od of achixvlag a¡rnoüront-

s*tionr ae gtated e,t tåt bed.¡¡nfnß' of tùrto aecti,cn, sskos tåir proof

partforûa.rly e ha{gþ tforrardo

3.{ Gilbertfs Codee

Wà dlell dæaet¡ata tb,a oon¡tnætåon fo¡r a gi.y6a vntr¡o qf n

tbøsô b as thr trsost Jntæu euù that

rÊ ) ¡.r
Wc ncr stl.pul¡,ts tihat avery ooilc roril ha¡ sqroea Ln

posltlo¡s I¡Ê ... r b, and u¡rfts La poatticne

b+1, &+1, o.. n (t-t)u+f rhorê (t-l)t(n-I-( ut, s¡rit e, ur¡tt I¡1

the laet poaltit¡n* ,ir1l ttre othor positl.ms of tùa eodc rord ü¡r

srbitrn:ry¡ end are r¡aec for the t¡*nsnlsslør of lnfcruetj.m¡ tbus,

if we have n-15, ra choore b-4* and ro oncodc ths l¡&¡uattoa etrc-ry

ÂBöDÊFG a,e

ÍJOOOIåHTDEfiIfrI

EFrn Íf b-L l¡for¿üXü tt'¡bql,tr å[ú g å30, ¡rr -]L trfoÇÇ, üú

cr¡not obñtn b ¡rrrø togothe o*oefi ln tho hô¡¡¡.C of, ¿ oodc rcd¡
rh¡æfceo ttrr¡¡o 8$e ao f¿l,s¡ rhn¡eldcrr ond no f,al"ee rædåt end ao

ür çodc i¡ aJrrchrrrnü¡tr
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5.4.1 .å.ttafntgrt cf SyneÌ¡x¡t¡Leo,tlon

,aftæ a Ioøç of o$rchronisrtrtqr the ¡EotLver plcka thr

f,irnt etr:tng of Þ aer@s ee the a@¡.t of ¡, code ¡orüe thlt ig a

v€rTr cesy rystsac ts Lø¡>lwato

5.4.3 lthr Chotßs of b

r¡ gûìßIl åtr ls ühl¡ aestfon tù¿t mr shoil,er of Þ gl.ros 1ù¡

enatcrt rff;lelcrqt *[t¡b qe of Gtlb¡rtfa ædes.

Bc lava ft.x€d b poEltlons aß Eerooa md k pod.tlma ¿E uü.tr.

fhcrofcrr; by rnrr" ohotco Ef br ra lavc flrsd

(r) 2b posttLo¡e lf t(u¿) ( n-l ( oe

(rf¡ åb-l poËtttsrs lf (b-1)8< n-1( bft-l).

Gonat-der anotJrc¡ cotle of lanef,h ¡ rlth o Laeillng zmr¡ *aú

q r¡nLt¡ poaftloneil lD tb6 sBE6 üoy a¡ befsreo Wa knc

(n-l)o(n-I(*.

1Ï¡5-e oodË fi¡es o+u ¡il.xooo. fiuBpoe€ thfs sode le uor¡

ufilslant tb¡n or¡r oryf$Eql ssrlrt 1.6. 1t mr¡st fix at læet mo l¡¡¡
plror.

üup¡ner t(b.t') ( n-I < ba

thsr w)b(b-l) (r)

iror 6æ*ter cff,åcienß!1 a+ø,( eU-f (Z)
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Êeuarirg (a) ena subtnctfns { x (1), re gst

(**)Ê( r

Tbc¡cf,æor c ¡ B

By (a),
e É n<b-t

fheæofo¡re, rc ( (u-t)z, cont¡adlcttry (f).

sqppoeo (u-f)z ( n-t ( r (t-f)

thm ac ) (u-t)?

lor greater effiad.f,tqf, n (äb-Ê.

ReBeatin6 otr sr$eüt abæe, re ¿rtrlve ¡t tÌ¡e gss

sontmditl.on.

Th¡r.ef,ar¡ thep ls no bei*ø ùotso f,or b tha th Gn ür
bava nadlr

3.4oS q'he ðf,f1ot64w CIf Gtlb¡Etrg todro

h sbsd in r*oü.on s.4.3 the,t fsr rynùinrieatLon l¡ nsed

to fl¡

(1) 3b pæltions lf b(b*l) ( n-l < Þ2 (r)

(p) ?b-t poeru.rna rr (u-r)? ( n-1( u (u-r) (u)

tra cea nrn caLcul,ate th affiel-snsy of Gtlbertfa code of
any Lenßth¡ hreveæ¡ to eLuaprl$ oonm,rleonn çhLch ril.t b€ mede f¡
tàe follorlng :eotføa¡ ra rtLl ooaafdor tÈr¡ vnluss of tlp etfrlolcm¡r

rt rooar nüd.u to br raproaenbtlvr of thc claas a¡ e rhole.
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llherr rd¡lct eppæ:c to bo dengorg f¡boænt f¡ låic Boücyl but uc

ahall elso ahc th,t tha cffld.arcy v¿rl.et behsøn euf,iïcl.ætly

cilta.ll Il¡1ta to neka thf,s oæp,rlsou uamlagful.

Às'a gpIßrnl nrler thr lerger tåt vrlus cú nr tJre great€! th.
efflcimqr of Sllbartre coda of tb¡t. 1*n6tà. II*æer, tf, m plot

offiLctenoy ¡¿¡fnst n ü ¡ 8¡qFh, re flnd locå,I æxtae rbro q * b?+I

anü a - b(b-l), rhon b lc c¡r lrtcgarr Wc o¡n dmn¡trato thl¡ f¡
thc follclng ralr¡

suppoe þ La an f:ltegsr ¡nd n - b8+1. 3y (f) ebovcl üc h¡vc

At ff¡åd posfttonø ene (U-l)A *rttt"""y l¡asltfon¡. If nf x når
r¡ stlll bsvo 2b f1*odt poafttonsr br¡t nc onþ (t-t)8 - I É,Íbltrã¡ü

poeltfoa ¡ end lf ur I r Þ+Ir r. nted 2lb+1 fired ¡¡oal.ttæa, È1ch

levc¡ trç rtth no üKtrrB tl¡sn (t-l)Ê enbftrgr¡ pooltlua ¿6rfnr

In thooa Isot tro oeÊ,rs, thc B,tlo of f1¡ed ¡ilaacs to

arbltrary poettlons fa gre,ter rhloh nåanß tbet t}rr afflofonqr La

lc¡a thn f¡ tbr s€s. a . bË+I. À ¡t¡¡lt¿r argurmt apgl{ca rh¡
a r b(b-l)r

a,

If, r - b-+l¡ the cfttoú.æoy of Gflbortts oode Lr

l-tu+*o&*o(oiâ)

If r¡ r b(b-f), {tre ¡ffloførqr of Ofùbertra oode i¡

r-tu+ - þ&* o qn'12 ¡
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lÍe rfl'l nù glro tthe local n¡{n.f¡a,

HArn a - lb2+2, f;Ire cffl.ol.aury of GilbErtf s aodr fG

t-h+ -s-1 + r'qá * o (o4 )

and rhen n - b(b-l) +1, thg efffclanøy la

r-tu+-B-1 -fug, *o(ag¡.

ss Ës looer ¡rlþlt år. n-l leee than the æapeotfve loq,l
ded.nt tbls i¡ ¡naroeble¡ sfaco 1¿ each c¿s€ tåc f¡,at that a l.r
grraeter tr I at tb€ ¡,oçsl nfnfR* tbe¡l ¿t tho road m¡d¡r ffËar
mly thet rr nu¡t hsvo sn o¡tp fi¡ed poaútlcn to çnil¡rg tù¡t the

oode fs õytrch¡on{n¡¡e ElxfuË thf.ô .xtn poøttlæ Gnsrüìaä thie dru¡r

i¡ cfffcl,.ae¡r of ¡-1.

wr n* knil thåt the off!.efcney sf Êllbrr'üre aoile 1¡

I - ftr4 + o (n-1) for all n.

rt ls tilla er¡nausloa, çlth pnrtlcr¡lar radnril to tb,¡

ooeffLol¡nt .rr n4, çlú.oh rt"LI forr tha basta of, orn l¿ter
eGpc,rieoEl.

5.5 lha Bu H¡oiplo

If ro havr e rord a - "lag rrr Bo of leng+å n, ;o ûÈ¡[

p.rtitton tåe rtrd fnto irelr'e of dJ-6Éte

l.o. ararr fu&C, "g"6 , r..

lfo sirall oall æqh of thes. pêir* of elæesta r bo¡*
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rf n le odd¡ rr ffrð that e* ta lsft ur$r. rû lùl.c ersü

rr hava dLvidod ths rod f¡to å(n-f) brrraa d .o.

shese boxeg are the d$rioog viür rhlch ro ah¡ll tn¡Íteoøt

ør toBts on peLra eú diÊs.ts togetber, ¡øntL$¡¡d in seatLon srõ.
IEe sha,Il ahorr l"n or¡r proof fut an H oode fe ryrohmou, that thls
rystm of tcrstl¡rg lo¡ds to an f¡pævrrmt tn offl.cf.*roy f,q. mqrt ¡¡
later ro çfll coneider tåe oase fæ lar6r no

wo næd tha ftrllci¡€ d.frdtion to 6r¡prtf$ orrr proof,.

S.5.1. f Ppqnf..t

À dloubkt Ls ¿ pnir of dlgite t¡ ¿ tordt t&e ff¡at drglt lt
ß gæo s¡d tho aecond ¡ rni,tr Ëorevæ, rr apoel{y tùüt, fgr rn CIl

prlr to be ¡ doublct, lùe ¡ar¡o mrt æsqp;r lùe rossual psü¿ttr¡ t^u ¡
bo¡ rho tùo rro¡d r,a pe¡trttffiâô ln iàr n¡¡nÍr elvæ ab€Ëo¡

rt oan h coea tlrat evory ¡ero forlasd þ * rmlt ra¡ersento

eitùer *n CIl box r¡r a clen¡blet i¡ a ¡ornil.

5.6. &a trf Codce

R ahall coartn¡,ct tbÊ ¡t æd¡ of, lægth n, rhero n ls odô.

Wr knm that a væd of leneth n, n odd, ca¡r bo prtiä,eed
fato"$(n-r) boroa, dtr fu r*ft oyere we rtÍpultate üû,t tb f,irst

of tùs¡s bores Ls CIl; and tùat saoh of ths othæ boxss la el.thr 0o,

rû or 11 erbtÈ¡nrily¡ A orn bo afther o or I nrtitma.ll¡rr
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lfþc *odo osrÉf"stlng of ell Brçb ffi¡ Tltl b¡ a*tlqil tär

X oode ef ld!frgth ¡,

Wc rlll ócf,lnc n ùo be th¡ nr¡ber of boæ¡n rh1cù errr trot

OIf 1¡ I Godc rcd*

15r¡s ¡ - å(n*g)

tr opr¡ re¡rrrssut r rmil tn r t[ eode aã

8tÀæ r.r Llo

rüær (") 
^i. 

- a os trO or 11.

(t) an,Oælr

Ictort lr reotùu {r rhen rs ü13m6 Gror €o!fl¡cttry ou6ca,

r¡ rt!.l uçr tùe {lgÉt tu tàl,a tnat pocltton å,s I Fsrft¡r qhr* m
dt6fto fn othsr poEitlcr'*. Ghe Írrqr oosætl,ng oo{cg dl¡ærsad

thæ¡ rtll b¡ þrop*r ¡ubeeta of tåc H ooda.

St6'l' ft--mol"fr

Su¡rpono vr Eor¡alder ttrc ti ooda crf lægth g.

ßhe rmrln rnc

ûmo o100I

üuæ qttail.

0rr¡,o {ttl¡¡,

fo een shor thet thc Eoüq fa uyaümrnrsr ,,

fr{ only pleoea rhsrtr s¡nohrmfs¡tlon e<n"l.ú bü ¡ü,6a¡¡ord i¡
a oormctþ rceslvcd Emga€i€ la tùnt f;trc ol rhlalr cnéa tl,tbm üsot
or 0I1Ol, oould bs aúetrk¡n ftp tb¡ beet¡ni-üg of r rmqtdr Eqrrrar¡
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ths next tro dt$fts Ln the falee wctrd r.-,uItl ba thæe bogfalrLng thr
next rord l¡ tbc nûegsggÊ¡ md thaæ are aì.rays ül¡ tlnrs any f,sl¡r
*ord çaulit trEva 0û, far fts asood bory end ao ft couJ.il not be

Ldçatf.oal rith a codo rqdo

xtrle argrnant rtlL be uêort utonsiveþ for äre rest of tbfr
thesf.e. rt sts,ter thet if no fsLe¡ mr{ fs ide¡ti@l wl.tå e codc

rord, thsr¡ tlro oode La e¡rnchrcncnro.

t¡¡nefdcr ths rr;ult of dlvldfl8 T
ebtet¡r I e¡rolee fut å.11".

(n)
f,ato cyelelr yt

I
2

5

t

a

a

00t00

0000I"

000L1

æ101

ourlt
0ton
üutt
nul

00010

soul0

ütüo
q;rq
1ü,10

lr.Ilo

sülm
q¡Ãot

101o0

ulo0
gLlül
I1lCIt

û+qoo

110üÐ

uto01

1109[

u0¡.m
uulr

1.æc[)

I000x"

IrX)lo

10011

l0rot
10t11

4o
R1JO

6r
naa

8o

wc lavo unelerrf¡od the ¡ædc Ln thc H ootl¡r rt as¡ bo s¡oa

that rç hevr choe(û ûtrå ro¡{ fror w€r_T psarlhl. qrclr¡ of oourac¡

re crnDot ohoose ro¡d¡ frru cX¡cler olf ordel lere thth 5r l¡r tùl¡ s*re

the tråvlel ryclm.

rf re rec¡ll. thø mar¡lt of ¡eation Ëell¡ r. 6dÐ that thc

srxi*rË nrnbor of rryorra of ordr¡ 5¡ and honsr the mad.run ¡nllbæ af
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rords Ín a syndmoarnrs Êirdt a{ length S¡ fu

T u(d)ËPld

s-l 125 - p¡ -6

5-l
d/n

-

Thus tH.s r¡rncboame codc æproe¡rta oa¡ of tho fo* trr¡t
rtt¡fn fra upBcr bd on çoro,-free codec. ra factl thc j¡i codr

for rp? io the iæt H qodr ühioh ettefns tbls bü¡ndl tha ¡esgon

for ttrl¡ la uad¡ cLær l.a cecü.on õ¡9.

Íhe argimmt Ebovc ahrye th¿t en ]c qod¡ ffir¡ bo rynoturmou*r

lhe nst theorm prsr¡ss that evor¡r lI aqcis Ls eylrcbtoñot¡Eo

Sr? fhrors

-
Aa H csde is øyncbcetraüF¡

Ftoofr

constdrr tro ræila¡ ô aãô b¡ l,n l{¡ the tr ood¡ of lengtb E,

Iot r br e f,elsr rord¡ conrlntlng of n oansreutlT. dfôÉtr

rl¡¡¡E fru the E{guücr of ån dld.tr *b, but noi.üIru Þegl.¡ni¡e ¡t
the flrsù dl,*[t of I nor mdtrag at t&e lsst di#.t of b¡ Fc brv¡ to
gl¡{ü thåt a ls rrot fdentlosl rfth erq¡ naabar oú ll¡

$uûb n rmd ¡ nl¡et bssin at soco posltlon i¡ *c rts fl,rst
tlo d1€Ë.te Rrßt bð ol, and ¿lnae nu trq in a ts CIl axospt fåo tlrrt,
s m¡¡t sta:rt et e doublçt Ln ar tshl¡ ôuublet mr¡t ba6fu oit¡hcr Lu

ftre necenå bor of a or ff¡rthør tr¡ thø rieÈtr sJ.nco tho sooond dfdÉt

oû thc flrgt bo¡ of I la r r'.:tt.
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thæefom¡ z incS.ud* bl and b*r tlp f,iret ho digits ia

b¡ end thosr ars 0 ¿d t lespaotlvol¡r.

$lnEe ¡ bcdtrîB et &a aeood poaLtlmr la e bu¡ and at-me

u ia oddr \.bg - 0 appsss ¡r e bq tr r¡

äaæe ¡ hee s üI hr cürer than thç first.

Hqace g ie n#Ë ix å,I.

r'¡r"s ¡s f¿I'e¡ vo¡d can be identlsr rlth e codc ry@dn

Ac ¿n oraupre of t!rJ.ø¡ ßul,I*]sa the dwbr¡t begt¡s t¡
poalttot aE_*9.

rn thc frr*e rcrd c, ths fi.rat banr oontai¡a en_s and eo-gr

tùre aoeùnd ao_a and ðrrr elrd tho tbfril bI end bg.

g'b¡ tt' 84.4 gn-5 an-z en-l ar (X' ...

4t 0 I ¡_. & OID-I n !aaO

Ð.7Jr

!o eneiro thet e codc like the E qCIdp ie a¡nnahreatnre, rc
bavr to prrrnt 0l ocsl¡:ctng in e bor. lïa can do tlrfo by fr¡l¡e
tlts firet poeltlm of a bor as I er¡rÌ leavfng tls c€ad poeú-tÍ.on

arùltr:nrar cr btr fis,¡s tre eecorú position a^c ¿ o arul ls¿vl"ng tùo

ffrçt post ttotr e rbltrrartrre

.$oleyor, thia cute tbe arsbsr of ¡¡ooælbil,fü,es in a box fru
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S to Er Ënd så Fêdttoe the efficiency of ths €odcl for thts 16oÕin

It shon¡Iit not ba usec ô¡rcept rhore rnoeeÐrf,. .sç6vsï', lt ir a

¡racñrl" adr*ptLou, ae 1111 he shr{F l¿ seatåon 4o

s.8 nuo suu¡cts of lr(n). n El¿

In thfs eeotiotr, rs ahall divt"dc the o¡rclar rf wh) t¡to
tro subaetE - thec rhl*h provide a mubor of ¡n 1l ood* a¡d thoea tås,t

do not. rn thfa nrgrnent re rill diuogÞrd the cryelcs of ccdeor l,
i.o' thoge gencnt€d bg 099.r. G and Lll ... l. sb thfs !i&åon,

ra alsll dafi.nc x as t*!e eub,set of, w(a) rhf,ch oonbius s.ll, th¡ ro¡il¡

o¡ *,r(t) rhlch bølong to üre noü-trJ.vial eyolee¡ f..e. all the rc¡rtla

* o(n) exaept tho t*¡o nsutåonrd a,borye.

9fs dr¡LL ¡or deff.ne u to b€ tbe subEot of x rhisir tnnaiat¡

of o11 rorde in c,yolos gmæeted by acnbera of thç U osiler

Fr nc dafLm T to bo tb cubeet of x rhieh eûusists of arl
rordE 1n e¡reler gsrsÍEted by cll thc ror",êr b rhlch h,vç ths f,o}lcri_ug

pro¡nrtlesr

(f) b ba6fm ritb üL¡ and ba at Leaat om otha¡ 0I box¿

(e) fhe¡c is ¿ dÐr¡hlet åa b Eæsrhe¡s betrem rhe flret s¡rd thc

laet 0.1 box of b¡

ght¡ dæs ¡:ot LnplJt' tb*t orory rord of thø fsr¡r c,f b

gmerttce a üLfroreut cycla¡ inileod, lt rilL be aiiorn tbat wc¡r r.or{

in T rill be developod at leaet three tlues by dlfferent guænatctrs.
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wo aha"ll shm ln the eneu¿Dg ¡€ctLfrE th¿t $v€rt rffd f.n r
fs t¡ clther t æ T, h¡t Èrt no ror{ cf "¡( fr fn toth_

Flrstr rs ahall ehc th¡.t b la not ttre onry rord l¡ tt¡
cycle Íhlô qtf¡fL*r the m$rfctl.one Letd tryon tt¡ in f,aot¡ tbarl
a¡e gt laost tno other rorils l¡ ths c¡'clc contetnlag b tÞloh obey

the ¡¿;trlotfimr.

ã.8.1 TÌ¡¡æc

-
If b i¡ e rsrd of 1angth n, n odd, rh{ù begl.ar rlth 0l r¡rl

b*¡ at lenst one other ox, box¡ and a d.o¡rhlct ¡æo*æe bctt¡ea Íte
flrÊt and IaGt Ol buur¡ tbo ery ræd o, i¡ ths a¡mle 8Umrratcil þ
b¡ rhloh bogrnr Tith fl a.lao har at hsst mc oühc ür bor2*nd e

dqrblsû betrceoî ita flret a¡d leôt üL bo¡asr

Pl¡oofr

Sy thß eondltf"qe¡ b La of ttrc fø
0[. ... fitr ¡rr 0I r.. bo

bor tln¡blst h¡t Olto¡

rf b l¡ of thf¡ fon, re shßrl my b haa properþ mal s â!r! gbrt
rith thË Oil ro¡¡rcsç¡tcd tn þ Þy

(I) ttre lagt bo¡

(8) ¡ dmrblet Ècfsre tho l¡st bor

(g) a box bEfore the l¿et bo¡ and bcfirs a daublet

(+) a bør baf,om th¡ l*srt bcc u¡rd aftsr ¡ll itoublats

(S) * do¡iblet ¡ft.sr üo laat bs¡.
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It r11I sbrlfy tåe proof f.f rrs con¡t*r¡ot tho f,olJ,wla6

tablc, rhLoh slrqa tåe rrs¡åtJ.ouahtp orf ¡ bo¡ cr r ùnrbl¡t fn b to

tlir cæroaponûr4g boa æ da¡þlet la o, ilepqdt¡g m rhther låo bs
or ilcn¡blet tn b ocdu!ü bofq'a or aftsr tù* ¡neltton 1n b oo¡*¡e{port-

tllng to tbê ftr;t pasttlæ ln c.

(r) If c çte¡ta at e bor ln br

Bcf,or¡ etnr"ÊIng pol.nt

br Bffi Ðurblot

ot Doublct Bôr

(U) ff, c stgrts at * ¡ha¡bt€t ln br

lefcs aterttng pol¡t

b¡ Bor Doublet

cr Bffi Ïlci¡b¡.ot

Àftor etr*trq# polnt

Bsr Drubl¡t

Bo* Ioublot

Âfter etarü.ng $eú¡$

Bo- :loublet

h¡blrt üor

€rSr lradfng frru the flmt mtqf of ths fl.rst table¡ if n bc
tn b tn pnevf.oue to tbo atartlag p$l¡t of c¡ i.t rlll b¡

r{rp$rsåEtod *r o dor¡blot f¡ o.

Ëkt re lnve thfc teble, let r¡¡ ooasidcr tho po¡slUlr

sttrtlng palnte of e Ln otdøç

(f) l!Ï¡s f,trnt box of, b trocsr ¡ rtoubLot l¡l s"

Ehr doublet befæq tha last box r¡f, b bec(es a bor J.n o.

(P) [tbe laet bs of, b, Þecones a dor¡tnlet lD o.

tl¡e f1æt brxt of b ls Etül- a brx f-ü o"

(e) lEbr ah¡blct of, b ¡fte¡ the atarüt¡s p{rfnt of s rlrrß1.n6 a

clpr¡blot l¡ o.

&o trart box of b ts ctfll e bq[ tD or
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(¿) frr €utrÞIet o b bofsre the atartlng point of c beccmps *
bc¡x la o.

llbe flrst b* of b bocomee a doublet f.n s¡

(S) f¡e laet box of b La ettll e bc f¡ o.

flhç Coublet of b before the last box is still a dr¡ublst ln çc

If b gsne¡atog a cyele of r¡¡der n, thcn, d.usa tl¡en ars *t laeat

tbrse Eerû€a follc¡ted by rufta Ír br thsre s¡ìÊ at lea6t trrs other

xnde¡ fn thæ oyatr e æneretcd by b' , thlch cl^eo hsça poperty BtB.

thi.t th¡on¡¡ hac prorred anotùqr fuportant pointr He car¡

cce tbrt Ëo ncter of, tha lå eodr of lc4gth n Geü bc i¡ V¡ al"mc

caßrif ræd t¡ V bçg¿Ed.åA llth Ol ha¡ at leeet oae other ül borr

Slres tha cyoloa l¡ Fü *re dlaJolnt, If üd V are diaJol¡t mrb¡st¡

d X. ht w cttll havc to prwr th,t thnl¡ rurlæ ts fu Éolc of

X.

$Í-nca no to:rû fb.u a c¡cle of ordm Lass thär n €¡¡ bß ln
an H oade, lI dæe not eoateln arry of the rordg t¡ lehCIltl gyoloËr

lbua, lf lI sud V toEetbo:r oøtuÍn øvery ehmnt øf Jfu üt by€ to eht
t}¡et tl¡e¡t la at l*et ous ro¡{ tE ÉÉoh t€rhortr syrlË rhl.eh lpsoêsÊðg

proporty BDE. fhe nert tlrro¡¡æ reccnplleh¡¡ thi's G¡dr

S.9 frooro

-
If s ts o uø-travt¡-X. rord fn w(a) of cdor leee tùrn n,

tå¡a c ls in V"

hoof¡

Wr slnll pÉsvþ th*t c ts tn e cïs1c gurcrrted by br rba¡r¡

b has property FÐ3o
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fiuppoøo o fs +f o'cer ¡r I ( r ( n. yíe Lner by sectrou

Ê.4.1 thet n - krr vtæ¡:e h ts an tntogæ end k) t.

Í,ii?iÇ€ a ls sdd, k and r arc bçtù odd.

$qpporr b ls a rcrd in tihe ease cyele añ s, whor¡ b bocc.nt

rl'tlr olr By srotlon Etû.lt b cøafatç of a xord of rægtb r
rfopæt d k tlne¡.

f.Ð. ¡ - hlbg ".. br\bg ,.. b, .". \bE ror bo

Itr ou¡ chotsc of b¡

b¡þe fö qt

lEb¡rof,crr b * GI ¿o. br 01 .,. È, 01 b
!

ara aaa

ñr elnco r ie edr: r ibe eooond 01 pÊ,fu gtveu ¿bovo Í¡ ¡
da¡blet ltr br s¡¡d thå Lsst ol s¡Lr ctvæ LE r l¡or ln b,

so b lÌâs grryerty rÐ8" end so b ic e gøroratæ of e cyob

1n Tl haæe a tc fn V.

$Íe bnve ua ahara tlãt v omtarqe aone cyalen of ordæ a and

arr thc nqr-tridal c¡rolea of orde¡ leea tàan n. ¡i-6 û,leCI Encr tJ¡at

E. soueieta of o¡rales of crdcr n. nhr nrxt theco rd.tr ¡rrov¡ tbat
t sÉnrtefna all &e ayalec of ordar n ¡hLab ræ not i¡r v.

f,f¡rcÕ all tùø vorce in v becJ.ruifng ritï¡ CIl havo e dcr¡blst

bcfone tbei^r last q[ bor¡ rc c€$ eeJ¡ t]at alt tbo ærds brglnntr¡g Étù
fil rhåch srB not tn'lt do not beve a dqrblet beforq thcf¡p ln*t Ol boxr
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s* slrprl shil thÊt ff r rord o berou8s to r cyclc geeretd Þy r
rorld dr rhich'be6fae lrith 01 but ha.a ¡o d.sublet t¡ef,on fte ¡¿Êt u.

boxr thou o 1s ln II¡ and einc€ oy€¡Tr rord beêlnnfng rtth ol m¿nt

either hnve proporÛ mB or be cf th,e foza of d, thl.e Þâs,ng tåst II
e¡¡d V bstreem tl¡æ ooatal¿ eyer¡r rsd ,cf X,

5.10 thoæer

-
If c Ís not iq I c¡rale 6rnonted by a rcrd b, Èeæ b has

po¡nrty ÏltlB, llrru a ls Ln If.

ìlroof I

r,€t d br e ro¡d begt¡lrr,¡g rttb 0r in tbÊ eenc eycl€ *4 ee

d tpe no dr¡rblet tofCIrye lte l¿et û! bco

I¡t e be tàe ro¡il t¡ tha esn€ oycle a¡ s ¡¡å d vlræe flret
tro paitio¡e oærcepffd to the få€t 0l bu in d.

rf il hae ouþ æ ol. bo:r¡ tba ftrst, thãn d fs ll t"h€ H ædr

of length a¡ ho,oe d gmørateo e c¡cla ln Il¡ l¡sacs c ta ln Ur

I{or eup¡looe d Þsr sore ürrn æc 0r ho¡ but doec rot bBve

p:ropar*¡r lÐ3,

Ft c"rr itcftLnttlonn of d an<l e¡ {ùrr only o1 $slrß ia ¡t ¡üe

repraeenteit bt boree up to t}r poøltfon ûonncsÞodtng to tbÊ ft¡at
poaltlon of c, *nd ilnrbl,et¡ after thls Fstt!.on.

But by the teblo gåven Ln ã.?J, eD" t"Ïpa,Ç 0t psire tu d ¡¡'r
re¡ncaent€d Þf dsuhlete in e¡
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ilence e i¡å,a no uL box ether fl!¡s lts ffurot, u,trd âo io J-n

th¿ 1,1 code of lørqlù nr

Eaoc o le 1¡ Uo

lÍe ha,vo thr¡e ehoçn ttrat er¡r nord not ln u ll tn a e¡rolo

grualatrd by e rord nith prøperty ffi$. Fo ror{ of o<ld ler¡gth lasg

thr¡¡ 9 ssa poasrlc thtÊ prvpcrty; el-noe re uned ¡t lsest four bqr¡
tr¡ a ror{ fn or{e to {]lt e, dcnrblet betreen the ftrgt ad ]aot
bolrt. fhfn tfsü tn rfth ttre faot füet no tt oodc oú læSth gssaþr

th¡n ? Ls êr rf;Ffof¡¡t e"s êolqbfs oodç orf, tüe sü¡ rougth, for re
sheu ecs t}¡st the le.rger tbe ru,lue d n, tho glrstör psoltffitfq of
ËFas or w(u) berorrg to qyales gc$orgt€d þ rorno nith pæBcfrr åtrIEr

$I'noa rc hsvr nr rhcu tùôt u eñ v tqgËt.hæ oøtsfì ê1r

tåe nm-tüvl¡l rcr{¡ * u(r)r th. ntto betros th mnbor of rqrda

fn each of thx 1n J,nBortantr Fe elnll tben €ührblt an fntenoatfln6

fLotc We dnll flnd tire r*tC,o of rorde ho8fmf¡r8 dttr 0l jJ¡ U to

rc¡de boginni¡rg rltù ül ln T. One rcrrÌd c¡not tùet thf, netto

Tour{ bc aprpæü.ËtöLy the ¡ans En th ovea,rl r*tlo sf ths ¡tgea of
¡l n¡d v. I'e s neænd ¡loøalbd.tltÍr tt¡e :[dq tbat thr dtff¡¡em
bctreen tbcae ¡rt:Loe rould bs f.n ü6ê nrt¡ drpoadent onr n ;ould gem

to be e reasohblc qt¡o

Horeve:rr nelfåer of theee gusaÊ6ð ra coxre€tr i6 ghel-l !t
calsulate the ratLos and shor thc nelatte¡nnhiip betreçn tbø.
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S.ll ed y

SJIJ I¡m
ffi

!frp nnber cf rurda f¡ an I sodc ft
8"#

hs tùÊ ¡nøùEr of mft ù E {r
ãs

Proofr

Iu e rsrd b l¡ the H mår of, lugtb n, tùcæ aüE I bamt

çhlob oan cach br tLttÊd tf cry sf, tbr õ æfrg OCI, lO æ LI, ¡rd
Do en bc aither O or lr lbp efüel trc perfttøe¡ tbs :flret *on

trrt å fl¡Êal Ol bc.

$n¡s thsn a¡s 8.# rolals f.n rn I codçr

r.qÊh {mr of th¡e¡ uædç €lnÊrêta¡ r oryole sf oæiler ãr 1+€r

cach of thç* oryclee cont¡f¡s ã ro!üt¡

ftae tzba nruher pf ær.ds fñ II ¡r ga.f.

Fr pa ¡üor thôt tbc nrsbar d ærda in T Ls

* -2, -È.f r

end t'b¡t the rrtt o of, tha slr¡ d It to tba ¡frr of X l¡

a.st{d) t*-n
fs ¡lr¡ll aor fLnd the ntLo oú thc urÉæ sf wrqdp

bc*f.nnr¡e rl& ül fn Y te tù¡ auùer of mrde beåxmj¡g ü¿tb o[ l¡ r,¡

5.11.8 Iæ
fr* mnbrr of ræile Ln Y rlrich beËln rlth 0I It

a nå - g.(*¡45r'8
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F¡eofr

"À ræd tn Y rblpb bagfng 
'å.th 

ü¡. ¿d h,c ttå IsBt Ul, bor

as lte ttù b€qr* ead rùleh b,c tte l¡et ômÈlet befon¡ tfu tlh bo¡

baglantng tl tho ¡cooú Þoúttr@ of tta Jtb boï ç5 (f*l)¡ oan ùr

r¡ffüæ tu t*rs fcr

or -ff¡tg "'teJ-lc¡[ y¿f*f4rs '.. ret-s |at-a fiL lg*1 "r.
rsr I

vhrl rycrtrr x* l.s ettha¡r 0 or L ar¡bltxerlL¡r and pch ¡lf!

vztra€ lgJ"gt t" ' I*,t l&-gt lÊ*l lp¡*2t e.. r k y"+

l¡ cil.thsr 0û, lO or ltr ar.bf"hrll¡r.

Saaoc tt¡r n¡bor oû lmit* fn Y of tbts fü f"r

2W . #-g-J . a.f*l* .g

- ¡ÊJ-l . sE J{

&¡rrf,ole tba totr¡ wrbc of rorda ln v rùxeh be6tn ur.tb

üt, L
r+l

Xk-{

k-z

a

I

ç' EaJ-¡ . #-J-1L_,w

gh+l - o,(¡+g)f€

r+1

Xf.** ((*/s)H.ù)
*í
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5ì!.nce thcm er€ å.I,tÐÊGthr è,bl ræds bq{¡nfn6 Tttb

ûL ln T,, uG nc luw üet tberro rn E.(u+e)¡f.Ê torrde þ t
Þ€sfüßfng últù ol. |Itrc ¡atlo of the nrnbsl of, rorôr b€ËJ,nnrr6

rlth üI tn II to tt¡oeo bsër.mr.¡g,rltt Ol fn X tt

e.(r+a)# r sbl
If, rs eoqper€ thts rlth tb¡ ratlo fcund ,¡ Srl].J, tb,loh

la thc sr¡6 a,r

e(er¡s).f r abã-e,
[r aåe that the ¡etios are uot noarþ eqrnl'.

In frct¡ es n tooffis largn¡ t&j,a latttr nltil.o tond¡ ra¡ruptoHo*Iþ

w øfa of tha otùero fro raa¡on fsr thl¡ Lr r¡st apprrut¡ tt fJ
orrtalnly not thÊ æc¡rlt ro rr¡ll(t a¡rect.

"€ ¡¡IELL nqr examine tbe voL¡¡ùt dietrtbutlø of rord¡ 1n

an H codc ad eompam lt vtth the roi¿;ht dlst¡{.br¡tLoa in fl(o). ,!Ì¡.

h.vo elmdy flluetr:atoilr Ln sqotl.on 2.r.r tlþ,t {ihe bottcr tt¡
ral"ght dtatrlbutton of a æde, iù¡ bettor tlm poaaibilttlcs far
orrcr oorrsotlont foll altÀou$r 1n lany ooarar tln rrdr¡otLt¡a Ln thc

nunber r:f parity Ctgtte nêcêgeå.;ry to cr:rroot evar3r synrÌmure of

rclglrt e or Loas la not eignlftcentr the n¡¡nbcr of, aaeoa çhmr an

€Eror of groator ayadraoc rel.ght than e a¡n bo corrsotad ts oftin
greatly l¡erra¡scd. Istcr re sIEII ooÉI¡c,tr tùe roigrt dietrtbr¡tlq
of ¡n & aodr rlth tbat of Gtlbcrtrp coda cf the um lq6tùr
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5.1Ê fhoo¡eu¡

If O< r(r*l tù¡ar¡ tt¡s nrnber of wæds, of la#
¡ r &fr5¡ *ith rul.gbt r, br€t¡nlüS vlth ¡ CIl box and h¿yl¡g no

otroer of bo¡ms 
+
/ , cæu(nrp).cont(*I-p, *-4r1)

rhen tbe anau.o¡ LE t'ko ,ovar all tnte€era p a,roh tbt
o( p( È (r-r).

l{t}ïEr liiace the nr¡¡abry of rords r¡f rsl¿ht r f.s tbe sanß ae tk
rnæbsr of rcroa qû ¡ei{Ét a.{r bg o¡æætr¡r, l¡ho ebovc f,ourul¡ c¡n

ùe ucd for ro¡tla of rei4þt g¡rater tinn r+I.

hoof¡

Er'oh rErd rhtoh oboya thc ¡bwr oonditioa h¡¡ *-l lults
a¡d n-r-l roroin ar¡¡ngad ¡non# thc rrst n bor¡s and th¡ l*at dl,6tt.

supposa th¡ leat n ho¡rsc of ûo 
'ord ornpr{s¡ p 1l borer¡

q 10 børe a¡d r 0O boxerr

-Ílrstr re ohall ff¡d tha n¡nber of rorqelr rÀ1où obey tbe

ooditiona of or¡¡ th,¡oro aü rblob end ritih B råro.

IatbtsGo'se¡ B+q+rãt
ÊP+qr¡r-I

For any 4von p¡ e1 and r, the p 11 boxas cari be dlgtritutãd
anoug tùe s boxes in Cæb(¡rp) raye"

Pæ eaeh of thase distributione, tbe q IO borcr sau br

¡rçangsd rnong the æoalnfn6 (¡-p) boxeo ln conb(n-Dr {) råsar
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fha rrnfaü,n6 bons s¡ bt ftllcd fn jiuËt G¡Ê E!¡ vfGt

OO boæs.

fløco tho tst+l mmbsr ctr rorde rtrich be6f-n rltb 0[, hevc

no other üL þox and rhiah and vftJx a aero it

PrQ

rùerr täc sÐEtf-on Le o¡vcr all (prq) grnh tåat D 2 a, qà o, E + q_<r

rnit fo+q r ?-1o

Sf.*üarly, tJæ tolta"f ¡ubs of rorriln rhfah bsâf^a üiiù qI,

havr uû othcr 0¡. bG end ;lriù û¡¡ð r¿t}¡ a, unit L¡ r*¡f¡

-leøu(rrp) Geub(n-prq) Ë*
ÞrQ

h¡t hcæ thc uættm !.a we" ell (Frd n¡ch th¡t
Ð2 o, q) a, ? + fr(r rnd Ëp{q : r-8.

fü l, 1r qnt to

X cont(¡rp) c¡¡b(r¡:Br q)

þ1,-ril- 
I 

' cnb(¡rp) cailrn¡ r-sp-l)
P'O

År

0r

ålto D. Ir cgurl to

Cqb(¡¡rf) Cub(r.pr r.fu4) Ð.

Hræ tå. tÞt¿r mbor of rofila rhxoh bc6tu rtth et oi!
havr no otber Ul bõr ts C + D,

[x"*lI
F.o

l



r Gwb(r, ffr-l)) cmt(@(r-t), o)

t+û

T
+

- oab(r¡ ffr¿)) +

-68-

tcrub(u¡p) tanb(n-B¡ r-Q-l) + 0mÞ(nrn) QcÞ(u-p¡ r-þrg)

ùy tbr rell*a*¡ proparQr of mblaatorÍals.

If p - å(r-¿), tù¡ o¡rcaá 1¡

Conb(u¡p) Coú(narf, r,å¡l-1) E¡

(coo(arB) co*(r-prl, r-äp-l) )

ccub(ar å{r-1)). eæb(n-}þ-l)+lr o)

- tub(r¡ t(*-¡))

lhcrefo$rr &-
É

Er eb*lL w apply t¡bf.e thccr¡ to drtq¡ri¡c Ffir.túsur"er

vaÏnaa cË r f,æ ¡el? alrd û.51. lF¡c vatruÊr ala plottcit qn gllslùg,

üô ¡roo haço g{lbeut eodee plottsit for cor¡nriæ¡rs.

5J$ tqt r

tor a æupa={soa of the t qo'de e¡Kt tùc ft¡cd. placc æif¡ of,

tbr ql¡a rqûëth (n*r)s a¡rd r oorp*r{"aø of thr tf cotr (r¿z) rnd r
flæd pl¿er coile (É) vitù apnært¡¡tcþ tùr 3rr äsåË of ;æda,

rro tù¡ follwtng gnlrh¡.
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(f) In glrapl I re aea ¿ 6¿nflqr.feür of tå¡ t[ aodc cf longth l?,
rhlo,h bsr 4ä?¡[ ro¡da ¿nd tbc f,tpd plac¡ oodr cf 1aeÈb el

rhich brs d090 poaatblc rordg (raitunihnay ls not ooncLde¡ned

borc)¡ togutbæ ll.tå th eæphr of ttr¡ nu¡bcr d cyolcr for
rech telgþt. Tbe Io6 soal¡ r¡sed dær not allc tll
dfffe¡uce þ bs tmsdt^etetry ap¡nr¡nt, tnrt lt c¡'r atl.lt bc

r€êa thrt the H oodc hee nny rorrüa of bsth e,11. ad larg!

vrfgþt, úLle the ratgbte of rorda Ln tù.t ftæal pl¡ec qo¡t¡

fslr bütf,csn dr¡sh gtf,latæ rt¡fts (tu.e orn a"l¡o br rccn t¡

e¡a¡ü 2). &ua thr a;v.!ì¡€€ diståæc bstt€en ro¡ds tn tùr

!f sodc i.s grcatcrr alttrou€þ ths ¡slnimn df.ctãncr ney not br

(g{r lator), and thfa peans t}rat a graetrr ¡nnaontrgo of

Grrfftrl of ayndr* mt6þt gr.oeter Ëa¡ ltrrr rin{Fq¡ s¡¡
eæ.nectablc rith thc ¡{ ood¡ ths rith tb¡ cnrrerpædtng

ft¡rd pl'aoc codoo

(t1) 0mph ? ooa¡rrt tbo X ooda ¿nd ths flxed Fl¿ae soel¡ f,o¡

r - 51 and lt eaa be õüRn i"@odfetely tbt thr & oodr br
nme rcril¡ of avol? ¡of.€ht. À¡ rtrl be shiln in the ncxt

lru,, the ld codc l¡ theorcü,oally praf,anblc fæ n ( ZS.

Fcrer¡ aa ahcn f¡ s¡otl.on 4¡ rr cnccrrntcr ¡ drffter¡l$
Ín rcpraeætfu6 Fa¡fÐ ù¡ckË¡ âJr i.nprovwnÈ tr g:ivm Ln

aootl.cn 5 lhæc tùc ryncù¡¡tnor¡ cods¡ hvr arbü.tnr¡r poeltlolal

end thr prd.ty cboûb ar¡c wc¡l ao i¡ e nsrrr,r lfneur êodüo
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ü cods end GllberÊrg oodet lr I 5.1
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5.14 Ifl¡

- tllt¡e l! eeêr rs noÐ rfft€tßüt &r¡ tt¡a Ë¡srd p¡år. oods of
lcneth n rJ-th no nihdsqr fæ n ( Zg.

þoofr

Tbe atnbæ sf ysr{¡ t¡ ths II ooüc f.a

,*å(n-s)

&r mbcr of læitÊ püdù¡¡ t¡ tàr fl¡ôd pl¿oe ædr ef

lrrylt n, nklag æ *II*anæ f,ra rull¡dsüot, f. f, tbclr F 1¡ tùr

æbar of ar:bftuery poatttmUr Nd Is appoÉratcfy n-44

Ehc ü oodc is ib¡ lcrr tfftetcEt lf,
P ig lccs tha¡n l+ffn-ü)f,re¡5

&lø equü.m ælvc¡ to n ( fe.
ït l"a l¡te!€stL¡re to aote tù¡t¡ lf ra uaa tùr approd.uttu

ruge 5 -fr, tnroü re rfll aca 6lvcr ecçutr¡tr velure undæ tùl

çoodf¡g a¡tborlr la tho nert rectlen, tb rnqgaus rolvor to n ( rñ

8.lc.l

tr¡ knc th¡t an l[ ædc beç e¡å(¡þg) ,or¿¡. ï.ts

efficltuo¡r tr üççfoæ

($dn-t)rosaúÞr)/a

w rbart
O.A - I.{u-I

¡ppr.od¡¡ttn6 fog¡S b¡r l.6o
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It cen be saon frc* tþJe tùat for large v¿luea of, l¡
Bllbsrtre codc rill ba uor¡ of*l,oient, sLnco X ood¡¡ b*ve ¡
lfeltl.ng cffloløroy of O.8¡ tb lr-atËng cffloLtry m &Ilbættr

code¡ lr 1. If ro ua6 tùi eppro*tnatlon fc loe¡t oú 1r$, rhLö

rl11 beocno ep¡rrcprtato tn a¡otl.m {ç tùa cffielenoy ef tbÊ { oodr

f¡
O.?S - 1.25a-1

ÐrI5 lvo¡gñc Dtstanoü

3e ürlw th¡t the sysTags 'llstanae betraan roüals 1n a eodc

Lr not a,¡ l¡pætaut as thr afnf.u¡n dXstanoc¡ es f,ar e¡ ttæ:r

coræctfn6 potcnttd:l.tf"¡c ¡¡'s oonoa¡lred. ErrøvÊT¡ t, grratæ

r*.ra€r diabnoe betçeen rordh leæns tùå,t tbð nuu¡bæ uf rçdß f,æ

rhloh nn oþCIu.sus rod ocn br nittakæ la prîbaÞly l"asa¡ f'on gfven

syndEen€ rcj,gbt. lh-rsr gpeu,ter ayemgç dlats.ngs betne¡u rord¡ tr
¡nothor advrntag'e of the ìd eoila ovr¡r the f,lsd plaoo co¿s of füngth

llo

ã.1ü.1 Íhcærr

Fcr n ( ZS, tbå H sods bÞs graater avcrl¡dt dl"sta¡leq betr¡ø¡r

rordÉ tharr tbo fiæd .pleao oodc of lergth n.

Pnoof¡

Con¡f.der ths srtny ænefeting of aII üre rqde in a¡ lú oodo

lt"sted ue r¡n'dæ eüotbcr In e colr¡mc Ïlo have n-S ælrüs of oul

rord oslrru coatatafng &oberõ cf slt-her 11, l0 æ ü0 boma¡ ead.



s6¿ r lr ¡Ð't

.tÞ¡or Ðoß+eq srua¡sTÞ ¡Fa¡a¡e .ro¡rel$ E lürt oÐTB lT .rpoo

mrr¡û ptrf¡ Dr¡¡ uq+ doue¡oç¡go .re¡,rer$ aüt rpoo il aq+ ð¡rlr .g¿ )a
ürrür $$ n¡ r a.u¡elrg¡ 'O0g > u TfË co¡ ¡-6lnp ) ¡$. ..On

É ---

(,nÆ-r)/# r

((1-,s)ñ+.)/( *+l (.S)¡ r

sp.m¡ orl rDCtSrd rffiùs¡p rfluref

f - ¡I tT 8p¡or Jo ¡Ëqffi rq

.f,t1¡trür tr6 xo e,1 Srr¡uppoo lur¡où d
l¡q l¡ r.{ouspmpc¡ oc tg?r ¡poo sorld pËF cq¡ q¡¡r c.rq¡

r¿dþ :
((u/t*r)suse)/(sr-w)rna ¡

((Î-tr)ü)y't7 r üpror oæ uosr+eq c@,BTp esu¡c¿v

ÉÞ.Ðr p a;r¡rlf (fn)pf: ¡6¡û &1rr cq1 rt rËwfi¡tsJgp

(q/N) {s/n) + (s.u) (s/rXelm) - v
+eÐ ar cseoua¡oJr¡p firfurg

rÉtoitltå ..ttt- E
f,tfürç¡*w NDTcÐ T .Â!q et

tltorãr 
# 

.r*t* 
F 

Fngrlaluæ slilrIoo (H)-r ÞAllq oå

rtcolm 
$ ."**, # 

sr¡u¡s¡uoo srrc¡oo (0-lr)+ rÂq c¡

(S-u¡çS'a rf, It$¡orf t¡s ¡1116

.^dftmb* Ër0 ¡o r¡1 svçu¡r+ltoo urm1oo orlo

-8Ð-
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l{ aodcr ùâr ôf rcrd¡ â6lJ Àv. d!,¡hæc ¡ $4.L

Gitbertrs coda¡ Bo. of rurdg g6il'0 Âv. di.rt¡noô r õrJoS

õJ6 M'ethod of ¡tesbsnlgrtLon

Wr bre u* ile¡aoqstÞtad overythr¡S nbout t& Ìt eodc

excËIrt tha't 1t sould be r¡sefu,I ln practfcal applisstl.on¡" W¡ slrll
uot deaoanbt¡ bcr¡ th¡ raye tba,t i¡foaatl..m ßrE be aib¡rted for

tralouiesl.-¡n vLc ar¡ û! codo f,ouetl üi5 subtsct rtl), ùo t¡etted

frùIy Ín eectlon 4r llcr*ver¡ to cnnpløto thi¡ aectfou¡ re rhs.ll

sbtr tbr,t, if infornetlcm ie baú.ng tFnnanl.*tod u¡drg nn & oode, cr

a oubs€t d txrc¡ rymhæaf.ætlm æn be ns&arrtåd at tå,a fLrgt

oo:rrcctly raocived *ord rftæ t lo¡a of aynohrmig¡tåmo

S.16"I

Suppooa tltet, afts a turnt ètrdr of 1a6Êb 6mtor tùen

th¡ rgs¡-conraetla6 abf.rt tloo €f tb coile e¡¡ hsndl¡r thö stFrl
ls ptohrd up et ra ar$rfit¡r¡r Dod,Et f¡ e rosü. (It fr pmbrlr¡

deçirablo frat re atterpt to conflrr fn ame tay that ilr rsa

coûd"ilêrLng opnbolls fro@ tho tmrcruff,ted ll6üBà{p and not thogc *t
tls oqd of tho burat¡ 6rðr ïf tùc buret le a lmg etr"Ing of sccoü,

relt unttl. r, rnlt lar bean noetvd bsfo¡t baetÐtng tår fqtlorllg
opcretiona)r

hcs ttrt h¡rat pe.ttora Ìea sded, the mshfilÉ eosus tb¡

ûrocmlng: synbols rtrti.l 1t ftnrl* a toro foltcod by a rmlto
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i3y the eoaef,motlon of lhe If code, this ilruËt el.ther æIrìas€nt ¡
0r, berald of a wed or a doublot {n tùe nfddl€ of * çsrd.

'ri'b trs¿t tåe n diglts begin¡rine" rrth ri,¿s 01 e¡ r ¡naafbh
rord¡ erd oas¡¡ lt fc ol troæs. rn tåe formuer eaaa, oons rill br
femd¡ br¡t rn the latte? cage, re rij.r- f,lnil one ccrrespondfng to
eaeh douÞlet :l-n the ori¿¡:inelly tnna¡¡ittEil rnrd¡ afÈæ tår ør æ

rhfch ra hav¡ t'1xeér aad also craa for tåa ol hcn1rl of tb.e mrû

toæüo

Bhip latter Ol box vtll obvtouely 'oe tåc laet f,qrnxt i-u fu
sord r¡nder opelatirur, s.d. eo, i,f re drift rn¡r eynclronleatiou

Ðsglrank$ to begin a^€pfn frtn thís point, s¡rnctrrmiætir¡¡¡ rill haw

bren regef.ncdr rt mt be aoted tÌ¡st randoü orr"ars not prt of tb
buret nay upset thía procedtce¡ aRrl so tbs r¡nc of extonde€ øænnfry

(eee 5¡16.s) ds desf¡shleo Ànd Eü rc cs,n ¡re&añ¿ae tbe operatl.m

tbus¡

å'1¡ on tho ftrst OL oscùinet:,on f*u¡rÌ, enú sä,n th (n g)

E¡nbola aftar tlrts f,or 0l br¡raer rf n<¡ns are fu¡nd, th ül

æmblnatl.on ie a henril¡ !.f srue a¡ç for¡¡rdr ü,re raet of tbcse bqffi
Lc i;be ho¡eId of, tlre nexü code rord.

lt¡1a opcretl.m vlll obriously rçesfa ryndrnæle*tfon i¡
tú.æ to ðeoeËt tlr ftæt oonplota code rord, providod thet tho rorû

l.¡ eæotl¡r focclred.
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3¡L6oE Erræ Cor.rrctisn

hoc n¡nnchroatçetiø heg boaa ettßlncil, r. eo¡r deal rith
rrnæa in ths hrrald þ aetihdc Einilar to trose gfvcn r.atcr (rn

¡cctd.our 5.16.9), Ehr€ver, Lt rlu be appnecletsd tùat €Ínors eÊn

effaot tåe procoss outll.Þed abcne. Bo çe m¡et enpbsel.ae tbat

qrnchrunlsetá"q¡ rlll bs rçælned at the flrat oourlotç rcil mty
tf ft ls otrrrsatly recc!.vod.

5.16"3 Åddltl@.Ì Saf¿m¡ard¡

fraee rirt bB disoigscd rat¡r in ¡o:rs dctafl (æe aectim
O), Urt br{"of[¡r, tbry fall r¡ndcr tro hcadårgar-

(") Ëctansiq of tbd he¡ald.

obptowlyr tåe Lon¿;er the heseldr tlre less poerfblllty of n
felee hæald¡ eo a 1o¡r& herald ca¡r be an eid to a¡nraboninttro¡;

ln¡t a hcrt¡"ld l,or¡der than neoesear¡/ erpts us valrable arbitaar¡r

¡nsftlone"

(t) Extqitsd eoannlrlg.

rfr af,tcr fi-nd{Tg ¿ hrr¡td scqrnæc, r. .Grn tb ¡ dt6ttr cftc
th srqucrcer ro shll. orpect to ft¡d anotàer h¡Ëtat scql¡æßr

et thc erd of, thie soq¡r. I'silrre to dp ao nekoe lt !üobahlt
tået our h€rslil seqwæo fs uot the hssdd of e ædo rc¡dr

thLe ls q,dvl-Bshre¡ eince it coets nothlng but ¿ l"onger aqgn,

end 6rrarde a8ainst the poeeibüity of arrora i¡ the flrst
recelvcd rotd cat'ñ1n6 e f¡,lee synohrwrfsation to be obbiu¿6¡
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4o

4.1. Ocnarel

-
In section 3 Eo shfi€d tbat any cods d 1o¿th a rùl.ch

q)nËi6tg of a suba*t of the ¿f ado iß e¡ruohronmrer Ï,or e eoiþ to
bc euô a euboet, all thc rcrds in the codo an¡et have a. ol fi.ngt

bor md uo ol bo¡ aøong ths o&æ n bwsse Íro in thic *aotlm, rç
oonsLder various nnathods of adapting lnfo¡ma,tlon a¡rabolo (am

Fard.sr eheckn) eo the,t they obey tbe a,boye fo¡¡¡at,

lhcar mthods fa.ll tnto bo brr.gil claesificatlons.

Flretly, re cen take ¡¡ €rrrr eo:rocting code of aay fBc mdr btr

urs of tbe trausfo¡¡¡atLon fi¡nction f a,erinee belor, tranror¡ta th
code Lnto c¡s rhish obeye tåe 1.4 eode forreto ålto¿"natiroþ, tr oen

ttú" o.o i¡fomtion i,uBut¡ repnaecntod by e bfuary nr,¡h€r, a¡ilt, Þr

EpBlying I ç*y ta ttris¡ a:rivo et a eet of bo¡rçe rþ.åch obe¡u tho

fa¡mat but ¡tlich haa no redundancy¡ 'ir€ ¡¡¡¡st theD constn¡ot ffE

¡nrlt¡r chøcks es fÈat thcy aleo abey tb fæ¡¡ato

rt ahould be not¡d tåat ¡sq,*s abotû l¡fornatton qrabolr,

*r¡ncJarry ar rognrde rfffoferqr of s ooile¡ aleo i¡eluiþ FrlV
aheohr, rbtchavæ clasalffaatlq tr era oqnal'dwinge f,d.a f.¡

feaaf.blcr eince tha amoqt of infor¡etiæ ;hlch ca¡ b¡ snt vl¡ r
càa¡ml aJtal th. rl'Êuur rittr rhieh tt cao ho o,hecLcil are de¡ndcnt

oury on ths cùra¡mcl ad on the ÊrrûF-correoüng ablllty cf tåe eoden

and not the w{le fc*rnato å¡c eo infomatiou ryrabols rnd pex{ty

cheake play ogrrfvaLoqt rûlcs ir determlnXng the effi,afenc¡r od I oodt¡
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sot fn ihls eeotiqn vr ooaÊidsr rrpeolall,ctË codce¡ Loo

codre rhl,oh glve theûp beet cfflol.*rqr only fø ccr*tatn vsluea of
nr r¡ order to ta.æar¡to tJro aodc (or sct of tnfætJ.ot ryabotr)
lnto thÊ li oodo fent¡ rc splf.t c*oh ræd ¡rto ¡cü 0û tJGÇü

oonsecutive bi.azr E¡rnbolt (trtplota) a¡d apply f to eacb tr{.pløt
Ln ü["r. #¡ tb¡n ¡dd tfsuetiaod,, ps{tËy chcùs, if noccßaarEr,

(ecc later) and t=a¡euuit the ¡eg¡¡ltant r¡robolrr

llt,la addLtton of Far{ty oheaks¡ not neoe¡eary ln tbr

fou¡'r olasalflsatlo¡¡r can be aocomplÍahcd ü¡ tblg l¿ttm case þ
re€ardJ-ug thË oor 1o aad lL bo¡eE sË rilalnetf.r€ty equtvelent h ûr

I md I (aod õ) anit ocrtnrstl.ng tlç F,ÉW erhçoke tÐ Ëf.vr Þnrfg
müulo 5o ![h obvfor¡ drrçbac* is tùat rc arre urtag tro rynÞole

to obtrln om parlty abrû¡ Þrrt f:hir ir not aarLgÎll l¡ nll-
ædrurthney eodese

Coêes oonetructed in theee rays Ìuve the adra¡rtÉtlp tl¡ßt,
oncr sJrnehronieatlon ha¡ Þøsa attafmd, fre orr-thf¡û of, al.l tho

nnds eËrorÊ rhicb ncault 1l a {Il box oen ba tmedl¿tcþ loa¡rtlôr

-{r,nother advenkge ls ftË Err¡f.me rn¡aber of flxoé glsore" ßhl.c ¡es¡ú

tàat tha i¡rfo¡øatíon syabols a¡.ìe eprod oe€r a Largnr proportfæ of
tlrc ræd¡ ard so it iÊ not poøsfbLe for a br¡¡at of a cgtaln len6th

to affset rs ûå.ry tnfmatlou syaboLr ¡^a iü the aaaa of, tls ftxed

plsas oodso
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wc ril no¡ dËvoroP e te.nßfor*,tie rt¡tah rots uI)ü
blnery dt¿:tts ßnd roprorcnts tùc¡¡ in r fo¡¡. m¡lta,bL¡ fæ t¡ans-
nieeloq ln a øde rhfoh tre a subeot of a¡¡ H codrr wç nrat eglr¡,
BRs truiaf*rætion si$co f.f rc nrr erbLtrar¡r blmry lnfo,rutlø,
lt ts aort¿Íu thet naay ùorcs othæ tÌ¡en thr fl¡at rj.ll contafrr CIL.

1.A. d a¡.1 rhr Feq$ry SvstqE

ïi¡ d.¡flna ths trransfeuetfø fu¡rotfm í ts tw f,otlalag
rr¡rt

fl te d ftr¿ctfo¡ üfoh, Érn actf.rry upon a ¡¡t d ttrc¡
bln¡ry ÉteÉ.t¡ (thc eeta b.tn*' lrpronentrbr¡ r.n tù¡ aqm,r ray ty
tbr Lntogp* or I ¡'.e ?) tranmrtaa tln fnto a ¡st of d dtgl.tr¡
dl'vfd¡d f¡to tro buea¡ ¡s r¡r È¡c fotrafns t¡ble.

rf rc aar¡fds¡ thc æprrca¡ntetrq of the bqrp CIú, r0 anrt

rr by the nrnbcr or r, Ê ne¡rctfvery, rr cå¡r cÈtof,u e uunbor

rquivrlut to r ¡et oú trb¡ro bonc (*.g. tqll fu cqulvrkut to l,â,
rl¡l'où nopreacnts s t¡ a trnary Erutæ rrratogow to tht rbf.ù
glvee tlro td.nar¡r cqutvdtnt of r nrnber). $rl'g nrnbry rill bc

sarlcd thc temary qurvalat of ¡ sct d bceo¡ *r'ally e prrr of
botrlt.
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lOlO h¡s ao nplrarntatiu
So, gfura ¡ry ros'tgr d 1e6th EE,, rc ¡plít lt up luto

r, ffiFrstår appll I to c¡n¡ of tbon, ud ra ùtrln a mse*6r of
ãr Èorasa¡ mm d rùlÈ rr c[. Tq as¡æ fut æob r ronü ûËßüf

tb t['oo{i fmet¡ m onl¡r hsva b glvn lt a fl¡ed qI. h*'cld egl r
l*ct qt¡bor¡ rhlth cctr bG an ove¡rlL p¡rrtr où¡ak o¡ tàr ror{e

ño'tr th¡t tü¡ or{.*l¡rl tc¡¡a€r Dü oæ ny aot æahllr
htlt-t tr lrrrotr-{o¡ttre€tlng l¡4rrrtua r

ìfr ur æræf.dcr the follçfry altfffrltx¡ä tahlca d
trd.plets æd thetr ¡epnt¡en rndrr f, &c a!.aaut rn thr ttù
ra od the lth æltm ûf ürr trfßD€sf¡r t¡trl¡ gÉvcer f¡ rmh

GÊåGr the rrnbar o'f plarac i¡¡ rhlcb tào ith and jür nwdl dlf,f,ar,

l,rc. tùç l$n".ri¡€ dlct¡nec brtteen thar"
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It rllf bs obsen¡od, tù¡rr, that tb¡ ü.stanae b¡üos

É(a) ano l(rr) fa at lorat as grot ea tìhrt brtrçen 1 anil rre

(t¡æ df ffarsncsa rt¡ish arc greatsr ß;16 rpdcrllred). frus, f.f tr
defiw thr f<øa*r6c to bü ths Ãx¡üp{ng of a ¡aEoæ6e of lcngth Íjt

u¡der Ín th" l.ne¡ä¿g* diùr¡Id be at læ,st &B sus¡ceptlblc tE erro¡r

eæ¡retion es the ircseaSÞ ltsølf. Fhis rlll ba paoved in rsctLon

4.4.

Al.eo r¡ ¡oties t¡ paeeirð tt at, d.r¡ce tùe liaef¡g wotgbt

sf l(x) t¡ thc õaae ¡.s tbêt d x (nodulo e), th€ ov¡rrll parfty chcù

d¡ bo neilo elthcr m tbe ¡d.ueessåê sf on tlre input Eesealor

We rfll aFãuN hore.,ftff {ùat thor¡ is r.gttébt
p¡obebtllt of cnrof, ln offsctùng ttìtr meodLng, ¡rô co¡oe¡n

c¡urs¡lvca only rtth orræB tù¿t omr fn th¡ tra¡rsleslon d tht

Éænaodeal redr It üfIl be aborrrr tlnt th¡ ædrudenoy lntæiluard þ
t*ra ltngtralng of, tåe eçBsegÐ r¡ndm f-encodfng (fnurn l[, to +!) to
¿chlcvo thc raquiæd fora vtll also lno¡cree tbr bu¡et.€Fsr corrôG-

tlon e¡nblLitles of, tho code.
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g.õ Íotea

- $l_ncc by usfng" thte c¡ûtn r,B a¡¡ oaly gÊttlqg S futrrt
fnfo¡aat{on qnbola onrt of ry€r¡r 4 l.{nordod rylbole rhlch a¡r
tr¡¡srltted., tho m¡.Ylnra efflclæoy of r odr ùloh r¡s€ã tùfu
rryrtm is ã/+.

rt rr11 be shova ru ecatr.on g tù¡t if ro tr¡y to doftn
qry fumtto¡r rhlah tran;latcs bloeke of input t¡f¿u+tim r,yabo¡
lnto ¡rcLets rhfoh ¡¡e nbo¡cr' gf 5 or ¡norl rgnboLs a¡ buirdl¡s
rd.trr tþn fàe nnr¡ltsnt oode l"s not ae efflølort aa tbå oæ def:tnat

by ü.

5.5.1 fry 101û left out of dfrÌ

fte ehou_ld pcbaps exptain our ehof.ee d IOIC ae tho ono

left out in tÀe tabtre of fl(x). tl¡l¡r rr¡s &nc for tno rcß.Ê¡ÐDrr

Får'tlyr tûlü is nEre llkely to prrodu+e herard soq.rgncéß, bof& by

itsorf anil fn cosbtnatf.on nfth thq box palra on efthsr el.dr of lt¡
thrn an¡r otùs bG Flr. ïrn¡s @lsctm of tbia prttorrt¡.r bo¡r

¡nir doea nce to obvi¿te the ¡los*Lbf.tity c,f ¿ feler e¡mcbcontaetlcn

drn to a tn¡mfesiqn Grror trran lùe øfsaLon of ary other box pdrr

llhs ,'ther and no¡c feporta¡t rsêaon for t"h¡ onisaiq d
1QL0 ce¡r bo obacr*ed frcp tha t¡ble . Xf rç taat th Acnaf¡g

ilfatanoe bctreen lor0 and rrryr otkr bq p¡t¡ tn tho tablo, re flnd
tà¡ dfttaæe 1a nsyor &erc! thâ¡r e ütd fu fn h¡ìf tåo s¡cr¡ only lo
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fble næne thet if ft rres alrúned ln a tãarru{-ttad nøesege of
y'-eucotlod d*ta, etngla arrors ln tbe $+aaea6e ¡or¡lil be h.rcl te
cær"aot. rn fect¡ ainße for everg poeslble triÉrü1 tbcru fs

æother 1¡"rgrcü? rhsa¡ E+w*{'¡g dletenao frun 1 ia s¡ tlr r¡sc oeB

lü[0 ae a bor ¡ralr reprceortlng xrrourd ¡npan th*t tho Harotng

cistsußa "r É(¡r) fræ t(r?) w"urd bo lees thar¡ tÞ r,r".t¡g df6tsnc.

betr¡sn a aurl rr.

'lflhi.a srgunont ia eufflofæt to rwon Lü10 fltm tb,e aet of
box palrn rpcd in É(*), Eu*-ever, Te eân erso eae that¡ a¡uoh€ tbo

I posdble box gairs (heluotn6 lol0) r the probabtlittr af s cùcgen

dr$t occrmlag tn any position in îxf.oo that af ths oceu¡=€æe

of the other (*.€. ff, sc obeewç ü¡s first pooltåone sf, box ælrel 6

oontaf.¡ I erd 5 aontel¡ 0¡ óscrvf¡eg tba sacorrd poaltione õ rm I
erd6aæ0ote.).

ra argr coûo¡ tFrs eyara¡;e di*teuaa ie aa*luun ff in thc

tabla of ooda rorde t and I oocr¡r ae nearly as poealbls tba uarc

nu¡bsl of tfnos in evcr¡r poaftfon. slnoe this le so¡ 6 to 5 lr
every æIu¡n La not a v€¡ry afflciøt retio. Hcrcvff, lenfral d
1010 frm tre eat *,koe tha ratio 5 to E fn evary ælrmr¡ rroroval of,

rrry otbæ bc pcJ.r rcrrrd rsavc the ratfo 6 to g fn ¡,t rcest mo

colu-q.

Ero hvc nor ùcn tùrt ürs eigùt el€Ë''te ra É(r) are th
on€r u. aü¡or¡lå r¡¡s tø mprsgmt the etght tråplatnl tr hsve aot
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Juettfled oræ FaÌ.tls¡¡lar chol.o€ otr rcpreoütatlftß. Ëbßtr beva no

fu¡tfficatloa, o:noept tùat Eo trh€r ohola¿ o¡u be batten f,r trrt
pr¡l-?oroÊf +any ohofccs rls aot artlrfy thr ooadltl0n tùst tb
soml¡g di¡ta¡roe trtucen É{rr) "n¿ É(Þ) bt et rceot es gmt m
tùat befr*r r, end :*o

It chor¡ld br cnpbrelçr¡l at f.hle pod.at th¡t sN,lr chol,CIü of, qt

e's tåo ho¡¡ld of a,n H coclr ras prael¡i arùit¡ary¡ ro rorrrd hcvr glvta
u 8 ei-l't*r oodo, tùe rnÅræplæ.gul code of tù¡ X coder i,t th¡

a¡¡¡¡o ütJ¡r dLff,erunt olrEf.see for the rapreoentations rå11 ¿gro cod¡r

rhl.ch s¡o dlffarent in rpprance but tdcntioal ln p¡¡o¡¡antieàr

4.4. Error correctlæ

fir rtl,l nc coarl.dor nothod¡ üf e¡Eor oorreotfm of
y'-¡aeessËpa.

uslng tdre repæe€nteff.on of tle s bo¡ee by nunbers, r€ Gra

employ boreg as parfF ohecks¡ fn ttic s@raç thet ve aaä&tc that¡ f,c
cænple, g{ven 11, 10 ærd 3.1, then 10 g:iyes pælty, d.noc

2 + 2 + I + L.0 (mod 5), who¡a tl¡eec nuabers c¡ra tÏ¡s terrrar¡r

rquiva,lætõ d tnn u*ngle bcog cor¡csrrn¡c. Ílrr¡¡ ro cfün add pnrtty

choclcq ln tbe f,oln of lùeea boloa¡ anil stlll have ¡ ro¡d thfetr obqrr

tå.e I eodc fo¡atr sor in codee whe!É tåa parrty cheelce arl odd¡d

after thc lnput lnfouatlon *yùbols arq l-cncodcdr the Gr"or

ocnraatfo[ s¡n be eocoopllùéd ln tbo no¡n¿I rìe,¡r, e:Esêpt that tùr
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parlty le noft¡lo $. Hcwever, wÌ':e¡! tha cmplete coðe l¿e bean

l-encodsdr snd aynahroníaatfo¡ he* bean ettal¡ed by eetdition of e
ol hçr:alal erd ên ovenalr Barrü chock re havc to obt¿in the

orfgfuiel fnput info¡ustlou s¡mbols (or aa erose &6 rF c,an g€t) trø
tùc Jd.+reasegc bafore boginnrng €rror çorreotj-on.

8iæ e rc h¡vs csermd tbat ryaoh¡onl,m,H.on bsa been

etbl.uetlr re knc the eata of four eymbolr fn the rcoed.ved f-oseæ€p

rt¡lotr *:na pu¡I)ætsd to Ìsvc cma &æ eaeh of tb trripleta. so rc

t¡kc eeah pctr of boree a¡d apply tlu invarac ñ¡¡ctåoo þ-'. lf.

rJ.ll tror thot thore aro three pcaeible ¡aar¡lta sf te¡i¡ afipllcation,

.Flratlyr 1f the pair of bs¡se lns baeÐ a<rrectþ rocôf,ysd,

thon, nnier thc srrppoeftion of er:¡or-f¡ae apBlfoatlon of F', þ.
oonrctt triplctrlll br úÈtatnôat rftb no flrrttrar aonpltoetl-oü¡o 3ut¡

l.f an c:lncE (or er-ora) rnvc bcen nede thæ one of tr,: tårln8e o¡rrr

hep¡nu. Tbg FÊceivoû sfunel , fi(*) + S, rbere $ la the crror

t¡ad:ron¡, cg.n b¡ eithen cms of, tùø oc¡nbfnations tfu*t Í-r pqì deoode

or not.

$ra dafl¡s tho er¡or aryndrone of th¡ f-ocoa*ga fu tho

¡¡ernâl bin ry ray q'd not ia te:ns of ft¡ ternr¡r rrapre oanb,tim,

al,aa¡ tbe erzor pattam ie better rcproeeut€d ry tho forurr

dcffnitlonr ard e Ìnorled6€ of, tho ¡robebl¡ errc pattcrne belps in
tlctsrfrf.ning thc pertty chack s¡ætnn of ü¡ orLglnel cod..
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rr F(x) * s r ü(y), !.e. f'þ(x) + s) - y, rùru¡ cfnsc

thc HamdnÉi dlstånoc bctrecu l(x) aaA þ(y), la¡ ae rhrrn by tb
ffi¡¡gulår dl"etanoe etrfoqs 1n eect:oÃ 4.Ey not l€ss ttran ths

ilamlng dipùrnae bEfuem r Énd yra¡,plicatlt¡n c¡f ft tu tt"

f-¡sa"Ede rll.I not lnonease ths nr.mbar of æror¡eü¡e porLtlons.

'Ihæc aro 16 poørú.ble r¡åqråmrö cf 4 plsooa¡ Çåoh

arbltrsrlly 0 or Io fr6 t¡ilrsfontl<rr I *fy usct I cü tbaet¡

thr dhæs b€lne t01O ¡d tÏrcm rft¡h a Ül uc ln tb¡n.

frr¡¡, l-t oofy reoogni,scs thoac ei6þt od th. slrtecn

poeaf.blo roqr¡¡@egar êrdr qros ab €Ëssr h¡,¡ be€¡ B(hl ml¡r esvtn of,

th¡ renalning ffftoen acqu€trccr rilI bt ¡oooÊr¡lsrd. mht rbich

rùll. not bc rocgnl¡ed arr IüI0 ¡nd tboeo nhtoh ooatsi¡ rm or !ûo¡r

0I bsxoa.

Y f' canuot ü¡ooil¡ fi(r) * S¡ tuu rc b*v¡ to daold¡ sn

r ucthod of deooilfng. lBbl¡ drol¡lon rlll drprnd oa a rnnb.r rt
faatøs asJffi rnoafr rhtoh ufll be 1ùo ertor prtteras d.th rh{ûr rt

e¡Ç Eost llÈrly to be dÉlt&ga ÄItäough cvörï iltfffrent t¡ßÐ*

¡nleocloa oystm riII havo ita om optf¡nn úthod' re rl,LI 61w nw

tro nothds for prtl.cul"er ryrtes nhloh orn bc adepteil t¡ othc

Ol3O8¡

4.S h¡nlc--

SupEose va nquilr c rytrohmncrur oodo of fagth þ - !¡ + 5

rüteh rLll eorrsat mc .EmF f¡ n ro¡d. frle i¡ tàc ht¡rl of oodr

to r¡go lf thc r¡reto o'f trunr¡leeLon gÉvos oury rundon rrffiEl, and oo
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fç of theae tbet ru oa:r ÉiÐsqr¡rt tho poanibtrity uf tro €rtrora i¡t

thl onç lqô. SupBooo aleo thot re tarrt to acd ílL, f^uf-ornatloa

dieÅts g€r rordr

4.ã.1 'Ì9a oæ f-øccÉt ttrc l^Efot5latlcr itlelta to obt¡l¡ 4L syubola

1n ?'L boxoe. Applytng tha cmdttiote cf tàc rlrç1c-ar:næ-conrootlng

tænr¡r {am¡l¡rg aoilr to the bqoa uæd¡ ro !e. tbat rc sßn aqstruct
r oodc rhLoh rí11 oæroct uy o:r¡oþær¡a bu by thr ¡ddttfon of,, n¡r,
b bæcr¡ .[füu th¡ edilitim of ttr of h¡nld rnd tho r*at s¡rrbol,

;e fl¡d. thet n - 4tr" + ãt + 5.

Thus, ro l¡v¡ &tafned a ryæhrørors ade aú ¡¡ngitb {,I"¡ö+S

rrth 5t lnfonsu.oa tH.gs,tr, rhloh rr11 oo:rsct at lsÊrt om errsr
pæ rq¡.'il.

B¡r netíoc that the laet ryabol haa nst beeu uacd ystr ry
a cortsf¡r applLoatlor of, thla eyrcbol (".g. nFÞ6 it eqrr,l to tha ¡rr
of tbe ayabors fn tls oild ¡¡o¡ltfone), ra crn cor¡cot a b¡r¡rt cf
fÊD6th ? cr lasr in a rætl.

4.5.2 .ålta:mativeþ¡ vø add s ¡nLnl.nrru of thtreÈ êigita to tÞ äI¡

dt$its and conetrr¡ct e sìng1o-€rrü-ao:recting lintrar çods" wa

ttran /-encode ttre glr di€:iterarlc t¡he hs¡arrr qd noke üre lact
pgrity ehcrk d!-git tire sr¡ss of all tha ciglts ix tùe odd pooitÍo¡gr

l.{ç asetne thezre is ns æare tb¡r¡ orn cm€r in t¡aüenlsef.on¡

ff l(r) + fi io o¡ç of the aigt bc psiina in tro Bct; Xrêr í(y),
tnen ft(l(r) + $) - yr srd y r{r1 co¡teln oa€ eror¡ ao it ean b¡
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eoflftroto.il I Lf f' 1111 not opsate o þ(ù + S dîr to tl¡t for-

D¡.tfon of a 0[ borr thc coÌrrat¡r¡çs of thc last parfty ohÉ*

edded to tho f+ceea6r rl11 ûçtortf¡e ff 1ùr nfat¡ltr l¡ l¡ thr

first rr ¡oomd dfgrt of su& c bc¡ ånd l.f f-t tfff not opæatr

beceue¡ of a IOIO oubintÍoar cÈroor¡ clthrr lüIL or Lll0r tlæsdc

and cb¡€k; tho rrorlg ohofæ lras bea¡r uade¡ if there is still an snPor.

tbis l's e codo of lcngË {,! + 7 rith g, f¡pt¡t lufætf.on

digá.te. Ås cün br eom¡ tl¡o decodlng æqu:.ree aodcletc\r

aouspll,cated appsra,ä¡6¡ 'but tÞ* €neodin6 f-u eåu¡rlc¡ enc. tË Ls tùr

portion that he¡ to be rimple.

4.5oS

ff r* sleh to r¡ßc &r¡ H codt rLth an Odð nutøber of boxee;

re aannot l-cnaode bilÊry ir¡fo¡ætisn irlto tln laet¡ odd¡ boxr

Btrt Te oan fl¡ ¡ u¡l.t l¡ thc flrat poaítlon t¡ tltc bcr and loave

th cscmrl poeltlon attítleryt tbc fÍxcd unlt ettuËa tlet tha bcr

lc næor OI.

4.5.4 iJfflclsuory of e ú-cnco6od ii aodo

Sfnoe Ì€ EñF puttlng tùrea lafomstlon"drg{ts into tb¡

four poaLtLonc sf trç boxoo, ao /+¡ssdeil tû a¡¡¡le oÊn etrar h¿vc an

affioú.eaoy glaetor tiran 3¡[. üelb6 thc appro¡l¡ation of log*5 as

l.Sr e¡ uentl.ontó 1¡ tcetlou *J4.Ir fn tlre axprtesittn fs tbc

efffeinnoy oú tba .M coilr¡ glvea ttra se,ü€ rosulta eG rlt Sst by
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consd.derÍng ttrc É-enet¡ded I{ æde. $o we rl.Il uee thls
appreLDatLon t¡ fr¡ture shen *e are eonsld...]ri¡.g a eode úioh le

likoly to need ø-€üoadfrre¡ thls ep¡rllea ¡n¡tleulanly fn egctt oü ã.

4.5.5 Defrn.f66n

i;re yill dsflnc (e)r es tb amallect f:rte¡¡øn not leee

tà¡n å.

4.6 üotes

- we sea l¡ snetx.on Abthêt u$ eaa h,ve dÍffe¡c¡rt va,Lrng of
¡l für tro codra rltb tåc ¡enç nr¡nbor o( tnput inforretÍoo ¿r6rt8r

r¡ tho fcÉ1or1n6 aeotiono, re rill oonßorñ ourgsrves y¿tà th
follrring probrenr- {0eß ro oanntrrrct e¡rnchonouo cqüsa ¡rhåch

pora¡raË ¡i¡f.lar pnoporties to raLr-knfin tf¡ear end oyallc oodea,

eüd rhtah ¿rar l¡c t¡sqtcd l¡ tbo sa,nc lay.ã

To tht¡ od, ro rill conotnret oodae tE var10ü¡ ,ay',
¡rttcmad on ecthcds of, conatn¡cäre.brnery codoa¡ orospt f,ha,t rc
u¡c thse typoa rf buar l¡atmil üf tro typa¡ of rynbola (t ano o)

¡s buflding'urrl-!6,

If€ rill ¡r¡* tù¡t thræ varioru þpoa cf Eodca onry rtt¿ir
t'htlr ¿mateat eff,ioionoy for cartrfn ralrra of n¡ aad try tg ftðd
rhlclr sodc Í¡ bast fw gÍvrn tr
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4.7

In tH.t qlaats of aodsc üe cotratrt¡ct the (f + I) baais

vastor¡ ae Èlntry !ôpæaetêtlo¡s of thr nrn¡b¿r¡ lr aoeendt,as

order¡ and ths¡ dolct¡ tùr l.aot t{r¡ Grgo fc p - g

"l
,2

000CI1111

o011,o011

01010t01

Dolctc v5

vs

fhla locv€s ua wf.th p insia rrx vsatorç. FroE tlre

analyefe .tþün for auch è cod.e, re knr the lengtt f¡ f+lr the

nunbar ef infomatlon d1¿J"ts is$onb(pri) whera tho an¡ç¡xrtiou f.s

over 0 < 1< R, rharo re requlra tire aodo to co:rr:sct all errsre cf

r¡ndrot rafght ¿p-r - I or laeq and detoot s.It e¡lr,q.s of

refuþt 8F-r.

.ô'p o+n bc emn fro¡ ths ex*rrplc g,içc¿ above¡ d¡latLon of t hr

f¿at rç ão¡s,na tl¡t ür (Ëi+r)th ene (a5+a) tiigrta ars tbo æ¡ i.n

e]'l tha b¡e:t¡ veettrgr eL¡. å, thn thqr srå t¡so the es-æ is any

rsotor rhtab fu lùc prodiæt er tl'æar srn of, thre¡ vsctore¡

Ebur ever¡r bc of, a rord rcodcd a.¡ Ln r Reeit À{uller ooða

uaing lhcse bøais rsetæ¡ fu srntr¡oted cqtÉ,úûly of 00 aad 11 bqao.

rhw, ff r'e add s 0L héråJ.il e¡¡d a leat ayrnbol rhlc-h ia a pnrity

ùoak æ tlrr 6rE w6r J of thc (aj+f)*r 4¡nbolq tha sods eo fcn€d

f¡ a eubsct of thc H ædr of Lægth AËl + g.
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ürl,ng to tre edditLoml perdty cheoh tào oodc ¡'n äor

conest €r¡"or$ of syndrcnra reigþt ?Ft. In æ¡st¡ilratlonr ün aodc

Ls Êi-uilâr to a rsornrewÍe eode, a¡ld ar¡r ¡\¡ounrretrcô ædo rúiioh usc¡

adþcent rÊorrrãÌæ6 en be adapted fn tùc EaEÊ ray into e syaobroouo

eoü ç"

Aløn, nceb¿niaation of euch a code is extronnþ si.nplc¡

sLnoe, aprt fron ths hera1d lEcstfon and prlty chæk æohf-neryt

eaeh l¡:rrnrt ayùbol t.s naæly acnt trlcc¡ in tlo cc¡ne€outive pæítÍons.

lPhun, l"f rc are riX.Iür¡; ts ¡eðuce tbe cffioieuay of rny ood.e (not

) ty Ufr ta aehicrc qrnehrorla.ation¡ tl¡ls Lc ¡ri

sorllæt ¡ethod of ¡rohlrytag thla obJect rithst¡t us{le8 bu¡-ky

mohiucry. Dêodtagr eleol ie extrtncly ai¡plo, 'beænoa d lbr

non¿l. propcrtl,eÍ of rao¡srrnça oodrs.

4.8 Rlre Code

todcs d üra ol¡ss d{¡cuvsrcd fy Fi¡r /t/ "t" 
prticnd*rþ

ndeBtaÞle ts the f trramfemetio, a¡cd t}¡e reeults are qulte

efffal¡nt. Ïrr tt¡Io eeetÍvn¡ nre çill daffno i'"iro uodsa¡ a¡d, *hgt

FrrrYS e len¡n, netetsår¡¡ to o¡¡r na,in obJectlvc¡ I olsap of coilca

eralogous to ths tornar¡r i'lre codos¡ thla lafüer olasç rtII b¡

costn¡oteal ia tha ¡ext eectloar

À Ftyc coOe (tn tåc bin*ry **"a) la {tsftnsr:i to be a 6oq.

of ls¡gth n r L.C.iê. (", f), svnerated by e poþntn5.erl 6(x) of fu

fm g(x) - R(r)(rr - 1) ubena n(x) ir an irredr¡oiblc polynsial ovrr

çY(â) of degno fr rhoee roots hsy¡ ordor f,r
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Usfru the rrepreßEntatl'er¡ of a binrîf eodr lrc¡rd ae r
poJ"vnoqlal nodulo rä - rr ro ¡alr that c noþnonfar g(¡) æEJrBt€b
a eadc if rJd onry if for cnah cc¡dr ¡ord tha s$rriepuudfa6

paryneJal ç(x) uas ürs f,naq t(r) - e(r)u(x) (nort xn - r)r rhc¡e
h(x) fe Ensthor polynenf^al.

Â Hr¡e oodc a,s dcsorrb¡d ¿bova hae für fotrorr¡e
pncpertf.e:l

(r) lBhc ¡nabe¡ of cbreh ryboln la r + R¡ Í.€. fk nrnbæ oû

infoïseld,on diølte fÉ E - ê - IL
(ri) rt can eorroot br¡*et arrur' of ron6th b crr l,oca¡ 8Jt

si-l¡ultsncouoly äatact brurat cfro:rs of 1æg& d æ leaa,

plæided

(t) b + d(a + r

fb) B>srn (r, a)

(fff) Tbe perlty sbrske aeer¡ciatod. yith thç xa - I f.ast{F ar¡
iaterlaard prrlt; drachc e¡nocd n1ø ryørl-,

tc nc glve¡ wfth on\y a hc¡ul,¡tio proof, für folloring
¡atlnr trivi¿r Le¡¡nar àlthou€h eppllcrbl¡ to slr ÉbogÈ brcct-
ao$ectf-46; coder, {t åa of Ferttor¡Ler uaa in dots¡sfï¡rn€ thø tægth
of a buret ccrrestabb tny a ter:nery Fiæ oode r:f the typa g:åvæ i¡
sootÍon 69.

4.8.1 lénr

,teruorin¿l that a ror",6 r.E ancodad in boree, rn order Èo

ooneot s, bì¡rst of tength b, lt fa nooeaoar¡r end a'ffrÊr.qt tlnt rr
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er¡ eorrìrct e br¡¡¡st ovs:r br bor*a, rbeyr b. - (å(b + l))r.
h¡oof¡

Ehr qritl,esl oaac 1s tùo one ús¡r tbc br¡¡at ertods

frc tha (zt + elth dlsit to rlra (aJ * I)th digÈt-' I¡otuatve"

thc bu¡st Lnvolva¿ ?(J - l) Atel* sild J - I + I boxe¡.

{.9

Gonei-dsr e prLeltivr polynruf.a,l n(x) rrv.¿r üg($) of

degroe f. Ite rocts a¡e of or-dor 5f - I.

thooa a dtb mly tho rætriotl.on th¿t $f - X dors aot

ill.vlih e.

-te cn tben oon¡tret a 9Ír€ cde gmsr¡tcd bEr te
polynutal n(¡)(rF - l) ritl tho ftlIoa¡fng propwtl¡s.

I.€ngf'h - Ill r ISJI. (gf - l, a)

f,inb¡r of, pfþ chosks ra+ f -a

Ihtrcfcc¡ lflcÞc of íafo¡¡qtloa illgltå r E - I - f,.

iie tran cÐrtrdot aoy lnnet d 1æ6!h uot grtater th.¡

¡un (å(¡ + I), f).

Hc ra proeed to l*pøcent the ol¡nflrtc rodulo 5 b¡r tbr

þ¡¡s 0O, 1û snd Ll, and r¡e¡ th¡ac boxee lnct$d d tbr slsate
npdqlo g {tr th Flrs esde gåvea a,bove.

we sr*f,vc ¿t a seqçilo¡ rf ur borær lht bfuÊr7 illgfts),

af rhloh Er - 3 - f boxea orc srtfträrlly 00, lO úÉ ll, a¡d a + f
a¡r uscd a* p¿rlt clraoka* îbue th ooüe c.n earry{nt - s - t}12

bfnry tnf,lor¡+tÉ"on digitø under p.æeoittng"
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Also, t&1e aequonce cf nr boree câÄ corrsct argr þr¡rst

årrvlt rù¡fch ef,f,octe no ;E(Fe th¡¡ litn (g(. * I), f) bores¡ øo; by

Lasr 4.8.1.¡ åt carr aorrect arùr burat of, a longth rhlcb a,ffeotg

strlctly loee than ivfec thia nuaber of bl-na:ry ilfgÍte.

To oonst:nrot r synohrqmouc oodr, rc plror thfe acqumot

of bona rfterr r Ol h¡r¡,ld sJ¡d edri r concludi-r¡s ¡nsi.tf ebs*.

Sho rçoult¡ut aoöa hs ¡ tnngtb of är + õ tttgÍ.tc¡ the

ri¡uÞer o( fnñ¡s¿tÍon ø¡noboLa f¡ the *Fr€¡tcst lntedur not gtoat¡r

tben S(¡r - I - t)/Zl +nd tå¡ cod¡ os oorreet any buæt oû lsso

th,aü 2.Mtn(*(r + 1)r f). B th¡ p¡oportlos of I'l.n oodø4, ra oa¡t

also detsct another burat tho6€ l*Atlr oùcya tùr pa¡o ¡a¡traold.on.

?tr optlmn efffolenoy of thr systm ooErss whq

S(r*l) -f loc.rhont. åf-1 (Uottoe Sf-l dooeast dlvldo

?f - 1).

In th¡sa ot¡oluatEntor rË obt¡l,n a codr rith

I€ngth - e(5f - l)(af - l) + B

$uber qf Lnforoatd,m rryaboh - s(gf(ef - f) - et + ß)fE

Lbrf¡t¡ IangÊh of oorrcotablc bu¡st n W - L

.!Ìfftoiaaoy - s/a -t,,Wn/(D Jgs) + 0(n-')

åa en ennplc of thlar chqæe f - 8r e - $r

ffe noed for the ooda genenatcn E¡l år*eduolblc poþncnl+l

ovor tl'(l5) of de¿;reø P¡ rl:.c:a6 roote have ordcr 8i such a Bb1f¡ml¡l

fcrS-x-1r
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Fron the forrulae¡ tc obt¿l,n

nrãl
Ho. of lnf,on¡rtl.oa digfte - Eg.

Lüêfñ of €orräGtcble ùil¡rst , ã or IeBs.

Åltornatfyel¡r, we oouful a¡rply the þt¡s¡sf,æ,ii.on to e
coryletø Fl¡e ooda. Ðrfs haa ssrtala advanta#ee ln tbe ow,r¡otlon

of long hlrota, but fæ mll tur¡ts tùe dtffior¡ltlee o¡oorntcr.cd

ån /-deoodfng err+rorg ¡!ûsrtÉa (sre asctf{E {.4) ilc rpÈ n¡ko thir
proocfitre r¡-ttr rtrll.ar

4.lo

FH.s ccthod oen bç ugcd tc c{n*pcçt rendoe em¡s fn ¡
¡rocivod #-nss8egr. Hcrrysfr lf tùo probalr$rû of ranüoa cÍrorË

fs sufflclently e¡¡el], ft is beet to corçletaLy p-gnoodo e burst-

trro? eorÎectln€ code rhfoh Ìill oorr:aot bureta of ræeftr E or Leac

and thsn alLr thle to rtealpher any deublc b<r:ras upon rhleh É. rilt
not opcrztc (geo saetion 4.õ). Il*avor, tn tho s¿ce of frequent

randor eÍrûrEr re san uÊ€ å cycrf,a t¡ça of æde uatng the ¿dnleel.þk

boæ¡ ar belc,

If çe s:rp idor the re¡lrvsentðtlon of' 0t), lü a¡ü i.l a¡

6tæa¡ls uodr¡lo 5 ae l.a seation *.9, thn re errlvc et * aots Ìl,tt
st¿tlrtl,cs ea bclo"
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Lt ra^a &cm þ rrrp¡ng /e/ t*t, fæ ¡ cJrcLfs Gdð,

uaiag tb tr*-r'ru[Ë bou¡d fæ tho nrnbsr uf, par"rty ob¡*s EcêêBqqr

ts comact p eræn, ne nood ¿t l¡est

roft ( X d cml(nrl) i -e(n,p) pcritr ohackc

Í-û

lEhus¡ rditfng: tùa hoald a¡d tùs ænolrdfrt Barity oh¡ù
lu th¡ utüar rrvr ro grrfvc at fu fullcin¿* ctatistloa.

ths nrnbæ af par"Lty ehecka

- P r g(*(a - õ), F) + I fce thc oo¡eluillng pÊr{ty ot¡åak

lPlre :n¡¡bar of info¡:q;,tfon dLgÊte

-5(ra-S-ilP)/t
&s ¡fr-l¡¡i"rryr d tür *bqve os¡lo l¡

(s-oe/n+o(t/n))/*

or, sinoe P - losõ( #/* + o(uP-l¡1

îìff,letrncy fs {S - 6p logs n/o * a(:n''))/4.

4.1I Btuat-Læati¡* üodoa

In thia acetLo¡ tr riLl oond,dcr e rleorsxitat do. lghf.c

¡Fsorsrsrerr braverr vil.l Èc qf boreo¡ not d.ngte rynbolsr T,lt

åãanæ tb boxpr tn ¡uù ã, rüv tbat any tûrst årær vrrl b*

nutoutlo¡lIy looatedr ffid tbsn to G¡r uËa thr r¡su¡.r¡¡¡or ¡cl*tfEns
to eæroot lt. flr itofl¡e r tnmst-locatLn8 ædr Ln tbo fouwlng
[€go

P
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to¡slder ¡ eods mde uI) of Atrv bqas fsr Jon u mil v¡

ea,oh boa l-s elthr 0O, l0 or 11. Ebl-¡ ætþ, ãß Ít stsnals, 1r ¡¡ot

eqmù,rononrl sinoe tb hæald ha,s mù yrt bcca addad. Ws um

ßploy s rrsarrnÐæa ¡eletlon rùj.rh EqhÐr thg i.th and tdra

(u(v(e - J) + t - I) + J)tb bor ttra Ëå&, rhrm.

(J -rÞ<r<fvw¡rl J(",
lrt¡ lf u-?, Yrt.

]-425,"3.'6
12546s789101118

It oan bø shwn tbet ths f¡ve¡:se rele.tioaehip Lr the;t

lùs ftth and the (v(n(I - Jt) + tt -'.4) + Jr)tU tox arc the Éa.ùÐ,

rhc¡e (Jt - I)u( 1r ( Jtu e¡c v( J'.
'Hùr lf f < uvr lt can to ¡een ths.t the raini¡ræ ¡ruþer of,

borse botracn thÉ fth bq. s.nd ita p,rtuer le u + t - 2 {c.g. in tb¡

ccss sbove¡ tto t'o¡et bstrssn tùe fmrùh e¡d fts p,rhrrr thr

eleùtù doprerær tho utulu¡r bu:ct L€ngth rr oa¡¡not bc ar¡rÈ of,

corraoting La tha çhætcst bn¡rtt rhfcb ¡fll ¡.ffect trp bo¡ea *¡o¡r

parùere are only the esne cllstenos elnrt a¡ thr bo¡cs füeusclver¡

ot lce¡r Ítç ainfn¡n dLab¡uc (1n boroa) Uetreon n¡sh a patr of

borot rflJ' tl drcru fn the ¡s¡rt lsmr to b. t + l¡ ú,e¡c II ls tbr

6rra"tcat lutcgur( ¡¡f¡(¿¿, "). !i* tha d¿etsst brrst rÌ¡åeh rill
affeot tro bcs¿a II sfrt 1a ffi + 2,

Thus, u¡ún6 ths æarrrÊnca prûp€rty €f fùû code¡ çc oan

oom¡ot Ë,ü- lilrrsts of kng'th Elü + 1 or lcea.
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rf rc sp6od-fr that nue rf the ?rn boxos ir o.¡ ,eú ,c
awrouod thesc baørec rltù a 0l htrål¿ and r la,at Bartþ ohoak, rr
hsrE a a¡rnùroncnre oode rhloh rfrr oo¡rest elr brusts cf Lolgth
8{I + I or loea. co¡,trct use of thc r*st peliw cùcek gåvea rs th¡
ebtl.lþ to eomcot eL[ bnr¡ste of leagt& zll + E sr kss. ,td¡ d.roc

a brpzt vhf.ù a,ffects only tro borse ec¡nratod by olher boree, thr
orltLoar osac oonr¿dercd fn $rt ært læ,¡ fr nrre ucually

oonslilered to npnaart rr¡nitc¡¡ ctFor¡ th,n a burret¡ rs &tn aor:uct

a larp pørcantagr of b¡rst¡ of all laethn lcss üân half ths ærit
loagth ¡ thts fs obrrf.msl¡r t¡hr {iheorrtl"e*1 q"d.rr¡ lelgf¡h oü e buret

úLú csuld b¡ oonrctcd.

It Ìaa alreaff bean nsted t&¿t tha erltlo¿l ceÉs fou, br¡¡at

iergth looke ma like ::u¡¡dc.a ÊDrorß i;hsn a, hrrat¡ aad so, if
m.ndor orrÞr¡ ril EnfË probebra thon br¡rst arrorec, th,ie ærto ie not

a 6noil orr þ r¡it¡

4¡13 Leras

rfr ix a buret-locatioÊ code o{ tbn ty¡'" doscribsd r.¡
eectlon 4-11¡ rbs¡€ 1 ( o ( v¡ we consr.de¡r a'y tro bo:rer, tbe ptù

ard tha qfih, such ttrat

lP--qi(u(o
than the b<¡¡*a relatsd to p and q, ilx prtr¡ and qrtù røepotively¡
ele suoh tùat 

I p' - e' I >
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Hcûd¡

tase I. Sqpp p ) e

1(q(u(llr

ry th eoufuqatlm üf tùË U¡rsþfsgrgag tedt, m bf
¡rt . u(v(eÍt) * p - l) + J¡r

(É, -rþ<r(Jrv
qr-E(r(Hdrt*f)+ås

{fr-l}ç(r-(J*r
rr kr* Jr2 h

|rr -åù | - I tn(Js. Jr) +r*(D -e). {år - J,} |

.! I (w . ¡,)(le - J.) + Bb - q) I

6e¡c lrl If åB r .lrr

Ipr-súI,In(e-r)I >

6r¡¡ 1¡8 ¡tJr)&'

lpr *qr I -l(w-l)(fr -Jg) -n(i-t) I

Ël¡Bc ç) nr

I pt - \tl>u(n+ I) - I - BB + E

*rrç!ì¡ñ* lpf -{r I >
þtrt tf v ;c*r tg:l þ ç tr rø,ld 6pt i pr - qt I > s r I
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Caec?r rr(q(E(arr

firn prwf le efnll¿r to cear l, uæept tbat ùr f'wæsc
r.'el¿tim*rf,¡re ere ¡xeür

car.!. e(*(p(ar

pr - v(u(l-Jr) + p - 8) + Jrr

(d, -r)u(F(J. u

qrru(v(A-JdÕe-l)+JA

(J¿-1)"(e(J*v
$i¡oc lp -qj("1" reknÐ J¡ av+ I and J*ru

f {f -prl úu{[+aw-f"-yr+rFA+v+I

Stæ. E>uf -y*l and n(w+u

iqt - p'l>,f" - ¡¡.v + fl + 3nv - ¡e" - r¡r8 - üv * *2 * v + I

f.r. ldr _ D.l ) " + v + I 
qlflD*

4.18.1 OceoLLrw

rf ra *eat to ì¡aó a ù'rst-loo¡túnd so6e ri.lù, t¡ * T, rri
cr¡ EaÊ frsr Gar 1. of th ¡eooif €rf flü prrqcdtng lfiqt tbet rr
nagul.rc Û ( r - 3. Ër¡a ve arn mþ æÉaat l¡ur3t| d LrngÊh

(h-$.
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{.1S lbt€

So fsr no Estbod Of corrcstl.ry ei¡r& e¡r dsuhla rfflEF
in o¡rs bs Ìavc ìnan givoa f,æ ttrc bu¡at-lcratln¿r- code. furüvdrr

if ìùe oods 1s tra,nseitted rtth h€¡alit e¡d concl.uding Þarrt¡ oheck,

a'g i¡ tha t{ codc¡ t}e uso of, ths concl,r¡iH.n¿; parlty obok å¡ a
prrftr shsok over all tbs df4:ite tD the ftret (n - s)/ i bsea ntlt
be sn¡fflcla¡rt lu arl oacce eraept tåo or¡o in rÞ¡ioh ¡ L[ bor lr
cturp:ed to e cú bm æ vl,s¡ vcrer. sl,æe, l-n ooat ryaterr¡ thr
probbf.Lity oú thc fqrr€r occürr&o tr ¡o rqcü grô*ter thm tå,et

of, ü¡ lettar¡ rr ahould læIuúr r mù¡lrLsu tbat oøcludee tùet ll
ru'n ¡cnt f.n thle Gase¡ ft¡t, if tln pobabl,rLtr of e4ror ù¡€ t0

tåla l¡ ffiffleiat1 fücn bspa rltù f,lxset ra¡lta j-n the f1rat pæ1t5.oa

and par:Lty ehecke tn tÌ¡e lant ¡nattl.oms loey b€ adrled to lbr ood€.

4J4 Coqp¡rl,¡on of 0odoe

In thts aeståon re rf1l, fæ tho Fq¡a of ct"uplie[fi¡

dlmrrcp.rd ertr Rrc€Ealþ for reetr"l¡tLûn ùr n to 6fve opënrn

¡esultB (a,6. 'rftttqemL paltr stgaa mitted)r

'üc rrrrr od'¡ps¡Fo eiagila-cror oorree.tfnG oodoe rihcr¡

praetieble. Eorover, rc ehould rslñùbtr tfut tbe br.rat úrl@
coneetf.ug snd lï¡ro eodrs 8loæ rllL corrsct brreta of, Lengtù gsgrtr
thåB 1.
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4.15 ilote¡

-4.15.1 Rooû-iÈtullcr

fhia aode hp an ertrurly slnplo moùn¡Íeatlcn.

tmwcr¡ the rrtrrm råst*{ctlon otr lenßf,¡ *&s &t ft la only

oû wr f,n certsl,a v€üTr apeotnl ctrcðr

4.Iå.ä Ellc coiles - 0tncarl

Rwbcr täe o¡¡lltlqs for r &lr¡ oodr¡ Lûr t&J

odr l-s gæürÊtsd by n(¡) (*r - 1) ¡ vbrre n(r) fr r ¡rolyamfe.l of

dcglec fr rlroae rootß lrc orf, ordæ f.

I,üßfb - IÆU(a¡ f)
Hr¡nbrr of par1þ oü,oelrs r I + I

Ër¡o¡*-co:Ercottrt8 ob Ll.f tyr

Âr¡¡¡ Èuffit of lensth < xf¡ tOå¿ ' * Ì

Xtr¡er Fire ooilee o¡¡ be oonstlr¡qtcü fa a d.nXLe¡ rry tô
th¿t gfrm ¡bovs for ¡ rlita¡ !ìa¡8c of a rnó f tb¡n tht glvæ eb'ovo¡

hrever, tbe lengÊh sf tàr oomrst¡bh ln¡¡cstg focc ppt tbu rl¡oh

tùe oBtfmn våluö"

t.1ti.5 $nùrotr¡tl.æ

Ëilnse thcee codoo *rc al,l auÞslt¡ of, Ï soder¡ tby nll

lo€¡fn çynchænLestlq oa th nut oollreÈtly rcoelvrd lstrt.
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4.18.4 Effld.mv

fiotc t¡rt îùe r4¡psr bored of tùr rìBtto I/a tæ æ X odr
te u/4. Thfr follora itlreetly f,rc tbe f¡ct lbet rr bvr oüry $Æ

of tht å poulblc oholoqc rith rbie to ftll, a glvm Èør üott

rræ tht rll th ood€. glvrn åppeù thfs bffi¡¡d as r þ6mcs lnr6r,

Þut tåct fæ n rorlaatrt¡ qtr ( ( rg) ü,e {ulf poÈmüa,l f¡ aoû

rü¡Ll3s¿.

4.1å.õ El¡cd nlaor de

[b wlr¡¡e for tår arnbnr d infoæH.oa s¡nbolc gtrø
t¡ tbr tabla rü!ì. obtef^nd ,f,De th mnm¡g ùu¡ndr

4.15.6

It rll"X Þo notl¡rtd tüet tb. figl¡Fee glvm h tb nnÈæ

o'f, rt¡ora thtott tbr ErÖð-ffirl1a¡ ædr orr cü¡sn¡tlt ap¡ns¡¡ to be hldb.

fhfr l¡ ôuo Þ¡ f,trst cf rJ"l, tfte rdêltlcnet pÊitt¡r ùoo¡rs 6¡¡(

nainl¡r, tb¡ ¡ea{e:rffioe ia the eodr çhioh ¿çivee ûrlor sa n¡y
detcant'rttons of oash s¡rnbol as Xn fihe ncmal Red-trr¡Iler qodsr
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ä.

Ð.1

Slnoe tù€ bsrãld of an Ë sode tt only ured to obtrln

snd hold Èynshroütq,tú@, ft f.s ¿ rärto ú l¡fers¡ttæ d5.gtti üo

ertenrl {¡h¡ lreralüo For tåa ffi. 168@, Farity cha*s rhloh apPtt

otú¡r to tbr baralrt¡ ad e¡¡e tåenfor¡r al¡o ffrod, src b bc

arof.dcd if ¡maiþÅr. Ebe¡efq.e¡ re have tro a,tt{ua6tfves - to

uac rari$ sba*e rbiêh L¡crr.Ée ånfslc¡at¡lon dl¿¡ito så uEtL es tho

heraldr æ to catmd tJre bonld Þ" fi¡rns ortrr poctticn¡ aüå rra
f'f ç¡ crn dlæiv€ ðsrë ompensü"ng benefLù fæ th¡ åuforetlou

dtelta ra^Ëtld.

l{wr qrue}monisr,tton ne¡d oaty bo ¡sËÞiråd m tb fl¡¡t
oereotly r¡acftod rürdr ¡nd eo the brtld of tbt f,irst roril to gp

thrsuËh tbc deoodrr rtl]. br aqû'D6ct. Àftar lùlr, ¡e*rndlaü

scrün{ug (eeotLol 5.tr5) eåa bâ rr¡cd to osrrrrot srnete E:crøa i.a

the haæ,ld of, tho æ¡t rordl erolp rÌnerg tb¡r¡ tiùris roqulre t chrck

m ¡Jri$rbqËfuatloû r¡f t&e code þ tb ryclrrrp¡i - thls cerr bo

obtet-æû þ acanalng Èa boæa ln tùe rord f,or e hrrld, çfth
autoüaü.o cot:rretLon l.f th* hræld ls not ftund.

lhemfonr ooræctfc¡¡ of thc hcnld G¡¡r be aeoamiBllùril

by tb. aeohgÊÈn lnsterled to obtatr¡ r¡rnahrrnf.eatim, pcrlcled

ertcndeal aosnnfng ie usòd,
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ã.Ê Ilr¡ qf en prt-6¡.lgL.Epq1ü

Etrvf"ug Juat qrlodod tùe idaa of, a noed f,or ¡¡
srctcudad hel{, rt $r'oGêod to ¡orlve Lt ers,l¡. lilaos tt¡ü Frr
l01o ha¡ rct bean ueeü r¡ tùr I tnenafonation (saotf.ou a.l) at
no ti¡o "a¡ thneo.lQ boæea follc cch othor.

îhLa ¡oans that thc oobimttoc¡ otOû. oen oal¡r oæ¡¡¡ f"¡

tåe bof of the æde ln mc of åt follc{ng oontrxta

OClOrl0..f O0trO¡11r¡l

n.0o¡101r1 or rorl0lr¡ rhsrrr tha 0e'Ð16 rn rst part øf, tbr
rcd¡ but a¡¡ ncrd to Ghor brhks botroan be ¡nfrçjstdr stuoe t&.
totrl' B¡obsbtlfty of th:le ocag.nsroc l¡r aa a¡lbttæry reqææe fu {
fn 64 oon¡nrod üttù th¡ ¡rrobgtú.tl.tr of tþ tor * pclr rhfoh sn þr
¡l'rtaken for thr hrratd of q I oodc¡ tb ùanccs of a wqg
oq¡bletl.m batn6l rclested ¡s a ¡tertfng pofat an wuldgtr,úblf

mdr¡od' åndr lf rl ugc ûtûlut ar ¡ h¡¡¡ld, thln thr prpb$flLty

of r rrqrrroo Ld¿nü.oal rlth tt tl¡ tho boilr of tb¡ oods ü onry or
h 81r úllc nse of, ol.0lß01 rrr¡sves thr pocelbtllE ðrtog¡tùor¡ r¡d
a.vm tbr puolrbtllF sf ¡ nendø €rror crntlag:¡ f¡lar ho$lil ¿¡

ouly mc ü 2oÁ8o lhue¡ dcpodfna m &a prrbbttltr d ¡¡"ræ l¡
thc ryato, thr opemtlø, of ryælrronLratim e¡n bo ad-rplJ.tteil

rcohr,rrfcall¡r. tsf.th cnly 0l usúd tn *yæhrqrfsstfdo¡ o bræt ¡r¡qr
orf, rqtb ilrfftoLut to æqrrû'c reryaohloulretúq n¡ æd ba,lf rnv

thrqrsL a rl bor, thu* gtvfr¡ø eE rrronsous o[ box rhlcb úllt bÊ
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pLoketl up try tùn nrols¡f¡n sÊ ¡ Ëtertfnc pof¡tr and rhl.çh rilr not

b¡ oæ¡eoted r¡ntrl tho ne¡t ræd hA.G been læt (r'ntøes extord¡cl

Egtnni¡g ts urod) ' with CIlol' prwidod 0l ls not ussd aa a¡r

i¡foætlæ bor¡ 4rmbæntoa,tlq rl'tt dafíuitcry ba mgElnrd at ü¡r

ft¡st oe.rætþ rærlved rerdç nnl ¡Es ¡ ¡r¡ün üË¡er (f ø O)

forlcr the burst Fnncr rith m¡ oor¡rot r¡¡¡tt tn bcÈrcur ![}rig Ls

a uost ualtkalf tvttt¡

ÄÊ oùr bc a¡on rbovr, the langùh of làe h€nlil s¡n br

¡dJurtld to gfra a¡tr degrrc of acaruaqr of rynobøi¡rtóæ nqutrad.

Íhe opu'run rægth to u¡e in r¡y F,rld.Gr¡I"îr oas. e¡rt thoçfm
öéD€Bd u¡to tùo paomlt¡¡.ltls¡ af thr rytter itãrlf, f¡¡ ¡r¡¡u¡pk; tùr
rr¡notail rrrcr ¡nttana, thc cræ dørslt¡r, thr *r¡ll¿bLl:Lû of
crt¡udod rennla6¡ rttor

5.5 Sunar

-
Let uö osn¡É,dcr thr Bot¡tr¡ for arrd a*tmt an ¡¡rtauileil

h¡!ÈIil l.¡ an tf ooihr

ã.5.1 f+f!üt
(") It i¡qsn*es thc logtù of r rord rtt*out c4r

oq¡,æßtfq fnruecar {n i¡for¡eti@ dlglts.
(U) frc n¡ah{trcy rùioh pt*e rry ayrd,uod.stia (endr

aft¡r all, &td lc tù¡ æIy purXnac ef ths

brrrrlâ) riøc not noed tb crürnsiø.



5.5.2 Egg

(e)

(b)

- llJ$ -

ït cü.apllfloc the nsotrl¡ery neededtoobùala

4rnchrøl,eatlcn.

ït lae¡qru lha pooaiH,Ifþ arf an enor l¡
s¡ræb.ronlsEtÍo,[o

å.4 [ot¡

- &t¡nded smüarrg ic r¡æfr¡l iq bofù sßsoa ts ohr* tä.
ryuchrmtssttou fÞ pøslbd.llt¡ of 'nr! çrrror i¡ e¡msù'útË*tf.ü
rith a¡¡ extcded ho¡*,ld n¡d errtsnded s@nr¡füg fa negllgßblsr

rs¡nor,¡rþ Lf, this axtcnded 6ca,rra.tqg takrs l¡ th rrert tro ho¡alda

(aee srctíon 5.1$). $crwer, for codsa of oonsidcn¡Þl¡ lagih tbcle

ls ast nornalþ practLaabla.

wc h¿v¡ ak¡rn tt¡t thß rdrrntcgcs â¡d üf"ædt¡nte6ßa

d thß e¡ctcdcd hslld fsr ürt Àt ædr å¡-Bæt bal*nor¡ h*orer¡ i.f
the nechfm¡r f¡ rv*lr^abler tho ¡hort àsralil 1r pofornble - 16 hvcl
ao far, obtrtnil no oqlxrunatfon for tha raated EI¡l$aç e¡t tb
ûrgt tht th¡ hc¡-.kl ts i*arcr to ¡gaa ¡or¡c tùÊt üe ¡s¡¡ þe abr¡ to
¡olr¡ our re¡trlcti,<¡nc m tåe x oodr¡ and thta irdre6 b*gpæe tg br
tb o¿sar

õ¡ü lC 0oala

AU thie brla6a ue boE to ør rtartlug: potrt - do re
or do 'n¡ ¡ot uai rrr extedod herald, a¡d, lf ra do, san uc obts{¡
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qnJ¡ beneflt fm åt? s.o farr rå havo ouly obtalned *selBt*¡roa

f.n ttc ryæ¡¡snfaatlür pFsG€BEr Hceve¡t tn øyrteno rrlth eall
p:nobebflfty of er=br, thle a*y ver¡r rell bn r¡nnscasuar¡r, and

only reeult i.n lose t¡f L¡fou¿tiou dtgft e¡aaoe.

It ls ln ttxts lottor oEss that th ct¡de def,t¡ed bolo*

Le noat holpfr:l. It i-s Ín s€s,I,íþr &" croea betree¡r eu "f ceils and

a ül.Ibert coden ar¡d Íts dJ.stinctlcnr frr¡m thç tiltert codq fe tåat

tbe op*ce totdly rr.sted by tha fonnæ i"a tIc ffxed unit ponl"td.æg

fc ct leest partfa,lly ì¡Ê€d Ln thc K code"

5.5.I. Doflnition uf a ð aodo

We shell, rlafl¡o h€re tlm ts coda of lmgÊh D¡ rlr€:sr|

rr fß odd.

$pery rcrd {n a ts eodo b€dfm rlth o hæald conølatlag

of e ecqrrnoo of u CIl bqee¡ rhcrc u ) 1.

Se atlprüata thnt €y6rt oüre¡r atrtg of Aü amqmutlyö

dlgftø ln lùe cods rord baei-ns rl,th e bot¡ i.e. thsae Ís slther

OCIr lO c 1l tn s¡oh of ths poaftlon pulrs &u + Ir &rr + 8¡ k an

fntager anil k 2 l. Fc,oh t¡f the uthßr dlglta in a rcrd ie

er¡bftaar"f.ly O o¡ç l. Tbtc tncluder the l*at (nÈ) dfÉt ,r¡ tht

osss rhel¡ ¡ r thr + lr sffie k' f'hua the laet std.në of,

arbttmr¡r dL6lta u¡r ooutaf,n är - I drgtta¡ affùm#h srsry sthm

otrd¡6 of, arùitnry digåÈs c{,ntôl¡c þ^ - g,
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dlgftc¡ GoSr & F€úd irn o ß ooðg i* of the fo¡n

flLCL '.. CIlÞrþro *". SgÞ4 .'. bÊs-lb*"Er ""r x

äu dtgC.ta ä¡ dlgtts !b*l-åc tttgj.tn

tbürt fu 
"æ-fbg1 

raFreesrt tbç I boæË 1n a rord anil c Ls å,4

btrger, O ( o ( u-f,. thß X oode of l¡rUÉb n apnrfstõ of all füdt

of l,eugth ¡ rùj.ch havo tble f,opet. Wlrsn ve aËs teLklng abttut

Ë oodeer v€ slÊlI rest¡'l.ot the usç of tt¡e sord ben¡s to næa the

paf.re bef-tbet.

the sf¡rtlå,rity of e E soËe to * Gflbsrt qodo llee Xn the

f,act tùat thorc ls fn Þot¡ æ"sea ro atring of *rrbfùnry ¡Ugfts of, a;

g¡cÉt a lmgth aa the haralil¡ hcr€Yer, in a K aodo tha noor--fbllity

of a treru,ld eoguanoe oth€r tiu¡ et the eter+ of e ræd ie rtdwed¡

but not €Ilñt-ba.têC, bl¡ thE dev!.eo.

ilote tbat tl¡ø¡'e ls no bo¡ et the cr¡d of a rond in a'X

oodr¡ ntthougÈ thorr i¡ ¿ ff¡od dåttt at tùr mtl of r Stlbert eode.

Ehe ¡lnllqrtty of ¿ K oode to an X oode lLeg l¡ the f¡st

tbat thcy botÌ¡ u¡a bo¡¡¡ to aohfovc ayloluonlrrtluo fhts wtll ba

iloonrtnetsil fn tbc prosf ln the no¡t osotlon.

In ftct¡ lt can bc eoon that if le chooËe ulll ttre ts

codc of, a 6-lven lsngtb n,'1c l,denttoåI rrith 1ùo ld aodo of tbe eann

l€¡gth.
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ü u ls Êilertap tlrür I, the ¡rocefbflf.$ of c herLld

s.qrtmc begrmnfaa et * Foeltiæ othsr t;han it stÊÉ ef * rord

l¡ legc tb.n rttb ¿ { oode ciæ¡ tùe fnfo¡nalúoa digtts (tåe

erÈltneryifqåts lrú åÌo bæss) rrfl1 fo¿¡ at¡oh r pattsn in fsfrË

orsri¡ Thrra tE s c:rtæriq of thc henl.d gfvoa w * bq¡61 bt
rc ilc not rish to sl+fro thLs bmw lf, tt m€e!ñ r¡dr¡sed ef,ftld"eaqgr.

fla ¡b¡IL IxxryÊ f¡ th. follal'rg ¡octioüe tånt, far

flo rçifrst¡ú Rr:F effl'cfraro¡r¡ efftaf.emgr La grætæ fcn l¡rsr u E¡d

u auffíeiætly 1æ6nr

Elrat, kurar, rc ahou,Iil Frwç {ùat ¡ ß oode lc
a¡rnobonoua. lfhLs fe dsnÊ by ths feil.rtng argraut"

5.6 lheoreul

&e E oode of Isqgth n, n odd, lc synobr€rtolrsr

Prosfr

.å,s rlth ths ¡å code, ut ehåll ç:ror€ thet no falæ w¡¡il fr
ldoatiaal tith ¡ æde ro¡d,

Êheæ la no poeatbd.lfE of a Ìrar¡Id oËqrsüce beefp¡d¡g

nfüar ttrr lrst Uox (br"OUr*) or bafæ tùr ftr¡t t* (\be) of r
Yordr becê¡¡ge Elthsr the codè word baa a unit rhero tba fe"Iao wil,
tt¡ be fitcnticel rtth s sode rord, requlme Ê Bem (ol vioe vcræ) or

lùe code vo::el lres 1ts first box nlnrs the falee rord æquå¡eg c 0l

petr (o¡ vroe veree). thua any fales rors rfuieh ia 1dætl6a1 sith

a code roril n¡st gtÊrt betraga ths ftret and lEst bqreE cf a de
lroæd¡
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sl¡ce e hÊ,*'ld 
'ôq¡¡cr*e is of ron6ttr ?*, sar rhßrsrdr

of a f¡'lse ¡ord mret werlep at loest i¡are box f,¡ a oode rcndo rf
tt¡e fareo ri¡rd eterta at sn ocd-ar¡nbord præfticn f¡ s cod* ræd,
its lbsraLd t rllr J.nerr¡de a box of trb¡ code rord rhu¡s t"be f,a.la¡

rord, to be lde¡rttoal wl.tl: e, eode rcrd¡ needs a, 0l ¡nfr.

ïhue u¡r f,el'es lord rbiab is r.öenttor rrür ¡ oodo

word s¡¡t et¿fr la aa avs.,m¡Þarad 'poeitloa sf e, oode rcrd, enû

ar¡t l.¡oludr thE htrg"lal ,sf the nart cda rr¡rdo

fii¡cc n La odér ¿¡d ef.a*r the f¿rse rmd be6f¡s xn ¡n
svo¡-ntnbcrod potition l¡ fåe false Ëord, tùsæ aJ¡e âr con¡oo¡¡tiît

ol ,ptre hrefnnf¡s fn odÉ.*rruborod poeltlcna ln üre falae ¡o¡d.

I}u't ln e oode næil thrrc is o bæ beg{.utrf_üË la a.Ë Edô

poal-tfor aæcb¡æ ln erery etrfng ctf ä dfuC.tec

Ëlu¡¡ 1¡ thfs eeg ths f,r.}Es rond hss ûl fn ùro pæltf..rs
rhæc a codc rond bss a bqrr lhw no fEleo rorct ís i.üentisel rlth
aa¡r oode rord¡ and e f, gode ie rynohroü{nt¡Br

Èã ns¡tloasd f¡ esstloa s"g thÊt r K coda doss nst !¡ed
* bo¡ l¡ lts lcst tro posltfos¡ altbougb r ollbert esds hag ¡ ftæil
rutt l¡ lts le¡t poeltfone Tlr pmvod ¡bov¡ üet tt¡o laù. of thtc
euucludfng: bor dæs aot uprot s¡mohmfsatfcn¡ hcavcr, ft doaa glrr
rl¡e to a poseib{Iifir of a seqlr€rûa cf r¿or¡ tbqa u 0I. Þai¡er r!
tl¡iç oaaer t{r shall have to tell t}ro nocaåve¡ to fis oa tJra l¿et u üt
prirs of sryr ¡rqlumc of pæs thsn ü {Il pclra as r, ¡ro*al.btc lprgld
of r ¡ord.
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çcT 4geg@
[he i- oode fcr¡¡at e,rrsre for en¡r nrnber of, Þo:roo, s¡

eithor odd or cyorlr hwevar, ff, re aBply t},. þ treæfosr*tioa to
td-na:¡r info*,tfoa üt6åts, 16 ¡eecl an wen nuabæ of boæar rf
re rant to nao a x cod¡ rLtb ¡n pdd m¡nbor d bærc¡ :c tLx E u¡lt
f¡¡ the ft¡6t poat tlon of a bor¡ oir & rãFo in tbs srsüd positl.æ of
e ber¡ and lceve the othæ paftioa aÍbitraryt thl¡ bor nc Gnnot
omtalr CIr. Fc tù¡¡ prræecil to lLraæ¡r bnnf,ry fuforætlon di€ltr
l¡to tho ¡gt;{ng brolc.

&ruarlyr re l-.€noode s binaq¡ r¡rfo:roeü.on drgl,ts tnto
? bo:rae¡ ü¡i¡ æans thst €rw bm te tùroætloall¡r wcrÈh rg brnary

dtgit*¡ e¡d so fi¡d¡g a pættton fn a box¡ rb!.oh loeyes tb b* rblc
to oar4¡ ¡ro !ûsnr tbin r ùúgry tügltr h,a ærÈ u¡ a thçoættc¿L

':ä di€ât' t+e shall f¡ ttro follcing çsotlons eÉvo tï¡s nr¡nb* qf

i¡fsprtfu dlgá.ta rirlotr Eu þe ce*led by a coüo l¡ terns of, a
rittnrt rçga¡d ea to rhether s ia odit æ 6vgnt f¡ ¡cno ürÈ6F, süù
fo¡u¡r¿r dw e f!ilctf(na,l wrue fæ tho rRnber of Ln:fo¡ae,tlon dl¿lts.

lie ca¡ a'r/erûoüE tnis itlfflcuì.þ by eÍlcotfyfng that tåÊ

ectusl ¡n¡nbor of info¡loatiæ dtg:tts rhfah fl¡e code aå¡ carEr le th¡
g:reateet into6er not ¿çre*,ter then tt¡a valus epeclfted by tårr fors¡¡lar
Fo ahnll {agtgr¡+tc the folcmula r¡alræ by tbe lottar Ie
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5.8

I¡ot t¡e ffa,Iw.tõ rur f ooCa. It corrtatÈs t¡ qll

&¡ + ä¡ + I - ?a feftiomf eu o'f thoac a,æ f,l*sd fn tbs berntd,

end a¡othatr Ës of tùon are ¡roeLtl,crsd L¡ boxoe. If rc assre üet
tãâ É trrensfoætlon is tnrd q bfn¡ir augitr to f]ttl th g¡Ètart

¡tosd.Þlo æcn n¡nber sf bE$eð, r€ obêf¡ tho fol1ala6: atatLslú.Brt-

¡Ìr?uß+?u+L-fu

Irã¡Ê-fo+I-eo
I'true ra have Iæt no lnorü üsn fu + -å(e + f) ¿iefte to

uqhlsra øynùronisat f m r

llre ¡atto Í/n, +Ae af,ficiarcy of tba oode¡ ls €ri&taat

nben o te æ,llest tc€r o r 0r In theaa oirq¡Eetances

¡riJua+2u+l

r ' ?t¡s - þ + 1¡ 
rheæ tüc equlttþ La natþ aa

rqulæIrnocr afæo 6rvæy bor i¡ rssrqsd able to @rar l-*' ro,rblt¡r¡lr

dü. g:lta I r

h¡t 1f re ea¡not fLncl a, a¡tfsfastorz Bafi (ur s) nrü,

that n r äu8 + 3r¡ + I¡ then re Þr¡et ehooso c ) O,

It 1a oary to sea tùat thâ Êd"Errtågr of ttrå E co{h of e

certaf¡ length oyer a Gtlbc'rt soce c¡f thã nq'oo lengür¡ and ap¡nroxi.-

nately tha sa¡o hera.kl logth, le tlrat¡ aftbr)t¡Sh tha K odo h¡e tyfqo

ås Da¡{r reEtriotcd pæitir¡ns os f,be fülbert aode, ft sa¡¡ qryt $ bit¡
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of lnfoætfq tn €vsrãr 4 of lta resH.cted poeitlons, nhfle thc

rcsirfotcd lpeltiq¡s f^n täc 0lrÈsrt oode aro fiæd qd not

¿v¿tlabl.r to carrT a4r fnfomatlonr fhú.e rosults tn a not gatn

f¡ tho nr¡rbo¡ of lafæ¡atfæ dtg{ta thet aen bo eerrl,ed d brf th¡
mber d ffmd rnlta ln ths tilbcFt oode¡ ürls fr at reaet ou¡

¿gæ*te:r than llre rn¡uber of boreg f.n ttls E æcle, beaa¡¡,sr af tlra x.aet

ff¡6d dfuÉt ln tha ç11b6ù ods,

rn thLc argrne:tÊ ue hve aesuod itr¡t w know th¡ beet

abolce for t and s fæ ¡ 6lvon langtb¡ to sld th oonparlem ¡r
a}ge ê¡¡ ee aloec as rþsgfblð to ths ru6ûh oû ttn hæ¿rd of ths

oll.ðæt codao B¡rt thte e¡r not b€ tb. beet ahofor¡ tn the rrcxt

aretlø rs rLLl dcrÍve c fot@18 rhl,oh ¡rletsa th bcet ahofoo o,f

u to iiba velw cf nr

se8rl åF ¡pusd¡itlq q. Ëht¡ Uõr

Ho ùall ff,rst d ä.1I d,cryrlop tea K ooile f¡ lts qæt

sfflolmt fom¡ a f, qode f¡ thås forr ern only br r¡¡od f,o* trrns-
þfttüg l¡fon*tfon ff brnery fn:fbçrtûan o¡n be tn¡rnittad ln ü¡
artbltrary pod.tú,oa lnd ta:n¡¡r i¡furuttoa l¡ ths bqcç at tlr¡ ¡¡n¡
tLùer

Eo all.a for nàq[[lo1þ fn fl.s¡¡rtþgr anil eo tht rõ (nn

qú. ùly ¡tb¡rt tb ¡saults to altr for lhe caae rha rl sr¡ct uil
fntrorætlm nhlù 1r otlæl¡r rE brnå¡T fora, and henoe fLe@¿. üü
irtfcrnat{m rhl.oh fu placed i¡ t¡ bæca¡ ra yLrr ¡na thr apBrod.-

eåtl.e of, lcgr5 ¿g l.ã. lfrls fe asfi¡rûtc æough to Lllr¡sttut tùü
pod,nta rr rlab to n*or
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Íhl,e approxfmtiqn ålso faailitatce adaptùon tf tha

fonr¡l.aa to ec¡ver tå.q ú ù¿ansforætf.on caoer airca lt ÉayB tn

effoct that ro câ¡e eafflr (tUcoretroafry) 1.5 infcaætlæ túta f¡

escb bc. frle tfus ta praofaaly riü the ft*;rrc of S bitt t¡ Ê

borae ¡hfeb th" I trrrnefornatlø elvsa rr ¡ th o¡¡J.y dlfFextæc tB

tb.t re aasræ l.S irfutatlo bitar and æt I lnfo:m¿tico bitr r'-

ba oend,rd fu an odd bpr.

Tlhrn re hevo ûm¡Lo¡nd fißI fom¡I¿o usllg thte

a¡preriretlaar r,a sbsll 6[ve fortaul^ac rhlsh uso t aæe preotec

valu¡ d 1oq6.

5¡9

We hrcr tba't tf ¡ r ?ua + lþ + I (1.c. o - O) f,or eqe

u anil e; lürel ths ts codlc of, tlrta lagth 1s uo¡e offtoú.rut tüå,n tllat

of la¡eûù hs + ä¡ - I (i..e. o = I), tf tho esu. vr"luÊc d B and ¡

are r¡sad in büth Gâsese Ëreiver¡ m bav¿ not yat abm tù¡t thsre

la not s¡rother ùoloa of ur s nnd o rhl.ù rou1d not losd to nore

efflgfout ooûcg ln aftihar¡ c boür¡ oÃBËto

Ia ù.ls Eeetåou nø shr,IJ fi¡¡d thr opti.re ùoloe af, ut

v g¡d c l¡ tsrqg of Er |fþûG fs &Iraæ uora tünn o[ß rooqtrbblc

integar trtÞlet (o, tt c) rhich eolvsc !r r ÊtrG + Êt¡ + L - ib't

prrovtdeit u fg oddo
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Íha ilf-f,for€næ baùreen n aad I fE

Êu + *a arbitrary di6f'ts, bf our a¡4lod"natlon.

(mc æot valuß le eu + (e-fwr$)t).

fhe mt efff,oirÉ codc of e gnvu tea6fh n i.a thc mc
gmcnted by tùc tråplet (u, s, e) rhf-cù ]-ocse flr lnect nrnber ú
arbitæary dlgf,te, Leer ths sao rlth er¡ + # uinLurnr

ws rlll procaod to e eor.utf.on 'f oo" pmblen þ fraitrag
first of, all pstlcr¡lsr valuae of n for;htoh æo trtploù (u, rr o)

êåvas f ãKFe ¡ffLolæt o& üg an¡r othr trlplct. (heo ro hay¡

thfe lnforuatlcor lt rl"1l nst bc dif,flcult to dí¡oæer other ç¡luea

of ¡ fo¡ rhieh ene chof.co of, u a¡d e gfvce ¿t lcast ss sfH.d,gl¡t

csdra an a.qr other çbl,ae.

If, rc u{r.læúg€ ä + És aubJact to euc + Êu + I - go -
u¡ u)l a)rl, ala

rrttrout t¡sbtrng ürat u¡ v säd c bo fntoëerrr rc obt¿l"n tba

Eolu{d.on

s-O
¡r4u*1

Gorsfd* tàe prùtürar varr¡o of ¡ rùroh fu qr¡81 t€
Êu(fu - I) + åu + I - 0 for 6ûvcn ¡e

l¡toh-8¡¡?+l

Thp nrnber sf rdfuÍtgr loat to q¡ncåront¡rsi5.æ

rÊa+*(*.-f)
r4u-$

(fi.e ao not noalry roso ha,rf a digitl our bo¡ce have æet rþ {¡
approufnatlon of hslf a ¿Ìts{t).
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üond.der e, eodc of teagth Êr¡8 + I vltb (u + f) $l prfæ

for ¿ heralil.

?(u+ l)rr + a(u+ 1) + 1 - tu ts# + f
Ehæeforer El ) +u - S

L= 2(u+1) +for >e,

Gq¡d.iler s sodc of len6t-h

fæ ¿ brm,ld.

2(u - f)a|' + P(u - f) + I - b t A¡2 + I
rn)ål-5

TÞarefoll, 8(u - I) + þ" ) m

1!hr¡s a K cods sl1¡h u or pln fcs * hdÊril ie tha mt
affiol.e¡t K æda to r¡s€ f,or n - BuZ + l

Fe og'r&p thgt, ulvæ r otrof,cc d tro dfpH,¡ct t:ripltta
(u, t, e) rtrteU gtvo thr aarå vu,luee f,or n ancl rhió hve ü¡c aam

eff,tcd,enory¡ ro rcnrld shooes tho triplet r*rieh prøldcd & l€qGF!

hara,ldr t'h¡ sa}ler smber o:f boso and thç larger nrnÈe¡ of aú1tæ4¡
i[gftør d.na€ tbe 1ø6er hs¡,lü rakss fsr sslcr ryaohrentxctÉ.cn¡ and

thc lose boæg a¡d nora arhitrary ü.eÉ.ts rc hsve, üro ceñicr Ls or¡r

docodtg proceùrrcr

$tæa tha bsot v¿lrr to ohoer fæ u rfu¡n
I

n - 8u,- + I is u * u¡¡ &o shfiE pr*vftrusþ¡ rG *ûfr thet, fce

prqgxead.vely rargsr valußs of n¡ vs a hpuld choæe pro&rerelvolJr

I^ergæ v¿lr¡es of u. lfe eherl næ f,i¡d tàe bsat yslì¡É to ohooøs for

a¡Ê+lvitb(u-1)ünar¡€
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û, fæ Ëlvon a, kcaplng in Þt¡d tbr *søuption radÊ ùbFê tbt tf
trs ohoisss tiT€ squal af,fl*!.euelêË¡ TB shll ohoær th6 ¡^aJ€E

v¡Iuc cú u.

ffiç ehall æly ecrynrr codca ohtalnsd rlth u sd u + 1¡

v¡ krm tbat therr ls at leaet on vsllp d n for ùleh u + ? agû u

ù æt glve ea ef,fisioüt s osde BE a + 1, vIs. 8(u + 1)å + l.

If täô ood€6 a.rc of cqud trsng¡th¡ a¡rê hevo *Eual

effl.aleMea

Êgr+ân+1-Eo E(u+I)rt+&(u+1)+1- nt

tu+& €(u+f)+$6rrl

t

3

cF¡fllDf.teel+4

Br notc i¡ lmosf¡Ë: fË(e g th¡t c æd ar le¡s oqi¡el

Far{.ty nodulo 2¡ threfæc¡ happâlry rü do not hrre to æældc

ühlù ø batter n¡1tr üa 6 tr¡uf,eutfa; üúoh rc mld bve b
ils ff thry rem d o¡ryoeftr ¡:Ë.ty.

&.o rp¡m þeuud for tÀo v¡luaa of n fs rhich te aInL!

EF€ u rüL ooou¡ wheû e r t {ataae tf, th E çodc oþtal-æd fæ ¡
aarta,ln valuo of ¡ sr ì¡öfñfr u tç nore ¡ff,tolcnt thn¡ thc K csilc

obt¡,i¡cd tgr uai"ug u + I f,o¡r s ) O, tUo t csd¡ ùt*i.wrl fry e
gnaator r¡ r fus + ãr + Ir W wt.ag u ll.ll +Igo br ¡om ctftd.at
ü¡n eat obtrt¡od W uslng u" + ilr
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0onafdæ a r *u + l¡ *d EuIIpssê for tb rmst n" > n.
Bu¡+Êu+I.å¡?+¿rr+Irn

If g(u + I)rr + 8(u + l) + I * 8er r I

rr){r -5
io6r at ) 4u, - 2,

Fæ Îù,Le valr¡s rtr ar
¿u+fur4u+å

æÉ+r)+&r-4u+I
lhcËqforgr fæ tùia val¡ro of n1 rc ¡bmrld usü u CI. plle for a
honaldo

lhreEnøi.dcFtr&P+fr+5

I& hæ +he beat ohoiea fsr g Lg úc {r + g¡ øfæ¡

&3 * 4u + I La t*rs çaçr¡rr r^Ggtt ol ¡ Ë øoda vi.tb u ûr pxrE for
¡ h¡r:*Lil æil omly 4u. + I bome,

Ehorrcfo¡cur â¡ + fo ,r ,h + 1,,

Enavrr¡ !.f ar r fr - 2, E(n+ t) + fut - ¡h¡ + I al.ao, pf,

?(u+t)at+E(u+t)+l

- &?+fr-tr>Ñ+fr+Ð,
rí¡r'c o) E, wapú tñ th

oces ef th. u oodr, rhLsh üil !ð dieaussôd ia detefl ratæo

the:rcfær¡ y€ e&n úoosß a.'Þ Ð eo tht tåe tnÍ.gþt
(u + l¡ å¡ - 2. I ot) ¡afi.øffies tbe equallot f,or n "

e(rr+l) + t (¿u - Z) - {¡r + I - är + o
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lrhsraf,ce, lible lattcr trÍplrt gfvoa as €fffclsnt a cod¡

re (ur år + 2, a), and 60 re r¡aa ft to son¡tnrst o¡¡¡ E eodg of

fÐGSh 8u8 + 4u + 3¡

Il¡fqrùm,toly, tha va,Lr¡ra of ¡ lor rlrå.è rr ùoor
u ûl ¡nfn f,æ e brrrlal hvc not bea nar$onçal f*tl tb¡m ful m
i)ürff crsa to co'nldær

&. 4?rürn lqtgtb d e f ooile rhLsh çn b+ cocffitcd
rlth u + I Ol pÊfuF fs a héÌsld ræil 4u - B bqe¡ is

gu8*6n-1

Gorrl"der nr 8u8+6u+1

the ni¡i¡n oho!,eq of sl Lo å¡ - l,

fhanføc, 2(u + f) +#¡ . ,å¡ ¿ lå

Hwcvrr, f.f a - år+ Ê¡

Êu+ã+l-&¡?+Str+1

Et¡nfæc lt fe pond.ble to comtnæt a X coda of lüGlù

BuE + 6u + 1 rtth u fil pnj-re fon a hßg,lil and {n + Ê bæar

In thi.e ossa
gË+*å-4u+l

flrc:¡efaç ra ahsuld usa thl.s latt¡r consfuøtfun Ésr re

rant a eodo of lengtb Br¡? + 6r¡ + 1.
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rt oa¡¡ epsùrJr be ehcrn thet thæG arÊ æ varrrne qú n

6rrater tùan tbis for ülich r¡ss of u or plra fæ r hrräld g:irca r
cæc ¡fflclæt codo th¡n the usc of u + I Ol ¡rai¡¡.

Ëy reft¡s1¡g tàe ysluÊ clf u by l.¡ rr nrü flnd tùe uppcr

bound on n for rhloh ws ehour.d r¡se (u - r) ol paira fc a haü*Id,

¿¡d bnes tha lcrer bü¡r¡d m tho values of n f,or rh1ù re elhourd

r!€ u Ol p,tre"

In fact, Fi üaa u 0l ¡nf.rs for e E æda he¿l-l if

uo¿ - l?u + ?(a< eå + {u + I
otr ¡.&#+6u+1

b,ut o I AnZ - Iû¡ + ã (r*æ t€ uaç u - I Uf Flr¡).

ï,he o - lr guÊ + 6u + I - gr.8 + 4u + E,

"> s&

[¡o ü6 cq¡ eti1l u6€ Õur feirur¡la ff¡ for

+ å¡ + 5r ve r:ne (u + 1) Of Þai.rs for our her¿ld ln sJ.I'

Gl8O8¡

Íhe oaly €aê rü naad eonaiiler le rhgtr u r 1o r[ thts
oa¡r tho É.6ucod.d E sods bes th¡ s¡¡aç offielæoy ae .tho É-cneded
H eoða¡ ed fn thie üace re shoæe ürs eodo rrth the longar horard,o

Fä esn themfæs spplg or¡r fmur¿ for all valuse r?f u.

Ì[a ahoutrd note ¿t thLe polnt thrt ou¡ four¡l¿ oaþ bolib
lf m era 'd.ng br¡a¡ry t¡¡prrtl if tcrary f¡pnrt is aüEilsble, tù3

choloc of u nry be dLf:farmt ln ocrtsf¡¡ Hørri¡c o8€€Ë¡
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9e bve nsr ahorn tlrst for ''€ry odd valuc .*f n ?t .,.n

ohooae yal"use of u e¿d s rùfolr ate opt{n',rr rlth rcgÊrd to efffeiÉûÇi.
trc nasil thfs frat fn tho mrct prooft f,o? fu brctr of our F.aof rr
tñ'at re oennot osnatlr¡ot e nut rfftot¡rt s¡rnolæuouË ade {ba¡ lür
If oodrr at leaat 1f re attæ¡É tr¡ aoptr¡ot it lælng c, bÉEld ánd

bcras ln ccrtsfn act po¡l,ttoera l¡ s ædo lsrdo Ehis mtr ¿ot lan
to bs vary fapætant at thr nææt¡ but tt rfll bcw r*trçrbat l.n
gcctLu 8¡ rh:se uo eh¡ell eae tåat, r¡nless re b¡c,do¿ u¡r aoræegtlcn

of a hæald, ra 6ar{rot oonetnpt a lurâ effr,clert rynchromue oodp¡

r¡ the fouælug üraæa, a rho¡erd and bæer codo La

øn çhfoh Ìr.s ¡ honlil eoqnd qf a oartefu nnaber of CIt p*fr:o +rd

bo-se t¡ corè't¡t sot poaltlarc t¡hæ¡rgbflrt th¡ ru,lnitæ of anph læilo

5.10 nhooru

-
lron a ¡;rven odd lørr*h n, we ç+n chocas u *ad E rf.fà

ühie.h to oonetnrot a K sôdc çh{a}r ls at leest ea offlÊl,snt ar e4r
lh€rald ¡nd bo¡oel Eoda of tliotlsngtho

hoofi

E'¡pæo ü¡ can coastnrct å '.r€ sffleü.ñt (rcrq¡d aßd

bæ*) codo. Idt lt b€dn rrith u oi. F,tr6 ¡d hve g bors ra
¡m¡ sat poeitfmgr rhlù re sbarl not ¡rceorlbrr thrm¡ehe¡ut goh

told¡

Íiuppoeo Tf snd ï ars tvt¡ congÊcutfve code rrsrde fr a

EråßEBgr¡ and tbat ¡ felse ;ord z bcgfao gommhera in tlæ digLt strqg
ilr' flc Eharl dcflne iír aa an arbltr=rtrr cotlo roril rif:Ìr *tfh u rEr
or üaJ¡ not be identica,L
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7 cannot be rdentical witli 2:. íf ord onry if sou.e

restrietetl pooitions of 1trt ¡rirfeh arc ín z co=reepond to ce:rtai.n

restrietod poeitione fu1 rt¡ aad ars lm¡xceaptabre in i,r. Fotr

eronpler if :Í begfne at ùire eecoEd posltion of îr, g bngfne eitb
e l¡ and ijf quet Tte¿gfn rrith a O. &ue ?ìr osrurot begin lA thc
saconC poeltltrn rrf ri.

flre f, cqde vi-rl be æ¡ræbronor' onry if z iE nrsventad

freu begírui€ ln atr tt* positfune r¡r T¡ fron â to n (i.e"
n - I caeøs).

lbe fo¡r caaes çhan z oennot ba ids¡tica,l rith í4r arrc

tbe folJ"wingl

(r) Tha flret pod.tlor of ,--t eoi¡e.l-dee uith a I in tiæ hqnrlal

of 'n (u eaaoe).

(z) me (zu)th posfti<rn <¡f r (the taet r.n ite rhE¡'g,ldr) eolue:liaa

d.ttr e ü ín the b€reld of X (u oaaee).

(:i) ä rocalvas a bw froe iVX in poeitf.one rüere Íjr rsqlJ:lrça ¡
01 ¡air f,or åts hsard (ue eocoe - oËâ for e¡ch posed.ble

¡nlr and box).

(¿) E rFicõnvs¡ a o1 parr fi¡op thc hÊrald of ï r¡ ¡¡o¡rti&s ¡!¡ero

Ít reqnl,n¡ ¡ bor (agnln us casea).

Iiw theee ca,s€B aqr not alI be distinet¡ tor eær,:ph,

both (l) *"4 (s) nay be ætfefled for ¡ gåvaa atartir¡g position¡ æ
(+) 

""y be s¡tigfl.ad trice. B¡¡t if re øpcrd lihace oss€s aa thinþ
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f,t ptrd.ble, aud aosrunN thst ø Í.8 nrt tdrntfEd rlth ¿r for onry

ffit3 rsssü tn any atartin.g poeitfø, r€ €¡ prevut a falap rord

beg{Dnfug fn no ¿æe tùan (u" + r¡¡ + u + u) - ?¡¡¡ + *n poeÈtJ.msr

But re loa tùat tbf.* ftgrce un¡st nst bc lees tbn
E - lr lf thr æde La to be synoboaour nhue a e¡rnclronør oodr

rith u ol pafues anä r bs¡ns ir of leü€th at ront ärc + gu + I ùLcb

1a tho 1o6fù ef, thç l{ sode rf.th tb Ë.aa r¡ and r, sd rltb 6r r o.

Thf.a provs¡ tbat thô ß code 1¿ *r effloisut a^o eny

thoralil a¡¡il þ¡esr æde f,or an¡r rah¡a oû n at rbj.sh tlu K çodo

attaf.ss ths locsJ' ¡r¡r{nnm on lte offtcfonoy, aa lrluet¡sted tn
p¡atia 5.9" Tbc ¡oar¡lt mst bc tnr¡ for other v¡h¡se of I e¡

rrlll fo¡ l.f for en¡r u¿lu¿ çf n re choorr u and ¡ r*rteb drr tàr
as*t effl¡1mt rhåRld crd bceer oodo (i.c, 2rra + âr + I - 3,c - û)r

ra ca.D ooust¡nÌôt a Ë od.e ud.¡€ tbc sáDe v¡lus¡ of u¡ ü ond o.

[hfa ooupl*tes ths ploof.

ff¡ hvc.nc shca tb¿t e ß oodc t¡ ¿ hfghly rf,fJalent aeä¡,

et rcast by cæpar"raq rfth cqr fhøralit a¡d bores I sods of tho sa¡¡e

length. lEhcmfgl, a e,renl^atton of f.tr affLofeno¡r rurld br

hclpfirt fur æs.rr¡Btf[€ rts cf,flof.moy aau¡nred rlth thr upÞ€r bound

der:lved by Gorcrù et aL¡ ancl slso f^u eonBnrf_run rith tùs othcr ædes

uentiq¡od ao farr
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5.¡.1

'Is 
b¡vo alroaity rhmn tn saotr.or ürg tùat tLo met

cf,fÍclmt K code for glvm u anrl c 1e tåa o¿a rl.th o . Ol rs aleo

hor tl¡st for g{vo u, t}o aæt effr.cl€nt K ood.o ha,e ¡ . 4¿ - l.

Th¡s tùe grcrtegt sfff.oicqr att¡fnd þ K ooðen

amt¡rntcd yfth u ül ¡r;*irn for e he¡r¿ld æü.r¡¡rg rhcn n * gr¡8 + L.
Fæ thlc v¡lur of n, üee df,lcfr¡oy of tÞc K æite t¡

1-(z(r-r/u¡1å*b,"
fhf.r ts tùs varuc obb,tmd ìy our ap¡ædntfo¡r d

loqtf a¡ l.ã.

rf re rcqur* thet btmy aht* ur l*aeo¿ait to fttt
the bccs, tb frst th¡t oru va.luo of o ts odd (- Ar - 1) trÞ,na

tùet rc loao ånothæ t of en rarbltrax¡r ürgltr (ths l*ut, odd, bæ

ffinfi oaly oer-y ou¡ erùitrery dXgft tætod of tbc lfr rrrbltnary

dlg{tar aì.rærtl by ou¡ e¡.rpædntLono Thua tùo Ed.EE afflofuury
of a E coilr for rbl,oh brn¡y drta bs to br É-mcmo¿ fu fill ü¡r

bqer it
l-(8.(l-rln))å

Eoü¡y'¡f, Lf ro ann tr5¡s th b*¡re¡ ft¡I¡#, ¡¡d nd b¡vr to
frneoilc b'l ñar¡/ ilstr to flIl Ètr rr €Ft ¡rd.ryE efflol,oay frron our

K oodç, fbfc of,ff.ofæcp rpproadrea

t. - ({K(¡-tÐÈk+ &d
rho¡rK-E-1o%$
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ït aever FaÊeheg thie tound, sfncñ ð rculil have to br r-rau,tlonl,,
(.(n - t)/x) - I, if it rerç ras,ohad. Hcøvor, it j-ç apprcohed

cLosd,y for aort¡tn velues of u ad ¡¡

5.L1.1 Cmmrlson ûf e¡-€s

Ye sßn ree rrþ tùa K æde of givæ n l"c næe ef;.iql@t

tå¡n tb U cod¡ of thc cam lengtù, for mt val.ueo otr a¡ tlr
offloiencr d sn hi æda fa ekaye lass t}¡sn o.B¡ no sg"ttax rtnt
th vs,lue of, u¡ but, *a e gmenal rrrle, the largar the valus of n,

the ms¡e effi.stÊnt für Y" eode ül can or¡rætrrrst fo:l ftr

fre efflcrlencies of tlrc varlaus tyBec of eodes

cornl.écred ao far are

(r) f, code (thaoætto*t) I - IopgD-ã+ o(n-t)

(ü) K code (fenedeit) I - 1.4¡rn-t+ o(n-r)

(fff) Gllbe¡trc aode I - ?.0on4 * o(o-')

(f") xoo¡ler .?98 , +o(o-t)

B'c sho?c6 ln ¡ootfou S"15 that tbG U eodcs rerÊ eo¡ü

effloient tl¡aü Õrrbrrtia eedrc for r¡ ( zg. s's slrlt nr ¡hc
tle,t tha E codes ar€ Ê¡i fnprov¿uant on the &f oodEe fæ n 

-> Ll.

51noe ?s can eee fi¡æ tüe fosr¡lsa thet the K eodaa

arc pr¡sb raoro effiofsnt than #llbortls cods for large ?elue of n,

it follma {ùat tln K cado crf a gíven length ahould b. }¡i&Iy
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efflclent cor-frarrrd to any eyæhsnenÈ coür of tåat laog:Éh.

InFÊu€ tJris tborryht fisther 1n sætf.oa g.

wC

5.L1.8 lr¡rrr¡¡

- For n ) W, rc cån oonatn¡at a X code rìrl.eh fe at lcoct

cs'efx'leLent aa tbe }i code cf ttre esro lerg*Ëh, provfded l-mooarry
uuct br ufod.

Þroofr

Tle obsowod ¡rrvior¡elfr in seetLon, 5.ä.1¡ ths,t e¡¡ ä

code ia ldeütir-l vtth thø cosespondingI( oode rith æo ül p*¿t

¡'or r hç¡Eld. Siacs tirie i^e ðo, re er¡ r¡re tÌæ forqula dartyod fn
ssclC.o¡¡ 5e9 to 6taln tåe result stated abæe;

iotr wc ohoorr u ü1 ¡nlse for a ln¡ald fa pefererco to u - L

¡nlru ff n ) 8u? - lgr¡ + ?, cleapt rh¡n n - gu3 - lgu + g

loor flmn u ¡ Er [ > ls snd n I tg. Ç.¡,.Ë.]i.

If tencry lnput le ¿vrll¡hl e, thc ts codl fs thc æo rffLol"c[t

forn)aL

$o far', ao geodç hrt vr hav¡ co far ouþ ooæfËcrad

ttrr varuee of n rhieh glvea local e,rr¡¿ of, offtoloucy ln
eetab,1lÊbin6 tba ebove forur¡ra¡. [hrre tc stur a poøe{bflrry ü8t
tiiere ar¡e sr.frre valuea of n fcrr çhlch the ¡rwt off;Lclant K oodr of
t'hat lceËh lrhiab can be eøÉtruêtad feÌIs far Ehsrt of tåia bsrrndo
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"'s have eo fs,r 'nly prorad¡ ln eectlon 5.1û, tJ¡st tr¡sre J¡ e K
oode of q¡y odd Ìongth rì:icùr ta ea afff.cÍsrt a.s ênlr rher¿ld and

bo¡eør codc of ùls sane ranstbr ra do not yet knoc rJ the rhcæ,rd

and bo¡eer ryetcn d e¡nrchronow code oonstnrction ie particularly
offlclcat for rI[ ("¿¿) va]uoe of, D.

tlble ncxt thec¡res prsyõ' that th cfftolooy of th ß

code of ar¡f lareth e¡prechas th¡ uFpcr bwril. ErLs ta rcaserbk,
slæs tù. tro lrhr¡ of ¡ rhLqh sbÐul{t provfrtr thc gæ¡tcet
dlsgarlE tn çftt¡i..Fy e'r thoæ fc ¡hroh r - ?ug + ërr + l¡
aom u cd a¡ er¡d tha velue of n tro 6re¿ter tt¡ea i¡trls¡ f.n thts
lattor oara rt at¡ nå! * + I boüBsr anit put o r r¡ _ t

1¡€¡ trt - ä¡(s + l) + ãu + t - 3(u - l)

&r.¡ ia thc oul¡r oc¡r rbon thcn ¡rc not üro uon
er¡bitnery dlstte lr ürc eode d t*eth gmtar by El hrt tbe¡¡a n¡st
be et ls*st t$ rrr+ttrrpry ü,6f.tt¡ ¡¡¡tlllr bæ¡uc ür¡rr l¡ enotàæ
box in Bl,ear of tbo àro ¡rbttrrr¡r ö61,b.

ïf lc ¡mæb* tba ra*r¡rto d aratlon 5og, r.n ama ca'€r
ùG rqlr br able ta ol¡ooso a diffarmt y¿l¡¡e d u rrt th rbldr to
æa¡trust thr lrrgrr [ ædr¡ and ¡o obt¡!,n ¡ hlghcr tffLcl.moy thrn
by t¡llac oao Eoto bory but thr c*s6 rr brvo ltlust¡çtorl la th¡ r,oü¡t
tået qa oocufr
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5112 Ihrnn

For arur sva çrE Lrnath n, ç€ o¡¡ constn¡at e r codr

of ¡ffLoleiry aù lcr¡t

t -(*(u - r))Ë/o + o(a-t)

iÌroof r

thr only yrluee of, a for çhfoh tho asat offlof.at X

code tht oon bo eopkîrotad 1e laps afflol¡¡t thrn th¡ sæt
sfflcl¡nt x codee that oan bo constrr¡ated fa both a trCI éreat¡r
and n tro lone a¡o thoçc valuas sf, n for rhl.ob ü¡¡ Eo¡t officd,egt

E coile 1s oonttn^stsd rtth qsrtel¡ u e¡d e a¡d c r B - l¡

ftráa fa Èc sm argtreut e,a fn l¡hc Bn¡rblc, rærgt
thÂt it ls ct¿tad dfff,orotlyl ru ffi 3ry that, s{r+e r¡ q¡n ôotr-

strrrct a oode of Lorgth tro lcss rlth o¡s l¡es ¡o¡ ad the m¡
nr¡¡rbrr sf r¡ùltrary altgtt¡, thla latt¡r codr rLlr be ¡rcca etfld.øt
{tan the oodc of Lcr6ûb n¡ the aode of rongt¡r tro gtçeter b¡a trro

uarc ¡rbit¡ary di6l.te¡ ar¡d i.* tbe¡efore uors ¡ffl.cle¡rtr

Ifo-u-1r

n r ãü¡ + ?r¡ + l - Íh+ E

-âr¡s+5

lÉla ooil¡ loao¡ ht + Èç dfgfta to aynoùrord.aatlonr rt¡
cfffûl¡ary Ía tùerefoo at rc¡t

r - (a/n)å+ o(n-t)

rhat ibc K ædc 1s.u¡ad 1n f.t¡ tl'ac{üsd ôrqn oor
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t - (+x/a)å* o(n-')

xhcre fr - ? - 1o&¡5, if tha ooCe ls used in lte Èreoretloally

best for6,

Inolils¡t¡Ily, tåoae rrrat €aeð æautr rhen re u¡s

r¡ - 8uZ -& + 5 l¡åo fhÖtt E = 4rl - 4¡

Iî Ë-tåt-5r n-&r8-1O¡r+S¡ ìg aectlonS.g¡ wÐrrr (u-I) Ol

Þgtre Sr orc K ædc &rd ébtÐ,frr a hrGhry effåcfæt odf .

Ð¡rn tåe cosfflptcfte sf ,r4 *"" tlr 6a'æ as lü thû

r-ora¡ü¡,e in ¡sûtú,ou 5ot¡.¡ ln fact¡ if re enrlyue tùE o*f*l,olutg of

-ln ¡ re flnÉ tlut tby dl,ffe¡ by -å. ft¡I.* ts ta ltne rltb mr
eonjecturr¡ ths,t effLctency is only Issa for r varua of n trs l¿rgw
rlpn the lorçcr ood* i¡a,s qnc nofü boc æd ao Eoxtð aröitrary dlcÈtg ¡

md the coefflciøt agr*ea ritb tbe diffe¡ruae l¡ct*øeur tro oÉftuary

C.ig¿ta and tàe l-r farbltrcry die.ftet in a tro-diglt boro

ãJS

If tha mnat affi"d.cnt ts codo of e glvo lø6üh bc üb odd

mnbæ cú bore¡ T€ c&n of mrr¡o s@t tho fm,t t¡ tbc aãr ray

ns üe dtd rtte tùr H mdc fa ¡eotd"on 4.5ogl rf re bvc s.s odd bo¡

¡fter y'.:e¡oûdlrg bfnüry dat¡ t¡ts Inlrs d ìoxec¡ çr c¡¡ fi¡r ü f,trst
dif,t i.n s¡¡ù ¡ box r¡ a. uÊlt and Lc¿ve the eocud poeftion ætd.tü,ry.
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&¡¡r fs anotbæ t¡rtl¡od ühlch l¡ Jwt &E offlelrnt ead

prfupo hclpflrl tloo tbo vLerpofnt of rrær oorrosü.oa¡ üE oG

lncldo ¡notbcr borr tn pLcor of tlp er:bitrrqr dl6r.ts¡ to Btlr
vtù tùa odd h¡o hl.s co¡ta nothf¡g i¡ rfflctcn¡qfi r ¡l-ç¡o"6.
tbrra rrtl.trrrìr ölgåtr tnto thr Infr of bcaa, rhr¡l befæe rc h,it

tro arbltrral¡ dlgfta rnd tb¡ odd bco llbc adrant¿ar otr tþ¡l.c

qrata lr thgt & crÈ¡¡ Ìor t¡ æ afd to ryroùrouf¡¡tlæ¡ th
ôlreduaategt 1¡ thet lt wtcrts ürea artttrery dl'elt; tnto txre

boroa, thLøh h,va tp þc l-oûædrrl anit f-¿owl6¿.

Fr ¡blL nor øncider rn cropl.r af tb rffectr of tb¡
rooarl'þ fsr ¡r¡eh fqqet rdcptf.oc cu code rfflotmoy¡ rc ohotnr

for u¡r rnuple tb va.l,r¡¡¡ oû ¿ for çhißb it ray ¡ffcst ow

dool¡ion e¡ to vbståæ r. r¡âr an ,il æde Er r ß ooûe ¡ tüo¡e t¡l tjh
val.rr¡ of n batrcæ lL æ,ll EO.

5J9.1 bnnlc

- Wc kna fron s¡ctd.on Eelt#¡ tbt, lùrontJ.aally,

{i¡r f æda f.r nmr effXsfrnt fæ a } fZ¡ t¡ ehr,Il a¡e lf, tåo

pnectteel" o¡,gr, ud.ng y'<noodfry, glvao æy dlffæ¡li A^b¡oa,
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Eaßb trpü ú oodc rilt bc rsd.ËDåd th¡cc hndfnept tàr

nt¡üb€r of torcs¡ thc arubæ of, arbftrrrl¡ út6fta, mdt tht toùal

nlibcr of lufon¡tlon blte üry caa orrÐr.

tl Hood¡ Eooito

Bo're¡ ¡,rùc Bl.tå¡ Eqar Erd¡ B,l.ts.

l1 4 1?2S6
1S5182,5t

¿s6110569

t?7111s?u
198 1l54tut
2t9t1449t5

Wc goe f,fgÐ tbr *bøs tablc tù¿t fer I r lEf the y'.enoottrü

x eodr¡ ¡r iffl.sf.rnt ae thr És¡oodrd u aod¡r rüur¡l nc be

Brrf,¡nbl¡r broeunr oú tk longrr bolelrl¡ bt tn *rl tùrr othæ qrrt,
lbe pnotl.orl cbol,oe le ao ðffforrent f¡oa tho türmrtlar,rlr brüt

cboLoro

5.1{ Cops,i"nr_.thc f Coür td T Cog!

llbø m,Jor dlffemrcc betrccn tt¡a ùro ls th¿t ¡11 f¡h¡

ülgtte t¡ tbo x sodo ¡ro at lså,st ea FÇçt¡i¡.otcd aurt s6i s,rs Eos

rsgtrfcted th¿u tåd.r ærutcrlrrtr ln the x oodr¡ tbf¡ mapuætø
f,or ths ghortcr bertX.dr l{cr¡ fæ r¡mchronl,aatlon prr¡rcøoa a,lmr¡

1t 1111 polablry be bgtte¡r to wo o E oode I tb¡ longæ b#e.ld,
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Eud tår firbe€qw¡t reduotfoÊ 1n the probeùff{r of a falso hom.ld¡

¡nakes üne rocation of thc borald sealor. (.tnottræ faetqr to t
concidored La thet a ol pfr begtrurüg in a¡ odd 1ruøf.ttcn l¡ thr

aidillo of a *ord¡ ellwablo lu a K oode¡ 1s to bc rslo@dl, simr
Lt rswoa the posefbll,lff of a faLge heralrl¡ rhloh requbce rll
lG cæbinatloas at that pof¡t)o But, afno€ so þer¡y of tlra iu,g¿ta

ln a I sodc ese aùtfimr.¡yr âr¡d aÍmo the ryræhæzr!.satÍqr ¡øclrul.n

only obeørvcs r gu,ll f¡actLo¡r of thg digtts l¡ ¡ ræd¡ lo roec

æeå of ttra emor dcteotlou eb{Lfgr prortded try ¡ ¡¡trobronf¡rd

ll cod¡r shl¡ l¡ttrrt lrmwcrr t¡ uoû rrnug r¡portut rttb crt
rrre pmÞcbLllty.

5J4.1 :et¿ht Dtgtïrqüûfon of tåg E Gdc

I¡ tb¡ ¡st fr srctioor l¡ shll. drtsai*o th lefuþt

df¡H.tnrtton of th¡ mrd¡ i¡ a K code, end thån r. qhlt conpara lt
rfth ùr rolglt ill¡ta¡tbutûon of tbc l[ oodr anal Ollbæùt¡ oodrr

In lùr follori¡e eretfons, rc rùell tllustsû¡ th¡ X ædr

fl¡tttr a¡d thra ûe /-6¡¡sodgd r¡ersion¡ horevar, the ferqr¡Ia¡ rr
obtatn rill bo cmpllcetrdl¡ end e, nü.aBle appro:dmttsn üttl b.

for.uril Ln ssctfon E.L?.
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re þr rpepoonr-gf 1ou repoo X t æ Êüoq É x¡+ rtl

æI T.gl.g

fìt'f,
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5.1$.t IÉG

In t&e g hm¡ of a f-ceoded E *ode, rtre¡e a ie avrn¡

ü¡ esn erENnsB rl uqlts í¡

fuf
L-F l

f.0

*r'8r ccb(b, rf - ry) annn{D r ür + Þr þ) üüf

Ilsofr

Ër nøto ln prss{ng t,ht t}¡ls ¡eeult eu br apptrlnd to r
fi-onaoeca E æd¡ rfth tn ûü mtsr of bqcr rhiah bæ hÐ
fmt-eda¡ttcdr lf dær eltr¡rËmr ¡,r¡ radr tq n sd rr

l-trc r baæe are étvldod i¡to fo l;f¡l of bw for tü¡
puqpolr d Íl-eacoåf[gr E < þr rhrrn p.q cnd ? rûr teü¡FûtJ.vrlt åt
nûcr oú llr lo qð 0o barot rmg tùr g bmel, *c b¡fçÊtr

Ettr tot.l mnbcr of rya oû dloertlry Ð fO bomt åmð
tlr b ¡nira of bær¡ co 1O bfr tÈ * Ëfrr f¡

erib(þr q).

Sut¡ olncs tbe I0 boxts oan 6D ln tro poeelblo po#.tåæ

Ln eaeh Datpr thçn the t(rüsr uruber" erf laya sf elloaetin¿r ür l0
bæ¡ la

a{ aoru(forq).
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fo aach ray of .llooatf¡rg tàe E Ol boree, than te Cøb(¡ - {r F)

ruya of .lloca,tl¡g lha 1I he*rsr

tenee, fæ gl,ven p rud q, thcre e¡c attsgt&ãr

zq cunu(for q) gmb(r - q" p)

re¡ra af a.Uoc*tl,ng thc

boæao hirt tl - þ + Tr ![Þ¡¡rfonr lha ¡¡¡bar d ta¡ru of

alloorttng thr ¡t r,altc s¡Ðmg tb¡ r bqa¡ t¡

aft-ap cab(ás, yt - eg) cmb (s - rr * Þr D)

ffc l:m ncr fn a porftfun ùo ilcv¡l"op {ùc fæm¡Ire fæ

tbc uurbtr of rortlø of refglrt r f¡r botà tbâ I( eoda rrndl th* É.enoodad

É code of 1ør6th n. E*ørrer, it ritL ba apprccl¡tc¿ tbat tb
fortlulae ars toei eernplfcatod f,or pactimtr r¡s.t a reauonblc

opproriueticm ril,I be darC.ved lster.

å.Iõ¡$ n¡s arobsrr of r¡orde a,f reÊgh,t r ín tha K ooilo and tro

/-arrooileit Kcoóc of lcagt*r a alt

T ümb(n - *u - ÊEr ú - tr - rr) coab(r¡p) üorb(a-p, nr - åp)

l-¿t

rl-ü
ad l'*

I*(D,- fu, - h¡ ü - ll - rt) tines
rrlr0

råjvz*
FCI

,rl-€¡r Cø,b(fo, r¡ -d 0c{r-rr + p}p)

rna¡nottvaþo
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Proofr

r*hc rseurt forrwe f,r,- tÞ:a tro præceirfng rm.æa. For
eech r*J.uc of r ancl sa,oh valuc of rrr re luvo r - u - rl unLts

to dfatrlb*t. &@g ürs n - är - ?ø arrbrt:ranlr pod.trone¡ tÈr!.s oaa

Èc donr l,n Cæb(a - äu - ãr r - E ¡ rr) ragre.

E¿i¿ce the total nrunba¡ of a:rangmnats of, tkf, dt€itå,
l.s. the total r$¡nber uf lords¡ te ae eboyo¡

$J6

ire ae¡rtloned iü sectiüu s.r5 tha.t a re,rge averÈls

dista¡na bctraea oodo rords iõ desrr¿bre slaec ryæ,rl tt dasæ*caa

lùe probablltty trrßt g rord uhi& ecllects qtrrÐrã duÉ¡6 trrgtrr¡-

nleeLon riu bs nLcÊahon for snotber rsrd w t¡e clocoderr

Wc elro ahçsd et lå¡t tins tùat ttro aye:ra6e dfa te¡or
betrsen rror.(ls tn a¡s ìf ooile ree {n/S - l¡ bctreo¡ rorde i.n e ßllbc¡t

oode tt rea abürt -ùn - ¡-å.

sræo t'hc¡o alr gnrmrty no¡e rccits tn a E sodc of, r.aeË
a Ëea t¡ attùs ürc l{ coüe o¡r Gilh¡rtra eodc of tù¿t reagth,¡ 

"r
should not be 'itiatFÞofntÊd if tba avcmgr dl.sta¡oe bctreea rordg Ln

¡ x cods doae nst aguooh th¡ f;tgr¡¡¡e '!n ubtch is thß rvôrådt cirta¡æ
batt¡cq s1l tbe rsrsc ¡ p(n). It tle¡ l¡r f¡ot r¡;n¡rcoü thÍa fl$m
frfinly olæoly¡ tt¡fe pro¡ùùtþ eJ.lwe us to saLe tho etrjprod¡attür
oJ the f,cau'b¿ 'ln ¡coti.ou Eolãr$¡ a¡d æ re do derrvc ËoEG rmrcttc¡l
brffftt f¡æ tha ¡n¡ar¡lt+
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5J6.1 Iær#

Xn r Ë coib oû lcn€È ¡¡ rltù u Ol ¡rllt for ¡ búÐId,r

thr rmrugr êtctaüßT Þctrren Bomal¡ fs lpBnd,-trl¡r

h-f,å
Þgof¡

Scm¡ûdrr sl.t thß rq{¡ of tào fr oodr ¡r¡¡ne¡d l¡ * *ilm.

fræpoÊü lhl E codr hr a bcea¡ uÉ e - O

Bhr qo.tr bm (gu - &)r + I n¡.bfhlry dågfte rnal fu rugút

f¡ borpc.

rr t}ta cerums oû ou rcil s¡lru shl¡h *orrcr¡mð tn
arùitroq¡ üfu:lta¡ tùe¡o åfÊ ff !ËFoea auit ff uo{.ta¡ rÈe¡c F

deafguatcc ttro mqbcr oü rc¡rüs ln tbr E oodq.

In ttre eolrr&a, ;hlcb rr¡meront boror, thsrr -* þ sf oac

ll¡it ¡¡d þ "c 
thr oth Ll¡qdc (ftü.a t¡ttar f¡ iùr n¡o nnrtt a¡

ftr üc tr Ê,EdÊr ttc trotlm $.14).

&ry tb totsl ¡mhr of dl.f,fsr.wes b¡tre¡a mrds, rgmÈt

over S(n - f) pq'irø of rg.rle¡ Ís

((ao - s)r + ù#/++ år. #/E
. f((ar + Êu + r)/* - rÅa - Va)

* f(n/{ - Ev4)t 
¡'ffiüf¡¡ö r a ô¡-
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therrcfma¡ d.noe H aosn beoo¡er rÉ¡lr l¡rgÇr tho aver?gü tli¡t¿r¡eo

Þetreen rordr it

f(" - s*) .+ !{n - 5u)

**u-n4r lfno8u?
2tr(N - r)

llbtr 1g lùe ¡¡m $sult as rÊ dor{ved for Ëilbertrc aodo

of, ha6ttr nt sû althou¿þ the tr æds of foaåûh n h¡¡ næ ror{r tbr¡
Gllbert¡s sod¡ sf tht reüGtbr tbe TyerBËp dLrt¡mc bstrcq roril¡
Ls ao leôo.

If re eppl.y the ¡cnt ergmnt to thc eolcn of ell rords

tn tùÊ É-rncoded X code of length n, Í€ find thst the *vera,gn

rliatancs l.¡ evsn graater (i.e. epproxfinately fo - O.Za{.

6J?

lre Gan nrr ôaf thet the éietributlon of retgþto of rprdt

la tàc K oodo of lagü n ts sffihat slnl,lar to the retght ilfct¡{,-

butfoa of, tàs rædr i'n If(D). $q ro ¡hall rÐhc eur approxl.uatlwr¡

for tùr nrbrr of ro¡ilc of nl6ht r tn a K soatr of lmgiù n¡ *

¡¡¡nbs¡ proporttonal þ tha nrnber of ro¡de of relght r fo ff(t).

ttr¡s te say thet ths nrnbar of çords of rof"Ét r ln e I
eode of lqeÈh I íg about
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.5Ü . cmb(nrr)/f

rhær (r) go@ . s" ú rù. nnber of roa{¡ tE tb g çoil*

d Lr¡rsûü a

(ff) tunb(nrr) 1g t&s aunher sf rords oÉ rolgÈt r Í,n r

(tir) f rc ü.¡ &tal n¡nbcr of rcrnce frû r(E)

tu)

leÇ. tür ¡nnber d rcrde lo ap,pldrt"d.y

f, aon¡(a rr¡¡f&'n'

Fy tha gapÉ mt!Ð{r tf¡a rnq?lar sf rorda nü ä. fl-oæiûcd S odr qú

l.ngtù o !.s ¡bout

aææ cob(n r)/f
: CmÞ(arr)/2w

lle 1111 uot atteø¡lt to þsütf ihfs spfortro,Ë.onf rÊ iln
onry ory that lt ha," bræ t¿stcd tn thß tra easss e'Ívg rå th EffiË

rcotf.oa mil fotd, b glvc gæal ¡reNu¡t* for ta.lr¡æ ¡¡f n æt to{D o¡"Eet

te ci,tbrn û or n¡ sltho{¡€h, undarrtrd^*bl.yr åc eHrwileetíou¡ æar

b'oùh û and n ene aet gpodS in tho¡e rËr¡s er¡rnt rvêry eycle te

regreeent*d 1¡ the fi ooúer ctrd thla ie not tåe reault rr grt rttù
oræ fgmrl¡.
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"',Fe can Étßt6 g!¡r ¿p[Foilintfon ¡ eothtr r$rf sf-æa

th¡¡t "*. äa'ftuÊr .$s rçd¡ i¡ r X ood¡ otr Iseth E¡ add BÞqrt

#/t qoL'r of tæsùb r¡ thr ntfo d tbc ¡trûbæ of, rcrdå te tù.

t oËü of mtght r to th¡ nnbæ of ;orda of, rrd*þt ü fn f(¡) ahoulil

Þr eppædnctrþ oontraü et

"t# .E-.)
fc üc K ooü.

¡ul ¡t aþtu'h
for tbo fl-.n$odrd K oodl.

Af.lür thJ.e rppMntlæ rhurlit æIy b¡ uffd for r not

too oloc¡ to 0 or nr

we rllt um ttntrh tbLe ¡cotfon rltb aø flluat¡rt&c
e¡Ér rhlcb eha cLnrþ tbe rct$ht rtùtrth¡tfou¡ a¡d cff,loùms{r
of thr v¡rlour t¡na of, osdce fsr cr¡.'h,ln v*luec of, n.

5.18 ffotc¡ c ttb¡ &toh¡

S.ltol llr h¿ve rbom m ttra f,t¡¡t C¡rgh thr af,floiæd.c¡

rtbf¡able rf.th x cd¡a rùtâb uro f,our dlff,¡rrnt valn¡n of un aot

broaus¡ thc sodc¡ rlth lclæ rfffeimf¡a a¡a praotf.cal, but þ
ehc Tùr tl.æBfrngÍn6:r ef,fost ls e oortrf¡ raluc oú u gfvcr thr

¡mt offlal¡uù ß soác for æly * fr v¡Ium of n.
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5.18r? rt 1s ¡;ìFnrrmt fru få,c differuæ botrsæ tha s øodll ¿qd

th Éeusod¡d t{ oade 6nphø th,t tùÊ mcouatty of ådrp$r6 to bf¡ran¡

lnu¡t glaefly rffeata tå.c efflaiury of ibå H cod¡ ¡r rell sc

¡oqurr¡¡g a Erê ooepllcated cnoodu. IIorcv€Er¡ ?r ¡otLcs lhåt th.

f-eæoited H oodr Ís stilt soc efffotat tàrn t¡hc f,!,:red-ï¡laoo oode,

5-18.5 rt lc a pitr thet ve havs to us6 è rog ooaro, afnoe it
l¡qlces tåc croaaoycr¡t ø tùe rt - SL eËnph eppar næc f"eporta,rrt

than they a¡gr wbü rË Ëf,æbg' ttrst thr m¡rh¡r cú rsrds of rotcùt

up to rB fr øly e vory m,ll f¡eotron af thâ totÈl mnb¡r of rtrdl,
ta ar€ tbe lryæhnoc of thsEÇ creEsor€Ilr ln I tn¡sr par¡ncfl.vr"

5J8.4 ap¡rt fre tb¡å, aotfcr tbo m¡r f¡r rhLoh tJns K oodo g¡lû¡

6nn¡ad on lts r:lvel¡ a¡ormd üo noot lrDortgrrt pofnt - tùr hl&
potnt of thc g!¡Irh6o Fc c¡crpler in tùrs n - zt gal¡b ft Þ¡¡ øþ
aborrt ä,/ø ae rragr rorde of ralght 4 ¡a tbe If oodr, hrt aÞouú ts,ftL

of reígþt l0r rn ttr¡ n - 51 6n¡rh¡ lt fryrovca f,rq ebæt

sguruty vttå tb. fl aod¡ for r - l2 np b r,bcrt zt/z ss e,ny *æd¡

fær-35.

5.1ðe5 Àtrayr the ur¡¡bsr of oyakE rud.na an r.u,pþ¡ocoheble uppat

llnlt. &l,a te alao pæt s;rp.rent tcs¡.*ts tbç orutre of tfur ß¡rrph,

rhr¡e th lsok af thc b¿lgocd ol oqbfntlour t 116 r€r+ne¡ bslà

thc E od'c mil tttc il oode l¡ ¡aùisvf¡C mils of tclgþt abor¿t Þrùf tbr
l.ngbo Ehi"s inds.catEl f,he oonoruslou ttrat offfolsoy asnnct bc

ruoh lnptwed uritrg the th@6Ld and bo*ear etlri¡ct1uto.
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5¿8,ð fqticr tb¿t fs nodentcly larg¡ vahu C r (r.g. ørðr

thc ranip 
"/+1ç(Wl 

tbc erlaph of iùre K codç n*ne *p¡rrcrl-

nately fara,llcl te tü¿t of tba mubsr of cyolee. ßhf¡ b¡Ife r¡¡ to

cheolc mr approd,ratlonr

rrogr f,or a - Êlr rhca u - $s* 2¡ 
"/t*t å

It cm b¡ ¡es¡ fron the æphe tù*t the dlffe¡rnac brtrra tbl
grrphe !.¡ abc¡t legh5r or *bart 1.6.

Fæ n - ãLr rùø u r Ð, s r ê¡ thc f,r¡ctLon l¡ about t/ZO, q[rt t¡h.

*fp behrdr ltr. Smph. fs rbqrt lsq.e0 - l.$.

6J8.? ù tùr g*Eph of cff,i,elmof.een tbr o'hr,netcrt¡tl.o

ñlrrptroggl¡er of thr ürlot¡s E odcg for di.fferæt u is Dh(rno

H¡ c¡¡ aleo olearþ Êoe ft,t tùe etffutanoy of t'h f;l¡*d pJeæ oodc

f¡gp frr boht¡il thet o'f thc ¡wt n¡ítablc K oodc, *tttrough trt *tobrr
tb l{ oode at n r 79.

ã.18"8 frr laat gr.¡ph glwa ¡ 6Fester qâëFlflcetú_on of, tb
or(Bs{rvrrr betñú tro lopre¡eirh,ttve E codcr uatng ilfff¡ræt u codrs,

snd ahag tbs rcy tn ü1ú r,ctr¡,L offtod.mry allffc¡s fu tbc tùt

thøoætlq,l v¡luoe eta$md poevtorraly¡ lf, re uto f-s¡çodf:rg m th!

boæg.
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6.@

6.I. lntroåuction

$o fer, ffia ootloe tG håv6 can¡É"d¡red (ths H codss tad

thÊ { codcs) h¡ve }sæ sodce cf odd lagtù. sflù botih tbsm

codcs, ¡r3 ontr¡r€d tùåt a¡gr felg rbe¡elilsr ruultl bûg:i¡ l¡ ctr tYü-

nr¡nbored Bo¡itá.onf and¡ beoaus¡ sf th¡ odd 1ügÈr .Y6!r Bunþaltd

poslt!.ons i¡ tbe nort roal nordç rirLù tþ¡ felse ro¡11 *wsrllaÞPcüt

becâns €veä-D¡Ebqæd po¡J.tlsns I'n thc felsa rord¡ ¡nil odd-

ntpbo¡¡al po¡itions f.n tha zcrt ¡oel ford Èeoso odd-qrsbe¡ed

pcltlaü¡r û tht f¡lsa r@de In prtlo¡lrrr tùr bor¡"ld d tha

[trt ¡rÊ¡t roral b.æ¡ ¿t a¡ qd¡t.¡¡¡¡¡b.nü ¡¡ocltfoa tn t}r Íal¡r toû{t

and thfa ontra.ed th¿È ¡ 01 pfr rtluldt be fotnil rborl tba f¡les

rord, to b* lücÉLo¡I vith ¡ oo¡lo ;rndr ncedod t borr

In our m¡slm.tlon d tho a¡ruchronoua pæpary of ædcg

tD thit teotl.on, tùa only falrc rorilc rhich rlll aoaceln ua a,r,l

thoss rrhich arc ldenttas,l rith cod€ rorde. fio ;e aay thct ¿ f,¡l¡¡

tord r¡qrd.rp ¡ r¡rlt ln r ærtrf¡ po6fu.oùl ff and only tf ¡Yør¡r

codc rrortl hee e unlt tn tù¡et ptitlø¡ 81y tf tbfs rrqd.¡rnt ; Le

fulftJ-leil caa tbæ faLse tord possfily Þ€ lËcntfcal Tlth a codc rotrd,r

Sittt oodoa of wct langth, le eould still snsiuê tlxst a'il

fa.Isc ro¡dc b6i! lå eYeit-ú¡¡lnberod poeiticrno by bc¿flnnfl6 aL[ otr

borcs in sdd-nrnùered lpaitlsna. ll*øver, fn thl-s oaË6 ü1€ bcralil

of the mrt r-al usrd çot¡Id begin a.t aB Eyô¡l-Ifl¡nba::od poaitlt:n i¡
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the false ¡¡,rd, od wr¡ld glve a lÛ rhsro fåo f,alse üqd Ëlqul¡os

r bort - ad thla ror¡I¿l not IIrwsrt the üolse ucrd frign bof¡S

ltlmttaal rlth a codc rcrdo Íi'o dàs Èorc¡ ¡urot br Bg!.tt'oltcd

dlffcFentl¡r¡ rcnc .rnust bogf-û fn even.annbcnd poeitlccu ardl Éot tn

odd.¿¡r¡iÞared pæltloas. One technlque rblah ls r¡¡rel lattr båê¿üfl

eacb of tho btnee befora tha d-rlcle of üra l¡ftrætl.øt..oarryl¡g Frt

af toe rord, (t*re *ato of ths tro?d eroept fcr ths hæata) fu aa

odd-m¡nbemd poattlflir aücl eaoh of tlç baxea eftar tùJ-a potnt f.¡ ôn

caçndunbrred pod.tl.ø. It tllt bs ehoml latsr (tn seotloü 615)

tÈat tt la pooølbl.c to soustr.l¡st rynohlonour oodoe ly eppl¡i.fng tÀfg

idce.

For üle roet of tbis seotlon¡ lc till contrpro the cdÉá

oonctnnted herc ørly vith oodes rhlah use both boxoc ¡nd flrrt!

placee to ¡ohlova ÊgrruholfcÊtloÉr ib€var lt TIlt ce üoa l¡

eaetLm I tùst lù¡æ ts etrug rvldooc for ¡¡gurtlg ü¡.t

r¡nob.ronorn oodoa amrt¡nætcd ¡¡¡t¡g tlr¡ rbmald rnil to¡s¡r

teobnigt ¡rr st t{ÈTt ¡s cfflcfaat aa rynoÞoæue ogllaæ rtrlù úo

not r¡e thta tcchtqnr. Ár¡d uo, *.4 rrt rgy tù¿t ¿ oodô aonãtnnt¡ô

tü tÌ¡i! settLotr ls ürc ncet cfflcic¿t tù,elalå 8¡d borçsr oodt of ¡

ocr*ain Lsngth rblsb oau bo soa¡taïßtcd¡ lt Le deflniteþ Bæsú"ble

thst no other rrynchronCIue oode of thrt lengiùb {excapt a grnezaLfecd

thereld end bøost code (oeo eeoti,rn B)) cauld be ruula sff,Íeleüt.
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.å rhçra,ld and bomer code ia a ryncùrñnt?læ coüe rûloh

he,e a heral"d con¡xreed of, 0L pgiee, and boxes fmbeitercd fn tiE
¡enai.¡ile¡ <lf' tùa ooüe sorrür

we ¡krrld attcts tåat 1ão aodes oo¡rtn¡otrd Þ¡r srr¡ Bot

as efflcd.cnt aç ædes of tbc arn lengtà æEtrr¡ûtcd W tb colæÞ

nctlædr Scwer, ts¡.€Eb oodes ara a¡¡t ¡Ira€hfimoua @dal¡ ¿nd f¡
pestÍq I ¡rldno¡ l¡ rdduoci! ü¿t r¡ruohroon oodec €ËñFût brr tb
cffioirnoy gápen Ð Col{ñfr up¡sr borndo

Ls thf¡ rootl.oo, thea ra nfor to rË* S cd¡r ra *{tl
ü€å[ tth€ 3] eode of e glvm lengtùr.

6.2 ÐEfi¡l$o¡

Túe ehal.l dcf;l.m au E ooôa as a æds cf tt¡a fhor:ald and

boxesf type th!.ch asnd.sts of aL[ thc poaslbl¡ rcrda rhiob hqrs &t
foæt

ûI0l ... OIblbEIx ,.r Xbgbau rrr rb'b, ... bË'-Ib.?.o ¡ee r

çhera

(r)

(r1)

tbe herÊLê corsfsts of u G[ 1e1:ra.

baf_tbZt rs¡nrcaaüe tba lth bo:r, t '. 1r ..o , s¡ aaoh of

tl¡c¡o boxee ås d,tber OO, Ig or 1I.
(fff) Þl eouerlcutlve ardbttrary digita folLr tho l'tà bor.

(fv¡ "&el,ntåsKcod.r pf(a.-?r l-lr ..., s-I9F¡(âr-l
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tan- &+ Za + i p¡, ead a 1ã ö?8.
l-f L

ftcurufcrr lt follcÉ änt, f¡ m Iü oodr, g ,_ ur¡t b¡ rtür

lo rbrr 6hcr tbet b¡ aÉtrblc poeittoarteg of übr bqr¡
æd, f.n m. oacee" lrdæS.m tf the nrubçr of öeÉt¡¡ ¡p en Íl,aü

slrnchrotea Ë egtlç1"

If rr *llw sHF Ftr I * lr ... , ! - lr to bü lËgar

&r¡ 8u - 3r lt ie Bcrtbl¡ for f,¡l¡r rocds ùo ¡tar+ rt betL eva
a¡d ctil-nrbs¡ail poeltl.ms rrüg {fuçc p1 dfgil¡¡ lfu ¡pntdatú.q

thet Þ, ( au -Ê rnaa that fstrs ror{¡ rùo¡r ftrst gn dt6Étr rs

fdsËlqr rtth l&c ædc hua.lit ær brgfn lu d,lb¡r rvr¡¡arnùorr¡d o=

odd-rm,Eb.rrd posltf,ær lry: tùr pi, Þut ¡ot toür.

(l) crsou-srDi-åu-6

,.. bg1¿bgt r r E ¡ * r ÞO*rbel+? .., 0 1 O 1 ü I

Poasfble
falsr
ræilr

poettlrur

a rOIû101...

01O101''r

' ' Þ¡b¡t

nJbf"r

laa

a a tta

O IOlOlr." ùJtJ*r .at

Fc ¡ce tbt felæ sde aca bogf,a ¡t $ consrrontt'rç



-I48-

h¡pose tåat brht+l rral¡rËEântÐ potttLol¡ rùsr¡ ú f,¡.16.

rord¡ to br tdanti¡rol r{th ¿ odc rordr tonld med ¿ boxr In

tro of thc casee the n#t code he¡¡.ld T111 enauËü tbat q[ 60 1.u

tboa¡ ponlttonsr erd eo lnl$rtnt the f,¿lst rsrlil f,ru foü¡g 1lÌ¡ r

aoilc rcrd¡ hørcvor 1n t}* eiitdla cesa tba norü eodè htrald roulil

prrt 1o O oJtr*, aad¡ af.m¡ thf¡ Lo peruiealbls Ln a bor¡ tür

fa,lso rord oor¡Iil br Lilcntlcl dth a coilo r*d. Ia th¡e qi¡qu-

rt*nccg ra sould havo to hvs a¡othæ bq aolnoldøt úXlb tfua n¡xt

r€Êt borald at tihr aenc tlnót

rrf,r 0I0 tOl

bJb¡*r&\.*r

But tlrt¡ roåaa tÀet f, ( är - 5. (r)

In f¡pt uail6 this üethoaf üt oön rhw tbat ff pf ) är - âr I ( ¡t

tùc th¡r¡ u¡at ba e f, nroh t'b*t f, t pJ ( 4u - {. S1DßN

1f pl üad pi an both aqu¿l to Err -8r Pl * pJ - &t - 4r thrn 1r

nothfrg to bø eelrnil hy sllçf¡g ü¡r of ür Brre to cotrd ?tt - 9.

lflbr oa¡r t* Fr fß t]fgbtlt iltffc'catr fæ h'rrr tàa nst ùtétt

¡ftelt*rr gud of th¡ rffilç o¡ Pc arb!.tra4r dlgúts tr nøt Jwt tb

fl.rst ¡rosltfø tn e boxr shieh ry ùo O or l¡ ae lt fc f,or tb¡

oËæ pi.", hrt a fLxad 0r tb. flrst diglt of, ü¡ n¡rt lnl rot{r
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lh s f,alse ¡or¡il fdorctfoar rrÍtå e oodr r,orú +4rrnot brg{¡
¡t tbc ff.ret posttto of lhe rqat bq. ft o¡n¡ot be8fn at tùe
sesød poeltla of ttrs Lnat bc only l:f tÞc f;trgt ¡bur t¡r tb
f¿lgs rord we:d.apa thc ftrst ol ¡afr of fu he:ald of tåe rert
cotle rord¡ thte ls tllc oase lJ F, ( prr - 1.

å"uy fnlce m{ Ueet¡niìð 1¡ thr l¿st a.r.httü*r7' atrtns
rill ¡ot be idotiq.r rrth * oorrr rord¡ al¡rc,c th oodr ¡rra¡"d

erppltce eltlræ ¿ n¡Lt r&rem tb falcc rhfr?ldr naode i 0¡ or a
Of ¡nlr fn thâ flrst tboxr of tùs falm rcrt.

.â, æile fø rynchronor.s f.f and ouJ.y f.f ncne of tbs pÈt tf
f,el¿s mrd¡ rh{ah üa¡r æcu.r ie ide¡¡tlo¿t rith eay ooùr Erdr &r
¡srt tbeom drflncs ùa r¡oalti.oar rhur f¿r¡e çmds osr¡ld bÊd"D

tn ¡ rtrf¡s orf syaabænou¡ oods ror{s, by vfuürc of *o &ot tbt
It ta pæalbla ô¡¡ r ful¡r hü¡ld úcqrffiæ b bogrn türrrr ltr
thræana ctc. nhtdr fol}æ thl¡ throm rlLL úcr os that¡ lf rr
lnpæe aert'Ln neaHptl,sla ou tåc E oodl, tt f.6 pæalbl¡ tp æ¡¡r¡
tlet no falec rorda bes{qrain8 in flr¡¡¡ Bwftirxs oa¡¡ ba id¡r¡tforl
rith arry ædo rorü.
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.åglrJ.nr th heúåIú ot t {¡duxrt orÞr¡rD fu her¡Iil of X¡ ¡lnee tùl'¡

rürld iiryfy that erc, $ts CIl re*gcotlvtly. $løil¡$yr thß h€eilal

of ã ønrpt end at thc Lsnt dielt rf g.

gh¡¡
r( a - Êu (a)

If ¡ - lr ra hr¡ve

rr r är * Sl + 2r endl ry ft úrtìE¡

Þat b¡r (r) sna (a)

n-fu)to.+z

to€r r.) æ

tlhl¡ oøü¡udfotr w asomptlou thrt n ( & - t'. (wr e¡ rp

tbt tåia frcqr"*li.ty ur¡at holit¡ as lùoæ ¡Fs ¡¡c o'tbeor S;rs fH

rhich re cån choosa oe to ¡attsft thr tneqt¡lfty (a)t

t+Dl(4u-dr

gfven fn seetlon 6.9.)"

Tbus t) 2.

Iåt J þc a, poeftlrs laütgË üoh tàet

Êu+ (
J-lI
l-1

(n**e))+1<D(ru*( I + E)+ I (s)
f-I
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8i¡oc ä + (
å-lr
1-¡,

fua*Ê))+1-D-(p"+S)+1

üd pr( fu - I I

ên+
ad,(fn +8)) +l)!-3t
ú-¡.

) t, Þ (e).

E$o¡ tEs tt follcp tült t ( r - l.

sfros D¡ ( h - ?r tbc hffi,ld of Z su¡t on¡ùetrl¡

æurla¡r rAJ*trA$p (üfch æt be Io) c drc th¡ rnfi rllgft of,

thc bserË E rrst cærcr¡ræd * tä*l ; tùú* l¡ttel ure oan onþ

ooaw Êo DJ - fu - I stt p . rÊJ. Sln¡ rgg*l oooiu¡ú.an ü

¡nritf,o 
J

er + (I (o, + s)) + 1
l¡.l' slfrd

tp5*lÜeá*e ruæt bc f,'t tùra

Eu+

ft-Ëu+ +e))-p

J(!(q+s))+1-p retb¡orld
1-l

hrt
(+)
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ry (s), h>o rffi l< äD
J

Frm (r), F - Eû - (i(q * a)) - åL

ttl
qP.

I! thft tbæc, vr plwrd tbõtr l.f s - lr å¡r B ooil¡ lr

*fuey¡ st!ùæ¡5uÉ. Borflg;r lhl¡ {n not t vor¡r lrpgltant canc¡

el.uoc¡ fæ u ) z, tùs faot lh¿t tà¡la r¡l iæ¡ ft'Fd plaoca tbu

bo*Ðit po6|.ü.m¡ tæüË tbst t.þ Ë ooite !0 seüûtrptËû d"ll not br

rorlr rfflclttt ; rp¡r *fffol.rnt md¡ ær¡ltl br eonäüqtgå ÍItù

u lssa stt * $loetrrr $fnco ¡Ë B ood¡ ao ololeþ æ¡ablo¡ r

K ooih, rs tsrld üupprxm fået 'the Gxfln cff;Letrne¡ d tti ß aoör

ræld æsu rbm th utLo of Ql FrlÍr to bme Í¡ abtrrt lùr rrm

Ir fæ tùr nat ¡ffl¡tcnt [ æilrl ¡n¡l trbts nÈfo tr rbqrt mc 0[

¡*lr ûo fennr þo*¡o (me *roü,oa Ë.9).

Wc rh¡ll nc omldæ Ër Gåßt úË t) e. |k mrt

tbporrr ilsrsülbea e nooodrer¡r ¡¡ü lÚfl¡ü,æt eq¡iltlra lùrt ¡n

8 eodi *[tù ¡ > P wL rr$r$ to ba rya&oonr.
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8.4 lhrffi
lr ß co¡ilr oú e gÉrrn füßù ú& lüs sry ræt bffi it

sy&wm¡ tf *d üûlt tf fæ rro¡r ri¡ 6 t¡t¡eræ J, t *å ht

r<J(r-l $l
o<h(b¡ (s)

r¡d

X hr * ¡.) + ¡*) Éo - t
l¡úd,

(¡)

årrtr rü.rl f¡taörlr ¡r f se ürt d.&æ

(*) s(r(.-t

a

o<q (.n - 1,

T

Ior+8)- ( f fus * s) + ¡k) - E¡ + I
fst+f

J

(*)

(ç)

(s)

(Ð

(Ð)

úâ

G

ñEü

+âù

i=1

(t) l(r(r -r

1(q(r-l

&+
I

tuü+f

(r)
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Proofr

&çpoao tLt f a,nd t, eÍr lol{Ê ln a S ædr, #¡r

Ë - ûIOL ... Olrrfrfi re e ügf* ... tgs-fprr orr r

$rrypcc ¡I¡o tbat thc Hquæor of, n aomsuttrr tltgl.ts d tX

Ëc¡lnnfae ¡t thr pf¡h pctt!.G of r, g ( p ( o, tr s tq!û U i,! tbÕ

E aoêr¡ lùút

ã - 0l0ll ..' 0X1l*I! ree fþln '.. tÐ-Il¿E rrr E

Þy tJrr lest tbeoËr, èbæt sxfrt tut grtr J urt k sr¡ù ttåt (l)
üû (A) arr ðrttoflrå r¡il

P*h+
J

Ifut+8)-3¡kl
(ro)

fF'h¡ hæalû ú Z oamt ovcl¿p tù. h¡r¡Id ûf tr, Þroan¡*

thf.t rer¡ld fupfy tånt Irr, ¡fe üÌ rcepectivcþ¡ hum, d.¡oe tùc

bærl¡l of & rsds ln ¡nrltfon D + Êu - tr of f, r¡ hvl

D + gu - l( ¡

C

J,
Loro ** I fur* 8) -& -t<** I h, +a)

f.¡, trl

lcle X hr*s)+€h)w-t
f-J+f
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Ifr IIcr for J, k øettrftfts (f), (A) ana (f), supÐo.r tbrt

tben ¡d.¡t f,ntc6rn n, g er;ob tb¡t (a) (a), (¡) anA (6)n æ

(u) (z), (a) sn¡l (s), rra *ttdtrd.

{b) Da urp¡rorr (?)r (e) âd (g) "- 
gattsff¡d

ü&+l ocer¡¡r i¡ pl-ttø

E

I bt*t) + r
trù

of tho rred t, bacr ln poal,tl.on

¡
X(o*o)+2-p

+Ar

+&tl

n'û.

af th¡ rsrd Ë

ir., tbå ¡¡oettiq¡r

bL * 8) + âL + 8: Pq + I
f-J+l st'&"

lb thø hcæêtd of il pes ¿s f¡lr as t'hß hth poaftùol

ú 8s ¡ad ¡o the (& + l)fù ¡rdttø of E shffild bo 0 sff ä¡
(?{Ðü poaitfm cf 3 ¡üsrlil bc 1. ht rh * I aü r** ¡ rùfoh

tÉII ln Ëea¡ poøiiluc, xrt æt Ol.¡ lhfs çontrndiotr suf

aacwptlop tht E f"¡ til¡utlo¡l ftth ¡ ædr fwd.
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t*) Fw ruppæ¡ (a)r (g) r¡rd (E) 
"m erttstr.d¡ rrd ornrfiirt

tærr td t&;g"

eÈ* qooult ln lÞr p*iti.o

!rr&"Xfur+s)+1
tr'l of 7", hrue

tnpOattlø t-F.È!rI-E
of X.

tun

t-8n+
tr¡
X (r, * 8) - tt + ar+Ib, * B) + r:+r- (&¡*!u**a¡
l.-I f-l i*l
I
./,
t{

I
I

t-l+tr

-s{+1

ila, d.mr0(q<E-tr ü (Aq*f)tùBæfËonsf I
l¡ rn dd-nubrrcd god,tlpu f¡ tù¡ hgÉtd oû N. Effi
rh*l anå tar+g oq¡tÊü O rd I ær¡rotlvrþ. À€e.l¡r thtå

ooatndlctç our æempttoa ü.t E 1s Ldc¡tüoal rtth e, ædr rrrô.

&¡ fur*È)-(I &r*E))-ft+
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kly tf¡
Ëuppsae ¡ù tht tùe Ë esdr lc t¡acùf,{¡nüu Ed tùst

J a¡d k rrr * prf¡r cf 1Þtrsrr¡ r*ttsryiry (f)' (e) sa (S). a¡t

prâr+

Ye ¡bll, nc nhç tù¿t rüc tùe¡c ændltloasl if thet l¡ uo n*lr

cú tatrsËrs ll q sati¡#rg (?)r (o) r¡n (Ð)' tbm tù¡n drtt
¡ prtr d l¡teep¡.r rr q aattrúþfag (r) r (s) rffi (o).

Csutürr tbr wrd W

F - OlCl ... OL00O ¡¡r OOIüÌ .." Ol0O .n. O

h iltglt¡ & illgftr

Su¡ryrcre tù*t thr e.sd rtrtry of, u üI ptur begflt l¡ lbr pÈ

porttitm of Í. 8oü lrcb le t - 1¡ .". ¡ s¡ lct tål_ltgL i¡¿fsaÐ

{ä¡ ptl of rü¿ltr tn pf.ttnr

J

Ifut+Ê)-s
t.ù

tt +- 3u
l-lIþ"
unt

+s)+1

¡¡¡d r*+lroff

Yr ¡bll trfi prwc tbt f lc a rsrd ln tbr I ooüer It tË

¡rffteterÈ ts ùa tb¡t þ¡r reôh l,r tel.ntgt e¡l mt Ol urqrottveþ.



T+tq

s-4)ry+(a+>¡$
I

+üse¡lBütr-T-T+îdö¡¡r

a-na)e -To)r+n (a)

"r3
T- r)")s

3ür

¡¡D

¡

o-B¡ Þrrü 6rt'Ë. ¡¡CI (r-w*t-TrrF)

0 . B. F. 1 - T.T6. ¡¡iÞ rpp¡r úF .S - üg <ü - Tr (T)

J¡.{t!Þ ù¡ÞJ¡¡tq¡¡

r{Sü
r+:üfl"(a+1e KïlTr{-T¡

ra¡qH.T+F(¡u¡q[

.o r*oE r¡l ErDUtt-B^ amH

T<
ltn

3I-Ê
T4

r-Fd-(ð+"qK<

t-rB-1g+Fü)
Frt
KB

ra*d

ß

I

- 6ÊT-

rAqu.F)¡ mU



_lÉp*

üc¡ by sïF rsrnßü.@ tù¡t (8) t¡ æt rrtú,¡ûl¡it

¡

X(%+2)+?hfasræ
rhJ+l

frcnftt¡ tl - p t3 oôd. fur rH-I - I rnd

,gJ.0

frlr p:rovr¡ {ù¡t f 1¡ r rqð ln thr E ee&e

Llro¡ oleliLy¡ Lf
X - (ilol' ... 0flll ... I

&a dtÉtr
tùm I l¡ s rurd fn Ér E ood¡.

lb æquæor of n eøcscuttv¡ dfgft¡ çf Ílr bqtn¡¡tns rt
tù¡ ptb digft d f f^Ë rrp¡¡osarstrd by

ã r OlCt ..* Oil tç rrc ftü4 orr tgs_t5Ðr ooo S

tc¡ rùo rË._t f¡ t¡ Y

tgt_l lA¡. - OOr aüd rtEüD fä lf,e¡ tp tùo ú.SÞù d tþ

b.rrfô of Xe
tal-lÜel ç ll'
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Nrr alnor äe I codi h¡ hgn i¿¡nrit r¡rmfuua, Í is rrot

lilettü¡.l rttb r ood¡ røir ![hi¡ b.fn6 tbr cr,æ¡ ttt*t müÈ

dst an intrgrrl¡ ûl*(, -lr *uoh thrt

(r) &a*f¡a**g la eattral¡r esntelÐd tttlLttr tù¡ br¡rld ðf r snt

(ü) rob¡ r o rüd ftn*g r I,

1¡rr tþrrb od¡ta an irtr6c q ruh lhrt agr+1 ltr¡ l¡ tb

(aq + l)tb pwxtl.on of, lL 0 (e( u - 1,

fr¡n

g+Pu+
t

Ibr+Ê)-n-8q+1
trù

l"tr är +
J

Xb*
frl

+8)-&+8r¡-i(ra+a)
f.r[

- (a +
I

Ifu*+s))-Rq+1
1-l

Lrft *"Iþr*s)-( t
Ibr+8)+Ë)-sq+lt,-l f-$+1

'lhf,r tr quatlæ (c)r anan d.nae our oùrotsas d ¡ a¿d q cet{sflrd

equettmr (4) anc (s) -ur.otivdy, {àtr saupleùra tb ¡euofr

&¡ en¡tbæ 1¡ rndebt¡ü to Dr. J.Ë. ¡[ddè.l ttr låtr ¡mot
of f,fr ùhsoil.

!



t¡l
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I

l,-1

-

fh¡ roEson tå¡t rt u,do J a¡rd k iatt¡fy eqü¡ttoa (S) n
rxlu¡t¡atetl fn îàa pæof¡ lf thte rnoqu¡.ity doee not hold fæ sly
pair of fntegore jr k, it te iapo*alble for ¿ frr¡c ræ{ idcntf.oål

rlth a aodr vord ts ùoËlu at ttnt poel,tiø B deftnod by ü srd kr

aLæo {t r¡or¡lð æørlap tb¡ ,¡art r*r h¡ra"lil (tu"t of r). rf¡ for

6{vcn Jr t aa.tLsf,þas: (r) (¿} atrd ($)¡ lirorr r:dst lntrgnr* q q

artrcfyrng (+)r (g) an¿ (6), tù¡ falaa rmd o¡a¡¡et ba6i.a fu {!rrt
poeltf.ou Þ ¡J.noe Ëre poettfqs rhræ auoür r f¡br ror{ to b¡

f.datlc*I ríth r ædç rord, raald requirc e bor, Ít rlrl hvo a o[
pcf fioc tl¡r a¡rt ¡erf bffa¡d. Ällil lf thrru anr E a¡rd g

aettsff5¡e (?), (o) sna (s) tUcn e, ro,ængemut of (e) gtvæ

?t¡ +
J¡

XO* 
+ ?) - fls+ 2r = ar +f*, + p) + I

Lotr p + 2q rbI

Ehug e f¿lco rorit ønnot etrrt tn ürls poøitf,ou r¿æo

wher¡ tt rqrld roqr.d.æ a üL patr in Lts hclu,rdr, it Tlll flud r Þs
of, Ìtr. thle ir not thc saeß caËr of f¡terfcnnss rllb a f¡l¡r
hr¡ald rs r,r dibttod ln theo 6.5o Sat ¡sa¡lt luills*trt
po¡ltlc¡¡a rh¡rr a f,al¡c ¡ord scrld æt bagf¡ brsruo of, ür¡

rE¡trLotfq f-upos€d Þ tb. bc 1a w rhlob u¡¡ ür fl¡st after lb¡
pth plttcn oû ff¡ at rhloh the ferse ræd, stgrtôdr I'bi.s bttcr
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rsfi¡lt cffitalaË thl"a ¡sstrtottou (vhtoh rar holpful fn detænl¡iag

orr elrof.se cf p)r but al"ao gtrarali¡ea lt to lnclude a4r bw of, S

rhloh dlnsa rithin tJra otrlng cf âr a'¡glts tf r,¡ bagfnnfrg at pr

Ilnf,trturntclyr thls å:rt¡¡ r¡strfûtlou La na't oftm

us€ful. In en Ë æilo rifù hiCh offf.oiency, nost sf tbc valuos of

F1 ara alær to ?tt - 2o If 3t r 3t¡ - Pr a atring of fu dleita æn

only lacludo sltbce ref _ lt?l * ta*f fü+t- m?æ botå.

À¡d p tlË bG d W rhleh ia tt¡e flæt aftcr F isr 1n ùa $aJqrC.ty

of crseal tlr only one rhLoh Effeots poaltlonr et úfsh a fa¡sc ræd

re¡r bcgla.

lfe dLl nfr ryÞIy tbl prsoadl¡g rosultç ts Fstfûrú^rr

Ga,iEoEr 15" 6¡f{nttfø of a ¡artlcul* Ê ootlr of e oerbfn Lagfà

rt{ih an odd ur¡¡bar of bcxst tte tro lptnts of, Lnts¡atr Ftrrtl¡rt

l.t åe rln¡lErbl¡ ln lts ¡rdla¡:l"tJr to t!ç K od¡ rhooe l¡agtb Xt

grctrr by 1l ia feot¡ tt fs prtsfs¡Iy tùÅt f, ooilc rlttr oae

erbltrary dfgft rlsved fru tbe ulditlc ct¡l.ng: of srùltnr:r tlf.€Íte.

lbto expls,trF tbe afd.l"srdty Þatroæ tb ¡rsults il¡rfiod oonorrd,ng

tùr cffld.ency of lùr E sodc rr¡tb F o&lr and lihat r.eeul.tç dcr{ved

for tb E æilc la ssotfoa 5. $cooniIly, it lll¡¡sttutre ü u¡o cß

tb lil¡r glvæ 1n statLon 6.1 of boelmüg a'tl fù. bflrts bsfue ür

d,alpof¡t d ftrt strtngl d l¡fonrticn.ærrytng ilteltg l¡ od'il-

mnbercd poettlonsr erd all ür¡ hcxos cftæ tåia pølnt L¡ t w-

m¡rbcrrd po¡Ltl<ms.

trc shrll trc tùat tba lnplarmtatLon d thlc ld¡e fn th
E oodr rlth a odd gÈver r¡s ãn tvs¡-Iingth sde d h1Ëh €fffaf,aæ¡rr
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b.5. Dcfl¡lËør

h Ëo ædc Ls Êa B ooala sr¡6h. th¡t

(1) r f,a odd d) s,

(n) B -äl-1I

(Ífl) !t(*r) - Bu - s

(r") pf - h - Er i I o, t I rs{¡ + t)

Wc d.11 ahor ln tb ncrt feç scetíms that * Eo sdc sf

e, gfven lügth 1a {mfu¡n¡s¡ snd tù¡t ft Lr at j,¡sst r¡ effl,ofmt

Ú aq¡r othåtr ø¡rncbooor¡a coür of, tbr eane leng.l*r rhioh l¡acs thg

thoralil cd bqact prt¡aú.Bho obvlourþ, ff ro bqvs fxr.d, u rnd s,

¡¡ owrot rrçrot to ¡mt¡atc a longth n at r¡nilon ad an¡ryloøo th,t
by locattnô: thc s brrce corrrctry rr G¡n útein e ryachrronoun cdt¡
no uttrr hc largr n la¡r tc. Foæ crnplê, rr barc aræa$r rcan

fùat 1t la *füf¡abk to rcstrlot th Frfr to âu" - g, t ( s, anit

?u - Ir I - Ir ed, trêt vslu¡c of pf,t greatcr ü¡n thsas do noü

rplrorr to rú¡aos lär cf,f,lofunry of, th codco lnd ao rr m rry
tht f¡n gtvrn u o¡d a; llre:n Íc a ceùta logtù n, uurt th¿t if, ¡

coür of r.nåth n Lr æu¡tn¡otld rfth u ol patm ¡¡d s borer, and

n) t , thcn thç æ& rlJI" not bo e¡meharanoua. t[o rf].l ahæ lrtrr¡
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ln çcstto ?, üit th{,1 bf,d rr alnrt thr esr 8s fo! Ð K @iL,

r¡d là*t tbr Eo oorlo cüt*lu thl¡ tq¡nËle so tùi¡ cd¡ rr rùotßlú

aotr et tùrf,¡ peLct tht tùö Legfù of tb so ooù d.th u ol

. :þirs for ¡ bærfd r¡t s bccr fr
&u¡ + Ên.

fhe ¡r¡sm lù*t r¡ brvc ¡nrtrmruly aho¡an s sdtü ln
ttrla caa¡ fE th¡t fu srtd-potrt o,f äo ttrlag of lufotrr¡tL*-
crr¡¿ne dldts tÉ the ¡Dæt ln thr ejitdl. d * strlag d iu.6l,tr

brtrre¡ tro ùor¡. thr rryo¡Ft¡mc d tüLs rlll brour lp¡nnnt
lrt¡r rhq rr con¡lder tùo asc of r ffür

6.6. Ð¡ocr

-
& Bo aod¡ oÉ r gITTE fçnü:h Ir 4rmb€Efirlr

F¡osf¡

Itr thtr ¡rnof rl -Ee nprated æc of ths !ürntt of

thcsrc {.
ûouaider nrùtt¡nly fntrysru J¡ k ãuah tùrt

r(¡(;-t (r)

rd o<t(fo¡ (s)

hfinß t-e-J (g)

rnd

br?n+!bf*e)-(
L----

I

IOt + 8) + &). (*)
I

f."ù ir$¿



c1ê6'

(*) rf J<*(c+r)r tbr ]>t(a+r)
auÈ h - Pu + r (h) - I - (¡ - t)(æ) - A
ioer

brtu-&-l (g)

(b) u l>å (. + r), üE
n <Ë (¡ + r)

rnð b, r âr¡ + D (?t¡) - ((.s - J)(e) + t + ÊL)

1rÈr
h-&t¡-EE,-l

ltr tf rr ¡ft,soa. q - u - k - I
ùta

(å) Þr8q+l

rtrû (ü) sgl u - 1

âfæ Er¡or t(fo¡ (u-t
q)r

ad¡ by ore tofl¡itùer of I,

f (r(r -1.

frn thæc il¡r¡t r sd q r¡6ûr tbt thc flnt elte¡aatl.vr

of tbemr { 1r ¡etl¡tl¡dr

Fc gG¡ üet n ¡ait ç orn br f,.'¡hd fw *lr pmelll,o Ff,n
J¡ k. ftecræ { the a¡a¡rtr ibat tho Eo odo l,¡ gtaúræð¡¡
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Ehie proof deprnde lergcly oû the fact tlu,t the bsæ la
tùr Eo codo brgln t¡ oild*rnÞcrd ¡roattJ,oos bofsre gt6 q[fl-¡rofrt

of th arùltrury dl€lt etrJ,ng of a ædc r¡ord e¡d in æc¡¡auberlü

gleítioaa aftrr tt¡ lhue f¿Iaa tonda Tùtù b¡gi¡ befere thc

nld-pod.¡t mrt bqßln l¡ cyrudrtberod porttf.me, þ tb¡w 6rür

Wr 6o fcml{ u¡tll rc atrl^ke lbe no* rcl h¡nld, thlch lrd,r¡l

¿t sn ¡v¡nqwrbored ¡rool'tlon in tha ñlac rp*rür &¡t rt ür rnd

d ttrû.s nøt r.er hirt"ld ro rliìr no¡r th¡¡ h:tf rey t¡¡argb tb
fr,lea ræd¡ rhlch thåu, to br a cdo ræd¡ reqrrf,rae bwa bcgtnfrs

ln wm-rr¡mbcrod poad.tiono. 'fh. Ëo odc í¡ so oo¡¡rtruotåil tbst ¡

OiL dq¡blct æørp1es th¡ Forltfc¡rg ùore tb falea ro:fii reds t bG¡

to thc Eo

ft iB ¡nrr?r{.efng tùrt ro emnot uaä I cLü116r aor¡rt¡lætfoa

cede fn thc cas€ of au E oodc rith a¡r wan nrabæ of

bo:rps¡ úr lettar casc fa in ûc,ct not noad,y an aturplel and tlr
only rcasm riblcb oa¡¡ bc glvm fe &et the ¡¡fd-pol¡t qf thr

rúftrury dlglt etrtng l¡ tär e,ao rhsre s i¡ even end thr ¡rrra

rppmab ?u - Ê fall¡ o1øa þ æ roùnlly f¡ ths (*e + f)tn mr.
Ithis roìrld t¿ad to rllw falne rords bçetnnlJ¡s cloûü to thLg br
to bc l'dontåel r{.th oodlo roldßo In ttrr ceã¡ d tbr Fo æde ft

¡¡¿-pofat fdl t¡ äo ulitdla of thr centrr dfËt cdng¡ and thia

probla rra nat æcountcrcd.
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Fe ae,n noted tl¿ls Fqlnt t?¡et tb Fo codr oond.Ete öd

ål¡ fir.d positions fOn th¡ hclald¡ Ê¡ d¡.ettt i¡ bosa ad Ëfl,(u - l)
erËltm.ry ddg'itr' EbÍ.a r¿st ftgr¡ft 1s tåc on r. ehor¡rd *pearalþ

notiot, as ít Ítll b6 r¡côd aã a lcrer b<rwrd f,or thr nubcr d
erilÍfhça¡l'y ilt8fts Ína¡ it ædo rlt,h oao sorc bc, ln sootÅon 6.8¡ aad

rc ¡Ï¿11 nsct lt e,çtn l¿ta'.

.r.fs rill nor delcmfnc thc ìæpcr b<r¡¡d on Ère t or6th of

¡lD åyrlr-llngttù e¡aaÞænws fhûËld and bcr¡r coilc for fl¡ad u and to

ftlr bottr¡il Le detorul¡odt lr ü rnnbor cf poaltf.on¡ rbloh æ,n b¡

r¡olu&d er ater'ütng potnta fc r f-rar rurd brs¡uão of thß f,o¡net

of thc eodcr .â ¡nrltton çrn ¡¡ ¡ìr-el¡drd rr a etrrt*ng pof¡t fc
r4r ær of tllm¡ rFBoET

(f) It can ¡nffir dfraot l¡tcr{ctrræc fm a nsl he}rldr FG

cænple¡ ¡ falc. rcd q¡urot bo6Í:r t¡r ä. rreod pættlon of a €odr

rordt thfdr oor¡t¿{m e 1o

(ff) Eo be idsntieal rltl¡ a ooúe rordç a falco uord needa u

eon¡eoutLvc {)1 FLrs forr fts herald. rf tho posf.tfur rtrqte any oüa

of thaæ peira is uesd¡d ool¡røld. rtth poaitiona rt!€rr ¿ ocdo ræd

hes e bcx¡ a fsr.¡e ror{ begünnfn6 1n thÈt pcsitton oaåmt bo Jdenticr

çith a. eode çosdr

(ür) ifo be f.ilcutl.a¡l ri{tr r oods æril¡ a falae ¡ord ¡srde bonr l.n
cart*ln Betr¡ eú poeltloe. If ery onc orf the¡t B*f¡¡ d poclttonr
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ooinor.alee rith s o[ per¡ of tbc hoæ"ld of the ngt cde rord¡ the

falsr rord begÉftüg ln th¿t poeition oannst bc id*atJ.ear vith r
code word.

6"?, tbcoæo

A ryrulrøorn E eodc d. ü onfy u OL palre fæ ¿ boal.d

t¡d ns rc:¡r tlraü g bseø porftfoucd ttrrou6hoqt ite longtb hea r
æxf"mru 1en6tb of,

?ug + âu

F¡oof¡

(l) cÌarl¡¡ no fal,ge rord can bç€c.¡ ln e *roof.tr.on ño¡e a cdr
ro¡d be r ffæd ¡¡ol^tr ÍhLe nea¡e tbt no falss rætl aa¡r ata¡t fü
ùc poalüloae 2, 4r 6, ... , â¡r r positfcnre ln all. .frloo¡ no

?hrDeld, of a falae rord oar¡ end in e pooitùou rhsrr a codo lçr{ hr¡

a ffwd Oo lfhLe elr*lnãtcs tbe pooitLons De D - â¡ orr a o Êu + g¡

aella u ¡naltd.o,ns l¡ s,I¡"

lfts¡r a¡Ê no othe¡ e¡clt¿glona poseiblc undor *aao (f) "

(ff) Clærþ¡ eaoh box i¡ a ¡eal coûa can olash oueo æ"d æ,\y

øce rlth æorh CI'.|..ïþil'ln a Spothct{m.L ¡hâÞldr of a f,elae mrd.

Ehfu uoanr üret {dre ba(oa d a qrde ror{ oa! prrc?eat a f¡,Lsr *ord.

fron dartl¡e ln at no¡t ua ¡naitfmrr

(ür) sr-uilårlyr ßoh 0l ¡Efr u ttrc hero,ld of tÀo nort code ro¡il

tr¡t oûct{ry tihc sne pocltr.ona aa a Srpothetfoel rborr qf ¡ fr,l¡¡
rcd onoo rnd ø.ly ñcer &u¡ tbo p¡rra of th¡ a¡xt nrl he¡slat

sa¡ Frr|TfÐnt fslæ ;or{¡ Èrgipnrng in at uoct rr pæl.u.one.
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E¡ah of tùe¡c ttrrrca yalu€a glv€n ls aß qppæ bq¡r¡do r¡
tùr ls¡t tro oaaas, it ae¡r dr qr not bo attefned¡ fcr *. svan
value d B tbrr uy br tro or wre oleshe¡ hüeen pæiü¡ns rb¡¡r
thc f¿r¡e ro'rd rcqulm of ånd the oodr rord glve¡ r bc, or vfor
Etrire rn thLg a¡ae th mnber of .lf.qLetad atertlag posftions

ua¡r be leea tban tàø flgÞ¡€ gúvon.

tho c"¡e oon¡idlrBtlqs *ply to lh¡ aun of ünsae v¡.luoso

lll¡o oode fo¡rrat Da¡r oltp{naLe âus + åu poaitios as särtd-ng:

poafttmer br¡t lbe ¡att¡aX fi€rrie could be lcee 1f 1ùora ia ftde*rblln6

u¡ln of cti¡riuttor¡g¡ âã urç;røted ¡bwo. ht lf re enñ[r that
caeh poeition p 1c ari¡i¡ateil for only one Ë{ã€oûl¡ ,.. ç€.u l^nd¡eit

6li-einate â¡s + Pn posltlo¡e.

lfor ¡e obrLouell ared b el.*rrn¡rto arI tÞ poalü.onc

eræe¡rt tùr ff.¡pt pæl"tfør aa poaslble ctartd.ng ¡loiatar ¿¡û æ th¡
eari¡ur ¡rnber of poettios¡ or dlgltsr fur au E od¡ rflb f,1,¡od q

and s 1o at noat 2ue + Êu + 1.

3ut ra krcr that en Il aods ts of avcn leagtb. Ítrerefqu€

lts ravinrrn Iærgth ts

Ër¡a + ä¡.

Íblc ls eæ,ctþ tre ea¡se fig.re ttrat re ùtflå¡Éd, for tþ
ta6th of tho Eo coda llf.th u 0l dotrbleta stsd c boiloe fn åectfon 6.F.

lhnsr fn the Eo code we hsva ¿ cod¡ a¡ offiofot as å.nJr rhffard snd

bqaar aynchroær:a cde car¡ bq.
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we asrnot ßwsrÊtt'o thts ¡nd EnJr tùet tb Fo oodq of ¡
aertaln lcagtä l.¡ ¡c ¡ftTd.ent ¡r ü[r a¡na]rænou: odo of tùrt
lan6tù- rn faotl J-u asotlø 0 rc rlLL gtvr ornnplca of ry&cbmq*
coilaa rhló¡ althoçlb æccrhat slEtl¿r to tbr Eo codar 116 I emr

rcfl¡ccl fo'rmt to ocrrlcv¡ gru,tcr rfftolcnoy. ,|[hr po;tttonfn6 of
öc u 0r nalra Ln täc hr ld [mn¡ tùat ürry ondy arJ.a5nto *u
pettlonet tf tho aa¡r nr*ar of fjra and lra rerc rpðc.d nndonly
ùm8bout iho rord, tbry ourld cl{nlrrt¡ ec n4lr as äre poettfour

ee atertÛK polntø f,or f¡r¡s ¡or¡t. whJe ftr sthaæ rn¡¡o¡a thf.r
bormd f¡ not sttrf¡¿bh, than fo obvloucly rou for fuprwæ¡¡t tn
tltta dírcatton.

w¡ aæ nc rqr¡lp¡nd to oorreLder tàe oass d en E qoalo r.lth
a¡r wen arabcr of bo¡e¡. aa ¡rwfouaþ rtrtcd¡ trhr m¿¡tnrold,on i¡
¡¡of er clrylß or ra atrliëùtfor¡¡it rs th¡t of tù. go ode , Éfù rs

obtri.¡¡d þ rauowin6 oue eÈlhry ittgft fm tàr r1taldle ntr¡"¡ag of
arÈltra:ry drg{te cf tb ao*TtüB@dfrg r wdc. Rrtùæ tùåa llt qr¡r

cú#tr too hlgb anil attqlt tq con¡tmct E oodor rl.ttrr e¡ rro ¡rrtæ
of bo¡¡r rhlsh lr*oh tào ì,q¡nd ¡tt¡tnod by tb go ædoa¡ re rherl

ftnt ftnd a ¡¡on rællsttÉ lcar bouail sd ürcn rttæpt to ooubr¡ot
oodss to mrr¡aaE ttrl.s borndr

"{s a ata,rttag polnt, re a}nlr n¡ska tb aaoraptlon that en

E soab çlth u 01 ¡aire ad ¡ cy.n cen h¡vs ¿t Lmet æ rury
ar.;bftlery diglts es the üo oode rtrth tåo aa.û*' u end s ola leea,

1.t. (s - f)(å,¡ - ä). Ehle n¡r ¡Illxrer to bo a lq ortfnatc fcnr üro
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tuube of rbttnarg dlglta¡ etæs st ffr¡t algùt lt murit &BIrcu

thet the codt strrld sa¡taLa Èrr - I dlglta qm thsü thta¡

swevcr r¡c¡ sf tå1c crü¡ate riJ.l rqd uc to tlr¡ qpper M¡il, fæ
eodoa of thia t¡rpe.

618 lho Ër Codc

Wq defLne an El oode to bc a rymhoùour t oode tftb an

wrn m¡bæ of bonsr Ëc sbtll ¡ako tåc aosuu¡rtúoa ttlt a¡ Ef

coclc lna at laat (" - t) (?,t - e) ar¡bltrrrr:r poalttomr Hc ea gfyr

at thf.e stefrc ao fur¡tlfJoatLon for tb1¡ arrngtion, sorpÈ thst, Lf
tt tË nat ä¡ 6,ð0, thc Sr ædc l¡ not es afftoi¡nt aa tb Eo oodr

vtth ær re*s bc, sd ff tùrl,r fs ro th¡r¡ tt L¡ not ¡ paetlset

propooltfm. &rtt praotl,ae.l cæal,d+r¡tioua asl.dr, rr ltnt ¡lltr
l¿tsr Fcsults to Juet{y æ shoü,oc of ¡ ktcr lmrnil.

Ohfoürl¡/r thar f:hr values d pt oan¡ot âLl bo very nuoh

lcse th,r ä¡,r - 2r aj[tåougb a trnrtfcular pt W beow qlt eü

cvcn r¡anl¡hr fiorevor¡ tåa¡t ¡rrc lEstrÁgùlqs ur tJra u¡¡s of

dtffùìlot pir", e¡ fI.h¡st¡ratqd lü tbs mrt lan¡r

6rBol lrmr,

- I¡ aa Et eodc

(r) Fl +Fir>2r-4r I f tt.

(ff) Fl + Stt + pfo ) 4r - 6r i f tt f t".
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Ff øtE'acsiu¡rtú.olr¡

Iur>(ar-e)(r-t)
5

tr al¡o ¡ffi th¡t

X nl ( (ãr - ã)( o-,€) + I
ârttJ'l'/l

thcrefoær Fi * p¿t ) ?v, * 5.

sr¡üåfly I
lrt/JrrtlJrr'/,

pr( (ao - s)(a - ã) + I

åoor
Pi+pi.+pl")4,-5e

Tr u bvr to drflr eË t æ rr rlll rrc I¿tæ.

6.8.2 ?rcæaË.on

le ù¿rr to ¡roaccd ercþ fircn heæ to a prcof Èh,t r¡r.gr

eo& oqn eoot*f.n ro ror€ rùan (: - 1) (Bu - p) arbitary ill€its.
Sl-mç tù€ Ef sode is flr¡chr@És, üË 6D cpply tbe raenlte of
thcoæ 6.{¡ Frrr*r¡ ttls $rrült ütl'[ Þ¡ a¡lrry ùo epBly lf, r
tdôþt 1t oltgbtlyt tht Èllmtns IEr wfilfl¡s oræ lda¡rtlm.

t
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S.8.3ù I,¡q

m tuil f,r¡qr tbq 6.+ t¡t t.f

r(¡(r-I,
o<r(fo¡
avant ./ ¡ (Ef*8)+st)æ-t

bJ+l

&on tbrn s¡drts lntcgga n¡ T 6urrh thÈ Eitber

o(r(s - l
o(q(u-l

I E

l¡.1 {-åúl

ûú
J (*( s - I
r( s( o - 1

¡il &+
I

Xbt+8)-ãe-1
f.-J+l

(r)

(¡)

(É)

(+)

(s)

æil &u +X b1 * â) - ( f (an * B) + ak) - Ês + I (6)

(r)

(s)

(CI)

Sqrpæo for gÍvcn J eíil h t.b aaamd sltøattvc bold;. ry
rçrattcm (S)

I

Lo. bf (e)

ãq-l -tuç I fu*+e¡
f-¡þl

I
>I,(n* + e)

f.J+f
Êu-I-&

Eb¡¡ofec¡ âr - l
n>X hl +8).

trJ¡l
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Dat, ty fqreæ¿t
J+ËI

fF¡+t

ful*a))a.

lllh¡¡cfct, l-J+1.

arütu€ thlç la rgrtû,ø (9) r¡ tf¡¿

Ë - 8{ - s - f'*f( Êu - õ - pJ*f

lharrfw, re flnd tbt ùeç Ðsnt sú¡¡rt r mcl q Éattß#u€ ({)r

(5) æc (6) atove ruleæ

(r) l¡*t t. d

rod (rr) r( t(an - É * n¡1)

Ð or¡ lùüa nrhrcÊ th*rr 4 l¡ äc fÞI.lrlag nyr
For av*7 i¡tÇ€ñ,f Jr kr suÊb tùrt

r(r(r-I (rt)

ß<t(for, (8')

t
¡nd y hr*a)+*.)Êr-l (Ë')

,/,
i.J+l

Tùerr adett tntrggs q P auch üat

o(¡( a - I ({r)

o(rçlu-I ($t)

alant I (nr*s)+e-Ê!¡ X(n.+s)+r (s.)

1r¡l+l 1-l



Tbåra

-1?6-

qF@G r or p¡+l

å(P"-3-F5çt)rp¡t odd

It ts tf¡is forn of, tùron¡ 4 rhl.oh rr shl]' r¡re ir
subroqucrt prooft.

6.8.2.2. Dcfin1t¿m

lûot rc defl¡c &¡) "" ttrc ¡st of c.[I lntqne hÐcal O

r¡A iþq l¡alr¡elv¡ rhlù ur¡t vitb o¡rtef¡ r ¡net r ÉeflEqfJ

oqntfÐn (ór). rf tbæ rrlrt D ad r rhlsb arrtrf! qu¿tiEn (d)

Íor aos krr rnd nr ¡nd rl rhloh Ertiâf,y cquaËiæ (É') fw oor

*J. ) lrr tùoru mat cd,rt lF md a'¡r ùlch ntirg tbr r{uttfü firr

*J" tf *Jt )*J') L*r alrxra Bmrided th*t ki> å(Êtr - ã - F j*r).
If e - rnl, ûo re oan al*ø¡nr prwlde a sôIutlon Èy ohooctng

Ee betrcen r ånd, r'1. ilorerer, å¡l gcse casea ro rllr not bc abla

to fi¡d I Gonmin valus fq u und nr¡ åÐd Ín ttrie eass tås ffnilfng

oú velure of, ntr and fl rhloh øatfefþ aquðttou (Éï for hñ érÉßrm€ü r,

6:neater lnpor¡¡*.

In e l.srgê nejofiþ d oaaao¡ kl ¡d kJ r.tlj' orerlap¡ r*

l-tll fls, l¡ the mrt læ¿ tùe onþ condftloinc fsr úl.oh thsre fs
ro orerlrppfng¡



6¡0.?.3 IË

-!h¡ rts

æly ff
(r)

(fr)

{ur¡

F¡æfT

1-¡+l
Få..¡ t¡ sln

*¡*r( tl - I

-lT?*

Èr) .t*A ftr) u"ve no n¡lsc f¡ ømm lf roô

rr h O ( er ( p, , rbrrr ta tr ¡ r$cr of (h,).

Ð ¡1¡o Inæ f¡u tår ægnmt gtvol la ¡rotlon$.8¿

rÞcrr tùrt ftf) tusld.Ë 0 rrlms n*, 1r odd. 8f"!€ö O tr

fælnd¡{ lu ftf) ¡ rr lÐil tà*t f*a l.s odat.

F tn ûLc a¡r
tu ¡ s 'D**l( er( Elt

:o lärt¡
ff, it !.É f.¡ æ onrtap$16

fu-ñ'DJ*r)xt
ülmfc¡r D¡l + pl ( 9B - þ.

þ tea BJ'¡ iùir cro æ\y osoç tf J + 1 r t.

Ia tùlø oa¡e f,t'follcs Ln.dtstily tù*t

P¡"r(ü - 2
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Vô lru nfi ¿tr å. IrcÉitú,cn to ¡novr ¿ lere rtrl,oh f¿

lryortant tr tre ¡noof of, ür dÞacccdf.r6 thocnnr we en eattla6

qp ca f,ppe¡Ettr fæ en$.nf-ug tbc ænrtttlons rhl"ch tho fm¡t of

tü. Ðr æilo has to obqr l¡ orrler to bc apoDrmorrsf t¡ pEr.tú.oulr¡

rc ctalL üEe¡nl-nË thc ¡ropætr,nc of f¡ræ rorda rhr.ch ûsuld trgl¡ lt
or rtrer tha utitdla of tù¡ aeùltrany dislt striag of a ceôe rorllr

broanuo, ar üF nmtlmod bcfær¡ that la rhenr tþr nl¡ dfff,fou.rtLß

¡rlsr¡ .A¡À re ¡h¿ll shm that ürrac allfffsûltf¡e ¡¡s d r¡oh a

mgultqå¡ tbrt Èr only u¡y to (rsre(Eç lù¡¡ f.¡ ts ¡riluoa th¡

centrr*l erbtta,ry dr€tù ¡trlngs ts æ,oh a¡r atcnt tùat fàe Ef ædc

ÞÊ€:b¡. to re¡¡ablc thr Eo oodr ¡ftlr one loas bq.

fû ÉbÉ1ry thc a^r€smtr ïo chll do*tn täc söt of l'll kjr

¡nsltlvr t¡t¡em valr¡oe f,æ rtrlcù tlurle rxrat Jn I and q rbiù
arttas cqratlou (0t) of ls,ôB.eJrrË rr(r). üurLor¡ãryç by tbr

tact ll¡nt tbe Et ooda ío Ernalræornr a €lvæ h, ænt bc sortdnô

tn Àr(r) ôr st least ona rnlu¡ of !r

It lE of ocnrrxo qultt poaalble that lr(n) rtU. be æptt
lirla r11I oottnlnly be the oÉac ff,

t Ã

I fun + ?) arr cttlpr bolù oiË o¡ botbI (nr+a¡
trþ1

¡d
frl

!TiB; for thm øc rldc cú aqultf,m (61) rfll be odd erit tba oi¡bø

rTÇto |Êc mrt Loao rtl.t sha tüe eoneequcucç sf erù a¡ cø¡rt¡ art.
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9. If,¡

- If ar(n) le nort, ôr$I¡qf ed ÂJ(E - 1) ts rxpttr ràan wcr¡r

Êlä.rt of (kJ) ie q€!¡tÊlåðd tn rr(nr) for æo. nr ) t.

$up¡reee tho 1æ, f.a not tnrr, ßnal thÉt tberc a¡d.sts

ecu Rl¡l¡c of J end k, fæ ú1ch fftu¡tt"en (et) fa aôtl'¡f;led for

E@. [E( r - â ¡nd ard.h,ble r, hÊ for no nr ) l, rhrtrilß îet$t
of r re rr¡r o?møo Slaoo r¡ lqc that thcn ie rt lnr¡t cr
clqcnt 1n a,(n) ¡hlob re chll, osll hf ald rr luvr rsõd na

J

slamt f-nÅr(r - 3)r úlobrtIX Þr r-llrd hx, rl þm th¡t ü¡rrr

are veluro of r, r. ¡nd f¡ rlrich arttas tht rqqatf.@r

tl

X (nr*ã)+ftr-Êrf -X(r**?)+1. - (Zr)

1-þI hl

!k¿

I (n, * P) + thn - zEil' X b, + ä) + t.
f-J+l t-I

- (ç')

Et ¿tæ Ìr¡tr tüat kt lc nct fn Àr(r). frrnf,prr, er(n)

nnut bavr e lcgst lubcr \. If thå veJ"sl d r rhloh rrtlcf,f.o

¡qr¡etl-on ¡gt) fo: \ ** grrertal tùür 0, m oould f,t¡d a LosÉtr

ra"lrn of k to aatfdy lt.
tharefcr,

ari

X fur * a) * at -tbr* P) + 1. ù (pr)

i-J+l 1-l
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tubù¡r*tf-B (At) fr.æ (gt), m g"¡t

ät-&s+&d*Ðg+s"*{

trÊ¿ \-kn+r{)*+1

l¡ce h - F ) ,. + L - f ) 2

slnoe thla holde f6 rny alrmt hi ¡oÊ rn lr(n) {ùs }! + I tr

aslthr ln er(a) aor fa Âr(r - Ê).

ertr hr s¡r ixsfltrttùm qf kr qnd kr, Ë kDil tùàt ¡1r ür v*f,r¡¡r

ùctrss thsn úould, bß tq Er(1) for æra t, f rftc æöc f¡

ryaolrw' Tlhis ænürrtlotn c¡¡ry enalryrt[m ürt fär lm, nc
fel¡a.

Uù !t ir oùr:l¡¡ue trat wory tf.æ rr fl,!d & odd Br¡ lr

rrrl alro flnÈ r¡ qt er(l)r for tf E r" odd ¡nrl 
^lb - l) f¡

aot agty, ft(r) ¡¡r¡t bt ¡npþr d¡ae rù¡ *rldttloq oú ¡E odil ffiæ

to tbe rtght-lu¡¡al elds cf aqratÍu (0t) rryctp rù¡ Fr{Br ard, r¡
n h¡rr ¡ra xn tür rræüdrnß Læ, ltc offco¡t sf thfr ryty ¡st
et(r) tu to oaee€ thst alr làr p"artule varu¿a * *t a¡c t-u 

^¡Q)
f* rs \)..



-181-

Fr ern þ q{n{LÊr l¡rüß Þrqv. tào ænplecAt¿Sr ñmlt
täat tr rt(n - 1) ro Gpty aait År(r - ã) ta not o¡rt¡¡ tba rtl
tÞ¡ leluea of J urd k, oan br r¿tf¡fl.rd f,or sc vsLsr of

t< r - 2 ud sr¡iÈ¡þle chol,co pf, r. Íhlc of, æErÉ€ uo¡na tht
r¡aless eltkr lr(a) or itJ(E - g) tr .Ðtr ?e ur!r, ff tË sodc i¡
e¡rnahloaoucr tlal.ah up rlt¡ tro aolutlo¡ pallE oû n a¡d I fo¡ oaob

paf¡ úf J anil tr"

ÌftL¡ døs pt nq¡ tbet d.rù¡:r lr(r) or tr(r - E) r¡

alrrya cpFt la fict¡ for r rrra ft wry oftrn ta notr Fut lf
f,æ rry alvm J an¡t h, .!äct e¡c tro Flm d n ¡¡d l¡ rhiah

nrtlef! alrtttou (gt), ¡r 8¡ìt lrtorùltng r¡Dr on slr fi,lar rqrd
frto¡lpcrll. rf ro ref,¡r to ¡astfou 6.?, m are Èet ü1l i¡ not

a good thfa€r sfna¡ th¡ cfHotaor d th¡ Bo oodr øþ *tt*l,ae ùc

qpper bdtuil 6fvm beqar¡så 1t egr"radc fta rstô¡ryæor ee tbfn\y ee

poralblr - qrly æc for sch poritiou rtrloh nr¡st bc utoppoôr Brrt

wsrtnn,tr\yr 1t ln trapoaclbl,r to ¡¡ihlevo thf¡ tlrfn ø¡rrecd tn e¡¡

Êf coih.

6.9 La@¡

- Fc n¡ü ær otàæ tbfåg bef,ca rr qbat CIn üa ¡roof of,

tåe tboorn¡ rs rcd Èo d¡cr ut rr(n) rno rn(J) a¡c ldentioarr
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Frc cr*r do thfa by etrcln6 tbat rquatúon (er) f.¡ rovm¡ibk.
frc oød.dlr €qe,tü.m (er)

X
l-J+l

b*+s)+e-&* X fur*å)+l

U (e, + 8)¡ æd ¡r obt¡l,n
fd.

I

t-l

t

He a¡bt¡nert bolb ¡l,dea of tb rquolÉ.on frø
t

J

Xhn+a)-et+Ët-r-l

rhLch¡ rndcr rræganlctfou¡ gå,vrl

X b.*ã)-1,
¡

t**l

3

X
tl+1

(ut+?)+e-8rr br*9)+1. (ro.)-
f"rl

ftri,e å¡ anotly rb¡t rc cboulil luvc er¡notrd. It agyr

üs,tr xf l¡ emnst Êtfrt r fel¡r rcd ct s eæta!.r Bol¡t broru¡t ¡
bor ef thr aodc rmd interfoærg rtth tb rhælör of tàr frlsr
rrnd¡ th¡a t¡hrrr ir a corrrrrymdfng poeltlq rhorc tbc &rac prd
a¡¡not begrn bml¡o lbrr¡ fs a ût p*f¡ rn thp uert odr brr¡ld rùich
oGcur1Ð rhorn üc f*lË norü, tr bc Ldr¡¡tt o¡l ritb ¡ eËt toeit, nrode

a bor. Sl's m.-to-mr¡ cotrcr¡rondruor C.ryLtffu¡ orF rort to !Ð



-185-

€xt¡mt, aü.mr tf frr .laüplr J (ff a¡d I )þ, r€ oan *y tået

ff ¡o fel¡e rcö o¡n bcetü tn tlr arbitmry dtgft atrlng follrtng
tåo jth bor d e rsa.I red , nq fal.ce ü@d een bcgln 1¡ tho

arbitrery dlglt str"tne follwing tfrø (n + l)th Uor. Four oxanplc,

i¡ th¡ prlcadta€ l¡rc¡ rc sra þ invcrtin€ ar(a) ana ar(n - 1)

tùet ÀE(J) ia ncnr-æpË end A -l(J) 1a æpþe Br¡t thtß rtf.ll

docs nüt hrIB us çC.tb tÌ¡c Gal. d thr box i¡ tò. d.ddlc sf tb

arbftrerA ð.¿lt otrlúgr

lha noxt thsorræ striken at tlæ hcmrt of, our t¡q.rbLe -
thl¡ ¡rld-point of ü¡ e¡rbitæry dfuá.t strlrg. 'ffc flr¡t uf al],

lmatr the bæcg rhtch anrroimd tùr niil-polüt, enú than Xlrcnc

oætafui propcr,tLra of ürc arbftxerg d*elt at*{.n96 alocs þ tH.a

polnt.

ö.10 flr+og

If, ln rn Ër oda, rr thoosr t suù thet

t+I
(r)

t

Xt.I
(nr*s)+sÉ*-s< 

[ 
(nr+z¡

1-l

rha ¡r tl) I
3Ii-l (rt + a)I

and (u) o(c(pt*t*1

lùr¡r (l) Ftrt l,a odd

(tt) At (t + r) ia not æpt.
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cquetlm

lrt+l
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lf¿
J
(¡) f" aot upþ¡ thrc t¡ r ætutlon Ef, tÐ

X(ur*3)+Ë-zr-l-t+I

t
I(u*+a)+l
r.¡'

3

t
¡ddfæ ! fu¿ + a) b botb cidaË, ró grt

1-l

ßt
f O*+s)+&-ãr r *(Ifur+s)) +r
t-I t-l

rhf,eb i¡ ¡ curtmillatf.on of ow drf{nltLø of Ë.

ltllrr¡rfsrü, f, (t) ia æptr.

ftrppoec fa(t + 1) fc alos t¡pty¡ thtr rlIL br {:b æse if Þ**l

1t cvon. ård tf lt is ro, fùen rc ha ùt rt (t + g) g

rt(t + r) (æ at(t - r) lne rn(t - B)) h6nt*rer Eoqr¡f.¡ h),
slnæ ff 

^t(t 
+ 4) tr aot a¡#y, fæ oorc ka rd r¡

e t44

Xbr*8)+4.-2rr X br*å)+1. (e)

t-ù+1 l[f[-
anö tt nÞt¡eptË,r6 æcb ten d (f) fru S re 6rt

I(n,+8)-e-*t>{r,*8)-I
t 'ttâ

a

X (s)
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*$ + (n*** + s) t i(n, + r)
i=t+1

Sribatlhtta6 tn (8)

6*(t**t+3)+&t-Ër> t#tx
|".il.

(rn*e)+I

hilt frrr (L) uc gpt

t+l

Xtrl fur * a) + (Pt+f + 2J + oa - tu >
t'+4

¿=t+l l-l

LEe tr,o¡ (g)
#+g-8r t

t"h5v
I

t-'¡,

(nr*s)+r

f ¡lo (1)

ffher¡fer r pt+t + I + &t - t" > î
iFt*.g

Xtur+3)+1t-'l

(P +8) +1i

1¡lo F¡*I + Dt * 2)Pt+e + PüË * Pt.l * ?

3y I¡üE¡ 6.8.1¡ t"hÍ"¡ ls lryond.bl.e o

üu tf r€ n¡ptrGr tb*t À*( t+S ) ia *pç (t.n. Dt*¿ t"

also rçen)r ttrnr€ easrw ÈÌrt t* (t + s) ür at (t - l) cont¡i¡¡

(fa)l fn thr fclr c¡¡ci rtme ra haro asslnpd ptnl trú, rt hn

ohoma ka aa ûr fhl¡ lc*dt pr tÕ the rqrrË.on

s t+8

Ibr+8)-s¿' - t fui.re)+t
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â¡rd fiF€E (f)

4$ - Ê,1 * Ft*l + L)gü + Dt+A * %.S * 5

t¡cr En+l -PG,)fu+2,
rhLù tc l¡pæd.blcrby 6.8Jr

(htl.

ñür tf l*(t + a) 1; €Eptür Ât{t - l) nrat qonbln

It tt ohoaç kt * -å(f1 - d) ;hm d - S or I depdlry rn

{hc fsrlþ d fr rmgÊtt

t-1,

I br*s)+DtrürEtr f fur+8)+t
fut+I 1-¡,

ü¡d fror cqrnü.or (*)

a

t
# * c + et-å;z* -X(t, + 8) - pt - I

1-1

<FrP-Et-1

rhloh f.ø lrpoad,bhe

lhæf,err Àn(t + e) lc srÊtnly nøt rnptyr r¡É thsrofcra tf tår

pru.dfrg lq¡

e*(t + Ê) ¡d fu{t + s) oontefn (1)- lr a.læ b¡ú ålt

Et+g ts od¡L
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Ur nc hsve & fid a ?alu. of r, rhtsh te rh¡ll. ql'l
r'r oo thåt At+l(l) f¡ uot l¡rt¡r.

ütnlouery, l¡srna¡e rn J (hsr Tnorçreoü, to t + l) abonrd

ùÉt b€ acecpinÍe¡l by f¡o¡us€ f,u t Ëme re rû[ e¡rmr {rùet

A(t+e.
',h tLhd tùst 

^t(t 
+ r) fu rryrt¡r1 by orn ttrst nrg¡rorxtú,c,

a¡d ¡r h nt*t(t + f) to *pf .

Frw tbf¡ æ kna &,t crr.tùo at*t(t + Ê) couttrar

(ht*r) * .þ,.(t - r),oo¡taf¡a (hr*t). r¡ tb fìorr* Grr;,

prttfng kt,¡. - åbr*, - d) üe gst

483

t-l

å¡d fru (s) and (r)

#; + Pt+g - d - Ër>B *pa*, + s,

rhtroh is iø¡rcadbikr

sf-ü'larryr fs th¡ aegod ca' putËw kt a - *ût+a - d)

rË güt

I
trùlÊ

(na * E't + 8*,q' zx - X (n, + ?) + t

rt.l
f O,+2)+ &È*s-tu -X fu,*a)+1

t 6at IrI
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lut sinos râ can &oose k* r O

a l*â

I trt + Ê) + o -Ër' - X (n.+ Ê) + I
1-t+1

$ubtrsatlng

Pt*t'+ ? + Al - k' - Þt+É + tl Dt+g*Dürl*P¡+6I

nhißh fr LrnpoealbLer

fhie n¡ans tÞt or¡r tarl.o sssr,uptd.on tbat À (t+r)t
res enpt¡r ¡n¡at be rrorgr fhsrofor€ 4(t + I) i¡ not enp$rr Ed

üf¡ frÉf*" Þt*l ls odalo

lfhia mnr tùat tlr¡ qi'al-poi¡¡t of the Lnfortntf.u *lgtt

rtrirg of tihr Er cods ar¡st fall f¡ a¡ odd-n¡nbered atring of

arùLtrrery df"gits. lhLa iLes la vely ucll yfth t"b obecrvstl.onp

¡ade csnçernin¿: th€ i)o oode¡ t'Ìrsrç ttie ¡qid-Pot¡t felll Bæcdoeþ

tn tho d.ildlç of a aH.rg'ef (a¡ - 5) dl¿fta. Br¡t tf alf $i

¡t¡Éqgs of ¡n rgr aoil¡ eæapt tho last antl un¡ otåæ uen h - ?

dig[tt ton6¡ g-'¡ a[{-polnt rculil fatl tn f}re nf.ddle of ¡ box¡ end

my shortering rtr thc atrfaË m sithar srLda otr üie bc (to n*tc

tùa atrrlag of oêd l6ne'th) m¡st te accou¡nn{ed W Ê;¡';êt€r e}¡aùftrnirg

of r ¡triug o¡r th¡ other sLdt of the box es tlÀet ths l1d-Polnt rlll

fall f¡ tlre odú-r¡ìEb€red atrtng"

l-l
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$o ürc flrat result ttr,t thLe vêrfflee i.a tbat; rhlle
rs Gcn ooil¡ôtrr¡st * Ëu code lfl.tà efÌTcLonry rhioh ra¡cbe the

uppor ba¡rat dveqr Lt nø becoûoc ¡,pflireltt tù¿t an st corie caanot

naoh thLr bq¡¡d.

't9¡ ¡ü¡LI shsr ln thc nsrt theoro ttßt thr upBer borud

om thr offlclancy of aa El ooûe is cyon lqsr thæ thla

laaaær1n6 wr¡ld iudloate¡ f,çr 1f tùs -bir aotle crrrlif ilaôh thc bau¡d

attained by ttr ;Ìo aodc, 1t sc¡d,d havs tho gan¡ co¡rflgur¡,ttoa aF

tha Eo oode¡ eroept that enother box and enoùhor gtf{¡éi of

(ãt - ê) arbltm,ry dlgfta wor¡Id b¡ lnasrtcd,fu tf¡e lnfa¡oatlou

dleÉ.t etrl46. So fsr thc theorøe have only sh(Fn that ttre

ntd-potnt cf tho lnfsffiatiorr atrlng wuet be aelJusted to fflJ,r t¡ th.
slilðr¡ of an odd-nnbr:red ar¡bitrary drdj.t ;tni,ngl thla al¡or¡ld br

goaalblc rtth ths renovsl of ørly e fw dÍ6tta fron ibc arhltr:ary

di"#t etringar Eceyer¡ ti'n next thao¡sË rrrr glic tfuat r* hs,ve

ts rensva th oquivalent of a oæpleto dred t str{,ng, aad¡

Læld*atallyr d-ll JuetifY orr cì:t¡l.ce of e loror bou¡d ou tùe tot*t

nnbcr of arbitrartrr poeitloru,

å.c an aænplc, let ue oonalder a:r ilr code rlth fær ûI

pal.r¡ foc s hæald. sad tro bo¡esr In ,;rdsr tr¡ prsvent a fcl*s
raoÍl id¡ntloel sith a eoaló rErd be8Lnnrns 1¡ ür¡ tsnth pocltfoa

(tle rast poattiæ of ths ft¡st bc ) r the ascord box q¡¡et be6f.n ln



-190-

tha sf.rtaeotå posltlø (,r,r fcn¡rteent"b, or h€lf,th). Scr oon¡Lder

a fale¡ ræd bcgfrlnt¡Ë tn th. slevcnth pæition. [hn f,t¡et
posl"u.on of t.h¡ sæs¡d rbüt of flÞ falsc rord corcapcnils to å¡

wsn-fi¡[bcred poøittq tn the mrt codr rçDrdr and co q,änot

acrrcapoad to ¡ ûl pal¡ fn tbe oode rcrtlo si¡co thc $l code lr

ryæhrmonrar thc fa}sa vord le not Lilentls*l vtth a Ðd. roilt¡ and

so tùo ff¡st rÞorr of tùc farna ræd n¡st cornespond to a üt Betl
tn t'bc noxt sodc !Ed. thfe en br ¡o ørly 1f the ædc rord lss

r""gtìt/&*¿tæ thqñ cfuhtcu. rn aoup.r!,srn, Íê can ocnetnrt a

K aodr rttÀ four Ol paiæ¡ ùto boxss and long:l*r ??. fbfe d^nplo

enn¡ik ¡hæa un th*t r¡ q¡not eq¡rct to obt¡,fn ae hLtb ær

cfflofonoy r!.th an Et Eode ¿¡ rlth e, X coðe.

trhe¡r Brvr f,¡s ¡çsulte re alsrl need bsfore re begin tùo

ft-Br aenult" fur folice dlrcotry frm tJno Lalt ttr¡orrn.

Ho kn* ttþt Ât(t + 1) fs not ecpty. fhÍa tnpllea {ùat

for sme k* r r

t+lI

Iþr+21 ç&t-tu
f-t+I Ifut+å)+l -(I)

Ll
slno¡ l**, (t) ir ¿lao not æ¡rty, for aona kr*, r rf

- ?Dr
tx (nr*Ê)+r - (z)

1lt+l 1-l

Tbe nlnÍm¡a value of ka fn Át(t + r) fsr by 6.9.ä.a et næt

õ

ffut+Ê)+&*,r

å(2r.-5-Þt*t).
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lc rhnll Ëil IFst€ tù¡ follwf¡e Iâür, rhlcb ür €bå¡l

nasrl Ln o¡r ¡roof d thc nracoodfnð tbaer. |ls ¡rrhb rn to gfve

partfouru h,l¿¡e to h¡r re ¡r¡cit to Èc ff¡at tüet smb vnlun¡ l!.ll

bê fü tbe ¡rt r*(t + tr).

Prrt of äe p*cf røstr ø the dr¡ttty of ea(t + l) anil

f*rr(t), rKoh f,ollcs frm ttre fect tbt cqurtton (e) f¡ titqtf'el

rttih eqrrtfu (1) tt¡U (Ft¡l + 8) arbet¡rotait f,lq toth al.dea.

6.Ll Dü

- llho'latesar *(æ - $ - p+f) tu x¡ ra(t + f) ¡¡¿

a**t(t).

üc f¡teer" å(Ft - d) 1¡ t.u etrùår ea(t + a) ar botb

ea(t + r) ¡d rn,,r(t)r

rbe¡r ô - l¡ pt ffi

Oryaem

P¡oe¡f:

tr kær Þt tbß atralfbr d åt(t + f) ana rår[(t) tùat rry

tnteger üat fa ln ac ls rl¡o !.n tòc Ethæ.

1m, 6.B.eJ t¡lla uË *(tu - 3 * pn*f) 1¡ l¡r fr(t + 1).
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sqrxroac t(ta - a) rr nEt fn r*(t + r) because 1t ta u¡rds tùre

lmr lt¡it glvau þy læ 6.ð.?.1.

l.e. $(rra - ¡!) ( å(ä. - 5 - Dt*l)

!&or.sdcrr, Ft * pt+l < fu - 5 + d

tbts agtt¡¡pdf,cta l'me 6,8J"

Thersfcrr tb¡ - ê) tr i"a Át(t + t) err rn At(t + E).

I:f ln tbc foru¡r, lt i¡ ù¡r itrr,llþ al.go fn Â (t)'t+l

fl¡vlrg nr obt¡faed ¿ aet of va.tr.ne of fntegrra rùt¡b

ere l¡ ra{t + t), rc Ëisll ue¡ ih¡ec *ad cqntf.or* I f,ru sastlm

6.lO to Íircv€ ttre nsrt tb€omo $lnoe ¡¡ on¡ot pnre lùtt
*(u* - A) fs rn r*(t + 1), rc üæt prrÉï3 tbr tho¡¡l for ür o¡¡c

rbn it ls e¡rd tùr¡ aas€ rbea :[t Ls not.

6& fu€ar

-.
llb q¡çlnt lñgth ef, rn Ër odr fæ gÉra n ¡d g i¡

8n¡+E

Sl,ad¡ fu of tùc¡c ars 1l t&c b¡æld¡ æð ?¡ ræ tn brce¡ rr tq;
ùrrt ø Er oodo ecn ooatal¡ æ ær¡ th,¡

Êuú + E - Êu - fu - 8(u - l)(o - l)

mplataly artitrugr dlgfte (not corntlng tbæe 1¡ boree).
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Wr ¡È¡s¡.I uå. f,rr aqÌrtl.E¡

Þærfl

Lot+l

a¡d

¡

1+ffi

lfhæcfæe

t+l
I(*+8)+1

t

IOo+2)+nr'* 
rr (r)

þ)

f.-l

I 
(tr + E) + *t*r - âtt

t

X
f-I

&rta)+1

2fu1 tz)<tu('þ-1)+1
l-tðA

g|nÞctútutrnß Èt t r¡ *(år -g - p¡+l) fn oqurtÍæ (E)

t+l

è
*

t¡t+g

*ad subetttrñç fnto tb¡ç cltbeË *(r* - il) or å(eu - $ - P¡*¡)r

rrbiù¡ l¡n¡ Ë.11 tel¡ar¡or 8rr¡ fn *n(t + 1) or a*(t + ?)

h) sup¡noe *{n. - a) 1l i¡ la(t + r}

(¡) t )ø

!PbM
t

I b, * 8) + âr 'l > Irll (nr+e)+t

È+lxt'l (q + a) ( E"(Êo - 1) * I + 8r¡ - Ê

ftræef€ú€r F<tu(r-I)
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(b) r< {É

l*hßü

tr¡.

t¡l* rgptlou (e)r md crlo.rat¡s þ- r¿ . åfu* - a)

V (n, + s) + Dt - d - e!'<ä{*il - &} + pt'} t
/,
tut{¡,

€

Il (t.r) ( a{fo * r} + I

iet *.efib - 8) + Fù + 3

t

,L--ê+t

ft:rsferü S(æ(t -ü) + d(8n(r - L)

(u) su¡rporr å(r¡ * e) tu l.u r*(t + n)*

ilùruf,crr1

t+Ë

mt úc th¡t s( å{¡ - 1)

tT
,/

1.*+1

(þr * a) + rt - t - 41. - XOn 
+ E) ç t (s)

t¡¡.

(*) Â¡ Èçfq*r f,f t >h, rÉ fiñ ùooeð !n r h - 6 - !1*l
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(b) t<Éß

t
XOr+å)<tu(*E-1)
1|1

tubtt¿.¡¡Êr-g kt r u - 2 - Í ü .qqtfÂn (e)

ri æt
¡

\-
/,
t$g

(f, * ?)< åÉ(*c - l) + I - ãr + 4 + 3ß + 8(u - 1)

ruil Pt+l+g<ãË-l-ÊE

Tt¡ar¡fer¡r $ ( tu(e - f) + a

hfn lottor cart" proËt(ha ihc u,¡ú^n¡ raltn fc Èt
l€r!ßÊfr aú tåc lu!ormt"l"6 m¡{¡ag fc etvea u ¡üd ¡¡ trf, rc ¡dat q¡

thå â¡ rËgltr ln th bceld¡ rr ¿¡rlve at tbe rord h6tb
arå¡s+3

rElo ff r¡ sfÉsct tb¡ Ê¡

digtt l¡ ü¡ bolr*¡ rc f,l,nd tÞat th¡n en Ë(n - 1) (¡ - 1)

arùtt*eç dlglts.

Tç lf rs lrfcr bçt to tcctlon 6.ô ed * lrolú,m &o8t

r: dl.acowr lb¡t thi.a f¡ p*afre[y f.b¡ nrutæ oú ¡¡btt¡r¡f dfsit¡

fn an Eo ooflc rtth on leæg bor then th¡ ßr coda m hEvr Jiust

diacuaildl tt Èa alao e ffgun rm ahoac cs täl lolw bcrnat æ åc

¡r¡ber of dl*{ta lf tbe Er coilo¡ rsn to ta pnotfælly r*1ùûl-It.

4_
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We nc tûa'r thst 1t f.B 4.1æ e¡ r¡pper bfrndr bt re Ftl"LL h¿ve mt

ð€ttlat tÞ qutgtXon åê to rhtther an l.rf cod¿ can be çorutn¡otod

stth tble nrnbor d arbitrarg dÍgltor ft rautd bt ¡wa¡kaþ1¡ tf

the orly ray to trunlüors * Eo oodo l¡ts an Ët esde hsppsæil to bo

tp r"emove tro $r ¡nrs a¡rhltûÞ¡îf digfte to m*o rÊy for tbs e¡rtr* bc¡

In feat¡ thls åe not tira GflD€Ìo Fc at¡elI constn¡at üa

tb nst seotfm r pertl,cular ol¿es of, Er aodes *¿fstt ettsln tbf,r

Efil upp€r ùor¡ril a¡¡d tt¡sn re vlll prove thnt ccËos Ln füís næ claca

arre ryndrFolæll!¡

6.19 Døftntttcu

Aü BE oodc fe an Et ode rltÀ rù¡e follorlng valuss for tùr

Pf'

Pa âr¡-L1l

D#' å¡-5

P.å*rr

D1 2u - E otùprnri¡c¡

It ls noÈ ncoccoa.4¡ to heve m¡ of ttrà pt rqul to O¡ tbr

føngt ny bc rltffi{ qrrlte Oon¡{der¡bfy ðrd etlll rnut¡ tltat qf, r

rynürrnoln €süs¡ hrt W have pnoveal tùet the¡so om bs no f,Aa¡oaga

- o
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tË thc tstel ümbü oif arbitrar¡7 illÉts f,f thc ædt i3 to ¡u¡{n

ryüÈh¡enoÉrt anrl &c ¡øro Èåo€d tb.r¡ lt ts ralåftf tÞ EË Gode

cloË¡ü b the Fu o*r sl.ffi it ls ner rpINr¡rut tùit tùt fo ooüe

ts Jrut * Eo 6*rils r1ü tro Èsreå a*ünr tùr oüil.mbrrTd illËft

sH¡g tÐt ¡d sf sao gt[os ftl,a fs tb oeac, n úst¡ld exfct

tår t* aode to be rymhro¡st¡tf ør eryccbtlstrl art ñ¡lfl"Ilaô¡

É"1{ tluoqn

tb % oote le a¡mohrmore.

Þsof I

ûr thcæn 6.d" Èr aod¡ il ryrrhæmrs lf for.rl.l

J, Lr such å,et f < f (r - l, O <t (fo¡' tbrr crlst

r a¡d q ø6 tt*t
0(.(a - I

sd 0( q( * - I
Ëa

rnd âr+ I b, + f;) - ( X{er. * e) + e) - P4 + I
tÃl l.J+I

(r) $Þppoee Jl'àhË.

C!¡ooge E - g -år q[r u -1 -k

{n) J(àr-t l¡c- r)fu+1
t

X
f'l

bf * S) r e(e *t) -1 - au(e - J -l) - I

b1 +e)- ãr(ç-J-1)
¡rf'J+l fullrfæ¡r I,&t ¡äl-?&..-L= frffi
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(t) J)þa+t r(-åa-l

(p +s) år råu(a-J)I

¡t

Xf-l
tr

l=J+l

t

hr+e) iàn(r-J)+f

Agrfn, L.I{.S. It.H.$.lr

(g) J-þ chç<,üra-pc-l

$Í¡Ee pJ -ft,-sr k(u-ä

&crofærr ül aga ¡hoo¡¡ t" - u - ? - h.

u

X
1¡1

fur+e) h(# * r.)!

a

Xbr+a) Sn(e -ta - I) + 5É

L-J+1

lhlnfgn¡¡ .li¡Ërö, n &r-är-6 rr il.Br$.

t'h¡ fs'r e?åly pad,rslhl. I¡Èif, cf J nd h, ro nn¡ f,t¡il

r rnd q *lob e¡tü.rfl 'tbe equatf.onr lfhl"e proveg tho tb¡æmc

Wc Èarr nm pd tbüt tha Fu oilea ad thr \ oeif,u e**

ü¡ noct cfflotn¡rt E eodc¡ f,or r sdd mil ürral ros¡nctlvr1y.
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Tfe arg nrrr¡ tlun, l¡r ¿ Þosftlon to øeeÈ al¡ a.EßrFoF to ürs gttsstlonr

lfhet 1s tln nost sffl.ei.øst ec{e for * ß:[vm even Langth?

Slrcrt 1¡ a¿other ccnplJ.catlon rhåqh üt€rs tbr pictiare at

thlr point. CIhrvLoualy, if, rle can find * Ëo çoËc lhich htd abs¡t

the æxisr¡n fÐgü¡ pøsible for the 6ivsn u ¡¡rd ae lt t1L[

obrtoualy bs uot¡s ¡fflsiaat tlren t*r¡ tonrrËpærttåG K ocde of fcn€ÊÞ

on¡ l"ees. 3ut if tJrc aogt efflclwrt code for a carteån we

Leigth ie an E* ooilc, xe hata to eonsl.der tbe quostloul 1r ft ¡no¡o

sftÍcimt tha¡r the K aodn sf 18nõf*t o¡re lovg?

ofo uge sn Ïìo eoile ov EU oodo for a üfvtn fon€"tå n ro bve

to b¡ aþI"¡ to solvo o¡re of thc equatc.ona

ärs+ãt¡ 'n
or års+2 -a rlthtntcg¡tçuand¡.

If, ths¡e çe¡ç the only veluea crf n for rhfefu "Ëo ooðea or

.3n oodea ;arl suttrblar thy l+uld not þe vary {ryrontrrtr Bì¡tt

baoauçe of theln fiinrlerlty to tlp K codaar lt oan FtaðX¡y br unilar-

ctood thst rc æln csn€tnrct e slrnokænmra oode of eny gfvm lengtb

by ftndtng a lcrgor raluo of n rhÍoh setfsftes (mt of tho .qt¡etlouË

abovo, aud lannovlng åf tr eits fm thc rúfttgry dfét rtrrl"ngs to

redrnc thn length to the va,l.r¡e tsquræd' îf¡ ahall s¡ll the clsseÉ3

of oodst ¡hloh aa¡ be dsrivod i¡r thlc uey f'nø the .do eüd ** esda¡

thÉ l¡ol 
"*ó %t oodee tre¡rotÍvcþ.
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If, ¡c ttþov€ dl*Éte rLltr a, oerb,ln amüüt of flneeeøt

rr csa €n8urs that ths :¡esultlng co&ã ero cttll rynohftnor¡8.

for eræple, reuovaL ûf tho ftrat ar¡bltrary dt8Ét l,n tha ft¡st

aH.ne rlll onaurÊ thst th¡ laf,t Ìra¡d aide of oquet!'oa (t) fmn

aectlon 6.1û ¡ru¿lna urnlte¡,ad.

HoraYar¡ in ,onctioe r Í€ nay rarrt t¡r f1¡d tlp ¡niniwn

soatc longth rhLcùr rf,IJ. can¡r ¡ ccrtaln å,Eol¡¡rt of Lnfomatim. Ia

thLa oeae, ff tb E*t oodr e¡¡ ¡ot aafTJr ¡on í¡iþr.ntfsn tÌ8Jû tb.

ß' coda of lmgth ona lcstl tt ts not pactloe'blr ts uce th€ ll'r

ooüs. Ss 6het1 aløo ettrnpt frr the ncrt fn ¡totlça¡ to aæEtrut

cod¡s rhiah ætfsfy thca¡ mqtdrmøte.

6.15 WfloLe¡cl,es of, tb¡ S aodqe

Wr hæ lhat æ Bu coder of logtb 8na + fu" has äa

dfdtã ln bca¡ a¡¡<l 8( (u - I)a) rrblbaqf di6ltr. Tlric nosË thlt

Lt hee ¡ ¡¡r{urq afflclency rlra ãu r e¡ üc velt¡¡ of &l¡

offl,oiaey ir
I - l¡Ë8&4 + .*15 ,r-I

Thl,¡ cæpg¡et f+vor¡trBbl.¡ rifù the sfficúency of t;he K ooüc¡ ¿t bost

r - 1.?g8n€ * .dJ.E 
d * to'r&* o(o-# ) I

lfhia oorparlso¡r ¡¡efþots ühe alnLlar{.ty of their oonatruûtlon.
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But if *€ aonsLdor an i\ coite of, longùh ã¡s + Ê, re fJ,nü

thrt lt Ì*c 2e dtÉÌlte ln barsa but only a((u-r)(e-1)) arbitrarg

dlgltt. Áæ1n oonaid ering tbo bset cd,aôr rhan h¡ - Er rre ftåd

tþc ef,ffclano¡r Le

r - r.zaanà * .ae+Fz * oqn-le ¡.

the:¡¡ {,s ao te¡n ln ,r-l fn thJ.s er¡r:neralou¡ and eo lùl¡
csilo L¡ aot ed.ng to ooapale Ln cfffof¡ncy rlth tb ão oodtc rrd

tha E æ&. ÂlthnrGb 1t nay bc argXrd that thfg tenla till baaom

axcacdlagLy mell ae n brcuee lerge, lt ehourd bc meqborail +,ù¡t

the nr¡abop of rcrdg lE eYn, rhsrÊ Y densts¡ tbe efftcimey¡ snd so

ov¡n a tenu ln r-1 *o nkr a great itlfferenoe to the nr¡¡ber of

poaetbh eoda rorde .

tbvfae prwod that üs \ ooda Ls tbeor¡H,oo,tly lnfæl.sú

fn sff,lalancy to tho Ëo coib for $ûat n rr úg1l aor drtorsl¡c ths

proolaa valu¡t of n for thlah 1t 1o nrpcrloro

llhe foløulee 6Í.von omJ¡r refor to the ca,a¡ rhen s = O¡ fcr
sona valuea on n ft ru.y not be poerlblc to ùooac a v*lu¡ f,or s

cIæa to o for aftber * Eot code or "r E*t codr of r o6r&.ft lægÈh,

rhlle 1f re mnt to uso sn Eol codc, re canr¡ot ftnd eny er uæ.r 0

rhich glve thia r¡lue of n. It fs ia thts oeer th¿t t"t aay bt

bottor to uss en "EU aodo fcp o€rtâfn n.
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6.16 lfbroræ

t'he only v*l¡¡s¡ of n fc útch trr tt oo¿s €ialr bó

euportor ln efficfaæy to tbe ¡¡oet eff!.cfsrt 8or ode atr thn sanr

hn6tb are tro¡a valt*æ úi.ch ¡¡s golutl.mp of tha rquatlon

?t¡e+Er!

for æue u rnd tr

Èoof¡

Ve aan quldßI¡ absr tht * Eo ooih of lcn¿È

2u^e^+â¡^ - ¡ ta ruparl.or t¡ affl.aLenqr to an Çr corle rffzb oaooo o

¡tro box rn<l tro leaa ar:bttrarp digf.ta, alnoo th. bs L¡ lcs¡

offl.elo¡t üsn tht tlo ctbttrt4y ü.gfte ft æpbcoer $fmo {bls t¡

tàr oesa, if brrù,h thc rdo ood€ a¡É tb %t oode an rtútr.d Þ tro

erbf.trrr¡r dfgits, tå€ Eor csdr of lon¿fù (n - a) æ obñf.ned strct

bo ar¡nrl.or ln cfffcú.scy to thå EÐr aoila of thc s¡¡r lcngtbr al.noe

th!.s tatt"" %t aode rt1Il hac ¿ .bor tn plaoo of tro e¡ùlt¡¡¡y

dfel,tr of ths Ëur oodc.

[hl.s ctete d aff¿l¡¡ øurt pcrsfst for the lægûhå

(n - 4), (n - 6) otc¡ r¡¡tll ra ¡eaoh tlio valua d a rbåoh i¡ rqÌrl

to fuo(ao - I) + 8. slnoe thj.a value ia grcrter là¡¡r
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äo(t" - ?) + âr, tho uo6t effl.ail.s¡t Eo code of thia len6lù haa

1l r ll_ and g r i_o ftat! it hae 2e_ dfeÍts ln boxq¡ a¡d onþoo-

e(uo f)(¡o - 1) - ?uo arbitrarT Cfg.te.

3ut ra knc ttre E- oodo of length euo(eu - l) + ? har

z(Bo r) ¿rgrta in boreç md

2(uo - f)(so - l) - åu" + 2 a¡btt¡ery di6tte.

lFhus th E* code haa ùro arbltrnry dfulte lnotead d tra dl6tte

insl-de ù+,re txtn. bor in tla ts I codoi tIì6 f,ç coite 1s the noæo

efflelent f,or tlrat parttcular lørgth. tcevar, fcr a length I
lees rc Gan uac * Bo oodo rlth (oo- e) boree, anë ¡o by l-ailwtlon

Ía Gan erlrly€ et the ¡reeuLt etatsd ln the theoræ.

tsÞfs La not to aey thet eIL tùo solutiürr of tl¡ glvrn

eqrrtion npneoent code¡ rhiqù a¡Fâ aola afflcf"ffit th.n tlr bsat

Ert code of thð æne lørgtb¡ tndcrd 8n Eg aoda of length g*, tbfù

is tho length Siv€n þ nuletib¡tln€ ¿ - 23 arrl e - I in tho rquetü.ø

abúse, only hae 44 arbitæry poeitionø aad 4 rli6its ln boxse. If
re ua. ¿n l_ code ûh u - 3r s r 15 a¡d c - Ir rc obtein 58o

arbùtrer7 pæf-tÍona and üQ dlg.ta ln boreao

So wc eruld rephnaøe our ststa¡ænt a¡cl ea¡r that íf c ia

close to 5u, tÌ* ,:ä code uf len¿th åus + 2 æy l¡svs s hi¿þan
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efficlencly than ar¡r Eol code of the eaae Lenglb. But tùis statc-

¡æt ls nat ceffurita morgþ to be appli€d etrict\r¡ and re sbå,l}

uee lt çitl¡ cautLon when re brg:i-n repreaenting actual va.Luae cú nr

Wc h¿vo nc shcn tt¡st the lor oodc cf e 6ivæ lengtb

fc genora$r æ¡rælor ln effl.cl.ægr bstù ts tb" %t de ¡.¡f tbr

scns longth e¡Á tùr Kr ædc af leu€rth one l€sç. IIcoYor¡ Lt i"s

lntn¡ctlve to ænlrus tJrr letts tror end roc e$eln hc hoEvtly

thc ruEtr.Iotlonç tlut totb tha langth of the oode anct the nuber of

boxee ßre €von rgrdh:r€Elnät tå¿ efficieæy of tùe Çt cnrio.

Wo ¡tul,l nÇ eorülnrc åc fr,, ædes ;1üj K odte. $1lpe

the fomula fq ü:e length d tùe Ë, oodes ileoe not boa¡ ttc es.roe

ointleri$r to tbat fcn tlro i; csdes ae doae tlret <¡f tho.Jo codort

ra eåd or¡r ¡biLity tÐ +eke s elrftable eonparteon by tleftnlnð a lir

code ae e K de rhioh ma¡r have extr6, h<rea fl pla.ar of arbltrary

Ct.gl"ta. Fy loe¡s d {b1s âevlocr t€ câtt oon¡trn¡ot a ædc vhl,ah ia

a oloae apprmimtton to a K code a¡rd xhLct he¡ e ¡l"d,Lpr nqber d

01 pef-rs a4 brxee to aay ÍJ* coilor a¡ld e len¿;tùt cloes to füat of

thc EU oodc.

übviourl¡rr a Kr Eoile rlth u r tlor * o 
"o 

and l¡ngth ¡

eannot l¡a çor¡ cfffoLont thsn ffi frUr code rLttr u - [o, a o Eo &tú

longth a + L rbetaver rnlue c takcó Ín br¡th c&Ë€ôr fcr the f,e'rr¡æ ta
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eln¡rs o!ß Btrü,tËr¡r d18rt shortrr tù*n thc l¡tt¡r. hlt dùæ¡

fe no re¡t¡{ctlo¡ s ü partty of r f¡t {år forrt q¡ßc, lnd co

rc ¡hall con¡nm a Kr oodc, rltb o - oo a¡it c - !o - t, rlth

tb %, coile sf,vm.

6.1? lfbcocræ

t*u &t qde of e çert¿tn len6Éb i.a urvæ nw rfff,ef¡nt

tbr¡ ¡ ßr cde d laetb @€ bas. frcrlvcr, È" %t oodo l"r

sapsbl¡ of cerrgfrs ¡on faftm,tlon {à¡n tba Kr coð¡.

Proof¡

Sf-ær thå lengfùr e$B dlffcrrat by cnþ our

tuo", +8 - &Ë - (tuoþo -1) + tuo* I -\) +t

lhfr eqntLon plv¡a rlth c* - GN,

[c thr .Ëu. oua!" het 3s" ¡tiglt¡ f,n boro* aad

(*n"* - ?un - fug- fuo * a) rrtrtrary dÅgtts.

lh. Kt odc h,r 8(ro - 1) d&fti tü bwos s¡d

(eofro - l) - 2(ro - l) + 1 - btr) lrùiün¡y dIgttro hã e

Ht eod. ha¡ on noæ a¡tLtrtEy ûigft ed onr rosr bü thr¡ tbr

otruPoadfr,g %t ædc.
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lil¡so tlr onc erÈftrary dfd.t fr q(rs sfficlet tba tb
borr and stnor 1a all othc tÀlngË tb I:t ccd c ar¡d the fur edc

arc rqualr thr !.r soale fs the ncr* rff,lolent.

Eeraræ¡ tho oxt::r þx rlIL alra¡rn oerqf at Iss^6t så

¡nr¡oh lnf,oË*tlon qa tùo rme årb.t¡ary df¿ft; tår F]*r oode ca¡

elrayr oatrq¡r lró!ô Lnfort¿tlon tàa¡n the Kr odc of LongÊh Ðr less.

Ítls applier eøpaoi¡fry to fu \ ædea rith æÍt¿bls cholcr¡ of

u ¡r¡d ß, änó måt! thct they catr oarrry at lpest êa uua¡Ì l¡fonatåon

âD &y eode of thaJ.r length $t 1€8É.

6.lg

So f*r, thc ædes have beon ecsnorcd rudar the tcott

aøaunptf.':'n tbat nl.æd blnery and teræ¡y ùnpnt La evef.lsbls tc h

t¡¡,nnitted ln thr infonatlcn strlng. If ¡o ænsÍdar tln sff,eot

of l-moodtüE ürt esnh type of cod¡ ln ülrn, rs ÊhßlL fl¡d osrtaln

oh*ngøe fn thE ralatlmahlpø betrcü tlr¡.

FJretþ, ærslder tl¡e Eot êod.as. llnAer fa¡6ç¿**n t"

vlll h¿vc to ¡pp1y tho aane fouat ¿ü¡$ttsn es r€ r¡¡¡d on üc K

ode¡ fn 5.I5¡ rc pl*oo ¡ fLxril O tn tlÞ å€ôüd poeltlon of ons of

the lp¡o¡. But thls onþ aoat¡ chout g'of æ a¡r:bttnry dlÉt
(nfuæc tro to¡o: cEû csrrtrr aa sræh fntt¡utfon sa tihroa arbttrary

tlt*{ts) coaparett to e ood¡ uåth a evrn nrnbçr of borosr
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'sf¡üflårly¡ lf re oon¡ider a Kt oodl rlth an odd nunber

of boxcs {ttre onty klnd rs uo*ed rlth ln thlg seotlen)¡ re ageiu

lose aþaÃt ri a¡¡ crbitrary d1€{t¡ conlnred to, Ln partlod"arr ra

E*r aode. Of rpureor trLr¡ê* * %' ccús lna ür avån nunbæ of,

bo,tee¡ it roquf.nË no firr¡st a{leptlon to ¡ake ft sui tablc for

/<ncoding. tbr¡E l'f, enly Þ1æ*¡r f¡put 1e evaltrrblår tù. fio.r

ædr beoorce e allgþûI¡r bettsr propoeitlon oøp,red to tùe other

codeg.

In factr r¡adcr tìrÍs ryatær i.t 1s ¿t least as effl.cißnt

to r¡ac * Frit oOdc ee * Eo' ædc of tbe sase Lelr6ü,. nf rre lsfcr

bs€k þ theoræ 6.16r lre 6€É that if * Ëot s,d¡ and an EUI ædc

Ílth ths aens va.lr¡ of u are of thc sane len6tbr tbsn tho Eot odo

b¡a ko arÈd.trtry ilfuita ln placo cf the bcr in tb EËr cod€e üùt

tf, çe coüFrs tha odtd bcr a:rd tro artltrnry d1ß'fts ln tbe Eul oode

rith ths tro bcrer to rhich lbey ccrreapond ln ths ;*r aodcr *t

ftd, thst sash çct oÊra osrry tteee arbitmrT iafonatfoa dlgib.

ftr¡¡ Ln .yor? aree thr &Ul cde oãü sårry at lesEt ae uueh lüfor-

naticm a.l tàc Sior oode d the ram longlib¡ f-u the ¡¡artÍcular est

glvon ia ürco¡s 6116¡ thÉ 5lüt csde Àe nore ¡fflcl¡nt t¡t¡a¡ tbe Eol

codr oû the e¡¡r lcn6th'
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$f.nc¡ both fJra .:iot code srd üa Kf ode rfth å¡r sdd autsber

of bo¡ss r¡act the esge ray to f-enccdin6ntne A, csdo rlll be eæ

efftpimt tùan tùe Ki €ods of leñ,eth ono lsdË.

So r¡uder p-øncdtrgr t"hr fot aodea h¡ve devole;ped frn

codoe ußeû¡l only in íoolateé çåa€É, lf bi¡r¡¡y n¡d terr*y intr¡t

arÉ both ayel.Ilbls, to codce rbloh ar€ a6 efflel€üt aa ony codo

rhen aven-l¡ngÊh ædrs mne raqufrcd.

6.1Ð Srryry

In thta rcotfon rr hav¡ oo¡r¡tnrcted rhcrlld and boxset

ElrnelËonoü€ ædee riür ev€n leagth. te blve shqn tàat 1f th¡

coætrnætad code has æ odd, urnbar çf bo¡aa; Lt ie ¿t læet as

sfffoiqt s6 s¡ry th"-,r"aId and boxeer Oo'de of füe aenc l*6th.

If, horever, tfuc eonstn¡cted æda mr¡Et h¿ve ån 6veû

nu¡bcr of, brea¡ tb¡ dfiolercy dr<¡ps ad tho code, sfthough 1t it

lrovcd to b¡ ee cfflolent et any Lile lt, ha.s ¡o adtrntaÐ oræ one

ll.th rn odd nunb* of bcres.

3ut rf ra m¡st uee p<cdfug, ttrlc lattoy ædr täBuns!

mroh gruater elÊnifl¿r+noer and r¿¡der thcm oodltfune i-6 ËhÐn to

be gt Isast as effleLont ac arry of füe other eodea gCren.

In ¡ry pl*ces thc æntn¡ated codee ß¡6 ooÉrpffod rlth
füs Kt ocdes of rmgh ma Io*s¡ in tho saJorlty of csss¡ tùry eha
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up favorrnbly, ånd tlws øsuæ that {lboy st¡æLd be csniclo¡ctl i¡l

attenpte to find the sl.¡ríurn rynclænotrn ooûe lcn5lb to crslBy a

givm u¡nben of inforuetLoa cllg:ltar
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70 gt]ffiD Pr,aüE Sflfftn0rÐB cO!ffi w'ImI FÂrsE tIEReLÐ$

7.L Inhru,ihrctlon

Fs have Êesn tbat oodos ltke Êflbortra codo ¡¡r'$hlbft

falee heralda¡ tn¡t re knæ freE or¡r oo¡sid.sretl.ons af, ths &fr K åad

E aodos th¡lt ;t¡sh t prohi.bitiæ le not nesaaeø'ffo ïn factl hcrltil

s€quonoec rhleh an ldantl'a*l ;ltfo a sode úrd búËlil can bcgå¿ ¿t

n¡&.rür¡ poeltÍone 1¡ thr i.nf,crætion sH-qgq of tbË l¡tt¿r th¡rc

tyI¡es d ooda ÉütLon€dt rh¡ codc* only onøun thct no ooøplotr

falsc ror{ aan bo ldcntl.aat rtth r csde ærd.

So f,ar re have mly eonpar¡ed lbcsc rhffisld ¡nd bort¡t

eode¡ rhlah gllor felss helalds, to *llbertrß cr¡drÉr In ti:i¡

coupard.eon, Gt1b€rtra cotle *uffore bocaueo of the æstrlctJ-@ ft ft

tla"t tbsrs nuat ba no pæefbflfÐ 6f ¿ f¡lac herald tcquêncer aá

¡eI[ as frm tho fact ùat ro luvo shilr thrt ft¡eil ¡tl*ocar rftleh

cost onc er¡bitrary pæltlon rlruffiæ thcy rre rldr art Dot rE

offlcl.ent rynchronlaLng unite Eg bo¡ßg, rhlßh oort olt dtølt fcr

ovsry tro od tllq ussd lf the Þf!åry faput u¡¡et b. /-cnoodedr or

slt6htly lslle tlnn tbis tf terrnr¡- i¡prt is avellable (tbo v¿lu¡ tn

this lettor eage rorkc out to rbcnt 4 arbitrarry ¿{glts lort fæ

6üaxr lO bo=e* r¡¡ed)r
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Eclrever, bsean¡ee of the 61.1bætts ssdcrs ñstr{otLsn on

felae h€ra.ld i€gr¡sraea, tlE oouparl-sons rs havo ¡f,de are not fsir
to the elsss of fixsd posftloa synehron*nrs æüos in genorell u¡

reultl tend to rrpeet tùat ;e onrld fLnd a qrnohrnnous Êodð rhteh

uee only flxed poaltioua to rohlcvc rynoirronla*tim, ln¡t vhl.ch

a1[æe falso henld ¡€qusüêosr sãd lo ¡hould &rti¡er ox¡raet ù.t
sì¡oh a code rçuld be næe efflcl.ent tltan Gilb¡rtts cods of ttie sett

Ientttr* å¡ JGt rc Gonnot my rhethæ lt rould be ra efficiat as

ome of the À1* K cr E oodea for a oætafn Length m{ for s, oÐhi¡r

¡ractlc*l Int5loso, for alti:orçh ve knæ that ftn tåoorettael

efflcl.æ¡ey vllt not bs a"s hlgþ ea that of a rhsralil a¡d bsçsr coalo

(teoau* borae ar'å aupetlnr ln efflctcncy to fixod plaocd for

aarrylng lnfou*ttou) rr ornnot ¡ret araro¡ tb¡ €ftleot of thü

rcdr¡stLon fn sfft'qú,aæy of tbe tbsal.d and borssf ooÉlerr dr¡e to rru.ch

thl¡gp re /-encodlug, in e lnrtioul*r Grscr Also, in ¿ s¡,rtf.eut¿r

GåB¡r f-eaaodfurg ¡rå¡r not be ccræLd*ed rorttrrhtk¡ and tt fr hsrr

tbat rc rcqr:ú.æ a ood¡ rhloh rrsee onl,¡r fi.rad plecea to aohi.eye

synolrroiilLsatúon¡ stl rhloh haa the m,ri.m¡e unuber of, arÞltrery

dtglt¡ l"n ite gl.va leng'th¡

Bet'ors ve begia to ccu¡idaæ partteul^ar sodoc, rt iill
detc¡Et¡r üe ral¿timabtp bøtram tàe l-ength of thc eodc sril thr

nf,nlnun r¡nbsr of fixad plaooe to mable lÈc coilo ta he *ynehronouro

For erøarsple, a ooda rf.th r ffnd OL honld follæsd bry ten erÈltrrtr¡r

digÈtc i.e not aynchrurrue¡ fn fectr 1¡- re redìre the nuebr sf

arùltrery disitr to tro, tùre osda f.e st1l] not aynohr.'oums.
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fc lntlr tlæa€ lengtÌær rc nçed to fix norn poeftions

befors tJre cods oan ho¡* to ba e¡rræhænnree In the latter ûegs,

f:here is x¡o dfffiÂulsrr i.f re f1x tåÊ third porltiona l¡ tåe ooðe

tor{ aa cfther O or 1¡ e¡rd 1sv¡ only the laet poøftlsn arbltraryr

ths Edo ia bbviotr¡Iy ryæhroroìlËr But f,l'$,ng threo positionr ln

orde¡ to t¡ìBnsnit on¡ arù5,trary d.tgtt la +xt¡æol-y raatef,ult

åltheu€hr snrpriefngly¡ it ia thp bast üo fl¡t tlo for ¡ ede of

lm6'th 4.

In t¡s fbrmr ease (ef ths OI follawsd by tcn srbÉ,tnr¡r

dfafta) the:s Js no rræh e¡sy solutf.on. üc osuld æutrrrot

gflb€rt types *f, oodætry althcr fld.ng all tbe even ¡rosftlon¡ an@g

tha erbitzrary di"glto ae 0¡ or by ffudng tho tro porittoas alir¡atly

aftar t*re ul hergld ra unÍta¡ md fj.xfug thc d¡th sd Last ilt$ta

of the arbitlery dlgi,t strtng r$ EÊFoaã¡

1{'r on¡rnot ¡Eroye by eaLnatim tù¿t the lattm aoile (rbíeh

Ls norl efflciert thn tha forner) ie a næt afftelcÉ fL¡ett plaoe

s¡rnchr.'onoue ædc of lagth I2 (fn fact¡ 1t ia not¡ ea rill be

ehÇn l*ter)o

ßhs nåxt tbooræ 1111 deternfno the nLni¡n¡n nr¡¡¡ber of

fixêd pleaet La a a¡mchæaoua oode of gü'vø lerE*,hl but fl,:st ne

¡qed a neat naltre¡otloal cryrøsalon of, tlp aondftlæ "À fLred

place codc fs rynclúæous"n Thle ia ¿¡ivcn to us by tb next

1o&¿.
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?.2 Lse

If n trvç e codo ri.lb ûrs fknd ln the pætttou

a1 r I - 1r ... Pr and llc fl¡d t'¡ tùc lþtl.ttor¡ Þ¡ r J - 1r...rEt

tb¡ oode ls ayncbrcnoua 1f antl øly lf for æ,oh t - Ir .*t r o - lr

trhare cd,st poaLtive lntqett tr J nrch tht et'tÌçr

r'-brrt (eortn)

rrrt (lodn)

hoof¡

$rrppoec b, - a,* - t (nod n).

ilc aoncf.der e &l¡¡ roird b¿€lËDú.ng ln tùr (tt + f")tn

poeftion of a codc rord.

trho (tr + r) (¡o¿ u)A foø.tfø cf tb aode ærü (c u
ptt eo& ttrü) corree¡mða to tbr etù pod.tlon of ths t¡tp¡ rd

fsr ¡ll s betrean I ad n Lnolusfvo. In p¡rtter¡lcr pt¡ttflg

. - .f , f,}¡c brtb noaltioq of, tbr cod¡ rorril eærcepq¡dr to låa e'tù

poelttæ of th¡ false rotd,

Dut thn brtä pættton of tbo codn rorü holil¡ a ftrd l¡

and ü¡ fales ror''il¡ to bc lôeatlc¿l rlth * oodc ro¡iln nccda * O 1¡

lta aatù poaftim. lfious no falça ¡ord cs ütttt tn tåa (tt * l)fU

poaltio a.

El¡s es¡ ergtrunt appllel if s, - b, r tt (lø n).

OF
bJ-
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(trr ths oiù6r hardr lf thera fe no HolutLon cf ef.tàæ

sql¡¡tlon for e givan trr R fe-lsr r(üd .'..n begfn f¡ ths (tt + t)tn
poaltion¡ d.nqo aI[ tåe positl,onc rhprr tho falsc rord he flnad

digite oorr¡¡pod to Boaiti,oas ln g cods ro¡d rhl'oh €rt¿in ellùor

arbltrrnr¡r dlstte or the td.€þtr f1¡sd dl.gÉtr and lbrsr erbiba,rry

Clglts cq¡ld be erranged to g'nko thc felsr rnril ldentlE¡,l rÉtb ¡

codô nord.

Êe sn r¡cr proc€d to q¡r tlroræ¡ onoa ;€ have found ou¡

lror bo¡nd m the nr¡nbsr oû ffratl plaora, re ¡haIL oonetnrgt oodes

rhl,ch ettain thls bqrd.

7.9 füomrm

À fl¡cd Bl.*co t¡rpc rynchrçuoua eode of le¡gth n heç st

Ieast r ff¡rd placarr úers r is the laa.st lntcgw ¡wh tlat
J-r) (z(n - t))=

Proofr

F¡ rd.Il r¡ae ür¡ uota,tLon t¡f ths prariaur lwmlr

Sl¡oe {:he aoda ie aynohronouÉ, fcr avsry t rs Df,sd a

ptr (e, r oJ) rhlgh sêtisfios çns of, &a cqrrtls¡¡. [w lt 1¡

poselhle for a giyea t ths.t thezs ürùy b€ ¡ro¡s t.hsn onç solutiEn

Ini'r. But Ln lhe bect pooelblc o&sc, tb¡o rill ba ona selutlon
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p.ir (rt r nr) far e¿ù v*ln¡ of t bctrsea I ¡n6 ll - 1.

oaso¡ if

tri - t'(d n)-b

Il thtt

J1

åca â{. -b¡ /tiroAn)^2 dE
f,or e4¡r r?låk I r¡

a¡d

But oyca Ln thi¡ GBßo¡ p valrnc d .' *ad q nluca O bJ co¡rct

¡rrovlde ns* tb*n ltq solutúooa fa rd,r¡sc oú t tn 'th¡ fürst

cqrntÍm¡ and e sf.rll¿r núer of aolutlom Ef, t t'n fà¡ ¡ægd

cquatloa, &ug tlrctr oan be üo Eoú than 4q v¿luee cf t rhi.oh

arra æl.uttom cf elthor rqraüon.

f¡ lma f¡n our prvion* Iæ¡ ùat thcn ¡¡gt br ¡t

læçt (n - 1) cûil.utlonr d pæ c oüer of tbt qrrt!.oncr rtl tb.t

{bær os¡ Èt et lsst ouc ælrrtlou fu¡ lro¡.ìtr val,r¡ Ef t flm I to

te-L

?fûa beile uE to tùn i¡¡qtnlf.lr
gpq> D - l¡

Éut r ,. p + gr aÉd &c aolutis¿ of tlee ptobl.o trunf.ut¡e F + q

oubJect to ?pq ) n - 1r os.n qufckly b¡ abca to bc

p + q ) (z(o - r)É
çirgaot lr) (a(¡ - t))ä

bJ-.i I t (¡¡r1rJ).
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ThLa gÈvoÊ rs ot;E l*cr bound m ttrc ntnber d flreË

Blnnco nÉcsmårtrr. W€ oan aøstn¡ot ædea *1sh ettaln tål's bæ¡ail

fw ¿Ll n. lh¡¡o ood€år nhlch rc å¡11 onll tbo F ooilcar e¡¡ t{n¡¡

{ù¡ uost offlcltt f,L¡ail Þlase a¡mcbrmors oodcs pæeÍhhe

Âa F oode of, 1øe3h n han

(f) fireü o¡r Ln the poaltfwra l¡ 2,s ... r F1r ald

(ü¡ f[¡ed, Ita lu the posltionr n, E - "1 r oo. o - (rg - 1)r,

r Lc tho læat Lntrgsr not loae tren (e(n - 1) )il

rl le tho le¿at intcger not lss¡ ttnn Ër

(n)

(u)

rberr

(n) tÊrtr-rl

fhla codc hea r, ftrñal Of a eqd r, tlxed lr5 * r fLæd

poalttour ln êLL. Ae ouolr¡ lt roestp¡ füe ùound of tbaocen ?r9o

He nø h¡vc to prqv. tha,t lt fa ayuclroroous, anil lm¿ ?.Ê tdla ur

thl.s rl"Mo ao if aEd only Lf ro cån flnd rslutlons for o¡¡ of tb¡

cgrutl.ona ftr every t fu€q I to n - I.

We shll later corypâ¡T tbo Ir cod¡ of e oæbla lengtb rltù

othr typss of oodoa of thr arnr leugth. Sf¡ce ft i¡ at hast er

rfffclcd ¡¡ Gllbsrtls codc of üe aan lerqth, rc cbtlI ouly

Gonpq¡t tt ;fth sodåc of tho fhcr*ltl nd boxsar ffpú.
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Seforæ rrt lrrrocoÇü to tba DEd of tùe thoonn" tr n¡ed

tbe ñllcr{rrg Isß. It rl11 ba useil 1n tb thaorcn to chq tùst

falce rorils oenuot begin I¡ posltf¡m oloar b thc smtrr sf r

oodc mrd¡ thuo, ¡t l,s th€ orsc rfth tbc Ë ædotr tba ¡nattlq¡ nr

bave to Ìg!*¡l mat sbs¡t a¡ç tboøa nar tb oent¡c d tbr ood,¡ ærd.

?.4J tq,

- If r ic thc l¡¡¡t intagæ not laes ttan (A(n - 1))& "r
tùs l.¡¿et tntegsr not lcæ töü *rr and r, r D - t¡l

th.a !or¿)tll-L)

F¡oot¡

,8 > E(n - r)

(f) r l¡ evcr

fl,-te-f1r

tlra-åra)å(n-r)

(fi.) r i¡ odd

t? l,r odd, aad eo

Bf-1)z(o-t)

rr-È(r+1)rrr-S(r-1)

tLú',-å{oÊ-1)>g(n-1}

Bbortfeo, In sII cÉrenð ttte) å(¡ - 1)r

Ail tå.Et rc b¿ve ùÏrf¡ len¡r ts orn proeetil rlth th. tù¡otrr
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?.5@

Án !' er¡d.e fs ry¡¡ct¡rorpugo

lM¡
ïn the Étotiso o:f l¡s 7.?¡ 1ùc *rre ele l"¡ L = l, ?,

... r rl ¡nd tha br'e ê116 ¡ - (J - 1)r1 r J - I, 2¡ et,_, rg.

$ fæ ToE2 r€ mlry h*ve to shc that fer dl t fru

I to n - 1¡ thsúr i.e e ãslution of eúthæ *t - bJ - t (rod n)r

*nj-"f-t(ædn).

Co'r¡sldefng si -þ
J

n-\-rkn)
"a-h.-2(¡0dü)

C<¡¡ËLderù¡n bJ - I

h-trrr-1(no¿¡)

\-.ert!-e(ædn)

r.-bl -tt{roda)

tl-be'"1 *f (rcttn)

h-lrErrr(mn)
bg-.1 rt!-*l-1(-4")

oaa

aaa

-þ

ta.

ata

å
"r "a "l"g

(roil a) b- rl- -n-rrf*(soaa)râ tl

Ðruc (r, - nJ) eatles eu ei vsluea <f t fron 1 to

rrr, (aod t) anit (OJ - ar) e*ttefy a*ll tbc vatuoa of t fra

!-rr?rtoa-1.
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ï'ut Lena ?¡4 abwed ua tlat

u"r"g) (n - r)

tlrerufcer r.r¿)n- I -rrr,

loie tl"Z * LÞa - !arr.

Thcrrfo¡e, ol.rlco D - rrË, e¡d aL[ greter ralues br* ¡"s

a ælutis¡ fair a,, and b, of b, - i!, rrr, + I aleo be e ælUtilõ¡

pcit êi ena Uj of b, - êt.

ll¡u¡ &e¡rs Lg e eolutl.on frr all tàe nrnbera fra
Iton-1.

Bl Iæa 7o2¡ thl.a lpìsrai tb¡t tùø F goda ie ryælrcnore.

tü {bÇ ilsf,l¡tttæ of ès F edø¡ Ð F ood¡ Le tùe wt
¡fflafaÉ fl¡eü Ðls,oc rynaÞononc esde for aqr glva Isr6fù a.

tsrq ü¡ proof abcror ¿t ts eYf.d€nt tùet the P corle oan be ccnstlrn-

tsd fe botrb even ¡d odil rrngtùe. Ehis 1¡ m of ita e8rnnte6rs

æcr tln Y, & ârd E oodca¡ i¡r Êd re do not h,va to ftrst
doterui¡c rh¡tbæ re te,nt årr evsü or ün orlt lcgth eo(lr; r¡ lor
tùat, rbtsrar thc parttf r thc F code d thú lüdth rftl bc

rynebronouË.
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0r co¡raer th btg edssr¡trys of ti€ I' odÊ ÐY€r tl¡o

Ir K aJrl ö codee is that it nuquiras nelthæ terna:¡r lnput nor &

f-encoCerf i-n fact it nesde very little æoræ apparatuø th,¡ a

GiJbert oode, and eo it rcrressnts an advanst ûn fH1bÉltrs code.

it trs¡rslite eore ínforæ,tisn i:n a givtn len¿;th vhil'e stil}

retal¡!.nst the eyachronLaingl Þrt1¡drÞr and thus æI1¡vçs all&tlf

*he fle¡test bur'den on e¡mcblûnoug æde efficfency - tba di€i,ts

tlhicùr arç r*atfÍ.etsd is older tg.'enerurs that ø,ynchrenfa*tiou ray

bo rogaLnod et the firEt ooææt]¡r ¡cccived ro¡d after it ie lontt

but xhtah¡ ;hen the neaaago 1a eoulng tùrough norually¡ omly tekc

up rhrt could be nr¡ch-¿oedlod e¡nce.

ttrd.a, then, 1e the ¡saaeon th¿t F otdes sdl do tlp rorlc oú

Gilbortle codoa¡ arid do it bctter. Hhen t. us€ a &ílbert oode¡

r€ aoan tJre fnconLng d16i"tø fc the ürst hsæ'Id eaqunnoe deat

appea¡s after e¡rnehroriratton is Imt. 'lEhie requires a holding

aæ¿ ftr lùe 3-ergth of tb hereld. î/ilh ¡n li aodo¡ re cúû'n th€

incoming dQita for the íI-ret accoptabla rcrrC¡ tirie also raquirea

a holeling arr:a, tliis tino the iem;th of the rreild¡ lrrt tÌ"rl'e ie tho

onty chønge fron ths bardrere nêcoaeary to fxplenu¡t tilbertrê êode.

Obriounly, a¡mchronLsatÍon v111 bc rçerLnetl rfth türc first

coneot code mril ti¡a.t conee tirnrug'h, since if the dfgÍt etrtng tr

Çrror fr€€ thñ fl¡st po¡ition of s cda lord, end only the frrçt

poeition; aan beeÍn a atrln6 of n ttieits rhiclr is acceBtablo eß B

eode rord"
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#r brvs F$wad bofore tbat fJ¡od pleces aFÉ not aË

ef,ffolent r8 bryoË in r a¡múlon*rs oodc¡ ùortftrç tbe F üoüË of

¡ giydr 1€ü6th can r¡tYat¡ at loaat theoretlcelly¡ be aa effisl¡nt

8r thc ¡¡oct offlctat rb¡s}d a¡d bæsst code d that length.

Ihov*r tn pactloe tÏ¡t"r Eqlr nat tc tn¡¡r sfxo¡ tf for erolrph

@þr bfnery Xnput la avrilable, thc F osde n*¡r bc aa cffle rnt rs

th¡ oorzçapodtng K cod¡ (or g eode) sftc. Lt has bro¡ É-anoded'

I¡r tbf¡ DOrt Ëcctton üe rfll tnvsotf.gato thfo pæefbilttf.

lfhst lc anothq d.cte to tln argtnent. If e þ66"6

K oodr ts onl,y ¡Iteþtly no¡e cfflßfsnt thn s F aodo od the ¡e¡¡

l.n6th, rotrld 1t not be botter to ßYg q¡reolvec tþ trruble cf a

f-oncodcr and ua¡ an F oodr? Wq oannot &nËt ¡ thls qUeatfon

dl.notLyr alnes it dcmncþ lergnly on psetioel conaldo¡ation¡.

Sut w n¡at røæbm fn all or¡¡ er1¡Eæto th¿t s I csdr¡ 4Êü not be

bcttsr to u¡¡ tùn¡ r F sgdt of, thc rene lcrdth Just beosr¡ss tt tß

næe affÍ.cist.

fie rltl ÊLrat omlnre th. p qd¡ titft tàe É-ææ61{ f, oot

cú tùe oam lorgËùr. lEhia oonparison nr¡f,t fèl¡. f¡to tlo partrl tb

osae rhp ths ß cods Ìr¡s Êü öV€tr nurbsr of boreOr and th¡ caga

rùon the mnber of, Þces l¡ Odd. |fhc etp¡nrt¡on rtII bo nole

favor¡ra,blc to th¡ F eode lu tbr letter ü€llt¡ rhcn É'¡¡codfng

rrduoe¡ tl¡ø effloLnry of tho K sodo solrrl¡ tio lo ¡hall æBsidæ

ths foner creo flrut.
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?.6 of tl¡ë f ædea ed H @odåa

s't¡prposð üt hsya a lergth equa.l to gca + ¿e + I rbo¡s t

ls any integnr. íi{3 ä, K codi¡ ff ro heve 4e buss ar¡d ¡ rJf ¡alra

re obtefn B oodr able to ea¡"¡g b2 - ê¡ + I b{'r*ry lnprt digltø ot

fnfatmtisn-8É2 - 8t + I by ae'btt¡ery ill.glts, and 6a 1n thc ?¡

bo*ggr

Hc a¡¡ I codr oú the s¡n l'@ßÈh ¡.qt¡fi€s at Icßçt

(rø*2 * 4ß)å flr¡d Fosltl,üÊ. &r¡g tt æquino 4. + I fl*aê

posltloaa, ancl ss baa onty ð¡2 - h srùftrtr¡¡ poaJ-tl'on¡.

trcr if re conrlilel elall"ar oodoa e,oh rith trc arblteur¡r

ilLgita Lcee¡ th¡ ac Í oode rtll atil1 nqrrllr 4û + I fl¡¡d

poalttont ånd 8<l it rlar giltr' h¿vo onc r¡fbft¡trü drsrtr leos thar

tb oorr¡Blnnt$n8 X ççrdc¡ Ío qn cøtl,¡n¡r Omcrd¡ri.ng ooÉ¡¡ ritù

t&e nr¡nbæ of arbitæa,ry digtte laøa b¡r tro ¡nd æpratlry thc erérn¡¡t

untü.l rr ¡caab the rtegn rh*¡ç tb. F code only nagufloe dc ft¡od

pocttioul thl flrat CIag€ lt tlræ n - 8¡? + l.

If rs h¡.ve s, K oods tro arùltrery dl6ftr ehprtçr thr¡

tbr K oode of length AsÊ + Cr ths neu Ë code uiII qnly be a¡ rf,fiel,st

as tbe !'ooilo of thc ãur lân€thr sin@o ttÉ F oode ncnr ouly requlrcr

/b ftxed posftionr anal 8o øo of tte fi:csd posftioùB cen beaqc s¡

arbitnar¡y didÉt. Sorwer¡ at thl¡ lagthr ei¡ce ure hsve ruuqrod er

arbltrary dlgtts f,rfr thß ord-6J.ml K otdo¡ re sr¡Dt co¡uider anoùbæ

K codc - tihr me rlth 4a - I (sn od¿ ar¡r¡bor of bwee) bmes and u Ol

plrll for r helald.
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8È

lio Þtow tlwt the F acde of IsrgÈ.h BaZ + I hae

- 48, + I albttrary dfuits, üne aø¡m as llÌe fcuer ( code

redr¡ced to that lægth¡ The l¿t¿r E de sên cånrîr g*â - th + 5

binarg lnput dfuits thor¡gh its aÉ1tur¡r diglta r¡d 6u - õ

bfnsry f-uput d{gite t¡¡ro"S 4u - I of lte boxsB, aut 1¡ the cÉd

box, rmder É-enoo¡ll.ngr Fe cå¡n do nothin€ but ftx tbe leet dl.øft r¡
a arro¡ and so wa can oaþ eeny ona binar¡r didt !.a lto [bu¡

thie latter Kr csde sf lmeth Ar? * I oan aleo onl¡r earry

Êr8 - {o + 1 bfnrX¡ lnp¡t illgåtar

t-hua, for n - 8e8 + 1¡ fåe F oodo is ¡s efff,otnnt a6 s4r
y'.-eneoded E oodø, aacl re can eonsÉ"der tho ordes ahort€r br tro
rrbltra.ry dfgite rlthout ð1tü1¡6 thls æI¡,tfunshfp rettl re have

to eonafder the K aodc rLtb u iir pctre fq ¡ bceld ¿nd {r¡ - z bo¡o¡o

lPhe flret @sa ro nr¡st oonaida¡ ia tbsn a - BaÊ - 2t + I. W¡ ¡n
agetn eouFårl¡g an F qoilc ritb r i( aode rltå. *a æcn nr¡nbe¡r d benee,

aud tbe rcsurtg ers g{*{lar to t}¡oer obt+l.aed at tå¡ ¡ù.rt f thlg
geotl.oa - ths F corle @¡r csrqr one lese brns,rt lnput ¿fãrt tls å¡
ts oodc of the aaæ longlbl

lje hsve nm drm tbat, lf th uoct efffslcat f-encodd f
oodr of, ¡, eertain langth ha¡ m odd nrsbo¡ sf boxee ln it, tùe f
ooih d tå¡ cgo length ta fiist as effLcient, but íf the pæacorled x

oode has rtr orcn nonber atr boxra, tJ¡e F code oan carrïr one leae brmry

t¡pr¡t dl€Ét.

é
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lh alao w tht bcttcsa n - 8¡? + AB + I ad
.)

a - 8è* + l¡ tho qoet of,fl,ßL€üt t asde hrd atr s73n ar¡¡bs¡r of bcrøa¡

betrson ocÊ + I and (bE - gu + 1¡ En oüd nr&bor¡ Thfe fudlsatê*:

tbat for batf of nll poæeibÌe eåaes tho ? cds of a certa.fn 1engtih

le ae efflcfsnt es tbÉ cfir"eqpqdt¡g K oode¡ for the stbår h¡,lf, tt
le leua sffLclont¡

'¡i'e slt1l nflr s€d¡pors tùe F codec rrtth tbc Eo sd B* oodoao

sinee vs beve *lread¡' eÏrqn (fu eaotion 6) a aloce effLnisr Ècteeu

tbs Eo oodes and the K eoCes, and thc reactlona 64 ¡t*cod{q6 @

thæ and on thc S* eodeer w hevc a good tdo¡ cf rh¿t to exlnot

lbm thte oorryerJ.oono ![hæa Â!a Do umxpeoteil teei¡lta¡

7.7

In aeotion 6"18 na shrâd that u¡dqr fl-æeodi¡Cl * EEt

oode i¡ st lcaßt as affl.ofstrt ea tho Ëo crde of th¡ a¡¡¡ lsngùho
/

Ss ro rllt oaly soüpflre th€ li oodee exd the Á! co<Ieuc

If ra shoose g - 4s ad u - a for ao¡lc lntegtr e' ?€

arrire a,t an E" oodc of lagth &,8 + 2 rù¡tch ceü caüTr gra - b, + Z

bfne4r input dtgi,ts¡ and ro lmc ü¡at an $ oods cú' t}¡at lcagth

nequlrae .tb + I ftred poeitioaar and Êû oaÌ orùy oarry gaE - rb + I
hd.narg t¡prrt digl,tsr B¡¡t fcr o = B*2, r€ rtrlcn¡e tro arbitrar¡r
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dl'Sfte fYø our orig{-r¡al P& aods, and tlr€ FOI eode we obtal"n can

D
cr¡r¡r o!ry 83* - dr b{?¡å.rT f¡put df.gftõ. Br¡t rr d¡rod b¡for
tùlt ai f oodr of ttris leagùh onLy roquhee {e fired poal'tlqsf åd

so it too can ù¿rlf 8sP - {e biæry f¡put tu.glta.

Ëro har¡o nor shcma üre,t for a¡ncll¡ontns oodes of ewn

length, tha Ir codo ls as effioË.grt ac tho ¡aost sfflciånt l+nædeal
rho¡ald ard bcmoat code arcapt 1n a fw isolated oBE€B¡

úo ean sun up thø rerrrlte d tbe peat trrs ceotLons ea

oode, lt la profemblo to uso an F oortc rmLoas effllciene¡r Íe

inportantr End thon, if tho lea6tå requ{rod ia odd e¡tl ttr næt

efffoient K oode of tåis lei8th has an oçu nt¡p.bor ttr boroe¡ it
uay be ¡ref,elablo to r¡ss e t ooda.

Íhs follqi¡e e¡ßph¡ rha thosc propætire clærly.

Ih¡ ftrat @ €flpæc¡ tJ¡c F oodr rità tåc llnoodåð rbtrs.tü rd
bo*esl oodor¡ the eseond GoEIle,¡oE ths S oodos rtth tbo lhe¡¿td

enc bslroer codos in th€lr ¡æt ef,ficle¡t sta,te . fho effsct of

ft {nsodÍng ttr ttr tettor oodse 1s reIL flluat¡*tedr
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7.8 frotes 0a tho G¡ephû

fre ftrct ùfir6'rc Ëu€$t nute trs ü¡gt the poaition of

the F code is exsotly tåe sas¡e on botb graphc. û¡ce ünLe fs

rocogniead, tbo rfif"far€oae f-e¡ço¿t¡rg qkÊs to ü¡e efflcf,onqr of

tho rho¡sld a¡d tomer oodae l¡ i.lo,€dieteþ :p¡nrent.

If hor¡vor, iLenoüqg nr¡st b¡ uacd to f.uplæent rbers,Ld

q¡rd bÕnaf cod€e¡ t¡rad.r cffi.alew¡r rdrantague d!.ae¡r¡raarr i.Þæ r
targc Barü of the range choeea (and r¡ver allr raoge) t*c F ccds q¡

ba aeen to be thc oqual 1a effLeloe¡r of any of the rherald åd

boxoaf ood,es, end, if thir* Ls so, tlrore is no næd to cæplicett æ
hardrare råth a ÍLæneùder¡ rÉ uee ttre F coile of the length requJredo

Ieter, whsi re coæFm all theco oodes rtth tba code

bouril dorlved in eecti.on 8, re ahall æc examplee of shat bap¡raru

for largu n. ln¡t tbo resulta re heva ool.looted børs on thoee

erephr a¡io r€pr'eserrtatlve of ail the epectn¡n of n na]uee¡ ü{üa}r,

Fe c€¡n geo thie f¡om tlp thoo¡otfce3 resr¡lte alresfu o-ntei¡od.

7.9 Sranaqr

rn tÅis eectlon ro h*vs comtmsta¡l ¡ ol¡aa of ff¡ed pr¡cc

qrnohronmra oode¡ rhl.sl¡ a¡e ln par+' o¡¡so ss offlctent i¡ bsndlit€

OTO lnput dataas tha ¡¡o¡e so¡ihiatloated rbenlal ed bo¡eel codee,

altbou€h ttroy ero È,heoæticaJ.þ not ¿s affÍqlß¿t¡ He hava elro

ahcn tfuat tho I¿ oodss dra aa offl.ot¡ut ÊE enJr fLxed plaeo

s¡mchænoua code can ber
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8. Â lfu'¡T tï;T'}:.'R Ii'JUtiiiJ úÌ{ uüÌ itri.'r0lÍNcr ûË

6.1 Introduction

Êlo far üc båv{¡ dipcussgd s€Terel nss ofesses of

eyncþgnotu codssr tha E €odear Ë codes, ã oodee and F codos.

fach are r¡eeful in rertior¡ler q.cosl tlr lJ codos ero the ¡noet

efffcient synohr.onous sodet fOr æII nr th€ K codcs tlrl E codos

g6 tl3 6ost 6fficfant rberald a¡¡d boxeerr s¡rnclrronüus æd€3 of odd

and evø lan¿tbs FspaCItiveLy, ârd tbe F ot¡tlse er€ th€ nort effisistlt

ftxod plaoe sJmchñtnoug ædas p'æsibler h¡t ons q-.rtstion renai¡¡

qn¿¡¡æerod: hor a:'ficient is tbe *ost cffioiant nynshrorlolis codc of

a 6lvan ler¡gth?

rvs knsr that rs can disr€terd ell but the 4 and f e¿d¡g

:In T tù€ o5'aousston, aince rs Ì¡ÈY8 proved, anC v$rLfied fran tbe

ëFaphs, iùa,t tfu¿ F codaa ext Bot as affiaient as üe fþr¡aur tlo

ql¿as€s f,or glvør nr Sc.ie ¡rovoe &et tts qost efflci€nt synclrroo-

ouc cod€ po$g|,b16 rill not be a f,ixed plaao cocl€r lnrt a'lll rel¡ m

tlre rhe¡a1d æd bxsal pr{,nofple to eeo ertet.

--le chell sha tho ttro illgits to a bu t syetoa ls ¡¡cre

efficlent than tha ttìrree digLte to a boxl syetem vith no¡e

couplicateri boreeg Bo rs ùalt sasir¡D€ that eæcfrlt€re a.nong th

posslbillties od ncdification sf the rheraLl and bçesr thane lioc

tha cLase oú noat efficLent e¡rnchconoue co,ise.
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In X.9$8. C'otøbt trsloh and üqdon pub'Ilehatt thefr papslr

oa o(E¡rfroe rdeÉ¡ üour-fhe oód6s heva ttre symhronlãatloûl

propætü that no falsø ro¡ds ara aodo lordg. Eravæ¡ üey do

not ¿pp¡æ f.npor,taut ln the flald of fnfonatl sùr t¡Ênanei,seiont

d.nce tb€ itigttÉ sDr interttlstadt aad so aannot accept arbltnry

f,nput.

Ehe fuportant thfJtg about thc aosme-ftst odea tlhey

const¡rictsd 1o that thsy prevail for ocld n up b 15¡ ard posslbþ

beyonil¡ thc eæra-frse codee æe.cbd ths u¡rp*r btnurd gfven in

section 2 on ths r¡rruber d poaui.ble rc¡il¡ ln a aelf-*ynchroniefng

code¡ Jlggs in 19&5 verffled this tsgr¡It for n r L7¡ Bt¡t ocos¡-

free oodoe do not eub¡ait to ürs restrlotfon o¡r a¡rnolrouous ccde¡

tbat g@s dtgtts nust bo sufflclsntly a¡bitrary to csJqr lnfonatf.ont

and lt ÈFIrGe¡a th¿t tH.e aitdltiæ¿l wetrictl.on üêallt thet thô

absve tor¡nd ts not ¡ Lecat uBpc bc¡rnd fæ e¡rnolroaous oodðs.

It'c s}f,l1 æastnret e bor¡nd for goneralf¡ocl lhsralti aud

borast codoe rhf.&,¡ tf th¡re f.s no otùer nor¡ effid.eut re¡ of

soncttrrotl&g spohr@oua codoc¡ rf.l1 be ¡n upper h¡nd for eL[

rynclrutous oodea. He atslÌ thon ¡hm that thit bürhd la raelfa-

tic in that lt c*n he attainsrl for all a ìrp to 95, but rc st¡sll s,Iso

Eha that l¡ scea oaÉ€a tt tt u¡attal-nabla adr 1n factr for veluag

of n ¿roatæ ti¡en 9tr ft EJr trcrycr be att¿l,nab1e. hrt cven then ft

ís a gleat dcel oloesr to an actr¡aL velua tts"rr tho bctrÃd p{"vet la

soetfcn Ê.
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8.8 [|h¡ gerer¡,Lfsed rtoad.d ancl borear ædc

*'fE hava ahc'mr, in our -¡roc.fs that tbe K codec end ¡;

codes are thc r¿oat effl.efeat rhe¡ald andl borssr eodeg poaalbla¡

that ça h¿ve 1n thees tço oarçs atrotcÏæd to the ltpLt fJre nunber

d startlqg poaltlüra úLol¡ oan bc clinirrteil bcoarao of ths faat

thet the feleo ræd ha¡ CI.l rbore ¿ cods tord needa a bc, or r¡f.ao

v€rlrt l.e. if re bvc u Ol psfrÉ and s boæcr re oa,n qi[{a{rraftq

?ua etartf¡g posltf.om¡ and ro Do¡e, beoauac of tlr l¡tqactLons

betrsan tlrcn. tlhc onþ othr foatrnc of tfto oode rhf.ah ao¡¡ld þ¡

ailJueteil to fr¡nova elaohrônl*tfon la tho hc¡lil.

In the hcalit of a cods rord crl6 u firsd Ors md u flæd

lrt. lfo lnve aerrl fro¡¿ orn proof tbt thâ F eode le ryactrffioüt¡

thet if tàeso rerø B1eaed coræootly th¡oWümt {iho ærdr r. æuld
sliEinate
/Art st*rttng pooitlone . $l¡ce tJre F ooal¡ ilooE aot ¡næli¡ fæ

borog of tro dfgitsr even i¡r the Ëeneralisad fo¡¡r r¡utliaed belcr,

te esnnot oqreat to sbt¿ln ?r¿Ê otLuÍ¡¡a,ted startlng pættions fÌc¡
r¿rr ha¡eÏl¡ but re could. erpeot scme batter rsù¿nr then thå etr

allnutneted poeitions vs beve obt&t"u€il ln the ¡net.

the probh tbn becoor¡ ha can r't tr¡çr¡gp tbe 01

palrø so {:bst re obts{n thE best retrro fn eli¡rrn"teil etart{r¡g

poeitá.onar
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Ttris is an a&sy quoðttm to a¡¡ower by itsolfr eltlùwÊh

rhea eæbinail rÍth Ðtb€r f*otors the soJ.ution becosog nm amplex.

If r¡ coultl uoraly €nar¡sa that ao tro dtgita 1n th ÛI pstri

intertatøil rlth othæ d16itc for tbe sals sta¡!{ng poøition¡ rc

rn¿lil obt¡i¡ tha m¡l.mr arsber ar? (6vcn ebova), of oli.niaated

pæitloru. Btû si¡ce rni sust ñtoin tù¡ bor oùs¡estæ oû the ül

pairr¡ !n overy oase there nu$t bo u f.ntOru,cticrs fcr ¿ false ro¡'d

begånnlng Ln poøltlona ? and n of a osdø rord, for ln tbe &rzer

ceee all thø leadi¡g EçroaÊ crf tl€ {Il pefæ of tha falsc scd

lnter.aot Ftth tlË rmfte dfurcetly foLleri¡g tho ca:Focs tn tþ Godc

rord¡ ln tbe lattelr oaee tbe units of the fala¡ çor{ lntemgt,fltù

thr ¡crocs of t¡t eoda lcrd"

Eæever¡ e¡rart frsn t]lese two poeltLone, lt lß psõBibl€ to

poritLön ihe bc¡xae ln suab e, rey th¡t no tro poeÍtione of I Godt

r€rd lattqot r1üh tnro poaitions oû a fdso rord for s¡ryr Y*IT¡Ê of ¡.

Fol lruplo, couridsr tha sryrcluronoua ctda rf legtb ? çith tl pira

beeá.4?lne ln the f,tret od for¡rttr poaf-tfonsr and {bc pOd.ti'o¡s rborÊ

a f¿Ise rord coultl atart¡

Olxr
r úl 1r
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01r0
Orl r
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01r
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llr r
01x
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Ehe ta6e lndicatc poÊitlons ?rhere the falçe rord lntenaets rlth
{û:e æde Folrds.

:ìrcopt for pælÈlr¡ns ? ar:d ?, rl¡icb re håy€ alrearþ

orçlaLned ro ean rlo nothiag about, therc ic onty oao i¡te¡rctlon
betreen ths oode ward a¡¡d the falee ro¡d far eys¡? etartfng

positfon. îhla ls ttre condition rs nust rin t-o¡ 1n poeitlonlng

aur O1 ¡ra{æ.

lfhe rbq\ro f.e not e epod cnrryle of ths t¡r¡n of, sodc rr
hope to obtafn, ei¡¡ea ft contafus only ft-led plaecl sd no bge¡r

But ræo of eucb e gp,:d o¡¿q,r,ple rould l¡ava ¡ade tb sodo rotril tog

Longe

Of sor.æo, thon rfll bc uo¡c thn on¡ r¡¡r of poeiü.wtng

thc 0l ¡nirs ln a parttcut¿r s¡sot f,s¡ ¡rtrryrlor ln tho abov¡ €å.ði,

fi¡fu6 tbe $1 ¡¡gir¡ ãË beginni¡rg ln tàc firgt and fifÈh pættfu¡¡¡

r$uld heve ecooapl;tsl¡ed tb¡ se¡¡ resr¡lt. and, e{nao plaoi¡g

becøee i.n¡rortent l¡ trbc noru coepl€:E orsêõ rbrn re hve to hrndlc

boxoe ec ralI, the ebwe ia not a ocmplete r¡¡aÍbr b thó proÞlo.

Eutr aa¡rra¡r¡ tc nor heve our liait¡ rr knr tbat rith u 01 nl¡n

correotþ pleocil Ër c¿n eltulpt¡ 8(u? - u + I) rtartflg poed.ü.otre

(re loec (u - 1) i.u b{rth {dna ¡ocqad ed nth ponitiorc).

fhsre le @re oürcr gano:nrltsatfon va ahoulü Ëenü.qr

although so far ft hÊc noù belpad to entrarao tù¡ eff,f.cl,cay of any
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ryrchtffiouB code. lïþ bve s,6sì¡ü€d that the tro dl-glts ln a box or

A[ Belr ur¡st b€ aoxt to oach ot]¡er. Uo re,son haa besn givca fcut

tàt¡t ft Jrrst c3s&ld the logloal th{lrg to do. h¡t auc of <n¡r

argtuørta sould have alterðd ff tàe di€lts Ln lbc bcxea aDal ül ¡rfs
rane tro, or thæee¡ or p diglÈe a¡nrt¡ so long ae each ü1 lnlr and

box hail the Eans clLstanoe behaan Lts dfu¡lto. "fond eo çe ar¡st

consl.der thfa ea¡loot elao befæe rra ileoLds that e rynohrnruors oodo

of a ocrtain Lan€f;h and ef,f,fad.aÉoJr cannot bc coaatn¡ctodo

$e ehoìrld note hsre tlet tbts tachnf.que of, spLlttfqg the

boxes asnnot affeat the ruluber of, atarting poslttone olinlnated þ
the hereldr eiuce tho:re rill rtLLl be u interactlone tr"ith a falee

rord eb::ütrg: in the seconil of the pairrd ¡mLtlons End thc

conplenentary poattf.on: .

Tla are nft ln e poeitton to dertve t|¡6 r¡a$qr¡p hqrnd.

lho ¡iæivatlon ie oloeel,y alltred tç tt¡oso used 1a refsroso€ to t.hr

ií a¡d E oodee, and ar¡ re rlll 6dvo here onLy the bere bonos d tbß

ar¡¡nant'

8.5. Tbo¡g

Å rynohromr* oodr r{,tå u ûl nfra and r boxea ea¡not bve

e LomgÊh gte¡tæ tbl¡

år(u*o-1)+S



,ßb-

F¡oof¡

Inte¡astions b€to€¡ thc b ce end tbo 01 pd'æ €lf-ElÐtt

Bo ¡ûore tlu¡n å¡s etå"rË1¡g po*ltfme.

Intc¡astlone b.trteü tht diglts of tihs {.)1 pefrr eltntr.tr

no n{lre tfan 2(u? - u ¡þ 1} cts¡tLry pooLtf.æro

$o thor¡ ü¡ls no nor* thaì ?

pæltlonc ¿llpfntod Eltogtthæ.

(rr?*ur cu+l) lter{d.rg

$o tùe lângrth l¡ ¿t noot a(uz * ur ¡ u + 1) + 1.

Â X csda cf thla lcngth rorrld raquü.æ u Ol. patlr and

(¡ + u - :[) borae. So ff îìE {En oon¡tn¡ot * oaile rhåoh ¡ttalns

tbis bmd, rc eqr osüüÇrù (u - t) of tbe bqea ln t.he E soilt lnto

ôr¡bft¡e¡if dlgúts' stl thl¡ giver uc fout arhltnrg dl*tts tnrta¡il of

th¡ tbroc blDBry lnpr¡t dtett¡ tbe K oode ornld cerry ln iåc bm¡

rndci ÍLüooüi¡g.

. Fc +.I1 qr thXa ie not veqy Lcportant¡ fo¡ terge ut

rhrn Lt rould b€ lnportsrt¡ r€ Çf ¡¡ot bo able to oonatn¡ct lbc

oodoar h¡t ¡r she1l ahw ffret tùat ,¡ ttÐ p.rtlo¡får cecoe rbcn

tr r I nd u - $ tbat coclor mn be awtn¡ctod¡ and alao shffi üat

rlrn u - 4 a¡d s - I a ood. of th¡ naxtm¡l logth glvst by {he

fonul¡ oa¡ not ba oon¡trqctealo

frls la,tter laault tB€Es to lndic¿tc thÐt làs botatl te

ara asoking rat aot be a leaet upp€f, bound for u ) 4r
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But ftrut ra tlll sh,ot äat ¡her¡ u - ? a¡rö u - 5r sodes

æn bs aonatfi¡ctott rhlcb attatn thta bur¡d. ffol tåc fl¡¡t pa¡t

of tihfs dsonat¡utionl rs ehå]1 pro'rË tås f,o}lorf¡e thoorqr

8.4 lllheo t¡¡- 

-
A ooilo d lagth {e + ?, rlth gt P,i'm btelmlng f¡ thc

flrot and (,?B + 4)tü.pogi,ÛLøsr snd bo:¡ps boeimf¡å in potLti@3 St

6r ..r r ?r + In 1a aYnchruouc.

P-¡ppfr

tto faLçc ror.ril ean bo¿É¡ ln the pogttloa¡ uurbcrcd b{tl,Ü

fæ tlie ¡ea,ßür¡ gtvm'

(f) ? anil k + 71 botb (}t Flrs lntenot botvoan tbe ü¿laa çg'd ¿nil

tha aoilo rgr''dl.

(Z) 5, E, ,.. e8 + 1l tàs flgt OI ¡nlr of t!¡e f¡loc r6d lnter-

act¡ rLth r bs o¿l the ooils lordr

(g) 4, 6, .., gË + 3t cue o,f tho bcse of tùe fal¡c ræd lnta¡ratc

rttb tho aeeord ül ¡nir.

(4) ?s + t¡ 4s + 5¡ the f:tlet tl patr of the ftlc$ rord lntsticçte

yltb tJro aeoõntl ill plr of thr ooüc É¡¡dl*

(S) Ba + 4, Zs + 5¡ ths ascond t!. petr d tbs falaø ræd fnto¡¡cts

rl.tb t.hc fírat 0I Bafr oû lhe ne*t odc told"

(e) ?z + 7, âr + 9¡ .".¡ dß + 5l tÌ¡c ¡con¡d 01 Bet¡' o6' tbo f¿lse

r@d futt€laote ritir a bcnr of th rsrt nl ræd.

(l) 2s + ô, Ps + I0, o,.. , & + 6¡ tùre bcee of tåe felao rq'd

fntæeet rlth tbâ flret tll p¡f¡ nf tbç nart rul

ræd*
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thlø prov€e thÊt tdre code ia rynchrctrouâr Brrt tn theorea 8.5

s€ ãhtrßd thåt 4€ + ? raa the aad.ntn length l¡oecÉ.b¡,ø rlth øI¡r tro

üI paf.re. $o for u r ? t€ cån constn¡ct codaa rhf.ch DeÉ,ch thi.g

upp€r bound.

ft's oår¡ ohrslûuËly co¡retruot a, sJrnehroasur sode of lægtb

tkc + 5, & + õ etoo by ¡n¡oceaslvely nmælnË tro of tJ¡a erùltlerT

dlgltc¡ but lùe fast tbat r. câr¡ eonølrt¡et avrn loglh 4mcbronoua

epdoa by tJrle pruaåðc of d{glt re¡noval l¡ ¡ot so ¡videüt"

In feot, lt fc not po*s!.ble to oæbnrct r rynob¡mous

ædr of lcngth 4e + 6 ualng øLy tro Ol, pe!.ær It f^s pæalblt to

eortrust l, Eyroh¡onoue oode þ raaælng tlrroo dfuåts fi¡oa th¡ l¡st

dfÉt rtrl'l6, lut raor¡l elf only one df.gÍt leevts r nort-ay¡toFqoua

ætlo¡ t!¡c acaürd CIl patr of tùa Eadc rcil a¡d +Jro first 0I ptr of,

tùs falgr rG¿ csrTsaponil et tù. sanc tLüo Es ttn second 01 pelr of

the f,elac rt¡rd oor:reapûndr tc¡ the ffæt 01 palr of tb nrxÈ sdr
ror{¡ aad so Lt ror¡Id be pooslblo for ¿ Ía1s€ rtrd ldentf.cål *ith

a cdr rord to beein et t.be seqmd 01 pÊir f¡ ¿ cade çotto

Bhis 1c aot a pnæf tbat it ia laposelblt to eon¡tn¡st r
syæhtüot¡É codc of lem€th 4g + 6l tùc pro<rf foll<rc ¡l¡{16"' lLms

to that gtvcû¡ l¡tcr in gcetLqn 8.6.

ïhia oæBletpE the dÍaeurctcn sf tbr c¡sr u - 3. W¡ ah¡ll

nw coneldor tåe oo¿s rhn u r 5¡ thie s¿5¡ fu rm,*¡bIy *¿nilcr

to tbç oaac Juat dLosueeeðo
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8.5 lbaru--

À odo of 1en6th 6e + 15, rtth Ü1 ¡nirr begfnntúg tr tb

poaf.tione 1, Ës + 4 aad M + LE and bô¡oa beefnnlry t.n &

¡rosttfml ï, û) 7.... r âa + l¡ ts qrncùrwra.

Proofr

lriç falao rord can etert In tàs poeltiona lndioetod for tþe

rnsesûaß givaar

(f) Ê ãnd 6c + l5¡ aJL th¡vr 01 Balre fnùer:act botreen ttre fel¡e

¡ord mè the c.ods r@il.

(a) 5r 5r ..o , 8e + lt thc f,lrat Ol pd¡ of tbe falsü çr¡rtl iatc¡'

acto rtth a bq of t}:s ede rordr

(S) 41 6s..r , Ea + 2¡ a bu of tJre felee ¡ord inbæets rltb tho

ecoond OI ¡ntr of ths real vcdo

(4) Za + Es ?e + 5¡ thc f,iret 0l pa1r of the f,a,lce çsg'd Lntãnota

rif,b t"be eeoo¡rd 01 ¡aft of lba ¡ae.l rs¡lilo

(g) 2a + 4, 2a + 6J tåc th5,û n paf! of, tha f¿las ræd lntræ'ots

rttb tho ftrst (tt ¡n'fr of tàc mxt oods ror{e

(6) 2s + 7r 2* + 9¡ .r. | {ø + S¡ the tht¡ü ilt patr sf tbc f¿lac

rqüal lnt ¡acte rith a bo¡ of tb¡ nsct codc ronüo

(l) än + B¡ 2e + l0¡ t¡3 thlrd ,lL patr of üre code tord lnt¡reets

rith tbe gooond $L ptr ef tht f¿lae lt¡d.

(e) Zs + LE¡ ?s + l4¡ ... , l5 + 1O¡ thr thf¡d Ol, 6lr of tho aodlo

vqtil fntotrctg rlttr a bc of tbe falac rtrd¡
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(9) 4s + ?, 4c + 9¡ tùe thl"rd 01 F1r of tbe felee üord f.nte!-

asts çitb the eecotrd 'JI patr sf the ¡pxt eoðc

ïOrû¡

(fO) +¡ * Llr 4s + 1$¡ tbe thf¡d 01 pßf¡ r¡f th¡ coëe rrEti! tatruetc

rlth tho ffrst Ol palr of tåc üsls¡ scdo

(ff) *a + l?, {a + t4¡ th¡ cesond CIt paf.r of ths ft,}ae rcæd Lntæ-

sct¡ rith tåe flrct Ol petr ûf t¡û a¡xt codo

r@do

{Lg) {6 + IÐr o.. r 6o + tðr lùe acoo¡d 0f pÊfr of the fel¡¿ rorrd

fnt*¡ecta rfth c bq ef tùc ne:rt cods prdo

(fg) e¡ + 16, e.. r 6e + 141 thc flrst OI D¡Þ of tJ¡e nçxt codc

rord l¡toüi,otg rlth * box of tha f¿lse r(td¡

lfhl,a proves t¡at ths oodE fa tyachwnoua.

å6ein, tó oan oünstn¡ot oyrchronøra ædos tf odô l.engtltc

loea üb¡¡ 6e + l5 þ rwæiag ¡nf¡e d ardbftrury dl-åÉ.teo å¡d að¡fnt

ths code of laagth 6g + 1* ie ln¡roeri,ble to sonetnæt rith only 5 CIl

¡rlrs. Àleo¡ ft le f,apoeethlt to @ntÉtürct a o¡raclnonoug codc of

læeth 6a + LE rttä ouly I Ol pelrr, but tha code of lcmgth 6a + IO

caa aafþ bo conetnrcted"

llç seen to Ì¡ave fsund. a ¡nttern¡ rhiah etxrpr{.ecn the seng

arDrqÐrnt of thc fírat ?s + 5 df.gfk artd th6 othnr 0l petre spsnd

tbreughout th. rord. But thts Ftte¡u doee not rort for u - 4l
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1n fact no F,tt€rü roråEs fon u - { and s - lr ag t}ro folløl¡g;
thsoram shûûeo .{ntl eo oncc agaia re flnd cnrrgalvcs 1n t}rc

poeitioa of not knrtng rhetÌ¡er a.rry .Ìodê ws cûnetlRrct la tba aost

efficlent posslbler or vùethor there ie ånothar flûla ¡fflqi.qt aodo,

üre reçult of a nor* judioloua arr.Bngenont otr the 0l Fa,lr$ a¡ü tbc

þqlxeeo

!b<u i:hs foløula gÍven í¡ tlreor:ea B"S, rritb u : 4 and

s ¡ I re ao¡¡Id hopc to co¡retnrst e coôe or'lau¿lù, ä¡ (u n a - l,)+Ð-tõ.
I;'s ehåll Èor i.n tb nst theorsn that fføh ¿ coele æ¡trot Èo c@-

strt¡ tedr at least rlth 01 Fåfr€ ard boxsa rrhicl¡ h¡ve acljaoent riLg{trr

It is wrft¡rtr¡mte that the æthod trf proof le go terÍloun¡ so æqr

sgse hsve to bc oomialer.ed that ¡r.oof of thc gonrrelleod tbcura¡

r¡lth e certaÍn nrrbs of poaftioae bêt:cen the iligÉ.te of eo,ù C{I

¡nJ.:r ad eaah bor, ri11 not be attæptod htre¡ hotører, orúy attmpt

to çongtn¡ot a o¡mchrmors sodo of laagth g5 rlth onfy 4 tl pel.rs end

on. bur baa failed¡ 1n this ararsb uerry differunt ae¡Erstlons brre

been tÍledr But theæ is no reaaon rùF e dtffe$eat Bopetrtioa tha¡

tåe ono ured Ln tbe Broof totrld enable sr¡ph e eode to br ecnrtncted¡

iu fact¡ tho experinmtal onridero€ indicatee tbat a si¡aüsr proof

oould ba applled for å41r celnratlonrfor tù¡e lsar¡Ite be€,r a oloea

rr¡eablånec to ülo r.esulta obtat¡nd, rhæ tryfns to oonat¡nrct tb¡ ood¡

yltù adJcccnt dtglto ln 01 ¡nlre ud bo¡sao
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th¡ ¡æoof 1e ¿lao fnstnctive for aqpthrr Fa¡ont lt
shors tùat them le aa €lÇG€at rhlch ¡ffeats the foaalH.ltþ of

eonatnntfng' qynobruous sodce uhlah doos uot subüEit to tb
ratfo¡allaetf.on rr h,ve ueadb obtd.n our utry€r barnd¡ fndeed, tär

procf lndicatsa tåa,t ra ar!¡ orp€o¡rvrg too flnc s ecsu¡tß)r lf re

eear¡üå tànt re sãD tplea.d ru porition ell¡Êl"Btfons aø th:ial¡r aa

poaefblc 1n aIL ryaobonors c*rd¡ oon¡tnrctf.mc¡ ainoc rc echioued

thls redn¡ aBrud rLth th¡ E gnd En odee, ro h¡v¡ toilod ts

88atnÊ tbef ro o'an do lt ul.th ell d.nflar ædc¡¡ e1thfl€h €nt

erpr'Iæcr rlth tb Ë- coilç oot¡ld havo boen tn'hln rÊ I r¿rnl:¡g'

8.6 Rronq

If tùç ilteÍts ln the 0l petra sil 1n tbo bqce arc ailJaocnt

lt l¡ l¡posslbl€ to poËltlm 4 01 ¡ntrc a¡d one bx in ôu(h a ürûr rs

to EÊk a code of leügÊh 55( - âr¡s + 8(u? - u + 1) + I) te

o¡rnclrononr.

Proofr

I,at ua aullpoËa, rithout loce of gonenlfþ, lùst tho be;

boeln¡ tÈe csdo ro.de¡ rc çan tlo tåla¡ gf.me sny oycllo peturhtfæ

of a rynolræor¡s ooil¡ Íe i.tself e¡r¡ebmnouar

$u¡rpooo the ü Fafrs beein ln tt¡e posi.tlonr 4r br Gr dr

rhgrs 21.t<b<c(il(s5

ft¡l pouttLone rborr falac rqds oannr¡t b€gÍn ero tùc

pocitiorna sa fo1l-nrar
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(f) õr br G¡ dr rho¡n poeÍtlona Ln rhloh tln fclre rord¡ to b
ldentioel rith a aode çor{1 nocda a bø, Eol.naido rtth a or, petr

of tho code rord.

(ff) tff+, 3?-¡, ffl+t $?-d, vburu poei.tlons ln vblob tt¡e ú¡Isr

sord needs a 0l ¡nlr oof¡cådr ;ith tüo þc of the ncxt oode vcrd.

(fff) 2¡ b..a¡ b.a+8¡ g-s, ç-¡+2r d.*, 8-e+ä¡

G.È, o-b+a¡ d-b¡ d.ù+gr d+, d-o+8,

Sã¡ 5?+e.;b, 55+r+, 5?*r¡-q, $St&-cr 57+a-dr: 5${r-d,

57+b-cr 55+b.*¡ f,?+b-dr tõrb.d, 5?+o-d¡ $FÞc-dr

rh¡r¡ pocfld.oæ tn rhfsh the falac romi ncoda ¡ r{xrç oofncl.Íh rttù
e f1¡¡d rs¡f,t ln the code mr{ oæ rri.cc veraa.

ÀII thc above exprmsaf,orrß ere xoûrrlo 35. If r¡ b, c and

d oan bg ehos€n so thû thc reeulting oode fu rylcEonm¡a, thpu tlrc

ebovo e-¡ræsal.om ¡¡¡ret reprrooont írGry roaidn noù¡ls s5 fron E to

55 lncluaÍver Slnoe fn t¡hlr aaac tbe rcaLdr¡oa &rr rp¡¡Bü er ttrf-u.ty

cs ptseLblt, Do tto residuce E br eqrnl. îhfs is otr Ëe,flo

Blrnfao. r¡t ua sonsÈder rlrfdr of tbe set oould rcpo¡¡ert g (nod sg).

fbær næ 5 poeeiblll.tÍea

s'¡b-&¡Gebrd-Orl?-d

tre shs,ll ændder thæe ¡nseibilttiec in ürrno

Geselo e-9.

Wo al¡rll conrl,dc rhlah of tha n¡ufndør oqrld npreært

a (rod 55).
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l[horr aro 4 poasfbilt tfae

b-ârc-brd-OtS7-d

AæI¡ r€ shå,Il oonsådâr tlleec ¡rcaelbtlttLoe 1n truur

S¡€tl,.l b-ar4
fe ¡bll ur ænnl.dc¡ thleh sf, tùc ¡s-f¡dæ æuld

te¡rrcasnt g ûûC ãõ)"

lPbc;r iÐü 5 poss¿btlltlos

G-brd'GrS?-¿

À€Ðtn, rr oq¡rid€r th poaribfll.tlea in ü¡¡f,ãr

tane1.1.I. G-þr5

ûefag tÏ¡tss aquatlonnr t}n sÐt of raefduÊe trs

8, ?, I?, al, &r ão, eã, 3td,

8r {r 6, Ir Llr d-$r d-lr 5r ?r d-?r d-6r d+lËr d-¡0

Þr 5ðr Slr 88r ä6r {0-¿r õ8.d., 58t 50" Hr Sl-ðr {Ð.dr t?-d.

'¡ùp least of tb s€ srlln*lef.cna tn d

I?o

ð-18 or

rt-äO cr

Dt¡t tùon 4{l - il - d

9I - dr ruçt bo ð.

d-89

$8-ê-9.ür

t,hus tro rosf.drps a:Iu eqrnl¡ thi* oent¡ediote ou¡ Flsutsa,

Sr¡oL.l.?" d-orã

Sut lbe¡r d - b r I r €, cautu¡t¡¡ to crg pñr[fssc

0aËe 1.1.5. FI-dr5

But tbgr 55 + a - d - Þ - ê + ê, contr:ary to ol¡ñ $reätsê.
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teço 1.8. Gå r 4*

Agg.in, ú€ rhÊIl. ærrÉider rhloh of tåa d.adtr so¡¡ld

rêIlrßEênt S (noit SS).

fuDo tm ã PËstt¿lítieü

b-lrd-9rS?-il

Cagc l.3.lt b-A r 5

llho tet sf lee1üEtÊ t"s

gr 8r l8r il t 54t 29ç WJ ST.d

e) $r lr 9, lI, ô€, d-1, 1t It d'Sr ðùt û'l?, ¿-1O

!b 58, 5O, ër ffir d0-at, 38-{r ffin Sl, {6.dt 'lÍl-d, 49dt 4?-ô

lfhe laat of th€6€ or!¡aäÉEtoüã ln ör

d-lfl cr S?-dr e¡8tbü8

d-ä0 ol d'H

lbc¡¡fæcr d - {O - tl sr ffi - û- I

thua tro d {:he ¡{ãú'ifula ¡rrr tù¿ senar ooat ër tc æ

pfnlaÊr

lhlt tüttc tö,8t"Åoü uf tho ptoof tr tdenttoal' rith üs

ñcrrc par"t d tbt proof fn w¡a 1.r1.I.. IÍ tÉ pr.ffi€6 trêrìf pqtdbþ

oôtt¡ rs ;ù¡.[d g6€t thl,f, ùrarfftr af,tene tb ro Ehrll o¡try l¡¡.ræt

thle c¡sc (oase I ¡ a . $) in detrlt¡ tbr Brcf of, tùo cå8sõ

o -b *5aad il -o o5a¡€vsry tiriler to osse At tbc Broof of

thE csss S? - d - 5 ls si-ailer to ese l.
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C¡ael.Ê'8. d-GrS

Sr¡ aet rf ¡a¡ideçs L6

Ðr br Hr Þ9 $4r S?-br 50-br ff-b

2, b-Sr b-Ir b+lt b+Sr b+ßr b+€r 4r 6r Ir Llr ãr rt

55r {ü-br ö8-ùr 5Êr ffi, ãI-br Ê9-br $5r 5It ä8r Êër Sår S

!û¡ l*çt cf üraer ex¡æerslms tn bt

b-S oF 3€-b mrstb€8

'lßhorrfæc b-LL ür brSO

Thcr¡fæcrb*d+8 æ 4O-b-Þ

thr¡¡r a€rinr tro ruatdu¡¡ rurt bc rqrnl.

Casel.g.S. Sf_{rS

Sut th S5 *¡- d r €-b+ Êt contran¡r to ow præafsrr

Êa¡el¡5o d-orê

&e *prcÊÉ1.øE¡ thiçh could r€F¡Bacnt f (nocu"lo 6å) ¡¡e

b-êrc-br57-d

C¡salJ.l. b-tr5

lDrlc Oarr ls qÊËil.sr tO m¡e 1.1.9.

Gaeel-S.2. o-b¡5

Bris caac ia cr.üllor þ es,sø 1.3.2.

Caaal.5.$r S?-d*5

I¡ thl,s o¡cr ú - G * I ¡ $ñ + I - d.
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CarcIr4" 5?-dr{

f,lbcro ã,rq tbrÞ6 wil¡rÉÞsLüEs rllich cCIulal ¡slrnsscrrt 5

b-¡,rÇ-brd-ü'

Gseol.4.X. b-âr5r

lhte .ts sf-ej'],år ts oaae 1,L.ã.

(.las,€1.4.2. û-b*$
fhia ie sLû¡"lsr to cs.so L;2.3.

Gra¡t 1.4.$.

Edl la qtrf.l.er to oas€ l.$.S.

\ü¡ hvr nffi 1rrovod th¿t it 1e lnpoøril.hk to btvc ¿

Êü¡th¡oüúrg oodr of lçnëth &5, d"th 4 Ût n¡t¡s rd G. bG

bcsi,&tng fn th. f,[rst poettúoüe rhioh hm e CIl nrt¡l br¿fnt¡g

dl$otly ¡ften t*¡e bc f¡ the tbl.rri posittonr l[hc eæ drrn

õ7 - ¿ - Ð la very alrtler, Elnoo tble repnacætg ¿ oaür d.iù I 0l

Infl altnotly beforç ths botl *t lec¡t ür Èrc mssag* nqume¡ fn
pocf.tlonr S* ¡nd 5ðo

lbe mly otùar crymofua rhLoh aould bc equfl,f fu ö
(noat85) e,rl.rb -&r c-bgad t - ûr lBrsru Tùúlogrðqråü¡vu!¡

*lrflar¡ ard ao ra ¡bell oa¡¡ aæod the prccf d th* flmt om

Cage8. b¡a-5

&æc eai¡ ¿ ¡nealhlc qrr to !.Irr66affi ¿ tno¿ UA)

E¡Ç-b¡d-A¡S?-d
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C¡*cå'1. a,-4
If, b - e r 5, b - å f I o 5o Wo mst tbs oo¡l'd¡r tlbr

ørptnselcpE *loh @ulü Êqua'l gr

Thqrcæg-brd-Grã7-d,

Cgso8.l.1. G-br6

llh¡ aet d rscldr¡¿a td

d, ?r 15, d 5ã, s{lr &&} Ð't-d,

8r 5r 5r Ir llr d.4¡ aþ¡?r 6t Ir d-?¡ d-5¡ d-IÐ¡ d-LL

SSr Sdr 58r S8r 961 41-E ã9-¿r õlr A0r {á-dr {8-dr EO-dr {B-ö

&c ltat of tbcp .æGclcf@ ¡ü d

il - l5 er 5? - d¡ ß¡Et Þc t0

Tt¡erefora¡ d-ÉEl or d-Zl
I!hæ¡fæ¡, d-4¡48-il oË ü-1S-4I-d

Îhl,¡ so¡rtndfctr our ¡nrnLe:.

Cr¡cgJ.g. l_çrg

hs æt of rç¡1.ö¡* lr
{s 7, €r c + 6 fir 5O, Ð?-o, Sl-o

8, I, S, a4, GÆr {r8r ð+4f c-lt o-6r e-lr eùr 6, g

S5r $alr SEr 41-o¡ Eg-*r 8S-o, ð5.4, 4*€, €-c, S8d, S6-cr Ífl, Pg

|&o lcaet qf tùc¡c crpæad.om 1n o

a-? or ãL-êr mstbag
!!hsrdüt, c-lÊ qr 6-88
lFùenfær G+{¡õ6-o tlll G-?-5?-or

coutl|sú¡¡ to ou gr€ll.ær
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CagtE.I.5. $?-d-6

S6 sstr af ¡eefû¡æs 1r

1, ?s or 5l ll5, SO, l5?-c¡ 6

2r 3, 5, o4r e-P' æ) æt o-?r o-5, 24, Ë6, 5I-o¡ Sð.+

ã5, g{, 53, {l-e, SÐa, lt, 8, 44-€, 48-o, 1,9, 11, o+6¡ el{

[hr læat sf tÞoËß uprucsûr.rm trn o¡

a-? e 5I-Gr netbtg
lFbrcfcrrr ar10 or GrË

lfle¡rf,o¡e¡ s-S-ll oa to-? rSToo¡

GoutÉa{f to or¡æ pûai-ãgr

Oaaaã.8. c-brd

I¡ thic o¿Ër c - Þ + 2 - 6. rFg bc eko o -3 r 7¡

Wr hevr to ftad €rIrrìrÊsf@s rhiob could cqrrl 8r

Ithoæ ¡æ 5 of tbeæ

&¡d-G¡$?-d

€acc2.3.1. t¡ô

ftc reslduã &FÊ

8r ll, I5, û tÐr a6, æ) 5.7.d

2t Sr 5r T) 9r. ddr d-6, 1, 6, d-tlr d.a¡ d.il$¡

5Sr S{r 8Or å8r 4ãFdr #!-dr $3r $lr {6dr M.} Sþdr Eûr-d

l8hr lecet of tbsso arploeelons in ð

d-I5 GD õ?-dbustb€10

llhorsf,ort¡ d, - Æ ot d, - 7l

44-d-ü-6 ðll' d-8-46-d
eo¡tüËrt to orç ¡r$taco

d-lS
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Çarp?."2.2. d-c*8
Ïbe reeid¡Es ârB

8r aÈ3r a*?r a*1ã" 5?.+r &1€r SiÛt¡r 2Ë.*

Et 5, 5, 7 ) 9, 15, l?, lA, 14, 4, 6, I, l,O

sð, s+, gË, ÍK¡, 38, æ, go, Æ, ffit ä6, silr ffi¡ t?.

!ù¡ Jseet of ttr€ gftñtasfw ln ¡r

I æ 2?n+t n¡et br 11

Èrnfec ¡ . LI

lhcr¡fç¡r r ù S - l4r Getni¡t to ore prarlae.

Cale8,Ê.S. S7-d-8

|!þe aess Ls ¡*qüsr to q¡a ?.2.1.

0aaa 2.8. d - o -,4
tta orec ts tûrl.l"ar ts c¡tc 2.2.

Sa¡c?.4. $f -{r4
!Ëbr oscc ir eirtl¡r Èe stse 2.1

8.6.1. fh¡ llofiuite llppal Bæaa

T{r r¡a k tået re Bs oqstn¡ct r ryuoùlonrE** oods of

¡ certal,¡ Lüütù rhteh ¡ttßtn tb up¡nr banrü on its effl"eteæy ff
tjnr rost cfflcf,€nt esdc oû tht len€th he¡ ks on thæ. OL ¡dls for

f.t¡ esrcrall$€ð th€rrddrr If the nct sfflatrst oo¡le æqd¡Ê¡ f,oE

or m¡r ül ¡n,lrs, rs do ret lnor uh¡ùhs" JC o.¡ oø¡trut tt o'r asû.
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So {:ha flrst va}¡m of n for rt¡loh ürr ul}!}rr b¡qd Eqr not bc tÀe

lcsst Epp€r bor¡ad le tÌ¡s lwost valr¡o of n :?e úlcb a gqn¡¡elfsed

tbçrn1il a¡ld boreer oode rttb tåree Ol palra rr:r¡Id bo lrs¡ of*lstot
tt¡sn ono rl.th fqur 0I pelra¡ if ths lattæ aould bc aonrtn¡øtod.

![bic Ya'luo of n is g4r

Co¡¡dilorn = 95 and n.94.
(r) nr96

(") u-5rg-15¡

Ebcre Ðrro fù ar¡bf.trury di"elts s¡rd 15 bo¡es tn tùfr ooðo.

total lufoæ,ti6¡1-srËyr ng oÊIfelty

(b) u- 4r s r g 
r Bl'6 raæbLtrtry d,'*'t'l'

lhan an 67 arbttru4T dlgl.te snd I bwoe i¡ tbfe oode"

Eotal iufomtion er,r4rLg aapotþ

81.S re,r*itrary dlgttst

(u)n-g¿
(") u=ãro-14

fbe 8O arùitrrrqy iilgltr rnd 14 boree oould erlr?

8?.? tsrbitrnry dlgltrt.
(t) u'n4r!-9

tùe 68 arbitnry cllgfto a¡¡d I bo¡e¡ æt¡ld o¡E:f

Ëå.å rslbihl¡r ilJgttet.

For v¡"luaa lare tùan 94, tho aode rt'th 5 Ot pü.rs f,¡ aas

efffaLatt fæ a graottr tlnn Èlar tho csdas rf.ttr 4 üI p¡frË rc¡ulil
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br tte son åffLciont and rilul¿ ûtt¡l.n the uppor bsqnd çñ thrLr

cffLalenoy if thÉ¡r could bc oonetrrctod¡ but if ürry aannot be

oonstrruûted, mrr upl¡âr bqurd ia no loryer e least up1ret bouoil.

8.? ag

'rTe beve inyartfuated bth tha rhar:ald and bcrgr oodee,

typf.flail by the H¡ E anrl E codee, rlnd thre fi¡ed plceo codee;

Gi.lbortra codes õ¡ûd tha P oodatr rn oonridenble deteflr lrbe rcso
ve bve glvcn for thfa Le ths"t tùsa€ aodes alie th eeslcgt to

{qplenmt fu e pr-otl.aar appltcattûal ln faat thor¡ dæ¡ not aoo

to b¡ argr othæ stpe sf c)rnßbsaûua oode rhLch sfl¡ld te umtl f,ea

l¡fort¡tfm tuælasLoar

'fiaever¡ rc äaru uadc nfere¡¡o¡ to üe faot tbet no ootrt

afflofot ol¡ae d sfnoh¡æsur Eoúse can bo corutnrcted¡ lr havo

esnrasil ln üqkfng thf.e stetärË thrt trhoæ Ls no rothsd of Gon-

atnrcttn€; s¡ucbænous. coalea other than one of thc nathoda rhl,ah r¡se

l¡¡tsactlono betreea fiæd poaitloaa or netrictod strl,nga of

¡naitione (".g. bcee) to ashitwe qrnchrwrf.ssä.ou. wo hava ¡lao

etatod tÞat longer olæ1ngø of dig'ite do not provLda greater

effl,clsncy.

Intuitivdy¡ tàen arre ar¿rrûta for ud agelrut thla

letter statouætt r{r can €ithæ srgr¡ that¡ d.nae fùe X eo&r rhf,oh

wsa borel¡ ia no¡e etfLflÊDt th¡n the Ë aode, rhtoh u¡ee f,t¡aü
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Flâöetr, rbo¡at,r of 5 or Hore d¿$its rill prlscf.d€ Er.at r of,ftolancy¡

or vo oan es.y üat the ercater olrruinaes of, lar6nr bmec rLll

¡edi¡c,e tbe sfflcl-onay of thc reaultast oodor Wo 1111 rhs tå¿t thr

letter argrrcnt i¡ coæcto

[h{e tisrs in lith th¿ ¡csì¡It of tireorcn 816.. fo cq-

stn¡ot such a sodë of length 5Sr rc rqrld uot Ghrûsi rl r d ¡nd r r I¡

ln fast chooalùg u . Ë and s : ? givee a Godr rhfoh rrraßbás thr r{EË

bound. Ths aaln !eÊÊ@ tbat re ohoae clrorh a,n u¡likoly ¡nttr a¡nrt

frm ths fact tbot tt ras the d.npleÊt cÐsa rltù u - {¡ rer to

tllustæte ttre fact of uûcsrtetrrtjr rbmt tþ uppcr bø¡ri bct¡S *

lcast upp6r boundt fn faet, lt ag>eers tÏ¡at boer¡a€ of thÇ csnctru-

tl.onal dtffl.culttor of lon8 s¡ush.onous oodrs d thlç Èpe rbl'ch f,tæt

beoøe aslnreat l¡ thfe Froüfr tho r4rpcr bor¡rd my etJ.Il be lcrcrsd

fi¡rther¡ Sutthlt ta all p@trur¡ r. h€.vr not yet ehcn thet tt 1r

a[ upp€¡l bound fæ a1l nethode of aonstü¡ctlon.

ffe ulIl nov oonslder tbe problm of conntnratlng

BJmciu(noua oodÊe using otbar uathode thsn thå f,f¡ßêrl Fl.aÐc EÉttrod æd

the fherald and boreet nothod. fhe only nethoql;bLch apprere to

have arryr poaatbllttlEs of usefulneøa Ln a ¡m,ettee,l applloatton fg ¿

netùod rbi,sli uaoa bor-pre , úioh rc ¡hall dcfiæ to be octe of, B

dl"gtttr p)Ar 1n thc safrå raür a¡ ¿ theralrt eüd btxsar çoûß uoçs botat

eæt*1nllg ko iligite.
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äe chell not côEaldcr trybrd.d eaeå¡ ther€ â. oodc uueas

åâyr Èorer and bor*5ts, t'¡ eohfws syl3cÌ¡¡Qltieatl,m. $ucb, a

þbridisation va.s trged s¡rt Õf nscesðfþ rhon re hö to f*ucodr

bf¡¡ary deta ä¡d requi1wd a¡r odd mul¡er of hoxaa¡ et thl,¡ tlrc l¡

f,1xød the fl.rçt r¡nlt of ths oild borr ae a rmit, enô thå roðlût¿nt

codc btqEs a cloes beÈraen a ffxcd p,Le.oe codo and a fharald anil

bE¡esr oodÇ, Elthou{fb re ilid, not nefsr to lt 6a filohr &¡tr Juit

es 1n thls oaee tùa nnít Þl.ec6d an ltrlnec€øøer¡r ?oËtrlctLon on the

first poeltlon of +åe bffi, e*r w(¡u}cl a bgr place an um66€s8Ër7

¡cstrd.ctÉ.oD on the ftret tro placas of ¡ bor-S. fio l.t I'c loco@a'hh

to ssstee thet i.tf rr€ çån find s slfnohltncn¡3 aods úLah ua€Ë bffi-prt

and i¡ noÉs ef,ffeL€nt thsn tha gtmrrallead rhsrald anal bmtar sod¡¡

It rftl usc only tne klnd .g bs¡-Blae

ovsr if s¡'ah a oode esr¡ld be conetllatÊd, 1t rquld have ¿

drarl¡eak. Hith thE løa,tlon, vt had onty tO anÛode s€ts of

S bi41'y diêito lnto 0 bor pal¡s¡ thus va rc€d.d e rdletloslt¡rr of

I eutr{eso hrt if, a esdc usirg box.5rr¡ achfÐoal h16h cfflolemyt

rß rould EtÍJ.I irave to us€ oû€ tråBlat ¿rs I hÊrald, as ¡c uaËd 01 t¡t

the rbsra.ld and l¡oreet codosl thls ffi.plat ooi¡Ltl not then ba r¡esd i"n

tbe positlone corr€spondln€ to boxes. $o ve rì¡ulit hsvs at uost

Egrvtn triBleta availebla for uae in the bo{y of the code rul.{r

8.7.1 Erarplc

Suppoøe rË had ß€r€B Poeslbls tripleta fnto rhiah to

6ncda qrr fnforsatl"onr r6'a eor¡Id øet up e l-L transfctnåtiou sf,
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Þs aÈltr¡ry dlgÉ.ta into the trÍplet e*t

srgr o0 à 00or

br¡t this ia highly l¡effloLent, clnce

the ua¡d"srn affl.cienoy of a ocds uslng thfa t¡üefomtion La efS.

We osuld åneodo 5 dlefta Lnto the ¡ct oiF bu-5 pelrsr snal

{ù1e gtvoc ¡ E&rLutn affloirnqr d O.ðS, rhloh Le botte¡ tå¡a lih¡

Eårt-¡ûrn afìtlofuncy of ths !í codel but nor r€ nâed s tdletlmar¡rl

rith 32 sntrløa¡ åIrdr rtth tba loneþr horr,ld¡ thie t¡pror¡oæt tr
nct ettaùud fæ eodanatlly nüIl v¡Lr¡aa of n¡ for cranpla¡ öe t

odo of, leræÉh ff7 oe,n oå¡r? l4? albttr:ary tnforatf.on itlgfta¡ tf rr

cæld conçtn¡ct e box-Ð codc of the typo q¡tltned abovc of tbc s¡De

lmgthr tt aould ce¡+.¡r lro loorr tberi 155, and ¡rroÈabþ Leaer

8.1.ä fhe tee, c¡f g'Èploa tn pq,reå

lfu rçeaou thet thg abov¡ code nq¡r aot cerqr läÈ rrrbltnr¡r

dtgl.tar ís äÈt althougb thorc n¡st be et leaat on* H.pLot, tùc

barelû triplete thot re oaurot uae fn tJre bo(y of tbe oocle roedl

thoro aay bo otkra rhioh re have to ult to mctur thst tb oodr l,ç

ryrohroamrs.

Ae an eran¡üe, ønsidsr en If ttp€ bor-S ooÉ¡ rhÍ,ch r¡reg

OOI for ¿ h¿nldl snd ãup1Ðse that lta lengtb la cqu*l to I (nod 3).

Wlth üe ü coile¡ t{re feat thnt ü tas nût uaed as au lnfoncti.on

bq raant that no falac rcil idsatLcal rltb a aode rord sor¡ld atart

ln an odd-n¡uber.ed ¡naltlon nodulo år aüit tha odd tenetb ardfloril to
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pLcce ths CIl her¡lit of tl¡Ê üut roe] rtrd tn . bo¡r poüftlen of ary

fs.Iae rcd b€êlal¡fns ia aa ersn nteb€!,oil poeitfon. ,f1th a bqr-g

codö, no f¿l"ec rcrð ^an ata,rt in posttlone eqr8l to I (¡od S) or

e (rod ã) for ttre sü.ur lsåáona évan rbovo¡ but f*loe ræds cÉ¡¡

certatnþ atart 1a poaftl.ous cqual to O (nod 5) aa ln fùs folårl¡g

cranpLeur

Sup¡nor ffil brb"brbnb'brro La a rord ln a bc-.l oode¡ ;hore tb

brro rclreaont dl6lta fn bor-Ðror ôüÍ dfglt trtplet ærpt OOl.r eud

ra F prresenta an artftarT atiß{tr å s{BÐS€ 6tr-ing eÐp€atß ¡t

CIOl brbrÞUbnÞUb*ro OOI ...

lo f¡l¡a rord ldenticel ¡¡'lth a code ¡¡ord ccn be8fn nttb brr for

\bgþS la not C[)1, or et b2r for then tho nsrÈ 0Ol roulð ãF¡rerr *s

s ber-5 f¡ the f¿lae lord. hrt a f¿I-ee ror"il begi-aãln$ at bU od¡td

oertainly bs ideatiuel rLth * eod€ ¡rord.

$o¡ vith øIy 001 fw ¿ bffi,ldr ro roultl hsvc to pnvcnt

b#*bg frcn bolng OOLr tro could dc lrhls åu tro ratrt rc æulil fh

b, aa 1r rhfch rould logr ua { of our eo f¡.r aqo¡ptsblc tripleter or

ânãr¡re tnÞ, uac not ül¡ rhfah ¡oulil ¡oe,n thet ro ooulð t¡ot use üLO

or 0II ln tho body of e oode rtr{. I¡ thls l¡ttcr Grøtr rlth oüy

5 aaorpt¿ble trlplota (OOt, OlO e,nd 0l1 bclng r¡mvailebl"tr r. ooulil

¡ot t¡anefe:n S arùLtrary dfdts t¡to the set of ¡velleblc box-S

patre¡ thr¡c tho effLoteucy of a oode coneùRrtçil 1n the pnro*dr¡g

cranplc rsuldl te wcn lcee.
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- fbc¡e r'e a Eore officf.oat aethod of aacmprlahfüg

a¡nohrcnf.setl.ail ln tt¡1a particrrlar GêBor rf ra oonstruct ¿
s{¡ilar code rf.t}r hæ¡ld, oolo, rs yould ba ablc to use au. fn
posltLms aqut¡¡Lort to thc bc*{rc Ln tbe prwioue eraægle, lnd
rourd only harc to probtbtt f.ul and ol0 fum bor-$re. But re st{rr
have oaly al¡ of the efgþt trl¡ùote avall¿ble to car¡r l_nfonatlon¡

thf'a f.a no brtter than tbe M coú6r rhfch has th¡eo of tbe f,our bq¡c¡

rvafJ"eblc to orrr¡r tnforustfæ¡ and arry advantsg" ln the efflctmog
of the bypotùctroer. aodc la noæ tÌ¡sn aæpen*,tsd by tha ad.aplar
tdLcttq¿r:rf re cHtr rsc ttth the ¡{ ocd€.

Íborc 1e yot anotbar neËod ûf ashl_€vf,ng Eynahroül"satfon

ln e bor-5 oodc j.f, ft ts bateæ lmger t"hen i-n our pnrtcrus etrnple.
ltc orn eo¿etluat I sggûißrns¡rliocd box-û oodo of Èi.sh all rcða sf,

tha f,olLorin$ tüp€ a¡s uÊEbe¡B

OOI rn 0OI bttshõ r.. bfub'bZbObgbffffbf¿ an_l rn

r}nre aæü bgl*t bgt*e ùru,*g repr:eaente ¿ bq-.5 rct 0OL, and a,

rspresente an arùit¡rãry dkrt. rn tùf-s code, no faLoc nord ,htch
b¡gtru ln a poeltion qrrr to 0 (nod 5) aan be r.deuü1æl rtt&r a ood¡

rordt sLncc sfthcr the ¿¡cæal oül æerllepa tho next oodo ror{ bsard
sr f.t oooupl.oa a b<¡x-3 tu iùe falss ræd. rn thfs lattsr ëÈar, n6

cqn ìra3 r11 aeven tri¡ùeta not 001, and ao r€ oün probbþ ooustruot

nore affl.oi*t bo¡-õ codeg ueiu6 lhla ¡¡ethod tùån an¡r otbei:. But

m bavs ft¡eil o1- pleoes i¡etãoú of the thrrc Ìe orl#l¡qr þ l¡tcdoit
to fL¡r
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6.7.8 gìmary

llb¡t re havo sel,d rbftrt bor-S eod.s aprùLcs aqurüy to

codcg for p ) 5r aræpt thet lhe bfggstt rlnrttdfüg: blocücr

nakc ths lattrn codo¡ Ê"an gâtrt cua¡bcfsüF. Sô bor-Ð codo¡ haV¡

the follçfrg pro¡rertloa¡

(r) fhey Ìuve æøper&tlvel¡r læerar thc¡rldsr (or at'tanntlveþt

Irar floado fn tàe ohol.oc of apüLt:nry bo¡os) tinr¡ the Àl[ ood¡¡

(ff) If enly btnary tngut ta arsllabler thcn sorethlng lllc

lL€ßeodfry rlll ba loqtuir.Êd¡ tt¡1a üeolvea e nrroh larsger rdi.otf"<rn-

er¡rr thar¡ ths { soda sd lta f-tnanefontlonr elthcu€ù tüc al¡r

of sr¡ch a tdfotlorazlf r ia nøt even rlm{¡tely oloec ta the ¡i.¡c of

the onc re rr¡ulô bavO t{r us€ vit}r I q)r5¡a-free ooder rbovt tbo

rn¡qber of rentr"l.ecf rolùd be tås m¡bsr of oodc nffidso

(llt) srrnsfometlm of thc aenc ktnd ao raa uåcd to 8;unerallee thr

H eodes to tbe f, oode* is coaeefinble, tmt could aoeloel'y bc ¡c

eacy to lnpltamt.

8-8 lþfinition of t}l Froblca

I{ræ+var, the :remùt t}Et çe ra¡rt to develop requlroe that

ve eoneidor all nosefìfllltlae Buth as füia. $o re ú-11 aacnne re

can eonat:r¡at a box-p eodc ritl: tbe folløf¡g propertiesr

(i) 'rbc fl.xed places in ¿hs code err¡ nade up of u ltlentical

D-tuple¡ (eortesIloüùf.ng tÆ thÊ {Jl påitrs rsed l¡ f,tro genen'lircd

the¡ald snd bo¡eer aode) ar¡d cerfuiu t¡thsr fi¡ed Ürs and lrc.

tt¡eeå anu poeftfüned ürçugl¡Eut ttn word in poslti"oag ;ei sh¡l} not

plnpolnt.
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(ff) lhe¡ç a¡3 e F-hplea of poøitfane rhlch oamot eont¡in tbr

Þ-t¡p1e rentitmed fu (1) I tùry EaY EÉ n¡r not bo able to oontal'¡

arry otlrar P-tuples'

(fff) There ar¡e *Ieo positiona Ln the wo,d xhfch gr€ oonpLctely

atrf,trary.

(f") i,'t rllL esgt¡u€ a ffued p-h¡ple <rcou¡rfes t'bo ftrst p positionr

and that it csntslns at loaet one r:rrit s"nd ú¡1e 5€rro¡ .ft Ëh4.11

fir6t devclop the æ¡lnn effÍcianry t¡f euch 4 çoda in a generral

ra¡r, and then reflæ ol¡r oùioioe of rmrleblss let{l ve obtain ¡

olass of codss rhLch are tÌÞ eo.t €f,f"ici¡nt obteinsbla Ï¡8lng th

bor-p uathr¡de deaæfbed abovl. 
"fe 

sbs,ll üeu oo¡qpre thl'¡ clcg

of codøe ritÈ¡ thc geuerallseri Úbenl'd ¿nd boxesr codc¡r

8.9 The p-fi¡pl¡a tsJ¡¡n u¡o

!¡fsra rc att*¡rt sur psoofr ro m¡et *n'Iyae tbo ng La

rrhLoh rc ahell aoußtrl¡gt a bol-P odo sf, hi6tr offtof,euoyo

Fe knø üat lt rllt ba sf a foru analogorrs to ür¿t of ¡

6Oneraliaed ¡høre1d nnd bt¡xcsl eod€r XoGÌ¡ I code mrd ul-ll æneiet

of rhr¡sldr p-trrplea end bor-plB Lnbeddad in aribftrrry dlgitr. t{c

h¡vc to dlsaûyer tùo p-tr¡plcs rr cannot uee fn lho br¡r-prel

alrioualy vo can¡¡ot u8€ th€ thtraldr F-tuples there *4r

othere?

To marer tbds queatf'oa, rÊ Tefår to eËotion Sr7.?"¡ LD

rtrfeb rr ehmad that thc nost sffLaioat rey ttl eongtnæt 3 bcr'ð
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rode ana)'(¡6Ðr¡s to tÀe & coúa yas to use tro dfrst rhæaldr

p-ù¡pree. E*evar, thls uethod rlrt nst ro* ln e genoreltsod

bo¡-S code¡ cvm 1f rê caß pæltlm ü¡r fheral¿ r ¡ntr¡ples 1n euch

a faeh''où a¡d stfll rçt*ls na¡dnrü otartfng-poal,tfon erinrr¡ti¡g
potentfal (and tåecrm 8.6 shorod tbat thls Lettæ ie not alreyr

poeaíblor evcn lf rs do uot *tt*pt to plaoo adilltiq¡l rsstr.¡ctLona

ûn or¡r poaltløl¡g), thâ arbltrarry diÉftg botrem box-Brsr rbcra ¿

falce vord idsntinst rlth a cde rcd ray etart, do not rostr{st

erqy etartine posiüioas¡ tàe restl.¡ctlona eñ løposod onty by

lheraldt p-tupls latcaotfo¡¡ betraan tþn¡elvaa and rlth bq-Itf¡.

If r¡ conaldæ tt¡e K ooden {he bqes ere poaftlouod Ln

crEh a ray that no falge tæd c*n atert ln ¡¡r odd-tilsb.rcd positlon

rtthout hevlng a box fn lts rho¡eldr. ftf.a proùeblltlr arf,

BradlofubiuE of poal.tlone or{nr"'atcd by tho code f,ørat i¡ not

¡loaooøaød br th¡ grneretlecd rbo¡sld aud bo¡eer oo0o¡ rherc

srprdiuroy ie the hey to the plaoln6 of the ¡oaH.eted ¡neltløae

rn oo¡nection rtttr this, tt rs intercattag to nota tbat

thore are oycl.fo perautatlona of tho codes glvon ln ecotlqno g¡4

antl 8o5 rhfah have sLl th¡lr oL ¡clra begtnning ln odôø¡¡þa¡eal

poeLu.oaaa. Tbclr qy bs a ñl¿tionship betreen thfa propæty and

tha f¡et tb,at ra oarmot oonatnnst tb a¡rnohrouotrs oodo cf Ìagth
35rtthü-{ands-1.
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Aa alr Êra.ðple of thÉ dtfi'e:snc€ of ¡i typo end K t¡rye

bor-p codee, oonsldcr the follüfng axaq¡lee of sode rordo sf the

tro þ¡teo

OO1 aO o0I blb;bg .r. bnb'brbZb'bgbtobUbL'.o-l lD

ool r* üol blb?bg "' bnbubg ltfJrdT.rbre an-r aD ,

rhcrr tb bt rapræcnt itl'gÍte Ln bo¡-Bfor 8d thc rJ laprsr€ùt

arbttary dig:lta.

llhe flret enmple 1e tba on. ü'r r¡¡ed fn aeatf.on 8¡I.2 t'ct

shc that re aflrld conatn¡t .¡ H tfpa box-5 aods drLoh r¡see a.ll

r6yæ othen 5-tuplea ln the box-Sls, But fn thc K þpø coila te

gct by !!skfng' bZbS% ¡¡rbpçadmt az¡bftrary dJ,6Lta, a false rotd

rhich ia ideutioal rith a, corlo rcrrd can ata¡t *¡,t a .
v

T{a knç fræ our s¡rerioDcc rlth tù¡ X csda là¿t rD I ttp.
bq-6 soiþ rl-1.1 ¡¡ot Ín 6¡eucr:al bo a^o offlçlcnt es e K tyae bor-S

oodar $o thor rlll bo amy arbttlr¡y dtg¿tt betreen bor-öro, ao{l

tbe poblcn tllu¡t¡at.d ry tbr abovs crqplc rl)'l erd.¡c Esqy tl¡er

1n thr nost effiaf.øt bo¡-$ oodo.

Ëtth thc t codo, {lha bcsca enfl¡rrd tbat rny falae rwda

rlfihq¡t 01 ta tholr hoæld bogen ln a¡r €von-rruterred poattfou l¡ r
aodo rord¡ Lt ras thia ¡egÉlgr{'ty tÀat enbleô r¡s to prûy€ so erel.ly

that a Ë aoda lo *¡mohrorour. It ie lfkely thet fu å K typo box-õ

ooder tlr bo¡aa riII sfoæe e eruil¡r ¡catrlatton m tåc star*lrr€;

¡neJ.tfoas of fa.lcs rorda rhlsh bavo rbsn"Ide¡ ldentloqr r1& thôt

of thc oodc reûa.
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Idea.lly, thrn, re trqu1d erpeat thst falee he¡alds etn¡Id

onJ¡r eta-4 Ln poeftisnß ê (nod 3), rbsre I raa a fl¡ed ¿ig:ttr

'T'Ì'{o rqrld f;wtùve ¡rìuln*tlr¡g O10 r¡d O11 f,nm t}¿e set üf 5-hrple*

availoblo ftrl bqr-õle¡ ÐB in eectf.o¡ 8.7.27 in gnneæ,l, it rould

fm¡slve the ell"ní¿s,tl.on of a Iæge peæontagp of, tha othsnlsr

svei¡q,ble ¡s¡-pr8r

It lay br rmeoesaa,r¡r to retrcst otartlng porf{tonc of

false rordc eo et:d"otly¡ but ?ü rr¡at ettsoerd at lçst one ¡rlupb
ln any o&etr ar¡d l¡ ths fi¡e¡. ernl¡rie täc nnbæ n dlace¡d rlal

pnobably be ooaa{.ibrìEbly Ërætor than thta" capælall,y for lar6r

v¡lucs of p.

trs riLL ghc th¿tr for any gLva valr¡ of pr even ff ro

hevs to dlooå¡at only one otrher p-tuplc, tho gcnc¡ali¡cd tb,æold aad

bo¡oot cd¡ of a ¡nrtfer¡lar fcn6ttr ¡houtd þo ncrs ef,floleut thr"s

eay bor-p oodr of t&at leagtbt ut r11I not oonad.dæ psrtls{rlsr vrluea

of a¡ tnrt ehr thet th uppæ bü¡¡rit on thc efflci'onoy of bq-p ood¡ç

ie lcea t¡rn th&t ûa €mera,lioed rher¡ld antl bqesr Oodeor

Tre rlll fn tua fi.ad ferulae fur th¡ mrx{mm qfftofeaelo¡

of tùc €encralfacd lbæalÄ r¡d bce¡r code, ¡rrd bo¡-D codse for

P - 5r P - 4r enü F ¡ 5 eget¡fng in tbc lest tbr¡o oaars tùat

* - 2 p-tuplea ss¡r bc laed fn üo box-p.1. (tUi¡ a,ËEn¡EÊ¡ th¿t thr
lhcr¡kll p-træloe and æc othæ aarmot bc ecd)c sut ftret re n¡ed



-?,ffi-

tha follætrg J,æm¡ Thi.ah ¿flvrc r¡Ê a prricis¡ v¡lue of Ëe nunber

of poeltfouã rhleh ætr b. slinrantcd eË ctßrting potatc fot f¡Iac

rtrda ldentf"caL rLth code ro¡dc þ tnteractd.on b¡ilee¡ lhea,l.dr

Irtmles.

8.l0.l Ls@

In ¡ sod¡ vlth u lhe¡rldr ¡rtrplas¡ th¡ s¿d¡r¡¡ m¡dbc of

pocf.$.ma rbfch cen bc a[{at¡êtatl ts pocal.bb ¡ta¡H.ag¡ psaltions

fsr f¡Ito to¡üs äls¡tl.orl vllb eodc rcrdc bcoar¡s¡ of fntoraotlon

betraaü tbo rhÊEalilt p-¡¡plcs is

e(p-f)(rz-urI).

P¡oofr

If tro rherraldr B*ùæltc b.gÉ.rr in posittonc bl ad þJ

laapeotltely; the atÊÉÍrrg paltú.mr rhlù oe¡ be ell¡r{ryt¡d ars

tù¡ae poaiË.ons betyeen a¡il tncludfng tùe poaftiou rh*e bf*p,h

the false rold ooLncldos rith OJ * ùa code ærdr €nal tà€ poattá.u

ihor¡ Oþr-* tihe æ<lc ror.il coinciilea rLtb bt fu tba fa,lse ¡ordr

c:rcludLng th¡ poaition úe¡ro bt h ìùe faleo ¡ord ooi.aaLdlee üf ü bJ

in üre æds rord.

t¡8r 0ode trorrl r..OOL..o
...O01oo.

...U0I...
. . . O O I . . . tot elfuulnatcd

..r001...
...0O1.. o

F'aI¡e

Ífor.da

(

(
(

(

(
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lhr¡s *où. ¡aLr of p-ùrples mn etln{rçta ¿t uet Ê(¡r - 1)

nta:r'ü1a6 ¡naitf.oaer ffid there a!¡ uA ¡alra of p-t¡¡p¡¡.

fut ü I - Jr 6ech d th. u B-fuptee t¡ fnte¡¡etf¡s tftb

itcelf at tihq açna t'fnoc, Ehts radrpø¿ thc nrrbor of effeotfra

p*fro cf P-tuPlte bY ¡¡ - 1o
{ll.Xl.D. 

"

Ws sbåll ru døvft a an *pprd.rrtÍ-on rbish d¡pllf1te oc

aa,loulatloae 1n &o ast asotl.ü.

8JO.g Iffis- 

-å elco qpllræi¡etfoü tp the thærùloal, unb* oú illgl,t¡

lo¡t to oryhonts*tf¡û¡ by täc r bæ-¡rro l¡ s Ìror-p coda Js

¡..**

Proof¡

Thc urø¡bor af, rq¡r* tbst ths df"gúta oan br a"pgroB¡t tn a

be-¡l ís
(f-a)

lfþtt¡Dry illettt conld Þr r¡renee¡t t¡ lbc ¡rcaitteru ü
# ray".

lhe theæstf.e¡l f¡usüLo¡r sf e rtl,glt loet to qfnoûEroafntÅo

ly esoU poeiü.on fn a bc-p 1g ËGu
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p-toE(*-a)

- p-toe*(*-eJ

E r-toerf(r-f-r)
: -loge(r-etr-P)

úlchr to ¿ flret rygred,retls Ls

*-p

ht îl¡cn arr alt€rther ¡B üieit¡ ta ùcnrrt'
ti¡8.0.

Ír ¿n ac l.¡ a poaftlst to sæ,rfne fbe follrt¡¡g @tl€lo

8.Ll

6.ll.l î?rc grnrtallred rheralil a¡d bffiotr coda he^c

a - a(ue - !r * t) + âue + I and

L-?t¡+fo,
rhæ L rylæcnts äe {hcmçtLeal

nrnbe¡ of rariÞfba¡? digttar Lmt to quohrcnlãatío¡.

W¡ ç€*t¡ gprorf¡¿te foe¡t þr f.5 ¡t thts rtÊÈtr ùee'e lt
l¡ aee¡¡ats anough fæ qr BqIIG€s.

tha aari¡nn efflctøacy oæur; rhsn

e¿ãil+l

a¡dis 1 r
¡-({a)E+o(n-"),
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ID thùn r¡d ü¡c follølag aÊGti.ona rG 6n3lds! tha E4r{¡rl

tdreor*itical yal"ue of n aa lf a ooalc oflld bs eøotnrotrd of È1¡

Len¿Et-h.

8oll.2 lho iror-n ædee

tr rhcd ln læ 8.1CI.1 th¡t tntæ¿otiqn boFoeû thr u
rhcreldr prtuplor cür .llEá,agte et noet ?(p - 1ï(oA - n + l)

ahrld.ne poritloao.

Fa ìcr¡oy that t¡tsraortLør Þak¡ea u rhoælitr p-tuples sr'd

þ box-pts cen slfsinata at næt åla starti,ng ¡læltt$*e

fho n¡t¡mn fÐgfh of e bq-p ooú¡ tr 6e grq¡þ tll¡ tb.

srn of ùoco,

irå¡n-Ë{P-1)(

for tbia, l, r up * ¡rr.AI*,

n8-u+1)+&r¡g+l

by laaæ, 8¡10eÊ.

8.11.õ t'hc irc-õ aoal¡

n-4(ug-lttl)+âr¡g+1

L-âr+*s/t

TlË rìß-l m¡¡ efftclcuq¡ ûGcr¡rg ubr
g:2

r¡d is L - {e/&)++ o(o¿¡
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8.11.4 &Lþ€¡¡=!-gqg

n-6(ue-u#1)+fu+1
I,-4ü+*c

llho fã-lqil cffi,ctes'y eetnrlr rb€n
c-fàt+õ

æ¡l l.a r - {E/a)** o(o-1)

8.11.5 fu bG-5 oodc

¡-O(uå-u*1)+ârre+1
1¿r&r+fn¡le

l3hc ¡¡rlqæ efficÉrmy oosu¡s rlu
l-&t-{

s¡rd 1g r - (?s/g&)*r o(o-r).

ltlfùqrsh thí¡ ædr qPPc¡rE roús tff,lelf,rt tù¡il th¡ Èû¡dl

ooda ¡ tG cin ls¡oæbly ssarl {ù¡t tn lmstla tc rtnrl have b
¡ltÉcard ruæ tùaa se¡ õ-tËplc r¡art frc tùc brrlt¡ e ef.üiltt

arguæt routrd flpply to greator raluec of P. ürXs sonp*.r|.to nt
o*¡pcr"? ¡xrtrtlcss¡ slDss rc brvc not ehrn that re sn ooüstnnt r
gmen}l¡rd rüs'a1d and hæest eodc d r gfrm lrag'lü ri{ü gÉroa u

auú a¡ ln frst¡ *Ê rhûroal tùst tt na qultr llkoly thßt fe lnry

v¿Lur¡ of n ra eaül¿ nst sæ¡tnrot e soûc ¿* dfldeat ¡* tù* rqpcl

bolnil routr d f¡tillpetrr
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Eorlyor, fc eqr v¡lue of n re csn oonst:n¡ct ê K ao&¡

an E oodo sr aa H @då¡ Fæ r glvo loetb ¡rr thÊ ga6¡¡lt5¡at

lh€ru"ld rnd büÊsr code üt¡l b at le¡st ¿g €fffolat es ùe sost

sffiolüt Êodr froE snlr of tùoso ol¿aßo¡r

$o rll,1 oaly rüIBrc bc-p æúá. ritå x oedesr d,neo E ooder

a¡r alotrly rtl¿tril to K aod€g and fcr tbo wluoa cÉ n rhero the X

oodc La rcrG sfftolÊnt than a K code¡ thc bc-Þ aodoe 8€ üÊffl'sd'entr

flo caa nor p:¡otiú tdre foLlqi.û$ ttr€ætn.

8.12 Er¡ær- æ

Îhr oæt cf,?icf'æt gnnerelia€d rhæald an¡l bcmosr ood¡ &r

c 6l.von lenetù n iE the nogt efffotmt aymt¡rtnous oode d tl¡at

lengtho

Froofr

tlhr offLottæoy of ¡ K oo'de of, a 6{vm longtù ¡ ie r by thå

rml¿ ln ã¿l' 
r ' (e/u)"å * o(o-1)

frle æalc os¡r bs æutn¡otcdr Eil lt |a uuoh no¡r ¡ffloil.ont

üan an¡r of tüt bG-F Oodee Alr.a¡ theco latter oodas Ë¡r ar aq¡r net

be ol¡nb1e of ooneb'uctiou.

rfla alEe chæed thot E ts ooiÌe of a glven leueÛh I'o ¡¡æc

e flslæt ünr¡n an F aoda of äc mm lenêùhr
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lil.noe ttn K ooile l.e s pÊrtlcul¡i.r caso €f r lharald and

boregt ood€r tåe ¿çeaerali¡ed fhertldl a¡ld bqect coile olf 4 Èlv€n

lsgth nt¡et be at leôst eG offlglent ro tbe Ë ædc of tJrat løngthr

S.l?.1 If re uee tJre ssùr¡l value of lo¿lt$ f¡stled d tbo

rpproxfntLon 1.5¡ rc ffnd tüat tbc uptrÊr bo¡¡¡td on thê rff,tclmoy of

a genernll,esd rhcrelrl snd bor¡sr cotle 1¡

r-l.tsn++od).

8J3 lltro sf.m ¡eprecut¡tlæ

Tn eeatlon ?rl5¡ r¡ &orçtl t.hat 0olonb¡a oru¿-f¡¡e oodø

of a csrtaln lagtù copslst6 of s[I tbc rorrde rtrfch h¡ve cert¿ln

algn rrggeentetlons. Wc elu[l sh(t that our genrru,Il¡sd rherald

ancl boæst codcs oan bo topr-acnt€d tn aiafler fachl'm.

Whu re flnd the algn roprostrtstfon of ¡ rorü ln r

6unorallsod rhor.ald anil tme¡l €odar Ln the tano re¡f tü tt fqnd tfu¡

eLgn repreaant¿tfr¡t of a rorril l¡ s orc¿-f,rco code¡ tber¡ ia alrrya

a plue cign fn tb Boeitlon l¡ tba algn soqusrce oorrropoadång to

the ftret posltiur in ¿ 01 paf.r lã ¿ æde yord¡ and ¡e alçs¡t hsvo ¡

nfnr¡s olgn in täq pqçl,tlca soncepondin¿; tr¡ the fi¡çt ¡naitloa fn I

boro Àpart frcn these rsstrfotLons, trrd tlre rectrietiou t&at tùa¡¡

eannot bc fuo conËreuttve plrre e{gns frr a t16n r.erprtreuta,tloa of a

ro:d i.n a blra,r7 ooito, tùc ¿fneæell.¡¡d rhsl.nld tnd boxrar oodt o,f ¡

certafn langth d1l bc ;?rora to oond.lt of eII lqilc rtth pcnsl¡elblo
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slÉtr rôprÐt€ntationa.

âogr tonafder tha H code of le¡gÉh ü - LL¡ lfrLa ls not ¡ gpod

eænple of e gensralfeed ?bæ¿Id 6nd bffitÉt oode, but lt la tùc

rnoat effielønt rynoh¡uoue oodi óf flhat lægth"

T!¡e r{g¡¡ roprecentation of Ê üord fn tfp }É eode la

*--X-!-I-Xt

ãæ lho rta rslrFeset 6ú.Ënô

Élich ar6 ofttror ¡ùua or Efnus arbltrard.l¡r.

Thc Bsond and laat elgn 1n füe strlrg mst be Efut¡asat

d.noe üeeræ Es.nnot be ho conÊôoutlvs pluc sLglrsr

If æ ur€ thó rc¡rreræt*tlon of tbs ¡ttn t.qutnosr by thc

lsagthr of tùt atrirye sf nùn¡a ß18¡rsr åE fn csatlon g¿Sr ra fL¡ü

tbåt th€ pmiaufbla elgtr s€quËnc€s ê¡E ltqttos€nt€tl b¡r

to 2r115 ËrlrIrS

2, ? 2rSrS ArlrSrl

4rS Ar5?1 erSrlrl

6rõ 4r¡.r5 4rl.rl, I
gr1 4rgrl 2rlrlrlrl

6f 1", I

If ra oüIarc ü¡sas ñrlrroûmt¡tis¡¡s rttb tåos¡ 6ivoa fn

eeßtl,CIn 2.L6t ue flad tlrat eaqh of, ths above raBreeantaË.cns i.s ¡

cyolfc pemutation cû one d tùe re¡rres€ntstfüùrs o'f tha oro&E-fiÊe

cod,le lhc rcpreoætet{oaÊ tn thø lattar act for dÉô thsn 1¡ Eo

oou¡t¡rln¡t 1¡ tl¡c E æée a¡e those rlth non &an mc alü*tunb¡¡¡ü

Etms rtrl.ngr
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ßacauac of this, ro ca¡ qulckly soc thÈt tb ¡{ aodr of

length 1l nust be Eraohrrouqro, alncc tår outy Ëeon-areb€¡od afm¡s

ctrLn$ fn esßh ropneaentatl.o¡ la the flrat o¡ra. thua ary f,¡lcr

sodc revrd beglnn{ng rith oI (1..o. çh¡rao reprurcntetton b¡efns rltù
a pLna sræ) ror¡ld hav¡ cn odd-nunbend ff.r¡t ¡Ei¡r¡e rtrfngo

lFug iÉ codc Lgo the aane t¡rye of *et of reBra*rnte,ü"ons,

io€r oïctf af.6n eequence baa a f,Lrst svün-nr¡úccd etrrry ¡:f nfnr¡¡

eÍ6no, end as othc gv¡¡tüunbårad atr{.4. El¡Ls is not ao

fnportant rh¡a re ooncider t¡ . 11r for tbre a:r.a only tro Faprsrd¡-

tatfqm ü tlrt sotm¡*füEo eod€ got rith uo¡s than ouo *Tðn-m¡&b.FËd

afurÉng¡ but for rargp vêluæ of n, tb¡r¡ ¡rìr trÊ¡ly ernh repreeant¡-

tl.on¡ and so the If oode æprasonts a s!¡ß¡,l"ar ãnd s[åller llrlectrbËr
of the total nrnbeir. of rycle* of older n¡

ff te co¿d.dcr th IÍ oode of 1en6th lS, ro fl.nil thst

then rre noÌ twr repreaerrt+tlane f"a thr æwu-frce code aat gf.vcn

IÃ 2.17 rhl"oh havc uo oo*nterportr 8trt re ehell oon¡Ldør lu
detail the K oode of ren8th 15 rhíoh hss tro ol ¡aira for a bæald¡

eLthough thl¡ ie not *¡ efflcLeat as tbr t{ eode d thet lengÉh, lt
gf,ves uc a bottor Ldsa of the cø¡nrC.*n fc ler6l no

A ror¡¡l ln the x oodc of leagth 15 heÊ r rtgn ¡¡pre¡o*t¿ü,on

of
+-+--1lf-IIXI,

rh¡ç lùs rr¡ qteln neBleaent

afgne artltærlly ¡ùua or nf.Er¡¡o
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lfhc pard.gclhle a{gE confl.guntlon¡ erc

I, lo L, zt 'l
113r6
1, 4, 5

lr615
L, 7, 2

rrgrl

Ls 2t
Lt 2¡

lr 2t

L¡ 2,

Ir sr
lr 5t

Ir Sr

1r 4t

11 4t

1r 4t

lt 6t

lr5
5r5
412
5rI
2tS
ír2

4rl
1r5
2t2
Ur1

Irl

Ir ?t

L, 2,

L; 2,
r, 2,

lt 3t

lr 4t

Irs
2¡9,
trl
Irl
Irl
111

r,
r,
r,
g,

2,
¡.,

Lr2rrrrrrrl

Àegt¡r ro c¡ra quiokly abc tùat tbo li aodo of fsaü:th IS t¡

Eynoþmorn, slnca €yery reprËr€nbti¡r¡r bcgins É tå" 11 f,o}Iweð by

sn cvan nunbrf æ Ú. tlhe only pooaible f¡lse rords tbl€h nssr heyü

¡Êprtcontatlonr ide¡tlca¡ to tåose of ædo rordc rculd lsve e

!ìa¡¡rcs€ltetü.on beglnnlng rith 1, $r Ir rhich Õec not bsåf¡ any

repraoentatloa in {fre Ëato

It€ K oodc, rnlfkß the tr codr, cs.n b?a :repsrasrtatlon¡

rltù noæ th,n oao trcü{rÐbo¡ed einus attlry¡ horo?æ, lf're

eøFarÊ thl¡ ¡et rfth tlc one glvm fn e.18, ro fl¡d that the

uaJority of thr ¡Eprffi@tåtl,ona fn tihe lstter e¡t ritbout ¡"u €quftE-

Iot ln lho E eod€ a¡e th onae rith e Blsll nrab€r of ai¡us atrfngn¡

for onnpl{r lr 10 ls tbe o'nly eo oû lbc al¡ in thc ftret oolw

rlth an equlvelo t ln tho I Godoo &ia la €rplsin¡¡t by the faot
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that a ræd ln tbe K code of lenøth Lg çtth tro ÇIL pd.ra f,cr ¡

høreld h¿a at lea,st tro p1rra ei6nø ln itE ropneaøntatlonr uhar¡e¡ ¡

o@,-f,rÊe cüdr xû¿y bave only oner Butr etmt f,or f¿r6pr and lmgpr

oe a saal!.sr anil ssrall6¡ p€Fad¡tags d tlc t{rtal mrubar of, qitlor ir

ropreseüed by rsBroE€trtåtione oontaintng a fer largt ¡rint¡ð ütrlq8þt

thr cffloltenolr of tha K oodo f s nst tqpatnd to tbs ga¡o ûs6ros as

that of thg H codlr

?Jith e.ry generallaod thslaltt and bolosr oode rtt{r eoil thn

orfl f,l¡ôd t)l Inirr wo fLnd tlrat {ùe necaaalþ of et tcast tro plna

algna l"n rvory teprÊËerlbt!.on meaus tlrat not qny of üee rspro¡anta,-

tionç in tbø c{ÉüIB,-f!Fe cod. rrl,ttr oaly ¡ før ulnt¡s etr;[nga arc

rep¡trt€nttd. TÌrfa fc *nOthen rey of sta,trn8 the r¡oaaon xly s

gcnæaliaed tbezç.Id and bçrosr oode oilr atrcc. bc as sfflefet at Ê

cor¡n-fñ06 ûode of th¡ sse l¡ngth fc n> ?.

Ecavæ, we lsve etrcça tlrat thar !-s a Ëßt*ed aornl¿tton

beheea tbs Ëù{gt repreaentatlona ctr thc rnrde Ln e gnnorã,I|s€d

thstald sntl boxegr oodc md a sol*'lì¡-finc ooüe, enal t¡hEt tbo ccûE:

r¡s not a,s disa:{'n"llar ¡s tbey tppoar m th€ sttface.
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9. SI'NA¡tr

We heve construoted æny Élffs¡snt tgBoE of øynebro-

ous oodea. In pertlcular, rÊ have oonstrrrtod coal€s of tbo rhereLd

md børÊEr tJnp€ rhloh attEia e high,døgme of efflal,fltolo In &ott

re bvo shora tb*t r¡nless thels le a raallae-lly tliffcr¡ett method of

eonetn¡stlag sfnsl¡¡onq¡o codcr, the K ooile¡ (e¡d tùc Ëo codee) ere

not f,ar bel* the Ll-nft on ¡ffloi€mJr ¡e ç¡t¿bllshsd f¡ seottoa 8¡

genarnlisod rhóla"lat a.d bo¡sct Eodes cêr¡ be eonslruoted rhfsh reroh

this brr.rnå fc n < 94.

tJs ¡bll ust iht follci¡e trble to cæ¡nn the nfn

Qpee of od.e re lreve couctñ¡otcd fø È raaËl of, v¡Iuce oû D ,

ÉtfleJemoy

rlrg nr15 nrl? n'i5? n-85 ¡-?OL n-S99 n-I558 nr]65t

Çyclo Tpprr
Dornt .6{ß .?õ9 0?60 .8õÞ .9AS .Ð64 "9?8 r9Ð8 '999

temld ¡h Borer
Eorud

K code

K code
(l-ocæcil)

F coile

1l ood¡

l{ æib
(f-anoodrd) .556 '66? 'il? .?09 .?W ,',14]. .?46

Gllb#rs cod¡ ,5XFI .{€7 .5gS .6?6 .??6 .856 .898

.659 .?01 .TrI .êO8 .97? .91.9

.50Ð .6s[ .69r .B{JÊ ,866 .9ll

.{'{'4 .800 .64? .?8{ .947 .g(þ

.5ã6 "t00 .64? .?$? .$47 "9ûJ

.6{¡0 .?ol .?lI .?55 .??6 ,?86

.940

.936

.96?

.965

"9Õ&

.968

.?91

¡9tB

"gg7

.968

.gB6

.1ge

.9ã0

.989

.799

r?49

r9¡4gi

.?50

,980
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Jtggsr S.ü.. rR*qønt Ragult¡ tn Cæ-fæc Codral¡ gãtrå¡tle¡l
Journa1 r-&"thr 196ã.

illuller, I",ij.. r"{rppll,*atfor vf F¡o1ean ÀIgnbre to fuitebin8
Cfroult llaglÐ and b &'rror Dotcctloal¡ I.R.E. lPramaotf,rmst
jjc-s (1954).
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