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The occurrence of a 3-cocycle in quantum mechanics or quantam field theory has
been interpreted somewhat paradoxically as a breakdown of the Jacobi identity. The
main result of this paper is that the 3-cocycle in chiral QCD arises as an obstruction
which prevents the existence of a certain extension of one Lie algebra by another.
This obstruction may be avoided by constructing a modified Lie algebra extension
consisting of derivations on -the algebra generated by the fields. However the
3-cacycle then appears when an attempt is made to implement these derivations by
commutation with unbounded operators in the canonical equal-time formalism.
Assuming the existence of these unbounded operators is what leads to the violation
of the Jacobi identity. © 1995 American Institute of Physics.

1. INTRODUCTION

In the physics literature the occurrence of 3-cocycles has been interpreted as the breakdown of
the Jacobi identity for commutators of the field operators. However commutators of operators
defined on a common dense invariant domain in Hilbert space must always satisfy the Jacobi
identity. This forces the conclusion that when a 3-cocycle arises it must signal the absence of a
representation by such operators of the algebra in question. Some time ago one of us! showed how
one could understand this conclusion in terms of an “obstruction” to representing a symmetry
group of a quantum system on a Hilbert space (this was an extension of the traditional mathemati-
cal approach to the existence of group extensions?). To apply this in an explicit way to the physical
examples we found that further mathematical techniques were needed. A comprehensive investi-
gation was undertaken in Ref. 3 where we adapted some results on cohomology theory of groups
and Lie algebras, originally devised to study group actions on C*-algebras, so that they might be
used to explain the properties of certain 3-cocycles in quantum mechanics and quantum field
theory. The fact which we wish to report here is that this framework does indeed show that in one
of the principal examples found in the physics literature (chiral QCDs.. ;) the 3-cocycle does arise
as an obstruction.

For the earlier literature on anomalies in general including these 3-cocycles see Refs. 315
and references therein. The only explicit examples given in Ref. 3 were of a nonphysical nature.
While the abstract theory of Ref. 3 is quite technical it turns out to be simple to apply and hence
our aim in this account is to show how to describe two physically interesting cases. The first of
these is inspired by the Dirac monopole problem and occupies Sec. II. The second is the problem
of anomalous commutators in non-Abelian chiral gauge theories. We describe the results of the
perturbation theory calculation for equal time commutators in Sec. III and our interpretation of the
result in Sec. IV. We find that the 3-cocycle predicted by perturbation theory arises from an

0022-2488/95/36(62/2605/ 16/$6.00
J. Math. Phys. 36 (6), June 1995 © 1995 American Institute of Physics 2605

ownloaded 06 Apr 2011 to 192.43.227.18. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissiot



2606 Carey et al.: Realizing 3-cocycles as obstructions

algebraic interpretation of the anomalous commutators followed by an application of Ref. 3 to this
situation. It should be regarded as further evidence of the failure of the canonical equal time
formalism, something which should not surprise the experts.'® We preface our overall discussion
with some mathematics in Section 1 which presents the theory behind these examples in a Lie
algebra framework. The reader may omit Section 1 on the first reading, dipping into it for the
motivation for the methods used in the examples.

Note that Ref. 3 deals, except for its last section, with groups acting on algebras of bounded
operators (it has in mind the Haag—Kastler framework for quantum field theory) whereas here we
are more concerned with the Wightman viewpoint (that is algebras of space—time smeared
operator-valued distributions). Thus Section 1 is an amplification of the classical theory of Lie
algebra extensions following Ref. 3 necessitated by this application to Wightman field theory.

Finally it is worth summarizing our interpretation of the results described here. In the axiom-
atic approach to quantum field theory it is assumed that the quantum fields are operator-valued
distributions which are defined on a common dense invariant subspace of the Hilbert space of
states of the theory. Moreover it is normally assumed that the test functions are, say, functions of
fast decrease or of compact support on Minkowski space. These fields generate the so-called field
algebra which is an algebra of unbounded operators. On the other hand the canonical approach to
quantum field theory works with fields defined at sharp time and smeared only in the space
variables. Now, the conclusion of the present paper is that the difficulty with the canonical equal-
time formalism for chiral QCD suggested by perturbation theory methods has an independent
mathematical formulation in terms of a version of extension theory for Lie algebras.

This raises the question of how one is to interpret the sharp time formalism. Calculations
involving free field current algebras indicate that sharp time space-smeared electromagnetic cu-
rents exist only as derivations on the space-time smeared algebra of currents. In other words one
may define sharp time currents by their commutation relations with the space—time smeared
currents (which do exist). One cannot construct the sharp time currents as operator-valued distri-
butions on the test functions defined on the space variables only: it is well known that the usual
expressions for these currents which are written in the literature must be interpreted as defining
quadratic forms (in other words only their matrix elements are well defined). The conclusion to be
drawn from the present paper is that for chiral QCD;,; one must also regard the equal-time
formalism as being defined only by its algebraic relations with the full space—time smeared field
algebra (which of course has not been shown to exist in any mathematically reasonable sense).

Il. LIE ALGEBRA 3-COCYCLES

From a mathematical point of view the relationship between obstruction theory and 3-cocycles
is well understood. The main task in applying this theory to the examples found in physics is to
identify and interpret the Lie algebras from which the putative extensions are to be constructed
and hence to give explicitly the 3-cocycles which act as obstructions to the existence of them. This
task was carried out at the group level in Ref. 3 where the situation is in some ways more
complex. As the physics literature deals mainly with Lie algebras it is worthwhile to present some
of the key ideas ab initio at the infinitesimal level. The purpose of this section then is to explain
the theory necessary for the ensuing discussion. It should be read in conjunction with Section 5 of
Ref. 3.

We start from some (possibly infinite dimensional) Lie algebras A, I, where A is an ideal of
I' and :=T/A. We summarize this situation by saying there is a short exact sequence:

A-T—Q.

In a quantum field theory I’ is given as derivations on the observables or algebra of quantum fields
of the theory. Thus we assume the existence of a field algebra .# on which I acts as derivations. 4
One then seeks operators which implement these derivations and hence we assume that there is

J. Math. Phys., Vol. 36, No. 6, June 1995

ownloaded 06 Apr 2011 to 192.43.227.18. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissiot



Carey et al.: Realizing 3-cocycles as obstructions 2607

algebra z/ consisting of operators preserving some common dense domain D of a Hilbert space
A with Lie bracket given by the commutator. For .4 and % to be compatible we need the field
algebra .+ to also act as operators preserving D. Mathematically this is expressed by saying that
I'CDer . # (the derivations on .#) such that # implements T, i.e., foreach geT thereisaye v
such that g(A)=ad(y)(A)=[y, A] on D for all Ae.#, and ad| ,&=T. Let 2 ={y e Z[y,
A]=0 for all A e..#}, then this situation may be summarized in the following diagram of exact
sequences of Lie algebras:

W c X

i !

y C Y

adla 1) v adly 1)&
0 — A —_— r — Q — 0

s

! l w

0 0

where 7 ={ue ad| ,uc A} and 77’=7N.2" As we shall see in the examples this diagram
summarizes certain desiderata of quantum theory. Our aim will be to show how these desiderata
may fail to exist in particular cases. This is analogous in a way to Wigner’s theorem which forces
us to consider representations up to a factor when a priori we might hope for ordinary represen-
tations. Before continuing we make one notational remark, in the following Z(B) denotes the
center of the algebra B.

For each of the exact sequences (both vertical and horizontal) in the preceding diagram we
may choose linear sections v, 0, and w, as indicated in the diagram, which then define consequent
2-cocycles u, i1, o via the relations

(i, vil=vpg, gt p(dk), w:A*>77,
[133, 6h]=6[gy h]+;l(g,h), ari=.7,
[we, wal=wp, nto(g.h), o0:Q*>A.

These equations simply summarize the fact that a Lie algebra extension is defined either by the
short exact sequences above or explicitly via commutation relations using these 2-cocycles. In
these circumstances we can prove some elementary facts.

Lemma: The algebra 77 is a Lie ideal of 2.

Proof: Let ue 7" and y € 2. Then we need to show [u,y] e 7

ad| A[u, y])=[ad| u, ad| ,y]leA

because ad| , is a Lie homomorphism, ad| u< A, ad| ,yeT, and A is an ideal of I. Hence
[u, yJe 7" : O

J. Math. Phys., Vol. 36, No. 8, June 1995 o
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2608 Carey et al.: Realizing 3-cocycles as obstructions

The key point is that we are given the action of I' by Lie bracket on the ideal A. We implement
the subalgebra A by operators in 77" and then ask: is it possible to define an action of " on these
operators? The previous lemma shows that we can now define an action §: I'—Der 7" by

Op(v):=[b,, v] for all ve?,gel.

Clearly &is a linear map on I'. For it to be an action, we need Oig, n1= [, 8,]. Let us check this
relation:

[0, Sri(v)=([0,, 04], v] using the Jacobi identity
=[0p, a1, v1+[ g, h), v]= 84, n)(v)+[Ai(g,h), v].
Thus & is an action if and only if [(g,k), v]=0, i.e.,
a2 —Z(Z,7):={ye &y, v]=0 for all veZ}.

'

Henceforth assume this. Now we are in a position to apply the philosophy of Ref. 6, namely to
measure the difference between v and & on A. Let

e(d):=04—v,; for all deA,

$0 @:A—F is linear.
Theorem 2.1: Given v, ¥, and & as above, then & I'—Der 7 is an action such that
(i) 8g(vy) €V gt # forall gel',deA and
(i) 8;(v)=[v,, v]foralldeA,ve?,
if and only if @(d) e Z(Z)N% for all de A.
In this case we may define a function X\ (cf. Ref. 6) by

M8.d):=8,(v,)—v[g € H=Z(PINW
and then
Mg, d)= fu(g,d) = S (p(d))+ o([ g, d]).
Proof: First we see that
(ad| /S, (v))(A)=[84(v,), Al=[[D,, v,], A]
=—[[A.5.], val-Tva, AL,G,]
=[g(A), vg]—[d(A), 3,]
=g(d(A))—d(g(A))
=[g, dl(A)=[v(,, a1, AL
Thus S,(v,) €v(,, 4+#" Next we have
6,(v)=[04, v]=[vg, v]+[e(d), v]=[vy, v] for all ve?, deA iff [o(d), v]=0,
ie.,
o(d)eZ(INH'=% for all deA.

For the last equation,

J. Math. Phys., Vol. 36, No. 6, June 1995
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Carey et al.. Realizing 3-cocycles as obstructions 2609

Mg,d):=8,(va) — v a1=[0g, val— Vg, a1
=[0,,04—@(d)]=0pg, syt e(lg, d1)
=01, gt it(g,d)— [0, @(d)]—01g, a1+ @(lg. d])
= (g, d)~[0,, e(d)]+ (g, d])
=p(g.d)— 8,(e(d))+ o(lg, d])

and clearly this is in J# by prior assumptions. O

Remarks: (1) In Section 5 of Ref. 3 we showed that the map A is the key ingredient for
constructing 3-cocycles in this setting. The precise formula is given in Eq. (2.2) below from which
we see that when 0 =v, for all de A (i.e., ¢p=0) we have \(g,d)= iu(g,d). Hence in this special
case if =0, the 3-cocycle is zero.

(2) On the other hand actions & :T’'—Der 7 satisfying the two conditions of Theorem 2.1 {but
not necessarily of the form & ,(v)= [0 g v1} have also been studied in Re;f. 3, and also determine
a 3-cocycle K :Q* =% as in (2.2) below. The role of X is explained by Ref. 3, Theorem 5.1, which
says that, given an action §:'—Der % there will be an extension: §:'—Der 7" if and only if
u(d,k)e Z for all d,k e A and there exists a map N:I'XA—.% such that

A(0,d)=0=\(g,0), (2.12)

8,(u(d.k))+N(g.[d, k)= n(lg, dl.k)+p(d.[g, k]), (2.1b)

A([g, h].d)=8,(\(h,d))— 8,(N(g,d))+N(g.[h, d]) —A(h,[g, d]), (2.1¢)
M(d.k)=u(d,k) for dkeA;ghel. (2.1d)

Note that usually % consists of scalars so that the starting point for this result, an action §on %,
is not a problem. We emphasize that the existence of such a X guarantees there is an extension of
& to the larger algebra 7 and conversely. In the examples we will encounter such actions (and
consequent 3-cocycles K) in the case when the second vertical exact sequence in the previous
diagram,

0—#'— %—-T'—0,

is undefined. Now the existence of such a sequence is a desirable feature of any quantum field
theory: it simply says that one may implement the symmetry defined by I' by commutation with
operators in % on the Hilbert space of states. However we find that in the examples only the first
sequence

0> —-7"—A—0

can be assumed to exist and that the 3-cocycle is an obstruction which prevents us finding the
other vertical sequence.

Definition: For each choice of \ satisfying conditions (2.1a)—(2.1d) above there is a 3-cocycle
K:Q3— % given by

K(gvh’f)z)‘(wg 70-(h’f))+}\(wh ,O‘(f,g))+)\(a)f,0'(g,h))
=38, (h.N)+8,,w(f.8)+ 8, (v(g.h)—~v(lg, hL.N)~v(lf. gl.h)—v(lh, fl.8)
=(‘9U)(g’h7f)’ (22)

where v(f,g): =v(o(f,g)). [We refer the reader to Ref. 3 for the verification that (2.2) satisfies
the 3-cocycle identity.]

J. Math. Phys., Vol. 36, No. 6, June 1995
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2610 Carey et al.: Realizing 3-cocycles as obstructions

The main point of this section is to explain how this [K] is to be interpreted as an obstruction.
Hence let K be trivial, i.e., there is a linear antisymmetric 2-cochain p:QZ—m"K such that

K(g.h.f)= 84 (p(h,f))+ 80, (p(f,8))+ 8, (p(g.1)) = p(Lg, h1.N)—p(Lf, 81.0)—p([k, f1.8)
=(9p)(8.h.f).

Substituting this into K=dv we obtain dW=0 where W(g,h):=v(g,h)—p(g,h).

anwara Y ) aleabors  contlmem

Theorem 2.2: Given the Lie algebras, sections, and action & as above, with consequent
3-cocycle K, assume that K is trivial. Then
(i) &#=Q& 7" with bracket

[g:1®uy, g20u,1:=[g;, g210(u,, “2]"‘50,3](“2)_5wgz(“1)+W(g1,gz))

defines a Lie algebra (W as above).
(ii) The map v:#—Der.4Z given by

v(g®u)(A):=[u, Al+w,(A), Ae £geQue?

is an action.
Proof: (i) Clearly & is a linear space and the bracket is linear in each entry and antisymmetric.
Check the Jacobi identity:

J=Cycllg,®u;, [g,®u,,83®u3]] (sum of cyclic permutations over 1 2 3)
=Cycllg,®uy, (g2, 8310 [uy, usl+ 5(.)32(“3)_5mgs(u2)+W(gz,83))]

=Cycl{[g:.[g2,2311® ([uy,[uz,u3]11+[u;, 5{»32(“3)_ 5mg3(u2)+ W(g2,83)]

+ 5,,)3 (Cuz,us]+ 5wg (u3)— 8, (uy)+W(gy,83))— 6, (ur)+W(gi.[g2, 83D}
) 2 83 [g2.23]
Now using

Cycllgy. [g2, g311=0=Cycl.lu,, [u,, u3]]

and
Cycl(8,, (W(g2,83))+ W(g1,[g2, 831))=(aW)(g1.82.83)=0
and notation 0@ u=u, we see

J=Cycl{[u,, 5%2("3)‘ 50;83(“2) +W(g,,g3)]+ (5wgl5wg2(u3)

- 6wgl5mg3(u2) - 5w[g2’ 83](ul))+ 6«)3,([“2 ’ u3])}'

Now

J. Math. Phys., Vol. 36, No. 6, June 1995
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CyCL(awglgwgz(uS)_ 5wg15wg3(u2) - 5w[g2‘ 83](u1))
= ([5w3| ’ 5")82]— 5w[€1 , 32])(u3)+ ([5&)33 s 5w31]_ 5&)[33' gl])(u2)+ ([5(»32 ’ 5""g3]— aw[gz‘ 33])("‘1)

= 8la, 0y )~ O, 51 (43)+
= Btg, ) (43) F Bogy ) (U2) F Bugy g (41)
=[v(g1,82), us]+[v(gs,81), u2l+[v(g2.83), w1l
Observe [u;, W(g3,83)]1=—[v(g2.83), 4], s0 substituting into J and cancelling
I=Cyel{[uy, 8, (u3)= 8, (42)]+8,, ([u2, us])}
=[uy, 8u, (u3)=8u (ua)1+[us, 8y (u2)= 8y, (u)]+[uz, 8 (ur)= 80, (u3)]
+8,, (L2, us)+ 8y, ([uz, D)+ 8y, (w1, uz)=0
using 8y, ([u2, us]) = [8u, (u2), us] + [uz, 8y, (u3)]-
(i) Clearly v: &—Der.4 is linear, so we need to show that
v([g,®u;, §20u,])=[v(g,9u;), v(g2®u,)].
rhs=[v(g,9u,), v(g,®u3)1(4)
=v(g10u) v(g,®u;)(A) = v(g,@u)v(g,©u;)(A)
=[uy, v(g28u2)(A)]+ wg (v(g,@uz)(A)) —[uz, v(g:@0u;)(A)]— w,,(¥(g1®u)(A))
=[uy, [ug, All+[u1, 0, (A)]+w, ([uz, AD+ o, (0, (A))—[uy, [u, Al]
—[uy, g (A)]=wg,([u1, AD) = w,, (g, (4))
=[[uy, uz], AT+, (u2), Al=[8,, (u1), Al+ [0y, 04, 1(4).
In this step we used the Jacobi identity and

wi([w,AD=[8, (), AT+, ©(4)]

which we prove as follows: recall that any « € 7" can be written u =v 4+ i, for some d € A, where
Y e#. Thus

wg([u, AD)=w,([va, AD)=(w,-d)(A)
=[w,, dl(A)+(d- w,)(4)
=[vi0,. a1, Alt[va, 0g(4)]
=[0u,(va), Al+[u, wg(A)]
=[8, (1), Al+[u, wg(A)].
So, returning to the main calculation:

rhs':[[l“l s u2]+ 5{03‘(“2)_ awgz(ul)i A]+ O-(gl ’gZ)(A)+ w[gl s gz](A)'

J. Math. Phys., Vol. 36, No. 6, June 1995
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2612 Carey et al.: Realizing 3-cocycles as obstructions

So since 0(g,82)(A)=[v(g,.82), A1=[W(g1.82), Al,
ths= [[ul ’ u2]+ 6&)3[(”2)— 50)32(“1) + W(gl ’g2)’ A]+ w[gl , gz](A)

=v([g:1®u;,8,9u,])(A)=1hs.
0

Thus we interpret a nontrivial 3-cocycle X as an obstruction to the construction of this extension
& and its action on .# as above. (Observe that when K is nontrivial, we cannot define W hence the
bracket of # is undefined.)

ill. PARTICLE IN A MAGNETIC FIELD

One of the first examples of the appearance of a 3-cocycle in a physical context arose from the
Dirac monopole. From a mathematical viewpoint this example is somewhat artificial: a precise
analysis of a quantum mechanical particle in the field of a point monopole can be devised which
avoids any discussion of 3-cocycles.!”'3

However one special case of the monopole situation (a magnetic field B on R* with V.B#0)
does fit into our framework. We include this example to explain the main ideas on 3-cocycles in
a simple context.

So the situation we are considering is that of a particle moving in R? in a magnetic field with
nonvanishing divergence. The quantization of such a system leads immediately to difficulties. For
example one would like to write for the velocity generators (setting Planck’s constant equal to
one),

11 g " 31
YT \T s ) G-1

where VXA =B even though a smooth A does not exist unless the magnetic field is divergence
free. Proceeding formally from (3.1) implies that one should expect anomalous commutators. Let
{a;.B;j=1,2,3} be real and define

o(2;Bv;, 2 vivi) = £/ ByiBy, (3.2)

where B;, [=1,2,3, are the components of B and £=e/m?. The right-hand side of (3.2) is what
one gets by formal calculation of the commutators (—i)[2;8v;, 2, v,v,] from (3.1). Now in
order for the Jacobi identity for the commutators of the velocity generators to hold it is necessary
for o to satisfy a 2-cocycle identity [this is shown for example in Ref. 14 where a formal
calculation from (3.1) yields the right-hand side of (3.8) below when one checks the Jacobi
identity]. But with V.B#0, o is not a 2-cocycle and so (3.2) cannot be used to define a Lie
bracket. However, this line of argument is suspect as we cannot assume that (3.1) with singular A
defines an essentially self-adjoint operator on an invariant dense domain of the Hilbert space of
states. Indeed one usually expects that one has to choose some self-adjoint extension by imposing
boundary conditions (in Ref. 8 these additional conditions are found to lead to the Dirac quanti-
zation condition). Nevertheless the framework of Ref. 3 and the previous section may be used to
give a consistent interpretation of (3.2).

To use this framework we construct some Lie algebras. Introduce

(i) the Abelian Lie algebra A of smooth real-valued functions of the generators of space
translations modulo constants: that is, let A be all smooth functions from R> to R where we
identify d; and d, if d,—d, is constant and we indicate the equivalence class of d by d;

(i) the Abelian Lie algebra of velocity generators: Q=R> with basis {v,,v,,03}.

J. Math. Phys., Vol. 36, No. 6, June 1995
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Next one regards o as a function from QX to A [that is to take the right-hand side of (3.2)
as a smooth function on R® modulo constants]. To avoid confusion we denote this function by &.
Second we assume B satisfies

V -B=constant=:¢c#0.

There is an obvious way to construct a solution to this equation by requiring B to depend linearly
on the R® variables. All other solutions differ from this one by a solution of the homogeneous
equation V-B=0. Such fields do not give rise to a 3-cocycle and so we shall not consider them.
Thus we make the global restriction that we consider only B which are linear functions. Hence-
forth fix such a B to make o well defined.

Next we assume that ) acts on fe A in the usual way by

3
vi(f)= 5{7- (3.3)

We now observe that -} X ) — A satisfies the 2-cocycle identity. To see this rewrite the () action
on A as

s

Sp(d)=B(d)=2, By, (d) for B=2 B;eQ, deA.
i J

So the 2-cocycle relation is (where Cycl.{-} denotes sum over cyclic permutations of 1,2,3)

(35)(B1.B2.B3)=Cycl{d (6(B2,B:))+ a(B1,[ B2, B31)}=Cycl{ép (6(B2 .B3)}

and with notation 8;=%;8v;:

(96)(B1,BasB3)=Cycl.| = BVu (kP pPB,) | =¢ Cycl. D) BV BP B (B,).
j ik, l.n
’ ’ (3.4)

We want this to be proportional to V-B (which is zero under -).

Now coefficients of the mixed terms are zero; for example, we check the coefficient of
vy(B,):

BB B~ BB+ BB B - B8 + BB B~ B B 0.

Others are zero by symmetry. So

(86)(B1,B2.B3) =& Cycl. 2, PPy (B,).

k,l.n

By writing out each coefficient of v,(B,), we find they are equal, and the common value is

£k B B B =£8,N\B,/\Bs. So

(86)(B1,B2,B3)=E(B/\B/\B3)- X vi(B)=0 (3.5)

J. Math. Phys., Vol. 36, No. 6, June 1995
wnloaded 06 Apr 2011 to 192.43.227.18. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissio



2614 Carey et al.: Realizing 3-cocycles as obstructions

when V-B=0 and if V-B=c as assumed here, then under -~ (i.., identifying the constants with

zero) the right-hand side of (3.5) is zero in A. Having verified that & is a 2-cocycle on  with
values in A one can form the corresponding extension of Lie algebras:

=[<ﬁ,3) BeQ,B=2, Bu;, beA

with commutators

[(8,8).(8",8")]=(0,8(5")— B'(&) + 5(B,B")), (3.6)

where from (3.3) we have
< 36"
B(5 >=§ B

and we have linearity:

(B,8)+1(B',8")=(B+1B',5+15).

The key observation is to note that, when we take a representation of the algebra of smooth
functions on R® by operators on a Hilbert space and then let them act on operators on this space
by taking commutators, the scalars act trivially. Thus one really has an action of A. Thus it is
possible to have an action of the Lie algebra I as derivations on the algebra . of observables (say
by commutators). In particular we can define the action of & as a derivation by using the com-
mutator with the function o where the latter is regarded as an operator on the Hilbert space of
states. This means that from the viewpoint of algebraic quantum theory we may use (3.2) to define
the commutator between derivations. A problem arises only if one now wants to represent the
velocities v,’s by operators on a Hilbert space rather than by derivations on an algebra.

. To prepare this situation for an application of Sec. I, we restrict our attention to the subalgebra
I'CT generated by 1XA, where

Ag:=lin span{dj{j= 1,2,3}cA

and d; R3—>R are the functions d;(x)=x;, j=1,2, 3, i.e., the position observables. So as a linear
space F QX A, and the bracket (3.6) resl:ncts on I to

[(8.9), (B',8")]=(0,6(8,B")) 3.6 -

using the fact that B(8) =0 since &1is linear and constants are factored out of Ag. Note that ¢ takes
its values in Ay by assumption of linear B. This provides us with the short exact sequence

0—-Ag—I—0-0,

which will play the role of the horizontal exact sequence in Sec. I. We also have a section
w: Q-1 given by the canonical identification of £ in ['= QO XA, with associated cocycle &
given by (3.6').

Next we need to construct the vertical exact sequence:

0> -7 —A;—0.
Assume there is a representation v of A, as self-adjoint operators on a common dense invariant
domain D, and let 7" be the set of operators: lin span {R1,v(8)| e A}, so the commutators in 7
J. Math. Phys., Vol. 36, No. 6, June 1995
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are all identicaily zero. Assume further that the field algebra . % is irreducibly represented on D, so
that Ker(ad| ,)=Cl, hence ad| (Z)=A, and this identifies A, as derivations on .. So with the
map from 7" to A, in the exact sequence given by ad| ,, we find Z"=RL. In the terminology of
Sec. I the original representation v defines a section v:A,—%" with 2-cocycle u=0.

The data we need to apply Sec. I is completed by a map A: ['xA,—R satisfying (2.1) and
defined by

1
MBA.T)= 2 B 3.7)
k

(this choice of A will be physically motivated below).
Conditions (2.1a), (2.2b) and (2.2d) are obviously satisfied—all expressions are zero. We
check (2.1c) [omitting expressions &g ,(u(-))=0]:

A(B7).(B, %), ¥)=A(B. LB 7).(0,¥)D+N(B".¥).1(B.%).(0,¥)]),
Ihs=X((0,6(B,8")),¥")=0 by (3.7),
rhs=N((8,7),6(B',0))+M(B",¥"),6(B,0))=0.
Hence A defines a 3-cocycle X as in (2.2). Now using the identifications above:

K(B.8,x)=\((B,0),6(8,x))+1((8,0),6(x. )+ ((x.0),5(B.6))

1
=— 2 {BeG (0.0t 6T (x. B+ X (B, )i},
k

where &(8,x)=Z2(6(8,x)idy» s0 (5(8,x))=(9/9x;) (8, x) and using (3.2),

3 . B,
e

hence

f jnl aBI
K(B.6.3)= - 2 (0% Bi XiBnbit Bibnxit 5
k

This is exactly of the same form as (3.4), hence

K(B.0.0)== (BAOAR(YB). (38)

On setting B=v;, §=v,, x=Uv;, this agrees with the 3-cocycle in Ref. 14.

This obstruction cannot be avoided once we fix (3.7) because the cohomology of £} (an
Abelian Lie algebra) with values in R is given by totally skew multilinear functionals on (), so it
follows that (3.8) determines a nontrivial cohomology class.

We can read off from Theorem 2.2 that X is indeed an obstruction in the usual sense.

Finally, to justify the choice (3.7) for A, recall that \ corresponds to an action &:I'—Der 7"
such that A(g,d) = S,(vy) —v(g, a1 gel, deA. In this case [(B, 5) (0, 5)] (0,0(8,0))=0,
S0

N(B.7),7")= 853w (¥ )= 85,0y (¥))+ 80,3 (¥)).
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Now on identifying d; e A, with the position variables and v ;€ €1 with generators of velocities,
we expect to obtain the canonical commutation relations in any representation. This forces a
choice of action §:I'—Der 7" as follows. First, since a representation v:A,—Op(D) is already
given, we will have

30 »W(¥' )= (=Dv(¥), v(¥)]=0.

[The (—i) is due to the fact that we require the v(%)s to be self-adjoint.] Second, we assume we
have self-adjoint operators {u(v j)l j=1,2,3} on # preserving D such that

[u(vj), U(dk)]=151k/m, (3.9)

the canonical commutation relations. Then for

B=2 Bu;eQ, ¥'=2, yidieh,
j k

we find

A(B, Y)Y )= 6p,0(v(¥"))
=2 B%bw, 0@(d0):
ik

1
=2 Bivi(—Dlu(v),w(d)]== 2 Byl
J.k k

m

using (3.9), and this is exactly (3.7). This justification is necessarily loose because of the following
lemma, in which we make precise the earlier comment that there is no (twisted) representation of
I" in which & is implemented.

Lemma 3.1: Given the structures above, there is no second vertical exact sequence as in Sec.
L

adl\,,‘A
0—-R—%—1I-0

with section #:1'— 2 coinciding with v on A such that
M(B,¥), ¥ )= (=DI5UB, 7)), v(¥)].

Proof: Assume the contrary. Then by Remark (1) below Theorem 2.1 we have

A(B,7),7)=a((B,7),(0,7")),
(*)

where . is the 2-cocycle u:I?*—R associated with §. Check the cocycle relation for fi:
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GAY(B, V). (B, ¥"),(B",¥"))=Cycl{Sg5(A(B",¥").(B".¥"))

+ (B ¥).1(B".¥).(B". ¥ )}
=Cycl{a((B,7).[(B".¥"), (B".¥)D}
=Cycl{a((8,9),(0,5(B"." )}
=Cycl{A((8,9),6(B",8"))} by (¥)

1
=Cycl{ =2 BUG(B".B")| by (3.1)=K(B.B'.B")
k

and from (3.8) we know this cannot be zero. Thus & is not a 2-cocycle, and ¥ cannot be a section
as assumed. O
The proof of this lemma is essentially the standard calculation in Ref. 14, and shows in what
sense K is an obstruction to implementing the Lie algebra of derivations by operators.
Remark: In the analysis above it is essential that the algebras we are considering consist of
unbounded operators. Proposition 2.6.4 of Ref. 19 shows that there can be no nontrivial 3-cocycle
for Lie algebras of bounded derivations on algebras of bounded operators.

IV. SUMMARY OF JO’S CALCULATION

Probably the most interesting example of a 3-cocycle arises in the calculation of the
Schwinger term for currents in QCD. We begin by reminding the reader of the standard calculation
following 70?0 (which, for our purposes, is the most useful treatment).

Jo considers chiral fermions in (3+1) dimensions coupled to a Yang-Mills gauge field. He
defines an equal-time algebra starting with

3

A=, D A%x)T® dx',

i=1

the Yang—Mills field “operator” at fixed time t=0. Here T* are the generators of the Lie algebra,
g, of the gauge group. Jo finds that the CCR become anomalous. Defining the equal-time ¢om-
mutators of the operators by the BIL method (see Ref. 14 for a discussion), Jo finds the following:

[A{(x), A%(y)]=0,
[E{(x), A2(y)]=—i6,;6"8(x—y),
[EX(x), EX(y)]=iae ul (T°TP+TPT*)T)A{(x) 8*(x—y)

(here €”* is the antisymmetric tensor as usual, tr(-) is the trace in g, « is a constant, A, =3 A{T*
and g is n-dimensional and the E’s are the fields which in the classical Lagrangian method are
conjugate to the A’s).

For our purposes it is convenient to rewrite this as follows.

Let . denote the smooth functions of fast decrease on R® with values in R*>XR", and denote
the components of fe.%” by f7(x). Then

3 n
Af)=2 2 L3A?(x)f?(x)d3x @.1)
i=1a=1
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2618 Carey et al.: Realizing 3-cocycles as obstructions

and similarly we smear E(f) over .%. The commutation relations are

[A(f), A(g)]=0, (4.2a)
3 n
B, A@1=-i2 3 [ fegwam=:-ir.e), (4.2b)
j=1a=1
[E(f), E(g)]=icA(f@g), (4.2¢)
where
(f®g)i(x): =2 € f(x) g ()l (T*T?+ T*T*)T°]. 4.3)

a,b

The right-hand side of (4.2c) is not a 2-cocycle, only a 2-cochain with values in the Lie algebra

generated by the A(f). Comparing the equations (4.2) with (3.9) and (3.2) we note the similarity

with the situation in Sec. III. One can now try to verify the Jacobi identity. Let
J(E(f).E(8),E(h))=CycllE(f), [E(g), E(h)]].

Then

J(E(f),E(8),E(h))=CycL[E(f),iaA(g®h)]
=a Cycl.(f,g®h)

=a Cycl. 2 feij"g?(x)h?(x)fz(x)tr[('f“Tb+TbT“)T"]d3x

a,b,c

=3a ), f €T g e ()R8 () FEU (T°TP + TP T*) T<1d’x, (4.4)

a,b,c

where Cycl. denotes summation over cyclic permutations of f,g,A.

At this point the view expounded in the literature is to regard the Jacobi identity as failing. So
one has to conclude that the E(f)s are not operators on a common dense invariant domain. In fact,
of course, it is not clear where the contradiction lies since one is effectively assuming that the
E(f)s are such operators in order to define the anomalous commutators (4.2) and so perhaps the
BJL formalism used to calculate them is the cause of the problem. We observe in Sec. V that the
anomalous commutators {(4.2) can be interpreted as specifying the commutation relations between
derivations. This is consistent with the observation that a quadratic form may well define a
derivation on the algebra of space—time smeared fields without necessarily defining an operator,
Thus (4.2) has a meaning in field theory independent of perturbation theory as does the 3-cocycle
4.4).

V. THE CGRS FRAMEWORK

To use our framework we need to identify an exact sequence of Lie algebras
0—-A-T-0-0 (5.1)

with A an Abelian Lie algebra and I" an Abelian extension of A by ().
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To obtain this sequence, we will think of the “operators” E(f) and A(g) as derivations on
some field algebra #, in which case scalars are factored out of the commutation relations (4.2).

Let A be the Abelian Lie algebra, identical with the test function space % as a linear space [its
elements are thought of as the A(f)s]. Let ) be another copy of .%” as an Abelian Lie algebra [but
now its elements are thought of as the E(f)s without the right-hand side of (4.2c)].

The action of {) on A is taken to be trivial, i.e., 8g(d) =0 for all Be, de A [this is justified
by (4.2b), factoring out constants]. Then the map o :(0*—A, which is defined by o(f,g): = af®g
(using the identification of {} and A with .%), is a 2-cocycle because

(90)(f.8,h)=Cycl{8(o(g.h))+o(f[g, h])}=0
for all f,g,h ). So we form the corresponding extension of Lie algebras:
I'=Qa@&A with bracket [fdg, hdk]=0s®0o(f.h) (5.2)

as in (3.6). Now the horizontal exact sequence (5.1) is specified, and we identify the section
w:(3—T by w,=f®0, so

[of, wp]=000(f,h),

and o, corresponds to E(f), now satisfying (4.2c).
For the vertical exact sequence
ad| ,

0= —7"— A—0

assume there is a representation v of A as self-adjoint operators on a common dense invariant
domain D in a Hilbert space .#, on which the field algebra is also irreducibly represented and
such that v implements A as derivations on .%. Let 7" be the linear space of operators spanned by
{RLv,|d e A}, which is an Abelian Lie algebra. Then #"=Rl, ad| (#)=A, and the original
representation v:A— 7" is a section with 2-cocycle u=0.

To “guess” an appropriate map A:I'XA—R satisfying (2.1), we calculate the action
&:I'—Der 77 which would have been appropriate if (4.2b) were true. Identify A(f) with vy,
feA=5 Suppose there are operators uy, f e ) =5, preserving D [identified with E(f)] satis-
fying the equal-time commutation relations

Lup, vpl=i(f,h)
and providing the action §:Q—Der 7" by &,(v,)=(—i)[us, v,]. So §:I'—=Der 7" will be
Orog(Un) = 8ra0(Vp) + Soag(Vi) = 8e0(v ) =(f,h)
and thus A:-I'’XA—R is given by
Af®gh)=ree(vh) —Visag, 0on™ Orag(vn) =(f,h). (5.3)

Since this A was obtained by fallacious reasoning, we need to verify that it does indeed satisfy the
conditions (2.1). Again, (2.1a), (2.1b), and (2.1d) are obviously true. As for (2.1c)

MNfog, hdkl,m)= (fog,[hdk, 0®m])—A(h®k,[fDg, 0Om]),
Ths=A(0® o (f,k),m)=0,
ths=A{(f®g,0)—N(h®k,0)=0.
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2620 Carey et al.: Realizing 3-cocycles as obstructions

Hence the \ given by (5.3) satisfies Eq. (2.1), hence defines a 3-cocycle K:Q*—R:

K(f.g:h)=A(f®0,0(g,h))+N(g®0,0(h.f))+N(r®0,0(f,g))
=(f,0(g.h)+ (g,o(h,f)+ (h,0(f.g))=a Cycl(f,g®h) (5.4)

which is exactly the same 3-cocycle as the one obtained in Sec. 3 from Jo’s calculation. Observe
firstly that K determines a nontrivial cohomology class as the cohomology group in degree n with
real coefficients of an Abelian Lie algebra is given by the space of totally skew n-multilinear
maps. Hence we can now proceed to prove the analogue of Lemma 3.1, which shows that the Lie
algebra I" cannot be represented in such a way that the action & associated to \ is implemented.
Moreover K will also be an obstruction to the existence of the extension of Theorem 2.2.

We conclude that the 3-cocycle is an obstruction to finding a representation of the Lie algebra
I' for which the canonical relations (3.1) hold. From the viewpoint of rigorous quantum field
theory one should regard this result as further evidence that the canonical equal-time formalism is
probably not appropriate in 3+1 dimensions: a fact which is not all that surprising.
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