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Optimal Linear Estimation and Data Fusion

Robert J. Elliott and John van der Hoek

Abstract—Optimal mean square linear estimators are determined for
general uncorrelated noise. We allow the noise variance matrix in the ob-
servation process to be singular. This requires properties of generalized
inverses which are developed in Section II. The proofs appear to be new.
When there are two observation sequences the optimal method of recur-
sively fusing the two is determined. We derive a new formula for the covari-
ance of the two estimates which then provides exact dynamics for a fused
estimate.

Index Terms—Data fusion, optimal linear estimation.

I. INTRODUCTION

Much recent work in filtering has used particle filters, which are re-
ally Monte Carlo simulations; see, for example, [3]. However, the case
of singular noise still gives problems. We believe that the use of the
weak generalized inverse in filtering with singular noise is new.

Fusion problems have been extensively studied; see [2]. For the fu-
sion of information from two linear filters, ad-hoc combinations are
still often proposed as in [6]. In Section IV, we obtain the recursion for
the covariance of the noise in two linear filters. This is then used to ob-
tain the optimal fused estimate. This result appears to be new.

We consider a signal process { X } with linear dynamics

Xit1 = FrXp + GeWiya.

Here, the noise terms W, are a sequence of uncorrelated, zero mean,
(not necessarily Gaussian), random variables.

The X process is not observed directly, but through two noisy ob-
servation processes 'Y, 2Y with

Wi ="H Xk + 'V
Ve = H, Xy + 2V

Again, the noise terms 'V}, 2V}, are sequences of uncorrelated, zero
mean (not necessarily Gaussian) random variables.

We suppose variance matrices related to the observation processes
Y are possibly singular. This requires the use of a weak notion of gen-
eralized inverse which is discussed in Section II.

The optimal linear mean square filter is reviewed in Section III and
the fusion of two such filters for observation sequences {'Y 1} and
{?Y} is given in Section IV.

II. GENERALIZED INVERSES

Consider a probability space (€2, F,P). Vectors will be consid-
ered as column vectors. * will denote the transpose. L?(Q2, R™)
will denote the set of random variables Y : € — R" such that
E[lYP] = J,Y*YdP < oco. This is a Hilbert space with inner
product [, XY dP.

Suppose P denotes an expectation, or a conditional expectation
operator.
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Definition I.1: A generalized inverse of a matrix A is a matrix A%
such that

AA*A = A, ¢

If A is nonsingular then A* = A~'. However, generalized inverses
need not be unique. The Moore—Penrose generalized inverse of A is a
matrix AT such that

AATA=4 ATAAT = 4%
(AAT)" = AAT and (4TA4)" = AT A,
The Moore—Penrose generalized inverse is unique.

For details on generalized inverses, see [1], [4], and [5].

We will work with generalized inverses satisfying (1).

Notation I1.2: Suppose X € L*(Q,R™),Y € L*(Q, R™). Con-
sider the covariance matrices

Axy =E[(X - P(X))(Y - P(Y))"]
Ayy =E[(Y = P(Y))(Y = P(Y))"].

Suppose Affy is any generalized inverse of Ay-y.

Notation IL.3: Write vy = A¥ (Y — P(Y)). Note P(vy) = 0.

Linear algebra establishes the following results.

Lemma Il 4: 'Y = P(Y) 4+ Ayvyrvy as.

Lemma ”.5.' AxyA#YAyy = Axy.

Lemma I1.6: AyyA?/tY(YV - PY))=Y - P().

Lemma I1.7: Suppose X € L?*(Q,R™),Y € L*(2,R™) and
Aiy is a generalized inverse of Ayy . Then, if

C=—AxyA¥,
andZ =X —P(X)+ C(Y — P(Y))
we have E[Z(Y — P(Y))" ] = Azy =0 € R"™*",
Lemma I1.8: For random variables X : @ — R™, Y : Q0 — R"

E|(X = P(X) - B(Y = P(Y)))*
(X - P(X)-B(Y - P(Y)))

is minimized when B = A xyAﬁy where A}%V is any generalized
inverse of Ay y, that is, any matrix such that
Ayy AT Ayy = Ayy.

Remark I1.9: From Lemma IL.8, we see, with this C, Z = X —
P(X)—=AxyA¥, (Y —P(Y)) is the projection error when projecting
X —-P(X)ontoY — P(Y).

Corollary 11.10:  Suppose A?f—y is another generalized inverse of
Ayyand Z = X — P(X) - Ax yAZ (Y — P(Y)). Then, E[(Z —
INZ -Z)]=0. _

In particular, Z = Z a.e.

Notation II.11: E[Z(Y — P(Y))"] = 0 implies that the projection
of Z onY is 0 and we write Py (Z) = 0. As Py is to be linear, we
define

Py(Z)=0=Py(X) - P(X)— AxyA¥ (Y — P(Y)).
That is, for X € L*(, R™),Y € L*(Q, R™)
Py(X)=P(X)+ AxyA¥ (Y — P(Y)).
Remark I1.12: Py (X)) gives the projection of X onto Y and
Py(X) = E[X]+ SxyS¥ (Y — ElY)). 2)

In the sequel, the expectation is denoted either by E or P. If, further,
X and Y are Gaussian this expression gives the conditional expected
value of X given Y.
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Y,

{Y with Y, € L*(2, R"),
2
Y, € L*(Q2, R™). Suppose, as before, X € L*(2, R™). Then

Consider now the case where Y =

Ayy =E[(Y = P(Y)(Y = P(Y))"]
_ Ayl Y, Ayl Yo | A B
T ALY, ALY, | |C D
say, where Av,y;, = E[(Y; — P(Y; ))(YJ — P(Y;))"].
Lemma IL.13: Write S4 = D — CA* B
=Av,v, — AV2V1A;$1Y1AV1VQ'
Then, S is nonnegative and symmetric. Write Sp = A — BD¥C

—_ . #
- Aylyl - AYlyzAYz )/QAYQYr

Then, S, is nonnegative and symmetric.
Lemma II.14: AA¥*B = B and CA¥ A = C.
The following result is noted in Rohde [4].
Lemma IL.15: If E = A* + A#BSfCA#

— A" BS%
G=—StcA”
H=5%
E F B
then { a H} is a generalized inverse of { c D]'

III. OPTIMUM LINEAR FILTERS

Without the usual assumption that the observation noise is nonsin-
gular we now derive the optimum linear filter for linear dynamics in the
state and observation processes. The square integrable noise terms are
assumed uncorrelated. When the noise terms are Gaussian we obtain
the optimum least-square filter.

Model Ill.1: Suppose { X}, k = 0,1,2,...1isasequence of square
integrable, R™-valued random variables such that

Xk+1 = Fka + Gk""karl. (3)

Here, {W}} is a sequence of uncorrelated random variables such that
fork, £ =0,1,...
E[Wy] =0
E[Wa Wi = Qubre
and E [XoW[] =0.
Here, 6x¢ = 0if k # ( and 6xr = 1.

The observations are given by a sequence {Y3}, k = 0,1,2,... of
square integrable random variables with values in R". Further

Y = H. X + Vi 4

{Vi} is a sequence of uncorrelated random variables such that for %,
£=0,1,...
E[Vi] =0
E[‘rk‘/?] = Ribre
and E[X,V}] =0.
Further, E [W, V"] = 0 for all k, (. The Hy, F), G are time varying
matrices of appropriate dimension.

Suppose Xy has mean mo and variance ¥o. Define P(Xo) =
E[)((J] = Mgy SO P(}fo) [Yo] = [H[)AX[) + ‘0] = Homo From
@)

Py, (Xo) = E[Xo] + Sx,v, ¢, , (Yo — E[Yo])

=mg + EXOVOEYOYO (10 — Hom/()).
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Note Xx,v, = ZoHg and Zyv,v, = HoXoHj + Ro. Write Py for
Yo+
Recurrence 11.2: Suppose Po(Xo),..., Pr(X1) have been ob-
tained and the next observation Y11 is recelved

Yitr = Hep1 X1t + Vierr

We wish to determine the projection Pri1(Xgy1) of X411 onto the
space spanned by Yo, Yy, ...,  Yiq1.
Lemma I11.3: PL-H (/\k+1 ) FL Pk (‘X],.)

+AR (AT (Vg = Heqr FrPo(X3)).

PVO()f:' Consider Zl-"-H = Xk+1 - PL»(XL,+1 )—|—C],.+1 (Sf};_H —
Py (Y41)). We wish to choose Ci41 so that

E[Zk+1(yk+1 - Pk(Yk+1))*] =0

This is the case if

Ck-‘,—l - _ AkJrl( kJrl)#
where

A = B[(Xigr = Pe(Xug)) (Yigr — Pe(Yig1))']
and

A = B[(Yina — Pe(Yi) (Vs — Po(Yig1)'].

(Ak“)# is a generalized inverse of A’”“ With this choice for
Cry1 Pey1(Zky1) = 0s0

Py (Xit1) = P(Xppa)
+ ASEH (2
= FkPk( Xk)

A AV (Vi — Hip FuPe(Xn)

as Py(Wi41) =0 and Py (Vig1) = 0.

AN (Vigy — Pe(Yig))

Pr11(X k1) gives the best linear least squares estimate of X4, given
Yo, Y1,...,Yiq1. Pu(Xy) has already been determined and the new
information is provided by Yi 1.

We finally show how C'y1 is updated. Write

AN = Bl(Xk = Pu(Xi))(Xy — Pu(X1))']
for the error covariance at time k.
Lemma 3.3: Cry1 = —ASHARD# where
AN =AM HL,

A’;/Jg'l :Hk+1A§(JS(1HZ+1 + R4
A% —FkAklk F{ + GeQus1 G,

AR k4T A kF1 ko AR IN#E A RFL
AV =AY - ARV (A )T (ARY)"

IV. FUSION OF OPTIMAL LINEAR FILTERS

Suppose as in Section III { X}, & = 0,1,2,... is a signal process
with dynamics
X1 = FuXe + GeWigr. (5)

However, suppose now we have two observation processes {1V},
Y} k= 0,1,2,.... Write

- (Y
k= 2}/]C :
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We suppose 'Yy, = ‘H X, 4+'Vi,i = 1,2,k =0,1,2,....The {'V,.}

are sequences of zero-mean uncorrelated noises with

E['Vi] =0
E[i‘fki‘/}*] _ iRkéké

and E[Xo'Vi] =0, i=1,2.

Further
E['Vi*V/'] = Twére.

However, we assume the 'y, are not known a priori. They are to be
modeled and estimated from the observations. This could be because
the observer has some control over 'Y and *Y separately but not

jointly.

Notation IV.1: 12 P denotes the projection onto {Yo, Y1,..., Y5 }.
For ¢ = 1,2, "'P, denotes the projection onto {"Yg, ¥1,.... 'Y }.
Write

Hy = ()
Vi = (Vi V)
sothat Y, = H Xy + Vi
IZA’;(tl :E[(Xk+l - IZPk(XA+1))
X (Y1 — 12Pk(l/'k+1))*]
=F [ (IYL:+1 - 12P}.’7 (Xl:+1 ))
X ("Y1 = PPo('Yir))
(Xi1 — P Pr(Xis1))
« (2Yk+1 _ 12Pk(2 fk+1))*]
PAR = B[ (Ven = PP(Yis)
X (Vi1 — mpk(Y/cH))*]- (6)

Problem IV.2: With the combined observation process {Y% } the re-
sult of Section III gives

Y Pt (Xeg1) = Pe(Xeq)
—2Cen (Yk+1 - 12ka( fk+1))
=F"? Po(X4)
20
X (Yk+1 —Hk+1F/c12Pk(Xk)) @)
with '2Crp = —"2AR(ZARTH# for some generalized inverse
(P AyEH*.

The results of Section III give update formulas for: = 1,2

iPk+1(Xk+l) = FkiPk(Xk)
= Cun (Verr = Hen B PUXL)) - ®)

with

‘O = = A AT

A =B[N = PeXir)) (Ve = P(Virn)) |
and

A =F (Vi = PVir)) (Vs = PeYisn)) ]

The fusion problem is to determine a recursive expression for
2P (Xy) in terms of 'Yy, %Yy, ' Pu(X1), and 2 P (X3).
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Suppose 2P ( Xi) is known and we wish to determine
2Py (Xg41). From (7), we see we need only determine

B = —RAR (A,
Now lsz(Xkﬂ) = Fklsz(X;c) is known and
2PViern) = ((PPCYern) " (P RCYi))
= ( (1HA~+1FL:12PL: ()(I;))*
(CHir Fi° P(Xy))” )
is known. Therefore, fori = 1,2
B[(Xur = " Pu(Xesn) ) (Virr = PPl Vi) |
=F |:<Fl.~, (Xk — 12PL:(XL:)) 4+ G Wit ))
x <(\’k - qu(Xk)) FYHT,
+ I”V/:Jﬂ GZiHZ+1 + i"’?ﬂl)]
= RAN P Hy + GRQiun G HE .
From (6)

12 A k+1 12 A k|k 1 * 1 *
AR = {Fk AN Y H )+ GrQun G Hyy

REANN L+ GkaHGzzHZH}

and IZAT'Q is known if
12ARE E[()gk - 1213,6()(,\“)) (Xk - 12Pk(Xk))*:|
is known.
1ZARH :E[(Xk+1 - 12PL7(X;7+1))
x (Xk+1 - lZPk(XkJrl))*]
:Fklef{‘f\»FZ + GrQur1Gx

and is known if 12&@’}} is known. As in Section III, the update for
lef{fQ‘k“ is given by

12 A k1|1 12 a kb1 12 A k1,12 A k1N F# 12 A k1%
AV = TAYY = TAYY CTAVY)T(TAYY)T

The only remaining term is
AR = B[ (Vi - " Pe)) (Y = P PYi) ) |

E 1Y_k+1 - 121—)}‘7(11/’“_"_1)
2 fk-‘,—l _ IZPk(zyk-‘,-l)

% {1Yk+1 _ 12Pk(1Yk+1)*
2 7«-&-1 - lzpk(zyk+1)*:|

A B
= i E+1 .
|: c D] , say, (dropping the k 4+ 1 suffix)
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Now

A=B[("Vier = P Pul Vi) ) (Vir = P Vi) |
—F KlHkHFk. (Xk - lsz(Xk.))
+ He GaWir + 1vk+1>
x <1Hk+1Fk (e = Pu(x))

+ "Hp 1 GeWiyr + 1Vk+1) }

1 12 A Klk w1 p*
= " Hep1 Fo Ay F{ Hpq

+ ' Hip 1 GrQuy1 Gr Hygr + 'Ry
Similarly
D=2H,  F A F2H,
+2Hi1 G Qr1 G2 Hyyy + Ry
The interesting term is
C*"=B
—F Klﬂm Fi (Xk _2p, (Xk))

+ ' Hiyp 1 Ge Wi + 1Vk+1)
X (QHI\:+1 Fk (Xk - 12Pk(}(k)>

+ 2 H 1 GeWig + 2V/c+1> ]
_ LHkHFklek\kXXFlszZH
+ ' Hi1GrQu1GiPHyg + E [1"”'k+12"’72+1] .
Remarks IV.3: If'yy1 = F [1 $’/}€+12V,f+1] is known then B and

C are known. Consequently, a generalized inverse (12A’§—J§1)# of

12 AkF1

B
vy } is given by Lemma I1.17 and the update

A
“|C D
12 A k+1]k+1 _ 12 5 k41 12 A k+1 (12 A k+1 # (12 [PERRN
AX'y = "AYY - AAY( Ayy) ( AAY)
is determined, as is

. . . #
12 12 A k41 (12 A k+1
Chry1 = — A;V( AVJQ,) )

Consequently, 12 P41 (X541) is then given.
In summary, given '?A X“j( we can compute
If we also know I'x. we can find

3 #
giving (1 2 Aﬁﬁ;] )

and then '?Cy. ;1. The unknown quantity is the covariance T'x; =
E [1 Vit QVZ_H] between the noise terms in the two observations.
We shall investigate the relation between [';, 1 and the covariance of

(1 e+l — 1PL~(1YA~+1)) and (QYkJﬂ - 2Pk(2Yk+1))-

IV.4: Write E [(Wkﬂ -

YPe (YY) ) (PYaq — 2Pk(2Yk+1)) ] In Section V, we discuss
how A might be described.
Write

Mys = E [(){k+1 - 1Pk.+l(Xk+1))

X (Xk+1 — 2Pk+l(:~Yk+1)>*i|-

12 A bt

12 A k+1
Yy and “CAT.

12 4 k41
AY Y »

Notation Ak41 =
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Recall that for « = 1,2 from Section III

P (Xi1) = P PulXe) = ' Ciopr (Ve = "Pu(Virn))

with ‘Crpy = —'ARE! (AR,

The recurrences for * C'y 41 are known fori = 1, 2. We can then show
the following.

Lemma IV.5: The recurrence for M is given by

My = Fo My Fy 4+ Croy " Hypy s Fo My FY
+ FMeF P Hig " Clgy + GrQin G
+ lck+lAk+120k+1-

Lemma IV.6: From the definition given in Notation IV.4, it is easily
checked that

Aepr = "Hipt Mii " Hi + B ['Vi "V ]

Remarks IV.7: 1f A4 is given and M, is known then the result of
Lemma IV.5 gives My 1.

Lemma IV.6 then gives E [ Vi41*V}",]. The terms B and C' are
then determined allowing the recursion to proceed, as described in Re-
marks IV.3.

To initialize the process, consider

Mo :E[(Xo - ‘PO(XO)) (Xo - QPO(XO))*]
=E [(XO ~ E[Xo] = Sxo1y, Sy 1y, (Yo - E[lyo]))
x (Xo — E[Xo] - Sxy2v,
xS%, L. (Yo - E[2Y0]))*]
=S%x — Exolvozl#yolonlvoxo
— o2y Sy oy, T2y ex
+ E‘\’OlYOE?YOIYOZ1Y02YOE’?; 02¥ 0 22Y o Xo
This can be computed if we assume
Tiyy2y, = Ao
is known. In fact

Sx,'Yo =S4 x H, i=1,2
i 0 it i
Eiyoiyo = H(JE)()( HO + RU
where ‘Ry = E[ZV(JlV;].

Knowing these quantities M, is determined.
If Ay is specified at each time M}, and the E ['Vi,*V}’] are known
then the recursion is complete.
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