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STI¡ÍJ.ÍIRT

llokfs eEuatlon la the rpeolal eaoe of the Betbersalpeter eqqeti,on

fn rhLch ell tihe partloJ.er a¡c eceLer bogons, It srrrFltfles ff t¡¡e meson

earrTrt¡g thc fnteraot{on has se¡o rE88B¡ thie tlhesis ie pr{,ncipal.ry

oonoe¡neð to fnvcotl¡ato tlre solutlons of, liektE oqtrrtlon wlng a gr¡ftablo

6ee3d{nets e¡nten tn rhlc}r the equetlon oe¡nreteø.

In the fir¡t two obapterc thc sallont f,eaturee of prerrfor¡.s ïo¡*
os the subJect ¡re ðlecr¡saod. Beoairce of, lt¡ Laa¡rortarrco for tbe rest of

the thesler W{ckte a¡¡a\yeis 1e glven i.n coüe detall. In tbe ùhfrd erhepter

the necooear¡r ooordinatø eyeten 1¡ lntroduced,. It fa Ehown that tn feot

the equetlon 1s not ¡triatþ soBarabte tn the üeus,J. ttlnkow¡kl netrls but

that after lilekte anal¡"tto eontinu¿tlon to the ln¿e¿nârqf tine arre, when

ùhe netr{.c beoomss Euclldoen, so}}arêtion of, tJae varLabreg l,g ahelgþt-

forcard. The probtem of dotørafnlug the efgcnrrlrrec of the cquatloa

rcduoEs to tlhe oolutlon sf, a Ëermrs d,lffereatlel equation wlth oertaln

bouadary eonêlt1one. the analytto protrnrtlea of the aolutlons ln
nonentuu cp6ea a¡re chown to bo eonsfatont rltb thoee roqulred by ulok.

In the ff.rst paxt of Chapter 4 eppro.r*cto cxpreeslous for the

afgewal"ues &re obtafneel, 1n the two ll¡nttE - ths ênerg5r of tho bor¡ad state

very erna}l ¡nd, the blnd.lng energy very emall. ft ls for¡nd. that aol"ution¡

Ean be elssslflod. as no:rstl, or ebao¡r¡al s6s9y.t{ng Ë.s t¡he eoupllng oonstê¡rt

does or doeo not tcnd to ¡oro Èrn ühc betndJ.n6 on€)rry tcndc to cero. In
the seoond part of Cbapter 4 th€ ¡e$rltE of tbs nr¡ue¡leå,l oatculatiou of

exaet elgenvalusa eÍe oonparoil rlth tJre rpprorl"uate elgenvaluea. Shc

approçlnate clgenvalucs for tha no¡aal solutlonc gj.vo gootl leeulte oa\r
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lE the .xtämr DobrÐl¡tlv4rtlo mgl,ou.

In Gh¡ptor 5 r d.ctrtLril oonperl¡on i¡ nrûr Ef, tlrcr¡ arpereÞlr

rolutÍ,on¡ ¡n¡t thc ¡olutlou¡ ôf, Wfok and Gutkoaþ' &ry rrrr ¡hørnn to Þo

oøpLetcLy cgulvaXcnti

ChaBtrf 6 eor¡iûor¡ thc eorr¡rpolrrU,ng rgurtloa 1n thr l¡¡ü¡ut-

an€ou¡r latc¡¡ctfoa lpBnorlnrtlmr tbr oquetfoI¡ ls not rolvrd ht rq

lndloetlsa ef the elguvrlum fr glvo r¡¡d lt l¡ ¡r¡eg¡¡t.d thåt tbt

rpprorånetlon 1¡ good oaþ ln ?hc cxtreoc nomml¡tlvlotJ.a regá.oa.

I¡r 0hapt¡¡ ? ¡ ao¡srll¡¡ül.oo eøaelltls èlffctrlry frcn tù¡t

prønløuaþ u¡od t¡ ðtvrlslnê þ r nrthoè lJ,he th¿t u¡!ð f,or æÉ-¡nrticLr

rayo cqnatloa¡. As th. ¡ol¡¡tf.en¡ of, Ulekr¡ rgtretÍøn o¡q bo ¡omrllEodl

by tb¡ Eu¡tæ¡¡T ¡¡¡thoô r¡ql tbe n;¡s gondltlon l¡ {trbrr î,t o*¡not þo

t¡¡oô ts crolud¡ ry rol.uti@¡.

ËEsIIy, ln Ghrptor I ¡ f,¡v ¡ddLùfosll osm¡nt¡ ¡¡rdl ooaolurf.or¡

arc gtven.
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gbü &ilú ülnÐi¡r m utrrl¡l etü hæ frm ¡*ærtrt

fe ür H¡{f lt rry r$æ a*¡tr d' Ë fr¡ m I bñ¡ smÙdu

ro lrh¡*r[ Er*tn¡rff É¡shtt w w{ttc If ry ffiü*' Dffiúc

æü ürür tffiúr ù tltr.

tq lr.>f*z,



I

Chenter L.

I$TRODUCTION,

slokf a eqtntlou, r{hLel¡ tflll bo studlecl ln tJ¡i.s tboeie¡ lg c

cpeoLal oese of the Bcthor5elBcter eqrratfon¡ hcnec we begln by conolilen-

lrrg thls eguntlon.

4" erud.e but very alnplc d,crivatlon of thc ôquetlon can be gÉ.ten

eE follows (fa). Juet as the probabtltty ¡nplLtude for c partlele bel¡¡g

at a space-tl¡ue polnt r la gÍ.vcn by a wave fi¡ncti.oa ú6) so there

will be a probaÞlllty anpll.tude X (rf , *Z) for one partfole to be et

the pofnt trl and. another at the point zZ, If the partlolee (whÍ"ch

nêy g€norelly be refeme<I to gs nuolcons) ünterEct vla cone othe¡

partlele referred to as û üroron thon tbe ptroeoases shoyn ln the foJ.Lowlng

cllagra.ma w111 ooeur.

+

cto.

$uppoae tb¿t the ¡rcbabflity anpl:Ltud.e for tho tro partielco being' at

anð ,Z havlng erchangecl, n uesons Íø Xo (r, , *2), Then clea¡-

+

*l

ty

X* (r,.¡r.) -- î' It Ur¡t,) S (.1,-rtr) A h.-"tr) X *-, (ul,.rlJ 4, lX,

eocordfng to the orttlnar¡r I'eyunan nles, whe¡¡e S(y, - xr) ls tho

propagator for ths nuoLeons nuJ.tlpJ.led by euJ'tabLo vertor factols¡

A(r1 - ve) 1ø the propagetor for tl¡o neeorur aûd g la a ooupJ.tng

x(xr,"z)-L Xrr(=r"n)conetant a Then lf
t=12

ls the total
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anplLtuite tt r11I eatløfy the cqtutf,on

X(n,,tt,) -- ?(o(tt,,tl') * î- [5U¡,-zt,¡ 
5(,1.-r,"1 A(!,-!,)?(tr,,,V)4,4-

where X o {¡ the anplltude for no intorastf.ono. Fol a botnd. state fn

rrhlelr an tnfinLte tl¡re ls avelleble for lnteractfone to takc place y 
n

¡¡ill be neglfglble ao the honogenoow equatlon le obtaLneei¡

f [t,,tt,l -- î'lt\,-n,, S(r,,--x') d(I,-T') Xt¡,,,t.l/4,lrt- (r.r)

.ôn elternative form of thf.E eqr¡¿tl,on LE given by notfng thet

Drr s(fr - Xì .. 6(r, - .r)

where Dxt ie Eone d.ifferentfel operetor. Eenoe

Drr D"a 7L(x, rr) * s2 A(x, - rr) ¡ (x, xr) (r.z)

lhie is the Ëethe-SalBeter equetlon ln the loddcr ep¡rroriurntlon aud. was

flrst glvea by l{anbu (15).

tbe eqr,uttors(1.1) ena (t.Z) chor tro eh¿¡aeterlstLo fe¡tr¡reg of

the Betk¡e-{ìelpoter equatLon. ftLret lt lE obvious}y r.ol.atl.vlsti.catly

covarlant ln contrast to previous attenpte to dEal ¡ritlr bound stcùtoe.

This aeethetio gaJ.n fs þalaneed Þy tho praetloal dtfficultfss of lnter-

protlng a Have fi¡nctLoa wblch dependg on tro lnelependent ti¡es. Seoondlyt

the equatlone fnolude the effecte dr¿c to a large number of gra;rhs even

though no graphe ¡rLth croesed mcsen Linee are Þrssent.

A dcrfvetlon of the oxaot osverl¡¡rt two boûy eqrratiou was glven

by Bethe and Ëalpeter (1) anil mo¡e rigorously by eell-Mar¡n and Loll. Tbs

two boôy propagator or Greenfs f,unction le lntroducod

K(rr, *ei 3 *+) a (n- , r y(xrJ f Gr)Qk) ( GlsL) (t.5)

where q(xr) and. QGr) are the fleieenbørg o¡rerators of, the nueleons,
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I fe the r¡suol tfune orclerfng o¡mbsl and J2 ls tha true vaouun. Thig

propegator lc ttþn ¡r¡.Itten ln ùerns of tl¡e later¡ction Depr€ðentatlon andl

the foll"o$'l.ng tnte6ral oquatlon føunil¡

x(r, z¡ 1, 4) - s,(r, 5) s'(e, +) - Je"ueoü?% 
s'(1, 5) s'(2,ø)

e(F, 6¡ ?, s) r(7, a¡ t, 4)
(r.4)

whero st (r, 5) 1o the one bod¡r pro¡ugctor

s'(r,y) É 'T tlr(t)Ç(vlØ¡
and the kc:rnal t(5, 6t ?, 8) lnoXuôo¡ aLI the lnteraetione. No oloeecl

exBressfon can be 6lven for O¡ i.t 1s a pgtrer se¡lec tn the ooupllng

constant with Lowo¡t orclor ter-rt

e(5, 61 7, B) n e? Á (ru - ro) ¡(t - *l) t(*o - "*).
corroapond{'rg to tt¡e Ieôd.er epprorlm¡tlon,

Now ths fuo boily ryotem oonsl,ðeaêtt 1111 heve e nunbor of, etetes

Yn oorrespondlng to var4or¡s valuc¡ of the total enor6r' - noüoûtunt

angula¡ moaentuu, eto. and as thesç statc¡ fo¡ru a conplete aet, tihc

propagator ca¡r bo rrftton

n(r, e¡ 3, 4) - L (o, r v/(*r) (G)lYì( , rît(rs) Qþu)r.z)
,yw

. L xn(r, a) 'Fu$, +) (r.l)

The T o are thc tro-botty weva fì¡notÍone for the state Vn and sattefy

the equetlon

Xr,{r, 2) - - l*3 *u % ùa s'(1, ,) s'(2, +) e(lt 4t 5, 6) fo(1, e)
(r.o)

If the nucleons sae farnione e,ûô the uogons ¡re sceler boEone w1th ecale¡

couplf.ng thcn ln tù¡e tEeleler approrf.natlon St(l, t) mnrst be replaeed þ
s(r, 5) st¡ere
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arxd c(5, 4¡ 0,6) - 4ne2 A(j- xo) S(3- 5) S(xu- :r5)

where A(3- rU) L

ET

for the ferrnlon oaee anð

J

(tt ls the naøs of, thc nuolconc, lL tbat of tho bosons, âûd eaoh hns a

s!ûår1 negatJ.ve rnaer,nsrr partl kz tc rf - E2).

0n the ,other hsnd fT al.t Èhe ¡nrti.cles &re ao¿Iâ^r boEone then thc

eguatfon tn the þdtler epprod,uatlon beoonee

Xo(r, 2) - - *J*z *u 
^N('r- 

3) aM(*a-'4) ¿f(t- 'l xn(t,Ð.

$ow 1e an efgenetato of the dLeplacement operator and thore-

fore ff, x - f(rr+ rr), x - *l- ta,Xn(l, 2) nust have tho foru

"-i"* ø") wlrsre F {.s tbo tot¡I energr-üonentum. ff 4 b) tE tho

t'or¡r.Ler tran¡fem of ((t), ao that p fs the relatlve en@rg¡Í-nonontun,

thrl equatlone f,or th.e lqdder approrlnation take the ainpler f,om

(r.z)

[br tf- H')[ b- 4)'- ø'] ,4r)

for the scalar ease xhers ln the seeontl oquetlon (A+ )t lras been

replaoed by À . It Íø thic 1.eist equetlon whlch fe hown es Utckts

eqrratlonl erpoOlally 1f ,lL o 0r thougir it uas firet derlved by Sayashl

antt .'{r¡¡¡kata (f5).

these equatÍons itlffer fron the ondinar¡r øchrotllnger equotlon J'n

nonentu¡n apace by tho appoarenc:e of the rolatlve energy po. In
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practico, ft le oonYenl,ent to rcpl¿ce t'he fou¡ veotor .P \y

(ZiJ, 0, 0, 0) so thet tho total nonentun ls seto. thc btndirg onrrrgr

ls then ?l¡I - 8.

the Bethe-r5al.petor equetlor ryas flrct ueecl ln caleulatlons of

the ùeuteron coupll,ng constsnt by Bethe anct Sal,peter (t), calouletLon of

oorreetfons to the fLne structirre of hyilrogsn by Salpeter (f6), antt

oaleulatXon of tha hyperflne stnrcturo of, poaitroniun by Karplus ånd

KLeln 1f?). trn ell theEe pap@re the 1n¡tantenEous Lnteractfon approdrn-

atlon ts attopteel, that 1ø, tho tetm (p - u)2 which eppoers fn the

denornlnator of, (J-.?) aod (r.e) le repraoedl Þy -(E - E)2. Thlø fmpJ.íoe

that tha äreaon travals wi.th inffnlte vsLooLty or thet the motlon of the

nuelesns wb.ll"o the nason le travelllng 1a negleoted, Ðd hence fø only

valict ln thø non relativistlc regJ.on.

A, f,irsu attornpt at a oovarla¡rt eoluülon of ths B - S equation was

gC.von by GoLdstaln (a). Ële aseumed ttret the tafldør approximetion wae an

oxsct equetfon and thet thersfo¡e the couplLng conetant coul"tl have an¡r

velua. Slnce the oquatlon (t.?) fo¡ the fem-ton eese app€aretL to be too

tllfflcult to solve J.n goneral, he conafd.ereô the li¡nttJ.ng caae El - 0 and,

also put þ aquai. to øero. .[s 1s ueuâl he regardect E as flxed *d g2

tho efgenval.ue to be óeto¡mlned. He wae then eonoerned ¡+ith the fact

thet tàE kerneL of the eqr.utf.on (f.?) 1s highly singuLar, fbie ean bo

seen rougþIy by notLng that the rlght hand airte of (f.?) is apirroxlnnately

-,p - for largp .Ð¡ heneo ,f (p) = B-4 for large Pr which l.s not

eufficlent to ensuro conv$rgÐnee of the lntogral on the right hand, eid,e.

fhfe problen doec not arlee for (1.e) ao ln Lt V b) : p- á antl the

fntegraL iloee converge. It hed been suggeeted by üayashJ. and tl,trmekats

(fl) tf,at the equatlon (f .?) woulcL have no eol"utfons. Goldsteùn fourid
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that ln fact thLc 1c not the osse but thet solutlong erfst for ell valuee
Dof go, He appJ;Led a no¡msl:løotlon condltl.oa whloh eselud.ecl valueE of

?

-*" Ieas thsn # ile tJron attempted. to ftrrths¡ rcdupe the øpeatnm by

ùnposlng a cutoff et hl6h ¡nomor¡ta but ss poÍnted out by Green (:) tne

noùl,fled oquatiou bao no eolutlon" Uand.elstan 
'(Z¡), 

uËius e dlfferent
2

norueLisettoa conditton, for¡nd. thEt aooaptable ¡olut{ons hcal ln a *,

and cønJecüru.ed thet the efgenvaLue apcct.nrm woul,d. be dlserote,

AE r{flL ba ohcvmr preoeirtly, Hiclrts equatíon (f.g) ie readily

solvsd when E ¡ 0 and the ei.genvelues are

s(n + t), n r Lrå, .

Sugano snd fr{unaÞata (Zg) have sonsldered. the fnte¡nedlate probleur {a

which one nueløoR fa a fermion, the ot'hor a eoalar boeon anú again tlre

lnte:motlon fs vla a sca,lar maeËlees boeon, ßbey o.lso hsve no dfffleulty

in solving their eguatLon f,or t a 0 cntt ffnet the cigenvaluøe

E 'åa(n + r) n E 217,

A different approaoh to the Bethc-salpeter equation wae glven by

Schulnger (fg). Ee lntroduceð an external souroô, rhiclr was ueroly a

qnsntlty to be varfeil and, fl"nally oet equel. to setro. Aû lr¡firllte aet of

ooupl,ecl eguaùfona was sasily obtafnErl for a oet of üreents fr¡nctlons suoh

as (f.r). Eowever fn order to golve these eguatione thc sot hed to be

ternlnated ¡ouefhe¡a ancl, ortlinorXr perturbatlon metbods r¡Eeal.

The cpproaoùr of, rtattùrew¡ anil Salan (fg), developod. by Zlmnermarn

(ao) 
"rt¿ 

Niohtjl-m8 (ef) nr*" soucwhat cfunLlar eroapt that thcy aoneÍùered

nEtE of nave f,unctLor¡.e rather tt¡an Oreenf s fimetionsr If the Ëe5.øenberg

stete veotor of tho two p¡rticlo e¡roton, 1f,. r werc lrronn then ao would

À
I

M

À
¡{
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sll the prope*i.ec of the systern br¡t of course lt ls rather fnecoasslÞIe.

Ilo¡rever lf V$) üc thc Hefaenberg fleld, operetor of the nucleouø (for

aírapLialty, aupposeÈ to be the Ea¡pe) on¿ ¿(x) that of the meEona ühen

tho aet of wevs fi¡ncllone

lL(r(,,7tr) = (tZ rT (Qtù *¿trl tlr--)

v(x,,x,)rl) = (J2, T +Aù ry&ù Atl) rl^) (r'e)

r,¡(rt, r)t,,,,!,,I" ).= (o,T t!!tù (8u) Al.U) A lÐt!*l - al',t,-T.) t¿¿x,,1')

etc.

eat be regarted *o'on*noo"ats of, the vector . I!Ì the laet eqrration

of (f.9) the eooond tern on tbc rfsht hend. sfilc Lø lnserted ao that

v(rr, xAt y1, yA) fs sero ln thc i¡terecttoa frea ,GÊersr This 1g equfv-

al.ent to ueing norual orderÍag ln the fi¡st tetu, rather than tlne order-

trng, provld.erl tbat nomal orderltg 1g suj.tably êeffrred, (geo (fg)).

obvlouely u(rr, xr) lo to be und.eratooô ¿s tbe probcbillty a'nplitude

for ffnd,lng Jr¡at the ù*o nueleons, v (ra, -¡ l) thet for findlng hto

nuoleonE and oao ueEonr ¡nd ¡o ot.

"teiag Eotoenborg operatorel rf(¡) auð ¡(r) e¡e relatecl by

thE field cquetione, for e¡araplc

(r7t n,)qt = qV A (r.ro)
0 A = ?y"

if V f, a aoaldr particlo wÍth mase M and, A ls a masaLeeg scalar.

Corresponitlngly

(D,tn') u-01,.)rL) = 1t(r,,I", x,)

[0, t n') vf)t,,N.] I) = 1-ut^r,xui )1,,"1)

¡rhore Et &@al¡s the DrAlenbertisn operator ln tenna of rrr end tho

commutatloa ¡rlatlonc fo¡ YG) hste beeu ueed. Theao two eqr:attons

are sufficicnt to glve the ladder approxirnatLoa ln uhich the probabilfty

(r"rr)
+ (I-xr) a lt(' ,tt¿)
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of tro rnü¡ons bô¿.ag p¡rtsênt slmulta¡roously 1o negleeted,r tlnt trct

v(r1, xz¡ I yJ ú o. EU-Gln¿ttnG v(x1r ¡at y) wo gpt

(¿tr * ÞIe)( De + ffi2) u (xr, rz) ^ { l(tr - xr) u (xr, *r) (r.ra)

uhieh 1s Juet the ðifferentlal fo¡¡u of ltlolcts oquetloir (r.e) ln coord'lnatc

Bp&og.

fho f,nff.nlte Ect of conplcd cquatl,one (1.1I) cen bo replaoecl Þy

e set of, integral cquatÍ,oa¡ enit Zlnncrm¡nn (aO) Uas sho¡nn that they are

egulvalent to the Bethe-Selpcter eqrratlon (f.A). Eo ha¡ also d.lacuesed

the røsomralløetlon of tbla set,

HB neff eonsid.er the rssesrehos of Ufck (L0) and, beoause of tbelr

lruportaneo for whet follower gI.Ys hls rosultE Ln eone detafl.

'Ihc startlag point 1e the fhnctlon

u(xr, rr) - (9, r ((zr) Vçz) !n)
but as the aentre of nesa motton aa¡r be oeparated outr lt la ¡nora

oonver¡lent to tako

tr lt
X(x) - c n, r y(xr) qiì !n)

wLrere r fE the relative ooordiv¡ato

enorgy..noñentr¡¡n ef, ttrs atatc 1t 
n

posltfvo then Xþ) can bo wrftton

tl -.e and Pr, lc thE totel

If the ¡eLstÍvr tLner tr le

XG,) ,tatf{o, .tçì tz*)(rza, q(zr) ) (r.rr)

The states -l2r rhloh have to bs lnclutlcdl nay contain nçaonßt ån<l nuoleon-

antl-nuoleoa palre but t¡Ire rEsult of add{ag ell tJre nuçleone ar¡d subtract-

i,r¡e a].l the antlmrsleons wll} Þê Juct ono ûucleon. All euch stateE

cetlsf,y the condltioR
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?2 >/ i¡tz 1r.r+)

lhts ossentlalty physical asswnption ls oaLled by Úlsk the atability

cond:itlon. 0u tho othEr håndr l¡y tho hy¡rotheøis of, a þound state

F E A'I-B <
no

(p_ ^ is the ênergy- oorirponent of P- anti B le the btnd1ne energt).'-no n

l{ou slnce Pr{ 1g sn etgunvalue of the diopLeeoment operator

(cz, +(=L) ¡z* ) ú .-1 &*l (3 , ryft) J2^ 1

y p4 = eìt*t ã ê-i?'*' (rz,vÞl a")ULr,v(o)g.,)€-i¿Fh-a)x¿

= A e-¿*(P"-t?*) (tr , * ¿,,) g-) la*,+pl V^)

so

Ibon tÌ¡e preeedlng oondltlons on

þr,o t- -¡t+*u

ao that, erpresslng thc oun aa an lategreL

¡uiro:re w nLn a +

P
no

anel we have
o

o

Xa,t = Ill lÏ,_, f lt,u) ¿-è'nt .; b'4 fut
(n*€)2-H+tB.=¿>

\< 0 enai

1r. rr)

'!hus for t positJ,ve X(=) eo¡rtains on\y' ¡roeftive frequencics.

Stmilarly lf t |a negatLve ?((z) eontafne only negaiive fregueuelog.

If t Le regardedt ae a oom¡rLex ve¡.lable then (f .U) ehows that X (t)

ea¡r be eontl,nue<i down¡rards fron the posXtive ¡¡eal ex'l s of t and upwards

frorn the negatLve real Exls. Xl¡¡thennoll Z(*) + 0 ss t -> € J'n

en¡r direction away fron the roal axla - a bor¡r¡tlary eonditton on 
^ 

(¡).

No¡s Lf

0lf

ö, tL,b) = / (t ,-)

X(¡) - KL+72 whore Y\ ' 0 lf

t > 0 then the tr'or¡rC'e¡ trarrsforu of, K

J-.
1r¿

r I E

æ

at-lr. - te
/-

I ls

(r.ro)
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flenee ð, (p, no) ls an analytfc firnetton ln the eoarplex po planø with

a cut along the raal. axÍs fron @ uin to lnflnity. ft oan be oontinued.

firoiu the cut 1n the pogltlye, antLcloski+lse ciircatfon. Sfun:ilarly

0 2(2, Vj hae a eut alo¡¡g tha negatlve real a¡l.E f,ronr uhioh it can be

eontinued ln the saine dLret¡tlor¡ end õ (p) - 0 t + iþ, has the two cuts

but a¿u¿ be continuod firoru tho upper to the lower half plane tirroqgh the

gep between the cuts'

the threchold lnpli.edl ln (f.f6) oeême rather peeullar, It

corrrlsponrls to one of tho particLee iiarin6 ¡¡ss-part

erther el a IrÎ otr p?, - ,Ê. Equatfon (r.rø)

(50) enapte:r 4) that near the threshord Ö(p) a 5

icle enorgy-not¡ontu¡n -

ehowe (oee referenoe

t1&,ffi tos(po- -urin).

TheEe ¡n¡tytlc propartleø of ó (p) whieh aro inctopendent of

the ladd.ar ep¡:roxfuuatlon were thEu us€,d. by dtek on the equetlon (f.A)

(þ--rr¡, -"")úl,'*ze l"-r-l ö(H = *- I(^W
where wa lrave put P - (2f), or ur 0) end 

"2 - u2 - 82, Eø aesumeé

that 4(U) + 0 at Lsnst llke n;t when kot - ln any directíon

and bhÐn rotated the path of integratton from the real. ko axls to the

irnag:Lnary ko exla. t{ovlog the pofnt po up to the fmaglnery axls

glvoa the e<¡uatlon

[,^'- ", 
E[t, *'r( ft zie I u*c-) öttl -- à Ï #

$here now
22P -P4 * 82. rlhlo oq'uation ia solved by uritlng

ð(p)
*(z) ¿s

(p2+ 2røsp o* u')j

(tnfs {s a speolal case, the genereligstions uere g'iven by CutkoE&y (ff)

and v¡i1l. bo srentfoned Íyr Cnapter 5), tr',ü te fountl ttr¿at g(z) satlsfle¡

J,,
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tho equrtloa

go(¡) * ^il;4GG4F) s("' I e

with the borrndary oonòiù1ona s(t f) É 0. In tho Lfnft ¿¡ I à lr

the btneli,ng eßorgy trnel¡ tg sclo., two typca of solutfon rÍ€re found. It

oould happea ühat ths cl¡crrvelue eon¡lltlon lo

Àa #,Ñ
rhloh te Just whct oae woulil ox¡net f¡ tbc noa rrLetl.vlrtfo lliltt so thl.¡

ts c¿1lod, tÀc no¡cn¿I ¡oLutlou. ãowover, other rbno¡:,nal solutl,ons Ìrere

founcl for whlelr \ ¿ + as E -> 1. fhr¡¡ slthough Wfok bad olarlf,loå

the ele¡úf,loraee of the roletlvc tfnc by E¡ttf¡g a bouncla4r oontlltlon on

tho ¡reve firueti.on a¡ I + æ he h¡tt I'ntroduood!, s norl problern lnto the

otutty of tho Bothe-Sdpetor cguation.
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Chapter 2.

8r¡cr!tNr_r{0,RK ü{ wtrcKt$ Eqt{rlotl.

Beforo golng on to ctcse¡lbs the reoont work on Wlckre rquatl,on

lt ls convenlent to nentlon brl,efþ some sf the queetlons raiseel by the

Botl¡o-rgaLpetcr c![üatiotr. Ylekrr rqrntion oornrsponila to ao phyeloal

eltuÊtlon but lt êorc provl"dc ¡ roluþk ¡-r'nple of ùhc 8-S cquatLon.

1. The l¡drter ¡pproriostion Lg ecrtainly good, only for Emg1l valuce

of the ooüpl{ng son¡tent but there lE no ocrtainty that tt la good evcn

th¡n. lbr l,¿ck of ar¡y r¡¡oful cltem¡tlve, Lt hÊ^¡ to b¡ as¡teed thêt

the erpenrl,oa of t¡ho 0(r1r trl \t t4) !.a ¡uuem of tb¡ eoupllng

oonstünt ts elther r. ooavð¡rgsnt or ¡t lea,st rn rrynpùotÍo acrd.es,

Poeaf.bly tho recent d.lcporstroa ucl¡tXon nelrhodls of fleld. theotyr vallcl

for Lor ene:lgùcc rathcr than f,o¡ mak ooupll,ngcr nry leatl to e eovarlant

oqrratlon for bor¡nô ctates la whLeh thc btnd.Xag @ncr6r 1o rmallt Þtrt thcy

hsve not dmo ro ¡ret*

Othszwl¡e, rorl6 lr:u8o¡metlon ia(hprndcnt of tlho L¡ddcr approa¡natlon

o¡n be gataedt þ tho atucly of tho anrlytie propertie¡ of tbe reve furctlont

beseil on grneral prlneiploa of fÅe1tt thcory. Such a etu{y I'u otrioualy

not a aubctltuto for aolvlng thc rquetlon hrt¡ es tJiok forurdlr it lg of

greet sssfEtanoc ln f,lndJ.ng tho aolutlon. UntlL tihc ledd.er approtrnetloû

catr be eLrernventeet Lt lg neeeEsary to n¡kc aE ¡quoh usc as poeol,ble of

thc resultlng oquattan¡ one ßsy hope that å.n wùderstandfug of ltg

sol,utlonc uny pofnt tho wey to the ncxt otep.

2. Uhlle ¡elatÍvl rpaoe ooordl¡etca ar€ e fa¡rll:lar cnough l.d.ea' thr

¡ppeårenoc of a relatlvo tLne Le ner end 1tg ¡lenffiecnoo obsoure.

Eertocchl, ftrþfnl, Strof,fetl,ni antl Tot¡ln (al) n"ve stressed that the
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3-'Ê equetloB Ls a relatlvletlo eor¡nterpart of the etatlonary, rather than

the tf¡¡e-dependent¡ Sohrod.lnger equatlon. 0rcen end Biswaø (a+) rem¡rked,

thet eseooi.aterl wlth the relative ttne an ad.ùitÅonel quantrm nurnbor ¡ylll

oocur, and henco eaolr non reletiviotfa state nlght eorrecponå to e rhole

set of røIati"vlstLo etates. fhoy euggeetød, tÏ¡¿t thle ncw quantru nunler

mf,ght be eppltert to tbe olassff,ioatlon of elorocntary parttoler. lliolt

fot¡nd a boundary oon&ltlou on the wave fr¡¿ctl.ou as the rolative tlne

tend"s to i.nflnl.ty. Ee aleo f,çund tbe adlctltfonaL qr.rantun nr¡mber but ths

r¡o¡¡ stetos Lt olrsracte¡rlEes ¡¡e suoh that one $ouLil ratlror look f,er reasoúg

to eìlplnate them, than to üaa thE-m, Ineleed, thc ebnomel ¡olutlon¡ ¡rero

the nost ourprtoin6 roar¡It of Wlckfe work and Lt fe f.mportant to lnsw lf

tlroy ooour ln arry B.-S. cquatioa or only in iflcklo eguatf.on. .

7, It wes hnowa thet the eqrrotfon hatÌ oÌrylouoly inpropor Eoluttono

whcn the eouplXag congta¡rt fs zero. For cxarnpLe f,n coorùlrrate spaoc

Hiokre equetÍoa þocouoe

((u + o2)2 * *t;., x(*) r o

n?rtoh e¿n ba aolvecl by 1(¡) - "k ¡rhoro k satl.øfl,es the eond,ltLon

ko ¡B B * /Ñ for exempLe, and, E 1E crbltratxr. Ëswever sueh a

solutlon Íe e'l{ñ'{ueted bgr tJl.okre bouadery eonditXon or¡o X.

4, The equatlon la n¡thematleally ur¡fenlLlsr as lt 1s a rfnguler

lntegral equation. Htekis annlytlc oontiuuatton pertty overcomee th.ts

br¡t c nethod. gtvfãe the tolutlon dlrectly fron the lntegreJ, eqriatlon Ln

tho conventlonaL netrfo wouldl be very i.ntereEtlng. PossibLy there woulel

then be aolutlons wf.thout tho correct analytletty propertlea. tr\tfùher,

Goltletsfnts reoult sug'geete tir¿t In the nore hlgb1y elngular femLon oase

there nay be ei.thør no eElutlonc¡ or e continuum of, soLutlor¡e.

5. Flnelly, to uso the eolutior¡e for anything nore than the oalculetlon
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of, tho cnorgy cl,gsnvelrtc thcy nnst Èc ¿o¡mrllçcô.

Slnoo the work of lJlck nrxt Cutkosþ aone li&t h¡¡ bcen sheal on

eome of these queøtiono. l{o concLdar flrEt the no¡n¡llcstXon problem.

¡[l¡]¡t¡lnß (af) pofnted out th¿t fio a¡ooelatoel problanr h¡vc to bs

rolvedl. Ihc tlret ls the no¡sme,Il¡atlon of thE Bethc-Salpeter uave ft¡netione

enrl the aeoond ig the d.ete¡mLn¡tlon of thr crpeetetåon vaLuea of a glven

obse¡rable eorrespondLng to r gÉvcn boì¡nd dt¡to. fic tlealt rtth thc seconð

probten ÞU tnù¡odtuslng ecto sf, raye fin¡etions ¡s ùlaouEsedl fn the pnevlotra

ehapter and, tù¡¡a eTrsreit tJrat the erpectatlon velr¡s of en oþoerlfûble ooulcl

bo expm¡oed, ln t¡rn¡ of, theco t\¡nctLon¡. Sl¡co the funetions ars aot

indlcpenôeut of one enother the expeetetfon varr¡o ooul'd[ be glven 1¡ te¡'uc

of, tho alnplect one, the ordinary tro-nueL¡on w$ro fiuretlon. Shon þ

choostng a pertXcsLlr oþEeryable whose orpectatlon velueg ere lm,o¡rn to be

ccrtain nrmbers ¡ uo¡m¿llsatlon sonditioa for lhc nave fi¡nctlon ls found.

anct the fntegset of thLe mr¡.st b6 2 6"U (U Uoth nucleone are cherged')-

I'leadclctrn (e5) ,¡s"e a s'tnf-l.r 1ôea br¡t by ta6ne edvaubege e¡f the

fact that popagetore þeoome rlngular for reLr¡oa of thc laercry"nonentun

oorrespogdLng to a bo¡¡¡d, state hl,c rêsì¡lta are timpl.er. Iie flncls thß.t

1n tbe laåðsr epprortnrtlon for two aueleons tbo eh^arge orrlîent dcnslty

ls gtven by

(4,, Êit,ù 1Yû) = F^,hnu,r,l ri'(¿ trt"**, + ;rr I K¿:.,xt)

and. the norrn¡U,¡atlon oond-ltl'on fs itlten

I l!", rotr) vol l-'^
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I{1el¿r and ãenåetr (æ), uslng an oqr.rfireLent nethocl foud, tho ¡¡no

resr¡tt excopt thot thøy lymnetrLaeit lt rlth rscpeçt to tbc tro particl.ea

gince ,Mand.elsta¡û uu only lookJng for ths ehargc-current clenelty clue to

ona ¡nrtlele. They alao polntedl out thet thc orthogpnaltty pert of the

regult followe dtrectJ¡r fron the eqrratlon f,or I (rr, zr). For lf, the

equetron for 4s G) z 
"is(tr+ 

ta) r(rr, rr)

1s 
(Yn'l^, r Ê?) ( roÏn,,r l4) îrot)

ar¡d that for the edJoint îU {"1 i.¡

lr,txt (ru l, r nJ ( lH 1"" t Pt )

I xu,x'¡ (ret1 "l^'

l4,u'¡ Ka',t) L'
fs, (r) aott tho ¡eeond WQ, k),then nulti¡Ly!.ng the flrgt oErutlon by

integratlng ovar r e¡rdl subtracttng gives fo¡ E rÊ Et

E-e') [ %,Ø [ r!,( tro [.t n) * û"'I,t M) yÍ'7 ?ru, al'x = o

I'b i.s underetood hare, ao tn any suelr fntegal that both aolutLona havo

been obtalned for tho ssme eoupllng oonetant.

Tho corresponôLng orthogonallty reeuJ.t, givon by Scarf (ll) for

the scaler nuqlcon caso fs i¡ ¡omenùt¡m spaoo

(e'-e'') I+ Qr,H (,,r t'-b;) q, H -- o
In thLs fntEeral p4 Is ti¡o 1¡aagtuoåsy rolatÍvE enerüÊ¡ ôo

4p 1s2p4

not the length of the rel.atl.vo oruÐg3r{orûenttÃ vsotor. AE rtigbt be

expected. tlre nsm¿I;lcntlon lntegral for¡nql by the ¡sethod of NlsltlJfuna or

iriand.elota¡n f.e J¡st tihe o¡¡ne Lategral. f,or E ¡. I)f aet oqual to Ons.

Allsoak (a6) found a no¡rnal:LEation aondltloa by a etl.ff,erent

nethod. Inoteed of lookfng for sone obserrable rhoae c¡pectatlon veLuc

ts !ilorn, he anelyaetl the propagator ln the vletntty of ltg slngularltteo

and, obtefnoô au etprcøslou for ühe seaLer prottuot (nL", V ì 1n telms
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of the rave f,r¡netLon. EôrevEr ft rec shown þ Alleook rna Hooton (Zfl)

that the re¡r¡Itl¡rg eonelÍtion ts lihe BaBr€ es thet of l¡l¡nd,oLstse.

Thls nonûalûsetj.on hre bÊcn orltlotscd, by Gree" (ag). No dl,ouÞt

ühe eharge-cr¡¡crsnt clcusl.ty nr¡¡t Þo oon¡eneô blrt tt ¡c€nÊ ln pdneiple

obtoctlonrble to have to eppoel to n patrtleul¡¡ obsorveþle ILke tht¡ to

cetabltah e no¡m¿llcation. ür the sthcr h¡¡rct tho derivetlon of .Alloook

whfle nore generally convlnofng le rrot at all lntultfvely obrlsus. lbere

1s another, mo¡!ìe eerlouê obJcctloa. Ir the ilerlvetlon of tho l¡ildler

epproxi"natLon lt le neoeaea"r¡r to aoneLôer tbe poeslblllty of, one úecon

þ€fng preaent together wlth tloe two nuoLcona¡ ¡rot the nortellsatton tn

thie aBprorlneti.on only fnol.udea the tno nuel"eon atatc. Eågher

approxJ.natlonE ror¡td ell.on for ncsoDa but tbo nor¡sll.satXon would alwa¡re

b¡ve one ü66on less tihan the nr¡¡nber allow¡cl for ln oettlng up thø B-S

equatfon. llbis hag beon øtreoeed. Þy Me¡lCl¡l¡tan. Oreea thereforo

oonsidere flret ordfurery oue partlole wave egr.ntlonø suoh aa the Dlrac

equatlon or the l(J'eln-Corrlon to ùef,lae r probeblltty donelty for thc

ereatlon of a particle. X'hen ln oomplete analogr probablllty ileneitlee

are d,efLnecl for the creatloa of, a tno nuolaon Etete or of e two uuoLädn

plus one B6son state. The lntegrated" eìM of these nust elear'ly be put

oqrral to one - e ûoxmetlsettoa oonclltlon ¡rhlch lg the sarne as Alleoo,lct e

lf only the two nuclcon state IE oorwiclored but tüf,ferg tf both Etates

are lnalud.ed. the detEiLeð appUcatloa of l¡hla ¡nethod to Ulolcrs eguati.on

le worked out Ln Chaptor ?.

Tbe ùland.cLstam no¡teligatlon ¡ree n¿do uae of by 8oa¡{ anct

Umosave (7'J) wno lookedl fo¡ resgong to ereludc the abnomal solutlons.

thcy actaptod Ulokrs eqrratlon by r¡efng tho Salcete-Tclcetenl fo¡mallen

a¡rd henee h¿d to conel.der a wavs fi¡nctton jp(x) togother nith ltr first
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anå ¡eeond tlne dorlvÈtXvee, Thoy thcn flucl cn analyttcal dlf,fcrenoe

betwcen tbo norual end the aburo¡m¿l ¡olutlons¡ in the Lf¡ntt E + I ths

nonnal solutions have #' reII beh¡ved but the abnonn¿l ¡olutlo¡s h¡ve

It tøndtng to lnflnlty. Neverthelees thc no:mallsatlon contlltj,on nakee

ü, borurôed Ln both Gås6s. they then tr¡¡t to the propagator
lx;

r(r, e¡ ,, ü - Z X 1 (r, z) T{2. +)
t,

vhero X f (t, Z) cont¡lu¡ A anð Lta flrat t*o derlvatives anit h¡s

been nor:øsliøed. The sr¡o la over atl Eùates rlth a pertlcular valr¡o of

) ¡ if I > + tt rr1lr lncLude þoth no¡mal ar¡d ¿b¡rorm¿l ateteo¡ tf

I < * onþ nornrJ. statcg, Benec r(r, al ,, ù rtl'l apparently te

dlsoontl,nuow ¿od probebly unbor¡nðed ¡t À - {. fhey atete thet no eueh

illfffoulþ oocurr ln the ordlnar¡r l{lalc equatl,on as then the sun f.s orYer

tbc solutLons Qk), ¡nct the norssllsetl cbnomal ¡oluttonc a,re aer€

of E ' I 6ea¡f arrú Uneøaws f,f.nally eoaelùsr a oonttltlon usetl by

Ooll,-&ian¡r and low in derklng tJre Bethc+SaLpcter equatlon. Ëowevor it

lE not clEe¡ thot thls oondltion ¡hor¡l.il be applfed at \ - *, vhen

E - I for ell the abono¡.¡ncl solutionr.

qbnukl, Tak¿o and Unesswe (5¿) foot fsr other roasons to e¡cl,t¡cto

the ebnorual golutlon¡ of the D'r5 equatlon. ftrey fl,rst suggeet thet tn

the corrEeponding eoatterJ.ng probLca rbnoru¿I ¡olutfon¡ rvfLl not oeclxr.

thcy thea eon¡fdlcr adlabetie v¡rlatton of À tn the vtclatty of À - *.

¿c À ôeo¡ea¡et tbrough the velr¡¡ *, the sbnomsl bor.rntl ctôte 1¡11l

ili,sappcar cnd there 1g no soettcrlng state to come into e¿tEt€Ircer Éeneo

the abnomal aolutlons aro phyal,oalty neanf¡Wl,eor. EoweYor the orgunent

Lo obscure cnü not very oonvlnolng.

lbe aone ¡uthoro aIEo åntroduce the ct¿tlo nodol, that lsr tìhcy

sonnider the Bethc-Ëal.petor squatlon for fl¡ed nuoleouo. Ia thls oase
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the clgenvaJ.u¡¡ of, th¡ B¡ntltonlr¡r ere ls¡oun' they ftail tù¿t tbo F+9

ef.gonvalue rpectnm !.e Juat the ¡anc as th¿t of, UlokrE cquetlon - r
nomcl ¡ol,utlon for rhLeb ) + 0 ¡a E -) I ¡nd r nrnÞer of ebno¡mal

roluti.ouc for ell of, rhioh I -> * rB E å 1. Only thc aom¡I aolutlon

hae the e{genvalue proclfotedl by thc f,¡m{fte¡¡[rn to thÀt tn thls oaco the

abno¡m¡L ¡oLutLonc a¡e def,tnl.tely spurlorrr. In otber torôs, t¡hlle alt

olgcnatetec of the Eenlltonlsn are rolutLou¡ of ùha B-S eqt¡¿tlonr thc eon-

vetrEe fa not tnre, at lcest ln tÀls exanpJ.e. Eowever, uo obûlor¡s

natheuatloel oonrlltlon oa¡ be appl;led rhlch vouldl c¡clud,r the abnortal

solutf,ons lf tbe efgcnvelues of the ËohroclLnger oquatfon hadl not been

knOWn.

l{uglbayaeUf (¡g) has e¡tonttect the same noilcl ln enothor dlraetioÈ.

The oomplete E-g equatlon oan þo obtafnedr ac tåe crpanrlon of thc kcsrel

ln porero of thc coupling oonctånt eontcJ'na only tho le¿lôer epproxioatlon

¡ntl one uorc tcm. It hað boen boBetl that the Eùoom¡I ¡olutlou¡ mtgbt

þo ohe¡¿eterletto of tho J.aeklcr opprord.natlEn ¡nd lroulcl dfsappcs¡ 1¡

htgber a¡rprorlnntlon¡. ¡{r¡€É.baytãhi reeÐt to flnd, that aII aolutisuo now

hsvo tr'a O a! D + L oo to 1û¡1,¡ oxtont tbc hopc 1r Justiflcil.

Eorever on\r one coLutfon bas &e eo¡reet form of the olgenvd.ua a^o

prcdloterl by the Sohrodlnger equetlon rrtth thc tnnlltooten ¡n<l go thc

rcnnfnlng ¡oLutions uust bç apurlouø.

tr'or tT¡c pnrposo of thle thools on lmportant d{ooovety ses thet of

troen (4) rtro for¡¡d that Uiekte eqrratLoa 1c BeparabLe lu a auttable eo-

ordinate oyeten end bence thet the lntegral traneform uoed. by l{tek anð

Cutkooþ ls r¡nnccesaar¡rr

She problem of soluttonc ln the cese that the nucleonc are ferml.ons
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hae besn lergøIy solveat by Green anð Bisnes (a+) 
"t 

¿ BLewas (lt). They

lmpose e, oond.:itÍon that the wave functLon anil lts flret d.erfvatlves shoulal

be f,fnite and oontinuous everXnrhera and then ffnti thet tÌ¡ls i.eatle to en

elgenvalue oon<litlon. Ehe contlition beeoncs near:.ingloss rhon E - 0r

erplalnfng nby ûolcictøin got no aoLutionc' but can be applied for en¡r

other value of E, at loa6t if E 1s neår E@!or

Other reoent work on l{ickre eguatlon nay be nentloneð brlefly.

Okubo and lrolit'IlÊn (58) con¡fcbredl Hlokrs oquatlon f,or a nucloon-sntlnuoloon

pair, lncluôtng an analhLLatlon teru. It turtrs out thet the extre tenn

af,feets only S-statos. In ordar to golve the equatfon for enel} btncling

energ¡r, that la, E = I, tbay a,r6 obllged. to ueke Èhe approxlnetion

þ)+e ¡ whJ'oh seen6 to nake the reeults open to qræstion. Tbey also

have to doal wlth lntegrare tlke 
f"Ct - ")E 

,'ud" fn which ê le

cloee to ar¡ lntoger. Horyever perhapn theee fntegrale ooul'd be

elroÌ¡.Eveutod.. Deopite ttrege featuree tho nesultE are reasonabla¡ thE

elgenvaluets agues rrlth ttrrose f,or Wlokrs nomel Eolut{ons and the nct}toê

Leavee open the poasíbillty of aÞno¡me.I eolutl.ons. Watanabe (fg) lookeit

for rtifferênceË tn the analytlc propertlos of tlre notnial ar¡d ebaon¡ral

øolutlons whioh Ef&t be t¡eed to Ebow that the abno:rnal eolutLonø are not

eigenetates of the llanlltonia¡r* Eowever, he foi¡nd. no d:lfferencês. Vosko

(3e) r¡ee¿ e varlatlor¡sl nethod to eatculate eÍgarrvalues of Wfckts eqr:atlon

even nhen the nass of the ncson 1¡ nou-¡ero. Tho rnethotl woultt be

sultabLa for leolated oigenvalueE but e¡cesalvely leborS.ous for a nunber

of, them. flls resuLte guégûst thÊt tbe fnetantåneous interacti.on

approxf.aatlon Lø not good, partisularly lf the ¡neeon ha^s nåss.

Bertoochi, Fublnl, $troffotLni ancl Tou1n (a5) Uavu epplietl the

spoctral nethod of !4artin, used. ln potentlal theory¡ to ilickrr: oquation.
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Thry etroes that th¡tr r¡¡ultt aro fneouplote *s they o¡¡r only oonøidcr

thc rpacl-LlÈc trcgion. Pos tlr.lg róraon they oannot nake ugE sf Ulokrc

boundary Eondl,tlos oa tàe rÊve f\¡notl.on whÍch lE a Eau¡alJ'ty oondf.tLsa

ancl rcqulres solutfons ln tbe rhoLe of, apaoc tlns. Fevertholøas1 thcy

cto f,lnd t¡la¿t ln thc uon-¡elrtlvtøtlE l{rnlt rlth ¡ DoD-Eeto tscaon nass,

tho rolutlon LE Juct tbrt of, e Selr¡odllngrr cquetl.on wlth Yukew¡ potentlel.

Ue flnal\y m¡ntlon tro reoent applleotloas of th¡ Eeth¡-Selpeter

equatlon. Flrst tutmun, Elor¡ncl andt thtlrlng (+O) h.ve lookod, for thc

poeølbú,Ilty th¡t plonc arc nuelsoa-¡ntlnuolesn borucl atatcs antt tbat

photone ars electron-pooitrou Þoturð atates, fhelr equatlono eÌlffer f,ron

angr consJ.rlercdl prevloualy lu thot 1n¡¡teact of the Bðson hrvlng sero or

m¿LL n¿ae lt 1¡ nue}¡ hearlcr üb¡n üc uuelÊon¡. Iflth thc ooupli.ng

oonst&xt g*,vou by tho r¡alversel lr¡m1 lnteraotlon the pLon-auclcon

eoupllag eonetant turr¡s out to Ì¡¿ve thc rd&t ord.a¡ ef með4{ttt{¡.

\ieeoadl¡r, Ín hl,a f,r¡r¡rl¡nental atud.tee oE nttonatta fteld theoryr Strmansf.k

Íe lad to a Betho-Salpeter cquetlon ln the eU¡lnatloß of tho one-psrtlelc

EË¡r¡eùu¡e sf troenf g frnetf.on¡.
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9ÞÊP!sr-1.

W.
As wå¡ slrorn ln thc IntrocluetLon, Wl,qkf e equatlon cleecrlblng

two ¡calar partJ.cJ.cr lntoracttng vta soalarr n¡Eolesa nesona een bo

yrltten

[0'-¿'-u'.lil otrl = ?t[t = +f ö ttl ol

(I'À)- + te (l.r¡

In thia cqnetlon o2 * ¡f - 82, n' - ,3 - t antt thc l'rratt as

ùsnds to ¡ero ls to be taken. Tht¡e thfs ls thc equetlon In thc

l{L¡rkow¡kl motrlc.

tlhe kornoL of the tntoerarrd fn (5.f) te the Fe¡rruuan cer¡sal

functfon of couraor to thte i,ntegrel eqtraùíon nay be converted to e

cllfferentlal oqrraùlon by mcanÊ of thc DfAlenbertian operatorr glvtng

nvt¡l = 4^ OIH (7.2)
It ras notfoeô by Green (+) th^t 1n ÈC.polar coordinatee thlr

equetLon fe aeparablc, the tranoforrnetlon le as f,olloûs¡

DÚ

PI = Po siná

Gonversely

2cp

c elno¿
óo¡l< - eosF )

c etn/
p t - oo¡É

slñ( ,

s CO¡o¿

aot( Pa - Ps sLn'e þ7n Pt

oOS o(
220 -D

(z.r)
aosl'^

sinx

Bfnp

(1,+)

2ap
eoø þ

ê4
2el,n Á elnc

a¡nl. the Jaoobfan of t¡l¡e tra¡¡efo¡uatlou ls
(oou< - nu" lg )4
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Ílbo range of veLr¡esw111 b€ takeaa¡ 014< zt , O 1ê (t,

O< P < TT , l^l < f wt¡.lch differE fron Oreenrs cheico but sesm¡

fron the g,epb of the tranEfornatlon ùo be thr appropri.ate ran6e to glvc

posltlve valuee of Fa end, all v¿luoe of Pc

q
rn the new varlables the lntegrel equatJ'on beeonEs

4¿-( ntu>-ol. - É") a(^n- ,à p)-

[ ø,"' a'J'e"14 f 
nJf'*; 

ß'
o (1,>)

' ol"' A, A
, (cd¡t'- t¿¡ ll') It-n- ¿t>ld-at') + t. e (urt-Ø/)(q>t'-arty' D

etÐ tt = Lù> þt¿rl', /t^ þe+', lg' þøe ø>e t 
+ r4,,'n c¡n o t'rn te'fl)

¿.'À p-vr þ
LTTr-

(ß,0,p)

I
ls v

where

ie the anglo between the two for¡r ,lirnenslonåI untt veoto¡o whose polar

coordfnetea ero

equatlon beconec

(¿tty¿- b l\)
è

whels

a.na (f ',ê', ?') . the d{fferestlal

+; - ffiJ{r'Ð = a\ts, 
,r.u,

$ris dtffercntisl equatl.on, wfth the relatlon (l.E) betwem lf

wd Þ auggoata that 1f n¿y be eeparateé ln the f,o¡n¡

1! = Ë lt*)1Ø YIO,r) (t.l)

rben f ( x) ana e (¡l )yi te,e) ie a epherX.cal harmonic.

will satiøf,y the equatfonø

(l.e¡
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¿2r (rr2+ U,g)¿dd

These d.ifferenti.al equatione noed. ts be oupplenented by borrnd.ar¡r

conditions lf they are to be conpleteþ equtvaront to tho lnte¿gal

equation (l,r). Despíte oonsidereble work, it haE not been posslbJ.e to

get satisfactory bound.ary oond.itione but drawi&g on later reEuLts the

following connents rne,y be nad,o¡

(") &though there 1o a ooparation of varlebles In the d,ifferentlal

equatfon, thls 1s not the oase fn the fntegral equatlon ruhere the

¿( -integretlon Le over the rang€ (13,p)

(t) The funportent part of the iutegral (Z.j) t,

Fo'*n'lÐ [:,
/æ' / t^'¡

,-2It wtll be shown later that near the slngutarlty coô -), f (X)
r{-

hes the form

/øl : A(n'ø,'d- E') fr [^,n- "à"r) + S
Thus '(n'/*r"os - u2 possÊssos e poLe at cosac =!u¡l,tand in

paeelng through the elngularfty t (a ) aevelops an iuagLnery part.

(") rt fs not cLear whlch of the oL ana, ¡1 lntegratione shoul.d b€

perfor:ursd fírgt or whether they can be irrterchangsd, but aseì¡nlng thot

tltey oan, part of the lntegral oe.:r be r¡{tten:

!trr'/f' tþo'/e'P"
If the p -inteeration were over tha range (O - ¡f) It woutd be

posslble to epply the theoron of Hocke (ç) ., (¿) and then

Èp îl\l yt(er() would be e sphericar harmonic on a

hypersphers ln four ùlmenslons, urri'r¡rtunately it doee not seem
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poselbl€ to f,Lncl an enaloguo of thla theo¡en uhon tho fnte6ratlon ls

only over e sacto¡ of the a¡ùete. Attcupte to e¡tend, the range of

lntegration by aaauning va¡Louc peopertfss f,or u (þ ) nBEt wlth the

diffleulty that ¡o long as I oc'l < P' a ff ¡ (¿?at' 7 ca> ¡sr

and,,henec tJro eooffioiEut of Ll 1a posltlve. ùrtsLcte this rangc tho

ooeffleLent olrn¿ea alga ro tbo ko¡neL of the lntegral lo no longer a

funotlon of the fou¡ d.fnenafon¿I arrgle only.

(¿) Tbe r¡ru¿l nethod of obtaintng borrndar¡r eondftione ls to Eub¡tltute

the ctlfferentf¿I oquetíon Lnto the lntegal equetÍon ancl then lntegrate

by parta. If l¡bat fE ilone fn thle ocso ene b8¡

/n{rl '/fte,ç¡ = '# ßf'[ø,'/,on'f4tt('',f')
,[#.-#,.* ffi,]f t,'tIut üt tr')

uhere

l(ß',þ') : Ø)t7-- cõ(c-o¿') + ce (tt>a''rñP')

Perfonulng the f,frat lntegretlon gC.voa

fi-'/tt"Pl #* = [zu:r/ # Jo,, I.!,#,#,

= rft:fl W + lftj(t 4f#,

fi'!
t )tE,

$ubetltutlrlg the bowrdary terue baok tnto the lntegrel- glvee f . s.

11,'t *o'/e'4'((t:P) W îw /r^/'tto')
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Sut thfe lntesral ie not ¡ùell dEfined, aa tQ:fl no longer containa

e te¡glÌ 1É ln the d.enonlnator. Eence thl,e nethod, ls not able to

produco illtable boundary oonôltfons.

'Ihe problen of bounäary conditl-on¡ for the equatton in tl¡e
Mi¡rko¡rsld netrtc can be avoldecl by uei¡S l{fckrp results to go over to a

Buclld.Ean netric. The rotation from the rcal to the lneginary exLE of

Po r guttin8 Po - lF4 r correspondc eractly to e rotatfon fron the real

to tha inagtnery axfE of 4 Énð w6 BheII put a<- - Xê. Br¡t wherees the

li-uit¡ of, L ê.rê - p arñ f t the l"lnite of & ara -a- anda¿. The

d,etalls of th:is tranef,orrnetion arc given 1n appendl¡ A to thls ohapter,

but the flnåf rseult le the lntegral aquation

Hþ,p,e ,?) = ^ro, t'-Zl l"L' 'o'rf' [he ' ¿ê/

2rr
l

,
where 11 = Ìt,r eaF

fo
¿ltt H (n', P)êi/')

þ'aiúL, t ¿"¡t,L'al (ct L l¡ - a') - .â, ß ) (r, rcl)

1y and agaln coeJZ fs tho engle between

two r¡¡rit veqtore whose porar coorètnates aro (F,ê, f) end (pial

In thig eguatlon there fs no dlf,fleulty i.n rrritlng H as a,

procluet of functioæof one verleble and then epttine the d.ifferentiaL

equatfon and bounôary conèltLons getlsfted by eaeh ftu¡ctfon. However

It ls slnplor to use the theorern of Hecke (6), (?), End wrlte

PI

l-l b, f , e, () -- f ta) 5*-f e ,,", (p, ê, ()

where

5r-,,r, ,- (F,,9,il = ß't'^¿F L::L-, (^,0) '/îþ,r)
ls a apherÍeal ha¡nor¡ic of degree n - I ln for¡r ¡tnensiona end

n77 I+L,

(5.u;
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fhen

[," 
*' f'ol p' | "'r; "' 

u f,i r
.5.-,. e,*,(þia!il

carAç-o'¡ - aù> !2

L* 5w-, , !,r'. ( lg ,", ?)

wlth L
I 

-

d* J t-xL C'^-rU)
whEro

la-a') x

clrr-rir) ta a Ëegenborrer pol¡rnonial. [he denonLn¿tor mey be erpend.eè

ln powera of, ""-"' or ,*'-"1' whlehever ts lese than one, a¡rd the

orthogonatlty relatlon for (þgpnbeuer polynorniala used to glve

t -- 4.t e-wl"-o'fþ?L tvL v

thu.e we flnsJ.ty got the Lntegral equatlon for f,(a),

[,
/L lf
.lrLtt

lto¡= àl a
lu (-¿., lb). e'^to -o') 

-
L rq'oú'd' ' ti ¿

, f bl 'rlt''a) ¡
¡rttr¿z(.'at- Ê¿

+
D' (r.tz)

Tbl,e Lntegrel oquatLon is equivelent to the elLffereutlal equa.tfon

^2ca

t2
|\u

142 q-82
)t E 0 (s,tt)

together wlth tJre boundary eontlltlon¡

aùt

&

1tn
@ð-P

nf(a) )
d{
de

df
d,a

(

(

na

-I}A

e

o

- 0

2 0

A ssoond forra of theee equatlone een be obtalned by the

eubetj.tutfon e - tanh a. Tben

lim
û-) oe + nf (a)

(:.re)

l,ù = +-ftu#(#)'(ft)*
.à l,':r#ffi)r(#f" fc rc)
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and. thc boundary oond.itlong ðÌo

lin
qà-1

(1. ro¡

, 0

(5.n)

- 0

so(a) gÍvcs eutkoeþrs fntcsral

(l.re¡

Ì
(5.rg)

(r * q)å [t. - ot) ,' (q) - " r (rf

n')t'(q)*"*{d)

(r - qa) r,,(q) - 2qr,(e) -ffi .É#s, ¡ o

Li.n
q*1

¿ì¡ttir¡s r(q) - (I-q.2)

a¡¡cl cll,fferential equetiona.

n

(r-q)2 (g-

A ùhird fo:¡rn of the eqtratfone le obta.incû by noting tJret fron

the fo¡n of the cquattonr f,or f(a), lt nust be elttrer an er€n or en

otld functlon. ftrc substftution ¡ * coshza leads to äff,fersnt tntegret

eqr.ratlons for the cvcn and ortd fi¡r¡etiona Eo wc put

tr
2

T(z'J elz'

s(a) . r(a) ff f fe evcn ln a,

ar¡d n(a) . f(e) tf f la oddl i.n a, and,

also for oonyoniEnoo tr. replace 
^ 

ty fqI anct ptrt

E2lc ! t'#

Then

pj-c) l2' lTi
* TÞ') c(.2'

n T=) l.'
tFl

(5' )

(z'-e)lV IzCî
20
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Both s(s) ¡nd. g(s) aatfefy thø cquetlon

zþ-ù(z-4 9"ê)+ ilz-t)(z-e) s'è)+!lz-<)z s'Ø-7"'t -tl*t + ! Sp¡ = o

a
2 (n $(E) + zs s' (") )

end the bound,ary conÅttlon

(l.ar¡

(3.22¡li!ß
Eàæ

lin
8âl

g 0

but Ln erlitLtlon S setlafiee

I

/z-L s (s) 3 0

while T cati.oflce (5.e1)

t(r) ! 0

r,¡s now eonsidêr the dlff,erential oqrratlon (l.zt¡ }r1th !.t¡

borrndary oondltlon¡. In tho f,lrat plaot, lt fe en equatlon of the

Stu¡t-I,touvlJ*le (Z) tyeu. tr'or gC,ven valuco of n and, e, tho borrrritary

condttlon¡ dete:rmLne an LnfLnl.tc¡ &Laerete¡ lncrealing ¡ot of

elgenvalues for rl clonotedl by Àk. Tlrc fnteger k ¡rtI] be taken to

ræ€€ fron ¡ero upwarde srial k, n, L, m constitute a set of four

qr.iantr.rn nr¡mberø apcclf,ytng the atate of, the syotem. Correoponcllng to

each oigenvalue w1L1 bc an elgunfi'urctlsn snd. even velue¡ of k ÌrXLI

Iead. to elganf,unotlonc Sn(ø) sl¡{le odd. vaLucs of k wfll oorreepond

to fO(ø). Dlff,erent otgenfunctl.ono wlll be orthogonat f.n tho BonËot

s*(r) s, (r) ,r o k + t, (l.eq)

nry b€ replaced by T(ø)" Ac e inoreaeee

l- a,
,/,(u-") ß ñ

whsre ono or both of the S(ø)

any glvon À * nust deorôaÉ6.
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In tbe seoond place, (l.el) ls a¡r example of Herutre oqr:ation,

that is, lt is an oqr:atlon with four reguler singuleritles, the pointe

s, - ot ê, 1¡ 6 . In the notatlon of !.lrd.elyi (g) we have

*'ä s Ê¿.f, r.t, 6-t r 3't r b."*þ

The functlon whose varioue branehes ero the solutlons of the eqrra.tion fe

partly epecifled by the Menarmlan scheme¡

P % $.zt)

The bowrda¡ry condltionø (5.27) Ehow that the requlrocl golutlons havs

theerponent Ë etthesfngulerlty Egæ¡andat ã¡I theyhave

exponont 0 ln the case of so(ø) and * in the caee of tn(ø). In

general, solutfous of, lleunrs equation whlclr heve a pertlcular erponent

at one singul"arlty rr111 be a nfxture of solutionõ wlth eaoh erponent at

eny other slnguJ"arity but for partlcular valuee of 7r eolutLons oallecl

Heu,n fi¡nctlons nay be fowrd. with glven erpon@nts at two eingularftlee,

ae requlred by our bor¡nd.ery conditione. In thls way the elgenvalue

conditfon ari.eee.

In paesing, lt ney be pointeil out that z ranges from 1 to *

because of the change from a ittlr¡kowsk-l to a Euclidean motric whfeh rnede

the substÍtutlon z - coEh2a appropriate. Eed, the substitutLon

z = aoszd. been nerle ln tho equation ('1.ù for r( q ) 1n the

ulr¡kowekl netrio, precieoJ.y the serne equetfon (7.2t¡ wou1d. have been

dorfved, but with u rangC.ng fron 0 to 1. It seema reagonable to

suppose that boì$der¡r cond.itlons st E- L and E ' æ being' glven, it

I

0

+

6

0

T

0

0

1

ã

a¡

.4,
¿

.Ê,
2
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must be poecfble to flnd a boundary cond.ltfon at E - 0. In thls

rether ror¡ndsbout wny the bor,mdary conditlone eppropriate to the

IvllnkowskL metrlo oould be found. CE coureer it le llkely that a Eer¡n

fwrctLon wlth epecified. exponents ¡t two slngularitleE rltl contain e

nl¡tt¡¡e of expononte at e thlrd, so the bowrdery cond.ltl-on at s s 0

wlu be nore coürprlcated. than those glverr in (f ,zz) a¡rd (l,zl). Not

enough saems to be lolovn about Èeu.Bre equation to settle thlg queetion.

To get solutlons to the itlffe¡ential egrratlon (5.at¡

simplest method 1s to uae power eeries for S(o) e¡rd f(").

S(z) = -v-LnL ^r,
uú

¡

r(z) = (r-1)z -u-å(n+1 )

the

Putting

(r.eo)

(r.zr)

(7,2e)

(z.zg)

00

oo

l¡¡to

where

and

(l.Zt) gtvec the recu¡¡enca reLatione

l{oa1 +Loao=O
Mvav+1 +Lrar+Kuau-1 =o

M, -- (v+1')(u+n+1 )

L, =ì - ""tu+n) (uêr)O1+)
K, = eþlry)þÊ-t)

Mobr+Ifbs=0

) þru
,--¿

u+1 + L)t, * Klf r-t = o

L|, =â - ""(u+n) Q1+)þ$+t)
r,f, = è<" ,5t) ( 

""Ë)

where
Mb

v

Now these aolutlone clearly have the correct behavlor¡r al z - oo.

To Lnvestlgete the behavior¡r at t - Lt rve mugt consldor the eonvergonce

of the tno power eerieÊ and. make uge of e theoren of Poinoare, (ltttne-
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Thompaon (g) C¡^cptcr 1?) Ehloh statea that tf, t . Ho.
thcn t ls equel to one of, the EeroE of thc rquatlon

Mt2+I't+K - 0

a y+l
&y

*u. eto.¡ provLdeil. that thc nodulf of thc seros bôwhero H - If.n
VÐæ

dlfferent.

In the preeent cese the eqr.ratl.on le

t2-("+l)t+o û o ðo t-s or I.

ldfth the help of a l\¡rthar thooron of PErron lt la shom ln appondk B

to thls ehrpter that fn generrl t - I but that if the contL¡n¡sd fractfon

L
11

conver6es Lf ts

for lergo V end ustng

o

(' Õo)

(t.zø)

¡ I bu1; the

If we reffne the

Lt
n, L¿

*yn,

nL

then t s e. In t"he gtneral oege the poÌr€r gorie¡

h
/,lz

ã,
s(n)

lf*.
*;

Ð

*

s

!

behavlour at s = I requlroe furthel consfôeration.

prevlous recult by zuttlns

. t +$

*f+#
ü-t-l- s e*vaÌv

we flntt

aü+

2t L
2"

2 -þ
-r/zSs 2t-e-1 f,or t-I

Heneo è
v = k V-?> whe¡o k lB a oonstant, [hur s(o) iE
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convergent for z, ¿ L but

s(z) ehouLd have exponent

lE not anð tho bounðary eonclitfoa thet

at û-L lanotsatfsfled.

gÊ,
d!

0

In the partioular case that (y,lO) ls satlsfiod',

the power eerles oonvergee for B > e ao thet both S(z)

bouniled at g - I end. the boundorry aonilttlon le satlgfleô. T'he

equetion (l,lO) 1s a tra¡rsoend.ental equatf-on f,or À , the efgenvalue

condftlon. [ho r€teurrence roletloa (l.Zg) rìay bo treatotl in the same

way and lead.g to tbe corresponding ofgenvalue oond'ltlon.

Before going on, ln the next ohapter, to ctLEet¡ss the il:nerlcal

solutl.on of tJre recurre¡,ce reretionE (7,æ¡ an¿ (5.a9) rt is of

lnteroet to eonsider fi¡rther the analytlo propertfcs of S(z) end f(z)

a¡¡d. thetr lnplLcetfons for the propertLea of the Bethe-Sal.peter wave

functíon ¿[ (p).

In the eonpler s-plarior S(ø) can only have el¡¡gularltles at

z - Qt 1, 6, .a . In tho vicinity of ø - e we already have

-g
s(ø) - o2 (êo+.ro-l+:-)

In the vLoin{ty of s - I¡

s(ø) a oo* "t (ø - r) + o, (ø- t)2+-

A'l ø * e the exponent dl.ff,erence la I so a logarltrr¡nLc branch point

ancit-e
-dsånd -dz are

occurss

s(ø) - ao + d,r(z-e) + 
- 

*[dn' * dI' (o*) + 
-J(ø-") 

roe (s-e)

Andatø-O

s(s) -.o t "l
Now ø - cosh2ar

+ 6Go' *urtn+-)z+ --
s(ø) - r(a) and

V = fr Y;b,r'l d,n¿''/g c||-,(^il f t.l
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In torms of po u'Ith Po -Ps t c2-N!2 (r-") -M2-¡,22pE 22

cogh a -

eoe p

eO that jE 8oo

ancl

(

2 2

2j) *2)z * 4*2po
?

t2 2t-\p +c/

(p2- tz)?-4s2po2

'2 2r2 .2 2tp -a) +4cPo

2cp

[{n2-"')" + 4c2Pn } fint-"z)2 * 4"2po

inpllee (p2 - o2)2 * 4oapo2 - o

s,-I lnpllee poo0

sfn p ú
2

++.oT D ¡¡ -þ -Ac.'Ét

2 2ø-Q lup1iee p -o ¡0 or p s*-o
2

c

u2

â = ê irnPlLes
2+D'ô

22+c
E

ø-9= ðo

D æ*IJ+

The 0egenbauer po).ynomlal C -t (eoo p ) fu a potynonlal

in coel3 contatnlng only even powere Lf n-l -f fs oven and only otid

powers ff s-/-1 ls odd. In either case the highest power 1ø

n- l-tcos" r Eo C -l (coe p ) ".o 
havo olngula¡1ties onLy lf

¡!
f(a) bohavee Llke cosh{a, that 1s u.ke [tn' - "2)2 

* o"2po ' , so

,V L" bound.ed "* po - tn"1lc.

are smaller W powerts of cosh2a,

by powars of eo"zp , n!(p) eer¡not have a branch polnt ** po = 1n" !ic.

uhen z - Ir s(z) hes no alnguterity so ,tl G) wflL have no

tr\¡¡thernore, &Ë the le,ter tenns of f(a)

and, the }ater terns of C
l+L
t- l-Lt differ



j?

etngulerity whøn po * O. When s = Q, S(s) hss a branch polnt whLc¡

1s rEmoved by the subetitution s - coshza $o n¡| (p) has no elngularity

atp '+'o 1)'s
2 * .?. Flnelly, at z z ê¡ g(") has a togartthmlc

slnguLarfty which tnplles tfrat Ç (l) has logarithnlc slngularltlee at

the four points Po - f * g"2 and theee are the only slngularltl.ec

poseessed by lt!) fn the conple¡ po-pla,ne. If V$) la pe::mtttecl

to go ror¡nd these etr¡guLeritieg lt Pêsses to e dffforent braneli of, thc

function S(s), vrhleh ¡1111 not aatlofy tbe boì¡nd'ary eonðftfonat so cute

are requlrod fron Po = il +
? *tÊ to D e-E+'o P

2 + M2 and fron
s

ie coneidoreð to

EI

D =E-'o p p

have an lnfir¡ltestuûal negatlve lnsg{.nary part the ftret cut wlll' lie

below the real po axis end the Eeeond. above lt. Îhe Bethe-sal¡ieter

navo fwrction 4(p) rs ¡rel¿ted t!(p) by

ð(p)
VG)

'2 2t2tp-a I - 4t"o'

so lts ana\ytic propertleg ctfffer fron ?(p) only ln that et each of

the for¡r branch polnts J,t pooseeses a firEt order pole and an r¡rboundod'

l-ogarltiunio braneh point. Thue t'he fi¡¡retion 4(p) is consLstønt wtth

Hickrs conditionø that the wave functÍon should, be analytXc evor¡nrhere

in the p -plane ufth the exception of oute fron whlch lt nay be continued-o -

in an antlclockwlee d:lrectlon. The faot that the cuts here ertend' for a

finite d.Lcterice only, lnetead of, to * æ ¡ ls probably duo to the uee of

the lad.d.or approrimatlon.

2+n2 to
2 + vt2.

B
If rrÎ

g
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Ch¿pter5-Appcnúl¡4.

Ue eonslaler thc tntegral

| Õ tu, &t t u,, L) otl" lt&

/,''(t,,Il = ¿t -/.lL*i.e

(¡t.r)

where

Then aa a ftrst utop to the trsnofomatlon (l,l) we rePlaoc kn by

æ * la by neano of the equation

(42 - o2) ,tr, (^ + te) + Zkoo ooo (o<+ !'a) r a (¿l.a)

whleh lE what ono gptr !.f ß le oüninsteê fræ oqrratfono (Z'l). Ih¡

ranga (--, -) of ko oorzeeponda to the 
"er¡gs 

(-rr r1l ) of <

rrlth a - 0 and we ahell oonplete thc oontotu ln tho (<, e) plane

as showa ln fle (1), by neans of a patb fron (n, O) to (F, - ) thett

to (Ora" ) antt thca to (0, --¡ and. ¡o en. fhe Baür hae to be lndented

et the polnte where glrùr a n o/b. 
.

8

B,

â'
&o< a,o

F,f I

r

F,i

o'

z



+,

Thla path corr€sponds to the path la the complex ko ¡rlane ehorn ln

ffs (e) and co¡responding polnts bsvs been laboLloci.. The lndentatlon

Cr Ðf gf tr'f a¡lees ceaentially beeeuce the tranEfortation fron ko to

¿ + la 1o elnguler et the polnte k^ - t r- t i".oa

The egr.utlon (l¡re) noy bo eolYed for ko aa followE¡

.2 2aln( + e-G COEB +
.tè

Along 0 A

focoaha+i. c
. -2ts'.nh

Along Â C k! slnh a

¿ ? 2icoosha+ sLxh a-C
ÂIong C D ka sir¡h s

Åsooshe- . -2 2gülh ê-C¿.

A1-on6 E !' kE elrùr a

2

Along F 0
locoshe-f k

5
slnh a

atnh a

Conelderlng, for brevfty, only the quadrant ø( >- 8t E à 0t

we have from lül,okr s resulta that A !.o analytlc lneLde tho contow

0ACDEFO. Ilence

+cu - C.õ)C

k!!
o

22-K n è

o

o

o

2

k!
o

o = I*eJe "ly f-tintt, U,i- * Q u" ,*) / ¡t,,a)JteL

ù ,^1, oc

a

ù

c
ù +c

a-
õ Ie, ,n+ial I lt, Jr . í^)
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the lntegral equatfon 1¡ no¡r

atll

ö tß.a)
I' Urnl a -,ù, êl t t l, c ttn p ø> t t' L i tr oc n)l a' - o-(q¡lt+ Øß)

and rotatlng po to'ttre lnrgfnårJ¡ axfu, that Lr,

f c ¡fnh ¡r re grt$¡ttlng Po - eo¡h al - EoÉÊ' '
D-

sogh tr - oolÉ

fs|lâ',a') ="'W' In"¿c/4 [!" I2o
wlth V ¿ o2 (f oo¡ua a - n2)

(coshê-oarr3 )a

Ate 4 iÐts,a¡
a- ca¡ll' arL(e'a') -r¿r¡¡-)

! Õ

lsqþ [Ê',a') = W' IA,^t d"Å4 I_7^ [.k¡ ß 2s 'V(ß'ø)

or pntttag E(e, É ,Þ ,( ) -puþ(ß, e)

slnp

Hla', ß',e', Q')

rrl_
g ,;^'/l dltft^ l" I^,,Dt
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Ch¿pter 3 - $!ÊgEg;!LE.

THlr zuCUlì,R¡.rNC& RELd[I0N,

Wc have the reeu¡rcnee ralatLon (5,æ)

1,1 r- +L ô aQoJ.oo (s¡.r)

U v +I +K 0 (n5.2)

Ihe eeooud, equation eonslðered, by lteetf, ta a aeoond order clifferenee

equatj.on and in general hee two lndepenðent solutLons. 8Ìro theoran of

Perron (9) eoes beyond. thet of .Pol.noare fn øtating that there s*leta e

L
ê +IT-
8,y

2

ç I and, thore erlstE a aeoonðgoLutLon &
v

+ I', a,aM
-L

ê
t)

Eueh that. Itü
''tØ

solutlon i e . Ng¡u eonEiclor tho quantXttr

x
I
w o- &z

y-l a.
a Lyìw

,
Urt/L

,
U-l

. Use of (ü,a) ehowe that

v
!\

Lv
Ì4v Lv*,

lvl v< t

+ x

- *'/nu
X

þ
þv + x

y+l
1^ -f

- *n/n,

r+l
ar-L

t'he fraetion u¡ey be extsnded t¿r¡t1l x l,+[ lE reac]red. But X
o

- K"/n,

y+n
o

X
v

* K r*,/f1rr 
t

L r*,
1"1 y+l

Thus

+t Lv
nv

-Q,
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Er rc ùmr

Ur
l/ ->æ

s ¡¡¡
U )oe

Ërûor Ur
Vòæ

rt

rl

I
&vtv. &

ñn

.2,r
v

L
v

t-l

a
Ltb,aa

l1r
r¡ åæ

IfÀ
ùÀ -)æ-

t

, hh 2
l-, U-l

. fr to Ðt lræ\r

.ûd tD prrtldú.F tæ v : L

e5
r8

o

L

-g
Ë

o

-

aat tu.¡_____-_
h

&¡t for ûr¡¡.01Ët¡ûs 5
lo + tra (ãt.l). EEo. lJ or¡r relutlq

lc Èo b tür lro@û rolutl,m, dÈ ff"E t r,+l
V)@ ty

t

- 5
trl -

\
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Cho.ntsr 4.

eÂrÆuI4g,Ia¡[ 0F EIG-I{VAIII$S.

In thc ocloulêtto¡r of, ol.grnvaluce tÀE rinplcat ease to eon¡ldcr

la e r 0. olhe oontfnuoô fraction (7,W) n¡y ln g¡nemL be remltteu

'hn Krrt/nr^
+L

nv LJT kn-t/nr-, ("rVÂrr,
lù19- Lv-¡, Rt-L/nr¿

ltl t-z-

(+.r¡

LZno

fhcnlS ¡-0r &r -O audgo Iy -0r thetLc

à : (,r" +)(r. $-t) V=torlr--'

ïhc aorrcapondlng rel.atfon eleriveê fron the eecoad contfnr¡eel fraetlonn

Lt+,
6+t

à -- V. +)(r. oi') U=Orl,-..

Eguec the f,ulL eet of elgenvalues f,or e ¡ 0 ls

z\n-(rc+n) (r+n+r) (4.¿)

wbo¡¡e k lE tlro quentun nrmber lntroiluoedÌ tn the last ehapter. X'or

velues of c nco,r 6ero we n¡y put -mS r_ c" rnd, erpancllngz_Iu
tva =O

(+.r) up to ã¡gr poÌror of, c,

I

4

thc ooatlnu¡il fr¡otl,or¡ ln

fowril f,or an¡r velue of, m.

J U- r, thcn

Ia
o

r can ben

rlef,lncsFor cranple lf, *, - t J y_ I
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r{ ¡{ ,/V-Ltl rv trr-Jv-l Ju -J+E

Unf,orùu¡toly tbtr ruglen of aøs3.1. e

y+l
lr not vcry lnteroatlag.

uuoþ enoruole velucr of, t'hr souplrw oonstant sould a¡ba non¡enga of tlco

Iadder a¡rprotlnatlør" fho uo¡c {oportent v¿Iuor of o a¡e t}¡oeo olorc

Èo ono, uhls!¡ cormapoad to en¡tt htadlng €ruËNf¡ for lf E lc tbs

bi"dl* en¡r$rr thsa

B ¡ a(n-e)

- aK (r _å)

= r (1 - c) for$=l. (+.1)

X¿ ¡nrght Èe thougùt tbrt as the dtffc¡tntl¡,l rquetloa (5'af)

¡l¡oç¡ e drgroe of lryotry betrroc¿ tù¡ polnt¡ O tBê Ir tha tfuntt

ø +l ¡bsuld b cquefþ coy to ibal rf,lth ap tÈo lLett ¡ + 0' For

oranplcl tb¡ tr¡s¡fo¡m¡tteu, I r I - x évo tbc ¡r¡or ùttfr¡rntl¡l

equatlen lrcept tbrt ü ls rcpleocd þ 1 - t, Eorysver ao rolutloa

ia ponrr atrLcl sf r{ tr poestblo for thc Uorsnary sondftåo¡¡a ror¡ld

have üo ùc ¿ppL:lcú ¡t l t æ ¡nrf ¡ r O aoô no ¡ueh povrr ecric¡

sould bo oøvcrgent at botb polntr. lbo8ü ¡¡¡ 2¡$ hæogr¡pilto

ruþatitutlom¡ of tbc typc = - åïiË $rloh l¡ad te I Eot¡nf ¡

rquatfoor rlth c{ngufæltlco at r : 0r L, æ ¡¡¡d s foÉrth potnt, h*t

ð¡tatlcd ooo¡i.ite¡atloa ¡børv¡ tbat tn üvety oe¡ar rÍt'her t¡¡6 tüo

otngÌ¡lErltlcr rl¡cro tb. bor¡sdåry cs¡dl,tL¡¡ns alo eppllotl ¡¡e not

rdJeoont to on¡ anotber, or elso tùE eontlnr¡ød frastlen eorrcopondíng

to (*.f¡ deso not alnpltfþ for I à L 0lcorly tbs Þon{lsry oondl-

tl,ons dortroy tha appc¡reuü r¡rnnotty Þetteen tho polntu 0 åad' 1.

grdefyf (e) nae arygcrted orBârrrlng ¡¡(¡) ln t¡ru¡ of



+1

hypergeonetrlc fi¡nctLone lnsteaô of Ln e po¡rer serloa, andl tbr¡s taklûg

dnto accou¡rt the behs,vlor¡¡ at sone of, the afngularltiee nore directly.

For exmple a oonvenfent eEries in our cEee wouLô be

F (v+nt!r-t/ ) u+t ) =-') (+.+)

and thc h¡rpergeonetrlo functlon oan be trerisfo:med, to gC.ve

s(4 = 2-Ê' E ,rbl' fltrr)rI+-vl t-(ntv+t) F(u+u'!,-v;t;?)

eo lt oa¡r be eeen iünediatety that S(ø) hgs the oorzeet behavior¡r

both at E a L end z =0,ê, provl,d,ecl the gerlea are convergent et

thoEe polnto. Substltutfns (+.+) into thc dlffcreatiel equatlon

Leade to e three toru roeì¡rr€nqe reLatLonr sinfler to tho prevlous

oner but wlth nors oonBl:leatød eoofffcLents, andl the Gonvergenoe

eontlition leecls to another aontinuod freetfon. Onoe egainr the lf¡nit

e + 0 fe eaey to rleal wfth and of oot¡rse leads to thø eane oJ.gen-

valtres ae before. ÀLso as bef,orer tro honogrephÍc transfo:mnation or

uee of, hypergeonetrlc functÍons dlf,fercnt fron thoce ln (+,+) leads

to alnple results for tùre llm{t c -) 1.

In ord.or to gpt efgenvalueg of ,{ for c ne&r onÊ s methotl

very einflar to tdickrs E8ü be used.. The dlfferentiel equatlon for

s(") le

z(z-txz-q #* r (z-;)(z- 4 #" - ËÞ-as + j s - Ò
If o :r I tben for large val-uee of E thl,a equatlon ney be replaced

by

z(z-4l #, + (i)tz-ù#, - T Þ-ù S . ¿ E = ö



5Ò

rrhtoh r6duo6s to a lr"lrporgronetrl,o cquatlan. Tho ¡olutlon wfth thc

eorroct boundary contlitLou ct I z øo lc

úr ¿P

wbere P'= á-à
X'or valuss of t nc¡r s, - Lt f,lret put

/'sE"/ l¿ -t) + tt#i r + g = o

S¿(z/ : lz-t) z -'^tf -å, F(Z + M, àr4 ; ^n,) =-,)

E-Bffi'f
so thet the di.fferontlal equatfon bceonec

(u-e¡r.1r¿e-,¡fi, + !(-t)zt-q#¿ * iF(t-c)t.) #
$/tre)s + ] s - o

and then nogleet te¡ra eontalnlng I - er eÉrfug

The solutioa to tùrla equatlon vlutch has the eorreet bountlery eo¿d1tf6a

et E'1r that11, et {oJ-, L¡

S ¿F(2+/-rå-€; Lit-¿)

The oontlar¡stlon formulae for the þpergeouetrl.c fi¡¡lotlon ehow thot for

values of s ncôr Í s I (negteeting nuLtlpttcatlve eor¡stãata)

s

Ffry,'#)Hf ;Fr)

F(ry,'#;t-p;,-.)-ì t-Ql e-t)+-Í'(
r (n¿lttP) r (3+y)

r¡bfoh for 5 - l- vezl¡ snall lnplfeo,

S("'(=-')+t )* )I
I;{-mllorþ for le,lgr /



' :-: / t.;,

: ¡ ^.' "--r.r_, ,O

,.'. .i..
' L. ,-i '.

ì,;l,ir.i,\:l

I

s
Ì-t-p) 1¿-;f

1 l.â-ll,-å.í F ; t+ ( ; ¿-')rrâ-iì rt-¿-i il
4"i?

+ r(?l Ê Fë -¿/., -¿ -!r ;,- e-; € -')il4¡i0 r?ä*d?l
and oÍnct¡ t - ffi- fif * t = i:* for larsp I

rtr)

s

t-e

Now we want to be sble to join omoothly theso two øolutione for eone

varueof ø suehas ørl+Ñ where s-Lloveryeneubut

Í:å re very lcrge. tr'lrst suppose I < +. Thcn P - Ñ
lp real antl O <

r¡ (u - r)* - tre slnoc ø - I lo snell. Ilowever-¿

(i:{") le large eo tho d'ont¡rant pert of su l.s

S": (z- ¡* + *(

ThuE and S- oannot Joln smoothÌy. fhiE lE tn¡a for \ not too
B

elose to øaro, but tf À le very enall, tÌ¡en P =* and the te¡o

f(4 + t( ) ln S" becomes vsrXr lorgo. Heno6 therc la roason to thlnk

thst | = 0 ney be an elgenvalue for ø - I but thie r¡cthod glvor

no Ìray of flnd.lng the oreot roJ.atlon between À anð or

Nert suppooe ) > * so that î 1o lnagl.naryr sey 7 t Lr.

(r - r)* oo" [å- Los (ø - r) + alö¿

ctQti¡) ,¡-¿,tl)

e

Then

where

,-t- i t)
rlä,_{)r{.+r-rJ)

anû s"o(ø-r)*"ou[2 rtog(s-r)-']ø tos(L -ù+ ()



ç2

where

llence S¿

tr

r- (. ,.î
'\¿i(t(l ' lr(-¿ * f J

ar¡d. S oan Join amootbly provlded thctt

h7 t,' tl = +*tfr + l 'e (+,¡)

tbe same reeuLt eE was found in Chapter 2.

The funotion t(a) oan be treatetl fn exactly the sa.ne wåðr.

The part (n) for Xarge vElr.res of E wf,Ll be thE sarue ao s, (ø)

but the part f*(u) vlll have e dlfferent fo¡n as lt satieftes a

dlfferent boundery cond.ltfsn. lfo ftna[y giet

If p Íe reaL

rr(ø) = (s - r)+ + + P eç the fi¡nctione T" entl

cennot Joln snoothly and ln tbe presont ease thlc ren¿l¡e truo oven ff

P=*.

If f- Lr to Ínagineryr tben

ro - (e - r)* osE nloe(z - r) - $ rros (l - ") * lr'J

Yhere f t,t) tJ e¿?'rt|,{) rt¿,
and the Eigenvalue eondltlon la

Lob?lt-e) =a'''n+7'-e (+'o)

Ths ease ) -r 0 a;s o -> 1 remefng to be oonsltleroal. The

olnplest procodwc a@eas to bs to transfo¡¡m to tho eqtratlon (Z.fg) by

moenö of the relatlon



f,3

z- whleh gfves for tho dlff,crentlal eqwtlon

(r-q2) r'(q) -?qr, (q) -ïf *;fta-o
as polnteð out tn chapter 5 lf r (q) - (r - ua) - ä ro (l) then

so (e) ls lllokts ft¡nctlon %. Henoe tÍê eån ueo Ufckrs proeeduro of

replaotng

I^
I-efe{ by #En)

ThÍs replacenent can be justi.f{eð oit}ror by notlng the't

ßX-c,tV rca¡ + i ¡Q

= r# t * + ûLstr¿il - àü+ r¿ stla?)]

I

t-4 + .?-

n Et+)
[c I t-ø

l
for very snall

l-e

and

or by nott¡rg that the For¡¡ler trancform of -2I-e+eq
Io

r ,_. "- 
IEIU whlch r.s approxinated by #.

reF Substttutlng this lntoathe tran^sfo:m Lnverted to give

tho integrel equatlon gÍveo

Ëuttlng {-0 givee

r =f orhF -G

ft+)=.*o* {otffi)+ accordlngas q ? 0

)=#'GÑ (+.1)
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It does not geen to be easy to lnprove this a¡rproximation.

Thts last rolatlon (+.2) oa¡r be written

Bs
4n2

where ts fs the bindlng €nerêry and aa is

well known thle ls juet the non-reLativistlo Balner fornula for the

energy of a bound etate. Solutlons whtch heve thls property, that

is, that as ) -> 0 the Balsrer fo¡mula 1s obtafned, are oalled.

normal oolutions, whtLe thoEe for whf.eh À -¡ + as a â I êre

eaLLed. abnormal soluùÍons and. have no analoguo fn non-rslativistle

quantum nechanLos, It wao pointerl out by l{fok, and wlII be verlflod

presently, thet for the no:mal sol"utlon-E the quantun nr¡rnber k ie

E6ro, rhlle for the abno¡ral Eolutlons k > 0.

NEerfaal Calau1ations.

In ord,er to veråfy the linitfng easos Just oonsldered. and to

obtaln elgenvalues for lnternediate valuea of e, e serles of nu,nerloal

oalculatlons Ïrer6 r¡rtlertakerr on pn I.-8.I1. ?090 oomputer. Tho continued.

fraction was not ueed but ir¡etead. the equlvelont procedure of

sucoesslvel-y oaleulatlng the coefftclente of the polret aeriee by meane

of the recuxrsnëe relatlon. Velues of À ancl @ were seleetod anð

aone Large value of V, then putting, V - L and r, * L = 9,

a coìr]'ô be fownl fromu- I
l---

"u- I * -ü (t'iray+ r + Lna¡)'

Givea ey and *y_ f , u 
V_ Z eould be found. and. Eo on r¡ntfl 

"I
and &o were determlned.. If the quantlty

B'¡i4 a- +L å.oloo



ff
was a6ro, ) w&c o.n elgenvalue. If not elther À or e, øey À,
was varied J.n succeselve atapa r¡¡rtf.I B ehångcd oign. FÍnally øone

ncw value of e was eel"eoted ancl the whole proo€sÊt repeated,

'Ihe critlcel potnt Ln the pxooess ls the cholce of the lnLtieL

value of U whioh should be as e¡nell ae posslble ln ord,er to reducc

thE timo regulred. for tho ealeulatlonE. For suJfiolently large veluee

of V , thore Le no d.oubt that

"y+r roev
anrd. ¡vE alread¡r hlsr th.at

-" (r-fr)
fs a bettor approrluretfon. A nethod of fr¡rther lnprovenont

by Mllnc-îhonpgon (É), Ohapter I4r that of erpendtng a,

eert-eø l.e, put

cn
g-ir(rr+itr)

1,
(u{È+z) ( u+ f +3 )

+-- I

io ouggoatcd

t¡¡ factorlal

(+'e¡

T.hen lt c¡rn be eirown that the coefficients

reletion

gs eatiefy the recu¡"rencó

at
v

6s=8o
Aê

(r-e)sr*r"[ +t(ee-t)J ¡ o

s(t-clTs * Xr-, (t , ste-J) - (,'e)s¿¿s-,f + cs (ä*s-r)(E -s+ t)1'-¿ : o
In lts turn gB csn be expendeil Ln the fom

B
E¡+ *--- r(r - .)" (r-")t-r

and A_ oan be ovalr.nted to glves
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thue Lt ror¡lct eppoer tbat f,or smaLl. vaLuea of I - e the ctontnrnt part

of 1c

,=¿i- {rltf ,' v+ltz; iå ) . rhLe ¡eriac oould bo

reurfttcn ae the sr¡n of, tro gerLc¡ I'( t i ¡ J. - c) and, henoe an

opproxlnatlon for av obtafneat for enå1l values of, I - e. [owever,

the te¡rr contafn Ë" ocr¡not be neglectad,. It ts lnpoeelble to

evaluate B_ eraetJ.y but apprortnately
E

Ag

ra-l

ïlhen E(r-s)>1, B"

(r - ")t-r
conslderetlono snggoEt thst the ¡erles (4,8) dlvergeo,

Bhorc ls a d,l.f,feront and norr lengtþ proeedr¡¡e for gettLng s

getleE of thle general type f,or I v and the reEult Ls

ay

&v=affi[,-8#. -'.J

where tho braoketed part le a þpergeonetrle ¡crùes

B=
s

a

where 0 <c < o) h¡t lt ie of littLa uÊ¡6 as no g€nor¿iL forn

osn be f,ound for thc BÉ.

Thus wo shall elnply we the prevfouo reøults that the reourrenco

reletl.on hae two eolutlons a) ancl ^tr whora

Ir
(r-

AT a- I
9

Av

MonE oerEful

V
t4

a. I
U+l 7/t

v AtT
&'r.t
ñ

&'u= Arevv-'

êThe assuroption thet v
-e for sono largp but fin1te value of V ¡
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lnplies that

av

ø.V lg a llnesr oomblnetLon of ty' end Lut) {. @.

I2
= Pav + Qal

I etl I

Using the above erpreestone for a', ar¡d. a', €Éves

t" yl I t-"lt/ -3/-
Ilenoe the cond.ition that p shoulcL be negllgibte le (f - u)y >

In praetice, valr¡ss of, u were seLected. eo tha,t (f - e)y >

'5 

/,

The flrct prograrn rì;n was no. 18 for whioh a flow eheet and. the

FORIII.AN statements ere given at the end of thls theel,e. The reer¡¡renee

reLatlon (7.2a¡ wag nodiffod. by l,ntrod.uolng d y rE e- in ord.er to

have numbers whlch nor.l-lcl be ¡rore nearS.y oonetant. ValueE of e fron

0.1 to 0.82 in otepo of 0.06 wero solocted a.rrd. tho lnftial value of

V wae 100 throughout. For each value of ê, ,\ was increased ln etøps

of 0.5 from 0.00I to 18.001 e¡rtl the qrrantfty

B E ur[ -å(ïtl +ed.(n+r)

calcul¿ted,. À change of eign of B lndtaeted. th¿t an eigenvelue of À

had. besn pasood. ao À was then red.uced. by 0.5 to the prerious value and

lncreaeed. ln oteps of 0.1 fn ord,er to f1nd. a motro aceuxate eigenvalue.

OrIy the flrst recurrenco relation, d.ertveel fron¡ S(z), was used..

The seoond. progra,m, no. ?I, øxtend.od. thø range of e from

0.82 up to 0.997 a¡rd also ueed. the eeeond nÐcurrencs relatfon d.erlved.

fro¡n I(ø), to get a second set of eigenvelues corrêspondlng to od.d.

valuos of the quamtun nl¡mber k.

å thlrd and e fourth progra¡n, nhich are not llsted Ìrere, wetrê

used to take e fron 1.0 - 4 x IO-l up to 1.0 - 4 x 104. Bowever,
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for these emell valuee of I - e, the lni-tj.al velue of' ü had to be

L5r000, whlch lmp,I;les some 5001000 oonputetlonc X.n gofug fron d,

down to d.^. .As tho I.B.Þ1. 7090 oomputer operatee wl"tb about elght
o

declmal d.fgÉtg ancl always rourde off, nr¡nþre fn the sême directlonr it

Ls aot surprielng that tho eigenvaLr:es @pp6a,red" to bo tn enor when

I - e waø less tlran 10-5.

I{enoo a ff.fùh pr€gran was w¡ltt€B - no. 180 for whlctr e fLor

sheet anel the I'ûitfÏì-tü eteteiltents are given also at tlre back of thlc

thaels. iÞogran I80 used tbe double precisfon feollity of the eornputer.

Ae thls fecil1ty operatec relativeJ.y sJ-owly only a ferr iaolatetl

eigenvaLuos could bs oalculateô, f,or v¿Iuee of I - e clown tç 2.8 x 10-4.

The reor¡ruenoe reletLon nas fìrrther nod.ifÍecl by latrocluolng

fv a (u+nlcn,
and tha progran¡ meôe as fIe¡CbIe ae poaslble tn ordEr to pemlt

calcuLations for eithor roou¡rence relatlon, a41r valr.le of rlr EDy

valus of o¡ and. any elgenvalue.

lho preciee nunerfcel vêJ-ues obtaj.nccl for the elgnnvalues &re

of no great signiftcance 60 the rosulta &re not tabulated¡ instead. they

are presented In the following graphs. In the firEt, flgure I, I ls

plotted, egainet e over the fi¡lL range of e for varior¡.e valuEs of n.

fJonparfeon sf thLs graph wltlr Cutkowsþre (ff) figur€ l lndicates firLl

agreeuent. tr'rom thls gm,ph 1t 1g obvlor¡e thÊt tf k - 0r J + 0

aB o+1.

The succeedlng grephs show the region e - L Ln more d,etail antl

corrrpers the regults obtalnetl 1n the oaLculatious r,rith tho approxlnato

olgenvaluee given eerller tn thla chepter, X'or ths norual solutiono we
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h¿ve the approxl-nato solutlon

,2at-r-

^- 
î./e J/r-o

or\- #m ror e.-r
so ln figure 2, I rs plotted. againet m. 0rr1y the results for

n = I are gC.ven; those for other vsluee of n dlcl not ctiffer

eignlflcantly. The Lfne ,\ - # F e 1s aleo Ehonn on the 6raph antt

a5 can be eeen the plottecl polnts opproeeh thls llne eE e -à I.
However Lf ffi = 0.05r whleh le Ln the non-relatfvistlo regÍon,

the value of I gf.ven by the approxlruate formula ie about lþlâ J-ess then

the true velue. I-robebly, only if Ñ ¿ o.ol, 1..€, e - 0.9999

would the ap¡rrorin¡ate fornula give &n enror of IEss tyLarr ,Ii a¡rd. suoh

valuee are extremely non-reletivlstlc. Inse¡ting the fector G into

,\ *#"çF woultl nake the errorethe approx{mste fomula to glve

very sl:lghtly greater.

tr'or the abnol¡nEl golutione the approxlnate forrnulae (4.5) an¿

(+.0¡ give, very roughly

içrogr-e = rBtT whore c-f).-
so that for purposae of oonpariøon the nwrorical results harvs þeen

plotted. with ,\ arrd ø1og (f - e) as ,ooordinatee. The firs'b abnonnal

solutlon, with quanti¡m nr¡mber k equal. to one, Ls tlerlved from the

second. reourrenco rel.atlon, correopond.lng üo T(ø), Ite eigenvaluee

are plotteð tn tr'tgure 5. The eigenvelues of the socond and fourth

ebnormal Eolutions, $ith k - 2 and, k = 4, derlveè the fÍrst recurrenco

relatlon are shorn i,n Ffgrrres 4 and 5. In eaeh caee the valuse n r 1

a.nd, n = J have been chosèn.

Tbe approxirnate eigenvalues fron the flrst Teourrenoe relatlon,
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for evon vaLue of, k, er,'e gfven bv (+.¡)

åtrog(r-") - &r+e-a
whEro q a¡d e hsve been ctafined carÌ1or. lifter some nartlpuletlon

thlo exprsesion een be rerritten

trlog(t-e) s kzr *Qo

wlrere qn s 2Ertan 2c -2r 1o62+2erg f (n+þtr)

+ 4 ars r (å + 5) -4 a¡e r(r + tø)
and - clog (f - ") has been w¡itten since log I - e Xs negatlve.

'Ihe fact that the eoefficfent of Tr is Just k hac been êetenninecl by

oomparÍoon wltb the exact results. Sintlarly, for the odd vslues sf

k, the approrlnate fo¡mufa (+.6) ls equivalent to

trrog (r - ") - kTr + q, + 4 artan u- n'

(tn trre t"rm e- ñ6 , e le the base of natr¡¡al loeê¡ithïns.) Thege

Ilnes have also beeu plotted fn figrrres Vt 4 anê 5.

It nay be noti.ced thet % -r 0 as 6- -) 0 but arteri 
"-noo T

as () 0. Thus for atl vaLues of kr aLog (f - e) tenðs to e ,

mnltlple of 2Í, contra4r to the atatement of Cutkosþ (ff)' equation

('g.O). flowover, even for small values of Å , q" artd. ertan ,-tt

are not gmall.

Ás car¡ be easily seon frou tho grapkre the approxlnate fsmuLa

gC,ves reroarkably gpod resulta. For € > 0.99, that ier 1n the non

rel-ativlstio region, there le no apparont error ln the fo¡sn¡-la and even

tf e ie 0.95 the error 1s a¡nefl.

fhw tt nay be eoncludeð that the epprorimøte forrûulee ere val:ld

ås e + I and, i,n partlcular, there fs no r€aaon to d.oubt that as

e + 1, I¿ + for the abnortal eolutione.
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üÌiapter ñ

lUI' IìE]..AITION IdTTII WICKIS SOI'UÍIONS,

Cutkosþ (ff) states tìrat hJ.s eolutions of Hickfs equation fo¡m

a cornplete set. If thie le t¡ue then there inust be some relatlon

betweon his solutl.orre and, thoge fowrd in Chaptar 5. Cutkoslcyrs solutione

are denoted. ( (p) and for purpoaec of flnding tho rel-atlon it is

eonvenlent to introduce (p) d.efineä by

,lln^ tn) - ftn2 * r')'+ Itrf DlJ ú: $)

where þJlckts analytio eontlnuatlon hae been r¡.eed. so that p2 2Pr2*P4*

and the Epecö ls EucLldean.

be denoted by

U a + "tu/*lD's

'i'he solutiong for¡nd, ln Chapter 7 may here

p r* (a) t )-r. (cos¡ ) t ( e,?)

fs a four-dfuaenelonel

spherlcal ha-¡:mortic. A cornparlcon of the elgenvalueo, for example for

E = 0r shoïe that n ls the samê guantity in Qach ease and. that \qliekrs

quarrtrun nurnber É lE the sane as the k used here.

\L 2m
k¡¡

r* (e)

A U.ttle consid.eration shows thet requlreð relation ls very simple¡

añ, tl must be nrultt¡r}ee of one anothe¡. For the firnctions

eppear to form a oomplete set and certalnly the spherfcel-

hermon-Las d.o, hence qP nuet be a llnear oombir¡atlon of the ,lrtå.

tsut the eigonvalues of À a¡e frurctfoue of n and k so anðr llnear

combinstion of the V is a state nlthout * grngle definXte value for

¿\. Sinog Cutkosþts sofutiong d.o have deffr¡lte values for À they

must each correspontt to Just one soluti"n V lå.
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The forogoi.ng argunent seene oonvlnoing but lt Is of fnterest to

obtsizr the saüs result by an analyo5.o of the fiurctl.ona ?¿: b).
Cutkooþ Þegine by lntro{luoing fi,rnetlons

10 (P, u)
P (E,F)

Ë
(p2* z{zËp4**2-r2¡n+2

Correepondingly we have

n

where

¡-t-t

'(" A4LEZ 4 )*'

are to be detenmfned. For the f,r¡nctlonE

¡-l-,

2n
p (a,( ) [(p2 * u2)2 * + u2 nîJ

L/' (p '") E

(p2*zLEop4 o2¡n+2

t2 - NÍ2 - B2 ) ehanglng to ùbe (^, P ) ooordfu¡ate system gfves

v3þ,F,=l =
p,?l eà&tß ørla '-!r-arl'", e'n*lLl

Cutkosþ then deff.nos hts twrctLøn ( (p) &s

I lJt

'kt\
% tø/

l', ,* é''

(rw=E ï-',qIq d:¿0,=) /-z

where the fr¡nctLons

q thle impllea

Qtrt
ry Ir (a,ßl =

whero

lø/"L=o

n'l'(',-,hß) at. ø)

Al {¿)
t ,lz î*. rrl k-¿¡1"ø , t2;/,'a )

z\-{'' c-'a-z-' (c ø"Aa + i E z ¿riJa)-' I r1

(¡.r)

(¡.a)-l

No¡q lf thEee frurotlons (r,F) ere to be solutlone sf ldl,okre

equation they muet oetlofy a certa:ir¡ lntegral equation, or eguivalentþ¡

a certeln dlffo¡antlal. equatlon together wlth bounder¡r oonditfons. The

bourrdlary eonditionc turn out to be satlaffed. vüithout fr¡rther cor¡sLóep

etfon and. the differsntlal equation ls (aee equatfon (5.0))

Àà\-/¡L
(çr' + lþv + vt'tnl'r - ¿L ){r'n* ) =c)



¿,

Subetituting the expresølon (¡.f) for þ

slígbtly rearranging the ternw gÍveø

for

l-t

f' øt^ -,u,F)"-a-€'t t H3 + nffi - "-, - t,-al'A{,,
'1|'.,¡

+ r(,r4'elø;J* #' + 2(n-L+t)¿¡'¿-¿l ø>1. âl'J = o

r¡here ak;I t.) = o

(cosha-cosp )"-k-

¿2 ¡.o
fi

"2da

nL- u-1)'h| = . L(\-l-¿)a''^L^ 'lnA¿L¡

ln i.nto thls equatlon and
o

k = 0. Sinoe tlie expressions

are lluearly lndependent we have

-n2Lo = o
R

d"nL
gLau

+ ^I{2cosh2 a-tt?
.o

JT
n $.t)

À

Htø>Lt4 -p'

-2(^-e-dþ-4+ t) ^ln Al' (¡.¿)

It nray be shown that theee equationÉ are eqrrlval-ent to Cutkosþrs

eqr.ntions for his fr¡¿ctlons Uf tol alnce the *l t"t are transforsns

of ttre uf trl. Ths first eqr.iation (5,1), determlnes *i end. the

eigÞnvelues of À. Slnco lt ls lilentical lfith (3.11)' the equatiou

for f* (a), obviouoly the eigerrvaluee will be ld.eiltical with thoEe

fourrd in Chapter 4. 'fhen the equatione (f.+) enable the nf ("i to be

detern¡ined recwsively. lJowever, thfs would be a dLf,fiqul-t proeedure

and tt wlll now be shown that owing to the particule,r structlue of (5.4)

it le urmecens&ry¡ { (e) is ths only fwrctíoa needed.

tr'3,rst¡ set { - n - I - \ then (5.1) beconres

1.

,t? = t ,/ieF) r;2*'o Lr,^t,--Làß)r-A AÍ^ø)

As r¡fe are interested in comparfng with the eoparated solutions

\y , ïre expand. the binomial factor and then r¡,se tha fact that a powêr

of cos p cøtt be oxpresseó as a suIB of Gegerrbauer polynomials:

-l

+



ôq

-Lt!
0ù) tp [*ilz a c rT"* (þ P)

+f = í, Yltt,4) n''^r''n 
Ãe/ffi, cit,t¡tt Oiøl

J

tl'..=o

wherc f* ¡J rn6anõ the largest lnteger less tha.ri or cqual. to * J, c

Le arbltraryr and

ø1, =
(¡-rj -z','¡ f G)
zi @ l- (r+ J+ r -ta.|

Âftsr come rea,nra$gensnt of the ¡erlcs wc get

+

where

D (.^) = ,Jeo Aï''¿tol F (rt' ,it,-A); r+jtt;^t'LJJ

+ L--o

Thon, uao of, tha requxr€nee relet¿on (5,4) fo¡ the

that ff <f - {+I.

À

u2onuhZ"-82

shoïs

- 0

hag no nsn-

nu;J-o (.)

+ n{t'l - 1"+3-dä{(*)

Now thls ls Jrret the equetlon (¡.¡) for { w1üh
2

n replacecl uy (n+J-q)2.

Ilence aolvlng thls cqrratlon would lEact to en eLgcnvalus oonèlt{on for )
ln whlotr (n+J-q) w1).1 appear. But 

^ 
hae elroa{y beon tlotEr'¡otneti from

ß,Ð by tho asne oonùltlon Ln rrhloh rr appesrs. [hr¡¡ -\ wlu sot

aatiofy tbe new condj.tlon. Hsnoo the equation for

trivLal solutfon rrnlase J r {r or
I

¡rt 3 0 J+q¡,

lherofore tÍ0 ¡Hre tcft wlth

*-l',

o{(a)

q

e) t-Htl) rþ-ú ? = É" Yi Q, r) ,r;^r'' t, ¿* l-ln) ctl-'r-,t^,t) Aita¡



'?,2

whÍoh t¡ e multtple of 
^!¿å. 

It ls noc slear tlret Wtokte pctho¿I 6¡rd.

thø present nethod of aolvÀng llf.ckfa oquatlon are eon¡rletcly equivelont.
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Chapter 6.

lCe ooumenoe wÍth the equatlon

[rn'-u')2- oo'uo'J Qul f\

I

E ¡2

As has been polnted out 1n the Introduction, tbc tnstEntanðous lntsr-

action approri.netlon oonetetE of 
"uptr"tr.s the tenn (p - n)2 by

-h, - f)2. 'Ihis epproxlnatlon iras been nede frÀ eÌl tho applleatione of

the Bethe-Salpeter equatlon to physlcal situåtions and although lt fa

tutd.oubtodLy velld 1n tho non relat{vletio ltnltr thc crrors whfch lt
lntrocluees are dLffleult to eetlnato without asr exaot eolution. It le

theroforo of intereøt to ¡natse the eane approximatlon In lrlLckts equettoa

anel to co¡npare the resultlng elgÞnvelues r¡j.th ùhe exeot elgenvalues

prevíoucly aalculated.. If the emors are suralL there woultt be more

raecton to hope that tha approximatlon lntroeluoee saa,lL etrrors lnto the

B.-rS. oquation for two f,e¡mions.

Itre appro¡LnaÈed. eqr.ætfon

I ( )
222 4E2Po ó (p) -tl

ttL
(0. r)

(o.e)

P a

takes on a tather ainple fo¡m fn coorùinete Êrpace

[F - .')'* ¿r'+;-J rL&) - -¿¿tT\ î(tl u(rtt

where fJ = v t-

to be eagier to reduce f,r¡rther.

of þ. the D-o' dependence of

"'' þl

. Ilowover, tho equatlon (6.1) seeng

Since tho right ha¡rd sld.e is lnd.epentlent

ä nuet be given by the eubgtitutfon

)L
ãÊ'

Qbt --
t"'-[')' -,rE [;

(s.z)
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I-ì¡ttlng thlg 1D (e.f) roð lntegratfng over ko gfves

v(¿) Ð J-
¿

¿5t ., (u)
2

(6,7)
(o2*ts2) fitïîrø ¿)

For the rc¡raind,er of thl,s chepter wc ahall put M - 1r eo thet

c2 - I - E2 and p - l¿l , lfaekofs theor,cu (f), (O) oan be applfed to

(6.il lf we ¡iut

v (n) r * s(p) { (e, () (6.4)

then s(p) eatlcffee a orrG dinenolon¿t f.ntegrel oquatlon

s(p) s À
s (r) ar q (e .¡)

l"

oo

s(p) ¡ À

fr

I
¡e2+ rrz) /itr

where Q¿ le e legendre firnetLoa of the eecond. kfnd.

Ëurpriatngly, this equatfoa eeems to þe nore ttiffLcult to soLne

than the full irlekrs oquatlon. Golctstein (a) n*r eoneidered e eirntlar

eqnatlon, wlthout the fastor e2* k2 and. flnds À r # (whøn { = 0)

es the eJ,ngle efgenvalrro, þut htE nEthod ls d,lfficult to gøneraüeo. [he

follonin6 procedure auggestect by the teclrnlqnea of Muehe1J.shvflt (ru¡,

and, soms work of Hej.ns and M,acüauy (lf¡, gfvea a etrong b.tnt thst the

eLgenvalueÉr ar€ glven by # - n rhere a ls a¡r åatoger.

I'or e|npJJ.cfty ne conafÈer only g - states. nron (6.5) becones

(o2+ ta) ,2+.K

Ifow m¿ke the traneforroetion, - / I - x
f

r*p2oÀ,

rog

so that

(s.o)

22c+p ¡!

T

2

)

s(x)



7?

S¡ {Leflao r nËü ftuotlon r(s} of t}¡e coruplor varLeble I þ
the cquctLon

I

w(s)rÀ f? lo (

t-

(+)'-L/$rnarr

The bra¡roh sf ls ap.olfletl þ rtattug th¡t l.t !.¡ to þc rt¡]. antl

¡nsitlve f,er r rnyrhcrr sn tho !.ôl r¡l,t oroept the aegnent (O' f). If,

i

, !-l, rã\--l

J-

tf, s.r-1Ê r t$lt --L/J* cbarry v(¡) lrnsutarantt

elnglc-vsluodl. fa tjbe uhole planc eut elong tbc rc¡l ¿rfe froo 0 to I.

Int o+(r), u-(r) bc tho rl.urtlng veruc¡ of r(c) sa thc trppet antt

Iorer ei,ôcs of the eut ma¡netfvcly' An analyola of l¡hc lsg¡¡tth¡a ln

the víoinlty of, the cut EhEw¡ th¿t

u,,+ ()¿) -- + [' #, t"? ffi - M..-' !""ffi"

- - &t = + /' # h t ffil - +.-- | .'W, *

0(x<1, ¿m¡lLa¡¡{ ¡¡r+1.¿r thca

Henec

u'*eLt+t-tLI = -rn¿ f.-ffiffi
ü,rrp(r -Ø'(tt) = -\ ["'&hl

= -L ç(x)

aeeord:!.ng to thc inte¡rr.t equrtlon f,or S(¡). lbereforo

Urrqll + ttt' þt)

flt lî ttlF ¡;u
¡lt ,/-n - tF lî-*

or

ffi-o't ' Ç;ut = þa,. ("$' -w-Ôù) (ø.e)
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the ¡olutlm of tho tateggl oquatfon has b.en reêuecd to thr problcn of,

ffnèlag e fwrottoa eneLytlo Ln thc cuü plane rhosø bounèery valuos on the

cut ¡attsfy thia ctiffcrentLat cqtr¡tlon (an¿ a bormdrq¡ oondLtlon th¡t

tr+(0) + n-(o) - 0). onos thls functlon hes bcen founð, s(¡) trs glven

by lta dlsoontinulty eerooe the out

s(¡) ! -å (w+(r) - r-(¡)),

îhe aqr:atton (6,9) can bE rsrritten

LÑ' d"* lrrE *6)'--i/Ë*-'#,.-
Now tË-r- ic slnply tho bor¡nctary valuc of Ñ on tb,e upFer s{do of

the cut snó -l,f-x tø the bormclary valr¡e of Æ on the lo*or sr.de.

!\¡rthe¡uotro, $e ohÉoualy o¡¡r rrlte

S = (#)" ¡vhtle (r-B2r)-l fu resurar on and ne¿r tho

cut for E2 < L, ço {¡hc eboye equetlon bcoones

1+ dwlrE

I üt'
dr
dú

tf

thr¡s tbe fimatlon 'æ + * àil ; w hes the agne value on each sltle' dlz z(t-u¿ø)

of the cut, 1.e, lt ls anelytlo on the cut. Note, hoïeYer, that thLa

eqr¡ality eppllce ort the cut, the øegncnt (Or f)n but uot along tho

negetive real, a¡Le where w(s) fo analytlc but of oouree F hae e cut.

Ue can thergfore w¡lte

'ta #.ff{) ' P(z) (6'e)

vhere y(") |s out al,ong the enti¡e negatlvo real exLs. IB eitdltl"on

f(s) uuet heve s pole at s = li¡-l. thiE ð1ff,srentlal equatl.on aan b¡

aolved end. gl.ves

tþr(zl c+ e Íã t (e.ro)
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wberc r- in s constant to be tletarm¿nod fron tho bounde.ry ooadltlo¿.
o

The fi¡natLsn r(z) is probobly not nulque but t¡ øeYerely

restrLctetl by the conitltfon th¡t the fntegral. (6.t0), whon multlpltatl

by affiÆrg' arrr*, e funetlon analytlc alorrg the negatlve rcal a¡ie.

trf we put a 18
2Ec

anel

a

s(ø) tt¡en (6.t0) becones

Êor

zê

o

Pe) gQ,) ¿lrrtfr

Ln' - -c

w(¡) -ãb, [.ffi*,.
Now at the ¡rolnt ø * E'2, e(s) hsø ¿û genoral a breneJr polnt antl p(s)

heg e pole¡ Þut *tu) mtgt Ëe reguler. Suppose that y i's a pofnt

ncatr ß-2 and lot yl be tbo v¿lue of Y et y¡ then

ïrE ¡lzl

Iæt the polnt y make a clrcutt rormcl the

polnt E-2. Then e(y) rllL beaone g(y)"-tr¿t

and the new value of r(t) w1LL bo

.1 (? P(ø') eG')
e(y) J=. lzt - L

I,llL

¿a

l
thet ie

ft", ,
c z'- I

But ¡n(ø) ts regular ln tbe vlctnfty of E)-? ltY2t

et¡r¿4|.
¿qLL olz'I

I eIT z'-l
o

orl
c

z')
z/- | (s.n)

lbo ri.nplest way to satlefy tltf,c eqrratl,on Le to let & be an fuùeger.

0ertalnly these nay not be the onJ.y posslbillttesr nor are tbey

necessarily oomect, for the¡e üåy be no ñ¡nstf.on f(g) whlcb efves

--(.'n'Lù I,: 
zftoll



7L

v(c) tbo os¡rcct pro¡nrtfor. Eowover¡ ooaf,ld¡noo la thoro oL6cqvslutr

¡ - nåE o o

l¡ l¡¡o¡ncmctt Þy uottng th¡t thi.¡ 1r Jurt thr rcsult obtaLneð tn Ghaptcr 4r

and prsvlcurly Þy Hlokr f,o¡ ùbc noærclatfvlatf.o frln¡,t of, tho noru¡I

eolr¡tlsn¡ of trlre f,ull WXokrs oqrretlon. Âr nso obrervcil thrror tÏ¡o¡c

ctgcnvelrrc¡ 116 a goorl approrlørtlon only tn thc o¡trr¡¡o non rel¡tlvlaùto

].;lnlt, Foe rxanpb ff, gZ - 0.9975 'l¡hc èÍro¡ lt rbout Iãe rnd If

E2 - 0.99 tt ¡¡r¡oho¡ 7#¡ Vo¡ho (5e) foun¿ tbrt tf, th¡ ne¡oa $hl€ür

oarrlcs the LatoraotLon hr- non-sero D¡sc thra tlrc a¡rroÌ ln tho clgrnvalua

obtet¡Dê *rø thc oorxoopond,lag Sohrodtngor oquatÈon lc oven largor for

E2 - 0.99, ebønt 4QÉ., tf thr prarcut r¡otlroð ooul,dl, Èo nailo to glro tü.c

iaat¡¡rtancotu lntcraetlen rtgcnvnlrros 11+À clråalaty¡ r tlrsrc wor¡ldl probebly

bc ao itlfftoulty tn ¡rtonðiry lt to thc goncrul eesc of ¡ton-Eöro ûcso'n

DÀ83.
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0h¡pter 7.

EtrE N0RrrÀ[¡t7,41I01t CoNqTtIAN .

In thl¡ ollepter a no¡rm¡lr,sstloa oondltlon for Uickts equatfon

stll be ûerlved along thc ltnca cuggcsteeL þ Gneen (æ).

Ås rna tteserlbödl ln tlhe Introtluotlon, e sct of ¡rave fi¡r¡ctlon¡

Ean be d,eflnocl

eto,¡ oorrêsponùlng to the preaenoc of trro nuelEon¡ aud no moeonar qno

neson, @tc. Fhelr eonpler oonjqateg a¡e

ü (rr, xr) - . (1L f ql'(¡r) +{:.r)r2-)

i (:rr, nzr y) c (V' , f, +(rr) vGì ($)1)
pot ¡lnFllcityr the nucleons iilrc suppoøerl ncutrel antl 1d[entÍe41" so that

u enô v ajr€ even frrnotlons under an lnterohango of x, and xr. For the

laalcler approrination, only theso tno fr¡nctio¡rs afa conslaleredr antl tùey

eatisfy the eqr.ratlona

( tll, + r'12¡ u(rr, rr) E g v (ra, rrl 
"a) (t.r)

( E.* u2¡ v(¡r, ,.z, v) g e Ð (rz- r) u(xa xr)

o(trr rr) a

v(rr,'ra¡ y)

Ehe16 U(t) B ..

(fi, r,.t(¡r) v6)rl/)
E (r¿ , r { (rr) y(xr) ?G)V)

(?"r¡

ft.2)

tId
e

k2+1¿

0otng to eeatre of naes eoorôfnateo, å(tI + rr) - X, ÍI - rA - rt

X - I - s these cçratÍone bocono

5 u(x, r) ra g v(x, xt *r)

x, v(x, ¡¡ E) ' I D(tx + g) u(x, r)

KI s *trx*0r*VxV*#

¿k.

rhere

(2.+)
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Kz - {- úx* Q + *Eo- vx Vx - *VE Yx n V= V u+mz

ancl oimllarly

x, i(x' "¡ ") a e S (þ + n) ü (x, r)

Sow the grncr*l lclea of the proeeot nsthodt la to regerd. th¡ee

oquatJ,ons es a eat of eqr.ratfone for t¡ro olaseloal f,1elds. If thls ls

IegC.ti.uate thon they reault fron the vc¡latlon of E Isgr¡nel¡n a¡rd frm

the Iegrsngj.an an erproaal.on for a curront san hç derfved. thle ounent

wfll neceeearily be eonEeryedl Þy rlrtue sf the f,leld øquatione anct thc

lntegral of ft over a o¡noctlke ¡r¡rfeee must be a eonetent. Olving a

vsluo to the oonstant normaLLccs tho wavq fi¡nctfonq.

fhe meeon propagator U(*s + ¡) nust flrrt be ellmtnoteð so the

cquatioæ (1.1) beeone

tr, u(6 x) 3 g v(xr xr }r)

Eo K2 v(x, r¡ s) - reu(x,x) [(*r + ") 
ft'¡)

h ü()t, r) r s i(x, r¡ h)

6,rßzÇ(x, *¡ s) r -reü(x,x) 5(Sx + r).

Unfortun¿teþ the feotor I occurrlng i.a two of tho¡o equatÍons

seems to n¡ke 1t lnpocalble to ftnd a f,agrangÍr¿ whLah thoy coultt havo

derived f,rom" tlut¡ rllfflouLty It overeone by ob¿ngfng to tho lnagfna¡ry

tfme axLc. ffiok hes ahssn ttrat u(Lrx) ean bc aontÍnueri i.nto tbe oornplox

t-planc and fron the enrlytLe proportlcs of, r¡(Xrx) tl¡oee of v(Xrx¡s)

can be dedr¡oed Èry uølng tJle equatton¡ (?.5), It nsy b¡ notoú that the

properties of u(Xrx) are tnilepenclent of thc leddcr approrlmetfon uhilc

tbo propertlee of v(L, r¡ E) formô tn thl¡ tay arô not neoeEoarlly vetLcl

5 ü(x, r) ¡ s;(x, r¡ år)
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ln gcnsral, thå rot¿tloa to the tuagfnsry ttne exls iE most oonvantentþ

oa¡*lett out 1n nomentum ol,eoã. Suppoce that IJ(.F, p) ancl V(P, p, q)

arc the Fourler transfonns of, u rntl v tl¡on th¡ flrgt tlro equatione of,

(t.¡) bocone

(¡r2 - *f- p?- pp) u(p,B ¡ - h/ .- v(p, Y, p - 8)

(¡q2 - *pz -ut* 
"r) 

v(p, ¿+s, p - q) 3 êrTt ïÍb$T, 
(z'e)

sLnoe u(P,q) has outo f,rom tùre Ee¡os of (ua - *p2 - pa t ry) to t )

the eecontl of thEeo eqtretlons showa thßt V(p, ?, p - q) has ths sane

cute togethor wlth two polee aù the zoro of (p - q)A * I3 . Ilenee V

oan be aontlaueê f¡ the aaure d.L¡eetlon as II. lfùer talrtng both po end

çlo üo the fÐ3l.fnå¡ry a¡ls sndl puttlng Fo - XÞ4r Sa - 1{4 the eqrretlorr

(l 'ø¡ becone

(ror2- +f* u2- rn4*o* I.I) u(n, tpu, g)

# f ,n ui,,, qC, , ; 
n, r(n¡ s4),p - !)-

aod

(rra - *f+ f+rop4 -å.g) uçr, 
i(3f-d' 

. + ' t(p4- rI4)' ! * $)

a -gg

çzr )7

whera
222P -P4+8 "

A slel"Ia¡ prooedure oan be ce¡zfed. out for the second pnlr of eqrretione

(t.l) br¡t tlre rotetlon ln the eonplcr po plene nust b@ ln thc oppoeite

cllreotion eo that tlre aubatLtuti.ons Pu o -1p4r go r -lqO nu.st ho msclð.

hle can thEn nske a Esoond For¡¡ler tra¡lefom.stl,on

u(P, ipo, E) - À' 4fi2
-1r
û(rr-tpn, p) -ff J

f ot*u, 
=) 

riPx"-lr ¿x a"

-tPX ip¡
e0u (to, g) atX dn
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etc. and flnally get

riu(r)-tsv(',å)

år(*, ø)nLsu(r) f ("*å)

ete. ¡uhere the ccnt¡e of naas aoordlnete hap been suppressed ônð

E

ri

0.1)

ri - # 
'u do¡ - t;*u u'9!'vå - llr-

nM2 + *tr* * i*.(å,,* i+-) + v{'(v,: .lvà -tv'*!v.)'
Rtra,l}y, slnes u(¡) - o(-") and Y (r, s) - v(-¡, s)

ri u(r) ', I s v (r, tr)

,fro(", ø) = t s u (r) E(¡ - Èt)

ü(x) - -r s i(¡, åx)

(?.e;

Ergi (¡, r) --1 eü (¡) 6(s -å")

where Ei ls derlvecl from Eb by Ghangá.r¡g tbe øIgn of I tn

Kå

Now this oet of agr.ntiono ca¡r be derivecl f,tron e Ladrsngfen d,enslty ,t

nhlob. tr¡n¡e out to be a fi¡nctlon of' u(rU, g) ¡nd ü(-%, t) End

samtlarly f,or v so t¡het Í setiefles

7 {-"u, -øo) - ! ('.o, ao)

a eondftton oM.or¡sly relateil to the fast that n4 eaô o4 ero

fopltoltly nultip1.:Leil by a feotor l. As / 1¡ rathø¡ lengthy 1t rIIl

not be glven here 1¡ d.etail h¡t the geueral. f,orm for the Iagsanstan l, lE

¡- = [ /.x h (f" (Å,t) + Il. (Í. lt¡,2) +È1 tLtt) ût-x*,t,-2,, z)
-t1E(-rt.,r) v(ttù)J (?'g)

If we then f!.ncl, 5 f, the changp tn L due to fndepeneleat v¡riatlon¡ of

u, ü, v and i audthcnput tüo-1[, iun !'u, $i--ti1
fvolv ênat $L-Q re6ot

s.nd T
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o-J

whcrc

OT

dr( gto- vr

Jo -- L F* t'o "t-xn)'#', - i u*r, i u #" + L, t**, )
- t F^J. (d ù D.#. -¿,rÐ. *" -iû E=(A,-r È.,),/

* i w tl. ¿å. -¿ S..) D)
and ¡r.'r,{ lar\y for J. In ose}r t¡ru of thl.o c4prenios ft uu¡t Þo mdlop

stoocl that tbe algmætc of s ür. 
"4r I ¡¡¡dl of, E ¡r'! .*+, I qwt

etnl.tar).y thooc of v ¡¡t "4, I, n4, E þut thoar of, ; drc

*4r Ir -EOr 8r

Slaco .t ls a wetor rb1eh to oon¡emô lt oorrrcpondr to ¡on¡

physloel quanùlty ¡nê fc nost ¡c¡dlþ lnterpretsd ¡¡ the d,anol.þ cntl flur

sf thc bound stetc så & rhoJ.e. Sfnso the ryoten mst ÞG roncsheæ th¡

nsrusllsatÍ.on ær¡dltl,on 1¡

[¡^¿5r: I (z.rr¡Jo

I'*

(z.rp)

d,l 3I
/*

for a gworrf a¡nool:Lb rurfa6¡.

Sor a pu.bloulcr ¡olutlou of tho flekl cquetlour

u (x, r) ú o-irlt' e (r)
-LPX ^r'É -V J 

aP "'rt 4$P+' 2)

¡nè v(x, r, r ! -lll[ 
f u, uo 

"lPr "l{a 
á(tp4, i$4, E, g)

J

ùho cqurtton (?.L!.) Þooone¡, f.a nonoatun spaqo

i = Irl þ+t[,¡ çdl",!.) ,tti¡, ,¡1

* IÅt /1 le*+. ,$ ,t,,) 4: âUl,,tlv,I,t) e¿,:J^uitr,L?)
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Ë.ro V btù. l¡tçeratloüvolrnc, 3rO rü¿ ForXB.

Itt !h. tlrrt tsür5ÐI, tlrr trmm o@t t,ntûf p4 l¡ tap ¡f,aoo

tl ,,, rwo la g4r ld, ia the rosa¡f tbc ñurotlær ê rnû ê orE ùr

¡ll,sl,s¿tcû þ æmr of t¡e flelê ¡qstlæ¡. thto {ùc trntqratl,oq otrr

D ss br pe¡:fowd to Slro

È-*/ont.+Àr(p)) +(rpc.g) r¿(trr,g) (?"re)

rberre À . (iÞ)A 1r tho æupffa6 am¡trnt r¡þê {ñ thr pqvrgcuc cbaptrr

rad

leg æed22P+€+
#

+ & (*'- nfl rrtrn *-= Ir/- '4' ' 
Dt+ G" ) t?.r')

À rtoú.låE oqpruslon san bc oùt¡ln¡ð for thr ao¡us,ll¡rtiø t¡tqr¡l t¡
tùr fflnhocald ætrto þr uaf¡¡ tàr oef,ytlc oontln¡¡tûen d V ia $vt

*. * [.r, " J ¡,(p)) Qb).¿ (p) ap

t'ho frust!,æ lt(pi tr ¡rthc¡ oonpllætoô ra{ thr Po.4atrøratfon nntt

Þ¡ ovor th* oostour ahüñrr

c
Íor applteatloa of: tblo

ao¡m¡tt¡¿tlø te tb¡ æIutlons

for¡nd tn Güaytrr 5r rllora¡¡er

nwt ba a¡dc for tho wry tùo ¡rgs¡¡t D4 lro¡ bem lutreô¡loed. If

iÞ(n4, n) ls tha ¡.¡6.srlFrter r¡vr f,t¡notl,m tn lù¡ Er¡stld¡¡¡r uHo
t"Ì¡g

V $+ '!) = ip ¿¡"'l')

^.

rad QLil,,l) = õl-¡,,1)
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¡ttû Lif

tben tbe trntogral beeou¡¡

-u I v(9 ) s)v (-B
¿p (r * )r(B)

, 8)I
v 2 (z.rq)

Xf, the va¡f,eÈlea r¡o trap¡f,o¡rn¡ô to {rhe (a, ê , O , ( ) r¡aeô

Earllor anü thc aolgtåon¡ of, Ch.aptol ã l¡¡crteô fn (Z.f+) f¡tre flnaÌ regutt

!.¡ rethor conpLfoatctl. $!,¡oe the nucX.eoas e¡{r e¡gu¡nod, fdlentlor,lr onlf

tbe col,utlons vho¡e guentun nt¡nbc¡' k !.¡ ¡ven e¡¡ to þc lnoludcil, beeeurc

tbs other¡ ilo tot eetfr$ thc eondllt{on qL$) - þFp). Srou ttrc f,ir¡t

tcm !.n (Z.r+) üre ocËcntf^Êl tntigrrl 1s, !f ¡ - oecb2¡r

s(a) lø* aonstaatas EâIr

thf.ø Íntegtel 1r oowcrgcnt. Ihc sceoad tem tn (l,f+), contn{ntng thr

f,setor f(p) cennot bc rethro¡il to aa lnteertl 6çc! r rJ.ngb vs¡ieblc

but tt r6enË olee¡ th¿t tt ln¡rroveø thc eoavetg€!¡ooÇ [trw thc prcoent

gol"utLonc e¡e norr¡Llsaþl,r rooordfng to tlrla nom¿Ìlúetloa oonrlLtLoa.

If the laitil¡r approd.natlon rcrt ¡ot ¡¡¡û¡ thc oquatlon (?.I2)

roulil be replecad by

ü: "ft\ /r+ À I,lt^) * À'1,[h) F-' ),+ tt

Bho no¡m¿ll.¡atl,sn oor¡ld bærk dwn f,f tbe povcr sc¡lc¡ ln the aoupllng

oon¡tarrt rers uot ooavergont or Lf ono of the letør te¡ûs vcre d.Lverggnt.

Preaunabþ tbc fÌl.rrt tllff,åcr¡lty *1ll on\r ooeur lf the f¡¡ll Brtho-

$alpeter kc¡mrl lc not oonvergontr ütl sl.uec tlhe f,Lrct f,actor fr(n)

fful o2)z + 4n2p
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lmprovea ùhe cowcrgtnoc, lt l¡ reasonrblo to lupposo tho later termg

*1I1 aot neke f,t enür torÉaa

the nosnel,ÅEation glven by BlrhtJine (af) iu

+ = +;rrÀt{dtr

Ìrhtrehr when tbe lnteeral oquatlon fo* iÞ (p) f.s r¡ged Lead',s to

+ - 4rÍ5 r[ 
.n (ro" u) I(p - E)z - #J õ(B) ¿þ(p)

Precuurably thl.o ¡rÐreeELon rlroulü be s¡mnst¡lEod l,¡¡ Bo and lt then

boconoe

+ !¡B 4r5v / au tn! * g2 * 
"2t lb) iD(p)

fhls ncy aot ùe qutte eo¡-eot as no ¡aoount l¡¿¡ boon trkon of tho analytlo

properttoc of, ö(p). Eowc?er lt obvlou6\y t e qutte d,tfforent f¡on

(?.fe) anû iþo¡ nst wcn oorrecpond to t¡lre ff,rËt te:m of (?.fZ¡. Slnoc

illshlJintÂrc ooEdLül,on l¡ noro atld,ngeat t¡ar¡ (?.fA) aod he fintlE t;hat the

aoluti.oas Ef ïùekr¡ c,quattræ rre nç¡uells¡ble tt lc not ourprfsJ.ng tlt8t

thoy oan atco þe normeL:lcoil þ thr prcscnt nothodl.

It tg Lnteroetlng to oee ùet the nom¡If.¡atloa ooaqlitton gåves in

a nça reL¡tlvlatlo eppro¡fnatÍoa. Âs hås been ahow¿ ån e previous

chaptor ln thc l¡¡tanta¡¡oeus iatemottsn oplrod,natlonr thc navc fi¡notlsn

0(p) ean bo rpreceil þ

ù(p)
v (s)

+ )2* æ2rf

aud lf ùh!.a ie lnccrtod lnto the flr¡t tcm of tho cqrretlon (?'f4)

(siaoc Å nwt oørüaloly þe ces[ tf tbte appro¡tstloa te qlcô) oae gstc
| = +E I ûtb ù Ul vlbl I rnL+ c"-t ç l.')v tb ) @-tlL)vz" ¿ ¡r * ..¡ r 

-
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tùero npç D * f El. on tÀc othe¡ hrnötrrfour ruthor (1), (ta) eu¡g¡¡t

t¡h¡t thr rnrlogrro ia trhr¡o dtrqcerf.G¡ üf iþh) tt
((s) . [Otul 

,nu

Eenoe
(h) -

Iht¡o tbr noru,l;l¡rtlæ so¡dltlm l¡

+ =# I¿'rPu)?b) (?.r¡)

ÅItheueh tbf.r d,t*f¡nr oem¡til,onbly ft@ tür r¡r¡l¡l aomrll¡¡ùloa of rffi¡:

rcL¡tfvtr¡tl,c ¡ravr n¡srb¡nlq¡ lt lueõt br ænruÈonò fl¡¡t t¡h¡t f ùorit aøn

aatfofy ¡ Schuottlngcr cquattær On tibs otù¡¡ h¡nÀ Slahå$l,uetr no¡ucl-

tsrttsû [n tbt¡ rpprorls¡ttou gü,voa

*-oo% [ë, ?tu)(e,)/"Ç
rbloh tr oortr,ln\r rlnpl"or Èet cçrnlty êlffrr¡ flqm thc ruu¡I nenl-

rela,tlvlctlo sp¡mal;l.tttlcm.
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Ch¡ntcr 8.

--

ggg5fft¡f&.

Itle rork deperlb¡rl f¡ thc preocdlng ehcpterr h¿c aot lecl to an¡r

nsJor rovlglon of, aoecptsd lde¡¡ on Hlakrø cguatl.on ao tlt¿t f,rw gnnerol

oouolu¡tons are ln ord.er, 8on¡ of the pr{.nolpel fcaùrrls of, eee}r

ohepter ¡¡o ¡r¡nna¡1goè here cnd. pone s¿{itlgn¡r connents E¡tle.

In Ghaptcr 5 lt ¡¡as fornd thst thc ¡nqlJrtl€ propertlos of tåc

solutl.ons lu the aonpler po plenc are alnpler than thooc found by

Wtelt for the geneeal Sethe-Salpeter wevo fi¡notf,on. [hc aame dlsoovcrlr

rac u¡dc by l'JataneUe (59), südt ft lc ûiff,tcult to ¡roLrl, eoneluôfn6 that

1t te a Goos€quonce of tlro l¡dd.cl approxl.natt on.

Just beesuce of, thls srrrlJrtfê atructuror lt ueø very cllff,loult

to eolvø thc lntegral equatlon ts the l{lnkowald. nctrfo ¡o ù*¡e i"ue¿:ine,ry

r.cletlve oncrgr was Lntrodueed. St"utlarly f,n ilcrivlng the ¡ro¡tal.:1,ø¿tlon

oond,ltlon tn 0hapto¡ ? thE ehsngs to tnegC.Bå¡T relatlvc tl-no ¡¡as ec¡ontlel'

thlc seena to be only a nstter of oonvenlenae but mlght have eleeper

sÍgrdftcrnec. å,t Leaet lt nry be de¡lrable l¡ all bounû etate probleloa.

l[he aoru¿Il¡atf.on of Cbepte¡ ? itfffera oongiòerably firon tih¿t

previoueþ propoaeil by Handeletan anil .A,llcook. EoweYer¡ ea en¡ihrsLredl

þ Green (29), tihe ¡¡rot noru¡Itg¡tion na¡r aot n¡ttet n6¡Ìf nnab¡ tLnc¡

tl¡e total oharge 1ø proeumabþ a conøt¡¡t of, the notlonr $endelstants

aonrlltion mnst ¡till be appllcable. Uhereas Ln non relstlvløtlo w¿vc

nsehantos, the no¡r¿UgstÍon conclitton !.¡ r¡¡etl to dcterrni.ne thc elgra-

valuea, ln the prcsent theory thoy ere gÍ.ven eþegtl,y sfncc an integral

egrretlon le used. grn{ f¡¡.þ Oreen rnct BfEwes (a+) for¡nd thet cltsple
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rogulårity oondlftÀenø rorc Euf,flolont to proc!.uoo elgrnvalucs of tbe tro-

f'er¡¡lon probløn. 11re ono ¡ltr¡¿tloa ls rhloh tho exeot fo¡m of the

no¡mallaatfon ooulcl Þc lnpoltaxrt Íe fn the e'l {nfn¿tf on of unrcrrtod

solutLons.

ftre abrom¡I eoLutlonc toneLn oao of tbo fstract¿ble probleme of

Hlokrs oguatioa. Whl,le Ít nust be Demonb¡ed. ùhat thE ladd,er &pppor-

f.rnatLon ls not to be tnreteet for ,\ z * tt ror¡Lrl stllI be pref,erabl"e

to find te&aon !e 6!tn{n¡te tbon. It n,f6ht be poEsl.ble to u¡ko varlou¡

portr¡¡batlona to tha potenttal ¿! (rf - "Z) whlch rould ctlli. allor

ttbo øeparetloa of varlebles ar¡rl loaô to ¿ ressonnÞþ alaplo dlifferontieL

oquetlou 1n ono varieble. If tl¡r perturbatl,os ns¡¡ not too wrrealletlo

¡nd Lf aLt the elgenveluee tbgn tenéeô, to ¡ers a part of, thc problcn

woulê theu be ænovoô. Eowevor la ono ÊoÐ€ lt wor¡ld" be worse Lr¡ vler

of tbe etuôlcs of HugC.þqyrai¡f (¡C) on the stetle aocùol ¡rbere lt was sbom

thet tlrc abnonneL solutlonÊ ðo not eoruorpond to elgenstetel of tli¡

HenlltonL¡n. &e elnguJ.er beharrlor¡¡ of the propagetor at À - * ih¡o

to the sonf,LuÐnoe of a.ll the rÈnomol colutLotrB docs not oeen |mportant

et the p:resent ata6o; qoet llJcery ft ls a feetr¡re of the lad,der approx-

{natlon qnd. rould not ocou¡ la higher approrinatlona.
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PROGIì.AM 18 tr'IOU SgEgE.

Text S¡abole | å" e y 
^ 

ð.v dy*r

F0R[ä,AI{ S¡mbols AEBMCi)

U'¡U+l'0
Bc

PRT}IT
U

0.C+0,1rx' u > 0.0
-0.0

U-0.0IFU<O
>0

lÍ'u >6
<6

TFC>O
1O

If D.BB < O
>0

Caleul¿te B

iÞU+LE[f.ü¡4-I.0 Crg-¡0.tIF IüI,1 >-L
-0

C!4-0'5 E¡ls10O

IX'C >18
1-L8

ÐDrI)

CalouJ.atc I Ec$.r0.6IF E > 0.82
< 0.82

Caloul¿ts X

Á-A{4,5Þ1.0
DD-L.00

U"O.0 ,
5

Au'

Âr0. E¡{.1
8Mr100.0

Brdo[à-t( +oar(n+t)

DI)







.0
>0.

IF ¡l 3 0.986

<0.
IF E - 0.998>0.

I!'U -= 0.946 It' iI > 0,9€36
<0

E=úl+0C4+0. c-c-o.o+ffffi6¡

IF10023IFL, >
s >0.

IF 11 < 0.94 c-c-o.oa$ftØ_r,

BB-B IF B.tsB > O

<0 BB,Tli BA cE

PRT¡{T

lrL<¡
>0

1

CalcuLate BD=l .0 EeS16.UrU

EM=200

E4+I.0
IT'J < IO

>10

ItrE > O

<0

JtJ
BJ¡AD IJTUT TAPS 2 lhe second. half of tha

progxan i.ø very sinLla¡
to the firet half but
the d,ifferent recurrenoe

1s

otl

.PiÉt0Gn0,1,1 2l FiLOlt sHr.rIiT

The correspotdance of o¡rnbols le as before.
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Tert S¡rnbolø

PBOGR.AJq rcO X'IÐH SHEET

l'0RTi{N{ S¡mbolø A BI Å]M C I' FF

IF C-Crt¡-5S <0
>0cNrsrcBI I

PRTNT

3¡cBO¡C+S

P&INT
Tltlc¡

IF B.DB < O
>o

IF J-l IFL>I
aL

rF tff -< 25
>25 AE T,BIc

PRTN!

CN-C-SCalouleta B

EI'[=EH-I'0IFEM > O

¡0
SiEO.

Ccloì¡Lete F !¡I+1

CaLoulate X
TbI.O

0-l
IFI/<K

-

J-lEI'frXlf

NE.AÐ INPUI g.APE 2 I¡'IDATA

B¡n e rl+ ( - çf +u)t$+H)) ro
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