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Abstract—For line-of-sight links in random media or urban
areas, propagation may be approximated through sequential
reflections of an optical ray in a two-dimensional medium of dis-
ordered lossless scatterers. Franceschetti ef al. approximated such
percolation-based optical-ray propagation by a Markov process
with two absorbing barriers, provided numerical solutions for
the probability of a ray passing through the percolation lattice
and solved—both approximately and exactly—a corresponding
problem based on the theory of martingales. In this paper we
solve exactly the Markov-theoretical formulation of the problem
and prove that both the Markov and martingale approaches are
equivalent. Our proof is an application of the Perron-Frobenius
theory which provides an elegant framework for the study of
the asymptotic behavior of stochastic processes. We demonstrate
that for a wide range of vacancies and incident angles the exact
solution of the Markov-theoretical formulation performs signif-
icantly better than the commonly used Wald approximation in
the martingale approach. This has a number of implications on
the accuracy of the model, especially for low density propagation
media.

Index Terms—Electromagnetic propagation in random media,
Markov processes, martingales, mobile communication, urban
areas.

1. INTRODUCTION

HERE IS AN ever-increasing requirement for the high
Tvolume communication of information to homes and
businesses. This information needs to be delivered speedily and
with low latency. The volume of information to be delivered is
escalating, as is the per-user capacity. The problem of how to
deliver this information, from the provider to the customer, is
known as the “Last Mile Problem.” The problem is essentially
about distribution, which is common to many other fields such
as water distribution in irrigation systems and blood flow in
biological systems. Wireless systems are an obvious solution
because their losses are less than those of wired systems over
the distances required. As wireless systems are unguided,
they are subject to atmospheric losses and losses caused by
obstructions such as buildings and terrain. On the other hand,
for point-to-multi-point systems reflections caused by building
blockage can be exploited. In general, interference of a signal
due to reflections, refractions and diffractions need to be con-
sidered.
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While a full electromagnetic theory can be used to study
the transmission characteristics of a signal, the equations
are typically difficult to solve with many formulations being
intractable. For this reason various approximations and alter-
native models for propagation have been developed, which
include empirical (or statistical), semi-empirical and determin-
istic (or site-specific) approaches (see, for instance, [1]-[3]
and references therein). Empirical models are based on the
statistical characterization of the average attenuation of a
transmitted signal and include the Okumura-based models
developed in the COST 231 project [4], [5] and the Hata Model
[6]. Most of the semi-empirical models are based on the COST
231 Walfisch-Ikegami model and take into account streets
guiding effects and multi-screen diffraction effects [7], [8],
[5]. Deterministic approaches such as ray-tracing techniques,
image methods and the finite-difference time-domain model,
typically have a physical basis, and require a vast amount of
data regarding the geometry of the problem, the terrain profiles,
the locations of building, trees and other scatterers and many
more (see, e.g., [1] and references therein).

A relatively new deterministic model that is computationally
inexpensive is the percolation-theory based approach in [9].
Franceschetti et al. consider a model of optical-ray propagation
across a medium of disordered lossless scatterers. In this model
the medium through which the ray propagates is treated as a
two-dimensional percolating lattice. The idea is to determine
the probability of penetration as a function of scatterer density
and the ray’s incident angle. This probability can be linked to
the probability of the electromagnetic field being received [10].
In order to derive closed analytical expressions, Franceschetti
et al. further describe the percolation of the ray stochastically.
They use the theories of Markov chains and martingales in their
analysis of the resulting random walk scenario. Thus, strictly
speaking, they move away from percolation theory; however,
they show that for scatterer densities below the percolation
threshold and for incidence angles around 45° the results
obtained by employing probabilistic approximations are in very
good agreement with numerical simulations of percolation-lat-
tice based optical-ray propagation.

Percolation theory dates back as far as 1957 [11] and is still
an active area of research. Percolation has been used to describe
many very different physical phenomena, including forest fires
[12], gelation of polymers [13] and semiconductors [14]. Good
references on the theory can be found in the books of Kesten [15]
and Stauffer [16]. Percolation theory is a very simple model for
a disordered system. The random medium is defined through a
set of regular lattice points that are either: site percolation, which
uses the lattice vertices, or bond percolation, which uses lattice
edges. In site percolation each site is occupied randomly with
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probability p whereas in bond percolation p defines the degree
of connectivity. These occupied sites or bonds then represent
certain physical properties. For example in the well-known dif-
fusion model of forest fires [16] the occupied sites are trees. Oc-
cupied sites form clusters, which are simply groups of nearest
neighbor sites. Percolation deals with these clusters. Important
to percolation theory is the existence of a percolation threshold
pe. At values of p > p., for the first time there is an unbroken
path from one side of the system to the other, i.e., there is a
cluster that spans the lattice, and it is said that the lattice “per-
colates.” In the forest fire algorithm, for instance, a fire is started
on one side of the lattice and propagates toward the other side.
The fire is only able to propagate through combustible cells of
the lattice. It is then easy to determine if a cluster spans the lat-
tice—it does if there are any cells in the last row of the lattice
that are “burnt.” The percolation threshold p = p. defines a
phase transition at which the behavior of a system changes.

The Franceschetti lattice [9] is an infinite two-dimensional
regular square lattice and each cell is either occupied with a scat-
terer or not. Under the assumption that the occupancy status of a
cell is random and independent of any other cell in the lattice one
can define an occupancy probability density ¢ = 1—p,i.e.,acell
is “empty” or unoccupied with the probability p. Only values of
p above p. ~ 0.59275 are of interest for the Last Mile Problem,
as it is for these probability densities that optical-ray percolation
can occur, that is, an optical ray can propagate from one side of
the lattice to the other. If a cell is occupied the impinging ray is
totally reflected; if, on the other hand, the cell is unoccupied then
the ray progresses freely and without any loss. Scatterers are im-
penetrable and diffraction at the edges of the lattice is ignored.
The fact that the effect of refraction and diffraction on trans-
mission is ignored limits the application of the model. Further-
more, the model is two-dimensional and based on the premise
that a site being empty or occupied is statistically independent
on neighboring site states, i.e., there is no structural organiza-
tion. As cities usually have a fairly high degree of structure the
assumptions of two-dimensionality and statistical independence
reduce the applicability of the approach with respect to model-
ling propagation in urban areas. Nevertheless, the Franceschetti
model provides a simple foundation for examining how a city
topology can modify certain propagation characteristics, such
as losses in power densities. It may also prove useful, if appro-
priately extended, in solving some specific problems related to
line-of-sight (LOS) links in random media or urban areas.

Reference [17] improves the basic model by generalisation
to a non-uniform distribution of empty cells. Here site states
in a lattice row j are described through a more general occu-
pation profile ¢;, and it is demonstrated that the Markov ap-
proach to solving the percolation lattice problem is very accu-
rate for random percolation lattices with p > p.. Thus it appears
that finding an exact (and potentially simple) analytical solu-
tion of the Markovian formulation of optical-ray propagation in
random media [9] would help advance the field and facilitate
future research in this area.

In [9] an approximate and widely used expression for prop-
agation depth is based on describing a sequence of reflections,
or “jumps,” of the optical ray in the percolation lattice as a mar-
tingale and then employing Wald’s approximation when calcu-
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lating conditioned ensemble averages that relate to optical rays
penetrating certain lattice levels. Franceschetti et al. see a need
for additional approximations, such as the Wald approximation,
because they found that the exact solution of the Markov ap-
proach “[- - -] requires numerical manipulations of the transition
matrix [- - | that do not appear to lend themselves to a simple an-
alytical expression.” In this paper, we actually derive an exact
analytical solution for the Markov approach to optical-ray prop-
agation in random media by manipulating the Markov transition
matrix and employing the Perron-Frobenius theory for non-neg-
ative matrices (see [18] for a description of the theory). The so-
lution turns out to be of great simplicity, and we shall prove that
it is equal to the exact solution of the martingale approach. Un-
fortunately, this exact solution appears to have been forgotten
by parts of the research community as in some work following
[9] only the (inaccurate) Wald approximation is used [17], [19].
Thus we believe that the derivation we present in this paper will
be a useful addition to the body of work on percolation-theory
based optical-ray propagation.

Our paper is organized in the following way. In Section II
we define in more detail the mathematical problem that we will
solve, and introduce our notation. In Section III we describe
how the Markov chain approach can be applied to ray propa-
gation in random media and we formulate the problem in the
limit of infinitely many reflections to recover the model of G.
Franceschetti er al. in [9]. We then highlight that in this limit
the Markov chain approach has to be equivalent to an approach
that solves the stochastic ray propagation process through em-
ploying the theory of martingales. We provide a proof of this
observation by deriving an exact solution of the Markov ap-
proach. In Section IV we interpret our result in the context of the
Perron-Frobenius theory, which provides a general and elegant
framework for determining the asymptotic behavior of Markov
processes. We also critically assess the accuracy of the Wald ap-
proximation to the martingale-based approach of [9], [17] and
provide a physical interpretation of our main result. In Section V
we conclude.

II. PROPAGATION MODEL

The lattice is a simple two-dimensional square lattice that is
infinite in both its horizontal and vertical extensions. Sites are
occupied independently of neighboring sites with a site occupa-
tion of ¢ = 1 — p giving a completely random distribution of
occupancies. Moreover, p > p. so that the lattice is percolating.
The medium is assumed lossless (scatterers are impenetrable)
and diffraction effects are ignored. Fig. 1 shows an example of
such a percolating lattice and a ray propagating in the lattice.
The k levels of the lattice are labelled with indices with level
1 = 0 being just outside the lattice and ¢+ = 1 the first row of the
lattice. An impinging ray has angle of incidence # and first has
to enter the lattice before propagating within it.

In [9] the problem is divided into two parts: first finding the
probabilities, Qo(7), for the ray entering the lattice and being
reflected at lattice level j for the first time; then formulating the
probability distributions for successive jumps. Geometrical ray
optics allows for the determination of the ray’s path based on
only the incidence angle and the initial entry point into the lat-
tice. Of course, the real problem is to determine the propagation
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Fig. 1. Example of a ray propagating through a percolating lattice.

of a large number of impinging rays. Thus we assume a sta-
tistical number of rays (which is equivalent to saying that the
electromagnetic wave is a parallel plane wave), and hence the
entry point dependence disappears and can be replaced by an
entry probability, which in the case of the percolation lattice is
equal to p.

In Fig. 1 it is shown that an impinging ray, upon entering the
lattice, could propagate freely through a number of layers since
the first reflection does not necessarily occur at the first or even
the second level. In order to calculate the probability for a ray
being reflected at level ¢ we note that the number of vertical and
horizontal level faces that need to be crossed freely prior to the
reflection at level 4 is (i — 1)(1 + tan#) + 1 [9]. This leads
to some new definitions: the effective probability of a site to be
empty:

_ _14tané
Pe =D

and the effective probability of a site to be occupied
Ge =1 — pe.

It then can be shown that the probability for the first ray reflec-
tion occurring at level ¢ of the lattice is given by [9]

q, fori =0
PP M es for0<i<k (1)
Sk PPt e = ppFTt, fori = k.

Qo(1) =

Within the lattice a ray may be reflected such that it remains
within the lattice row, “jumps” forward or “jumps” backward.
These cases are dependent on whether the reflection takes place
on a horizontal face or a vertical face. The latter results in a jump
forward while the former describes a jump backward. For a ray
entering the lattice obliquely the probabilities of hitting a hori-
zontal face, &y, or a vertical face £, are not equal for incidence
angles that differ from 45°

1

&= 1+ tan@

and & =1— &.

As argued in [9] the overall probability for a ray heading
in the forward direction after n reflection is given by a.,pe
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Fig. 2. Measure of how well, after n = 100 jumps, ray propagation in perco-
lation lattices can be described by symmetric jump distributions, e.g., a measure
of 0.01 (0.02, etc.) describes a 1% (2%, etc.) deviation from asymptotic sym-
metry. Here ,p = 0.7 and 8 = 10°,30°,45°,60° and 80°.
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Fig. 3. Same as Fig. 3 but for » = 1000 reflections.

and the probability for backward propagation is (1 — «;,)pe.,
where o, = (1/2) — (1/2)(& — &)™ Except for § = 0° and
90° limy, 00 a0, = (1/2), i.e., in the limit of infinitely many
reflections forward and backward jumps become equally likely.
This fact indicates that the distribution of jumps is asymptoti-
cally symmetric irrespective of the angle of incidence (with the
exception of exactly horizontal and vertical rays). Figs. 2 and
3 illustrate that for p = 0.7 and incidence angles between 10°
and 80° asymptotic symmetry is reached with 5% accuracy
after 100 reflections and 1.8% after 1000 reflections in thin
lattices (k < 50). The shown measure of relative distance from
asymptotic symmetry is evaluated by employing the inhomoge-
neous Markov approach to optical-ray propagation in random
percolation lattices in which incidence-angle dependence is
exactly accounted for. This approach is described in more detail
in [20].

In [9], Franceschetti et al. observe that under the assumption
that backward and forward jumps have equal probability, the
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stochastic process of ray propagation can be considered a mar-
tingale. Employing the theory of martingales (see, e.g., [21]) the
authors determine the probability, ), (k), for reaching the depth
k after n successive reflections. We will argue in Section III-C
that the theory of martingales must lead to exactly the same so-
lution for lim,, o, @, (k) as a Markov theoretical approach in
which the jumps are assumed to be independently identically
distributed (iid), i.e., a, — (1/2)¥n. We will prove this argu-
ment by solving analytically the Markov theoretical approach
and calculating @w, thus complementing [9].!

III. MARKOV APPROACH TO RAY PROPAGATION IN THE LIMIT
OF IID Jumps

A. Definition of Markov Chain

When formulating ray propagation in a two-dimensional
random medium as a Markov chain problem, we make the
basic assumption that jumps between different lattice layers are
independent of the ray’s history of previous reflections. This
assumption can be articulated as follows: given the probability
Dj,j, that a reflection at layer jo occurs under the condition
of a reflection at layer j1, i.e., pj,;, describes the probability
of a “jump” from j; to jo; and given the probability Qo(jo)
that the ray initially propagates to lattice layer jo prior to its
first reflection, then the probability @, (jo,j1,.-,Jn) Of a
jump sequence from layer jo to j, via layers ji,j2,...,Jn—1
is defined by [22]

Qn(j07j17 v 7Jn) = QO(jO)pjojlpj1j2 BRI 2 M (2)

Summing over all possible states jo, j1, 72, - - -, Jn—1 We get the
probability Q.,(j,) of the ray reaching layer j, after (exactly)
n reflections

k

>

J05J15---Jm—1=0

Qn(jn) = Q0(J0)Pjoji Pirgs -+ Pin_1jn- (3

By defining a (k + 1) x (k 4+ 1) matrix M with components
M (i, j) = pij, (3) can be recast in the vector equation

Qr = Qi my: )

with the last component of this vector, Q,,(k), describing the
probability of the ray passing through the percolation lattice or,
more precisely, its kth layer after n reflections.

B. Limit of Infinitely Many Reflections
In [9] the probabilities p;; have been determined for the case
in which the ray gets infinitely often reflected inside the lattice
before either being reflected back (jo, = 0) or passing through
the lattice (joo = k). In this case, the problem of solving (4)
reduces to
QZO = lim Q_Z = QE lim M. 5)

n—00
IThe vector (o has k + 1 components; in our notation the components a (%)
of any given vector @ range from i = 0 to ¢ = k. Similarly, we use A(%, j)

to denote a matrix element with both row index ¢ and column index j ranging
from O to k.
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Under the assumption of asymptotic symmetry at every ray re-
flection (even the very first one)

1
n X = 6
a 5 (6)
the matrix M, is given by [9]
2 o --- 0 0
Pe pEt
. P? pE?
My = 5 2X}, . @)
ph! Pe
0 0o --- 0 2

The matrix X, = (g./2) X} is a (k — 1)th minor of M}, and is
a symmetrical (k — 1) x (k — 1) matrix, X} = X}, with

2 pe  p: o ee- phT?
P 2 pe - p’g‘i

X.=| P2 pe 2 ot @
ph=2 pkmd pht oo 2

C. IID Assumption and Absolute Fairness

By imposing the condition of asymptotic symmetry, (6), at
each reflection the ray has equal probability to be reflected for-
wards or backwards, irrespective of the angle of incidence. In
probability theoretical terms this implies that the sequence of
jumps {j,} is absolutely fair [23], i.e., the expectation value
for jump j,,41 is zero irrespective of the previous sequence of
jumps {j; }. Because the ray “loses the memory of previous re-
flections” whenever the next reflection occurs, the sequence of
reflection layers {i,} is a martingale: if the nth reflection oc-
curs at layer ¢,, then the expectation value for the next layer of
reflection is 4,, as well, i.e., the ensemble average i, over all pos-
sibilities for the next jump (1) iS 4,. Therefore the random
walk described by M} with M, defined in (7) is a martingale.
If the martingale formulation is solved exactly (as done in [9])
then both martingale and Markov approaches have to lead to the
same result. In the next subsection we will prove the correctness
of this observation by showing that the exact solution of (5) is
identical to the exact solution of the martingale approach as de-
rived in [9].

We emphasize that the equivalence of the two approaches is
only true under the simplifying assumption of iid jumps, (6).
This condition is only exactly fulfilled when the incidence angle
equals § = 45°. In [20] we discuss how the probabilistic ap-
proach to percolation-theory based ray propagation can be for-
mulated such that incidence angles 6 # 45° are treated exactly.
This leads to a generalized Markov formulation of the problem.

D. Closed Analytical Solution of the Markov Approach

In order to solve (5), we make use of spectral decomposition.
Let Ay = (&g, D1 - .., Jg) be a matrix whose columns contain



1406

the right eigenvectors &;, 4 € {0,1,...,k}, of My, i.e.,

MkAk = Akdiag()\o, /\17 ey /\k) (9)
Then M), = Agdiag(Ao,A1,..., \)A " and thus M} =
Apdiag(Ag, A7, .. AMAL Y e,

lim M} = Adiag ( lim A7,

lim A?,..., lim x,g) AT

(10)

The eigenvalues of M}, can be evaluated from the charac-
teristic equation det(My — Alp41) = 0.2 By expanding the
characteristic equation in cofactors we get det( My, — Alx41) =
(1 — X)2det(Xy — Mg—1), i.e., \og = A\x = 1 are two of the
k + 1 eigenvalues.3 The remaining k — 1 eigenvalues of M}, are
identical to those of the matrix Xj: the conditions A (i,0) =
Ak(i,k) = 0 define a subspace in which the eigenvectors and
eigenvalues of M, are determined by the eigenvalues and eigen-
vectors of Xj.

According to the Frobenius theorem the largest eigenvalue
of a Markov matrix M is 1. The theorem also states that there
are exactly r independent eigenvectors of eigenvalue 1 where
r denotes the number of recurrent classes of the Markov chain
M ; and the amplitudes of all other eigenvalues are smaller than
1.4 The process described by (7) is a Markov chain which, for
p # 0, has two ergodic (i.e., aperiodic recurrent) classes and one
transient class, see also Section IV-A. Thus there are only two
eigenvectors of eigenvalue 1 and the absolute value of all other
eigenvalues is smaller than 1: |\;| < 15,i.e.,limy,— o0 [Ail5 2o =
ovi e {1,...,k—1}.

Hence

lim M} = Agdiag(1,0,0,...,0,1)A;*

n—oo
- = 5 oo -1
= (&o,0,...,0,dk) A} (11)
and in order to solve (5) we therefore only need to calculate
the two eigenvectors &y and &y and the first and last row of the
inverse of Ay,.

2], denotes the I x 1 identity matrix.

3The indices for these two eigenvalues have been arbitrarily chosen to be 0
and k.

4For an overview of the application of Perron-Frobenius theory to Markov
processes see, €.g., [21]

5The case p = 0 leads to the trivial problem lim, .o M, = I;41,1e., all
sites of the percolation lattice are occupied. Thus a jump from layer ¢ to j is
impossible if 2 # j. As a result, with probability ¢ = 1 the ray gets reflected at
the first layer of the lattice.
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As detailed in Appendix A the two normalized eigenvectors
can be obtained by solving the equation M&y |1, = &g | - They
are (26)

1
wo_\/m(l,l,....l)
and (35)
2+ qe(k —2)
Qe(k_2)

de k—4
5= 71 (. )

ge(k — 2(k — 1))
-2 —q.(k —2)

with the normalization constant Z given in (36).
The first row vector of A,;l is

1
At = 5\/k+1(17070,...70,1)
and the last row vector is

gr = (1,0,0,...,0,—1)

2(2pe + kqe)
see Appendix B.

Inserting &y, &g, Bo and fF, into (11) leads to (12), shown at
the bottom of the page, and thus (5) reads

2p€ Qe 2p€ ‘26)

T

Q - 1_ —.0..... B e — 13
oo ( p2 k ? ? ’ /p2 k ( )

see Appendix C for details of the derivation.

Equation (13) is the exact solution of the Markov chain theo-
retical approach in the limit of infinitely many reflections n —
oo. An example of how with increasing number of reflections,
n, the penetration probability @), (k) asymptotically approaches
(13) is depicted in Fig. 4.

IV. RESULTS AND DISCUSSION

A. Perron-Frobenius Theory

The approach used to derive the solution for lim,,_,. M}’
in (12) is an application of the Perron-Frobenius theory for
non-negative matrices. Through employment of both the Perron
and Frobenius theorems it can be shown (see, e.g., [21]) that
a Markov chain M with r recurrent classes and one or more
transient classes:

2(2})6 + kqe) 0o --- 0 0
pe‘l_(k_l)(Ie 0 0 pe+qe
— 1 pet(k=2)ge 0 --- 0 pe+2¢ 12
m ., =
n—eo F T 2(2pe + kge) : : : :
De + Qe o -~ 0 pe+(k_1)qe
0 0 --- 0 2(2pe + kQE>
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Penetration probability, Q_n (k)

Thickness of lattice, k

Fig. 4. Q,(k) as a function of lattice thickness k for p = 0.7 and # = 45°.
The solid black curve shows the result for n — oo as calculated from (13).

1) has exactly r linearly independent left eigenvectors
7T, ... @L of eigenvalue A = 1 where 7} can be chosen
to be a probability vector with positive components on the
Jth recurrent class and zero elsewhere;

2) has exactly r linearly independent right eigenvectors
p1, ... pr of eigenvalue 1 where p; can be chosen to be a
vector with the component p;(7) equal to the probability
that the jth recurrent class will ever be entered starting
from state 7;

3)

(14)

’I‘
lim M" =Y p#rrl.

The probabilistic interpretation of the percolation-theory
based description of ray propagation in random media leads,
under the iid assumption 6, to the Markov process My, in (7)
which has two recurrent classes, namely respectively the lattice
levels 0 and k. The other lattice levels belong to the same
transient class because:

1) all levels 4,5 € {1,...,k — 1} are connected with each
other, which means that both transitions ¢ — j and j — ¢
are possible;

2) once a transition 2 — 0 or 2 — k occurs, there is no return
back to i. After all, the two levels 0 and k are absorbing
states.

Because of » = 2 with each of the recurrent classes containing
one state, we have 77 = é¢, and #» = e . This implies that 5}
and p5 are respectively the first and last column vectors in M2°,
(12)

P71 = BooWo + LroWr

=1, 1=y, 1=7,...,1—3%_1,00"  (15)
P2 = BorBo + Prrr
= (07’}/17727"‘77]67171)71 (16)
with Boo, Bok, Bro and Bk given in (39) and (40), and
e +l e
i = e T (17)

T 2pe + kg
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Thus, according to the Perron-Frobenius theory, the matrix
components M (i,5) with j € {0,k} are the probabilities
Pr(joo = j|jo = %) that (recurrent) lattice level O or k will ever
be entered starting from level 7. A corollary of this interpreta-
tion is that 77 + g2 = (1,1,...,1)T": in the asymptotic limit
of infinitely many reflections, irrespective of where a ray starts
it is certain that it will end up in either of the two absorbing
states, i.e., in either the Oth or the kth level of the lattice.

B. Comments on the Equivalence of Markov and Martingale
Approaches

The right eigenvector s in (16) is the same vector of prob-
abilities Pr(joo > k|jo = ) that Franceschetti et al. de-
rived by employing the theory of martingales exactly (see (41)
in [9]). Equally, the expressions for Cjoo are identical in both
the Markov and the martingale approaches (i.e., our solution
13 is exactly the same as (42) in [9]). In relation to their re-
sults Franceschetti et al. note: “It is remarkable that, from a nu-
merical point of view, relationship (42) is practically coincident
for all values of p and 0 of interest, with the exact solution [of
the Markov approach . . .] Hence, it can be considered the right
(non-approximate) expression of the propagation depth.” Our
observation in Section III.C and our derivation of expressions
13 and 16 show, that the described “coincidence” is no acci-
dent: The martingale and Markov approaches are merely two
different ways of solving the same problem.

Unfortunately, since the publication of [9] the correct solution
of the percolation theoretical approach to ray propagation for iid
jumps appears to have been forgotten by some researchers. For
instance, in [24], [19], [17] the 1999 paper [9] is cited but (13)
is not referred to. Instead Wald’s approximation to the martin-
gale approach is used for further investigation of the percolation
lattice problem. This approximation leads to the following ex-
pression for the probability vector Qm:

(Q_’i)\w’ald: (1 a k];e

The relative error made when using approximation 18 rather
than the exact solution 13 can be quantified by defining

(Qoo(k))VVald
Qoo(k)

Figs. 5 and 6 depict this quantity respectively as a function of
probability p for a range of lattice thicknesses & at fixed inci-
dence angle # = 45° and as a function of # for a range of p
values at fixed lattice thickness & = 50.

As can be seen from Fig. 5, with increasing lattice thickness
k the maximum of the relative error becomes larger and its po-
sition moves closer to p = 1. As shown in Appendix D, for all
lattices with k£ > 2 the position, pyax, of the maximum error
can be approximated by

__ l+tano k—2vVk—1
Pmax ~ k—Z

which is larger than the percolation threshold p. ~ 0.59275 for
all lattices (K > 2) and incidence angles # > 70°. Similarly,

(l_plg)vov"'vovkL;e(l_p];)> .

(13)

Err=1- (19)

(20)
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Fig. 6. Relative error, Err (19), of the Wald approximation as a function of
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the relative error is maximal in the area of interest (p > p.),
for instance, when & > 5 for =~ 45°,k > 12 for § =~ 10° or
k > 16 for 8 =~ 0°. At p = pmax the relative error in (19) has
the value

F=2 tvime  k—2VE—T
ok Pmax = 2%

Errmax = (21)
which, for thick lattices (k — o0), approaches 50%. The max-
imum relative error, (21), is depicted as a function of lattice
thickness k in Fig. 7.

C. Physical Interpretation of Results

The probability Q. (k) is not as abstract as it appears at first
sight. It is useful in the determination of the expectation value
for the energy levels at receivers inside a random medium, such
as an urban environment. We can assume that the penetration
probability Q. (k) is equivalent to the probability of the ray’s
energy being detected at a receiver that is positioned at k£ and
has an energy detection threshold E.;y, i.e.,

Pr(E(k) > Brmin) = Qoo(k). (22)
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Then the conditional expectation of the energy measured at the
receiver in k is given by [10]

(23)

i 1 2 2

E(k) - 2Qoo(k) (Emax Emin)
where the maximum FE,, can be determined from the energy
levels in the receiver under LOS conditions. As the expression
(1/2)(E2,. — E2.,) is merely a constant, Q) (k) essentially
describes the dependence of E(k) on k and #. Some work has
been published that discusses the experimental validation of
(23), [25]-127].

Note that Q. (k) and thus E(k) behave like (¢/k) for large

k with ¢ = 2pp../q. being a constant that encapsulates charac-
teristics of the (random) medium. This implies that the power of
radiation propagating through a lattice of random lossless scat-
terers decreases with 1/R with R = ak being the distance of a
cell from the lattice boundary (i.e., the city border in an urban
area).® Considering that a ray ensemble (or a plane wave) does
not lose any energy in a vacuum, the 1/R-power decrease in
E(k) is a mere result of lossless scattering inside the lattice. It
describes the effect of the random medium (or city) topology on
the propagation of the electromagnetic rays.

V. CONCLUSION

It has been demonstrated by a number of authors that the
application of percolation theory is a suitable starting point
for investigating path losses that arise from ray reflections in
random media such as urban environments. Percolation theory
allows for the formulation of a deterministic propagation model
that is based on very few (physical) parameters, and it is this
simplicity that facilitates the exploration of concepts, such as
the imprinting of urban topology on electromagnetic propaga-
tion characteristics. Within the approach a range of tools and
methodologies are available, and in some circumstances it is
even possible to find analytical solutions. Amongst these tools

6Here the constant « is the lattice spacing, i.e., the distance between the cen-
tres of two neighboring lattice cells. For instance, if an urban environment was
approximated by the two-dimensional random medium, then a describes the av-
erage width of a building.
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are random walk models, which can be analyzed by employing,
for instance, the theories of Markov chains or martingales.

In this paper we calculated the probability that an ensemble
of (plane-wave) rays reaches a certain depth in a lattice of ran-
domly distributed lossless scatterers under the assumption of
independently identically distributed (iid) ray reflections. This
probability is closely linked to the conditional expectation of
the energy measured in a receiver placed inside the random
medium. We derived an explicit expression for the nth power of
the Markov transition matrix in the limit of infinite reflections,
n — o0, and proved that both the theories of Markov chains
and martingales lead to the same analytical result. We also dis-
cussed the accuracy of the commonly used Wald approximation
and showed that it can underestimate the penetration probability
by up to 50% even in the domain of scatterer occupancy prob-
abilities ¢ below the percolation threshold ¢. ~ 0.40725 which
is the domain of relevance for this problem.

When formulating ray propagation in random media as a two-
dimensional percolation lattice problem and analyzing it with
probabilistic methods, a number of approximations are being
made. Firstly, reducing the dimensionality of the problem in-
fers that the model is only applicable when the main propaga-
tion is a lateral one. Amongst others, this is the case when a)
the transmitter is a far-external source, i.e., so far away from
the lattice that the scatterers’ heights are negligible; b) the scat-
terers—such as buildings in an urban environment—are much
higher than the transmitter; or c¢) transmitters and receivers are
located at the same level, such as ultrawideband radios posi-
tioned in two-dimensional logistics or security sensor networks.
Secondly, describing signal propagation in terms of classical
ray optics ignores wave phenomena, in particular diffraction
at the sharp edges of obstacles—such as buildings in a city.
Thirdly, replacing random media with percolation lattices that
consist of “black cells” (lossless scatterers) and “white cell”
(vacuum) discounts many effects including attenuation and re-
fraction. Fourthly, the probabilistic approach to solving the per-
colation-theory based propagation problem is inaccurate in situ-
ations when the ensemble average of the scatterer distribution in
the lattice is an inappropriate representation of the actual phys-
ical process. For example, vertically impinging rays do not see
a “gray” lattice but only penetrate to a certain lattice level if
and only if all the levels they pass through are “white.” Finally,
there are assumptions within the probabilistic approach that help
make the problem more tractable, e.g., in the case of the work
presented here, the simplification was made, that ray reflections
are iid.

While this series of approximations may invite criticism, it
should be noted that the approach is extendable. In particular ray
attenuation and refraction can be included, and the discrepancies
between ensemble averaging and percolation simulations can
be analysed in order to enhance the applicability of the model.
To achieve the latter it is desirable to formulate, and potentially
solve, the probabilistic approach exactly, i.e., without resorting
to any approximation. In particular, it has been noted [19] that
the assumption of iid ray reflections leads to considerable differ-
ences between model predictions and field measurements when
the signal transmitter is placed inside the lattice. This is mainly
due to the fact that the assumption of iid ray reflections results in
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an inaccurate angle dependence of the calculated probabilities.
Hence predictions for phenomena that require the superposition
of plane waves, for instance to generate spherical waves, can
only be described unsatisfactorily.

As indicated throughout this paper we have managed to gen-
eralize the model to allow for an accurate description of ray in-
cidence angles that differ from 45°. This approach is still prob-
abilistic and a generalization of the Markov approach of [9]. It
leads to a more accurate description of penetration depths and
thus overcomes some of the limitations of the model discussed
in this paper and in [19]. We will report on this new approach to
percolation-based propagation in random media in [20].

APPENDIX A
CALCULATION OF EIGENVECTORS @y AND J,

The [th component, (Md)(l), of the vector resulting from
multiplying matrix Mj, in (7) and an eigenvector & of eigenvalue
A = 1is given by

1
(Mid)(l) = 5 {piw(o) + e w(k)
-1 k—l-1
+%§:MFWW?+%§:wU+MQ} (24)
m=0 m=0
for! # 0 and [ # k, and
v Jw(0) for 1=0
(Me&)(l) = {w(k) for I=k 3)

With g, 3¢

m=0

p™ = 1 — pJ it is straightforward to show that

k—1-1

> =2
m=0

Noting that w(l) = (M&)(1) is the equation determining the
eigenvector of A = 1 it follows that

-1
PhADE g Y Pl g
m=0

1
-T
ol = ——(1,1,...,1 26
0 T 1( ) (26)
is one of the (normalized) A\ = 1 eigenvectors of Mj. We
could have guessed this result because My(1,1,...,1)T =

(1,1,...,1)T corresponds to Z?:o pij = Vi € {0,1,...,k},
i.e., the fact that no attenuation (or amplification) of the ray
occurs when reflected inside the lattice.

In order to determine the second eigenvector of A = 1 we
introduce the vector & with components (1) = w(l) —w(k —1).
By subtracting (24) with | — k — [ from itself we get

1
w(l) =5 (p" = p™' 1) 2(0)
-1 k—1—1
q_e _ m—1 m—1
S st 4 st .

27

Without loss of generality we can restrict our further calcula-
tions to the case [ < (k/2) noting that x;,, = 0 for even k.
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Extracting from the last sum in (27) the term proportional to as can be proved by induction:

Tr—; and using xp_; = —x; yields 1) Given (31) we get for [ = 1:
I 1 -1 _ k11 20 o ——
w) = g s (e —w ) 2(0) 2(2) = (14 q.)o —qezp ) = ge(0)
-1
ta | Y w(l—m)pr! = (1 +g)z(1 )—qew<0)
o which shows that (32) is true for [ = 1.

+ Z z(l+ m)pm—l 2) NOW. assume that (32) is true for all [ < m, which also
implies that

Ly x(z+m)pgw—1]. P+ 1) — al) = go(a(1) — 2(O)VL < .

From (31) it then follows that:
We can simplify the right side of this equation by replacing =z ;
with zj_; in all terms in which j > k/2. After some algebraic z(n+2) —z(n+1)
manipulations we obtain = (14 ge)[z(n + 1) — z(n)]
n—1
— Ge \Pe — Pe z(0
(2+aept ™) z(l) = (p" = pE™"71)2(0) i n ) <0
-1 2 n—m n—m-—1
R it |32 o - 52 et
tge Y w(m) (pm T = pT )

=

3

i = (1+ g.)ae (1) = 2(0)] + (o)
21— n
+qe Y w(m) (pHm Tt = kT — ¢ | > pr {a(m) —x(m — 1)} +pp” 139(1)]
m=I+1 Lm=2
(28) = (14 go)gelo(1) — 2(0)] + ¢Zp2 ™" 2(0)
where we have introduced — ¢2[z(1) — x(0)] Z pe ™ = aZpl (1)
m=2
k k for k even n—1
— = 2 n— 1 e
[2} = { k=1 for k odd. 29 = (1 +de —qept T - qf%) ge[z(1) — 2(0)]

= ge[z(1) — (0)]

Subtracting (28) with [ — [ + 1 from itself leads to

9 k=211 ..(] QED.
(2 + gepe ) z(1) Inserting (32) into (28) and some algebraic manipulations
— 2+ gt 2(1+1) lead to
_ I+1
= (! —pc) 2(0) (51 _ [5 -2 [5--1_ [5]--2
-1 x(l) Pe — Pe + ge [%] (pe + Ppe )
+a. Y alm) (p7 T —p ) #0) (14 poplt g [5] ( -yl 2)
m=1
g (1= pE7272) (@l + 1) = pea())  (30) _ ae(k=2) (33)
qek + 2p.
<[ <
Hence, for 1 < I < [(k/2)]- Thus for 1 <1 < [(k/2)]- we get
1 qe(k — 21)
I4+1)= ——— < (2+ gepe)z(l )= 2=—2x2(0). 4
z(l+1) 2pe+qe{( + gepe)(l) a(l) qek+2pe$() (34)
2y |t mo1y, Using the relation z(k — I) = —z(k) it can be shown that this
(1 =»¢) |}0€ )+ e Z Pe (m ] } equation is also true for [(k/2)]- < [ < k. Thus we finally
obtain
= (1+g.)x() — ¢ Zp’ " ha(m) — gepe a2 (0). 2+ qo(k — 2)
ge(k —2)
©1) ge(k = 4)
Gp=2"" : (35)

Thus it follows that :
qe(k —2(k - 1))
w(l+1) = (1+1g.) x(1) — lgew(0) (32) —2—q.(k—2)
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for the second (normalized) eigenvector of eigenvalue A = 1.
Here, the normalization constant is given by

Z= \/2[2 + qe(k —2))2 + %qgk(k' —1)(k-2). (36)

APPENDIX B
FIRST AND LAST ROW OF A;l

In this Appendix we describe how to calculate the first and last
row of the inverse to the spectral matrix Ay which, as mentioned
after (11), we need in order to determine the solution of (5).
From the eigenvalue equation (9) it follows that:

T T T 1 1 1

M7 (ACY = (ALY diag [~ —,...,— ) (37

(M) (AFY) (A" diag SBVE ,)\k()
which shows that the first and last row of the inverse to Ay
are right eigenvectors of (M; )7 to eigenvalue (1)/(Ao) =
(D)/(A) = L.

Given the definition of matrix My, (7), it is straightforward
to show that M, ! must have the following form:

1 0 . 0
mio mii mik
1 ma20 ma1 mag
M7t = . (38)
ME—1)0 Mk-1)1 Mk—1)k
0 . 0 1

Thus & = (1,0,...,0)7 and & = (0,...,0,1) are eigen-
vectors of (M, *)T with eigenvalue 1. From this it follows that
the linear combinations By = Bgo€0 + PBoxEx and B = Bro é}l +

Br1.€) are the two eigenvectors of (A )T = (Bo, b1, .- -, Br)
that we need to evaluate.
From
BE Do B
—-1 .
Iyr = Ay A = : , :
Bido --- Bl

we get the system of equations B}]T&O =1, ﬁg&k =0, ﬁ,{d)’o =
0 and ,Bkrd)’k = 1, which can easily be solved, given Jy and &y,
in (26) and (35), respectively. The solutions are

1
ﬂOOZﬂOk:§Vk+1 (39)
Z
Bko = _Bkk = m (40)

with Z given in (36).
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APPENDIX C
PROOF OF (13)

When inserting the expression 12 for Mg° into (5) one ob-
tains:

QZO = (l—pp’;71 —Y,U,...,O,ppgil -‘rY) (41)
with
- k—1
Y = _fe 1 =+ (s — 1 e i_l~
e + k. 2+ (= Dy
Using
k—1
_ 1 _
Sopt=—(1-pkY)
s=1 de
k—1 p pk71
(=0t = B (1) = ()P
—~ qz de
we get
2pe + qe —
= p el o
2pe + kQE
and hence,
-, 2pe =+ Ge 2pe + Ge >
T e T de
=(1- ,0,...,0, 42
Qe ( P ope + ka. 2pe + kqe 42
which is (13).
APPENDIX D

PROOF OF (20)
Given the function Err we can determine the maximum posi-
tion pax by finding the zeros of the p.-differentiated (19)
0=(k—2)p —2kp. +k =240 (pf7"). 43

Neglecting terms of order O(p¥~—1) (which is approximately
true for £ > 2) we obtain (20) as the only solution with p < 1.
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