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APPI]NDIX . PROGRATIS AND RESI]LTS

PBAI - Pivoted Bareiss algorithm, strategy 1

PBA2 - Pivoted Bareiss algorithm, strategy 2

PBA3 - Pivoted Bareiss algoritlim, strategy 3

PBAFAC - Pivoted Toeplitz factorization

P'IZAI - Pivoted Trench-Zohar algorithn, strategy 1

FT01 - Fast Toeplitz orthogonalization, version 1

lìT02 - Fast Toeplitz orthogonalization, version 2

FT02S - Fast Toeplitz orthogonalization, version 25

IjT03 - Fast Toeplitz orthogonalization, version 3

FT04 - Fa-st Toeplitz orthogonalization, version 4

FT05 - Fast Toeplitz orthogonalization, version 5

Miscel laneous Matrix Routines

Note on machine used

The programs listed in this volune were run on an

IBM 370/3033, and all floating-point variables were in IBM

double-precision (r'REAL'IB") format. In this fornat, one bit

is used for the sign, 7 bits represent the hexadecinal

exponent in excess-64 form, and the renaining 56 bits (about

16.8 decimal digits) are used for the mantissa.
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c TEST PROGRAÌI FOR PBA1 (PTVOTBD BARETSS AlG, STRATEGY 1:
C SII'ÍPIE 2*C}IOICE STRATEGY)

c 1. MAI(IS UP N X N TOEP.MX. 'A' I^lrrH A(N,1),...,4(1,1),...,
c ...,4(1,N) EQUAT. TO T0(l),. ..,T0(2*N-1) RnSi',ECTrVEr,Y.
C 2. I"Í'\KES SPECITIED SUB-I'LATR]X OF ORDER NSIZE III-COND.
C BY ADJUST RELEVANT TOEP.DIAG.
c 3. cAtcs. RHS. CORRESP. T0 S0l. (1,1,...,1)
C 4. SOTVES SYSTE}I USING BNA AND PBA1, AND PRINTS OUT ERRORS

REAI:KB T(11) ,A(20 ,20) ,B(20) ,X(20) ,)GRR(20) ,XNRRSZ,EPS
RtìAl?tB DETTA(2)
DATA T/3 . 12.,6.,r.,8. r4.,6. 15. 15.,3.,1 . /,DELTA/o.,7D-3/

C MATRIX DII'ÍENSIONS
ID1=20
aa- aN-O
|rJll"ll=l;k[- 1

NM1=N- 1

C GEN. 'A' FROI'Í TTS 1ST ROLT AND COI, GET SPECS. FOIì III-COND
C SUBMATRIX, AND ADJUST TOEP.DIAG. ACCORDINGIY

cAtl TOEPI'IY(T,A,N,N2M1, rD1 )
r{RrrE (6 ,3)

3 FORMAT(/' S]ZE OF rlr,-COND BLOCK, DrST FROM STNGUIARTTY')
MAI(S,:k) NSIZE,EPS
cALl ADJSIIX(T,A,N,N2M1, TDl,NSIZE, 1, 1,EPS)

9 I,tRrTE (6 , 10)
10 FORMAT(///' INPUT TOEPIITZ MATRIX T')

cArt PRNTlfx(A,N,N, rD1 )
t{RrrE (6, 15 )

15 FoRMAT(///// ' EXACT Sot oF l^"X = B IS (1,1,...,1)')

C GENERATE RHS T'OR SOL=(l,1,,..,1)
D0 20 I=l,N
B(I)=e '
D0 20 J=1,N

20 B(I)=B(I)+A(I,J)

c sotvE sYSTElf AIID PRINT DIFFBRENCE VECTOR FOR BNA (hIHEN

C DEITA=O) AND PBA-1
D0 50 IDEL=1,2
cAll PBA1 (A,B,X,DEirA(rDEr),N, rD1)
XERRSZ=0.

D0 30 f=1,N
)GRR(r)--x(r)-1.
IF (DABS (KERR(I ) ) . GT. XERRSZ) ÆR]-"SZ=DABS (XERR(I ) )

30 CONTINI]E
rF(rDEl.EQ. 1) WRrrE (6,35)

35 I-ORÌ'ÍAT (/ / /' BAREISS AIG (BNA) : ')
rF(lDEl.EQ. 2) I,IRTTE (6,38)

38 FORt'fl\T (/ / /' PTVOTED tsARttrSS ALG (PBAI) : ')
I{RrrE (6, 40) KÐRr{SZ, (}GRR(r), I=1,N)

40 FORMAT(/' ERROR NORtl = ' ,D72.4/' EÌìROR VECTOR"
1 /(lX,10D12.4))

50 CONTINUE
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STOP
END

suBROuTrNE PBA1 (T0, B,X,DEITA,N, lRO)

PIVOTED BAREISS ALG, STRATEGY 1 (SIMPLB 2-CHOICE STRATEGY)

To - IlP TOEP.MX.; B - RHS; X - SOl(o/P); DETTA - PIVOT THRESIIOID;
N,LRO - ORDER,IìOW-DrM 0F To

OUTTINE OF AI,G. :

1. CARRY OUT BNA UNTIT AT STEP (-K) T}f-PIVOT/TMAX.IT.DEITA,
oR STEP N-1 lS FTNTSI{ED, AT hrIrCI{ CASE, EXrT. IF
TM-PrV0T/TMAX.rl'.DELTA, G0 T0 2 rF TIIB ATTERNATE PIVoT
(TIIE BTEMENT BEIOI' THE ZERO-BAND) IS GREATER TIIAN TI{E

TI{E BNA PIVOT, EISE GO BACi( TO THE BEGINNING OF THIS STEP

2. WITH T}T(-K-l) AS PIVOT (NOTE. A(J) DENOTES J-TH DIAG. OF

TOEPLTTZ PART 0F A) EtrÌlrNATE TP(0).

3. I^/ITH TP(K) AS PIVOT, EIIMINATE TM(O)

4. RESTORX TO BAREISS FORM BY USING TM(1) TO ETIMINATE TP(K)

5. REPIACE K \{ITH K+1
(RBF)

6.G0T01

TEMPORARIES:
T - COPY OF TO

TM,TP - NEGATTVE-TNDEX (N.r.) AND PoSITTVE-INDEX (P.I.) BAREISS
ITERATES.

BM,BP - RHS|S FOR TM,TP
u,BU - UPR.TRIANGIE AND CoRRISP RHS FOR BACK-SUBST
TX - Tl.r-l'fAX
IMT, IMB - TOP, tsOTTOM RO\'\r OF TOEP. PART 0F TM

IPT,IPB TP

MM,MP - MUITIPIIERS FOR BAREISS OPERATIONS

REAI/.8 T0(r,Ro,N) ,B(N) ,X(N) ,1(20,20) ,Tlr(20,20),TP(20 ,20) ,
1 BM(20),BP(20),U(20,20),,8U(20),MM,MP
REAI*B TX,DELTA

lR=20
NM1=N- 1

C INITIAIIZATION
DO

DO

cA[t uo\ruTX(T, TP,N,N, lR
CALI MOVMTX(T, TÞf ,N.N, IR
cALt MOWÍTX(B,BP,N, 1,lR

(I,J)

2 I=I¡
2 J=7,
, J) =T0T(I

N
N

)
)
)

2
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cAtt MoVMTX(B,BM,N, 1,iR)

CAltr UTROI,ù(Tl'1, Bl'1,U, BU, 0, 1, 0,N,LR)

IPT=1
fMB=N

C MAIN IOOP. K IS CYCIE NO.
K=0

10 K=K+1
rF(r(.EQ.N) Go r0 5oo

c STEP {-K) OF BNA-CYCIE
IllT=K+IMB-N
IPB=N-K+IPT
cAtt BAROP (TP,BP, rPT, rPB-1, rPT, 1,Tl'f ,BM, rMT+1,l"flf ,N,lR)
IMT=IMT+1
cAll urRol^/(TM, BM,U, BU,K, rMT, o,N,lR)

c PIVOT rF RIQUTP.XD

TX=TMAX(TM, lMT, IMB, N, lR)
rF(DABS(TM(rlfr,K+1) ) /TX.tr.DELTA .AND.

1 DABS(TM(rMT+1,1)).GT.DABS(TM(rMT,K+'1))) G0 T0 100

C STEP (K) OF BNA-CYCI,E
cArt BAROP (TM,Blf , rMT, rMB, rMT,K+1,TP,BP, rPT,MP,N,trR)
GO T0 10

C PIVOTING PROCEDIIRE, STRATEGY 1

c USB TM(-K-l) TO ELIM TP(O). (NOTB: A(J) DENOTES JTH

C DIAGONAI OF TOEPTITZ PART OF A)
100 cAlt BARoP(TM,BM, rMT+1, rMB, rMT+1, 1,TP,BP, TPT,MP,N,LR)

cAlt MOVI.ÍTX(TP(rPT, 1),U(K+1, 1), 1,N,LR)
BU(K+1 )=BP (IPT)

c usE TP(r() T0 Elrlf . Tll(0)
cAtL BAROP(TP,BP, IPT,TPR'?, rPT,K+1,TM,BM, rMT,MM,N.lR)
IMB=IMB- 1

cAlL UTROI,V(TM,BM,U,BU,K+l, rMT, 0,N,lR)

c FrNAltY, RXSTORE TO BARETSS FoRM BY USrNG TM(l) T0
c ErrM. rP(K)

cAtL BAROP(Tlf ,BM, rMT, rMB-1, rMT,K+2,TP,BP, rPT+1,MP,N,lR)
IPT-IPT+1
K=K+1
G0 T0 10

500 CAtl BCKSUB (U,BU'X'l'I,LR)
RETI]RN
END

suBRouTrNE BAROP(TS,BS, IS1, rS2,rP,JP,TD,BD, rDl,M,N,lR)
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C

C

c
c
c
c
C

c
c
c

PEIìIORI.íS A ßAREISS-OPERATTON (RBALìkB)

TS rBS
IS1, IS2
IP, JP
TD, BD

ID1
M (o/P)

SOURCE MATRIX AND RHS

1ST AND IAST ROWS OF SOURCE BIOCK
INDICES O}- PIVOT
DESI'INATION NATRIX AND RHS

1ST RO\\r 0F IJESTINATION tslOcK
I'IUITIPLTER (REAtfrB )
ORDER OF MATRICESN

c

IR . . ROI.J-DI}IENSION OF }ÍATRICES

REAI'KB M,TS (LR,N),TD(IR,N),BS (N),BD(N)

M=TD (IP+ID1 -IS 1 , JP) /TS (IP, JP)

fD=ID1
D0 20 IS=IS1,IS2
DO 10 J=l,N

10 TD (tD,.l¡=1¡ (ID 
' 
J) - Mz'çTS (IS 

' 
J)

BD(ID)=n¡ç1P¡ - M'IBS(IS)
20 fD=IÐ+1

cAtr, DulfP(TS, TD,N, LR)
RETURN
BND

DOUBLE PRECTSTON FllNCTIol'I TMAX(TI, IT, rB,N,lR)

FI]NC. TO FIND IGST.MAGN.OF ELEMENTS IN TOEP.PART OT TI

IT,rB - ToP,BOTToM Roi.{S OF TOBP.PART 0F Tr
N,lR - ORI)ER,ROhT DrM.oF TI

REAL?KB TI (IR,N) ,TMAG

TMAX=O.
D0 10 J'=2,N
TIIAG=DABS (TI (IT, J) )
IF(TMAG. GT " TMAX) TIL¡J(=TMAG

10 CONTINUE

D0 20 I=IT,IB
TIÍAG=DABS (TI (I , 1) )
IF (T'l'fAG. GT . TMAX) TIIAX=TIIAG

20 CONT]NUE
RETI]RN
END

SUBROUTINE BCKSUB (I], B,X, N, I,R)

S/R TO BACKSUBST TI{E TRIANGUIAR SYSTEM U*X=8.

N,LR - ORDER, RoW-DIM 0F U

c
c
c
c
c

c
c
c
c
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c
c
c

RNAI,:KB U(IR,N),8 (N),X(N)

I=N
D0 20 II=1,N
x(I )=3 ¡1¡
rF(r.EQ.N) Go rO 1s
IP1=I+ 1

D0 10 J=IP1,N
10 X(I)=f,(I) -U(I,.r¡"'¡¡¡¡
15 X(I)=)ç(I)/u(I'I)
20 I=I-1

RBTI]RN
END

SUBROUTINE DUMP (TS,TD,N, LR)

DIAGNOSTIC DUMP OF TS AND TD. (N,IR ARE TI{E ORDER

ANÐ ROW-DIME}'ISION OF TS AND TD)

REALì'r8 TS (tR,N) ,TD(lR,N)

wRrTE (6, 1o)
10 FORMAT(/ ' TS')

D0 20 I=1,N
20 t^lRITE(6,30) (TS(I,J),J=1,N)
30 FOR}'IAT(lX, 13F9 . 3)

tüRrrE (6,40)
40 FoRMAT(/' TD')

DO 50 I=1,1'I
50 \.ùRrrE(6,30) (TD(r,J),J=1,N)

RETIJRN

BND

suBRouTrNE UTRO\^/(TM, BM,U, BU,K, IMT, ZD,N,lR)

S/R TO GET NEXT ROW OF U-MATRIX (AND RHS) FOR BACK-SUBST

TM - BAREISS ITERATE(-K)
BM - CORRESP RHS

U . (O/P) U.T. MATRIX FOR BACK-SUBST
B - CORRESP RHS

K . CYCIE NO.
I},1T. TOP OF TOEP. PT. OF TM

ZD - (INTEGER) ZERO-BAND DISPI. - MUST BE IE.1
N,IR-0RDER,RoW DrM oF MATRTCES

REAI:';B TM(LR,N) ,BM(N) ,u(LR,N) ,BU(N)
INTEGER ZD

IF(ZD.GE.O) GO T0 20
IdRTTE (6 , 10) ZD ,K,lMT

10 FORMAT(' ABORT - ZD.LT.o'/i ZD =" I3r' y =t,r2,t rMT ="I2)
STOP

c
c
c
c
c
c
c
c
c
c
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c
C

c
c
c
C

c
c
c
c
c
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c

20 cAtt MOVMTX(TM(rMT+ZD, 1),U(K+1, 1), 1,N,LR)
BU(K+1) =BM (IllT+ZIl)
RETI]RN
END

suBRouTrNE ADJSMX(T,A,N,N2M1, tR,NSIZE,NCOI,NROIV,EPS)

s/R TO MAIG SOt'fE ORDER-NSTZE SUBITATRTCES 0F AN N X N
TOEP.},ü. IIL-COND. BY AUUSTING TOEP.DIAGS.

T - rNrrrAL vAr,uE oF A(N,1) . . .A(1,1) . . .A(1,N)

^ 
- r/P TOEP.Iß.

N - ORDER OF A
N2M1 - 2rrN-1
tR - ROl4r-DIlf 0F A
NSIZE. SIZE OF III,-COND S/MATRICES
NCOI - N0.0F rtt-coND s/lfATRrcES ALONG cot, STARTTNG AT ToP
NRo\d - N0.0F rtt-coND S/MATRTCES AIONG Rot/, STARTTNG AT r,EFT
EPS - QTY TO BE ADDED TO DIAG AFTEI{ EACH BIOCK HAS BEEN

MADE SINGUTAR

REAI?IB T(N2M1),A(IR,N),EPS
REAL*B WKA(B6O)

rF(NSTZE.EQ. 0. 0R.NC0L.EQ. 0. OR.NROI.{.EQ. 0) RETURN

|'IlPf=f:t¡¡a3
DO 4 I=1,NCOI
CAlt SINGSM(A,N,N,LR, I+NSIZE-1, 1,NSIZE, -1, 1,l.tKA,N2P3, IER)
T (N+NSTZE+r-2)=tr (t+NSTZE- 1, 1 )+EPS

4 1ALL TOEPT'O((T,A,N,N2M1, lR)

rF(NRor,{. EQ. 1 ) RETI]RN
DO 6 J=2,NRO\.{
cAtt SINGSM(A,N,N,LR, 1, J+NSIZE-1,NSIZE, 1, -1,I{KA,N2P3, IER)
rr(rER.NE.o) wRrrE(6,5) rER

5 FORMAT(' SINGST'Í ERROR CODE = 
"r3)T (N-NSIZE-J+Z ) =4 ¡ 1, J+NSIZE- 1 ) +EPS

6 cAtt roEPux(T,A,N,N2M1,LR)
RBTI]RN
END

SUBRoUTINE MoVMTX(A,B,M,N, LR)

MOVBS D.P. MATRIX A(M X N) TO B. IR IS TI{B ROW-DI}fBNSION
OF A AND B.

RBAL:KB A(IR,N),8(LR,N)

DO 10 f=1,M
D0 10 J=1,N

10 B(I,J)=A(I,J)
RBTI]RN

c
c
c
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c TEST PROGRAM FOR PBA2 (PTVOTED BARETSS ALG, STRATEGY 2)

c 1. I'IAKES UP N X N ToEP.Ì'ff. 'A' I,JTTH A(N,1),...,4(1,1),...,
C ...,4(1,N) EQUAI T0 T0(1),...,T0(2:tN-1) RESPECTIVÎIY.
C 2. I-ÍAIGS SPEC]FIES SUB-I'ÍATRICES OF ORDER NSIZE III-COND.
C BY ADJUST REIEVANT TOEP.DIAGS.
c 3. CALCS. RHS. CORRESP. TO SOl. (1,1,...,1)
C 4. SOIVES SYSTBM USING BNA AND PBA2, AND PRINTS OUT ERRORS

REAL:'.B T (25 ), T0 (25 ), A(20, 20), B (20 ), X (20),)GRR(20),)GRRSZ,EPS
RBAL*8 DETTA(2),K1
DATA T0/-1.5,10. r1., -7. r-2. r-5. ,3.,7. 19. 12.,6.,-1.,5.,

1 1.,-3.,0.,0. r-4. r-7 . r-7. 12. rL'. r-6., 1., -0.5/,DELTA/0 . rlD-3/,
2 Kt/r00. /

C MATRIX DIMENSIONS
ID1=20
N=13
|'llfll=/:!ltt- 1

NM1=N- 1

c GEN. 'Ar FRoM rTS 1ST R0\,{ AND Col, GET SPECS. FoR IIL-COND
c SUBMATRTCES, AM ADJUST TOEP.DTAGS. ACCORDINGTY

I DO 2 I=1,N2II1
2 T(I)=ta(1)

cAtt roEPllx(T,A,N,N2M1, rD1)
r{RrrE (6 ,3)

3 FORMAT(/' SrZE OF rll-coND BlocK, N0.ALONG COL,ROI'{, DrST 
"1 IFROM SINGUIARITY')

RIAD (5,:k) NSIZE,NCoI,NROW,EPS
CALL ADJSIIK (T, A, N, N2111, rD 1, NS I ZE, NCOL, NROI'\I, EPS )

9 ÞIRTTE (6, 10)
10 FORMAT(///' INPUT TOEPIITZ MATRIX T')

CALL PRNTT'ÍX(4, N,N, rD1 )
I^]RITE (6 , 15 )

15 FORMAT(I////'EXACT SOt 0F f:T[ - þ ]$ (1,1,..

C GENERATE RHS FOR SOI=(1,1, . . . ,1)
D0 20 I=1,N
B(I)=s'
D0 20 J=1,ìI

20 B(I)=S(I)+A(I,J)

C SOIVE SYSTE}Í AND PRINT DIFFERENCE VECTOR FOR BNA (I,üHEN

C DELTA=O) AND PBA-1
DO 50 IDEL=1,2
cAlL PBA2 (A,B,X,DEITA(rDEl),K1,N, rD1)
XERRSZ=0.

D0 30 I=1,N
)GRR(I)=X(I)-1'
IF(DABS (XERR(I) ) . Gr.)GRRSZ) )GRRSZ=DABS (iGRR(I) )

30 CONTINUE
rF (TDEL.EQ . 1) Wnrrr (6 , 35 )

3s FORMAT (/ / /' BAREISS ALG (BNA): ')
rF(rDEt.EQ. 2) \.üRITE (6, 38)

38 FORMAT (/ / /' PIVOTED BAREISS AIG (PBA2) : ')

I

Ir'

Í
À',

tT

,1)')
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4.9

r,ùRTlE (6,40) )GRRSZ, ()GRR(r) , r=1
4/

N)
ERROR VECTOR"/r0 FoRMAT(/' ERROR NORM = ' ,D72

L / (7X,10D12.4) )
5O CONTII{UB

STOP
BND

suBRourrNE PBA2 (T0,B,X,DELTA,K1,N,lR0)

PIVOTED BAREISS ALG, STRATEGY 2 (SIMPI,IFIED VERSION)

T0 - I/P TOEP.I'û(.; B - RHS; X - S0t(0/P); DETTA - PIVOT THRISHOLD;
Kl - (nrN.".3¡ PIVOT PARAMETER (SEE BEIOW); N - ORDER 0F T0;
TRO - ROW DIM. OF TO

N.B.: THIS IS A SIIGHTLY SII'íPIIFIED VERSION 0F TI{E PBA-2
DESCRIBED fN CH.5, IN THAT idE ONIY SEARCH BElOI,rr TIIE ZERO-BAND

FOR A PIVOT (INSTEAD OF BOTH ABOVE AND BELOI,,ü). THIS PROGRAM

CAN EASITY BE EXTENDED TO USE PIVOTS ABOVE TI{E ZERO-BAND AS

WEII,, BUT T}IE BACK-SUBST PROCEDURE MUST BE GENERATIZED IN
ACCORDANCE I,I/ITH TI{E RXMARKS IN CH.5.

OUTLINE OF ALG.:
1. CARRY OUT BNA I]NTIL AT STEP (-K) TM-P]VOT/TMAX.IT.DEI,TA,

oR srEP N-l rS FrNrSHnD, AT WI{TCH CASE, EXrT. rF
T-PrVOT/TMAX.lr.DElrA, D0 :

2. FIND TM(P) P PIACES ABO\G TI{E ZERO-BAND (2.B.) AND T},Í(.I(-1.Q)
Q PLACES BEIOW T}TE Z.B. SATISFYING :

(A) rM(. )/rMAx. GE.DELTA
(B) TM(.).cE.¡1:r(SrJM 0F ETET"ÍENTS BETW. TM(.) AND Z.B.)

3. RECOVER TTERATES *,-(K-Q-1) AND D0 Q+1 C-CYCLES T0 MoVB Z.B.
DOWN

4. D0 p+Q B-CYCTES (BNA-CYCIES) T0 G0 AIONG BoTToM 0F BIOCK
OF ILI-COND SUBMATRICES

5. D0 Q+1 A-CYCLBS TO MoVE TI{E Z.B. AND RESTORB T0 BARETSS FoRM

(RBF)

6. c0 T0 1.

TEMPORARIES:
T - COPY OF TO

TM,TP - NEGATIVE-INDEX (N.I.) AND POSITIVE-INDEX (P.I.) BAREISS
ITERATES.

TMSV,TPSV - MATRICES TO SA\,T P.I. AI,ID N.I. ITERATES
BM,BP - RHS'S FOR TM,TP
BMSV,BPSV . }LATRICES TO SAVE TM'S A.ND TP'S
u,BU - UPR.TRTANGIE AND CORRISP RHS FoR BACK-SUBST

TX . TM-MAX
IMT,IMB - TOP,B0TTOM RO'rü 0F TOEP.PART 0F TM

IPT,IPB TP

ZD(INTEGER) . Z.B. ÐISPIACEMENT

¡

È,"

I

I
{

I
i

,

i

I

I
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c P,Q - POSITIONS OF ACCEPTABLE PIVoTS ABOVE AND BELoV/ Z.B

INTEGER ZD ,P ,Q, PP1 , QP1
REAL*B T0(r,R0,N),B(¡r),X(N),T(20,20),TM(20,20),Tp (20,20),
1 BM(20),Bp(20),TlfSV(20,20),TPSV(20,20),BMSV(20,20),
2 BPSV(20 ,2o) ,rJ(20,20) ,BU(20)
REAL:I8 TX,DELTA,Kl

LR=20
NM1=N-1

C INITIAlIZATION
D0 2 I=l,N
D0 2 J=l,N

2 T(I,J)=Tg(I'J)

cAtL MOVMTX(T,TP
cAtt MoVMTX(T,TM
CALL MoVMTX(B,BP
cAtt Mowrx(B,BM

CAIL UTROI.J

cArr SAVE(
(TM
TM'

,BM,UrBUr0,1r0,N,LR)
Tp, BM, BP, TMSV, TPSV, BMSV TBPSV, 0 rN, 1 rN, lR)

IPT=1
IMB=N
ZD=O

C MAIN IOOP. K IS CYCIE NO.
K=0

10 K=K+l
IF(K.EQ.N) co ro soo

C BNA-CYCIE
cAl[ BCYC(TM,BM, TMB,TP,BP, rPT,K,ZD,N,lR)
CALI SAVB (TM,TP,BM,BP,TMSV,TPSV,BMSV,BPSV,K, IMB, IPT,N,IR)
IMT=IMB+K-N+1
cALl uTRow(TM,BM,U,BU,K, IMT, ZD,N, LR)

C PIVOT IF RNQUIRED
TX=T}íAX (TM, IMT , IMB , N, LR)
rF (DABS(TM(IMT+ZD,K+l))/TX.rT.DEITA) G0 T0 100
G0 T0 10

c PrvoTINc PRocEDItRn, STRATEGY 2

C FIND ACCEPTABIE PIVOTS ABOVE ^{ND BETOW Z.B.
100 cALt FrNDpv (TM ( rMT, K+l ), r.R* (N-K), tR, N-K, TX, DBLTA, Kl, PP 1, IERR)

P=PP1 - 1
cAL[ FTNDPV(TM(n'fT+l, 1),N-K-1, 1,N-K-1,TX,DELTA,K1,QPl, rERR)
Q=QP1 _ 1

C MAKE TM(-K-1-Q) AVAILABIE FOR PIVOTING BY GETTING ITERATBS
c f ,-(-K-Q-1) AND PERFORT'ÍING Q+1 C-CYf,ES

¡ç6y6=Q+1
K=K-NCCYC

I

t
)È-

l'
¡

I
¡i
ll

I,

i

I
j
I

I

)
)
)

NrNrlR
N,N,LR
Nr 1,lR
N,l rLR

)
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cALl Rncov(TMSV,TPSV,BMSV,BPSV,TM,TP,BM,BP,K, rMB, IPT,N,LR)
D0 140 I=1,NCCYC
K=K+1
cAtr ccYc(TM,BM, rMB,TP,BP,rPT,K,ZD,N,lR)

140 CALI UTROW(TM,BM,U,BU,K,IMB-N+K+I,ZD,N,LR)

c. NBXT D0 P+Q BNA-CYCTES (B-CYCIES)
NBCyC=p+Q

DO 150 I=1,NBCYC
K_K+1
cALl BCYC (TM, BM, rMB, TP,BP, rPT,K, ZD,N,lR)

150 CAlt UTROÍ^/(TM,BM,U,BU,K,rMB-N+K+1,ZD,N,LR)

C FINAILY Do Q+1 (=NCCYC) A-CYCIES T0 RXSTORE To BAREISS FORM

D0 160 I=1,NCCYC
(=(+1
cAlL ACYC (TM,BM, IMBTTP,BP, TPT,K TZD,N,LR)

160 CALI UTROW(TM,BM,U,BU,K,rMB-N+K+1,ZD,N,lR)
G0 T0 10

500 cAtt BCKSUB(U,BU,X,N,lR)
RETURN
END

SUBROUTINE MOVMTX(A, B,M, N, LR)

MOVBS D.P. I,IATRIX A(M X N) TO B. tC IS THE ROÍ{-DII"ÍENSION
OF A AND B.

REA¡:tg A(lR,N),8 (LR,N)

D0 10 f=lrM
D0 10 J=1,N

10 B(I,J)=A(I,J)
RETI]RN
END

suBRouTrNE BARoP(TS,BS, IS1, IS2, IP,JP,TD,BD, ID1,M,N,lR)

PERIORMS A BAREISS-oPERATION (RBAI*B)

TS,BS SOURCE MATR]X AND RHS

rs1,rs2 1sT AND IAST ROWS 0F SOIIRCE BIoCK

,JP INDICES OF PIVOT
BD .... DESTINATION NATRIX AND RHS

1ST ROW OF DESTINATION I]IOCK
Ì'TITIPIIER (RiAL'k8)
ORDER OF MATRICES

. . ROI,{-DI}ÍENSION OF MATRICES

c
c
c

c
c

c
c
c
c
c
c
c
c

IP
TD
ID
M

N
f,R

,
1

(o/P)

RXAL*8 M,TS(IR,N) ,TD(tR,N) ,BS(N) ,BD(N)
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c

M=TD (IP+IDL-IS1 , JP)/TS(IP, JP)

ID=ID1
D0 20 fS=IS1rIS2
D0 10 J=1¡N

10 rÐ(rD,J)=TD(rD,J) - M*TS(rS,J)
BD(rn)=3¡(ID) - M*BS(Is)

20 ID=ID+I
CALL DUMP(TS,TD,N,lR)
RETI]RN
END

DOUBTB PRECISTON FIINCTTON TMAX(Tr,rT,rB,N,LR)

FI'NC. TO FI}ID LGST.MAGN.OF ELE}ÍENTS IN TOEP.PART OF TI

IT,IB - TOP,BOTTOM RoWS OF ToEP.PART OF TI
N,LR - oRDER,ROI,Ù DrM.oF Tr

REAI.?IB TI(IR,N),TMAG

TMAX=O.
DO 10 J=2,N
TIIAG=DABS (TI (lT, J) )
IF(TMAG. GT. TMAX) TIIAX=TMAG

10 CONTINI]E

D0 20 I=IT,IB
TMAG=DABS(TI(I,1))
IF (TMAG. GT. TMAX) T}ÍAX=TMAG

20 CONTINUE
RETI]RN
END

suBRourrNE BCKSUB (U, B,X,N, lR)

s/R TO BACKSUBST TI{E TRTANGUIAR SYSTEM g:'r[=S.

N,LR - ORDER, RoI,I-DIM 0F U

RBAI'r8 U(TR,N),8(N),X(N)

I=N
D0 20 II=1,N
x(I)=311¡
rF(r.EQ.N) Go r0 1s
IP1=I+1
DO 10 J=IP1,N

10 X(I)=[(I) -U(I r J):'r¡1t,
ls x(I)=x(I)/U(I,I)
20 I=I-1

RETI]RN
END

c
c
c
c
c

c
c
c
c
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c
c
c

SUBRoUTINE DIIMP (TS, TD,N, lR)

DIAGNOSTIC DI]MP OF TS AND TD. (N,IR ARB TIIB ORDER

AND ROI,J-DII'fENSION OF TS AND TD)

REAI'IB TS(IR,N),TD(LR,N)

LiRrrE (6, 10)
10 FORMAT(/' TS')

D0 20 I=1,N
20 IdRTTE (6 ,30) (TS (I , J) , J=l ,N)
30 FORMAT(1X,13F9.3)

I^iRrrE (6,40)
40 FoRMAT(/' TD')

DO 50 I=1rN
50 I{RrrE(6,30) (TD(r,J),J=1,N)

RETI]RN
END

suBRouTrNE BCYC (TM,BM, TMB,TP,BP, rPT,K, ZD,N,LR)

s/R TO DO A BARETSS CYCIE (B-CYCLE)

N,LR

NEG.INDEX ITERATB AND RHS

INDEX OF IAST ROW IN TOEP.PART OF TM

POS.INDEX ITERATE AND RHS

INDEX OF 1ST ROI{ IN TOEP.PART OF TP

CYCIE TO BE COMPUTED
(INTEGER) I/P ZERO-BAND DISPIACEMENT
oRDER, ROr.{ DrM oF MATRTCES

PROCEDI]RE:
1. ELIIÍ BELOIIÌ ZERO-BAND 0F NEG.INDEX ITERATE

2. ELIM ABO\IE ZERO-BAND OF POS.INDEX ITERATE

INTEGER ZD

REAL'"8 MI"I,I'ÍP

REAL*8 TM(LR,N),BI'f (N),TP(IR,N),BP(N)

IMT=K+IMB'N
IPB=N-K+IPT
cAlL BAROP(TP,BP, rPT, rPB-1, rPT+ZD, 1,TM,BM, rMT+1,MM,N,LR)
cAlL BAROP(TM,BM, IMT+1, rMB, rMT+1,R+L'ZD,TP,BP, IPT,MP,N,LR)
RETI]RN
ENI)

suBRouTrNB ccYC (TM,BM, TMB,TP,BP, TPT,K,ZD,N,LR)

S/R TO MOVE ZERO-BAND Doi4a{ (c-CYclE)

PARAI'ÍETERS . AS FOR S/R 'BCYC'

c
c

c
c
c
c
c
c
c
c
c
c
c

TM,BM .
IMB
TP,TP -
IPT
K
ZD

c
c
c



c
c
c
c
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PROCEDI]RE:
1. ELIM tsEIOW ZERO-BAND OF POS.TNDEX ITERATE
2. ELIM BELOW ZERO-BAND OF NEG.INÐEX ITERATE

INTEGER ZD

REAL.;KB I.fM,MP

REAL¡IB Tll(lR,N) ,BM(N) ,TP(lR,N) ,BP(N)

IlfT=K+IMB-N
IPB=N-K+IPT
cAlL BAROP(TM,BM, IMT+1, IMB, IlfT+ZD+1, 1,TP,BP, TPT,MP,N
cALt BAROP(TP,BP, rPT, rPB-1, IPT+ZD+1, 1,TM,BM, IMT,I'fM,N

ZD=ZD+I
IMB=IMB-1
RETURN
END

suBRourrNE,ACYC(TM,BM, TMB,TP,BP, rPT,K,ZD,N,lR)

s/R TO MoVE ZERo-BAND UP (A-CYCLE)

PARAI-IETERS - AS FOR S/R I BCYC'

PROCEDI]RE:
1. ELIM ABOVB ZERO-BAND OF NEG.INDEX ]TERATE
2. ELTI{ ABOVE ZERO-BAND OF POS.INDEX ITERATE

INTEGER ZD

REAL:'IB I'f}.I,MP

REAI'IB T},f (IR,N) ,BM(N),TP(IR,N) ,BP(N)

IMT=K+IMB-N
IPB=N-K+IPT

CALL BAROP(TP,BP, IPT, rPB-1, IPT,K+I-ZD,TM,BM,TMT+1,MI"l,N,LR)
cAlL BAROP(TM,BM, IMT+I, IMB, IMT+1,K+T-ZD,TP,BP, rPT+1,MP,N,LR)

ZD=ZD-I
IPT=IPT+1
RETI]RN
BND

SUBROUTINE SAVE (TM, TP, BM, BP, TMSV, TPSV, BMSV, BPSV, K, IMB, rPT, N, LR)

S/R TO SAVE TOEP.PART OF BAREISS ITERATES

1ST TOI,/ OF TOEP PT.OF TM(ITER.-K) GOES T0 TMSV(K+I,K+1)...TMSV(K+I,N)
1ST COL TMSV(K+2,K+1). . .TMSV(N,K+1)
C0RRESP ENTRIES rN Br\(rTER.-K) G0 TO BMSV(K+I,K+1)...BMSV(N,K+1)
LAST ROT,ù OF TOEP PT.OF TP(ITER.K) GOES TO TPSV(N-K,1)...TPSV(N-K,N-K)
LAST COL.. .. TPSV(l,N-K). .TPSV(N-K-1,N-K)

TR
TR

)
)

c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
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c CORRBSP ENTRTES rN BP(ITER K) G0 TO BPSV(I,K+1)...BPSV(N-K,K+1)

C IMB - BOTTOM OF TOEP.PT OF TM

C IPT - TOP OF TOEP.PT OF TP
c N,lR- 0RDER,ROL{-DrM OF MATRTCES

REAI:T8 TM(IR,N) ,TP(tR,N) ,TMSV(IR,N) ,TPSV(IR,N) ,BM(N) ,BP(N) ,
1 BMSV(IR,N), BPSV(IR,N)

IMT=IMB+K-N+1
CALL MOVMTX(TM(rMT,K+1),TMSV(K+I,K+1), 1,N-K,lR)
cAtl MovMTX(TM(rMT+1, 1),TMSV(K+2,K+1),N-K-1, 1,LR)
cALt MOVMTX(BM(rMT),nltSV(X+l,K+1),N-K, 1,lR)

IPB=IPT+N-K-1
cAtt MovMTX(TP(rPB, 1),TPSV(N-K, 1), 1,N-K,LR)
cAtt MovMTX(TP(rPT,N),TPSV(1,N-K),N-K-1, 1,LR)
cALt MOVMTX(BP(rPT),BPSV(1,K+l),N-K, 1,trR)
RETTJRN

END

suBRouTrNE RECoV (TMSV, TPSV, BMSV, BPSV, TM, TP, BM, BP, K, IMB, rPT, N, LR)

S/R TO RECOVER TOEP.PT. OF BAREISS ITERATES AS STORXD IN TMSV,TPSV,

BMSV AND BPSV (SEE S/R 'SAVE')

TIíSV,TPSV,BMSV,BPSV - 'HTSTORYT 0F TM,TP,BM,BP SToRED AS IN S/R
'SAVE'

TM,TP,BM,BP - BAREISS ITERATES (POS AND NEG INDICES) AND

RBSPECTIVE RÌIS'S
K - CYCTE NO.
IMB - (O/P) BOTTOM OF TOEP.PT.OF TM - SET TO N
rPT - (0/P) ToP OF ToEP.PT.OF TP - SET T0 1

N,LR- ORDER,ROW DIM OF MATRICES

REAL'"8 TM (TR, N), TP (IR, N), BM (N), BP (N), T}ÍSV (LR,N), TPSV (TR, N),
r BMSV(tR,N),BPSV(lR,N)

c
c
c
c
c
c
c
c
c
c
c
c

IlfT=K+1
IMB=N
CALL MOVMTX(TMSV (K+1, K'r-1 )
cAlL MoVMTX(TMSV(K+2,K+\)
cAtt Movl'ITX (BMSV (K+1,K+1 )

IPT=1
IPB=N-K
cA[L M0\,']1TX(TPSV
cALr MO\¡MTX(TPSV
CAII MOVMTX(BPSV

, TM(rMT,K+1) ,1 ,N-K,LR)
,TM(rMT+1, 1),N-K-1, 1,lR)
,BM(rMT) ,N-K,1,lR)

TP(rPB,1) ,1,N-K,LR)
TP (rPT,N),N-K- 1, 1,LR)
BP(rPT) ,N-K,1,lR)

(N-K, 1) ,
(1,N-K) ,
(1,K+1) ,

C FIIL TN ZERO-BANDS AND TOEP.PTS.OF TM AND TP

IF (I(.EQ . 0 ) Go TO 1s
DO 10 J=1,K

10 TM(IMT,J)=0.
15 IMTpI=IMT+1
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NMKPl=N-K+1
rF(K.EQ.o) G0 To 3s
DO 30 J=MÍKPI,N

30 TP(IPB,J)=0.
35 IPBMI=IPB-1

NMl=N-1
I=IPBM1
DO 50 II=IPT,IPBM1
D0 40 J=l,NMl

40 TP(I,.1¡=1PqI+1, J+1)
50 I=I-1

RETI.]RN
END

DO 20 I=IMTPI,IllB
DO 20 J=2,N

20 TM(I,J)=TM(I-1,J-1)

TI
L
ISEP -
NENTS-
TX

VECTOR CONTAINING EIEMENTS TO BE SEARCI{ED

IENGTH OF TI
SEPARATION BETI,'I. EIEI"ÍENTS TO BB SEARCI{ED

NO. OF ELEMENTS TO BE SEARCI{ED

MAX EIT. OF TOEP.BI,OCK BEING SEARCHED

c
c
c
c
t,
c
c
c
c
c

suBROuTrNE uTRot/(Tlf ,BM,U,BU,K, IMT, ZD,N,lR)

S/R TO GET NEXT ROI,I OF U-MATRIX (AND RHS) FOR BACK-SUBST

TM - BAREISS ITERATE(.K)
BM - CORRESP RHS

U - (O/P) U.T. MATRIX FOR BACK-SUBST
B - CORRESP RHS

K . CYCLE NO.
IMT- TOP OF TOEP.PT.OF TM

zD - (TNTEGER) ZERO-BAND DTSPI. - MUST BE tE.1
N,IR-ORDER,Ro\,J DrM 0F MATRTCES

REAI*B T}f (TR,N),BM(N),U(IR,N), BU(N)
INTEGER ZD

rF(zD.GE.o) G0 TO 20
f{RrrE (6, 10) zD,K,rMT

10 FORMAT(' ABORT - ZD.LT.O'/' ZD =t,I3r' y =t,I2,' IlfT ='rI2)
STOP

20 cAtt MovMTX(TM(rMT+ZD, 1) ,U(K+1 ,1) , 1 ,N,LR)
BU(K+r)=nM(IMT+ZD)
RETURN
END

SUBROUTINE T']NDPV(TI, L, ISEP,NENTS, TX,DEITA,K1, P, IERR)

S/R TO FIND A PIVOT ACCORDING TO STRATEGY 2c
c
t
c
C

C

c
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C DETTA- THRESHOTD: PIVOT MUST BE GE.DEITAt'TX
C K1 - (n¡Al".g) PIVOT PARAIIETER : PIVOT MUST BE GE.KIìIPRXVI0US
C EITS. SEARCTMD

c p - (o/P) PosrrroN oF PrvOT (rF FOUND)

C IERR - 0 : PIVOT FOliND; 1 : PIVOT NOT FOUND

INTEGER P

REAL?KB TI (I,) ,DELTA,KI, SIJM,TX

IERR=0
SllM=O.
I=1

D0 20 P=l,NENTS
rF(DABS(rr(r))/rx.lr.DEITA) GO T0 10
IF(DABS (TI (I ) ) . GE.KI'TSIIM) RBTITRN

10 SIIM=SIIM+DABS (TI (I ) )
20 I=I+ISEP

IERR=1
RETI]RN
END

suBRouTINE ADJSI'D( (T, A, N, N2M1, LR, NS rZE, NCoL, NROht, EPS )

S/R TO MAKE SOME ORDER-NSIZE SUBMATRICBS OF AN N X N

TOEP.I-D(. IIL-COND. BY ADJUSTING TOEP.DIAGS.

T - rNrrrAL vAtIlE oF A(N,1)...4(1,1)...4(1,N)
A - rlP TOEP.I"ÍK.
N . OPùER OF A
N2M1 - 2:kN-1
LR . ROI^/-DIM OF A
NSIZE- SIZE OF IIL.COND S/MATRICES
NCOL - NO.OF rtt-COND S/MATRTCES AIONG COL, STARTING AT TOP

NROW - NO.OF III-COND S/MATRICES AIONG ROI^I, STARTING AT IEFT
EPS - QTY TO BE ADDED TO DIAG ATTER EACH BIOCK HAS BEEN

MADE SINGUIAR

REALTTS T(N2M1),A(lR,N),EPS
REAL'IB I^iK (860)

rF(NSTZE.EQ. 0.OR.NCol.EQ. 0.0R.NRoW.EQ. 0) RXTURN

IfP]=2:t¡¡a3
D0 4 I=1,NCOL
cAtl srNGsM(A,N,N,lR, I+NSIZE-1, 1,NSrZE,-1 o 1,hrKA.N2P3, rBR)
T (N+NSTZE+r-2 ) =tr (l+NSrzE- 1, 1 )+EPS

4 CAtt roEPt"fx(T,A,N,N2M1,LR)

IF(NROW.EQ.1) RETIJRN

D0 6 J=2,NROW
CALL STNGSM(A,N,N,lR, 1,J+NSIZE-1,NSrZE, 1,-1,V/KA,N2P3, rER)
rF(rER.NE.o) \{RrrE(6,5) rER

5 FORMAT(' SINGSM ERROR CODE = 
"r3)T (N-NSIZE-j+2 )=¡ ( 1 , J+NSIZE- 1 ) +EPS

c
c
c
c
c
c
c
c
c
c
c
c
c
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6 cAtr, TOEPMX(T,A,N,N2M1,lR)
RNTURN
END



glzE gF ltt-coilD BLoc(, l{o.âLoNo col,Rog, Drsl FRoi srNcuLARIlY
7
113,e.e,¿-3

ttlPrrl IoEPLITZ ffâTfllx 1
s.ø4ø -1.ø09 6.0001.oee 5.0s0 -t,0øø-3,ø8ø t.0øø 5.øøO

L?.?S? -3.000 t.øøo
-19.65t t¿.75? -3.eAO
e8.3?3 -19.661 t?,?S?
-?,eø0 e8.373 -19.661
-1,6ø0 -?.0øø e8.373
¿.øeø -1.6øA -?.eø01.c00 ?.øøø -1.000

-6.øøø t.øoø ¿.øøo
L.øØO -6,ø0ø L.Oøe

-e.500 L.øøø -6,ø00

t.øøa
-3.øø0
L?.?57

- t 9.661
e8.3?3
-7.øøø
-L.øøø
?.øeø

-3.0a0
L?.?S?

-19.55r
¿8.3?3

699
øøø
øøø
øøø
øøø

.øaø
,øøø
.øaø
.699
,øøø
.øøø
. ø00
.ø90
.oøa

2.0øg
6.0øø

-1.ø0ø
5 .00e
t.00ø

-3,000
tz,.1s?

-!9.66r
?8.3?3
-7.øeo
-L.eø0
¿.øøo
1. eee

?.oøø
5 .6S9
¿,øøo
6.øøø

3.øøø
?.øoo
5.€99
?,aøø
6.øøø

-1.øøø
s.eøø
I .00Ð

-3.000
r¿.1s7

-f9 .66t
e8.3?3
-?.0øo

-¿.øøg
-s.øøÐ
3,øøø
?,øøø
5.699
e.øøø
6.000

-t .000
s.090
L.øøø

-3,øøø
t¿.7s?

-19.661

-?.øøa
-e,øø0
-5 . øø0
3.øøø
?,øøo
5.699
?.øøø
6.øøø

-t.aøø
s.oøø
r,0øø

-3.øøø
t2.157

t.øøø
-?.0tø
-?.øøø
-5.øøø
3. ø00
?.øøø
5.693
?.øøø
6.øøø

-1.000
s.øøø
L.Oøø

-3.000

Lø,øøø
t.øøø

-?.øoø
-?.øøø
-s.øøø
3.øøø
?,eøø
5.599
?.øøø
6.øøø

-1 .000
s,øøø
L,OOO

-1.5ø0
to.øØø

L,øøA
-?,øøø
-¿,6øø
-5. ø00

3 .0ø0
?.ø30
5. 699
?.øøø
6,øøø

-L.øøø
s.øøø

3
7
5
?
6

-t
5
I

-t
5
I

-3
¡É

-19
?8.?
-1

5
¿
6

-t
5

-5

ø00
ø0ø
øøø
øoø
15?
661
373
øoø
øeø
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L¿.'l5S -3.ø0ø t .0e0
-19.656 te.?55 -3.00e
a8.361 -19.556 re.?s5
-7,ø0ø 28.361 -19.655-r.000 -?,øsa e8.361
?,øø8 -1.0e0 -?,0øø
t.eø0 ?.øøo -f.000

-6.0ûe L.tgø ?.øøø
1.00e -Ê.øøø 1.000-e.s00 r.e00 -6.øøo

e.øeo
5 .800

-t.øøø
5.eøe
r .00e

-3.eøø
te. 7s5

-19 .656
?8.361
-7,Aøø
-L.0ø6
e.oøø
1.00e

3.øøø
5.850
s.59?
?,øøø
6,AAO

-1.900

-?,øøø
-5. 090

3.øø0
5.85ø
s. 69?
?.øøG
6,øøø

-t .000
5.0ø0
t,oøø

-3 ¡ 0G0
le. ?55

- 19.6s6

-?,øøø
-¿.øøø
-5.øøø
3.øøø
5.850
5.69?
¿.øøø
6.000

-t.øøø
5.øøø
t.øøø

-3,øøø
te.?55

7,øøø
-?.øøø
-2.øøø
-s.øøø

3 .000
5.850
5.69?
e.øøø
6,øøø

-t . ø00
s.oøø
L.0øø

-3.000

t0,oøø
1.000

-7.øøø
-¿.øø6
-5.øøO
3.000
5.850
5.69?
¿.øøs
6.0øø

-t.øøø
5.Oøø
t .00e

5.69?
?.eøø
6.e0ø

-1,øøø
s.øøo
1.e00

-3.øøø
te. ?55

-19. 6s6
e8.361
-?.øøo
-t.oøo
z.OOle

-5.øøø
3.øøø
5.850
s.69?
e.øøg
6.øøø

-t.øøø
5.eøø
1.t00

-3. eø0
12.?5S

- 19.656
e8.361

-1.500
10.000
t.øøø

-?.øøø
-a ,000
-s.øøø
3,000
5. 85ø
5. 69?
2.øøø
6.øøø

-t.oøø
5.000

850
6S?
øøø
ù00
øøo
qøø
øøø
0e0
795
b5b
36r

5
5
2
5

-1
5
I

-3.
t?.

-19.
?8
-?

s
1

la
-19

øøø
øøø
øøø
7SS
656
361
øøø

.oøo e8.
-1.000 -1.

EXACI SOL 0F ÎtX. B IS (1,1,...,11

IAREISS ALC (ENA)t

ERROfl HORI'I . 0.1898D+00
ERROR UEClOR

0.3581D-01 O.9!O8D-O¿ ø,111?D-ø? O.1e55D+Oe e.1¿¿OD-øt -0.15300+00 ø.8?15D-øL 0.994¿D-ø¿ -0.1898D+0Ð -ø,11ø7D-ø2
0.3?500-01 -0.6338D-01 -0.1¿15D+00

PIUOÎED BâREISS ALG (PBâ¿)t

ERROR NORN .
Ef,ROR UECIOR

0.888?D-r4
-e.1s94D-13

REâDY

0.60.r0D-13

-€.3535D-13 -0.3163D-13 -0.¿64aD-13 r0.6453D-14 -0.1586D-13 0.1.1.130-13 0.588.1D-13 0.3ø2øD-L3 -0,13?eD-ú
0.6t.r0D-13 0.r0¿tD-l3

Þ
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A.2L

TEST PROGRAM IOR PBA3 IS T}IE SAME AS THAT FOR PBA2, EXCEPT THAT

PBA3 IS CALLED INSTEAD OF PBA2

SUBROUTTNE PBA3 (T0,B,X,DElrA,Kl,N,LRo)

PIVOTED BAREISS ALG, STRATEGY 3 (SIMPIIFIED VERSION)

T0'I/P ToEP.lD(.; B - RHS; X - S0t(0/P); DETTA - PIVOT THRESHOLD;

Kl - (ruAL'tg¡ PIVOT PARAMETER (SEE BEIOW); N - OPOER 0F T0;
IRO . ROI{ DIM. OF TO

N.B.: THIS IS A SLIGHTTY SIMPIIFIED VERSION OF THE PBA-3
DESCRTBED rN CH.5, rN THAT hE oNlY SEARCH BEIOW TIIE ZERO-BAND

FOR A PIVOT (INSTEAD OF BOTH ABO!'E AND BE[OI,¡). THIS PROGRAM

CAN EASILY BE EXTENDED TO USE PIVOTS ABOVE TI{E ZERO-BAND AS

I,iELL, BUT TIIE.BACK-SUBST PROCEDIIRE I'ruST BE GBNERAIIZED IN
ACCORDANCE I,{ITH TI{E RXMARKS IN CH.5.

OUTIINE OF ALG.:
1. CARRY OUT BNA IINTIT AT STEP (-K) TM-PIVOT/TMAX.IT.DELTA,

OR STEP N-l IS FINIS}IED, AT I,çHICIT CASE, EXIT. IF
T-PIVOT/TMAX. lT. DElrA, D0 :

2. FrND TM(P) P PIACES ABOVE TIIE ZERo-BAND (2.8.) AND TM(-K-1-Q)
Q PTACES BEIOI^J TI{E Z . B. SATISFYTNG :

(A) rM(. )/rMAX. GE.DEITA
(B) TM(.).cE.¡1:t(SrrM oF EIEMENTS BETI.{. TM(.) AND Z.B. )

3. MOVE Z.B. DOfdN Q+l PIACES USING BACKTRACK PROC C (BPC).

4. DO P+Q B-CYCIES (BNA-CYCTES) TO GO AIONG BOTTOM OF BTOCK

OF IIL-COND SUBMATRICES

5. MOVB Z.B. UP Q+1 PTACES USrNG BPC TO RESToRI T0 BARETSS

FORM (RBF).

6. co To 1.

TEMPORARIES:
T . COPY OF TO

TM,TP - NEGATTVE-TNDEX (N"r.) ANÐ POSTTTVE-TNDEX (P.r.) BARXTSS

ITERATES.
TMSV,TPSV - MATRICES TO SAVE P.I. AND N.I. ITERATES
BM,BP - RHS'S FoR TM,TP
BMSV,BPSV - MATRICES TO SAVE TM'S AND TPIS
U,BU - UPR.TRIANGTE AND CORRESP RHS FOR BACK-SUBST

TX . TM-MAX
IMT, IMB - TOP, B0TTOI4 ROi.\/ 0rr T0EP . PART Or TM

IPT,IPB TP

zD(TNTEGER) - Z.B. DISPIACEI'ßNT
p,Q - POSTTTONS OF ACCEPTABT,E PTVoTS ABOVE AND BELOW Z.B.

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
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C MM,MP - 1ST ROI^/S OF TOEP PTS 0F MPYR MATRICES

c MMSV,MPSV - VECTORS T0 SAVE PRXVTOUS I'ÍM,MP

INTEGER ZD ,P ,Q , PP1 , QP1 , QM1

RnALìkB T0(rR0,N),B(N),X(N),T(20,20),T1"1(20,20),TP(20,20),
1 BM(20),BP(20),TMSV(2o,20),TPSV(20,20),BMSV(20,20),
2 BPSV(20,20),U(20 ,20) ,BU(20)

RNAL:'rB MM(20),MP(20),MPSV(2o),}ÍMSV(2O)
REAI:!8 TX,DELTA,KI

LR=20
NM1=N-1

C INITIAIIZATION
D0 2 I=1rN
D0 2 J=l,N

2 T(I,J)=T0(I,J)

cAtL Mo\rltTX(T,TP
cAtL MoVMTX(T,TM
cAtl Mo'r'MTX(B,BP
cArL MoVMT4(B,Br'f

cALl uTRoI,'](TM,BM,U,BU, 0, 1, 0,N,lR)
cAtt SAVE (TM,TP,BM,BP,TMSV,TPSV,BMSV,BPSV, 0,N, 1,N,LR)

MP(r¡=1.
-.t.
I=2 rN
-0.
-0.

IPT=1
IMB=N
ZD=0

C MAIN IOOP. K IS CYCLE NO.
K=0

10 K-K+1
rF(r(.EQ.N) G0 To s00

C BNA-CYCIE
cAlt Mo\¡l'fTX (MP,MPSV,N, 1, LR)
cAtL MOVMTX(Ml,f ,MMSV,N, 1, LR)
CAII BCYCM(TM,BM, IMB,TP,BP, IPT,MM,MP,K, ZD,N,IR)
cALl SAVE (TM,TP,Bl'I,BP,TMSV,TPSV,BMSV,BPSV,K, rMB, rPT,N,lR)
IMT=IMB+K-N+1
cAT,l UTROW(TM, BM, U, BU, K, IMT,ZD,N, lR)

C PIVOT IF REQUIRED
TX=TMAX (TM, IMT , II"IB , N, LR)
IF (DABS (TM(IMT+ZD,K+1) ) lTX.lT.DEITA) C0 T0 100
G0 T0 10

N
N
N
N

rR)
rR)
rR)
tR)

N
N
1

1

lrM
DO

MP

MM5

(1)
5

(r)
(r)

C PIVOTING PROCEDURE, STRATEGY 3
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C FIND ACCEPTABTE PIVOTS ABOVE AND BELO\./ Z . B.
1 00 cAtL FINDPV (Tl"l ( IMT, K+ 1 ), lR;; (N-K), lR, N-K, TX, DELTA, Kl, PPl, IERR)

P=PP1-1
cAtl FTNDPV(TM(rMT+1, 1),N-K-1, 1,N-K-1,TX,DELTA,K1,QPl, rERR)

Q=QP1 
_ 1

C MAI(E TM(-K-l-Q) AVAIIABLE FoR PIVOTING BY USING BPC : GET

c TTERATES +,-(K-1), D0 (R,C-CYCIE) Q TIltES, TIüN ANOTI{ER

c c-cYcLE.
K=K-1
cALr. RXCoV (TMSV, TPSV, Bl,fSV, BPSV, TM, TP, BM, BP,K, rMB, rPT, N, lR)
CALL MOVIÍTX(Ì"ÍPSV,MP,N, 1, LR)
cALl MOV'MTX(l"fllSV,MM,N, 1, lR)

D0 140 I=1,Q
cAlL RCYCM(T,B,TM,BM, TMB,TP,BP, TPT,MM,MP TK,ZD,N,R)

140 CAIL CCYCM(TM,BM,rMB,TP,BP,rPT,MM,l'fP,K,ZD,N,LR)
K=K+1
cALl ccYcM(TM,BM, TMB,TP,BP, TPT,MM,MP,K,ZD,N,LR)
cAf,L UTROW(TM,BM,U,BU,K, IMB-N+K+I, ZD,N,lR)

C NEXT DO P+Q BNA-CYCI.ES (B-CYCIES)
NBCYC=P+Q

DO 150 f=1,NBCYC
K=K+1
cAlL BCYCM(TM, BM, rMB, TP,BP, rPT,MM,

r50 cAlL uTRo\t(TM,BM,U,BU,K, IMB-N+K+I,

C FINALLY, RXSTOR-E T0 BAREISS FORM USING BPC : D0 AN A-CYCLE'
c (AN A,R-CYCIE) Q-l Trl'fES, THIN ANoTI{ER A-CYCLE

6=(+1
cAlL ACYCM(TM,BM, TMB,TP,BP, rPT,MM,MP,K|ZD,N,IR)
cAf,l uTRol,,i(TM, BM,U,BU,K, IMB-N+K+1, ZD,N,LR)

¡=(+1
QMl=Q-1
D0 160 I=1,QM1
cALl ACYCI'Í (TM,BM, TMB,TP,BP, TPT,MM,MP,K,ZD,N,LR)

160 CALL RCYCI'Í(T,B,Tl"f ,Bl'f , rMB,TP,BP,rPT,MM,MP,KrZD,N,lR)
cALf, ACYCM(TM,BM, TMB,TP,BP, rPT,l"lM,ìlP,K, ZD,N,LR)
CAI,L UTROW (TM, Bl"I, U, BU, K, rMB-N+K+ 1, ZD, N, LR)
GO T0 10

500 cAtl BCKSUB(U,BU,X,N,LR)
RETURN
END

SUBROUTINE BCYCM(TM, BI"I, IMB, TP,BP, IPT,MM,MP,K, ZD,N,IR)

s/R TO DO A BARETSS CYCIE (B-CYCIE) & ACCIII{ MPYR MCS.

c TM,BÌ"I - NEG.TNDEX TTERATE AND RHS

C IMB - INDEX OF IAST ROW I}I TOEP.PART OF TM

C TP,TP . POS.INÐEX ITERATE AND PJIS

C IPT . INDEX OF 1ST ROW IN TOEP.PART OF TP

MP

ZD
t

),

ZD

IR
v
N

LRN )

c
c
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c
c
c
c
c
c
c
c
c

MM,MP - (Rxer,*a) lsT Rol,,r oF ToEP.PT. 0F PoS. AND NEG.

INDBX I'ÍPYR.MATRICES
K - CYCTE TO BE COMPUTED

ZD - (INTEGER) I/P ZERO-BAND DISPIACEI"ÍENT
N,lR - ORDER, ROll/ DIM OF IIATRICES

PROCEDI]RE:
1. EIIM BEIO\4I ZERO-BAND OF NEG.INDEX ITERATE
2. ELIYL ABOVE ZERO-BAND OF POS.INDEX ITERATE

INTEGER ZD

REAI'!8 M

REALIKB TM(IR,N),BM(N),TP(LR,N),BP(N),}Of(N),MP(N)

IMT=K+IMB-N
IPB=N-K+IPT
CALL BAROP(TP,BP, rPT, rPB-1, rPT+ZD, 1,TM,BM, rMT+1,M,N,LR)
CALL MCATC (MP, O,MM, 1,M,K+1)
cALl BAROP (TM, BM, n'fT+l , rMB , rMT+1 ,K+L-ZD ,TP , BP , rPT,M,N, LR)
cALt MCALC (MM, 0,MP, 0,M,K+1)
RETI]RN
BND

SUBROUTINE CCYCM(TM,BM, IMB, TP,BP, IPT,MM,MP,K,ZD,N,R)

S/R TO MOVE ZERO-BAND DOI,{N (C-CYCLE) & ACCUM.MPYR.MCS.

PARAMETERS - AS FOR S/R IBCYCMI

PROCEDI]RE:
1. ELIM BEIOW ZERO-BAND OF POS.INDEX ITERATE
2. ELIM BEIOI,i ZERO-BAND OF NEG.INDEX ITERATE

INTEGER ZD

REAL?KB M

REAI)TB TM(TR,N) ,BM(N) ,TP(LR,N),BP(N) ,MM(N) ,MP(N)

IMT=K+IMB-N
IPB=N-K+IPT
CALL BAROP( TM,BM, rÌ'fT+l, IMB, IMT+ZD+I, 1,TP,BP, IPT,M,N,LR)
CALL MCATC (lfM, 1,MP, 0,M,K+1)
cAtt BAROP(TP,BP, rPT, rPB-1, rPT+ZD+1, 1,Tll,BM, IMT,M,N,LR)
cAlL MCAIC (MP, 0,MM, 0,M,K+1)

ZD=ZD+I
IMB=IMB-1
RNTURN
END

suBRouTrNE ACYCM (TM, BM, rMB, TP, BP, rPT, l"lM,ÌfP,R, ZD, N, LR)

s/R TO MOVE ZERO-BANÐ UP (A-CYCLE) & ACCIll',f.MPYR.llCS.

c
c
c
c
c
c
c

c
c
c
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c
c
c
c
c

PARAI'IETERS - AS FOR S/R 'BCYCM'

PROCEDI]RE:
1. ELIM ABOVE ZERO.BAND OF NEG.INDEX ITERATE
2. ELIM ABOVE ZERO-BAND OF POS.INDEX ITERATE

INTEGER ZD
REAI?'í8 M
REAI*8 TM(IR,N),BM(N),TP(LR,N),BP(N),MM(N),I"IP(N)

IHT=K+IMB-N
IPB=N-K+IPT

CALL BAR0P(TP,BP, rPT, rPB-1, rPT,K+l-ZD,TM,BM, rMT+l,M,N,LR)
cAlL MCALC (MP, o,MM, 1,M,K+1 )
CALI BAROP (TM,BM, IMT+1, IMB, IMT+1,K+2-ZD,TP,BP, IPT+I,}f ,N,IR)
cAlt McALc (Ì0f , 0,MP, 1,M,K+1)

ZD=ZD-L
fPT=IPT+1
RETI]RN
EIi¡D

suBRouTrNE RCYCM (T, B, TM, BU, rMB, TP, BP, IPT, l"fM, MP )K, ZD, N, lR)

S/R TO PERFORM A REVERSE BAREISS-CYCIE

PARAI'IETERS - T,B z TIP TOBP.Ì'O(. AND RHS. 0TllERS: AS FOR S/R

'BCYCM'EXCEPT THAT K TS TI]E I/P CYCTB (K-1) IS TI{E CYCIE
TO BE COMPUTED.

PROCEDI]RE:
1. GET PREVIOUS

c
c
c
c
c
c
c
c
c
c
c
c
c

2. Ð(ECUTE STEP
3. GET PRBVIOUS

4. EXECUTE STEP

POS.INDEX MPYR & MPyR.l.D(. (1ST ROt\¡ OF
TOEP. PT. )

K IN REVERSE T0 GET STEP (I(-1).
NEG.TNDEX MPYR & MPYR.Iü. (1ST ROI,/ 0F

ToEP. PT. )
(-K) IN REVERSE TO GET STEP (1-K).

INTBGER ZD

REAIìIB M

RBAIì'r8 Tll (tR, N), BM (N), TP (LR, N), BP (N), Lû{ (N ), I'lP (N)
REAL*8 T(LR,N),B(N)

IMT=IlfB+K+1-N
IPB=IPT+N-K- 1

CALL MPRIV(MM,MP, M,K+1 )
cAtt BARREV(TM,BM, rMT, TMB,TP,BP, TPT,M,N,LR)

C RXSTOFJ ROW IPB+1 OF ITERATE (K-1) USING TOEPIICITY AND

C TI{E MULTIPIIER IDENTITY
DO 10 J=2,N

10 TP(IPB+I,J)=fP(IPB' J-1)
TP(IPB+I,1)=0.
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BP(IPB+1)=0.
DO 20 I=1,K
TP(IPB+1, 1)=TP(IPB+1, 1) + MP(r)'t11¡-K+I, 1)

20 BP(IPB+1)=tp(IPB+1) + MP(l):'r3(N-K+I)

cAtL MMREV (MM,MP, I'I,K+1 )
CAI,L BARREV(TP,BP, IPT, TPB,TM,BM, IMT,M,N,IR)

C RESTORE ROI,{ IMT-1 OF ITERATE (1-K) USING TOEPITCITY AND

C TI{E MUITIPTIER IDENTÏTY
DO 30 J=2,N

30 TM(IMT- 1 r J- 1 )=f¡1 ( IMT, J)
TM(rMT- 1 ,N)-o .

BM(IMT- 1 )=0.
D0 40 I=1,K
TM(IMT- 1,N)=fv(1MT-i,N) + llM(I)a"f (I,N)
BM(IMT-1)=BM(IMT-1) + MM(r)'t3¡1¡

RETIIRN
END

SLEROUTINE BARREV(TS,BS, IS1, IS2,TD,BD, rD1,M,N,LR)

PERtr'ORMS A BAREISS-OPERATION IN REVERSE (nrel"'g¡

TS,BS SOURCE MATRIX AND RHS

IS1,IS2 1ST AND LAST ROI.I¡S OF SOURCE-BLOCK

TD,BD .... DBSTTNATTON BIOCK AND RHS

IDl lST ROT{ OF DESTINATION BLOCK

M ... MIILTIPITER (REAL*$)

40

c
c

c
c
c
c
c
c
c

c
c
c
c
c
c
c

N
LR

ORDER O}- I'ÍATRÏCES
R0I^/-DIMENSI0N OF MATRICES

c

REAIì'rB M,TS(LR,N) ,BS(N) ,TD(LR,N) ,BD(N)

ID=ID1
DO 20 IS=IS1,IS2
DO 10 J=l,N

10 TD(IO,.l¡=1¡(ID,J) + l'{:k15(IS'J)
BD(ID)=BD(ID) + M'kBS (IS)

20 ID=ID+1
CALL DIlt'tP (TS, TD,N, LR)
RETI]RN
END

SIIBR0UTTNE MCAIC (MS, SS,l'fD, SD,H, l)

UPDATES I'IUITIPIIER VECTOR (REAI'!B )

MS IS TI{E SOURCE VECTOR, SS rS T}rE N0. OF R/SHIITS
FOR MS, lfD IS THn DESTINATION VECTOR, SD IS Ti{E I'I0.
oF PREIIMINARY R/SHIFTS FOR l"fD, l"f IS Tlm MULTIPLTER,
AND L IS TI{E LENGTH OF TIIE VECTORS.
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c (sEE BEtor^/ foR DATA TYPES)

INTEGER SS,SD
REAf,/r8 M,MS (t),ÌD (t),I,lK(20)

cAlL RSHIFT(MS,WK, SS,L)
CALL RSHTFT (IfD,l"fD, SD,L)
DO 10 I=1rl

10 MD(I)=lD(I) - u;rl{K(I)
RETI]RN
END

suBRouTrNE RSHTFT (A,B,NS, L)

RIGHT-SHTFTS RoW-VECTOR A BY NS PLACES, PUTTING TI{E RXSUIT
IN B. f, IS TI{E LENGTH OF TI{E VECTORS

A AND B ARE DOUBTE.PRNCISION

REAI,*8 A(I),B(T)

f=L
r0 rF(r.EQ.NS) GO TO 20

B(I)=A(I-NS)
f=I- 1

GO T0 10

(NS.EQ.0) RXTIIRN
30 I=1rNS

END

suBRouTrNE ÌIPREV(MM,MP,M,KPl)

S/R TO FIIID MPYR & MPYR }D(. (TOP OF TOEP.PT.) FOR STEP

K-l.

W,W - MPYR.MCS.(1ST ROhI oF ToBP.PTS) FoR ITER.(-K)'K.
Ì.1PvR.}O(.F0R STEP (K-1) rS oVERWRTTTEN 0N MP.

M - MPYR(o/P) roR STEP K-l
KP1 - K+l

REAL'IB MM(KPl),MP (KP1),M

K=KPI-1
M= -MP(KP1)/ìrM(KP1)
D0 10 I=1,K

10 MP(I)=lrP(I) + lfkMM(I)
ÌfP(KPr)=0.
RETURN
END

c
c
c
c
c

c
c
c
c
c
c
c
c

r)

20 IF
DO

30 B( -0
RETI]RN
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c
c
c
c
c
c
c
c

c
c
c
c
c

suBRourrNE MMRXV (MM,MP, ll, KPl )

S/R TO FIND IÍPYR & MPYR IO(. (TOP OF TOEP.PT) FOR STEP

1-K.

W,W - MPYR.MCS.(1ST R0I4I OF ToEP.PTS) FOR ITER.(-K),K-1.
MPYR.IO(.FOR STEP (T-T) IS OVERI,JRITTEN ON MM.

M - MPYR(o/P) FoR srEP (1-K)
KP1 - K+l

REALJTB MM(KPl ),}IP (KP1),M

K=KPI-1
It= -MM(1)/MP(1)
DO 10 I=1,K

10 MM(I)=MM(I+1) + H?'rMP(I+1)
MM(KPr)=0.
RETI]RN
END

SIIBROUTINES UTROI^/, SAVE, RECOV' ADJSIO(, BAROP, TlfAX, M0VMTX Al{D

BCKSUB ARE TI{E SAMB AS IN PBA.2.
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651 L¿.71'
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-¿.ceo
-s. cee

3.Oee
l,CCO
5.699
a. aec
6.ClC

-r.coe
5.00e
t.cce

-3.900
t?.?s7

-19,561

-?.ct
-?.aee
-5.COo
3.0c0
?,a9c
5.699
e.Occ

t.âce
-1.eøc
-¿.cæ
-s.ooe
3.eoe
?.00c
5.699
?.ciào
6.eeo

-1. ect
5.COe
I .occ

-3.eoe

-E
3
?
s
?
6

?
5
?
5

5
2
5-t
5

699
cac
oe0
0c0
ae0
ccc
ooc
75?
56r

.aca

.69t

.aoa

.Oec

I
-?
L¿
19
a8

. occ
. cec
.599
. coc
.cec
. ccc
.coc
.cco
.ceo
.75?
.6151
.3?3
, ceo

3
?
5
e
5

-1
5
I

-a
t2
19
æ
-?

.9C

.æo

.cee
,eoe
. cee
. aeo
. ece
. ccc
.69!¡
. oee

-1
tG

1

-?
-5

3
?
5
2

le.eeo
l.CeC

-?,cco
-4. coo
-5.Ceo
3.4e0
7.aæ
5.699
¿,cce
6.Coe

-1 . ace

.coc

.eð

.coc

.699

.cce

.ooa

.coe

.Oaa

.7E7

.55r

.3?3

.aaa
,157
.55r
.t?3 -19

-t.Oca
5.aoa
t.oac

-3..le
1e.75?

-3
t¿,
t9
?B
-?.044
-t.raa
¿.044
t.aao

I
-3
r2

e8.3?3
-?.cta
-1. CoC
a.æc

.65r

.3?3

. cac

.cca

-t.oaa
5. CCe 6.æO

-t . aeo
s. aco-19

?8
-?
-1

I .0c0
-3. CoC
7?.75?

5. ece
t.c00

5. CCC
-r .0c0
s.000

ErílCT SOL 0F ltx . E ¡S (1,1,...,t)

tâ¡Elss âLG ( ¡¡lâ, t

ERIOR ttORñ . 0.a56lD-0t
EIROR UECIOI

a.96e8D-C¿ C.6CogD-Oa -0.6?t5D-a¿ -C.73t5D-e4 0.a66rD-or 0.13S¡.D-01 -C.e368D-0r -O.?OOlD-øl 0.459rD-e¿ O.576?D-æ,
t.135tD-04 -0.etseD-et 0,rt¿?D-ct

PIUOIED 
'AREISS 

âLG (PIâ3)I

EfRm BORi r Q.t3??D-1a
E¡ROT UEClffi

a.137?D-t¿ C.t¡ra3D-t3 a.l3r0Þt3 {.358eD-13 -C.la16D-13 -g.aS3?D-13 -t.e38eD-t3 C.17fì1D-L? 0.73OgD-13 -e.1943D-15
-a,ß?10-t1 a.g7?eÞ-t,r a.5etæ-t3

I¡IDY

Þ
N
(Ê

.ã/---*--. *--w+



alæ, oF llt-corD llocf, ¡tt.âLoG col,Fou, Dt51 FRüt sIr€uLâRIlv
?
1.?rtr?l-â

¡,tuÎ 10€Pt¡f2 ñâlRIx 1g.aaa -r.aaa 6,ooe -s.CCO -2,@O
3. æC -5.eec
5.8Se 3,CC0
5.59? 5.850
2,æC s.69?6.0cc e.0e0

-1.COe 6.eec
5.Cee -r.0e01.0c0 5.ce9

-3.CaC r.Ceo
re.755 -3.0e0-t9.656 r¿.?55
e8.36r -r9.556

5.S97 5.850e.Oac s.89?5.0cc ¿.æo-t.cee €.ccc
5.OOe -r.oo9t.eoc s.cee-3.eæ t.aecle.?55 -3.aOC-r9.656 le.7S5

e8.351 -19.656-?.cce ¿8.361-r.cce -?.ceo¿.æo -1.0e0

oea
acc
ao3
cco
755
655
36r
Oae
oOe
cùc
aoe

c
6-t
5
t

t¿
-r9
æ
-?-t

¿
t

-19
æ.?

-6
t

t.oaa
-3.aoa
le.?s5

-19.096
?4.æt
-?.aaa
-1.aaa

a.Oaa
t.taa{.taat.Lo

{,5C4

-1.

656
361
aoa
O'C

-3.aae
ta.?55

-r9.655
e8.351
-?.tcc
-t.ace
¿.ccc
1.ee3

-6. ee9

3.e9e
5.850
s.69?
e.00c
6.009

-l.eco
5.400
I .000

-3.eco
ra.?55

-r9.656
a8.35r
-?.ego

.a.c

.acc
I

-?

-5
3
5
5
e
6

-l
5

I

-?

-E
3
C

5
2
5

-1

-7
-¿

3
5
5
?
6

-t
5
I

-3
t¿

oæ
oeo
oæ
0c0
850
69?
oc9
000
,ao
eeg
0c0
eeg
7SS

.æo

. eco

. c00

. eee

.æe

.850

.59?

.coo

.eee

.9CO
5.eoe
I .oee

-3.OeO

LC.OCtÐ
1.099

-?,eqa
-?.ecO
-5.000
3.00c
5.85C
s.69?
e. eeo
5.UàO

-1.0c0
5.0'00
r.000

-1.5C0
1C. 000

ee0
.eeo
,0e0
,eoo
.e09
.85e
.697
. ceo
.0e0
.goø
. aeo

5.aao -1.a00

L¿.755

1.aoc 5.coc-3.040 1.Oae

z.aao
I aca

Oaa
aoa

EXtCl 90t 0f ltx . I ¡5 (1,1,...,1)

lâRElss âLG ( ¡ftA ):

ERR0R ñORtl . C.l898D+09
ERROR UECÎOR

c.3581D-41 0.9re8D-Ce g.(.?D-C¿, C.tessD+CC O.1?¿OD-OI -a.1536þ+00 0.8?{SD-01 0.994eD-Ce -0.1898D+00 -0.1101D-0a
0.3?50D-Cr -a.6338D-Cr -e. lat5D+00

P¡UOTED 3âRE¡SS âLG (PIâ3I¡

ERPOR M)Rll r t.fl95D-1e
Ennor u€c10R

a.1t95D-te -a. t?a8D-13 a.se8sD-r
-o.1e3tD-13 e.rc¿lÞ13 a.333rD-r

READV

3 -4.380SD-13 -c.¡t?a5D-13 -0.e8æD-t3 C.?losD-t.l 0,5395D-13 e.??53D-13 0.r599D-13
3

Þ

ê

-æ't:
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C TBST PROGRAM FOR PIVOTED TOEPTITZ FACTORIZATION
C (PBAFAC)

c 1. MAKES IIP N X N TOBP.I"D(. 'A' WrTH A(N,1),...,4(1,1),...,
c . ..,4(1,N) EQUAI T0 T0(1),. ..,T0(2:'sN-1) RESPECTTVEIY.
C 2. MAKES SPECIFIES SUB-MATRICES OF ORDER NSIZE III-COND.
C BY ADJUSI' REI,EVANT TOEP.DIAGS.
C 3. CAICS. FACTORS L,U USING ADAPTED BAREISS AtG (ABA) AND

C EVALUATES I*U.
c 4. cAtcs. L,u usrNc THE PTVOTTNG SEQ.RESUITTNG FRoM PBA-2,
C AND EVAIUATES I*U.

INTEGER A3ASEQ (13), PBASEQ (13)
REAL"<B T(25),T0(25),4(20,20),L(20,20),U(20 r20),LU(20,20)
REAI?.TB EPS

1.,-3. r0. r0
ABASEQ/2,2 ,
PBASEQ/3,3 ,

C MATRIX DI}ÍENSIONS
ID1=20
N=13
]'ll}{]=l:'r¡- 1

NMI=N- 1

c GEN. 'A' FROM rTS 1ST Rold AND COL, GET SPECS. FoR Itl-CoND
c SUBMATRICES, AND ADJJST ToEP.DTAGS. ACCoRDTNGIY

7 DO 2 f=1,N2M1
2 T(I)=T0 (I)

cALt TOEPI'fr (T,A,N,N2M1, ID1 )
qrRrrE (6 ,3)

3 FORMAT(/' SrZE OF rLI-COND BIoCK, No.AL0NG CoL,ROW, DIST 
"1 'FROI'f SINGULARITY')

ruA¡ (S,fr) NSrZE,NCOI,NROI,rr,EPS
CAIL ADJSIX (T, A' N, N2M1' ID 1, NS I ZE, NCOL, NROI4I, EPS )

9 ÍIRrrE (6 , 10)
10 FORMAT(/' rNPUT TOEPIITZ MATRIX T')

cAtt PRNTIO((4, N,N, ID1 )

C FACTOR T USING ABA AND PRINT OUT I,U AND I;'U
CALL PBAIAC (A,ABASEQ,L,U,N, rD1)
ITIRITE (6,30)

30 FoRMAT(/' L-FACTOR USrNG ABA')
cALl PRNTID((l,N,N, rD1 )
I^JRITE (6,40)

40 FOR}IAT(/' U-FACTOR USING ABA')
cAlt PRNTtfi (U,N,N, rD1)
cAll MULTl"tr(l,u,lu,N,N,N, rD1, rD1, rD1)
vtRrrE (6 , 45 )

45 FORMAT(/' L'kU (l,U FROM ABA). SHOULD BB T')
cAlt PRNTÌ,íX(tU,N,N, rD1 )

C FACTOR T USI}TG TIIE PIVOTING SEQ.FROM PBA-2 AND PRINT OUT

C L'U AND L:tU
cA],L PBAFAC (A,PBASEQ,L, U,N, rDl)

,r. ,-7 . ,-2., -5 . , 3. ,7 . ,9 . ,2, ,6. ,-1 . ,5. ,
4. r-7. r-1. 12. rt. r-6. r1. r-0.5/,
,2 12 r2,2 12 12 12 12 rO/ ,

,2,2,2,l,r,7,2,2r0f

DATA To/-1.5,10.

212
312

1

2
3

¡

¡.-

I
I

t
.:

:l

t
i

I

I

1

i

ri

I

$
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c
c
c
c
c
c
c
c
c
c

c
c

tiRrTE (6,50)
50 FoRr-rAT (/ / / / / /' I-FACToR USrNG PBA-2 ' )

cALr PRNTt"fl((L, N,N, IDl )
wRrrE (6,60)

60 FORMAT(//', U-TACToR USrNG PBA-2r)
cAtr, PRNTt"fr (U,N,N, rD1 )
cAll MULTt"fr (L,U,LU,N,N,N, rD1, rD1, rD1)
t{RrrE (6,7o)

70 FORMAT(//' lì'ru (L,U FROM PBA-2). SHOUID BE T')
cAlt PRNTIO((IU,N, N, rD1)

STOP
END

suBRouTrNE PBAIAC (T0,PSEQ,L0,U0,N,lRO)

PIVOTED BAREISS-FACTORIZATION. IMPIEI'ÍENTS AIG.6.4. 1 FOR

A GrVEN SEQ. 0F A,B OR C-CYCIES.

T0 - rlP TOEP.lfr.
PSEQ- (INTEGER) PIVOTING SEQ. (1:A-CYCIE,2:B-CYCIB

3: C-CYCLE)
r0 - olP L-FACTOR
u0 - olP U-FACToR
N,IR0-oRDER,ROI{ DIMS . 0F MATRICES

TEMPORARIES HAVE SAME NOTATION AS IN 4IG.6.4.1

TNTEGER ZD,S (20),V(20), G,H, PSEQ (N)
REAL'TB T0(r,RO,N) ,T(20 ,20) ,TM(20,20) ,TP (20,20) ,

1 t0(rRO,N) ,u0 (tR0,N) ,l (20,20) ,u(20,20) ,su,sP
REAL'KB TX,DEITA

ï,R=20
NMl=N-1

D0 2 I=1rN
D0 2 J=1,N

2 T(I,J)=Tg(I,J)

C INITIATIZATION
cALt MoVMTX(T,TP
cA],t tfovMTX(T,TM

C TOBPLITZ R0I,\I-P0INTERS AND MPYR MX SCATB FACT0RS

IPT=1
IMB=N
SP=1.
SM=1.

c rNrrrAtrzE s(1),v(1),G,H FoR TI{E GrYEN PTVoTTNG SEQIIENCE

c PSEQ (sEE Arc.6.4.7)

N
N

IR
tR

N
N

)
)

I

NA=0
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NC=0
D0 5 I=1,M:f 1

Ir(PSEQ(I) .EQ. 1) NA=NA+1
IF(PSEQ(I) .EQ. 3) NC=NC+1

5 CONTINIIE
S ( f )=ç¡"1
V(t)=¡641
G=NA
H=NC

C GET 1ST COL AND ROW OF I AND U RESPECTIVETY
cAlr, MoVMTX (Tlr( 1+NA, 1),U, 1,N, LR)

- DO g I=l,N
I t(I,1)=TP(N-NC,N+1-r)/TP(N-NC,N+1-S(1))

ZD=0

C MAIN LOOP
D0 40 K=l,NM1
ICYC=PSEQ(K)
co ro (10,20,30),rcYc

10 cALr, BFA (Try, rMB, TP, rPT, L, U, K, ZD, SM, SP, S,V, G rH rN, LR)
GO TO 40

20 CALL BFB (Tl'1, rMB, TP, IPT, L, U, K, ZD, SM, SP, S,V, G, H, N, LR)
GO T0 40

30 cAtt BFc (TM, rMB, TP, IPT, l, U, K, ZD, SM, SP, S rV, G rH rN, LR)
40 CONTINI]E

c copy L,u rNTo 10,u0 T0 PASS T0 cAltrNG PRoG

DO 50 f=1,N
D0 50 J=t,N
L0(I,J)=1,(I,J)

50 uo(r,J)-u(r,J)

RETI]RN
END

SUBRoUTINE BFB(TM, IMB,TP, IPT,L,U,K, ZD,SU,SP,S TV,
I GTHTNTLR)

S/R TO DO A B-CYCI,E AND GET COt OF T AND ROhI OF U
ACCORDING TO ATG.6.4.7

TI'I - NEG.INDEX BAREISS ITERA1T
IMB - BOTTOM OF TOEP.PT.OF TM

TP - POS.INDEX BAREISS ITERATE
IPT - TOP OF TOEP.PT.OF TP
l,U - (0/P,REAL:!8) I,U FACTORS

K,ZD- BAREISS CYCLE, ZERO-BAND DTSPIACEIÍENT
sM,sP-scAtE FACTORS FOR MG.,PoS.INDEX MPYR MCS.

S,V . PERMUTATION VECTORS (SEE 4I,G.6,4.1)
G,H - No.OF NON-ZEROS T0 RIGI{T,LEFT OF ZERO-BAND OF DESIRED

ROI,] FOR USE rN FACTORS (SEE 41G.6.4.7)
N,lR- ORDER,ROII/ DIM. OF MATRICES

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c



A.54

C TBMPORARIES : LAMBDA,RHO - AS IN 41G.6.4.1 ; BZB,EZB -
C BZB,EZB - BEGINNING, EM 0F ZERO-BAND; IMT'IPB - T0P'
C BOTTOM 0F TM,TP RESPEC.; SU - SCAIE r'ACTOR FOR ROI'VS oF U.

TNTEGER ZD, S (N),V(N), G,H,RHO,BZB,EZB
REAL:K8 MM,},fP, SM, SP, SU

REAI?T8 TIf (tR,N),BM(20),TP(LR,N),BP(20),L(LR,N),U(IR,N)

c Do B-cYclE, UPDATE SCAIE FACTORS AND PBRM.VECToRS

IMT=K+IlfB-N
IPB=N-K+IPT
cAll BAROP (TP, BP, rPT, rPB- I rIPT+ZD, 1, TM, BM, IMT+ 1, I'lM, N, LR)
CALL BAROP (TM, BM, rMT+1, IMB, rMT+1,K+L-ZD, TP,BP, rPT,MP,N,lR)
SU=SM
SP=TP ( IPT+ZD, 1):'Tg¡1/TM (IMT+1 ,K+1-ZD)
S(K+r)=1¡'11¡(S,K)+1
V(K+r)=1¡11¡(V,K)+1

C GET COL,R0I,ù 0F tr,U ACCORDING T0 41G.6.4.1
LAMBDA=IMT+1+ZD+H
D0 10 J=lrN

10 U(K+1, J)=TM(laYBDA, J) /SU
RHO=IPB-1+ZD'G
DO 20 I=1rN

20 l(I ¡K+1)=fp(RHo,N+1- I) /TP(RHo,N+l-S (K+1) )

C CTEAR EIEI"ÍENTS THAT SHOUTD BE ZERO IN L AND U
BZB=H+1
EZB=H+K
DO 30 J=BZB,EZB

30 U(K+1,J)=0.
BZB=G+1
EZB=G+K
DO 40 I=BZB,EZB

40 t(r,K+1)-0
RBTURN
END

suBRourrNE BFc (TM, n"lB,TP, rPT,L,U,K, ZD,SM,SP,S,V, G,H,
1 N,lR)

s/R TO D0 A C-CYCLE AND GET COt 0F L AND ROW 0F U

ACCORDING TO AIG .6 .4 .L

PARAMETERS AND TEMPORARIES - AS FOR BFB

TNTECER ZÐ,S (N),V(N), G,H,RHo,BZB,EZB
REAL:KB MM,MP,SM, SP,SU
REAL)'rB TM(LR,N),BM(20),TP(IR,N),BP(20),T(TR,N),U(LR,N)

c D0 c-cYclE, UPDATE SCATE FACToRS AND PERM.VECTORS

IMT=K+IMB-N
IPB=N-K+IPT
cALl BAROP(Tl.I,BM, IMT+I, rMB, IMT+ZD+I, 1,TP,BP, IPT,llP,N,lR)
SU=-MPrkSI'Í

c
c
c
c
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cAtt BARoP(TP,BP, IPT, rPB-1, rPT+ZD+1, 1 rTM,BM, IMT,MI{,N,LR)
SM=TM ( IMT , K- ZD; 't5P / TP (IPT+ZD+ 1 , 1 )
ZD=ZD+L
IMB=IMB-1
S(K+1)=¡PqX(S,K)+1
V(K+r )=lltlN (V, K) - 1

c GET COI,RoW OF L,U ACCoRDTNG T0 41G.6.4.1
LAMBDA=IPT+ZD-|+H
DO 10 J=lrN

l0 U(K+1, J)=TP (IAMBDA, J)/SU
RHo=IPB-l+ZD_c
DO 20 I=1,N

20 r ( I, K+ 1 ) -TP (RHO, N+1 - I ) /TP (RHo, N+1 -S (K+ 1 ) )

C CIEAR EIEI'ÍENTS THAT SHOIITD BE ZERO IN T AND U
BZB=H+1
EZB=H+K
D0 30 J=BZB,EZB

30 U(K+1,J)=0.
BZB=G+1
EZB=G+K
DO 40 I=BZB,EZB

40 t(I ¡K+1)=Q.

C UPDATE H
H=H-1
RETI]RN
END

cD0

c
c
c
c
c

suBRouTrNE BFA (TM, IMB, TP, rPT, l,U,K rZD, Sl{, SP, S, V, G, H,
1 N,tR)

s/R TO D0 AN A-CYCIE AND GET COr 0F t AND Rot/ OF U
ACCORDING TO AIG. 6.4.7.

PARAMETERS AND TEMPORARIES . AS IN BFB.

TNTEGER ZD,S (N),V(N), G,H,RHo,BZB,EZB
RBAL?t8 MI,I,MP, SM,SP, SU

REAL?KB TM(TR,N),BM(20),TP(IR,N),BP(20) .t(IR,N),U(IR,N)

A-CYCLE, UPDATE SCAIE FACTORS AND PERM.VECToRS
IMT=K+IMB-N
IPB=N-K+IPT
cAll BAROP(TP,BP, rPT, rPB-1, IPT,K+I-ZD,TM,Bl{, IMT+1,lfM,N,LR)
$[J=-1"tfl:k$P
cALt BAROP (TM, BM, IMT+ 1, rlfB, IMT+ 1,K+2- ZD, TP, BP, IPT+ 1, MP, N, lR)
SP=TP ( IPT+ZD ,7)*SM/TI'f ( II'IT+1 , K+2-ZD)
ZD=ZD-I
IPT=IPT+1
S(K+1)-IMIN(S,K)-1
V(K+t )=1¡1,q¡ (V, K)+1

c GET COL,Ro[{ OF I,U ACCORDTNG T0 41G.6.4.7
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LAMBDA=IMT+1+ZD+H
D0 10 J=l,N

10 U(K+1 ,J)=TM(I¿¡IBDA,J) /SU
RHO=IMB+ZD-G+1
DO 20 I=l,N

20 t ( I, K+ 1 ) -TM (RHo, N+ 1 - I ) /TM (RHo, N+ 1 - S (K+ 1 ) )

C CLEAR EIE}ÍENTS THAT SHOUID BE ZERO IN L AND U
BZB=H+1
EZB=H+K
DO 30 J=BZB ¡EZB

30 U(K+l,J)=0.
BZB=G+1
EZB=G+K
D0 40 I=BZB$ZB

40 t(I,K+1)=9.

C UPDATE G

G=G-1
RBTI.]RN
END

FTINCTToN rMAX(KK,N)

C FI]NCTION TO FIND MAX INTEGER IN KI((N)
DrlrENSroN ra((N)

II{Æ(=KK(1)
D0 10 I=l,N
Ir(KK(I) . GT. IMAX) IIIAX=KK(I)

10 CONTINUE

. RETI]RN
END

Fr.rNcrroN rMrN(KK,N)

C FI]NCTION OF FIND MIN INTEGER INKI((N)
DII"MNSION }K(N)

IMIN=KK(1)
DO 10 I=1,N
IF(Ia((I ) . LT. IMIN) IMIN=KK(I)

10 CONTINIIE
RXTI]RN
END

c suBRouTrNES ADJSì0(, BARoP AND MOWTX ARE TI{E SAME AS IN
C PBA2.



h.37

;T
¡¡

ls 
I

aU
O

aaf\otD
 all

Otô:

.OÕ
ö

Ò
a

t rf¡
I

rrtrr¡tS
ttttt

aÕ
Õ

a.tÒ
aè(D

aaao
ö d Þ

 ¡r¡ l¡r F
l f! ¡¡llÙ

 rD
 i 

lD
 <

<
ttll

r8rr888tt8tt3
óÕ

Õ
ôÒ

f\Ò
oooooF

î- (u tâ rt¡ f- l¡¡ (u (o d lr¡ € a'l (l¡
I I I 

I 
ar

oG
ooN

oooooooo
Õ

Õ
.ô{D

ôôoaÕ
(D

|o.¡
ôôaars 

|D
a(¡aarD

astô
n¡ ut (' t - ur ru (o d ul r 

çl (u o
I 

I 
I 

ldd
I

oO
O

n¡O
O

O
O

O
tD

O
O

i
ooooooorD

oot!l¡o
Õ

.ôÕ
f\ oaôO

O
O

f\ lO
cl

U
t (Ð

ts U
l (U

rD
 d U

l d trt lU
I 

I 
l<

fr¡ f! 
u) n¡ t¡ { 

lô É
 ar¡ ll¡

I 
lr

!fï{!tE
qqï

F
ùòaúr,<

urdlrlau!¡cD
F

 
-

I 
ad-allt 

I
I

Ë
ãIt¡t¡F

f,ñt¡t
d.ú d.: ¡¡i.: r.i n¡ d fi I i ";

a

33¡¡IT
F

E
ñT

T
il

ûidid.:dddtilT
,úi

I

G
O

--aa¡--a-aO
rtsttpE

rS
tttt

Þ
dîdiddo¡É

li,ú.:f
x¡E

aaaaaa-aaaa'ao
rtttfF

E
B

ttS
tS

S
-.:d.:ddd.¡ J.:,ú.: 

e¡ j
ts¡ 

rddalll 
| 

|
H

.

ÉË
tilp¡Ë

t¡¡I¡¡t
5"-T

:gllî--?-?
llx

O
O

O
(D

O
O

I'O
O

O
O

O
i

ooooooooe)<
olD

o

O
O

O
aD

(D
O

O
O

 
din¡(D

O

c'cl.D
O

O
O

O
--l-?i

O
O

O
'O

i

or¡dn¡lrlalal'lÉ
tt 

d(D
 <

I 
¡ 

ll 
ll

{-r|!ltlL 
rO

O
 

aia 
ra

¡ 
I 

ll 
I 

I

qqï$r{riqqq
do 

i 
F

 G
¡ U

r C
l ¡! U

l ll¡¡l¡ O
 t

tr 
I 

I 
I 

I

oooooooa¡on¡lD
(D

o
t8r:8trÊ

t8B
t3

O
iF

N
¡Ú

T
.rIF

U
ìn¡U

IO
U

ìT
drlll

oo(D
oo 

tD
n¡-<

cllluo
aoôôÒ

oÒ
.D

o(D
o¡(u

aO
O

O
O

O
F

lD
oT

oO
oO

ilsaU
ItF

 F
¡înll¡dU

l<
l|l

trt 
I 

¡

o ooaoaì¡o 
-F

ll 
¡aD

t
O

ôoO
O

O
(D

oO
odlU

l¡
Õ

ooooaroooo(D
aar

F
 

¡,U
 l,l clF

 
a¡l lu (¡, d uù <

 ct ru
I 

r 
I 

I 
ld

O
aU

O
O

tsdO
dr@

öoôoaoo(uao(o
.ór-Ô

Ò
êooals(o

F
U

ìlU
l¡{uD

aíl
ll

ruoI

3isË
Ë

Ë
3H

g¡F
B

ã
ú.rlF

ur.U
(o€r -T

g:Ë

883rtt888õE
õE

Õ
of- olD

lloooF
locto

c¡ F
 ¡¡l ru ro á t/tr r ? g : 

Ë
 Ì

orùoooooooorc?
3!883t88F

E
8tt

F
uìrur¡rir¡nd6gggÌ î

I

Ë
3:T

i3ãF
fiË

i¡T
6d@

 
irr¡d.rtO

¡(¡qtF
 

-n¡
I 

td<
ll¡l 

I

oaal
+

+
 

|
âC

¡C
¡

O
gla

toa¡rô

G
'

ct+
F

ô
tE

.....o....o
tjjjjjjjjjj
3

O
aaaO

r¡.D
O

a

....O
O

'O
O

O
'

O
O

O
O

T
-

I
o ia!
t?or?
ñ¡ trt <
F

 dcl

a¡D
O

O
€dalù

ooo-îo8B
t=

pgã ??1?
-F

 aaault I 
c¡âaâ

f .!t-lr 
r.Ù

 
E

E
S

S

Ia¡¡I

ooo
ooo
ôóo
n¡ ¡¡! c¡
tl

¡O
¡rO

 dn¡lU
O

U
l 

f 
ûlG

lar¡lU
C

O
O

O
O

O
O

(....O
O

+
+

+
+

+
+

+
+

+
+

+
+

+
ôôôôôôôd¡É

¡aaaÊ
in o or 1 a! o t¡l al fs.ô¡ o !¡
d d l¡ lìî¡n¡ 

n¡fl¡ ll¡ d { 
I 

ls
O

 O
O

O
<

D
O

O
T

D
'aO

 
iD

 a O
I 

ttt 
I 

I
ru<

ôrun¡ll¡@
t¡tr'¡fU

m
rU

-.O
O

O
'O

O
O

O
O

O
+

+
+

+
+

+
+

+
+

+
+

+
ôôôôôôêA

A
ôA

â
o0n¡a¡ol¡lolD

ar¡ro(¡
d-tlñ¡aùdaùn¡l!lU

F
ldO

O
O

O
Õ

O
O

(D
ID

O
'D

(D
O

O
rtt 

lal
ddoiauiol¡lÎclt
ôrÒ

.¡-O
oO

O
aO

.D
+

+
+

+
+

+
+

+
+

+
+

C
¡É

¡qÊ
âA

êÉ
¡O

A
C

¡
aar¡¡ôtolnt!ñ¡¡D

on¡I
d¡\ 

6 (t dC
¡ dlD

ñ¡ar¡lÙ
O

O
o o oÕ

 oorD
 (D

 oo a o{D
tll 

l¡l
dO

!.ddi6l¡¡f¡U
ôooooO

orC
O

O
+

+
+

+
+

+
+

+
+

+
C

¡É
¡Þ

O
É

¡Ê
¡C

¡É
êC

¡
aO

aU
F

(O
l¡n¡ 

dctÉ
1- r¡tD

u¡oo 
r 

ir¡l.rlooo
O

O
O

O
..O

ID
(D

O
O

.O
ttr 

ll
H

€ 
-n¡ 

áauG
lD

f
oooooooÒ

o
+

+
+

+
+

+
+

+
+

ôoc¡É
¡ô0aÉ

ô
oroû¡U

¡rot,? 
l.otD

ô¡tn¡rorat¡o¡n¡oooaD

oo o aart o orD
 o o ra)

r-oo
Õ

oa
ôôo
aô€U

ì
I

oôÒ
Õ

ooauooooo
8t8tltÊ

ttttt
lD

O
O

 O
O

 O
O

T
D

O
O

 -ll¡d

df-a¡T
A

ta*U
ln|t¡É

¡¡D
 d

ota.;I

3t
ttst
ooÈ

a
È3ÐtHU

l

f,Ëtsar¡

C
¡

Ët¡C
'

(,tci!IJatTJF
I

F
¡

bqûl
5N

at
O

G
ç

O
 O

arD
rt 

O
O

 O
tO

 O
a 

O
 rD

tr 
llll

É
 d iaU

lì¡ 
dool

O
O

O
O

O
O

O
O

+
+

+
+

+
+

+
+

ââA
A

C
¡A

êâ
8?È

E
:B

:É
ooo.o

rD
 O

 at ID
O

 o(D
3O

O
 

O
 o.D

I 
lll

a:tti-F
oooooao
+

+
+

+
+

+
+

Ê
A

C
¡É

¡A
C

¡C
¡

tüR
88:E

oooooo
ó.D

O
 

O
 O

 O
O

 O
lttD

O
 

O
 'D

I

oaO
O

rD
O

 
dO

fn.l¡ 
<

O
 

á
lt 

tl

ooifüId(a
C

tra
.ìaúrñ¡r

ó(ôrôoI

¡¡F
!

rì¡
?l¡tìt

aIru?oFt-

ooo
+

+
+

A
êô

acta¡
Ê

rtD
.O

O
drD

d
O

O
O

+
+

+
oôâ
fs(¡l
U

)O
O

oooot1
ooa
+

+
+

C
¡ C

¡ C
¡

oluo
lô.r¡Õ

O
o-ra-

I

ct(uoqrF
F

dÈ
tôrF

lrl
û¡F

 F
¡uur d

8:rß
38

ll¡F
t¡dr'll-

(rllrl¡ 
I

I

tôó¡-ñlalô¡IruFF

i!n¡(!
¡- rô
ct<I

n¡aôJ-.l¡

C
d

ar-an¡frlrD
-orao<

a 
-'a

r 
¡ 

l 
a 

I l 
<

I+A
C

'O
2aU

¡¡D
:r

I:¡Ë
i¡Ë

iñ!It
dd-:d-:dddii;";

q????9?99 ts 
I 

rñË
rurr

oo.oooa.. 
H;3sï:iF

ilãIM
g?q"
õl¡<

uldlln¡otlF
 

rtu-
'aaaaoaa.)o 

! 
| 

r--G
¡r 

I

('a¡aaaaa|la

:tç

C¡aGt3ãFttJ

åT
¡¡T

F
Ë

ã¡i:¡¡I
a -:d.: r; n¡d.¡ o:.:!¡.:,¡.:
rt- 

lrrol¡ 
I 

I
ol
c'¡¡¡p¡n¡¡¡¡3I¡
Jo..
=

,.-T
:3Ë

li¡-?-?
al

O
ID

'
O

O
O



4.3I

oo
o(D

o óaD
oÞ

(D
@

o(t c90
ooa9000(D

rÐ
(9.e(o(D

ro(D
ool
(D

rr

o8
(rt r
çf(D

€
do(9 (E

G
t(D

aD
ooor9

rut'lI

oo 
(tln

F
8.r..oo.t.f,lfll

n¡ d(9 0 (9(D
e('ooouì(o

I

toctro 
¡,¡s

<
F

 o 
?fu

fsoo(D
 oooo(D

ooF
 

c¡
?I

oo¡rrt
li

rôt,lr 
ou)o

a- 06 
olsl

É
clO

 (D
O

.tO
O

O
O

O
f\ 

(D

¡(D
lDI

n¡

.D
 (D

rto(D
oo'o)(D

r.T
-1

rO
C

¡ 
O

lù9LO
(slD

ooo 
ctof\ôl.r 

ls
o(Þ

G
¡.Ð

O
O

O
ooo{D

lsil,l
o o o o (D

 o od 
olì¡o 

(90
trl 

I 
ll

o 
oen¡roÈ

(oF
o 

(9oF
ructF

o
oooootE

o¡s 
{a¡lo

o.D
oo€oruoooo

I 
I 

lll

liF
t?

ctdç
t¡aro(D

o
o 

art tD
 ¡D

 lrì o l\ 
art

ottìC
lÞ

-f!(O
(D

oloctooau(Ð
F

ooo

n oolr 
ootF

d
O

(ôdiruU
l.V

t(t
fs(ltoocI)tt!i¡o(Þ

ooo
rD

(Þ
l'¡O

F
q(9f"O

O
(D

O
ô

dl 
¡¡ 

r
rl

ooolLll6r-
@

 oG
t oG

t(ll(!
o(¡tf)o 

r"f?l?o o(9ooo
.u U

tt F
t (Þ

 tf o 
ar¡ o o (D

 o o (D
G

¡li 
..

tt

oo¡ôG
tnl00

oo6 
(t (o {

oaulnof')utooo('a900
rD

n¡oo 0.r¡(9(90004D
4t

llld
I

Oôor¡ìoooooo(D
o

oo
O

O
O

ooo

oooo
(D

(D

(Þ
o(Ð

 o('(uo(D
G

too(D
o

o6ó6O
(Þ

C
r(9€JôO

(Ð
¡O

(9('O
O

O
lttÐ

G
T

C
D

(9O
O

f
(90(Þ

r\ ru ur (f¡ as tD
 Q

¡ to d If' iclnl
¡ I I 

¡ 
l-

oo(D
o

oooo

onl(9(Þ
0edùooq¡

oo<
Þ

o@
 

é) ('or.olo
or(9ooooofs(o
tslD

aù(D
aU

)d('truo
I 

ldd

ooo(s!
(D

O
tn a't
I

oat¡o(D
(D

(D
O

O
(S

t d
o6roo(9e{90(oroo
orooG

)@
a('f\lJoft

o(D
lô(D

úÍñln¡cfrqrf
o@

oG
¡000(to)fr¡lôf

6¡ (.o f'. (D
 \¡ cd f- a\' <

 C
t O

F
O

ilô(¡¡(D
(fl(¡tjl(¡'ru

I 
I r 

ÎR
¡é)<

-i
I 

li 
I

oG
Þ

¡¡<
rûtnú."(Þ

F
F

lrl
oooa! 

olrn R
tÓ

 d o uln¡
o(oîru 

ç'¡ o ln o O
F

 C
lrlO

(D
q¡ o ota¡t (9

I

ooo(D
oooûl6(Þ

96t(9O
G

0'P
O

aO
(f)(o

oeó(D
ooof\.e0

(D
(D

ooood 
l¡l

¡

(t(Ðo
o

(D
€O

rutF
ltri(D

fD
O

,
I 

tddlT
lfit

@
iF

rutôa9tsnnl(o
tll

oe 
(D

(D
(9 (9nl(Þ

 O
6'O

(D
 O

6)@
ð6)O

O
O

(Ð
(9C

)G
ù(9(D

ooooo(9F
(Þ

(Ð
ltooo

€ fs ru U
t (r! F

 lÐ
 lU

 a¿
 d U

ù dlrl
tt¡ 

I 
I

(tn
rn at
cr¡ É
(I¡ (¡
!rF

I

oclooo600o.loolD
o

o È
 G

(9 o c!()t! 
G

T
O

O
O

(D
t¡<

i¡oc¡(à(Þ
@

O
r-()O

O
O

d o r 
fs aU

 tD
 fît! 

t¡¡ tU
 (O

 rt 
!

li 
I 

I 
I 

I

oooôß
6

G
tooo(D

(D
oooo¡!ro
ruD

da"nlo
I 

lÉ
d

I

ooo
(900
ooo
ruu)a''
tl

lô(D
 

ot¡)
60 

00
o(9(D

octooooE
o('ìolrì o
00(Þ
o(D
o(Þ
tlooG
O

oooctt

fLF
F

nt
O

F
n¡o
I

o 
oorornll

o 
o(D

llfllF
l

oÒ
oooatrÐ

isolti

úru(9
U

ìO
)1

o gì fl¡

I 
l<

ooooàdlJrì(o¡\
ooooF

(oø
a-

6óF
O

r(rlfrl(oÔ
r(9
a¡

ut!'of¡\(od(¡o(o
I 

(U
(u.¡rttcoaflf'lG

t
I -0¡lr¡ 

ru
tl

oô
o

o(D
et 

o <
F

G
t 

i" (O
<

o@
ruooor@

(Ð
u)fur

(9 !? n¡ î 
l!') l. cl (t cl (o

ct(ttao.I!t!çF
 

O
l¡

ar, 
(ft('rooo 

¡ F
ldil

I

on¡('rîülo(o(D
nt

O
O

'(O
C

tlU
0dlñ<

æ
o(rtil! 

m
 R

¡rl qrru

fs 1ç 
do 

É
æ

afrtl¡
a\¡ldlu 

1¡
ll 

I

o (D
(D

 .llç
caod(Þ

o
O

n¡€(9!t
d ur au (D

 ¡r¡
I 

o¡ld
I

o?ooodT
.i?.?1 

-1
ooo

at¡IaG
rD

lâ 
otâ1É

ruuìaD
alroo

-lôa0au 
çf!1ôloruoaþ{l

a\..|3,3eG
)¡€È

rO
¡d(O

<
qt

<
tiO

-O
 

É
?tO

O
.rl(O

O
O

-
-l 

| 
| 

É
 

a I 
I

H
¡

t!-ocooo6il?¡¡,D
o(9as

Ê
õé6 

õcr G
¡út c! Þ

 (9(lD
aùó

õa 
{ü G

¡ O
 fi¡rO

 U
¡ O

 tt rpll ? G
l

E
d.:t'.:it'.úf dit'dd

l¡'I.¡

ls6rìl¡¡dl'|rF
¡n¡o00

I 
I -rll¡¡

è(9ruoo 
oaD

d¡(Þ
oG

tr(9
.9ó('ooooo0(l'@

(tO
0eF

 
(9000(Þ

 
@

(.-a¡fÐ
o

(Ð
t\tnn¡(odln-T

lP
nÌ

I

ôntoo(Ð
ooooeodo('

o o o oo o o Ð
r.4¡ @

 (too
ol\ooo(D

oofs(o.V
l(9o

È
¡¡tru(tr'nd?gE

ftÌÍ
I

n¡oa90(D
coo

oo@
a9(Þ

00(o
F

(90G
)O

e(D
fr

U
D

tU
(D

 dllt 
É

lllnl
a 

lr

o oooo(D
qrd(Þ

6O
(D

O
oê6)oo(o{Ð

oe(Þ
G

¡oo
o 6¡(9É

èls(r¡fft 
(D

@
(l,oo

.î--?sgffilit'l
ooooo0dos(D

(Þ
00

é9O
 O

(ta6oo (5cD
õoQ

ooots 
aôf16G

¡(Ð
(Ð

O
C

l,n<
aìaltolocts{n¡<

ß
¡€

tddG
ll 

I 
I

I

aÞ
G

¡ ð.lt iO
O

 
tD

 Â
,O

O
tI

() 6 (O
 tO

ø
D

.) .tl i¡ì 6lq)(Ð
 

aD
(ro3!(D

F
lO

ooG
Ö

A
oL

i(tt(¡¡ttotsral¡dlod(D
trraut 

a 
I 

I
a

oo
(D

o
@

o
lU

d

drdo
(oole
LO

('¡Ð
otE

 t!
.rn¡ I
Id(g(D

ot (9 G
,

r"(D
Ô

qlF
d

o¡l 
I

(9(D
aD

o
corn¡
I

o(D
ooeo

l-..n¡lc
l¡¡,ôâJ=c)xql

(D
O

O
O

O
O

O
.D

ó
orù

rut6(lrÞ
ß

A
ð

s.E
I

0È
.

lÀ
o

f 
{f¡

.c9
v¡¡D

=tÈ
¡

ûtIco(td
¡(D

ID
 ¡

È
o(rlal

ct ¡|' ct rt
zl<

aì
I,lo(D

lulrl
o¿

 (ô run¡rr¡
O

F
ru'\O

(D
Þ

.....
(JÂ

!G
¡(o00

G
dn¡lôfl¡

l¡- 
ll

IÐ

È
¡

GL¡t

oeoo.9(D
rD

O



O
ID

O
"O

O
'O

O
O

O
O

;rtrt3838t8tt
aar € r 

(l¡ u)l|l f\ uì nl aD
 -ur

td 
I 

I 
I 

¡

aooo-34@
aaoaa

aaoÕ
aaoa¡Õ

aÕ
aÕ

ôa (¡öa aar¡.¡at¡(D
a

d..:¡:ddr;Ë
doid jd,:

darla

tttS
S

tB
t8tttt

aÒ
öiD

aô.rÕ
ôaÕ

ôÒ
jd 

rr¡ ui d i d o¡,i.:'¡; i ai
ll 

I 
I 

I

ttt8t8ttt83rs
a('lD

ca(oaaoaaaaL
ß

: n; u; d t": d n¡ d.: d..:F
; n;

I 
I 

I 
I 

t<

O
O

O
(D

6O
O

O
O

O
O

'D
F

3tttE
ttttttpE

ddd.:uidd.iui-:r;do;
I 

I 
I 

l<
d

I

tttttttttttñ8
acÒ

.!aaaÕ
aötL.!||l

rr¡ r'r F
 ln lu to € l¡l i 

ln au o oû
I 

I 
I -rf¡t¡

oo@
aoaoaaaoF

olc
rtsttttttt¿

8rl
r;¡:dd,,i.:d.:;.údiÉ

I 
I ddal¡ 

r
a

T
E

T
T

T
T

T
IË

E
f,T

¡
fLlÁ

ñ¡aôrlâdar¡n¡õ-ts 
É

I 
tádôl¡ 

I
I

I{tt{E
Itrl

lO
-¡¡ìif.llU

O
úÈ

 
-aU

I 
tÉ

<
{llt 

t
I

$ï$qil!ï
rur.-uD

-lnrogT
i.-

I

IT
T

IT
E

E
T

T
T

ilI
*.î--193[lî--?
x¡HT¡lt¡¡Ë

È
f;¡I¡¡13

Ë
i.¡,:lddsit id.¡çi

H
I

ÉstnrÈ
iII¡l$t

oO
O

rlO
ôrD

O
O

oO
ôo

o.D
ooÕ

oooorD
oo

rrrrt8tE
E

tS
t

Õ
Ò

ôaaaO
¡âllF

ldlr!
a -F

 
ll.ll,ìF

rF
 O

O
drO

i 
llt 

(l¡r1 lrod

ooaoôa
I

rD
a-

I
ooooooootD

lolÙ
a¡

aaooooo.¡f\c¡F
au

Õ
ôÕ

aÕ
ióÕ

turo(ur¡ r
fs (r¡ ìrr ct F

 ur al¡ f F
ooo 

lll 
l'¡áI

O
O

(D

(oct
¡O

I

oooo@
oo!¡!nl(o

iòôróô(¡ôO
|D

t!O
F

oooo.ooa6Íll¡aî
n¡ ¡¡ì C

l F
 

trrl aU
 aD

 ó ç î 
l¡t

t I 
<

¡tôO
I lrlI

A
 .39

ooooooo!? 
(uo¡Ò

a{rft
aa(l00000004F

o!û
O

aO
rtÒ

O
a{qtd(rtO

r
t') E

 F
 rt at¡ a¡ r 

lr¡ O
 r 

al¡ U
l O

ltlF
ddi

tt

O
O

óO
(D

c|o)dF
O

 
?|rlrC

ooooooo(o(oluF
fsa

aÕ
(ooaao.o(D

olD
lsF

¡
ctF

¡nrurodu¡al¡l ooco
r 

€l 
I 

il

O
O

O
O

O
O

O
O

'O
F

('IO
O

.i oao 
Ò

 O
 Ò

 |D
 U

ì ¡,l (!¡O
O

Õ
¡aÕ

 Ò
ôo a (¡l\(!.'too

?.-D
n¡rr-r¡dcllua¡¡F

d
I 

trdtut 
¡

I

E
O

O
 (D

 O
O

O
 rO

ts l'rO
 O

O
ôoooooarôuì(]oQ

|D
o

ooo o Ö
o ofi a¡aÐ

oo o
nru''îrD

d?n¡98Ìin¡
I

o+É
¡

o

-fuc)aÍl¡(u
O

O
ôO

O
O

+
+

+
+

+
+

âA
êA

O
O

l¡too!t(ca
<

¡tôtrlôlôl
di.;d.;ci
r 

¡tl
ruÉ

ôn¡n¡n¡
at-Ò

aaa
+

+
+

+
+

+
ââË

¡C
¡C

¡â
ooñ¡oat 

r
r¡O

nl.l¡i
rD

rD
O

O
r-O

trl
€dôial¡d
ooóoraa
+

+
+

+
+

+
âaa&

¡ôÞ
.tñttìlolô(o
<

1- t¡ô rO
O

O
ID

'O
O

ttt
dtD

rnÉ
-

O
O

'O
O

O
.)+

+
+

+
+

êâoâa¡a
aon¡f!a¡rt
F

ròóbóô

ãt+
+

C
¡ C

¡
o(¡
a lllrOåO+C

¡

o

rao¡O+oo-to+êF
I

oOIta+AOielaIC
¡

F
t

rlt

ID
O

O
I{fU

i
O

.O
+

+
+

âÊ
o

auurao
aüdô
jii¡aù(u
O

IC
O

+
+

+
É

¡âÉ
r

f!a,lo
G

t ll¡ rOIo+Âct.DOIO+C
¡

O

S
ttttrtE

t¡¡
ulaaoooo|.d¡-lD
-adF

lU
nelf!O

f\-
I i 

¡ I ¡ 
ruG

liro
aud

O
ID

I 
C

¡F
¡flnl

dT
D

O
O

O
T

D
O

+
+

+
+

+
+

+
ôA

C
¡O

âêA
O

O
Q

¡O
I'ì<

l\
rlôa!l|tn¡n¡l\
O

O
O

O
(D

O
O

ooÒ
ooro(oll¡l¡t

o.D
ôÒ

orrìôötô¡
o(Ð

oorD
¡-l¡d.oo

rul,ìctfr lôltln¡ro !"F
r r 

?clû¡in¡
lrd

I !Ect0latIagdItI'Doq¡¡lI

B.:IFOIfFô¡I

ooooooo(D
O

I"IO
O

O
O

(D

O
O

O

3+Êo
O

oO
O

r

lD
(rl(un¡lr¡

Ô
aaoa

+
+

+
+

+
.IôA

A
ê¡

oao6a!ll¡
aq(À

(o¡ro¡o

??1?..
aÂ

 r? aq F
¡

Õ
-aa

+
+

+
+

C
¡C

¡C
¡Q

atlrtcl
aalrrl'¡t¡aa

ooa

oo+
+

làâ
.D

(D

aaa
ltr

F
.çau

aoo
+

+
+

A
A

.¡
artio
droal

???
lcç
.O+

+
êA??
etn¡o

O+Ë
¡

ct-o+C
¡

aô¡IDIDaAOalt

¡ao+êoaìOIO+C
¡

ts

O
O

(D
O

O
O

O
O

O
O

O
I¡lD

I

O
O

I'O
+

+
+

+
êc¡aa
odor.o

O
É

m
l'l<

O
O

O
ID

(D
lt

r 
qt-cr 

r
O

¡aÒ
rD

O
+

+
+

+
l

É
¡ É

¡ E
¡ E

¡ É
¡

oroooP
r

É
ôitlO

O
O

O
O

?

t58tt
+

+
+

+
+

Â
A

É
¡Ê

A
tD

ir?tt.o
oûtF

{l¡)

¡D
O

ID
O

O
'

llI+åvoooooo
aoa¡D

300
Åo+ât....--

IDIO+êtor?OIa+Êo!lo

OIa+C
¡

oû¡oI3+É
¡

or¡t

oIO+AOarl

O
O

ãtF
A

T
E

\.l-5

oaaaa
|.atôo¡

T

È5:l2HU
|

Ec)tl¡tsùlC
I

jûdËIItiJ¡r-¡ 
r?

tsl
!

t'l.t¡
H

r.ì
tÈ

t

.O
Ó

ID
O

'

O
'O

aarD

ooo
aaa

.D
O

ID
O

ID
OOåO

O
O

-
aaa

daD
o(¡
+

+
âôO

O
aO

oáru
¡D

O
ID

O
O

¡3ID
O

I.O
tt 

rl
-O

O
lal(¡ôO

O
O

Ò
(lÒ

Ô
Ò

O
Ò

+
+

a+
+

+
+

+
A

C
¡'¡âA

êêO
aaat¡ts 

o0(lat
aaÉ

î¡aU
)!r¡€¡¡<

O
O

O
I'O

'ID
O

''D
lrl

d o ¡rr l¡t to tD
 ur l¡ì tô

aoôöaaa-Ò
+

+
+

+
+

+
+

+
+

C
¡É

¡A
É

¡ôôÀ
C

¡ô
-t,lolôtuto¡!d

O
dlD

Ò
F

 n¡É
.rtaî¡

(D
O

O
O

'D
I 

lt
<

<
0ôal

oaoôr'
t+

+
+

+
ôèC

¡A
ê

oof\ 
f 

f!
alrauE

llrrt

oaaa(D
Õ

oooa
I 

I 
rr

3t588t8388
+

+
+

+
+

+
+

+
+

+
àôA

ôôôêÕ
6ô

-lîin¡nlroattO
ó

{lotùt 
lt 

<
(vlls|frar¡

O
O

O
r-O

aO
O

'¡a
I 

I 
l¡l

<
<

d-dd(D
dlD

()
aaaaaO

O
O

,O
a

+
.|+

l+
+

+
+

+
+

ôàôôC
rA

C
¡A

ôA
È

ó<
F

O
iaaO

F
-ô¡|rt-(rldrdÊ

t¡¡ì

O
O

'D
+

t+
G

¡ôô
1O

lf)
roF

l¡

'D
l.O

O
O

O
'

a+
+

C
¡A

ô
oaqo
aL tÌ 

I,l

O
O

O
ro-
aaa
+

+
+

C
¡êÉ

¡
|\.lC

r
tôa(¡3t+Þaì.rlOIa+A!

ílOIât ID+â¡a;Il|'oIC
¡

f¡oIrrt
taÅ(cal¡

OI

O
.O

O
ID

a+
+

+
+

É
¡f¡âaa

toÈ
fsaùf

Liaì¡lâd
O

Ô
'O

ll aaaoa
tt

raarO
O

a
ll 

rt
tt5ãt
+

+
 I +

+
e.êC

¡.¡'¡
runlû¡.F
d!tdl-{

??.??'
O

raO
<

a'¡
öaiD

aa(D
+

a+
+

+
+

.IâA
C

¡C
¡C

¡
E

S
T

gE
:

ao

O
3

+
+

C
¡ C

¡
oro
at¡ rô
O

O

O
O

+
+

É
T

 C
¡

an,
at n¡
O

O
I

<
rdd

-oo
c+

+ècr
('oar¡
Z

it,l
g?'

raaaO
O

O
O

(D
o

O
 o O

O
 'olcF

o 
'ltlQ

Q
Illqqqeqqqlqq
tU

 la dl¡D
 i 

a¡ lì¡ O
 qtF

 dQ
¡ r

raorO
aa-aoa 

F
 

r 
rá-.l¡l 

I
I

oaarD
a-a(D

aa

ssstrE
ñ8tt3tt

Õ
.Ò

ôôf- rD
.'laooao

.î,-T
g3Ë

li--r
I

ôo o-(ofscrr¡a 
(D

a|D
|D

ttttpE
tltttttt

1d,:?dddli.¡.:t'.:
a

(aaaar¡aO
a

{E
Ë

ll!$!
E

9!lîo-?-?

ld¡cJlrlâ(I-CúcL

Ë
ill

È
ôÉ

¡É
¡

t:tE
I (¡o-

JI

-ö'-a
+

+
+

+
Ê

A
O

É
¡

!rÈ
:

,ttt
rôaÒ

vD
daì

I

3-l

r-1ll¡li¡-?-?
.?o??.o?.?

.O
O

O
ID

O
'O

O
O

O
O

a a(aa 
'D

ra(D
tD

a aO
a



¡

0
e
eoe

e.ø
0.e
0.e
0.0
ø.ø
Q,O
0.0
0.0
0.e
0.e
e.0
1.ø09
a,18?

.øøQ

.ø

.0

.0

.ø

.ø

.ø

.ø

.0

.c

.0
,e4e
.137

e.3re 1.190 '1.1?6 ¿.??9
-e.0s5 0.31e ø.øto 1.0e0
-o.oo0 -0.085 L.egg ø.ø
o.o 0.0 0.0 ø,oe.ø ø.ø ø.ø ø.o
o.o e.e 0.e 0.6
o.ê o.ø ø.ø ø.ø
0.0 ø,a 0.0 ø.o
ø.ø 0.e 0.e 0.0
1.000 ø.e 0.0 0.0
c.80¿ 1.00c e.0 0"0

-?.0?9 0.80e -9.8{3 5.r9f¡
0.72? -e.e?a 15..{a9 '6.t4?

-0
-ø
-o
o
ø
ø
ø
1
c

_2
e

-o
-o

-o
-e
-a

e
0
0
t
ø

c
-e
-0
-o

1?s
168
8øt
s79
¿8ø
910
96ø
981

-8

-1,1 .379
0.361

-13.493
ø.Q
0.e
e.0
0.0
c.e

-14.3?3
0.353

-13.,1?6
0.0
û.0
0.0
0.0
0.9
0.0

o.
0.
0.
0.
0.
e.
e.

()

ø

?,øoQ
5.698
a.øoø
6.000

o
ø
0
0
ø
e
a
a
0
0
0
o
t

s
1ø

-?6
tøã

15
-16

la
4B

?.eøø
5.60e

¿3.57e,
-0.001

13
-e.?

.698

.860

.010

.aq|

.93t

5
ø

-0.085
-e.000
-a.eøo
9.e
e.ø
0.0
ø.ø
e.0
¡ .600
0.80e

-¿.e71
o.7"1

-t. rî8

6.4øø
-e.¿øø
-e.s8¿
-0.80e

e.3s5
-13..t?9

o.a
0.0
o.ø
o.o
e.o
e.o
c.0

?.øøo
5. 698
¿.øØa
6.0ø0

-1.øøe
5. 000
I .00e

-3. e00
le. ?56

-19.65?
e8 .363
-?. eee
-l .000

.000

.oøa

.oæ

.ø

.ø

.0

.0

.€90

.8ûe

.6?4

.7e7

.138

.5??

5.698
?.øaø
6. C08

-1.000
5.0e0 -

t.øøø
-3.000
1a. ?56

-19.657
?8.

-t.60e
e.eee

.ogo

.ooc

.e0a

.e

.e

.0

.€0e

.8ûe

.ø71

.7??
. r38
.s?7
.e0?

e. s8e
6. eø0

-1.øøø
5.000
1.060

-3.00ô
t?.?56

-t9.65?
e8.363
-?,oøe
-1.09e
a.eoe
r .00c

00e5.
e.
e.
0.
e.
ø.

!+tc?01 t Slllo Ptâ-e
0..100 -L.zsÐ c.688
t,¿øÐ e .688 -e .Ol?

-0. e0C -l .6eS e .6'ts
t.8GC e.0 e.e
e.e?Ð 1.000 0.e

-0.640 -1.171 1.000
a.5gl 6.940 -1.653

-3.03! -ß"4Ð? 3.383
6,8?3 3.S90 -1.0?6

-t..100 -e .les -e .015
-C.?80 -e.688 c.??9
0.,10Ð -t.t88 -4.e6?e.80t 1.039 -4.?oB

U.FñCTOR tJSIlÍC PEA-?
t?.7s6 -3.000

-2e.?ø8 13.3S6
-sö,ã7? 3.r. e83
¿r.905 e.0o.Ð e .ee"? e.0e,0 0.09.8 e .0ø.ø ø.ø0.0 0.00.0 0.03.0 0.øc.e e.0

LTU (L,U FROIT PEâ-E).
5,eø0 -1.000t"€ìa0 s"o0ø

-3 " 
g{'}0 t.gþø

Ie,?gG -3.oee
-19.55? 14.?s5
e8"363 -t9.55?
-?.00e 48.363
-t.000 -?.oøø
8.000 -!.09e1.60c e.000-6.6ø0 1.900
l.Qga -Ê.G00

-0.801 l.eô0

I .00e
-3.¿Aø

6 ,006
-1.e*a
5.A00
1 .000

-3,øøO
le.?s5
19.65?

-t.00e
5.e00

¿?"103
-a,øøø

-L3.1??

363
oøø

?,øøg
4. e98

¿1.137
-1.?8¿l

-10.339
-et

I

3.øAA
5. ¡100

34.eø9
6"479

-38 .5,t9
3?,??8

-tø1.1¿?
18?.481
-0. 079

-?6.378

-5 .00ø
1,øøø

ee . 69,1
e4 .90e

-6?.?64
14€.36?

-e8e. I 46
583.18?

39 .85.f
-e08.4et

L6ø,??6

-¿.0øo
-1 .6øø

-t?.399
rs . e66
-t .964
16,AA?

-.19. ?99
t39.3ee

8. el5
-11.193

19.914
18.563
ø.ø

-?,øøø
-0.6ø0

-lt,1ø4
5.6?.1

-.t8

.1?9

.539

.890

.345

0.e
0.0
e.e
o.0
o.9
0.e
0.0
0.e
ø.ø
0.9
o.e

e8.363
-?.00e
-t.Gee
4.0û0

'1.00e
-6.00c

-?5.936
o,o
e.0

.øøø

.geø

. øe9

.000

.00e

.oøa

.698

.oaa
,eøo
.øøo
.øøø
,oøe
,ltlòO

I.?

3
?
5
?
6

-1
5
I

ø.e
o.ø
o.ø

.eøø

.øøo

. ø€0

.øøø
,øøø
.5S8
,øøe
.00e
.øøe
.aøø
.øø6
.09e
.?s6

-1
-)
-3

3
7
5
?
5

-1
5
I

te

ø.ø
ø.ø
0.e
o.o

3.000 -s.ø9, -?"a¿0?.Èøø 3,øøø -5.00ô
5.698 ?.øð0 3-øþø
?,øøg 5.698 7.øøe
6.øø0 a.øøø 5.Ê98
-t.øøø 6.009 ?.øøø
s.000 -1.e00 6.øøO
t,øøø 5.eoe -1.00e

-3.000 l.gøø g.øeø
t?.?56 -3.øøO L.øøø

-19.65? r?.?56 -3.000
e8.363 -19.65? te.?56
-1.øøO e8.363 -19.65?

-t.søø
1€.0eø
t,ø!a

-?,øøg
-¿.øøø
'5.000
3.060
?.øøø
5.698
2,OøO
6.OøAI

5
t
.eø0
.00e
.eoo

-r.000
6.00c

SI,IOULD EE 1 øîø
8Q
øa

10
1

-7

-5
3

e80
øøø
øøo

REâDV

Þ

o



4.41

c TEST PROGRAH FOR PTZA1 (PMTED BAREISS ALG, STRATEGY L:
C SIUPTE 2.CHOICE STRATEGY)

C 1. MAKES IIP N X ìI TOBP.Ì'ÍK. 'A' I,IITH A(N,1),...,4(1,1),...,
c . . . ,A(1,N) EQUAI T0 T0(1),. . . ,T0(2:'<N-1) RESPECTTVELY.

C 2, MAKES SPECIFIED SIE-}ÍATRIX OF OPJER NSIZE III-COND.
C BY ADJUST RNTEVANT TOEP.DIAG.
c 3. TNVERTS 'A' USrNG TRENCH-ZOHAR AtG (TZA) AND PTVOTED TZA,
C STRATEGY 1 (PTZAl), AND CATCUIATES ERROR MATRIX =
c ('A'*TNVERSE-'A')-IDENTTTY.

REAtr*8 T(11),A(20,20),AI (20,20),ERR(20,20),ERRSZ,EPS,
RSUt'f ,t'fMAX(2)

DATA T/3. 12. 16. r7. 14. r8. 14.,0.,5.r3.,1./ |}j¡".lAX/ 1D70r1D3/
I

C IÍATRIX DII'fENSIONS
ID1=20
N=6
N2M1=2'"N- 1

MII=N-1

c cEN. 'A' FRoÌf rrs 1sr RoI{ AND col, GET SPECS. FoR rr,L-CoND
c SUBMATRTX, AND ADJUST TOEP.DTAG. ACCORDTNGIY

cAlr TOBPID((T,A,N,N2M1, ID1 )
I'IRITE (6 ,3)

3 FORMAT(/' SIZE OF IIL-COND BIOCK, DIST FROM SINGUIARITY')
READ(s,*) NSrZE,EPS
cAlI ADJSID((T,A,N,N2M1, IDl,NSIZE, 1, 1,EPS)

9 I^iRrTE (6, 10)
10 FORMAT(///' INPUT TOEPIITZ MATRIX T')

cAl,L PRNTI'ü(A,N, N, rD1)

c iuvInT A AND PRINT ERROR MATRIX (A*A.INV - IDBNTITY) FOR

C TZA (I{IIEN }IMAX=1D70) AND PTZA-1'
DO 50 fl0(=l,2
cAf,L PTZA1 (A,Ar,MMÂX(rl'rK),N, rDl )
rF(Il{X.EQ. 1) \{RrrE (6,22)

22 FORI'ÍAT(//t ':r:<>t: R¡SUITS FOR TRENCH-Z6HAR [f,Ç-:"-*^F')
rF(il"ü.EQ. 2) WRrrE (6,23)

23 FORMAT(//' 'K** RIìSUITS FOR PIVOTED TPJNCH-ZOHAR AI,G' 
'1 ,STRATEGy 1 x-Â_:kr ¡

ütRrTE (6,24)
24 FORMAT(//l', TNVERSE oF T')

cALl PRNTHX(AI,N,N, rD1 )

cAI.r Mutrlß(A,Ar,ERR,N,N,N, rD1, rD1,rD1)
DO 25 I=1,N

25 ERR(I,I)=ERR(I'I)-1.
wRrrE (6,27)

27 TORIIAT(//'ERROR ì'ÍATRIX = T;tI.INVERSE - IDENTITY')
DO 28 I=1,N

28 I,IRITE (6,29) (ERR(I,J) ,J=1,N)
29 FORHAT(lX,6D12.3)

ERRSZ=0.
DO 32 I=1 N
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c
c
c
c
c
c
c
c
c
C

c
c
c
c
c
c
c
c
c
c
c
c
c
C

c
c
c

RSIIM=O.
D0 30 J=1,N

30 RSUM=RSIIM+DABS (ERR(I ,J) )
IF (RSllM. GT. ERRSZ) ERRSZ=RSIIM

32 CONTINUE
ülRrrE(6,35) ERRSZ

35 FORMAT(1' INTINITY-NORM OF ERROR MATRIX =
50 CONTINI]E

STOP
END

' ,D12.3)

suBRourrNE PTZAI (T, TT,MMAX,N, LR)

S/R TO INVERT A TOEPLITZ HATRIX USING THX PIVOTED TRENCH.ZOHAR

ALGORITIIM, STRATEGY 1.

T - IlP TOEPIITZ MATRIX; TI - (o/P) INVERSE oF T;
MMÆ( - PIVOTING THRESHOTD FOR MUITIPIIER ;

N,tR - oRDER, R0\.{-Drl'fENSroN 0F T AND Tr

BRIEF DESCRIPTION OF PTZA1.
FOLIOI{S 41G.6.9.7, I,IIITH TI{B SAME NOTATION. E)GCUTBS

TRTNCII-ZOHAR AtG (ACTUAILY, AITERNATIVE BAREISS SYI'Í}ÍETRIC

AIGORITI{I"I) I]NTII MUTTIPIIER EXCEEDS MMAX. IF THE OTI{ER

MUITTPLTER rS SMAIIER, DO TIIE SIMPTE PTVoTTNG PROCEDURE.

THIS IS EXACTTY ANAIOGOUS TO TI{E SIMPIE PIVOTING
PROCEDI]RX IN PBA1, I^/ITH TI{E FIRST ROI'{S 0F TI{E ToEPIITZ
PART OF TIIE MUTIPIIBR MATRICES BEING ACCIIMUTATED,AND ONLY

THOSE DIAGS OF T}IE BAREISS ITERATES ABOVE (TMA, NEG.INDEX'
TPA, POS.TNDEX) AND BEtol.{ (TMB, NEG.INDEX, TPB,
pos.INDEX) TÌß ZERO-BANDS BErNG CAICLILATED, USrNG BrTI{ER
TI{E BAREISS RECI]RSION OR TI{E MULTIPTIER I.IATRICES.

OTI{ER TEMPORARIES:
K - BAREISS CYCTE NO.

ìfM,MP- 1ST ROWS OF ToEP.PTS.OF NEG. ,PoS.INDEX MUITTPIIER
MATRICES

MMSV,ETC: TEIIPORARY AREA FOR SAVING lfl-f ' ETC.

RBAL'TB T(IR.,N) ,TI (LR,N)
REAL'kB MlfAx, TMA, TMB, TPA, TPB, MM ( 20 ), MP ( 20 ), ¡{
RXAI.,.TB MMSV ( 2 O ), TMASV, T}'ÍBSV, MPSV ( 2 O ), TPASV' TPBSV

REAL*.8 INPROD

NMI=N- 1

NM2=N-2

KTMM,MP,TMTTPC TZA INITIAI.IZATION
K=0
lfP(t)=1'
MM(r)=1.

DO 2 I=2 rN
ltP(I)=9 '

2 MM(I )=0 .

TIIA=T(1,1)
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c
c
c

TMB=T(2,1)
TPA=T(1,2)
TPB=T(1,1)

NoRMAL TZA t00P, Í¡ITH PrVoT SELECTToN TEST. K rS CYCLE N0.

STEP (.K)
5 K=K+l

TMASV=TlfA
TMBSV=TllB
CALL MO\ïTX(MM,MMSV,N, 1,N)
ÌÍ=TMB/TPB
CAI,L MCATC (MP, o,MM, 1,M,N)
ffltr=f]"ttr-lrt:kfP[
Ir(K.NE.NMl) TMB=rNPRoD (lûf , 1,T, 1,N,R)

c STEP (K)
TPASV=TPA
TPBSV=TPB
CAI.L MOVMTX(MP,MPSV,N, 1,N)
M=TPA/TMASV
cAlL MCALC (MMSV, 1,MP, 0,M,N)
TPB=TPB-M*IMBSV
rF(K.EQ.NM1) Go rO 2oo
TPA=INPROD (MP , O ,T ,K+2, N, LR)

PIVOT IF }ruITIPLIER INVOTVING TPA' IS TOO LARGE AI'ID IF
ALTERNATE IfUlrrPLrER rs sMAllER, ELSE CONTTNIIE I^/rrH
TZA

IF(DABS (TPA/TMA) . tE.MMAX. OR.DABS (TPA/TMA) . tE.DABS (TPB/TMB) )
1 GOTO5

Q :l.^l:t END OF TZA L00P **J^-

f, :l*:T SIMPLB PIVoTING PRoCEDURE *-,Hk

C 1. RE-DO STEP K: r,{ITH TMB AS PIVOT, ELIMINATE TPB

TPA=TPASV
TPB=TPBSV
CALL M0WTX(l'lPSV,l'fP,N, 1,lR)
M=TPB/TMB
cALt MCAIC (ÌO{, 1,MP, 0,M,N)
TPB=INPROD (MP, 1 , T, 1 ,N, LR)

2. I.rtITH TPA AS PIVOT, EIIMINATE TMA

M=TMA/TPA
cAtL MCAIC(MP, o,MM, o,M,N)
Tl,fB=TI{B-}lì!TPB
TMA=INPROD (l"fl'f , 0, T, K+2, N, LR)

C 3. RBSTORE TO BAREISS FORM BY USING TMA TO ETIH. TPA

M=TPA/TMA
CALL MCATC (1"û{, o,MP, 1,M,N)
TPA=IIIPROD (lfP ,0 , T , K+3 , N, LR)
K_K+1

c
c
c
c

c
c
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c
c
c
c

GOTO5

*** END OF PIVoTING PRoCEDUIìX /íìH-

CAIC 1ST ROI,/ AND COI OF TI.
200 DO 210 I=1,N

TI (N-I+1, 1 )=MM (I ) /rul
2r0 TI(t, I¡=¡ç' (I) /TPB

USE ZOHAR'S RECIIRSION TO FITI TI TO SECONDARY DIAG
D0 215 f=1,NM2
NMIM1=N-I-1
D0 215 J=1,NMIM1

215 TI(I+1,J+1)=TI (I,J) +
1 (TI(I+1, 1)''.TI(1,J+1)-TI(1,N-r+1)'t1I (N-J+l,7)) /TI(1, 1)

C FIII IN REST OF TI USING PERSYMIÍETRY
DO 220 I=2,N
NllIP2=N- I+2
DO 220 J=NlIfP2,N

22O Tr(r, J)-TI (N-J+1,N-I+1)
RETI]RN
END

DOUBTE PRECTSToN FUNCTToN TNPRoD(V,NS,A, rC,N,LR)

FI]NCTION TO T'IND TI{E INNER PRODUCT OF V(N), DOI{NSHIFTED

NS PIACES, I,/ITH COtllMN IC OF MATRIX A.
N AND tR ARE TI{E ORDER AND ROW-DIMENSION OF A

REALìKB V(N),A(tR,N)

NMNS=N-NS
fNPROD=O.
D0 10 I=1,MÍNS
INPROD=INPROD + V(T)'t¿(1*NS, IC)

10 CONTINI]E
RETI]RN
BND

SUBROUTINES ADJS},fli AND MO'r'MTX ARE AS IN PBA2, AND

SUBROUTINES },ICAIC AND RSHIFT ARE AS ]N PBA3

c
c

c
c
c
c
c

c
c
c
c
c



STZE OF TLL-COND BLOCT, DISl FROI1 SiNGULåRITV
?
3, Sd-13

IIPUT IOEPLIlZ I1AIRIX
1.O0o8.000

1.øOO
-31.OOø

5. OO0
3.00e
L.æø

oo0
øøo
øøø
øøe
øoo

I
I

3¿l
5
3

1
I "990 6.800
1.009 t.oeo
8.0e 0 1 .øøø
1.øø0 8.SO0

31. e00 4.øøø
s.øøe -31.0,00

ø?¿
øø?
æ5
øtø
901
03.t

¿.øøø
6.oeo
l.SOO
1.Oøø
8.090
1.ø@

?.øøø
?,oøø
5.00e
t.oøø
1,øøø
8.6øø

II{VERSE OF 1
ø.o4? -9,øtø
e.ø11 0.018
ø.øø? ø.03ø
0.03.r -ø.øø1

-0.131 0.1?3
ø ,¿r1 -0 . 131

-o.e,a7
-o.ø?s

ø,øø¿
0.øø5
ø.ø3ø
a.øø¿

0.øø1
a.øø4
ø.øø7
ø.ø¿?
ø.ø1ø
ø.612

¡rl RESULÎS FOR TREXCH-ZCI|âR ALG.tlt

ERFOR Í'ìATRIX ' IIl.iNUERSE - IDENTIlY
-o.3?øD-øt -0.3160-01 -6.135D-01 -0,116D-01
-0.6s5D-9r -0.16øD-9e -0.11øD-01 -S.9?90-ge
-0.935D-01 ø.¿?{D-øt 0.835D-04 0.397D-03
-0. 1 ?90+00 0.956D-Oe e. ?54D-0 1 ø .215D-øt
9.{16D-01 -ø,1ø9D+øø -0.5eeD-01 0.8?1D-01
e,1e6D+ø0 -0.118D+00 -e,9?9D-01 -0.83¿D-e1

-o
-ø

ø
ø

-ø
ø

-ø
ø
ø
o

-ø
0

I
-a

ø
-ø
-ø

ø

-ø.øø4
-ø.øø?
-o,ø?5
-ø.øø?
0.0:8
0.011

-ø.øø.
-0.001
-0.0e5
o.øø0
0.018
9. O98

ITiFINITV-NORN OF ERROR ¡ATRIX. ø.9?øD.øø

tII RESULTS FOR PIUOïED IRENCH-ZOHAR âLG., SÎRATEGV 1 IIT

-0.6?9D-0¿
-0.575D-94
-ø ,3? tD-ø3
ø.1?8D-61
0. lSsD-01
0 . ?-?90-01

0.551D-r6
0.1e8D-r5

-o,1730- t6
0. e95D-16
0. ¡ta4D-t5
0. 69.rD- r 6

-0. 33gD-Ae
-€.1e¿D-0r
-0.1e3D-01
-0.1s?D-01

e. 269D-01
ø.?5øD-øt

0.a?ED-16
â.9?t D- t5
s.9?1Þt5

-0.6680- 16
-e.a78D-15

0.666D- 15

INUERSE OF T
0 . 0.11 -0 . 008
0.008 g. s18
0.0ø6 ø.øe8
0. e39 -0.993

-0. tee o.t7ø
0.?r3 -ø.1¿o

ø.øø0
-0.0¿5

ø,øø1
0. 0ø3
0. e¿8
0.øø6

øø4
øø1
øoø
ø¿t
908
o17

ø21
900
093
009
003
039

€RNOR NâIRIX ' IIl.INUERSE - IDENTIIV
-0.e?8D-15 0.¿¿¿D-15 0.0 f. i6eD-rs
a.e91D-r5 -0..r?¿D-15 0.11rD-1S -s.e¿6D-15
c.4.r4D-15 -0,eS8D-15 A,?¿?D-tS 0.165D-16

-0.16?D-r5 -0.555D-15 0,141D-1S O.ø
{.3alD-r1 e .5950-15 0.860D-15 0.19iD-15
C.t?80-l.l -e.l97D-14 -9.888D-15 0. lleD-1¡r

Itftnlil-n0ftt 0F ERROR nâlRlx . 0.6.90-la
REâDV

Þ

I



SIZE OF ItL-COflD DLOCK, DISÎ FRON SINGULâRITV
',
3, td-8

rTI RESULTS FOR IREI{CH-ZOHÊR ALG.ITT

t.iUERSE OF Tg.ø1t -ø.øø8
0.098 ø.ø"8
0.0ø6 ø.ø¿8
0.039 -ø.øø3

-ø.t¿ø g,r?ø
0.¿13 -ø, t?ø

E?RÛR Í'IAÎRIX ' TTT.INUERSE - IDENIIlV
-0.8510-0?
-ø. 1980-O5
-ø.106D-ø5
-0.4880-05
-0. 135D-04
0. 103D-ø4

¡ItPUl ÎOEPLTlZ IIAIRI
8.00e 1.eoø1.øec 8.000

-31.C5ø 1.øøø
5.000 -31.eoo3.009 5,6øO1.SeO 3,øSs

-ø.Lee
0. e13

6.000
L,øOø
1,Oøø
8"090
1.øøø

-31,eøø

2.ACO
6.øøø
t.øøø
1.øOø
8.000
1.øøø

3. 000
¿.øøø
6. 00e
r.00ø
4.0ø0
8. å00

-e.aø1
-ø.øø7
-ø.ø¿s

ø.øøø
ø.ø18
ø.øø8

e,øø1
-ø.øø4

ø.øøø
-e.0e1
-e. e98
ø,ø1t

x 1
I
I
I

3{
5

-e
e
ø
0

-ø
a

@ø
øø0
øoø
øøø
øøø
øøø

ø
-0

e
o
ø
ø

ø?t
øøø
øø3
0s9
093
039

-ø
-6
-ø

ø
ø

-ø

øøø
ø¿s
øø4
øø3
ø¿a
øø6

-ø
ø
ø
ø
0

-ø

I 59D-05
!5rD-06
1 75D-96
a73D- 06
1.1D-06
1 0{D-e4

.1ø7D-ø6

.sø¿Ð-06

.583D-ø6

.¿¿1D-øS

.6030-e5

.7680-ø5

-ø.¿?¿D-ø6
-0. r 18D-06
-0.984D-ê?
-9.513D-96

0. ¿seD-95
ø.?ø1D-ø5

-ø.e¿8D-ø6
-0 . 8360-e ?
ø.2ø3D-ø?
0.313D-ø6
0.850D-66
0. 1610-05

ø.?8øD-ø1
-ø,1350-ø6
-0 . i 05D-06
-ø.313D-ø6
-0.98r D-96

0. eø9D-05

INFII{IlY-llORn 0F ERROR llÊlRIX. ø.394D-ø.

ITT RESULTS FOR PIUOTED TREITCH-ZOHAR ALG., SIRÊÎEGV 1 TIT

INUERSE OF T
o.ø4t
6.908
e. 006

-ø.øø8
0.018
ø,ø?8

-0-903
Q .'t?O

-ø. L?ø

-ø,o¿.7
ø,øoq
a.øø3
e.009

-0.0e3
0.039

-0.øø1
-9.001
-ø.øes
ø.oøø
0. ø18
0 .008

ø,0ø4
-ø. øø1

ø,øøø
-e.0er
-9. 998
0.04r

39o.a

ø.øøø
-ø.ø¿s
ø.øo1
ø.øø3
ø.ø2-8
0. 006

ERROR NâÎRIX . 1IÏ.IIIUERSE - IDENT¡TV
-0.16?D-15 -O.9?tD-16 -0.1150-16
-e.e?8D-15 -0.¿r44D-1S 0.1390-15
0.eeeD-15 -0.153D-r5 s.o
9..16D-1s -0.4??D-tS -0.989D-16

-C.6aAD-1¡l 0.1.tBD-1. 0.e?3D-l.f
C.aOGD-l¡l -0.33,1D-ta -e.1a6D-1¡t

l¡çl¡tllV-xOnn OF ERROR ñATRIX .
REâDV

0.a86D-15
-0..t6D-16

e. e?8D- 16
-0. ¿78D-1 6
-0. t53D-1S
0.331D-11

-0.1.r?D-16
0.s38D-r6

-0.450D-t6
-0. {esD-r6
0.4.r.D-15

-0.e61D-t5

-0.13f¡D-t5
-0. e?8D- 16
0.555D- r5

-s.199D- 16
-e.55eD- 15

0 .888D- t5

Þ

o

0.117D-13



SIZE OF ¡LL-COND 8LOCX, DISI FROÍ! SINGULANIlY
?
3, td-15

INPW TOEPL¡1Z T'âIRIX 1
8.C00 1.gee 1.000
1.æø 8. COo 1,4øø

-3{. eoo 1,ooe 8,e00
s.øøø -31.øøC {.000
3.000 5.909 -34. e00
1.eo0 3. eoO s.øee

)
6
t
1
I
1

6
1

1
I
1

3¡l

æø
09e
øøø
oaø
øc0
øøø

æo
øæ
øøo
eøow
øøo

¿
6
I
1
8

eø6
æo
øoø
0e0
øøø
øøø

IIT RESULTS FCR ÎRENCH-ZOHâR ALG.tIT

-e

INUERSE OF I
-ø.øø8
ø.ø38

-a,øø1
ø.øø6

-ø.ø¿1
0.081

-9. 181
g. i6e

ø
e

-o

l0?
16?
036
øt?

ø.øe4
-0 .0e5

e .085
-0.181

0. 1,15
9.036

-ø.øø1
e. ø10
a.øl?

-ø,øe+
0. e86

-ø. tø?

øøø
o03
øø1
øø1
øø4
008

-ê
ø

-ø
-ø

0
-0

ø,øø4
-9.øø1
ø,øøø

-0.0e1
-ø.oø8

0.003
-ø,øi?
ø.øtø
0.006

-Q.ø?6
o.038

-ø
-ø
-o

ø
ø
ø

ERRCR ¡âTRIX . 1¡1.¡I{VERSE - IDENÎIIY
-e.¿11D-øl -ø.67eD+Òø e.Ge¡D+30 -ø,??!Ù+øø
ø.192D+00 -0.866D-0:, -ø.7??D+øø 0.391D+0ø
€.t4eD+0ø 0.911D-01 -0.105D-01 -0.381D+00

-0.-?¡t?D+00 ø.13eD+øø -0.1850+AS -0,i26D+el
9.{68D+01 -ø.211D+ø7 ø.31¿D+ø0 -ø.2ø2D+øø

-0.593D+0t ø.?3?D+ø'. -ø.¿4øD+01 ø.3?9D+0e

0.81 0D-0 I
-ø . t¿1D+øø
0, 1 56D+ø0
ø .4s?D+øø

-0. 1 4aD+0 1

o.155D-01

-0. r59D-01
ø. r 3eD-ø1

-0.51{D-0r
-0. I tGD+00

0.1¿t6D+00
-0. l03D+01

INFIhIIY-NCRñ OF ERROR ÍIATR]X ' O.17LD+ø¿

tI¡ RE5UL19 FOR P1UOTED TRENCH-ZOHâR ALG., SÍRÊTEGV 1 TII

INUERSE OF 1
0.04t -0.008
0. e98 0.018
ø.ø06 0.0e8
0.039 -e. r03

-0.t?ø ø.1?ø
e.213 -ø.teø

0. e00
-0.ø?s
0.00¡l
ø.003
0.028
e.006

-ø.ø?r
ø.øøø
ø. oo3
9.009

-9. eo3
e .039

ERROR ItâlRIX . IIT.IIIIÆR5E - IDENTITY
-c.s83D-t5 0.569D-r5 -O. r39D-t5 0.181D-15
0.sgsD-ls -e.888D-ls 0.e35D-r5 0.e¿6D-16
c.0 -0.180D-1s ø.ø 0.859D-16
c.s55D-r5 -9.6800-15 -0. r14D-15 -0.691D-16

-o.56SD-11 0.1t9D-14 g.a9{D-t1 -0. t9tD-r5
0.e89D-t.l -C.3$D-1.1 -0.171D-1( g.3S9D-11

ttf,IllllY-M)Rn 0f €RROR mlRlx .
READV

øø1
øø1
ø¿5
øoø
018
098 ø.ø17

0.61 6D- t6
0.1r{D-15
0 . 69.tD- t?
0.156D-r6
o . 111D- tS

-0.3Êt D-15

-0. e78D-16
0.139D-1S
0.8æD-r6
0 . {08D- 16

-c.666D-r5
0.988D-15

Þ
5{

0. r33D-13
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c
c
c
c
c
c
c
c
c
c
c
c

TEST PROGRAM FOR FTO1, IIITIICH ORTHOGONAILY-TRIANGUTARIZES A

TOEPLTIZ MATRIX IN O(N.;þK2) OPERATIONS. FTO1 USES TI{E

GII,L. GOLUB -MI.]RRAY- SAUNDERS ORTHOGONAI-UPDATE AIGORITHM
AND TI{E SHIFT.INVARIAI'iCE OF TI{E TOEPIITZ MATRIX.

TEST PROCEDIIRE: (1) GENERATE TOEP.Ì'O(. 'A' \'¡ITH 1ST ROhI

AI.ID COI FRO}I 'T'. (2) RXDUCE TOEP.I"D(. WITH HOUSEHOIDER
TRANSFORMS (O/P OVERWRITES 'AI ) TO UPR.TRIANGUIAR FORM

(3) CAtt FTO1 TO PRODUCE UPR.TRIANGIE IN 'R'.

OTI{ER VARIABIES: N=MATRIX ORDER, IDI=ROI./ DIM.0F MATRICES

REALìI8 T ( 1 g ), A ( 1 0, 1 0 ), R ( 10, 10 ), I,\¡1 ( 10 ), I^/2 ( i0 ), f,/3 ( 10 ),
I W4(10),I{5 (10),W6(10),1,/7 (10),I{rB(10),\4/9
2 V172(10),\,J13(10),l/14(1

(10) ,I,/1o (10) ,r,/11(10) ,
o) ,r{17 (10)
B .0,
2.O,

0) ,h¡15 (10) ,Í/16 ( 1

DATA T/2.2,3.7 ,-5
7 6.2,78.6,-14.7 ,
2 O .2,-7.5/

ID1=10
N=10
|.f![l=l:k]t- 1

NMI=N- L

-1.1,-2.816.3,-4.9,
,2.9 ,4.2 r-8.6, -1 .5 ,

o

2.5

cALt ToEPI'fl((T,A,N,N2M1, rDl)
wRrrE (6, 10)

10 FORMAT(///////////' rNPUT T.oBPLTTZ MATRTX T')
CALL PRNTIO((A, N,N, rD1 )

C REDUCE TOEPIITZ MATRIX BY HOUSEHOTDER TRANSFORMS

CALL HOUTRT(A,N,rDl)
D0 30 I=2,N
IMl=I - 1' D0 30 J=1,IMl

30 A(I,J)=0.

wRrrE (6,4a)
40 FORI"LAT(/' RXDUCED MATRTX USrNG HoUSEHOIDER TRANSFoRMST)

CAI.L PRNTtfl((A,N,N, rD1 )

C REDUCE TOEPTITZ MATRIX USING FTO1

CALI FT01 (T rRrf{1,trlz'\13' hi4, l^15,W6 r1^l7 r1r/B,I^¡9 rh710, Wll rW72,
1 t/13rw14,1,{15,I{16,1^117'N,N2M1'ID1)
D0 15 I=2,lI
IM1=I- 1

D0 15 J=1, IM1
15 R(I,.i)=0.

I,IRITE (6,20)
20 FORMAT(/' REDUCED MATRTX AS CATCULATED BY FTO1')

cAtt PBNTI0((R,N,N, rD1 )
STOP
END

SUBRoUTINE FTO1 (T,R, CPHIUP, SPHIUP, CPHTDN, SPHIDN, CTHEUP,



A.49

1 STI{EUP, CTI{BDN, STI{EDN, RM, RD 1, RDJ, RT 1, RTJ, QN, SrGD, Sr GT,
2 Z,N,N2M1,rD1)

S/R TO TRIANGUTARTZE A TOEPLITZ MATRIX USING GIII, ET AItS
ORTHOGONAI UPDATE AtG. AND SHIFT-INVARIANCE. FOIIOWS AIG.
7.3.7, AND TIIE VARTABIE NOTATTON rS THE SAME.

PARAMETERS
T VECTOR CONTAINING 1ST ROI.{ AND COL OF TOEPTITZ MATRÏX

TO BE TRIANGUIARIZED. IF N IS TTIE ORDER OF TIIE MATRIX,
oRDER OF SToRAGE rS (1,N),(1,N-1) (1,1),(2,L),...
...r(N,1)

R. . .. .. . .CONTAINS UPPER-TRIANGUIAR MATRIX PRODUCBD BY T}TE

oRTHOGONAITZATTON. NoTE THAT R(r,J),r.GT. J HAVE

NOT BEEN ZEROED

CPHIUP
SPHIUP
CPHIDN
SPHIDN
CT}IEUP
STIIEUP
CTI{EDN
STI{BDN

..TEMP. VECTOR TO STORE COI. OF R(SUPERSCRIPT N.1)

I

è-

I

t
I

I

I

OUTPUT COSINES AND SINES OF GIVENS ROTATIONS USED

rN FT01 . NoTATrol,l Folto\4]s AtG. 7 .3. 1 , I^/ITH TI{E

. .FOLIOWING CONVENTION
1ST IETTER. C-COSTNE, S-SINB
NEXT 3 IETTERS. PHI-PHr, Tm-TlfETA
LAST 2 IETTERS. UP-UP ARRoL{, DN-DOWN ARRoI,í

.o/P VECTOR CONTAINTNG 1ST Cot 0F R-DoT

.TEMP. VECTOR TO STORT COI.J OF R-DOT.

)
)
)
)
)
)
)
)

RM.

RD1
RDJ
RT1.. ....O/P VECTOR CoNTAINTNG
RTJ. .....TEMP. VECTOR TO STOR-E

QN. . . .. . .O/P VECTOR CoNTATNTNG
SIGD. ....O/P VECToR CoNTATNING
SIGT. ....O/P VECTOR CONTAINING

Ij['i

p1ST COI OF R-TILDE
COL.J OF R-T]LDE
IAST R0'È7 0F Q

VAIUES OF SIGMA-DOT
VAII]ES OF SIGMA-TIIDE

z

N

O/P VECTOR (= T-TR¡¡ISPOSE * (T(2,1),...,T(N,1))
TRANSPOSE )

ORDER OF TOEPIITZ MATRIX AND R, AND I,ENGTH OF

\lEcToRS CPHTIIP, . .

N2l'11.....2ì'rN-1. T MUST BE

IDl. . . . . .ROI^/.DIMENSION OF

IEAST THIS IENGTH

GENERAI REMARKS ON CAII,ING FTO1. TI{E ONLY INPUTS REQUIRED

ARE T,N,N2M1 AND rD1. TI{E MAIN oUTPUT rS IN R. T}IE OTI{ER

17 VECTORS ARE BY-PRoDUCTS AND TEMPoRARIES 0F FT01, AND

NORMAITY TI{E USER ONIY AIIOCATES SPACE I'OR T}IESE VECTORS

WITHOUT DOING ANYTHING MORE I,IITH TI{LM. HOWEVER, THE GIVENS

TRANSFORM VECTORS CPHIUP STI{EDN CAN BE USED TO GBNERATE

TI{E Q-MATRTX EXPITCTTIY USrNG AlG.7 .4.7.

QUICK oUTtrNE 0F FT01

DEFINE
RM = R(SUPERSCRIPT N-1) = ORTHOGONAI TRIANGUIAR FACTOR

OF IEAD]NG SUBMATRIX OF T.
QM = Q(SUPERSCRIPT N-1) = OTHOGONAI I"IATRIX SUCH THAT

IEADIN. SUBMATRIX 0F T = qM*Rtf

R-DOT = MATRIX \dITH 1ST R0!/ = T(1,1..N), P.EST OF 1ST

COIUI'ÍN = QM-TRANSPOSE * T(2..N,1),
TRAILING SUBMATRIX = LEADING SUBMATRIX OF T.

.tz
AT
R
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R-TILDE = R + Q(N,1..N)?'r(T(N,1..N-1),0)

R.DOT }fAY BE TRANSFORI"ÍED TO R USING GIII ET AL'S RANK-I
oRTHOGONAI IIPDATE, I,iITH AN UPSWEEP AND A DoWNSWEEP 0F
GIVENS TRANSFORT'ÍS (ANGLES PHr-UP AND Pllr-D0I{N). SrMrlARlY,
R.TILDE MAY BE TRANSFORI'ÍED TO AN UPPER-TRIANGUIAR MATRIX
TIIITH RM AS ITS TEADING SUBI'ÍATRIX (GIVENS ANGIES THETA-UP
AND TIIETA-D0I1Iì{)

supposE THAT RM(.J-1), R(.J-1) AND Q(N,1..J-1) ARE IO{oWN.

TIIEN R-DOT(.J) CAN BE CONSTRUCTED. PERFORM A GILI UPSWEEP

AND DOI.N{SWEEP ON R-DOT(.J), YIEIDING R(.J). CALCUTATE

Q(N,J) USING THE RELATION Q(N,1. .J):t¡¡1. .J,J)=T(N,J) ,

AND CAICULATE R-TITDE(.J) FROM TI{E DEFINITION. PERFORM

A GILL UPSWEEP AND DOI,TTNSI.{EEP 0N R-TILDE(.J), YIEIDING
RM(.J). THIS COI'ÍPIETES THE BASIC RTCTIRSION. NOTE THAT

TI{E Grl[ SWEEPS AND T]lE CAICUTATION OF Q(N,J) REQUTRE

ONIY O(N) OPERATIONS, SO TIfi I,{HOIE AI,GORITHI{ REQUIRTS

oNLy o(Nt'<-r2) oPERATToNS. DETATIS 0F TI{E CALCUIATToN
0F Tl{E GIII ROTATIONS, I^JIIICH PROCEEDS IN TANDEM I'{ITH
TI{E BASIC R-ECI]RSION ARE GIVBN IN ATG.7.3.T.

REAI:TB T (N2M1 ), R ( ID1,N), CPHIUP (N), SPHIUP (N), CPHIDN (N), SPH]DN (N)

l,CT}IEUP(N),STr{EUP(N), CT}rEDN(N),STIIEDN(N),RM(N),RD1 (N),RDJ(N),
2 RT1(N),RTJ(N),SrGD(N),SrGT(N),QN(N),2(N)
REAI*B EPS

C INITIALIZATION

M=N-1
EPS=10.ã-È(-5)

C CALC R(l,1) AND RM(1,1) USING NORM-INVARIANCE
RM(r)=9 '' DO 10 I=1,M

10 RM( 1 )=RM( 1)+T (I- t+¡¡.;r-*2
R( 1, t )=¡¡4( 1 )+T (N2M1 ):tr ç"r*t,
R(1,1)=DSQRT(R(1 

' 
1))

RM(r)=¡5qRr(RM(1) )

c GET R-Dor ( 1 , 1) , (r ,2)
c rs NoRM(R-DOT(r. .N,1

RD1(1)=l(¡¡)
RDJ (1)=1(¡¡- 1¡
RDJ(2)=ç¡'1¡1¡
SIGD(1)=R(1,1)

2,2) AND SIGMA-DOT(I), (2), l{llERE SrGMA-DOT(I)

SIGD (2)=!SQRT (SIGD ( 1 )'t""2 - RD1 ( f )'-^"2¡

c oTI{ER rNrrrAtrzATroN - PHrDN(1) ,TI{EDN(1) ,Q(N,1) ,R-TTLDE(
c srGMA-TrlDE(1), (2) WHERX SrGMA-TTLDE(r)=[ap¡1(R-TrlÐE(r. .

CPHIDN ( 1 )=RDt ( 1 ) /SIGD ( 1 )
SPHIDN( 1 )=SIGI (2) /SIGD ( 1 )
QN( r¡=1 (N2Ì11 ) /R(1, 1)
RT1(1)=R(r , 1) -QÌ{( 1):t1¡"r"t,
SIGT ( 1) =ft){( 1)
SIGT (2)=DSQRT(SIGT (t¡'r-*2 - RT1 (t)'kìt2¡
CTIIEDN( 1 )=RTt ( 1 ) /SIGT ( 1 )
STIIEDN ( 1 ) =S I GT (2 ) /SIGT ( 1 )

f

¿ìi

p

,(
))

1,1) ,

N,1) )

AND

I

i
È-

I

I
¡!
t,

).

I

I

I

I
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C Z=TRANSPOSE OF PRINC SUBIO( OF T * T(2..N,1)
DO 28 I=1rM
Z(t)=s '
DO 28 J=l,M

28 Z (I)=t ( I ) +T (J-I+N)-"t1 (J+N)

Ç','r:9r}rÈ:h'r*MAIN LOOP - CAIC R( . J) AND RM(. J)*/.t-*t'r:t'j<:b'.-*-þF:'.-:t:ï:'ç

J=2

PHASE r - CALC R(.J) FRoM R-Dor(.J)

30 RDJ(1)=T(1-J+N)
D0 40 I=2 rJ

40 RDJ(I)=RM(I-1)
RM CONTAINS RM(.J-1)

BACK-SUBST FOR R-DOT(J,1) IN EQN. RM(TRANS)*R-DOT(.7)=Z
RD1 (J)=z (J-1)
IF(J.EQ.2) GO To 60
Jl{2=J-2
DO 50 I=L,Jll2

50 RDl (J)=RDt (J) -RM(I )'kRDl (I+1)
60 RDl (J)=RDr (J) /Rl'l (J- 1 )

C IF J=N, CHECK THAT RDI(N) IS POSITIVE. IF NoT, Ð(N.) I'/AS

C RNVERSED IN SIGN IN THE PREVIOUS STEP . SO RDJ(N) }ruST BB

C REPLACED BY -RDJ(N).
rF(J.NE.N) Go r0 6s
IF(RD1 (N) . tr. 0) RDJ(N)=-RDJ(N)
GO T0 70

C NEXT PHIUP
65 S IGD (Jr- r ¡ =¡5qRT ( S I GD (-l¡ ;-*2-* 1 (J) :ut2 ¡

CPHIUP (J)=RDr (J) /sIGD (J)
sPHruP(J)=srGD (J+1) /sIGD (J)

C SINGI]IARITY CIIECK

IF(DABS(SPHTUP(J)).GE.EPS) G0 TO 68

I,JRrrB (6,66)
66 FORI'IAT(' I/P MATRIX NI]ì{ERICAI,IY SINGUIAR - ERROR EXIT')

RETI]RN

c uP-S\^IEEP ON R..DOT(.J)
68 RDJ(J+I)=0.

cAlt GTVBNS (RDJ(J),RDJ(J+1), CPHTIIP(J),SPHTUP(J) )
70 rF(J.EQ.2) Go rO 90

JM1=J- 1

I=JM1
D0 B0 II=2,JMl
CAIL GIVENS (RDJ(I),RDJ(I+1), CPHIUP(I),SPHIUP(I) )

80 I=I-1

c Doi{N-swBEP oN R-DOT(.J), EXCIUDTNG LAST PHIDN

90 DO 100 I=1,JM1
CAIT GIVENS (RDJ(I),RDJ(I+1), CPHIDN(I),SPHIDN(i) )

r00 R(I,J)=RDJ(I)
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C CAIC AND APPTY IAST PHIDN IN DOI,JN-SWEEP (N/A IF J=N)
rF(J.NE.N) Go rO 110
R(N'ìl)=¡¡¡¡¡¡
RETI]RN

1 1 0 R ( J, J) =DSQRT (Rl.l ¡.¡1 "*'2 
+ RDJ (J+1 ) :!:t2 ¡

CPHIDN (J)=RDJ (J) /R (J' J)
SPHIDN (J)=RDJ (J+1 ) /R (J 

' 
J)

c PHASE rr - CALC RM(.J) FRoM R-TIIDE(.J)

c cALc Q(N,J) USING Q(N,1..J);t¡(t..J,J)=11¡,¡¡
QN(J)=T(H-J+N)
D0 120 I=1,JM1

120 QN(J)=QN(J) -QN(I)'t¡¡1 ,t,
QN(J)=QN(J)/R(J,J)

C NEXT T}IEUP
RTl (J)= -T (N2l"f 1)?kQN(J)
SIGT(J+1)=DSQRT (SIGT(J)''"v2 - RT1 (J);'*2¡
CTI{EUP (.1) =nt r (J) / S I GT (J)
STI{EUP (J)=SIGt (J+1) /SIGT (J)

C SINGUIARITY C}IECK

IF(DABS(ST}IEUP(J)) .GE.EPS) GO TO L24
tJRrrE (6,r23)

123 FORMAT(' I,DG SUB},O( NIN{ERICAITY SINGUI,AR - ERROR EXIT',
| / i RXMEDY - AUGIÍENT r/P MATRTX AND RERIIN')

RETIJRN

c cAtc R-TrtDE(1..J,J)
724 DO 725 I=I¡J
125 RTJ(I)=R(I, J) -QN(I)'!T(N-J+N)

C UP-SI¡EEP 0N R-TITDE ( . J)
RTJ (J+ 1 ) =SIGT (¡+ 1 )'?t (H-¡+N) /T (N2M1 )
cAtt GTVENS (RTJ (J) , RTJ (J+ 1) , CTI{EUP (J) , STIIEUP (J) )
rF(J.EQ.2) G0 T0 140
I=JM1
DO 130 II=2,JMl
CALL GIVENS (RTJ ( I ), RTJ ( I + 1 ), CTI{EUP ( I ), STI{EUP ( I ) )

130 I=I-1
c
c DoItN-swEEP 0N R-TILDE(.J), EXCIIIDING IAST TIIEDN

140 DO 150 I=1,.Df1
cAI,l crvENS (RTJ(r),RTJ(r+1), CTI{BDN(r),STHEDN(r) )

150 Rl'I(I)=RTJ(I)
c
C CAIC AND APPIY LAST TI{EDN

Rlf ( J ) =¡5qRT (RTJ ( J)'''+'2 + RTJ ( J+ 1 )':t:: ))
CTI{EDN (J) =RTJ ( J ) /R}f ( J)
STIIEDN ( J) =RrJ (J+ 1 ) /Rlr (J)

J=J+1
GO TO 30

c
^..U-l^L-l^t^i--r-!r4r¡-rjJ¡rr¡it¡-1 ^ ^,. ^ ^'END OF MAIN lQQpz"-t'r;k:'r:'rt't'.-:'i:T:k:k:'<'i"':þþ.trd.r>'<:'i:'ç;'r/.tk
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TEST PROGRAM FoR FTO2, WI{rCH FINDS T}IE Q-R DECoMPoSITToN
OF A TOEPIITZ }ÍATRIX IN O(N:"-,I2) OPERATIONS. FTO2 USES TI{E

GILT-GOIUB-MURRAY-SAI]NDERS ORTHOGONAT UPDATE AIGORITHM
AND TI{E SHIFT-INVARIANCE OF TI{E TOEPIITZ MATRIX TO

GIVE AN O(N) COLI]MN-RTCURSION FOR R AND AN O(N)
ROLI,-RECURSION FOR QT' (Q-TRANSP0SE) 

"

TEST PROCEDIIRE: (1) GENERATE TOEP.ID(. 'A' WITH 1ST ROl^/

AND COL FROM 'T'. (2) FIND Q-R DECOMP. OF 'A' USING
HOUSEHOLDER TRANSFOR},ÍS(R OVERWRITES 'A') (3) CALI. FTO2
T0 CALC. Q-R DECOMP.OF 'A'.

REAL*B T(19) ,A(10,10) ,R(10,10) ,QT(1
DATA T12.2,3.7, -5. 9,-1. 7,-2.8,6.3,-

I 6 .2 r]-g .6 ,-74.7 ,2.5 ,2.9 ,4.2,-8 . 6 , -
2 0 .2,-1.5/

0r1
4.9
1.5

0),I^/KA(230)
,8 .0,
,2.0,

c

EPS=10 .:.-;; (-4)
ID1=10
N=10
N2P3=2*N+3
|.p}{]=l:t¡-1
NM1=N- 1

cAtL TOBPMX(T,A,N,N2M1, rD1 )

I'¡RITE (6, 1O)
10 FORMAT(///' INPUT TOEPIITZ MATRIX T')

cAf,r, PRNTÌ,fr (A,N,N, rDl )

,REDUCE TOEPTITZ MATRIX BY HOUSEHOLDER TRANSFORMS

cAtL HoUQR(A,QT,N, rDl)
DO 30 I=2 rN
IM1=I- 1

D0 30 J=1,IM1
30 A(I,J)=0.

35 WRrTE(6,40)
40 FORMAT(/i RIDUCED MATRIX USrNG HoUSEHOIDER TRANSFoRMST)

CALL PRNTIL{(A,N,N, rD1 )
wRrrE (6 ,5o)

50 FORMAT(/' QT = PRODUCT OF HOUSEHOLDER TRANSI'OP,}íSi)
CALL PRNTMX(QT,N,N, rD1)

C REDUCE TOEPIITZ MATRIX USING FTO2

CALL FTo2 (T,QT,R,N,N2M1, rD1)
DO 52 I=2,N
IMl=I- 1

DO 52 J=l, IM1
52 R(I,J)=0.

56 WRrrE(6,58)
58 FORMAT(/' REDUCED I'IATRIX AS CAICUIATED BY FTO2')

cArL PRNTI'IX (R , N, N , rD1 )
$lRrrE (6,60)
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c

60 FORMAT(/' QT = ORTHOG MATRIX THAT REDUCES T')
cALl PRNTI{X(QT,N,N, ID1)
STOP
ENI)

SUBRoUTTNE FTO2 (T,Y,R,N,N2M1, rDl)

s/R TO FrND TIm Q-R DECoMPOSTTTON OF A TOEPIITZ l.lATRrX USING

GIIL ET-AL'S oRTHOGONAI UPDATE AlG., SHrFT-INVARTANCE, AND A
A RECTTRSToN ON TI{E ROIJS 0F Q-TRANSPoSB. FoltOWS Ar.G.7.4.2.,
I,IITH TI{E SAI"fE NOTATION.

PARAMETERS
T........VECTOR CONTAINING lST RO\{ AND COL OF TOBPLITZ MATRIX

T0 BE TRIANGUTARTZED. rF N IS Tlm ORIER OF THn MATRIX,
oRDER OF STORAGE rS (1,N),(1,N-1),...,(1,1),(2,7),...
"', (Nr1)

Y. .. . . . . .ORTHOGONAL ÌÍATRIX SATISFYING YT=R, R UPPER-TRIANGULAR

R. . . . . . . . CONTAINS UPPER-TRIANGUTAR MATR]X PRODUCED BY TI{E

oRTHOGoNALTZATToN. NOTE THAT R(r,J),r.GT.J HAVE

NOT BEEN ZEROED

N........ORDER OF TOEPTITZ MATRIX
N2M1.....2ì'TN-1. T MUST BE AT LEAST THIS IENGTH
IDl. . . . . .ROI,'/-DII"ÍENSION OF R

QUrCK oUTtrNE OF FTO2

DEFINE
TM = T(SUPERSCRIPT N-1) = LEADING SUBMATRIX OF 1
RM = R(SUPERSCRIPT N-T) = ORTHOGONAI TRIANGUIAR FACTOR OF TM

Y¡1 = I(SUPERSCRIPT N-1) - ORTHOGONAT I'ÍATRIX SUCH THAT YM*TM_RM

R-DOT = MATRIX I,/ITH 1ST ROW = T(1,1..N), REST OF 1ST

coLtiMN = !}{ :l T(2..N,1),
TRAIIING SUBMATRIX = IEANING SUBMATRIX OF T.

R-TILDE = R * y(N. );t(T(N,1. .N-1) ,0)

R-DOT MAY BE TRANSFORI"GD TO R USING GIII ET AL'S RANK-1

oRTHOGONAT UPDATE, WrTH AN UPSIdEEP AND A DOhNSWEEP 0F
GIVENS TRANSFORMS (ANGI,ES PHI.UP AND PHI-DOI{N). SII'ÍIIARLY,
R-TILDE MAY BE TRANS}-ORMED TO AN UPPER-TRIANGUIAR MATR]X

Í^/ITH RM AS ITS IEADING SUBMATRIX (GIVENS ANGIES T}MTA-UP
AND TI{EÎA-DOWN)

SUPPOSE Tnr\T RM(.J-1), R(.J-1), YM(J-I.) AND Y(J.) ARE

}NOI,JN. THEN R-ÐOT(.J) CAN BE CONSTRUCTED. PERSORM A GIII
UPSI.IEEP AIID DOWNSWEEP ON R-DOT ( .J) , YIEIDING R ( .J) .

y(J.) MAY BE OBTATNED FROM YM(J-1.) rN A SrllrLAR l"lANl'IER,

RE-ARRANGTNG TIIE CAICUIATIONS TO oPERATE ON Rofrs, RATITER

THAN COIUMNS.
CAICUIATE R-TIIDE(.J) FROM TTß DEFINITION, AND PERFOP}Í

A GIIL UPS\,¡EEP Ai\*D DO\{NShTEEP 0N R-TIIDE(.J), YIBLDING
RM(.J). YI,I(J.) },IAY BE OBTAINED FROM Y(J.) IN A STMITAR
MANIIER, RE-ARRANGTNG T}IE CAICULATTONS T0 OPERATE 0N ROWS,

RATI{ER THAN COII]I'ffS. THIS COMPI.ETES TI{E BASIC RECI]-RSION.

NOTE THAT TIIE Grtrl ShEEPS rN TIIE RECL?'SrON, LT{rCH

ACCOIINT FOR MOST OF TI{E COMPUTING IOAD, RXQUIRE ONLY
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c 0(N) OPERATToNS, S0 TI{E WHoIE ALGoRTTH}Í REQUTRES

C ONIY 0(N;bT2) OPERATIONS. DETAIIS 0F TIIE CALCUTATION

c 0F THE GrtL ROTATTONS, WHICH PRoCEEDS rN TANDEM WrTH
C THE BASIC RECIIRSION ARE GIVEN IN AIG.7.4.2.

NOTATION . I,IORKING STORAGE

CPHIUP)
SPHIUP) OUTPUT COSINES AND SINES OF GIVENS ROTATIONS USBD

CPHTDN) rN FT02. NOTATTON Follo\^/s ALG.7 .4.2, WITH TIIE

SPHIDN) . . FOILOI,/ING CONVENTION
cTlmuP) 1sT IETTER. C-CoSrNE, S-SINE
STI{EUP) NEXT 3 IETTERS. PHI-PHI, TI{E-TI{ETA
CTI{EDN) IAST 2 IETTBRS. UP-UP ARROI,{, DN-DOhIN ARRO\'-,I

STI{EDN)
RM.......TEMP. VECTOR TO STORE COL. OF R(SUPERSCRIPT N-1)
RD1.. ....O/P VECTOR CoNTATNTNG 1ST Col 0F R-DoT
RDJ......TEMP. VECTOR TO STORE COI.J OF R.DOT.
RT1......0/P VECTOR CoNTATNTNG 1ST Cor 0F R-TrlDE
RTJ......TEMP. VECTOR TO STORE COI.J OT' R-TIIDE
srGD. ....o/P VECTOR CoNTAINTNG VALITES 0F SrGl'lA-DoT
SIGT. ....OlP VECTOR CoNTAINTNG VALUES OF SrGilA-TIr,DE
2........0/p vEcroR (= T-TRANSPOSE * (T(2,1),...,T(N,1))

TRANSPOSE )
il). . . . . . .TEMP.VECTOR CoNTATNTNG Y-DoT(J. )
YDl. . . . . .TEMP.VECToR CONTATNING Y-DOT-I(J. ), AND oVERI^iRITTEN

BY Y-Dor-1(J+1.)
YD2. .. . . .TEMP.VECTOR CONTAINTNG Y-D0T-2(J+1.)
YD3. . . . . .TEMP.VECTOR CONTAINING Y-D0T-3(J. ), AND oVERI4¡RITTEN

BY Y-D0T-3(J+1.)
Y1 TO Y3.STMILAR TO YD1 TO YD3, BUT REFERRING TO Y.1 T0 Y.3
YM. . . . . . .TEMP.VECTOR CONTAINING YM(J. )

c
c
c
c
C

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

REAL:?8 T(N2M1),R(ID1,N), CPHIUP(100),
1 CTHEUP(100),STIüUP(100),CTI{EDN(100
2,RT1(100),RTJ(100),SrGD(100),SrGT(
REAttrS y(rD1,N),Ð(100),YD1 (100),YD2

I ,YM(1oo) ,Y3 (1oo)
REAI:'.8 EPS,TEMP

sPHruP ( 1oo), CPHTDN(100),
), srr{EDN( 1oo),RM( 1oo), RD1 ( 100)
r00), SPHTDN( 100 ),RDJ( 100)
(1oo),YD3 (100),Y1 (1oo),Y2 ( 1oo)

C INITIALIZATION

rr(N.rE.1oo) G0 To 5
I^JRITE (6,2)

2 ]IORMAT(I :'.:ß N.GT.1OO - NO PROCESSING BY FTO2')
RETT]RN

5 EpS=10.*-?k(-5)
M=N-1

c cArc R
RM

DO

10 RM

(1,1) AND RM(1,1) USrNG NoRM-IIWARTANCE
1)=0.
10 f=1rM
1)=RM ( 1)+T (I- t+¡¡';-^"2
, 1 ) =RM ( 1 ) +T (N2M1 )t'T (N2l'f 1 )
,1)=DSQnt(R(1,1) )
1)=DSQRT(RM(1))

(

(
1

1

(

R(
R(
Rl'f
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c
c

GET R-Dor(l,1),(1,2)
IS NORM(R-D0T

RDr ( 1) =T (N
RDJ(1)=r(¡
RDJ(2)=P¡11
SIGD(1)=ft(
SIGD(2)=DSQRT(SIGD(t¡*;'2 - RDl (t¡'t-*2¡

C OTI{ER INITIZN.T'OR R-RECURSION - PHIDN(1),TIIEDN(1),R.TILDE
C SIGMA-TILDE(1) , (2) WTIERE SIGMA-TIIDE(I)=]'tg¡¡1(R-TILDE(I. .N

CPHIDN ( 1 )=RDt ( 1 ) /SIGD ( 1 )
SPHIDN ( 1 )=sIGo (2) /SIGD ( 1 )
Y(1,H)=11N2M1) /R( 1' 1)
RT1 ( 1)=R ( 1, 1 ) -Y( 1,N):k1 (N2M1 )
SIGT(1)=RM(1)
SIGT(2)=DSQRT(SIGT(1)''"t2 - RTl (t)*""2¡
CTI{EDN( 1 )=RT1 ( 1 ) /SIGT ( 1 )
STIIEDN ( 1 )=SIGT (2 ) /SIGT ( 1 )

c rNrrtzN.FoR Q-RECIIRSTON - Y-DoT(1. ),YM(1. ),Y(1.),Y-DOT-r(2.),
c Y-DOT-3(2.),Y.1(2.) AND Y.3(2.)

YD(1)=1 '
DO 12 I=2 rN

12 YD(I)=0.
D0 14 I=1,M

14 YM(I)=T (I- 1+N) /RM( 1 )
YM(t't;=6.
DO 16 I=1,N
Y(1, l)=1¡I- 1+N)/R( 1' 1 )
YD 1 ( I ) = (Y ( 1, I ) - CPIIIDN ( t ¡'''v' ( I ) ) / SPHIDN ( 1 )
YD3(r)=-sPHrDN(1)*vn(r) + CPHTDN(1):tv¡t,t,
Yr (I)=(Yli(r) - CTIIEÐN(1)-ÈY(1, I) ) /STHEDN(1)

16 Y3(l)=-SumDN(r):'.y11,I) + CTImDN(1)'rY1 (I)

c***'^L'k-^Lt'fi\IN tooP - cAlc R( . J) ,Y(J. ) ,RlI( . J) AND YM(J. )zk:k:hk:'r:i^,'r

J=2
c
c R-RECURSION PHASE r - CAIC R(.J) FROM R-DoT(.J)
c

30 RDJ(1)=T(1-J+N)
D0 40 I=2,J

40 RDJ(I)=RM(I-1)
c RM CoNTATNS RM(.J-1)

C CAIC R-DOT(J,1) = YM(J-1. )'kT(2. "N,1)
48 RD1(J)=0.

D0 50 I=1rM
50 RD1(J)=RDt(J) + Ylf (I);t1¡1*¡¡

C IF J=N, CHECK THAT RD1(N) IS POSITIVE. IF NOT, RD(N.) WAS

C RXVERSED IN SIGN IN T}IE PREVIOUS STEP - SO RDJ(N) MUST BE

C RTPIACED BY -RDJ(N).
rF(J.NE.ÌI) GO To 65
IF(RD1(N) . Lr. 0) RDJ(N)=-RDJ(N)
GO TO 70

(r.
)
-1)
1)
1r1

'N' 1

)

, (2,2) AND SrGt'fA-D0T(1), (2), WIIERE SrGMA-DOT(r)
))

(1,1),
,1) )

AND
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C NEXT PHIUP
65 S IGD ( J+ r ¡ =¡gqRT ( S I GD ( J) "h'rl -ft1¡ I (.r1'r.*2 ¡

CPHIUP (.1) =no r ( J) / S I GD (J)
SPHIUP (J)=sIcn (J+1 ) /SIGD (J)

C SINGULARITY CHECK
IF(DABS(SPHIUP(J)).GE.EPS) GO TO 68
I,tRrrE (6,66)

66 FORMAT(' I/P MATRIX NI]I{ERICAIIY SINGUIAR . ERROR EXIT')
RXTI]RN

c Appty pHrup(J), Tr{EN PHr(l. ..r-r) 0N RDJ
68 RDJ (.r+1 ) =0 .

cAtt cr\,lENS(RDJ(J),RDJ(J.f1), CPHTUP(J),SPHTUP(J) )
70 cAtt RSt{EEp(RDJ,R(1,J), CPHTUP,SPHTUP,CPHTDN,SPHTDN,J-1, J)

C CAIC AND APPIY LAST PHIDN IN D0I.iN-Sú¡EEP (N/A IF J=N)
IF(J.NE.N) G0 T0 110
DO 105 I=1,N

105 Y(N,I)=YD3(I)
RXTURN

1 1 0 R (J, J) =DSQRT (RDJ (J) :bt2 + RDJ ( J+ 1 ) *-,'2 )
CPHIDN (J) =RDJ (J) /R (J, J)
SPHIDN (J) =RDJ (J+t ) /R (J' J)

c Q-RECûRSTON PHASE r - CAIC Y-DOT(J.),Y-DOT-1(.r+r. ) ,Y-DOT-2(J+1. ) ,
c Y(J.) AND Y-D0T-3(J+1.)

Ð(r¡=s'
DO 112 I=2,N

112 YD(I)=YM(I-1)
DO 115 I=1,N
YD1 ( I ) = (YD I ( I ) - CPHIUP ( J) :'<v¡ ( I ) ) / SPHIUP (J)
YD2 ( I ) =- sPHIUP ("1¡ 

"'v, 
( I ) + CPHItIP ( J)'kYD 1 ( I )

' Y(J,I)=CPHIDN(.1;''.vr' (I) + SPHIDN(J):';YD2 (I)
115 YD3(r)=-spnrDN(J):tv¡3(r) + CPHIDN(J)*YD2(I)

c R-RECURSToN PHASE rr - CAIC RM(.J) rRoM R-TrLDE(.J)

c cAtc R-TrtDE(1..J,J)
120 D0 125 f=l,J
125 RTJ(I)=R(I, J) -Y(I,N)*T (N-J+N)

C NEXT ÏI{EUP
127 RT1 (J)= -T(N2l¡);'rY¡¡,*,

S I GT ( J+ 1 ) =DSQRT ( S I GT (.1 ¡ *'r2 - RT 1 (J¡.;l-'2 ¡
CTI{EUP (J) =RT 1 (J) / s IGT (J)
STIIEUP (J) =SIGT (J+1) /SIGT (J)

C SINGULARITY CI{ECK

rF(DABS(STI{EUP(J) ) .GE.EPS) G0 TO 129
tiRrrE (6,728)

128 FoRMAT(' tDG SUBItr.NlmBRrCAltY STNGUIAR - ERRoR EXrr"
1 / ' REI'ÍEDY - AUGIIENT r/P MATRTX AND RERIIN')
RBTI]RN

C APPTY TIIEUP(J), THEN TI{ETA(I..J.1) TO R-TIDE(.J)
129 RTJ (J+1 ) -SIGT (.1+1 ¡'t1 (N-J+N) /T (N2M1 )

cALt GTVENS (RTJ(J),RTJ(J+1), CTIIEUP(J),STmUP(J) )
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cALt RSI¡¡EEP (RTJ, RM, CTImUP , STI{EUP , CTI{EDN, ST}IEDN, J- 1 , J)
c
C CALC AND APPTY LAST T}IEDN

9 75 RM (J) =DSQRT (Rt"l 1.1¡ "r?t2 
+ RTJ (J+1 ) :?:'r2 ¡

CTI{EDN(J)=RrJ (J) /R}r (J)
STIIEDN (J) =RTJ (J+ 1 ) /RM (J)

c Q-RECURSToN PHASE rr - CALC Y. 1(J+1 . ) ,Y. 2(J+7. ) ,YM(J. ) AND Y.3 (J+1 . )
155 DO 160 I=1,N

Y1 (I)=(Yl (I) - CTI{EUP(.1¡"'v¡t, I) )/STHEUP(J)
Y2 ( r ) =- slIrEUP (.r) *v ( J, r ) + CTIßUP (.r)'tvr, t,
YM ( r ) =611gDN ( J) :'ry3 ( I ) + STI{EDN (J) 

".Y2 
( I )

160 Y3(I)=-STmDN(J)-'tv3(I) + CTImDN(J)ì!Y2(I)

170 J=J+1
G0 T0 30

c
ã J-¿ J-L-t^L-LJ-¿-rJ--i--t-r-lL^,r ^,r ^ J,,r ,, ^ ^ ^ ^ ^,',IEND 0F MAIN l00P:kt'-^L:'.rk-^L:þ'ç-,t:l:þ**:"':b!:þ'.':'r:'¡;'.rk¡k

END

suBRourrNE RSI,/EEP (P,R, CUP,SUP, CDN,SDN,NROT, J)

s/R T0 APPrY A GILI-TYPE UP/DoI,/N SWEEP T0 A VECToR
c
c
c
c
c
c
c
c
c
c
c
c

c
c

P
R

I/P VECToR
o/P vEcToR

cup,suP..cosrs AND srN's 0F UPSWEEP ANGLES

CDN,SDN..CoS'S AND SrN'S 0F Dol,ül{SI.'/EEP ANGTES

NRoT.....NO.oF DOhNI,{ARD ROTATIoNS TO APPLY. (NO.oF
UPWARD ROTATIONS IS ONB IESS THAN NROT)

J........LENGTH 0F P AND R. rF J.GT.NROT+I,
R(NROT+2. . J)=P(NR0T+2. . J)

RBAI'I8 P(J),R(J),CUP(J),SUP(J),CDN(J),SDN(J)

UPSIdEEP
rF(NRoT.EQ.1) GO TO 15
I=NROT
D0 10 II=2,NROT
cAiL GTVENS(P(r),P(r+1),CUP(r),SUP(r) )

10 I=I-1

DOWNSVIEEP

15 D0 2O I=I,NROT
20 CALL GTVTENS(P(r),P(r+1),CDN(r),SDN(r) )

c
c

C OUTPUT
D0 30 I=l,J

30 R(I)=P(I)
RBTURN
END
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A.61

TEST PROGRAM IOR FTO2S, hIHICH IS TI{E SA}IE AS FT02 (Q-R DEColfP.
OF TOEP.ID(.IN 0(N:bk2) OPS) BUT HANDTES TI{E CASE WI{ERE TI{E

r/P }O(. AND/OR ITS IDG.S/MATRIX IS SINGUTAR. DOES NOT HANDLE

THE CASE WI{ERE TI{E I/P MATRIX HAS RANK.LT.N-I.

TEST SEQI]ENCE:
(1) GEN.TEST MATRTX '4" REQIJEST IF 'Ar AND/OR rrs IDG.S/MATRTX

ARE TO BE MADE S]NGUIAR AND ADJ.EIEI'ÍENTS ACCORDINGIY
(2) FIND Q-R DEC0MP.oF 'A' USrNG HOUSEHOLDER TRANSFoRMS

(3) .. Fr02.

REAI*8 T(19),4(10, 10),R(10, 10)'QT(10' 10),\,'rKA(230)
REAf,ìt8 C,S,TEMP,EPS
DATA T / 2. 2 13.7 r-5 .9, - 1 . 7 r-2.8, 6. 3, - 4. 9, 8. 0,

1 6.2r78,6,-74.7,2.5,2.9,4.2,-8.6r-1.5,2.0,
2 O.2,-1.5/

EPS=10.:'t-Ì(-4)
ID1=10
N=10
]rllpf=l;T|¡a3
N2M1=2:"'N- 1

NMl=N-l '

1 T(N2M1-1)=0.2
T(N2M1)=-t.5
CALL TOEPI"ü(T,A,N, N2M1, rD1)
ÍtRrrE (6,2)

2 FORMAT(' IS T,T(N-1) SINGULAR?(1=YES,-I=EXIT)' )
READ(5,:'r) NSING,MSING
rF(NSTNG.EQ. -1.0R.MSING.EQ. -1) STOP

IF (MSING. EQ . 1 ) CAtl SINGSM (A' N, N, ID 1, N- 1, 1, N- 1, - 1, 1, hTKA' N2P3, IER)
A(N,Z)=4¡N-1,1) ,

rF (NSrNG. EQ. 1 ) CAll STNGSM (4, N, N, rD1, N, 1, N, - 1, l, WKA, N2P3, rER)
5 T(2:'rN-Z)=A(N-1,1)

T(N2ur)=a(N,1)

I'¡RITE (6, 10)
10 FORMAT(/' INPUT ToEPIITZ MATRTX T')

CALL PRNTI"D((A,N,N, rD1 )

C P.EDUCE TOEPIITZ }IATRIX BY HOUSEHOIDER TRANSFORMS

cAlt HoUQR(A, QT,l'i, rD1)
D0 30 f=2,N
IMI=I- 1

D0 30 J=1,IM1
30 A(I ,J)=0.

C IF R(N-1;N-1)=Q, APPIY ROT. T0 ZERO R(N,N)
TEMp=DSQRT (A (MIl,N):t'.;2 + A(N,N):t:t2¡
rF(DABS(A(Mf1,NM1))/TEMP.GE.EPS) G0 T0 35
C=A(NM1,N)/TEMP
S=A(N,N) /TE}IP
A(NM1,N)=TEMP
A(N'ttt)=9.
DO 15 I=1,N

15 CAIL GTVENS(QT(NM1, r),QT(N, r), C,S)
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35 ÏrRrrE (6,40)
40 FORMAT(/' RTDUCED MATRIX USING HOUSEHOI,DER TRANSFORMSI)

cALt PRNTID((A,N,N, rD1)
$tRrrE (6 ,50)

50 FORMAT(/' QT = PRODUCT OF HOUSEHOIDER TRANSFORMS')
cAll PRNTlfx(QT,N,N, rD1)

C REDUCE TOEPIITZ MATRIX USING FTO2S
CALL FT02S (T,QT,R,N,N2M1, IDl)
DO 52 I=2,N
IMI=I - 1
DO 52 J=1,IMl

52 R(I ,J)=0.
c rF R(N-l¡N-1)=9, APPLY ROT. T0 ZERO R(N,N)

TEMP=DSQRT (R(NM1 ¡ N):bK2 + R(N,N)/T*2)
rF(DABS(R(NM1,M1) )/TEMP.GE.EPS) GO TO 56
C=R(NMt,N)/TEMP
S=R(N,N)/TEMP
R(NM1,N)=TEMP
R(N,ll)=9.
DO 54 I=1,N

54 CALI, GTVENS(QT(NM1, r),QT(N,r),C,S)

56 $/RrTE (6 ,58)
58 FORMAT(/' REDUCBD MATRIX AS CATCUIATED BY FTO2SI)

cALl PRNTI'D((R,N,N, rD1 )
I{RrrE (6,60)

60 FORMAT(/' QT = ORTHOG MATRIX THAT REDUCES T')
cAll PRNTlfx(QT,N,N, rDl )
GOTOl
ENI)

suBRouTrNE FT02S (T,Y,R,N,N2M1, rD1)

S/R TO FIND TI]E QR FACTORS OF A TOEPIITZ I{ATRIX USING GIII
ET AL'S RANK-1 UPDATE PRoC., SHrFT-INVARTANCE AND A RoW-

RXCURSION FOR Q-TRANSPOSE. HANDLES CASES TI]TIERE I/P MATRIX

AND/OR ITS tDG PRINC.S/MATRIX IS SINGUIAR' BUT NOT I¡IHERE

I/P MATRIX ÌLAS P.ANK.LT.N-1. PROCEDT]RE IS AN EXTENSToN 0F
AtG.7 .4.2, AND NOTATTON rS TI{E SAME.

PARAI"IETERS
T........VECTOR CONTAINING 1ST ROW AND COI OF TOEPTITZ MATRIX

TO BE TRIANGULARIZED. IF N IS TI{E ORDER OF T}IE MATRIX'
oRDER OF STORAGE rS (1,N), (1,N-1) (1,1) ,(2,7),...
''' , (Nr 1)

Y. ... . . . .ORTHOGONAL MATRIX SATISFYING YT=R, R UPPER-TRIANGUIAR

R. . . . . . . . CONTAINS UPPER-TRIANGUIAR MATRIX PRODUCED BY TI{E

0RTHOGONAITZATToN. NOTE THAT R(r,J),r.GT.J HAVE

NOT BEEN ZEROED

N........ORDER 0F TOEPITTZ MATRIX AND R, AND IENGTH CF

vEcToRS CPHrUP,...,Z.
N2M1.....2ì!'-N-1. T MUST BE AT IEAST THIS IENGTH
ID1.. . " ..ROId-DIIÍENSION OF R

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
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3:t ::_ ::T: 1v _:: -:l:::
DEFINE
TM = T(SUPERSCRIPT N-1) = LEADING SUBMATRIX OF T
RM = R(SUPERSCRIPT N-1) = ORTI{OGONAI TRIANGUIAR FACTOR OF TM

Y}f = Y(SUPERSCRIPT N-1) - ORTHOGONAT MATRIX SUCH THAT IT?KTM=RM

R-DOT = MATRIX I{ITH 1ST ROI{ = T(1,1..N)' RIST OF 1ST

COTUMN = fl'{ ','r T(2..N,1),
TRAITING SUBMATRIX = IEADING SUBMATRIX OF T.

R-TILDE = R * y(N.¡;s(T(N,1..N-1),0)

R.DOT }fAY BE TRANSFORI'ÍED TO R USING GIIL ET AI'S RANK-I
ORTHOGONAT UPDATE, WITH AN UPSWEEP AND A DOWNSIìIEEP OF

GIVENS TRANSFORMS (ANGLES PHI-UP AND PI{I-DOI4IN). SIMIIARLY,
R-TILDE I'IAY BE TRANSFOR}ÍED TO AN I]PPER-TRIANGULAR MATRIX
I./ITH RM AS ITS LEADING SUBMATRIX (GIVENS ANGIES TIIETA-UP
AND THETA-DOI'N)

supPosE THAT RM(.J-1), R(.J-1), YM(J-l.) AND Y(J.) ARE

KNOÍ^IN. TI{EN R-DOT(.J) CAN tsE CONSTRUCTED. PERT'ORM A GIIL
UPSWEEP AND DOWNSI'EEP ON R-DOT(.J), YIEIDING R(.J).
Y(J.) MAY BE OBTAINED FROM YM(J-l.) IN A SIM]IAR MANMR,
RE-ARRANGTNG TI{E CATCUT,ATTONS T0 oPERATE 0N ROI.{S, RATImR

THAN COII]MNS. '

CALCULATE R-TrlDE(.J) FROM Tlm DEFINITToN, AND PERFoRM

A GILL UPSI,çEEP AND DOWNSWEEP 0¡I R-TrtDE ( .J) , YTELDTNG

RH(.J). YM(J.) MAY BE OBTAINED FRO}Í Y(J.) IN A SIMITAR
MANNER, RE-ARRANGTNG THE CAICUT,ATTONS T0 OPERATE ON RoI,{S,

RATI{ER THAN COIT]MNS. TI{IS COMPIETES TIIE BASIC RECURSION.

NoTE THAT TI{E Grlt ShIEEPS IN TI{E RECITRSToN, tiHrCH
ACCOIINT FOR MOST OF THE COI''ÍPUTTNG LoAD, REQUTRE ONLY

O(N) OPERATIONS, SO TIü WHOLE AIGORIT}iH REQUIRES

oNlY O(¡:lt'<2) OPERATIoNS. DETAIIS OF TI{E cAlcUtATIoN
oF TI{E GrlL ROTATTONS, WHrCH PROCEEDS rN TANDEM $/rTH

T}IE BASIC RECURSION AÀE GIVBN IN ALG.7.4.2.

NOTATION - T,{ORKING STORAGE

CPHIUP)
SPHIUP)
cPHTDN)
SPHIDN)
CTI{EUP)
STI{EUP)
CT}IEDN)
STI{EDN)
RM.. ...
RD1....
RDJ.. ..
RT1....
RTJ....
SIGD...
SIGT...

OUTPUT COSINES AND SINES OF GIVENS ROTATIONS USED

IN FT02S. NOTATION FOr,lOl{S 41G.7.4.2, [/ITH TI{E

. .FOITOWING CONVENTION
1ST IETTER. C-COSTNE, S-SrNE
NEXT 3 IETTERS. PlIr-PHr, THE-TIIETA
IAST 2 LETTERS. UP-UP ARROI^i' DII-DOI^JN ARROI'{

..TEMP. VECTOR TO STORE COt. OF R(SUPERSCRIPT N-].)

..o/P vEcToR C0NTATNTNG 1ST COt 0F R-DoT

..TEMP. \TCTOR TO STORE COI,.J OI' R-DOT.

..o/P vEcroR CONTATNTNG 1ST COI 0F R-TrtDE

..TEMP. VECTOR TO STORT COL.J OF R.TILDE

. .O/P VTCTOR CONTAINING VAIIIES OF SIG}IA-DOT

..o/p VECTOR CONTATNTNG VAIUES 0F SrGMA-TrLDE
z o/P vBcTOR (= [-T¡1\¡SPOSE :'r (T(2,1),. .. ,T(N,1))

TRANSPOSE )
YD. . . . . . .TEMP.VECTOR CONTATNING Y-DoT(J. )
ml. . . . . .TBMP.VECTOR CONTATNTNG Y-DOT-1(J. ), AND oVERWRTTTEN

BY Y-DOT-1(J+1.)
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c m2. .. . . . TEMP. VECToR CoNTATNTNG Y-D0T-2 (J+1 . )
C YD3. . . . . .TEMP.VECTOR CONTAINING Y-DOT-3(J.), AND OVERüIRITTEN

c BY Y-DOT-3 (J+1. )
c Yl TO Y3.SrMrtAR T0 YDl TO YD3, BUT R-EFERRTNG T0 Y.1 TO Y.3
c YM.. . . . . .TEHP.VECTOR CoNTATNTNC Ylr(J.)

REAI''B T (N2M1 ), R ( ID1, N), CPHIUP ( 1OO ), SPHIUP ( 1OO ), CPHIDN ( 1OO ),
I CTr{EUP(100),STIIEUP(100),CTIIEDN(100),STIIEDN(100),RM(100) ,RD1(100)
2,RT1 (100),RTJ(100),SrGD(100),SrGT(100),SPHTDN(100),RDJ(100)
REAL:kB y (I01, N), Ð ( 100 ), YD 1 ( 1 00 ),YD2 ( 100 ),YD3 ( 1 00 ), Y1 ( 100 ), Y2 ( 100 )

1 ,YM(1oo) ,Y3 (1oo)
REAI''TB EPS,TEMP
INTEGER PHrFlG,TlmFlG

C INITIAIIZATION

rF(N.rB.1oo) Go ro 5
vJRrrE (6,2)

2 FORMAT(I :!:K }J[.GT.lOO - NO PROCESSING BY FTO2S')
RETI.]RN

5 EpS=10.*:'<(14)
M=N-1
PHIFLG=0
TIIEFLG=0

c cAlc R

RM(
DO

R(
R(
RM

1) AND RM(l,1) USING NORM.INVARIANCE
0.
I=1rM

10 RM( 1)=RM( 1 )+T (I - t+t'1¡'r..r2

(1,
1)=
10

1r1
1r1
(1)

)=RM( 1)+r (N2M1)'rT (N2M1)

)=DSQRT(R(1,1))
=DSQRT(Rl'I(1))

c GET R-DOT(1,1) , (1
c IS NORM(R-DOT(r..

RD1(1)=T(N)
RDJ(1)=1(¡-1¡
RDJ(2)=Rl"I(1)
SIGD(1)=R(1 

' 
1)

SIGD (2)=pSQRT (SIGD (t )*'t2 - RD1 (r;'r*'2¡

C OTHBR INITf,ZN.FOR R.RTCIIRSION - PHIDN(1) 
'T}IBDN(1),R-TII.DEc sIGMA-TIIDE(1), (2) I{HERE SIGMA-TIIDE(I)=¡¡6¡¡1(R-TIIDE(I. .N

CPHIDN( 1 )=RDt ( 1 ) /SIGD ( 1 )
SPHIDN (1 )=SIGD (2 ) /SIGD ( 1 )
Y(1,w)=11N2M1 ) /R ( 1' 1 )
RT1 ( 1 )=R(1, 1) -Y( 1,N):k1 (N2M1)
SIGT(1)=RM(1)
S I GT (2 ) =DSQRT ( SI GT (7)"*-:' 2 - RT1 ( t ¡'l-t'2 ¡
CTI{EDN( 1 )=RT1 ( 1 ) /sIGT ( 1 )
STIIEDN ( 1 ) =sIGT (2 ) / SIGT ( 1 )

c rNITLZN.r'OR Q-RECURSTON - Y-DOT(1. ) ,YM(1.) ,Y(1- ) ,Y-DoT-7(2.) ,
c Y-DOT- 3(2.) ,Y .7(2. ) AND Y.3 (2. )

YD(r)=1'
DO 12 I=2rN

,2),(2,2) AND SrGMA-DOT(1), (2), ÍHERI SrGMA-DOT(r)
N,1) )

(1,1),
,1) )

AI'ID
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12 YD(I)=a.
D0 14 I=1rM

14 YM(I)=T (I- 1+N) /Rl{( 1 )
YM(N)=6.
DO

Y(1
yI)1
YD3
Y1(

16 Y3(

16

,r)
(r)
(r)
r)=
r)=

I=1rN
=T ( I - 1+N) /R ( 1 , 1 )
= (Y( 1, I ) -CPHIDN ( r ¡"'v¡ (I ) ) /SPHIDN ( 1

=-SPHIDN(1):KYA (I ) + CPHIDN(1)*'YDl (
(Yl'f (r) - cTIIEDN(r)"'v11, r) ) /5TI{EDN(
-STI{EDN(1)'rY(1, I ) + CTHEDN(1)'kY1 (I

)
r)
1)
)

c
c
c

cì.Yh?'.^À^;.-*t'ft\IN LooP - CALC R(.J) ,Y(J. ) ,Rll(.J) AND YM(J. ):';-,'cH,.':hÂ:^L

J=2

R-RECTTRSTON PHASE r - CAIC R(.J) FRoM R-DoT(.J)

30 RDJ(1)=T(1-J+N)
D0 40 I=2,J

40 RDJ(I)=RM(I-1)
RM CONTAINS RM(.J-1)

ÐO ONTY A PARTIAI S\.{EBP IF SO}fE OF ÎIIE PHI ' S ARE ZERO

rF(PHrFtG.EQ.o) Go ro 48
RDJ (PHIFIG ) =DS I GN (RDJ ( PHIFIG), CPH]UP (PHTFIG) )
CALL RSI{EEP (RDJ, R ( 1, J), CPHIUP, SPHIUP, CPHIDN, SPHTDN, PHTFLG- 1, J)
Y(J, t)=6.
DO 45 f=2,N

45 Y(J,I)=YM(I-1)
rF(J.EQ.N) RETURN

G0 TO 120

CAIC R-DOT (J , 1) = Yl{ (J- 1 . )*'T (2 . . N, 1)
48 RDl(J)=0.

D0 50 I=1,M
50 RDl(¡)=nor(J) + YM(I)*1(I+N)

C IF J=N, CIIECK THAT RDI(N) IS POSITIVE. IF NOT, RD(N.) I'I7AS

C REVERSED IN SIGN IN TI{E PREVIOUS STEP - SO RDJ(N) MUST BE

C REPIACED BY -RDJ(N).
rF(J.NE.N) Go ro 6s
IF(RDI (N) . lr. 0) RDJ(N)=-RDJ(N)
GO T0 70

C NEXT PHIUP
65 TEMP=SIGD (J):ttr2-RD I (J¡'t".2

IF(TEMP. [T. 0. ) tnUP=0.
S I GD (J+ 1 ) =DSQRT (TEMP )
CPHIUP (J) =RD 1 (J) / S I GD (J)
SPHIUP (.1)=slcn (J+1) /SIGD (J)

IF PHI(.])=0, USE ONLY PHI(1) T0 PHI(J-l) IN TI{B S\{EEP

IF(DABS(SPHIUP(J)).GE.EPS) GO TO 6B

PHIFIG=J I

RDJ(J)=fsIcN(RDJ(J) , CPHIUP(J) )
cAr,L RSI,{EEP (RDJ, R ( 1, J), CPHTUP, SPHTTJP, CPHTDN, SPHTDN, PHTFIG- 1, J)
DO 66 I=1,N

c
c
c

c
c

c
c
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66 Y(J ,I)=YD3 (I)
GO T0 120

C APPLY PHIUP(J), TI{EN PHI(I..J-1) ON RDJ
68 RDJ(J+1)=0.

CALI GIVENS(RDJ(J),RDJ(J+1),CPHIUP(J),SPHIUP(J) )
70 CALL RSI{BEP (RDJ, R ( 1 , J) , CPHTUP , SPHTUP, CPItrrDN, SPHTDN, J- 1 , J)

C CAIC AND APPTY IAST PHIDN IN DOI'JN-SWEEP (N/A IF J=N)
IF(J.NE.N) G0 TO 110
DO 105 f=1,N

105 Y(N,I)=YD3(I)
RETURN

11O R(J,J)=DSQRT(RDJ(J)''""2 + RDJ(J+I)ìk*2)
CPHIDN (J) =RDJ (J) /R (J' J)
SPHIDN(J)=RDJ(J+1) /R(J 

' 
J)

c Q-RECURSION PHASE r - CAIC Y-DOT(J.),Y-DOT-1(J+1.),Y-DOT-2(J+1.),
c Y(J.) AND Y-Dor-3(J+1.)

YD(r)=o '
DO 112 I=2,N

112 YD(I)=YM(I-1)
DO 115 I=l,N
YI)l(I)= (YD1(I ) -CPHIUP (-r;"'1¡ (I ) )/SPHIUP(J)
YD2(I)=-SPHIUP(J;"'-(I) + CPHIUP(.r)'tvDt,t,
y(J, l)=çpHrDN(J);ty¡3 (I) + SPHIDN(J)rkYD2 (I)

115 yD3(l)=-SpUtDN(J);ry¡3(I) + CPHTDN(J)'kYD2(I)

C R-RECI]RSION PHASE II - CAIC RM(.J) FROM R-TII,DE(.J)

c cAtc R-TrrDE(1..J,J)
120 DO 125 I=1,J
125 RTJ(I)=R(I, J) -Y(I,N)*T(N-J+N)

c IF SOI{E T}IETA'S ARE ZERO, oNtY APPIY TI{E NoN-ZERO ONES

IF(TI{EFLG.EQ.0) GO TO 127
RTJ (TI{ETI G ) =DS I GN (RTJ ( TI{EFIG ), CT}IEUP (THEFIG) )
cAlL RS!1EEP (RTJ, RM, CTHEUP , STIIEUP , CTIIEDN, STI{EDN, TI{EFIG- I , J)
DO 126 I=1,N

126 YM(I)=Y(J,I)
GO T0 170

C NEXT T}IEUP
127 RTI (J)= -r(NZltt;"'Y1¡,*¡

TEMP=SIGT(.1¡''.*2 - RT1 (J¡,+*2
IF(TEMP. tT.0. ) Ttrl'tp=o .

SIGT (J+1 )=DSQRT (TEMP)

CTHEUP (.1)=Rtr (J) /sIGT (J)
STImUP (¡)=sIct (J+i)/sIGT (J)

C IF TTIETA=O, ONIY APPLY TITETA(I..J-1) IN SWEEP

rF (DABS ( SrmUP (.r) ) . GE . EPS ) Go ro 129
TIIEFIG=J
RTJ(J)=P5IGN(RTJ(J) , CTHEUP(J) )
CAIL RSI^IEEP (RTJ, RM, CTI{EUP , STIISUP, CTI{EDN, STHEDN , TIIEFIG- 1 , J)

947 DA 128 I=1,N
128 YM(I)=Y3(I)
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G0 TO 170

c APPLY Tr{EUp(J), TrüN TI{ETA(I..J-1) TO R-TrrDE(.J)
129 RTJ(J+1 )=5161 ¡J+t ):t1 (¡-J+N) /T (N2M1 )

cALt crvENS (RTJ(J),RTJ(J+1), CTrüUp (J), STI{EUP(J) )
cALt RShtEEp (RTJ, RM, CTIüUP, STlmUp, CTIüDN, STHEDN, J- 1, J)

c
c CALC AND APPIY IAST T}IEDN

975 RH(J)=DSQRT (RTJ(J)*\'2 + RTJ(J+1 ):*'rl)
CTI{EDN (J)=RTJ(J) /RM (J)
STHEDN (J) =RTJ (J+ 1 ) /RM ( J)

c cItECK THAT YM(J,N) IS 'NIJMERICALLY ZERO'. IF NOT, RM HAS RANK
C J-1 OR IESS, AND RM(J,J)=O. TI{EDN(J) MUST BE RNCAICUI,ATED TO

c T0 MAKE YM(J,N) ZERo. (RU(J,J) WrLr REMATN ZERO).
Y2(N)=-51IIEUP(J):tv(J'N) + CTI{EUP(J)''k

I (Yl (N) -CTHEUP (.r¡''.v ¡t, N) ) /STI{EUP (J)
YM(N)=Ç1¡IEIIN(J):'ry3 (N) + STI{EDN(J)*Y2 (N)
IF (DABS (nf (N) ) .rE .EpS ) GO T0 lss
RM(J)=9 '
TEIÍP=DSQRT (Y: (H¡*'t2 + Yz(tt)"-;r2¡
CTI{EDN ( J) =Y2 (N) /TEMP
STI{EDN (J) =-Y3 (N) /TEMP

c Q-RXCURSToN PHASE II - CAIC Y.1(J+1.),Y.2(J+L.),yM(J.) AND y.3(J+1.)
155 D0 160 I=l,N

Y1 (I)=(Y1 (I) - CTI{EUP(J)'kY(J, I) )/STI{EUP(J)
Y2 (I)=-S1IIEUP (J):ty(J, I) + CTHEUP(.r;".yt,t,
YM ( I ) =Ç1¡1¡DN (J)':ty3 ( r ) + STIIEDN ( J)'kY2 ( I )

160 Y3(I)=-srimDN(J);iv3(I) + 6TI{EDN(J)'!Y2(I)

170 J=J+1
GO TO 30

c
^Àr--t--tJ--L-t^U-t--r--r^r-J^Lñrñ 

rrr y 
^^nUÁ-r.-r¿J¿-l&-r-rr-LJ-r-r-rr--t--r¡-t--t--t-úr-,, ^, rE ND 0F MA I N [. Q Q pf t'r*:t:'r.;'r-,t*:T:'.ttt'-Å-:kì'ì- 7 i ?i 7i7s 7 -,r-d 7r

END

suBRourrNE RSIdEEP(p,R, cuP,suP, cDN,SDN,NROT, J)

S/R TO APPIY A GITI.TYPE UPIDOI,{N SI,'EEP TO A VECTOR
c
c
c
c
c
c
c
c
c
c
c
c

c
c

P
R

I/P VECTOR
0/P vEcToR

CUP,SUP..COS'S AND SIN'S 0F UPSI'IBBP ANGIES
CDN,SDN..COS'S AND Sn{'S 0F DohNShtEEP ANGTES
NRoT.....tio.oF DOWNI,/AP,D ROTATIoNS T0 APPIY. (NO.OF

UPWARN ROTATIONS ]S ONE I,ESS THAN NROT)
J........IENGTH OF P AND,.R. IF J.GT.NROT+1,

R(NRoT+2 . .J)=P (NRoT+2 . . J)

REAI:KB P(J),R(J),CUP(J),SUP(J),CDN(J),SDN(J)

UPSWEEP
rF (r[RoT .EQ . 1) G0 TO ls
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c
c

f=NROT
DO 10 If=2,NROT
cAtL GTVENS(P(r) ,P(r+r) ,CUP(r) ,SUP(r))

10 I=I-1

DOI'NSWEEP
15 DO 20 I=7,NROT
20 1ALL crvENS (P(r),P(r+1),CDN(r),SDN(r))

C OUTPUT
DO 30 f=1,J

30 R(I)=P(1)
RXTI]RN
END
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c
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TEST PRoGRAM FOR FTO3 rS Tlm SAME AS THAT FoR FT01,
EXCEPT THAT FTO3 IS CAITED INSTEAD OF FTOI.

SIIBROUTINE FTO3 (T , R , CPHIUP , SPHIUP , CPHIDN, SPHIDN, SECTI{E ,
1 TANTI{E,RM,RD1,RDJ,SrGD,Z,N,N2M1,rDl)

S/R TO TRIANGUTARTZE A TOEPLITZ MATRIX USING GILL ET AL'S
ORTHOG.UPDATE ALG.,INVERSE TRANSFORMS, AND SHIFT.INVARIANCE
FOILOI'ÌS 41G.8.2.2, AND TI{E VARIABIE NOTATION IS TI{E SAME.

PARAMETERS
T........VECTOR CONTAINING 1ST ROf,{ AND COI OF TOEPIITZ MATRIX

TO BE TRIANGUTARIZED. II'N IS THE ORDER OF T}IE MATRIX,
oRDER OF STORAGE rS (1,N),(1,N-L),...,(1,t),(2,r),...
. . . , (Nr 1)

R.. . . . . ..CONTAINS I]PPER-TRIANGUIAR MATRIX PRODUCED BY T}IE

0RTHoGONALTZATTON. NOTE THAT R(I,J),I.GT.J HAVE

NOT BEEN ZEROED

CPHIIIP) OUTPUT COSTNES , SrNES ( 1ST TETTER ' C' , ' S' ) 0r TiIE

SPHIUP) GIVENS ROTATIONS('PHIUP',:PHI-UPSWEEP;'PHIDNI :

CPHIDN) PI{I-DOI4NSI,'/EEP) USED IN PHASE I OF FTO3.
SPHIDN) NoTATION Follotls ALG.B .2.2.

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c

I
p

SECTIIE)
TANTI{E)

)

N

N2M1
ID1

O/P SEC(TI{ETA),TAN(TTMTA), WHERE T}IE TI{ETAS

ARE TI{E ANGIES OF TIIE INVERSE TRANSFORMS USED

IN PHASE II OF F1'03. NOT'N FOIIOWS 4tG.8.2.2.

RM.......TEMP. VECTOR TO STORX Col. 0F R(SIIPBRSCRTPT N-1)
RDl.. ....O/P VBCTOR CONTAINTNG 1ST Col 0F R-DOT
RDJ......TEMP. VECTOR TO STORE COI.J OF R-DOT.
SIGD O/P VECTOR CONTAINING VATIIES OF SIGMA-DOT

o/p vBcroR (= T-TMNSPOSE ;r (T(2,1) , . . . ,T(N,1) )
TRANSPOSE )

ORDER OF TOEPLITZ MATRIX AND R, AND I,ENGTH OF

VECTORS CPHrUP,...,Z.
2?'"N-1. T MUST BE AT TEAST THIS IENGTH
RO\^/-DII"ÍENSION OF R

z

TE}IPORARY VARIABIE:
RTNJ-----CIIRRENT VAIITE OF R-TTLDE (N, J)

GENERAI REMARKS ON CAIIING FTO3. TirE ONIY INPUTS REQUIRÈD

ARE T,N,N2M1 AND ID1. TI]E MAIN OUTPUT IS IN R. TI{E OTHER

11 VECToRS ARE BY-PRODUCTS AND TEI'IPoRARTES 0F FT03, AND

NORI'TAIIY TI{E USER ONLY ALLOCATES SPACE FOR TI{ESE 'VTCTORS

WITHOUT DOING A¿TYTHING MORE ['{ITH T}IEM. HOWEVER' TIIE GIVENS

TRANSFORM VECTOF,S CPHIT]P TANTIIE CAN BE USED TO GENERATE

TlrE Q-MATRTX EXPTTCITIY USING Ar,G.8.3.1.

t

è-

t'
¡

ti,
l.

i
I

I

i

QUrCK OUTLTNE OF FT03
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c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
C

c
IJ

c

DEFINE
RM = R(SUPERSCR]PT N-1) - ORTHOGONAI TRIANGULAR FACTOR

OF TEADING SUBIIATRIX OF T.

QM = Q(SUPERSCRIPT N-1) = OTHOGONAI MATRIX SUCH THAT

LEADING SUBMATRIX OF T = QM?'TRM

R-DOT = MATRIX WITH 1ST ROhr = T(1,1..N), REST OF 1ST

COLIIì'ÍN = QM-TRANSPOSE 
-:' T(2..N,1),

TRAILING SUBMATRIX = LEADING SUB}.I{TRIX OF T.

R-DOT MAY BE TRANSFORI'fED TO R USING GIII ET AI'S RANK'I
ORTHOGONAT UPDATE, \{ITH AN UPShEEP AND A DOWNSI,\JEEP OF

GIVENS TRAITSFORMS (ANGIES PHI-UP AND PHI-DOI{I'I). T}IEN,

(R(1..N-1,.)) = R-TIIDE MAY BE TRANSFORMED TO AN

( r(N,.) )
UPPER.TRIANGUTAR MATRIX WITH RM AS ITS IEADING SUBMATRIX

USING INYERSE TRANSFORMS.

SUPPOSE THAT RM(.J-1) AND R(.J-1) ARE KNOI.II}I.

TI{EN R-DOT(.J) CAN BE CONSTRUCTED. PERFORM A GILL UPSWEEP

AND DOWNSWEEP ON R-DOT ( .J) , YIEI,DING R( .J) .

PEREORM J TNVERSE TRANSFORMS 0N (R(1..N-1,J)) ,YIELIIING( r(N, .) )
RM(.J). THIS iOUpr,rr¡s TI{E BASIC RECURSTON. NoTE T}IAT

TI{E GIll SWEEPS AND TI{E TNyERSE TRANSFOR}',ÍS RXQUTRE

oNty o(N) oPERATIONS, SO TI{E WHOTE AIGoRITIÛÍ RXQUIRES

oNty o(¡{:r-:t2) 0PERATTONS. DETAIIS OF TI{E CAI'CUIATIoN

OF TI{E GIII ROTATIONS AND INVERSE TRANSFORI"I ANGLES 
'

I'¡HICH PROCEEDS IN TANDEM I'I/ITH THE BASIC RECURSION'

ARB GIVEN IN AtG.9.2.2.

REAL:'IB T(N2M1),R(IDl'N)'CPHIUP(N),SPHIUP(N)'CPHIDN(N),
1 SPHTDN(N),SECTIIE(N),TANTITE(N),RM(N),Rr1(N),RDJ(N),
2 RTNJ,SIGD(N),2(N)

REALìKB EPS

C INITIAIIZATION

M=N-1
EpS=10 .:t-å (-5 )

C CAIC R(1,1) AND RM(1,1) USING NORM-INVARIANCE

RM(r¡=6 '
D0 10 I=1,M

10 RM( 1 l=Rl{( 1)+T (I- t+¡1't'''2
R( 1, 1 )=Rl'l(1 )+T (N2M1 )'!T (N2M1 )
R(1, t)=PSQRT(R(1 

' 
1) )

RM(r)=¡5qRT(Rl'f (1) )

c GBT R-Dor(l,1),(7,2
c IS NORM(R-Do'.r(I..N,

RD1(1)=r(N)
RDJ(1)=r(N-1)
RDJ(2)=Rl'f (1)

),(2,2) AND SrGMA-DOT(1), (2), hll{ERx srGl[a-DOT(r)
1) )

SIGD(1)=R(1 
' 
1)

SIGD(2)=!SQRT(SIGD(t¡*'t2 - RD1 (r)*;'2¡

I

Þ

¡!,
1

C OT}IER INITIATIZATION - PHIDN(1),T}IETA(1)
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c
c
c

c
c
c

CPHIDN( 1 ) =RD1 ( 1 ) /SIGD ( 1 )
SPHIDN ( 1)=SIGD (2) /SIGD ( 1 )
sEcTI{E ( 1 ) =R( r' 1 ) /RM (1 )
TANTI{E ( I ) =r (uzl't1 ) /RM ( 1 )

C Z=TRANSPOSE OF PRINC SUBI-D( OF T '^" T(2..N,1)
DO 28 I=1,M
Z(I)=g '
DO 28 J=1rM

28 Z (I)=t (I )+T (J-I+N):t1 ¡¡*¡¡

f,*nFirr,$!-^L**MAIN toOP - CAIC R(.J) AND RM(.J):'r-Å:;k*:'.-*:T:'.-:'¡z'.-:l:hy;fsl.-

J=2

PHASE r - CAIC R(.J) FRoM R-DOT(.J)

30 RDJ(1)=T(l-J+N)
DO 40 Í=2,J

40 RDJ(I)=RM(I-1)
RM CONTAINS RM(.J-1)

BACK-SUBST FOR R-DOT(J, 1) rN EQN. RM(TRANS)'',IR-D0T( .7)=Z
RDl (J)=7(J-1)
IF(J.EQ.2) Go ro 60
JM2=J-2
DO 50 I=1,JM2

50 RD1(.r)=nor (J) -RM(r)*RD1 (r+1)
60 RDI (.r)=ml (J)/RM(J- 1)

C IF J=N¡ CI{ECK THAT RDI(N) IS POSITIVE. IF NOT, RD(N.) I./AS

C REVERSED IN SIGN IN Ti{E PREVIOUS STEP - SO RDJ(N) MUST BE

C REPLACED BY -RDJ(N).
rF(J.NE.N) Go rO 6s
Ir(RDl (N) . tr. 0) RDJ(N)=-RDJ(N)
GO T0 70

C NEXT PHIUP
65 SIGD (J+1 ) =¡5qp1 (SIGD (J¡""r2-*1 (J);ut2 ¡

CPHIUP (¡) =n¡r (J) / sIGD (J)
SPHIUP (J) =SIGD (.I+ 1 ) /SIGD (J)

C SINGULARITY CTMCK

IF(DABS(SPHIUP(J)).GE.EPS) GO TO 68

vIRrrE (6,66)
66 F9RMAT(; I/p MATRIX N¡¡{ERICAIIY SINGUTAR - ERR6R EXIT')

RBTI]RN

c uP-sl^IEEP 0N R-DOT(.J)
68 RDJ(J+I)=0.

CALI GIVENS (RDJ(J),RDJ(J+1), CPHIUP(J),SPHIUP(J) )
70 rF(J.EQ.2) Go rO 90

Jlf 1=J- 1

I=JM1
DO B0 II=2,JMl
CALL GIVENS (RNJ(I),RDJ(I+ 1), CPHIUP(I),SPHIUP(I) )

80 I=I-1

I
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C DOI{N:SWEEP 0N R-DOT(.J)' EXCLUDING LAST PHIDN
90 DO 100 I=1,JM1

CALI G]VENS (RDJ(I),RDJ(I+1), CPHIDN(I),SPHIDN(I) )
100 R(I,J)=RDJ(I)

C CAIC AND APPIY IAST PHIDN IN ÐOWN-Sh]EEP (N/A IF J=N)
rF(J.NE.N) GO TO 110
R(N,ìl)=3¡¡r¡¡¡
RETI]RN

1 10 R (J, J) =DSQRT (nn.l ¡.1;'t't2 + RDJ (J+ 1 ):'r-È2 ¡
CPHIDN (J) =RDJ (J) /R (J , J)
SPHIDN (J) =RDJ (J+1 ) /R (J, J)

c PHASB rr - CAIC RM(.J) FRoM R-TILDB(.J)

c rNrrrAlrzE R-TrtDE(N,J)
RTNJ=T(2*N-J)

C FIRST J.1 INVERSE TRANSFORMS

JM1=J-1
D0 120 I=1,JMl
RM(I)=R(I 'J)t2o cAll INUGM(RM(i),RTNJ,SECTI{E(r),TANTI{E(r))

C CAIC AND APPTY IAST TI{ETA
RM(J)=¡5qRT(R(J, J)t<tt1 - RTN¡t/r2)

C SINGUTARITY CHECK

rF(RM(J)/R(J,J) . GE.EPS) GO To 140
I'IRITE (6, 130)

130 FORMAT(' tDG.SUBID(.NIJMERICAIIY STNGIIIAR - ERROR EXIT"
I /, REI'ÍEDY - AUGMENT I/P MATRIX AND RERI]N')
RETI]RN

140 SECTI{E (J)=R(J, ¡) /RM (J)
TANTHI ( J) =RTNJ/R}Í ( J)

J=J+1
GO T0 30

c
Ç':'.-,'r*:****^,1-J*^;.-*-.'.'*rTf,lr[! OF MAIN lQQp:k*','t/..?l:l:'i:'.^årkJ^'*:k*:'.'*':t^,'.':*^þåt'ç:k

END

suBRouTrNE rNV)(FM (X1,X2, SBCA, TANA)

S/R TO APPTY AN TNVERSE TRANSFORM

OPERATION:

( sEcA -TANA
(
(-TANA SECA

c
c
c
c
c
c
c
c

(x1
(
(x2

)
)
)

)
)
)

(x1
(
(x2

)
)
)

RBAL'T8 X1 , X2 , SECA , TANA , T
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f=$f,Çd:Y{l - TANA*X2
X2= -TANA:kf,l + SECA*X2
X1=T
RETI]RN
BND
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TEST PROGRAM FOR FTO4 - SAME AS TEST PROGRAI'Í FOR FTO2

EXCEPT THAT FTO4 IS CAIf,ED INSTEAD OF FTO2.

SUBROUTTNE FTO4 (T,Y,R,N,N2M1, rDl)

S/R TO FIND TI{E Q-R DECOMPOSITION OF A TOBPLITZ MATRIX USING

GILL ET-AIIS ORTHOGONAI. UPDATE ALG.,INVERSE TRANSFORI"ÍSO AND

SHIFT-INVARIANCE TO GET AN 0(N) RXCURSION 0N ITIE CoLIIMNS

oF R AND RO\^/S OF Q-TRANSPoSE. TOTAL COMPTEXITY rS TIIEREFoRX

O(Nì'r*2). FOIIOWS 41G.8.3.2, I'IIITH TI{E SAME NOTATION-

PARAMETERS
T....... .VECTOR CONTAINING 1ST ROI{ AND COI OF "TAEPLTTZ MATRIX

TO BE TRIANGUIARTZED. IF N IS TI{E ORDER OI'THE MATRIX,

oRDER OF STOMGE rS (1,N),(1,N-1)
..',(Nr1)
ORTHOGONAT MATRIX SATISFYING YT=R, R UPPER-TRIANGULAR

CONTAINS UPPER-TRIANGUIAR MATRIX PRODUCED BY TI{E

oRTHOGONAIrZATrON. NOTE THAT R(I,J),I-GT.J HAVE

NOT BEEN ZEROED

ORDER OF TOEPIITZ MATRIX

Y
R

N
N2M1.....2'KN-1. T MUST BE AT IEAST THIS TENGTH

ID1.. . . . .ROW-DI}ÍENSION OF R

QUICK OUTIINE 0F FTO4

DEFINE
TM = T(SUPERSCRIPT N-1) = LEADING SUBMATRIX OT T

RM = R(SUPERSCRIPT N-1) = ORTHOGONAI TRIANGUIAR FACTOR OF TM

W = y(SUpERSCRIPT N-t) = ORTHOcONAL MATRIX SUCH THAT y¡4:kJ|'l=ft1"1

R-DOT = ÌÍATRIX WITH 1ST ROhr = T(1,1..N), REST 0F 1ST

colut{N = f},1 zk T(2..N,1),
TRAIIING SUBMATRIX = LEADING SUBMATRIX OF T.

R-TITDE = (R(1..N-1,.))
( r(N, .) )

R-DOT MAY BE TRANSFORMED TO R USING GIII ET AI'S RANK-I
oRTHOGONAT, UPDATE, \.{ITH AN UPSWEEP AND A D0WNSI{EEP 0F

GIVENS TRAI{SFORMS (ANGIES PHI-UP AND PHI-DO\'N). T}IEN,

R-TIIDE I'ÍAY BE TRANSFORMED TO AN UPPER-TRIANGTJTAR MATRIX

WITH RM AS ITS LEADING SUBMATRIX BY INVERSE TRANSFORMS.

ú18 CAN SI}IIIARLY TRANSFORM A MATRIX WITH lII AS ITS TRAILING

SUBMATRIX TO A MATRIX \,{ITH YM AS ITS IEADING SUB}LATRIX.

suPPosE THAT RM(.J-1), R(.J-1), YM(J-1.) AND Y(J.) ARE

KNO\,/N. THEN R-DOT(.J) CAN BE CoNSTRUCTED. PERI'ORM A GItl
UPSWEEP AND DOI^TNSWEEP ON R-DOT ( .J) , YTEIDTNG R( - J) .

Y(J.) MAY BE OBTAINED FROI'I YM(J-l.) IN A SIMII,AR I'ÍANNER,

RE-ARRANGING I'l{E CATCUIATIONS TO oPERATE 0N ROWS, RAT}IER

THAN COLUMNS.
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c CoNSTRUCT R-TTLDE(.J) FRoM THE DEFINITION, AND PERFORM

c J INVERSE TRANSFORMS ON R-TrtDE(.J), YTELDTNG RM(.J).
C YM(.J) MAY BE OBTAINING FROM Y(.J) BY AN INVERSE

C TRANSFORM. THIS COMPTETES TIfi BASIC RNCURSION.

C NOTE THAT TI{E GIIL SWEEPS AND INVERSE TRANSFORMS'

c l1¡HIcH ACCOIINT FOR MOST 0F TllE COMPUTTNG LoAD, REQUTRI

c oNtY o(N) oPS.iRECliRSroN CYCLE, SO TllE I{HOLE ArG.
C REQUIRES oNLY O(Nt';:k2) OPS. DETAIIS OF TIIE CALC. 0F
C TI{E GILI AND INVERSE TRANSFORM ANGLES (THIS CAIC.
C PROCEEDS IN TANDEM \,'ITH TI{E BASIC RECURSION) ARE GIVEN

C IN ALG. B .3 .2.

NOTATION - \^/ORKING STORAGE

CPHIUP) O/P COSINES,SINES (1ST TETTER 'C"'SI) OF TI{E

sPHruP) . . GTVENS ROTATIONS ( 'PHrUPr : PHr-UPSWEEP; 'PHIDN' :

CPHIDN) PHI.DOWNS\,{EEP) USED IN PHASE I OF Q AND R
SPHIÐN) RECURSIONS . NOTATION FOTIOI^/S ALG. B .3 .2.

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

SBCTI{E)
TANTIm)

)
)

o/P sEc(TI{ETA),TAN(THETA), I/IIERE TI{E TI{ETAS

.ARE T}IE ANGIES OF TI{E INVERSE TRANSFORMS USED

USED,IN PHASE II OT TIü Q AND R RECIIRSIONS.
NOTATION FOIIOI^iS ALG. 8.3.2.

RM.......TElfP. VECTOR TO STORE CoL. 0F R(SUPERSCRTPT N-1)
RDl.. ....O/P VECTOR CONTATNTNG lST Cor OF R-DOT

RDJ......TEMP. VECTOR TO STORE COL.J OF R-DOT.
srGD. ....olP vEcToR CoNTATNTNG VAIUES OF SrGMA-DoT

YI). . . . . . .TEMP.VECTOR CoNTATNTNG Y-DOT(J. )
yDl. . . . . .TEMP.VECTOR CONTAINING Y-DOT-I(J.), AND oVERI^/RITTEN

BY Y-DoT-1(J+1.)
YD2. .. . . .TEMP.VECTOR CONTATNTNG Y-DOT-2(J+1. )
YD3. . . . . .TEMP.VECTOR CONTAINING Y-D0T-3(J. ), AND OVERI,VRITTEN

BY Y-DOT-3(J+1.)
YTN.... ..TEMP.VECTOR CONTAINING CI]RRXNT VAII]E OF Y-TILDE(N.)
YM. . . . . . .TBMP.VECTOR CONTAINING YM(J. )

REAL'"B T (N2M1 ), R ( ID1, N), CPHIUP ( lOO ), SPHIUP ( 1OO ), CPHIDN( 1OO),

1 SECTI{E(100),TANT}IE(100),RM(100),RD1 (100),srGD(100),
2 SPHTDN(100),RDJ(100),RTNJ

RBAL:'<8 Y(rDl,N) ,Ð(100) ,Ð1(100) ,yD2(100),YD3(100) ,YM(100) '1 YrN(100)
REAI'T8 EPS

C INITIALIZATION

rF(N.rE.1oo) Go ro 5

wRrrE (6,2)
2 FORMAT(I :þ,'T N.GT.1OO - NO PROCESSING BY FTO4')

REI'I]RN

5 BpS=10.+s;'s(-5)
M=N-1

C CALC R(1,1) AND RM(1,1) USING NORM-INVARIANCB
Rlf(1)=6'
DO 10 I=1,M



c
c
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10 RM( 1 )=RM( 1 )+T (I- 1+N)'r*2
R(1, 1 )=Rl'I( 1 )+T (ìlZUr ;'t1 1N2M1 )
R(l, t)=PSQRT(R(1 

' 
1) )

RM(r)=¡5q¡r(RlI(1) )

GET R-DOT(1, 1), (7,2), (2,2) AND SIGMA-DOT(I),(2), WIIBRE SrGMA-DoT(r)
IS NoRM(R-DOT(r. .N, 1) )

RDl(1)=r(¡)
RDJ(1)=[(¡-1¡
RDJ(2)=Rl'r(1)
SIGD(1)=ft(1 

' 
1)

SIGD (2)=I¡SQRT (SIGD (t1-:t"2 - RD1 (t )"'"'2¡

c oTr{ER TNITTALTZATTON FOR R-RECURSToN - PHIDN(1),TI{ETA(1)
CPHIDN( 1 )=RDt ( 1 ) /SIGD ( 1 )
SPHIDN ( 1 ) =S I GD (2 ) / s I GD ( I )
sEcTI{E ( r )=n( r' 1 ) /RM(1 )
TANTI{E ( r )=r (N2M1 ) /RM( 1)

c
c

INrrLZN.r'OR Q-RECURSToN - Y-DoT(1. ),YM(1. ),Y(1. ),
Y-DOT-1 (2 . ) ,Y-Dor-3(2. ) ,Y-TTLDE (N. )

)=1.

4 I=1rM
)=r (I- t+H) /RM ( 1 )

(H)=0.
16 I=1rN

1, I)=111-1+N)/R(1,1

YI)
DO

Ð
DO

YM
YM

DO

Y(

t2

(1
1

(r
1

(r

2 I=2rÑ
)=0.

t4

YI)l(I)=(Y(1,I)-CPHIDN
YD3 ( I )=-SPHIDN( 1 ) :'rY¡ I

16 YTN(I)= -TANTIIE (r;'tY¡
YTN(N)= -TANTI{E ( i I'tY1

1):k1¡(r) )/sPHrDN(1)
) + cPHTDN(r)'tY¡111¡
,r)
,N) + SBCTI{E(I)

)
(
I
1

1

C*'þþþ,kJ^'lfi\IN IOOP - CALC R(-.J),Y(J. ) ,RM(.J) AND yM(J.):'s:'r:T:!t'i-'!s^L

J=2
c
c R-RBCURSTON PHASE r - CAtc R(.J) FROM R-DOT(.J)
c

30 RDJ(1)=T(r-.r+H)
DO 40 I=2,J

40 RDJ(I)=RM(I-1)
c RM CoNTATNS RM(.J-1)

C CAIC R-DOT(J'1) = YM(J-1-):'r1(2. .N'1)
48 RD1(.r)=0.

D0 50 I=1,M
50 RD1(.r)=nnl(J) + YM(l¡"'1(I+N)

C IF J=N, CI{ECK T}LAT RDI(N) IS POSITIVE. IF NoT, RD(N.) \^/AS

C REVERSED IN SIGN IN TI{E PREVIOUS STEP . SO RDJ(N) I'TUST BE

C REPLACED BY -RDJ(N).
rF(J.NE.N) Go rO 6s
IF(RD1 (N) . lT. 0) RDJ(N)=-RDJ(N)
GO TO 70
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C NEXT PHIUP
65 SI GD (.r+r ¡=¡5qRT ( S I GD (J) f*v2 -* 1 (J):+r2 ¡

CPHIUP (¡)=rur (J) /sIcD (J)
sPHruP (¡)=srcr(J+1 )/srGD (J)

C SINGUTARITY CHECK

IF(DABS(SPHIUP(J)).GE.EPS) GO TO 68
grRrrE (6,66)

66 FORMAT(I I/P MATRIX NTT{ERICAIIY SINGUIAR - ERROR EXITI)
RETI]RN

C APPI,Y PHIUP(J), TI{EN PHI(I..J-1) ON RDJ

68 RDJ(J+1)=0.
cArr GTVENS (RDJ (J) , RDJ (J+1) , CPHILIP (J) , SPHTUP (J) )

70 CAtl RS\¡ßEP(RDJ'R(1, J)' CPHIUP,SPHIUP' CPHIDN'SPHIDN'J-1,J)

C CAIC AND APPTY IAST PHIDN IN DOVJN-S\{BEP (H/A rr .r=U)
IF(J.NE.N) GO To 110
D0 105 I=1,N

105 Y(N,I)=YD3(I)
RETI]RN

1 1 0 R ( J, J ) =DSQRT (RDJ (.1 )'l-;r2 + RDJ ( J+ 1 ) :l-^L! )
CPHIDN (J) =RDJ (J) /R (J' J)
SPHTDN (J) =RDJ (J+1 ) /R(J, J)

c Q-RECURSION PHASE I - CAIC Y-DOT(J.),Y-DoT-1(J+1.),Y-D0T-2(J+1.),
c Y(J. ) AND Y-DOT-3 (J+1 . )

YD(1)=0.
D0 112 I=2,N

112 YD(I)=YM(I-1)
DO 115 I=1,N
YD1 (I)= (rT1 (I ) -CPHIUP (J)'TYI) (I ) ) /SPHiUP (J)
YD2 ( I ) =- sPHIUP (.1;'t1'O ( I ) + CPHIUP (J) 

"'YD1 
( I )

Y(J, I)=CPHIDN(J):tya, (I) + SPHIDN(J)"'YD2 (I)
115 yD3(r)=-SpHrDN(J);ty¡3(I) + CPHIDN(J);,yD2(I)

C R-RECURSION PHASE II - CATC RM(.J) FROM R-TIIDB(.J)

c INITTATIZE R-TrlDE(N,J)
RTNJ=T (2:'<N-J)

C FIRST J-1 INVERSE TRANSFORMS

JMI=J- 1

D0 120 I=1,JMl
RM(I)=ft(1'¡'¡

120 CAlt rNVÆ'M(RM(r),RTNJ,SECTI{E(r),TANTI{E(r))

C CAIC AND APPTY I,AST TIIETA
RM (.r)=¡SqRT (R (J, J)':<tt2 - ftf$J-'h!l)

C SINGUI,ARITY CIIECK
rF(RM(J)/R(J,J) . GE.EPS) G0 To 140
I,JRITE (6 , 130 )

130 FORMAT(' I,DG.SUB}1X.NI]I{ERICALI,Y SINGUIAR - ERROR BXITI,
1 /' REIÍEDY - AUGI"ÍENT r/P MATRTX AND RERIIN')

RETT]RN

140 SECTIIE (J)=R(J, J) /RM(J)
TANTIIE (J) =RTNJ/RM (J)
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c Q-RECIIRSTON PHASE rr - CALC. vU(J.) AND NEI^¡ YTN

D0 160 I=1,N
160 YU(I)=Y(J,I)

DO f 65 I=1,N
165 CAr,t rNnG.M (YM( r ), YTN (r ), SECTIfi (J), TANTHE (J) )

J=J+1
GO T0 30

c
ç**-Â-,hH^r^-*r#t-JfikEND oF MAIN L00Pf.'fr"l:sr"k-1t'd,.'*#,r.Ê:T:'r*i¡'¿1#w!

EI{D

suBRouTrNEs RSïIEEP, INV)G'M ARE TIIE SAI'ÍE AS rN FT02;

c
c
c
c
c
c
c
c
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c
c
c
c
c
c
c
c
c
c
c
c
c

TEST PRoGRAM FoR FTO5, WHrCH oRTHoGONAIIY-TRIANGUTARIZES A

TOEPITIZ MATR]X IN O(N;'T;S2) OPERATIONS. FTO5 USES TI{E

G I tI - GOTUB.MURRAY - SAI]NDERS ORTHOGONAI -UPDATE AL GORI THM

T./ITH FAST GIVENS TRANSFORMS, FAST INVERSE TRANSFORMS,

AND TI{E SHIFT-INVARIANCE OF THE TOEPTITZ MATRIX.

TEST PROCEDURE: (1) GENERATE TOEP.Ì'fr. 'A' f,lITH 1ST ROl'/

AND COL FROM 'T'. (2) REDUCE TOEP.I'fl(. I'I7ITH HOUSEHOIDER

TRANSFORMS (O/P OVERWRITES 'AI ) TO UPR.TRIANGUIAR FORM

(3) CALI FTO5 TO PRODUCE UPR.TRIANGLE IN 'R'.

OTI{ER VARIABIES: N=MATRIX ORDER, ID1=R0\.{ DIM.OF MATRICES

RnAt*'8 T(19),A(10, 10),R
DATA T/2 .2,3.7,-5.9,-1.

1 6. 2 r18.6 ,-r4.7 ,2.5 ,2.
2 0 .2,-1.5/

ID1=10
N=10
N2M1=2*N- 1

NM1=N-1

cAtt ToEPlo((T,A,N,N2Ì11, ID1 )
r{RrTE (6 , 10)

10 FORMAT(///////l///' rNPUT ToEPlrrZ MATRTX T')
CALL PRNTl,fr (A,N,N, IDl )

C REDUCE TOEPI,ITZ MATRIX BY HOUSBHOLDER TRANSFORMS

CALL HOUTRT(A,N,rD1)
D0 30 f=2rN
IM1=I- 1

DO 30 J=1 r IM1
30 A(I,J)=0.

ÍrRrrE (6,40)
40 FORI'ÍAT(/' REDUCED IÍATRTX USrNG HoUSEHOLDER TRANSFORMS')

CALL PRNTI,D((A, N,N, rD1 )

C REDUCE TOEPLITZ MATRIX USING FTO5
cAtL FTO5 (T,R,N,N2M1 , rD1)
D0 15 I=2,N
IM1=I - 1
DO 15 J=1rIM1

15 R(I,J)=0.

I^iRrTE (6,20)
20 r'oRMAT(/' RIDUCED MATRTX AS CAICULATED BY FT05r)

cAlr PRNTI'D((R,N,N, IDl )
STOP
END

suBRouTrNE l-T05 (T,R,N,N2M1 , rDl)

S/R TO TRIANGUIARIZE A TOEPIITZ MATRIX USING GILL ET AL'S

(10,1o)
7r-2.8r6.3 r-4.9,8.0,
g ,4.2 r-8 .6, - 1 .5 ,2.0 ,

c
c
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c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

-c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

ORTHOGONAT UPDATE AIG. I,{ITH FAST GIVENS TRANSFORMS' FAST

INVERSE TRANSFORMS, AND SHIFT-INVARIANCE. FOILO\^IS ALG.

8.4. 1 , AND TI{E VARIABTE NOTATToN rS TI{E SAME.

PAMMETERS:
T.. ......YECTOR CONTAINING 1ST ROI{ AND COL OT TOEPLITZ MATRIX

TO BE TRIANGUIARIZED. IF N IS TI{E ORDER OF TI{E MATRIX,
oRDER OF STORAGE rS (1,N),(1,N-1),...,(1,1),(2,1),...
..',(N,t)
CONTAINS UPPER-TRIANGUTAR MATRIX PRODUCED BY T}IE

oRTHOG0NAITZATTON. NOTE THAT R(I,J),r.GT.J HAVE

NOT BEEN ZEROED
ORDER OF TOEPLITZ MATRIX

R

N
N2M1.....2*N-1
ID1. . . . ..ROh/-DIMENSION OF R

TEMPORARIES:
TPHIUP)
SPHIUP) TAN'S,COS'S,SINES(1ST IETTER=T,C'S) 0F GIVENS

SPHIDN) . .ROTATIONS USED (PHIUP: PHI-UPSI{EEP,PHIDN: PHI-
TPHIDN) DOIdNSWEEP) IN PHASE I.
CPHIDN)

FGAUPI) CO.EFFS OF FAST GIVENS TRANSFORM MATRICES USED ÏN
FGAUP2)..PHASE I. (IETTERS 4,5 : UP-UPStrJEEP, DN-D0[^]NSWEEP;

FGADNI) LAST IETTER : I - (L,2) ElElfENT, 2 - (2,1) ElEl"fENT)

FGADN2)

COSTHE)..COS,TAN OF ANGTES THETA USED IN FAST INVERSE

TANTIIE) TRANSFORMS OF PHASE II

FGBI) 1ST AND 2ND CO-EFFICIENTS OF FAST INVERSE TRANSFORMS

FGB2)....USED rN PHASE rl. CORRESPoND TO C1,C2 rN 'FTNVT'
) cAtl.

RM.......USED TO STOP,E CURRBNT(JTII) C0l.0r R(SUPERSCRIPT N-1)
tìll{. ......SCAIED VERSION 0F RM

DM...... .scAtrNG FACTORS FOR \tM' RM(r)=DM(r)*l{M(r) '
VI........SCAIED VERSION OF R

D SCATING FACTORS FOR t^i. R(I,.1)=¡(I)*i{I(I,J)
RDl......1ST COI OF R-DOT
RDJ......USED TO STORE CUIIRENT (J-TH) Col 0F R-DoT

(OVERWRITTEN BY RESUITS OF FAST GIVENS TRANSFOR}ÍS)

I^/DJ......SCAIED VERSION OF RDJ
DD. ... . . .INITIAI SCALING FACTORS OF WÐJ. RDJ(I)=t¡(r);.çot,t,
DD1......SCAIE TACTOR OF 1{DJ(I) AFTER 1ST FAST GIVENS TRANSFI'I

DD2......SCAIE I-ACTOR OF hDJ(I) AFTER 2ND FAST GIVENS TRAIISFM

DD3......SCAIE FACTOR 0F WDJ(I) AITER 3RD FAST GIVENS TRANSFM

RTNJ. . . . .CURRENT VALIIE OF R-TrlDE(N,J)
I,{TNJ. . ...SCAIED VERSION OF RTNJ

DTN......SCALE FACTOR OF T{TNJ. AFTER I-TH FAST INVERSE

TRANSFORM, RTNJ=DTN (I ):t¡1¡¡
SIGD. . . . .CURRENT VALIIE OF SIGMA-DoT (=5¡6MA-D0T(J))
2........ vEcroR (- T-TRANSPOSB :t (T(2,1),...'T(N,1))

TRANSPOSE )
s. . . . . . . .S(I)=DM(I))kRDl(I+1)
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c
c
c
C

c
c
c
c
c
c
c
c
G

c
c

GENERAI REMARKS ON FTO5

FTOs IS TI{E SAHE AS FTO3 EXCEPT THAT FAST GIVENS

TRANSFOR}IS AND FAST INVERSE TRANSFORMS ARE USED INSTEAI)
OF T}IE STANDARD TRANSFORMS. FOR I]NSCAIED VARIABLES
OF TI{E TYPE RI"-}, TIIE SCALED VARIABIES APG ITÉ:'< AND T}IE

SCA1IN6 FACTgRS [ftf, f:tzt, WITH TIIE EXCEPTION 0F DD1 TO

DD3, L{TITCH ARE THE SCAT,TNG FACToRS OF TIIE RO[{S OF

RDJ AITER Tlm lST,2ND AND 3RD FAST GTVENS TRANSFORM

AFFECTING THAT PARTICUIAR ROW.

TI{E W}IOIE AIGORITHÌ'I RXQUIRES 4.5N?ktr2 oPS. T0 CoMPUTE

TI{E SCATED ITRSIoN 0F R, THOUGH rT TI{EN CATCUIATES AND

AND RNTURNS TI{E ACTUAL R-MATRIX. THIS RX.SCALING IS
NOT USUATIY NECESSARY.

RBAL*B T(N2M1),R(IDI,N)
REAt:lB \{(20,20) ,WM(20) ,wDJ(20) ,RDJ(20) ,

1 RD1(20),D(20),DD(20),DD1(20),DD2(20),DD3(20),
2 DÌt(20), Z (20), S (20 ), RM (20 ), SrGD (20 ),RTNJ, IdrNJ,
3 DTN(20)
REAI/.B CPHIUP (20),SPHIUP(20),TPHIUP(20), CPHIDN(20),

1 TPHIDN(20) ,TANTI{E (20) , COSTI{E (20) ,FGAUP1 (20) ,
2 FGAUP2 (20) ,FGADNI (20 ) ,FGADN2 (20) ,
3 FGBl (2O) ,rGB2(20)
RBAI*B EPS

C INITIALIZATION

lf=N- 1
EpS=10.*--*(-5)

c cAÏ,c R

RM(
DO

10 RM(
R(1
R(1
Rlf (

(1
1)
10
1)
,1
,1
1)

,1) AND RM(1,1) USrNG NoRM-INVARIANCE

=Q.
I=1rM

=RM(1)+T(I-t+¡1*''.2
)=RM( 1)+T (N2M1)'kT (l{2M1)

)=DSQRT(R(1,1))
=DSQRT(RM(1) )

c GET R-Dor(1,1), (1
c rs NoRM(R-Dor(r..

RD1(1)=r(N)
RDJ ( 1)=1(N- 1)
RDJ (2 ) =RÌ'f ( 1)
SIGD(1)=R(1 

' 
1)

C INITIATIZE VARIABIES FOR PHASE I
CPHIDN ( 1 )=RDt ( 1 ) /SIGÐ ( 1 )
TPHIDN ( 1 )=SIGD (2) /RD1 ( 1 )
D(r)=6P1¡1DN(1)
DD ( 1)=1
DD3(1)=¡P¡1¡
lrt(1, r)-P¡1,1)/D(1)

C INITIATIZE VARIABIE FOR PHASE II
RTNJ=T(N2M1)

,2),(2,2) AND SrGMA-D0T(1), (2), V¡IIERE SrGMA-DoT(r)
N,1) )

SIGD (2 )=DSQRT (SIGD ( t ¡'t-*2 - RD1 ( t ¡:r-;'2;
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c
c
c

c
c
c
c

c0sTI{E (1 )=RM( r ) /R( 1' 1 )
TANTHE ( 1 )=RTNJ/RIÍ ( 1 )
DM(1 )=D ( 1 ) / CosTIlE ( 1 )
l/M(1)=¡¡¡1) /DM ( 1)
FcBl ( 1 )=TANTIm ( 1 ) /DM(1 )
FGB2 ( 1 )= -TANTI{E ( r;;'¡t, t,
DTN(1)=CosTI{E(1)

'C Z=TRANSPOSE OF PRINC SUBID( OF T * T(2..N,1)
D0 28 I=1,M
Z(I)=6'
D0 28 J=l,M

28 Z(I)=Z(I )+T (J-I+N)*1 (¡*t¡

6*rÂdrÅ-Âtu,r*MAlN LOOP - CALC I,J(.J) AND ünr(.J):hl*F^L*J^-;*:hÅJ^-:'r:þ".':þ't

J=2

PHASE r - CAIC I^l(.J) FRoM W-DoT(.J)

30 JM1=J-1
Jll2=J-2
r{DJ(1)=1(1jJ+N)
DO 40 I=2,J

40 wDJ(I)=WlI(I-1)
DD (J) =¡¡1¡¡- 1¡
DD1 (J)=¡¡ i¡¡
RDJ ( J ) =1'¡¡J ( -r )'t¡¡ I ¡' ¡

f,¡M CoNTATNS I{M ( . J- 1 )

BACK-SUBST FOR S(J},Il) IN EQN

RD1(2. .N, . )=S
S (JMr )=z (JMl)
rr(J.EQ.2) Go rO 60
D0 50 I=1,JM2

50 S (JM1 )=S (JM1) -I{M(I )*S (I)
60 S (JMl ) =S (JNr ) /l^/M (JMl)

RD 1 (J) =s (JMl ) /DM (JM1 )

I,iM (TRANS );'rS=Z . TIIEN

C IF J=N, CI{ECK THAT RD1(N) IS POSITIVE- IF NOT, RD(N') I"¡AS

C REVERSED IN SIGN IN TI{E PREVIOUS STEP . SO RDJ(N) MUST BE

C REPTACED BY -RDJ(N).
rr(J.NE.N) Go rO 65
Ir (RD 1 (N) . tT . 0 ) wDJ (N) =-I,JDJ (N)
GO T0 70

C NEXT PHIUP
65 S I GD ( J+ f ¡ =¡5qRT ( S I GD ( J ) fizTl -ftf I ('l) 

"*'2 ¡
CPHIUP (.1) =RD1 (J) / S IGD (J)
SPHIUP (¡)=stcP (J+1 ) /SIGD (J)
TPHIUP (J) =srGD (J1-1) /RD1 (J)

C SINGUI,AR]TY CI{ECK

IF(DABS(SPHIUP(J)).GE.EPS) GO TO 68

I'IRITE (6,66)
66 FORÌ'ÍAT(; I/p LÍATRIX Nlll{ERICAtIY SINGUIAR - ERRoR EXIT')

RETI]RN
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c FAST GGMS UPSWEEP/DOI/IISWEEP ON hl-DoT(.J) (PROC 8.4.2)
c (1) UP-SI./EEP oN hr-DoT(.J)

68 DDl (¡) =n¡ (-r)'tct"tut at,
DD2 (J)=trt1 (¡)
RDJ (J+t )= -RDJ (J)+sSPHIUP (J)

70 rF(J.EQ.2) G0 T0 1os
C CAIC FGT MATRIX FOR PHIUP(J-I)

FGAUPl (Jltr; =1p¡1IUP (JM1)'kDD1 (J) /DD (JM1)
FGAUP2 (¡f1 )= -TPHIUP (Jllt¡'t¡¡ (JM1) /DDl (J)
DD2 (J)=t¡1 (J)*çP1¡1UP (JM1)

I=JM1
D0 80 II=2,JM1
cArL FGT (WDJ ( r ), t{DJ ( r+ 1 ), FGAIIP1 ( r ), FGAUP 2 G) )

80 I=ï-1

C (2) DOI^IN-S\^IEEP ON R-DOT(.J), EXCLUDING IAST TI^/O PHIDNTS

DO 100 I=1,JM2
CALL FGT (I,IDJ ( r ), hrDJ ( r+1 ), FGADN1 ( r ), FGADN2 ( I ) )

100 !l(I,J)=l{DJ(I)

C CAIC AND APPIY FGT FOR PHIDN(J-I)
1 05 FGADN 1 ( JM1 ) =TPHIDN ( JMt )'''¡¡, ( J) /DD3 ( JM1 )

FGADN2 (¡ln ) = - TPHTDN ( JM 1 ) :'s¡¡' ( JM 1 ) / DDz (J )
DD3 (J) =¡¡2 ('r) :IçP¡¡1DN ( JMl )
cALl FGT(WDJ(JM1),WDJ(J),FGADN1 (JM1),FGADN2 (JM1) )
I,l (Jlf 1, J) =[/DJ ( JMr )

C CAIC AltD APPIY IAST PHIDN IN DOI'{Ì{-SWEEP (N/A IF J=N)
rF(J.NE.N) GO TO 110
t{(N,U)=viDJ(N)
D(N)=!¡3 ¡¡;
GO TO 158

1 10 RDJ(J)=DD3 (.r)'tç9r,r,
R(J,.1) =¡SQRT (RDJ(J)**Z + RDJ(J+r )'u'21
CPHIDN (J) =RDJ (J) /R (J, J)
TPHIDN (J) =RDJ (J+ 1 ) /RDJ ( J)
D (J) =¡¡3 (.T)'tc*nto",r,
W(J,-l)=PqJ'J)/D(J)

c PITASE rr - cAT,c fßf (.J) FROM W-TrÏ,DE(.J)

C INITIALIZE I{.TILDE(N,J)
I4ITNJ=T (2?kN-J)

C 1ST J-l FAST INVERSE TRANSFORMS

DO 120 f=1,JM1
Wll(I)=ç¡1'¡;

L2O CALL FTNVT(l{/M(I),WTNJ,FGB1(r),FGB2(r))

CAIC AND APPTY IAST T]IETA
RTNJ=WTNJ''.DTN (JM1)
RM (.f ) =¡5qRT (R (J, J) -l.):/ - RTNJ:'r-"r2)

SINGUIARITY CHECK

rF(RM(J)/R(J,J) . GE.EPS) GO T0 140
I{RrrE (6,123)

c
c

c
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123 FORMAT(' LDG SUB},fr NI]IIERICAILY SINGUTAR - ERROR BXTT"
7 / I RE}IEDY - AUGI'fENT I/P MATRIX AND RERI]N')

RETI]RN

140 COSTHE (J)=RH(J) /R(J'J)
TANTIIE ( J) =RTNJ/ RM ( J )
DM(J) =D (J) /coSrHE (J)
hDr(J)=P¡a¡J)/DM(J)
FGB 1 (J) =TANTI{E (.r¡ "'¡t",*1 ) /Dl'f ( J)
FGB2 (J) = -TANTI{E (.r¡'v¡r,r, /DTN (JM1 )
DTN (J) =tfN (JM1 )'rCoSTIm (J)

J=J+1
GO TO 30

c
Ç;L:tr'cÂ:Y-irit>t:k;'r:',r,r*:Hkg¡r¡¡ OF ¡IAIN f,QQp:bbbb'.r^rÂr,t*rk;k:t:k;LJ.-,'s*r!;H.r*i;k

C RE.SCAIE R
158 D0 160 f=1,N

DO 160 J=l,N
160 R(I, J)=h'(I r J):'r¡ çt,

RETI]RN
END

SUBROUTTNE FGT(A,B,Ct,C2)

S/R TO APPLY A FAST GIVENS TRANSFORM

OPBRATION:

REAL?kB A,BrC1 ,C2rT

T-A+C1ìkB
B_C2r,rA+B
A=T
RETURN
END

suBRouTrNE FrNVT(X,Y, C1 , C2)

S/R TO APPIY A FAST II{VERSE TRANSFORM

OPERATION:
SOLVB FOR X AND Y' IN

(
(
(

c
c
c
c
c
c
c
c

(
(
(

A

B

A

B

)
)
)

c1)
)

1)

(1
(
(c2

)
)
)

c
c
c
C

c
c
c
c
c

(
(
(

)
)

X

Y

(
(
(

1 cl )(x)
)( )

1)(Y)c2
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REAI)'.8 X,YrC1rC2

X=X-C1*Y
y_C2:TX+y

RETURN
END
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cccccccccccccccccccccccccccccccccccccccccccccccccccccc
cc
C ÌÍISCELLANEOUS MATRIX ROUTINES: C

cc
c coPYMx c
C GIVENS C

c HoUQR c
C HOUTRI C

c rDlo( c
C MUITÌD( C

C PRNTI"D( C

C SINGSM C

C TOBP}D( C

C TRAN}D( C

cc
cccccccccccccccccccccccccccccccccccccccccccccccccccccc
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SI]BROUTTNE COPYI-D( (4, B,M,N, rD1 )
c s/R T0 coPY A(M X N) To B.
c (IDl rS Tlm RoW-DTMENST0N OF A AND B)

RBAI:IB A(ID1 ,N) ,B (ID1 ,N)

DO 10 I=i,M
DO 10 J=1,N

10 B(I,J)=A(I,J)
RETIJRN
END

,l

¡,'

li
\

I
i

I

I

I,
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c
C

SUBROUTINE GIVENS (A , B , COSX, SINX)
REALì'.B A, B,T, COSX,SINX

s/R TO PERFORM GTVENS ROTATION OF ANGLE X ON A ANll B.

T=A
A=A',ICOSX + BìkSINX
B=-TìtSINX + Bì'TCOSX

RETURN
END
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suBRouTrNE HoUQR(A, QT,N, rDl )
C S/R TO TRIANGUIARIZE A(N X N) USING HOUSEHOIDER'S }ÍETHOD,

c AND ACCIIMUTATE TI{E H/H TRANSFMS rN QT.
c (II)l IS TI{B ROI.|7-DI}ÍENSION 0r A AND QT).

REAI'IB A(IDI,N) ,QT(IDI,N) ,uP
NMI=N- 1

cALt IDt"fl((QT,N,rDl)
DO 10 J=l¡NHl
cArt uIS12 (1,J,J+1,N,4(1, J), 1,UP

10 cAtL vHS12 (2,J ,J+l,N,A(1 ,J) ,l rUP
RETIJRN
END

,A(1,J+1),
,QT(1,1) r 1

1, rDl,N-J)
, rDl ,N)
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c
c
c
c
c

suBRouTrNE HouTRr (A,N, rDl)

S/R TO TRIANGUTARIZE A(N X N) USING HOUSEHOLDER'S }ÍETHOD.

ID1 IS TI{E ROI^¡-DI}ÍENSION OF A.
sEE rl.fsl I,üRrTE-IIP FoR VHS12, úlHrCH PERFoRMS A STNGLE

HOUSEHOTDER TRANSFORM

REAI*8 A(ID1,N),W
NMl=N-1
DO l0 J=l,NMl

10 cAlt vHS12(1,J,J+1,N,4(1,J) r1,UP,A(1,J+l),1rIDl,N-J)
RETT]RN
ENI)
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c
c
c

suBRouTrNE rDlo((A,N, ID1)

S/R TO GENERATE TI{E IDENTITY MATRIX IN A(N X N).
(ID1 IS THE ROW-DII'IENSION OF A).

REAL'IB A(ID1,N)
DO 20 I=1,N
D0 10 J=lrN

10 A(I,J)=0.
20 A(I,I)=1.

RETT]RN
END
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c
c
c
c

SIIBROUTTNE MUITÌfl( (4, B, C, L, M, N, IDl, rD2, ID3 )

s/R 10 r{rr[TrPtY A(t X ]f) BY B(M X N), YTELDTNG C(t X N).
IDl,ID2 AND ID3 ARE TI{B ROI^/-DIUENSI0NS 0F A'B AND C

RESPECTIVBIY.

REAL'¡!8 A(ID1,M),8(rD2,N), c (ID3'N)

D0 10 f=1rl
D0 10 J=l,N
C(I,J)=9.
DO 10 K=1,M

10 C(I,J)=C(I,J)+A(I rK)+r3¡*,r,
RETT]RN

END
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c
c
c
c
c
c

suBRouTrNE PRNTID((A,M, N, IDl )

s/R T0 PRINT A(M X N). (rDl rS THE Rol,'t-

DIMENSION oF A). FORMAT IS AS FOlLOlr/S:
MAX MAGN .lT. 10000 : 14F9.3
10000.tE.MAx MAGN .1T.10ìl*!7 : 14F9.0
MAX MAGN .GE. 10tr?'r7 z L4D9.2

REAL*8 A(ID1,N),MAXMAG

C FIND UAX MAGNITUDE
MA)OIAG=O.
D0 10 I=l,M
D0 10 J=1rN
IF (DABS (A (I, J) ) . GT . lrÆofAc) ì{Æ0{AG=DABS (A (I' J) )

10 CONTINIIE

IFMT=1
IF(MÆOíAG. G8.10000. ) rFMT=2
IF(MÐ0íAG. GE. 1D7) IFMT=3

DO 50 I=l,M
G0 TO (20,30,40),rFMT

20 t'lRrTE (6,2t) (A(r,J) ,J=l,N)
2t FoRMAT(1X,14F9.3)

G0 T0 50
30 t{lRrTB(6,31) (A(r,J),J=l,N)
31 FoRMAT(1X,14F9.0)

GO TO 50
40 IIRITE(6,41) (A(I,J),J=l,N)
4r FoRMAT (7X,74D9.2)
50 CONTINUE

RETI'JRN

El'ID
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c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

SIIBROUTINE STNGSM(A,M,N, ID1, I, J,K,lr,LJ,hKAREA;K2P3, rER)

S/R TO RX-CATCUTATE A(I,J) TO MAKE A K X K SUBMATRIX hIITH
A(r,J) ON A CORNER STNGULAR. rF lr rS +1(-1), A(r,J) rs 0N A

TOP(BOTTOM) CORNER. IF lJ rS +1(-1), A(r,J) rS ON A IEFT
(RIGHT) CORNER.

OTI{ER PARAMETERS

M,N . Rohr AND COtln'fN oRDERS OF A
ID1 ROW-DI}ÍENS]ON OF A
Tr¡KAREA ... I,{ORKING AFJA OF SIZE AT I'EAST 1¡*(2:tK+3)
K2P3 2*K+3

çg.K*(X:'rl)
IER ....... ERROR PARAI'ÍETER

IER=0 NO ERROR

IER=I TOP oF SUBMATRIX IS ABOVE TOP 0F A

IBR=2 BOTTOM OF SUB}LATRIX IS BEIOW BOTTOM OF A
IER=4 IEFT OF SUBMATRIX IS BEFORE I,EFT OF A
rER=8 RIGHT OF SUB}ÍATRIX IS AFTER RIGHT OF A
IER=16 LI.NE.-1 OR 1

IER=32 IJ.NE.-1 0R 1

IER CAN AISO BE A COMBINATION OF TI{E ABOVE,

E.G. IER-10-B+2 I{EANS THAT SUB},IATRIX EXTENDS

BOTH BELOW AND TO THE LEFT OF A

ATGORITIIM. LET B BE TI{E SUBMATRIX THAT IS TO BE MADE SINGUI,AR,

IET C BE TI{E SUBMATRIX OF B FOI]ND BY DEIETING TI{E ROW AND

cotIlMN OccuPrED BY A(r,J), AND tET D-TRANSPoSE AND F BE

TltE ROI{ AND COIUI'IN OF B IOCATED BY, BUT EXCIUDING A(I,J).
TmN, FoR B 1'O BE STNGUIAR,

A(I,J) = D-TRANSPOSE ?t C-INVERSE ìt F

REAI-*8 A(ID1,N),I,TIKAREA (K,K2P3)

fER=0
IDGT=0
KMI=K-1

CI{ECK FOR ERROR CONDITÏONS
IER=0
ITOP-I+KM1;r( (Lr- r) /2)
IF(ITOP.lT. 1) IER=IER+I
IF(ITOP+rcrl . GT.M) IER=fER+2
LEFT=J+KM 7* ( (LJ - 1) / 2)
Ir(mFT.lT. 1) rER=rER+4
IF(LEFT+KI'I1 . GT.N) IER=IER+B

c
c

rF(tr.NE.-1.AND.
rF(tJ.NE.-1.AND.
rr'(rER.EQ. 0) Go

tiRrrE (6,2) rER
2 FORMAT(' SINGSM ERROR COND =',I3,' NO OPS PERI'ORMED')

RETI]RN

c r1F,J1F ARE TI{B STARTTNG TNDTCES OF r" AND r1C,J1C ARE

C TI{E STARTING INDICBS OF C

5 IlF=1
IF(LI.EQ. -1) r1F=r-trO{1

LI.NE
LJ.NE
T05

.1) IER=IER+16

.1) rER=rER+32



A. r01

c
c

IF(tr.EQ.1) r1F-I+l
JIF=J
ItC=I lF
JIC=1
Ir(tJ.EQ. -1) J1C=J-KMl
IF(lJ.BQ.1) J1c=J+l

IIO\IE F AIID C TO WORKING AREA AND SOLVE C ,K P = F
DO 10 II=1,KMl
I.¡KAREA (II ,K) =A (l tn+II- 1 , JlF)
DO 10 JJ=1,KM1

l0 WKAREA( r r, J.t¡ =¿ ( r lc+rr- 1, JIC+JJ- I )
cALt LEQT2F ([{KAREA, 1, KM1, K, Id,KARXA ( 1, K ), rDGT, I,IKAREA ( 1, K+ 1 ), rER)

CoMPUTB A(I,J) = D-TRANSPoSE tr P. (IlD,JlD ARE TI{E STARTING
I}TDICES OF D)

Iil)=f
JID=J1C
A(r ,J)-0.
D0 20 lf=l,Klfl

20 A(I,J)=A(t,J) + A(IlD,JID+II-1) * t'X¡n¡A(II,K)
RETI]RN
END ,

c
c
c
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c
c
c
c
c
c
c
c
c

sIiBRouTrNE ToEPIO((T, A, N,N2lf 1, rDl )

S/R T0 MAKE IIP A TOEPIITZ MATRIX FROM ITS 1ST R0I4I AND COL.

T - ETEMENTS (1,N),(1,N-1),..r,(1,1),(2,7) (N,1) OF

TOEPf,ITZ MATRIX (INPUT)
A - TOEPTITZ MATRIX IN FUTI (OUTPUT)

N . ORDER OF A

N2}f1- 2*N-1. T MUST BE AT TEAST THIS TENGTH

IDl - ROhI DIMENSION OF A

REAT,*8 T(N2U1),A(IDI,N)

D0 10 K=lrN
A(K, t)=11N+K-1)

10 A(1,K)=T(N-r+t)

D0 20 f=2,N
D0 20 J=2rN

20 A(I,J)=A(I-t,J-1)
RETI]RN
END 

,

¡t



4.105

stIBRouTrNE TRANI'D((A,N, rDl)

c
c

s/R T0 TRANSPoSE A(N X N). rD1 rS TI{E RoId-Drl"fElISroN OF A.

REAL*B A(ID1,N),TEMP
D0 10 I=2,N
IMl=I- 1

DO 10 J=1, fM1
TEMP=A(I,J)
A(I ,;)=a¡¡,1¡

10 A(J,I)=TEMP
RETI]RN
END


