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Abstract

In this paper we discuss one-dimensional models for two-phase Enhanced Oil Recovery (EOR) floods (oil displacement by
gases, polymers, carbonized water, hot water, etc.). The main result presented here is the splitting of the EOR mathematical model
into thermodynamical and hydrodynamical parts. The introduction of a potential associated with one of the conservation laws and
its use as a new independent coordinate reduces the number of equations by one. The (n) X (n) conservation law model for two-
phase n-component EOR flows in new coordinates is transformed into a reduced (n — 1) X (n — 1) auxiliary system containing just
thermodynamical variables (equilibrium fractions of components, sorption isotherms) and one lifting equation containing just
hydrodynamical parameters (phase relative permeabilities and viscosities). The algorithm to solve analytically the problem includes
solution of the reduced auxiliary problem, solution of one lifting hyperbolic equation and inversion of the coordinate transfor-
mation. The splitting allows proving the independence of phase transitions occurring during displacement of phase relative
permeabilities and viscosities. For example, the minimum miscibility pressure (MMP) and transitional tie lines are independent of
relative permeabilities and phases viscosities. Relative motion of polymer, surfactant and fresh water slugs depends on sorption
isotherms only. Therefore, MMP for gasflood or minimum fresh water slug size providing isolation of polymer/surfactant from
incompatible formation water for chemical flooding can be calculated from the reduced auxiliary system. Reduction of the number
of equations allows the generation of new analytical models for EOR. The analytical model for displacement of oil by a polymer
slug with water drive is presented.
© 2005 Published by Elsevier B.V.

Keywords: Reservoir engineering; Enhanced oil recovery; Analytical model; Gas injection; Polymer flooding; Hyperbolic systems; Conservation
laws; Riemann problem

fluids involves complex physico-chemical interphase
mass transfer, phase transitions and transport property

1. Introduction

Enhanced Oil Recovery (EOR) methods include
injection of different fluids into reservoirs to improve
oil displacement. Displacement of oil by any of these

* Corresponding author. Fax: +55 22 2796 9734.
E-mail address: puime@]lenep.uenf.br (A.P. Pires).

0920-4105/$ - see front matter © 2005 Published by Elsevier B.V.
doi:10.1016/j.petrol.2005.11.009

changes. These processes can be divided into two main
categories: that of thermodynamics and of hydrody-
namics. They occur simultaneously during the displace-
ment, and are coupled in the modern mathematical
models of EOR.

The mathematical models for two-phase Enhanced
Oil Recovery processes consist of mass conservation
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for each component closed by thermodynamic relation-
ships of phase equilibria. Thermal EOR models contain
also the energy conservation law. The resulting systems
of conservation laws (Gelfand, 1959; Dafermos, 2000)
are hyperbolic (Logan, 1994). Solutions consist of con-
tinuous simple (rarefaction) waves and stable admissi-
ble shocks (Kulikovskii and Sveshnikova, 1995;
Kulikovskii et al., 2001).

Continuous injection of EOR fluid corresponds to
self-similar Riemann problem for the system of two-
phase multi component flow equations. Injection of
EOR fluid slugs with a water/gas drive results in non-
self-similar problems of hyperbolic wave interactions.

Exact analytical solutions have been obtained for
continuous chemical flooding by one component
(Fayers, 1962; de Nevers, 1964; Claridge and Bondor,
1974; Helfferich, 1980), by two components (Bragins-
kaya and Entov, 1980) and by any arbitrary number of
components (Johansen and Winther, 1989; Johansen et
al., 1989; Dahl et al., 1992). A graphical technique to
solve the (2) X (2) system for two-phase three-compo-
nent gas flooding was developed and several exact
solutions for Riemann problems of continuous gas
injection were obtained by Wachman (1964). Other
solutions for different types of phase diagrams and
boundary conditions related to injection of other fluids
were found using the same technique (Hirasaki, 1981;
Dumore et al., 1984; Lake, 1989).

Semi-analytical solutions for n-component gas
flooding were obtained by numerical combination of
shocks and rarefactions (Johns et al., 1993; Johns and
Orr, 1996; Orr et al.,, 1995). The reduction of the
continuous gas flood system dimension was devel-
oped through the lifting of the concentration waves
from the system with lower dimension, and the exact
solutions were obtained for the displacement of n-
component ideal mixtures (Bedrikovetsky and Chu-
mak, 1992a,b). These reduction technique and solu-
tions were used for different initial-boundary data
corresponding. to different gas floods (Entov and
Voskov, 2000; Entov et al., 2002). Non-self-similar
analytical models for displacement of oil by chemical
and gas/solvent slugs were derived explicitly by Bed-
rikovetsky (1993). The detailed study of these ana-
lytical EOR models can be find in monographs by
Lake (1989), Barenblatt et al. (1991) and Bedriko-
vetsky (1993).

It was observed from semi-analytical and numerical
experiments on the continuous displacement of oil by
gases that several thermodynamic features (MMP, key
tie lines, etc.) are independent of transport properties
(Zick, 1986; Bedrikovetsky and Chumak, 1992a,b; Orr

et al., 1995; Wang and Orr, 1997). The analytical mo-
delling of multicomponent polymer/surfactant flood
also allows observing that the concentration “path” of
the solution is completely defined by adsorption iso-
therms and does not depend on relative permeability
and phase viscosities (Johansen and Winther, 1989;
Johansen et al., 1989; Bedrikovetsky, 1993). Neverthe-
less, the independence of thermodynamics and hydro-
dynamics for two-phase multi component flows in
porous media has never been proved.

The model for one-dimensional displacement of oil
by different EOR fluids is analysed in this paper. The
main result is the splitting of thermodynamical and
hydrodynamical parts in the EOR mathematical
model. The introduction of a potential associated with
one of the conservation laws and its use as an indepen-
dent variable reduces the number of equations by one.
The algorithm to solve the problem includes solution of
the reduced auxiliary problem, solution of one lifting
hyperbolic equation and inversion of the coordinate
transformation.

The reduced auxiliary system contains just thermo-
dynamical (equilibrium fractions of each phase, sorp-
tion isotherms) variables and the lifting equation
contains just hydrodynamical (phases relative perme-
abilities and viscosities) parameters while the initial
EOR model contains both thermodynamical and hydro-
dynamical functions. So, the problem of EOR displace-
ment was divided into two independent problems: that
of thermodynamics and that of hydrodynamics. The
number of auxiliary equations is less than the number
of equations in the compositional model by one. Ex-
plicit projection and lifting procedures are derived. The
splitting is valid for either self-similar continuous in-
jection problems or for non-self-similar slug injection
problems.

Therefore, phase transitions occurring during dis-
placement are determined by the auxiliary system, i.e.
they are independent of hydrodynamic properties of
fluids and rock. For example, the minimum miscibility
pressure (MMP) and tie line sequences in displace-
ment zones are independent of relative permeabilities
and phases viscosities. Relative motion of polymer,
surfactant and fresh water/brine slugs depends on
sorption isotherms only. The splitting technique was
used for the development of analytical model for non-
self-similar displacement of oil by polymer slug with
water drive.

Presently the development of 1D analytical models
becomes particularly important in 3D streamline simu-
lation. With respect to 3D flows, the splitting takes
place only for the case of constant total mobility
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147 (where the stream line concept is valid). For the general
148 case of the total mobility variation, mixing between
149 fluids that enter different streamlines occurs, and split-
150 ting does not happen any more.

151 In Section 2 we present the splitting method for
152 different two-phase multicomponent flows in porous
153 media that correspond to various EOR methods: chem-
154 ical flooding is given in 2.1, gasflooding is presented
155 in 2.2, WAG injection is derived in 2.3, carbonised
156 water flooding in 2.4 and non-isothermal waterflood-
157 ing is presented in 2.5. The analytical model for 1D
158 displacement of oil by a polymer slug with water drive
159 as an illustration of the technique developed is pre-
160 sented in Section 3. Brief description of various appli-
161 cations in streamline simulation and laboratory EOR
162 is shown in Section 4. Summary and conclusions are
163 presented in Section 5. Proofs of splitting can be found
164 in Appendixes.

165 2. Mathematical models of enhanced oil recovery
166 processes

167 In this part, several systems of equations that arise in
168 enhanced oil recovery processes are presented, and the
169 splitting technique applied.

170 2.1. Chemical flooding

171 We consider the linear displacement of oil by an
172 aqueous solution of n-components (polymer, salts) in
173 a reservoir of constant permeability and porosity.
174 The reservoir is initially saturated with oil and
175 water. The fluid system contains two incompressible
176 phases (oil and water). There are also n low concen-
177 tration components dissolved in the aqueous phase, so
178 the change of concentrations does not affect the aque-
179 ous phase density. The components can be adsorbed
180 by the porous rock. The following conditions are
181 assumed:

182

183 e« Neglected capillary pressure and diffusion;

184 - Instantaneous thermodynamics equilibrium;

185 + Constant pressure and temperature.

186

187  Under the conditions of thermodynamic equilibrium,
188 the concentrations of the components adsorbed (¢;) and
189 dissolved in water (c;) are governed by adsorption
190 isotherms:

The closed system of governing equations includes the
conservation laws for the aqueous phase volume and for
the mass of each component under equilibrium sorption
conditions. The unknowns in the (n+1) X (n+1) system
are the scalar water saturation function s(xp, 7p) and the
vector-valued function ¢ (xp, fp):

B 6
dtp dxXp - (2)
W@+ 7(2) 02/ ?)

dtp dxp

where the following dimensionless coordinates are used:

X ut
Xp = 7 Ip = N (3)
where @ is porosity.
The fractional flow function is defined as:
Fo(s, @)pty \ !
=f(s,C) = (1 SR T 4
/ f( ) ,uokrw(sa ?) ( )

Initial and boundary conditions for continuous poly-
mer injection correspond to:

te

T (xp,0) =0

{ (0, 23) =5 )
?(0, ID) =7"

The boundary conditions for the displacement of oil by
a polymer slug with water drive are:

—J
— . c, t[)<1
0 { o P (©
The conservation law for the aqueous phase allows the
introduction of the following potential:

d¢ do
=22, r=22 )

8xD alD
Consider any trajectory xp=xp(Zp) that starts at xp=0 at
the moment t. The potential ¢(xp,?p) is the water
volume flowing through the trajectory during the period

Ip:

XD,ID

¢(xp,1p) = fdtp — sdxp (8)
0,0

and the integral (8) is a function of xp and fp, which is
independent of the trajectory.
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After the following transformation of independent

variables:
O : (xp, )~ (xp, @) )
system (2) becomes
d o /1
23y L (2) =0 (10)
o dxp
V2(T) e
—— =0 11
aQ + 0xXp (1)

Derivation of system (11) is presented in Appendix
A. The most important feature of the system (10), (11)
is the independence of the n equations (11) from the
first Eq. (10). The unknowns in the system (11) are c;,
i=1,2,3, ..., n. The hyperbolic Eq. (10) contains the
unknown s(xp,¢) and the known vector function
T (xp, @), which is the solution of (11).

The system (11) is called the auxiliary system of the
large system (2). It is important to mention that the
system (2) contains thermodynamic functions and
transport properties, while the auxiliary system contains
only thermodynamic functions.

The initial and boundary conditions (5) and (6) allow
the calculation of the potential ¢ where these condi-
tions are set. Integration of the potential Eq. (8), ac-
counting for (5), determines the initial and boundary.
conditions for continuous chemical injection in plane

(xD,(P):
h=0:0= —sxp
XD :Ol(pszlD

(12)

Then, the initial-boundary conditions (5) become

o s=s
K By
_J (13)
J S =S
¢ = _f’D{??J

Finally, the boundary conditions (6), for the dis-
placement of oil by a polymer slug with water drive

take the form:
s =s"Vp
=[S @ =7 1<l (14)
T = 0,mp>1
It is possible to prove that any Cauchy or initial-

boundary value problem for the model (2) can be

projected onto the corresponding Cauchy or initial-
boundary value problem for the auxiliary system.

Consider the trajectory xp=xp(fp) and its image
@ =@(tp) by the mapping (9):

@(tv) = @(xp(tp), In) (15)

Define the trajectory speeds
=
D
dxp (16)
V=—
do

Using xp as a parameter for both curves xp=x(fp) and

@ =@(tp) it is possible to obtain
7
— =L _ 1
7 =5 8 (17)
from which follows the relationship between elementa-
ry wave speeds in planes (xp, tp) and (xp, @):
f
= 18
s+ 1/V (18)

For example, the eigenvalues of the large and aux-
iliary systems for ¢ waves are related by:
Aiv1(s, C) = f —,i=1,...,n (19)

s+ I/Ai

2.2. Gas flooding

Consider 1D two-phase multicomponent gas flood-
ing under the following assumptions:

* Neglected capillary pressure and diffusion;

* Instantaneous thermodynamic equilibrium;

* Constant pressure and temperature;

* Equal component individual densities
phases.

in both

Thermodynamic equilibrium implies #» —2 indepen-

dent phase fractions. We choose components i=2, 3,

.., n—1 in gas phase for the vector of independent
phase fractions:

(20)

- j—
g = (02g7c3ga cee ac(nfl)g)

Under the above mentioned conditions, the total
two-phase flux is conserved, and n mass balances for
n-components are replaced by n — 1 volume conserva-
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tion laws for » — 1 components:

oG OF;
ot oxp
P X tD ut (21)
X = — = —
D K D ol

where the overall i-th component fraction and flux are

Ci — CﬁS =+ Cig(l — S) (22)
Fi=caf + cig(1 = f) (23)
Here f'is the fractional flow of liquid:
. kr S, — —

k(S 8)/m(8") +ke(S,8)/ 11 ()

Initial and boundary conditions for continuous gas
injection correspond to given compositions of injected
gas and displaced oil:

Ci()CD7 0) = Cl[
Ci(0,1p) = C} 25)

The boundary conditions for the displacement of oil
by solvent slug with lean gas drive are:

cl, wn<l
C"(O”D):{CZ.D o1

where C? is the composition of gas driving the solvent
slug.
At this point we introduce new variables:

(26)

w(8) =17 23 =l (27)
Cnl — Cng
Bi(g) = cig — %iCpg,i =2,3, .o.n=1 (28)

Fig. 1 shows the geometrical meaning of o; and f3;.
Vertices 1, 2, ..., n correspond to pure components in
phase diagram. Tie line GL connects equilibrium phase
compositions, G;L; is the tie line projection on the
plane (C;, C,). The slope of the straight line G;L; is
equal to o, the intersection of G;L; with the axes C; is
equal to f3;.

System (21) takes the form:

: oF(C, B
) (7(F>C n F) 5 (F(F)F n /7)
dotp + 0xXp =0

(29)

Fig. 1. Phase diagram for n-component fluids.

In system (29), C is equal to C,, the overall volumetric
fraction of n-th component, and F is equal to F,, the
overall volumetric fractional flow of n-th component.

The unknowns in system (29) of n — 1 equations are
Cand f8;,i=2,3,..,n—1.

After the introduction of variables (27) and (28), the
initial and boundary conditions (25) for continuous gas
injection become

C(xp,0) = C!
Bi(xp,0) = Bi(E") (30)
C(Oa Z‘D) = Cgl (31)

B:(0,mm) = ()
For displacement of oil by a rich gas slug with lean

gas drive, the boundary conditions (26) take the form

! o<l
C(OatD) : {Cr]l) tE>1

o) { 5,

The conservation law form of the first Eq. (29)
allows the introduction of the following potential:

<l (32)

th>1

dp

_J9¢
BXD’

C = =
dtp

(33)

The potential ¢(xp,?p) is equal to the n-th compo-
nent volume flowing via a trajectory connecting points
(0, 0) and (xp, p):

XD,ID
QD()CD, ID) = / Fdtp — Cdxp (34)
0

,0
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and the integral (34) is a function of xp, and #p, and is
independent of the trajectory.
Let us introduce the variable
l// =Xxp —Ip (35)
From the incompressibility of the total flux follows
that Y (xp,p) is equal to the overall mixture volume

flowing via a trajectory connecting points (0, 0) and

(*p, D).
After the following transformation of independent
variables
O: (xD7 tD)_)(lpv (P) (36)
system (29) becomes
0 C 0 1
() - =0 37
w6 (7oe) 9 (7c) &
—
7 07(F)
0
o 2F) -
o O

Derivation of system (38) is presented in Appendix
B. The most important feature of the system (37), (38)
is the independence of the n —2 Eq. (38) from the first
Eq. (37). The unknowns in the system (38) are f3;, i=2,
3, ..., n—1. The hyperbolic Eq. (37) contains the un-
known C(f,p) and the known vector function
Bi(y, @), which is the solution of (38).

The system (38) is called the auxiliary system of the
large system (29). It is important to mention that the
system (29) contains thermodynamic functions and
transport properties, while the auxiliary system contains
only thermodynamic functions.

The initial and boundary conditions (30), (31) and
(32) allow the calculation of both potentials along the
axes xp and fp where the conditions are set.

Performing the integration (34) in xp accounting
for (30) we obtain the potential ¢ along the axes
Xp:

Z‘DZOIQDZO—CLlp
Y =xp

So, the initial conditions (30) in coordinates (i, @)

(39)

become
p=-Cly:c=C" (40)
p=—Cly:p=p" (41)

Integrating (34) in tp accounting for boundary con-
dition (31) allows calculation of the potential ¢ along
the axes fp:

w=0:0=0-Fy

42
y=—-m (42)
The boundary conditions (31) take the form:
p=—Fy.:c=C" (43)
—> —>
o= —Fy:f=p" (44)

The boundary condition (32) for slug injection gives
the following value of potential ¢:

0. o S FW, — 10
xD_O'(P{Fg—F,?(¢+1),—oo<lﬁ<—1 (45)

So, the boundary conditions (32) become:
C = CJ;(P: _Fjlpa _1<‘//<0
C% o= —F —F°(Y = 1), — coh<— 1
(46)

B = Blo= —Fly, - 1<§<0
FPp=—F —FP() 1), - o<y< 1

(47)

Therefore, the transformation (36) separates the ini-
tial and boundary conditions for the large system (29)
into initial-boundary value problem for auxiliary sys-
tem (38) and the initial-boundary value problem for the
lifting Eq. (37).

It is worth mentioning that the elementary wave
speeds of the auxiliary system are linked with the

wave speeds of the large system by
F+V
D— +

T CH+V

The eigenvalues of the large and auxiliary systems
for f waves are related by:

B F+1/)vk(F)
Ak(aﬁ)zcﬂ/ik(ﬁ),
k=2,3,...n—1.

(48)

(49)

The phase transitions occurring during gas-based
EOR displacements throughout the 1D reservoir are
determined just by thermodynamics of the oil-gas sys-
tem and are independent of transport properties.
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The solution of the large system f3;(xp, fp) realizes the
mapping from the plane (xp, tp) to the set of tie lines in n-
vertices simplex of n-component phase diagram. The
image of the domain of the plane (xp, 7p); xp>0,
tp>0, defines 2D surfaces in the simplex. The auxiliary
solution f;({, @) also maps the domain of the plane (i,
@), where the initial-boundary value problem is defined,
into 2D surface in the simplex. From the splitting of the
compositional model (29) into auxiliary (38) and lifting
(37) problems follow that these surfaces coincide.

The auxiliary solution depends on thermodynamic
functions «; and f3; and on the composition fractions of
the initial and boundary conditions. So, the 2D solution
image in the simplex is independent of transport prop-
erties, i.e. fractional flow curves, relative phase perme-
ability and phase viscosities.

2.3. Wag injection

During miscible WAG (water-alternate-gas) flooding,
aqueous phase contains just water component, and oleic
phase is an n-component mixture of the virgin oil with
hydrocarbon components of the gaseous solvent:

a —>
ds (s )
dtp dxp (50)
acs) ocf(s, @) 0
dotp 0Xp o

Here ¢’ is an n-vector of hydrocarbon components in
the oleic phase and s is saturation of oleic phase. When
gas composition in all slugs is the same, the problem (50)
is equivalent to the case of binary oil-gas mixture.

System (50) is mathematically equivalent to the
system of multi component polymer flooding with no
adsorption, o(¢”) = 0. So, the introduction of potential
(8) transforms the system (50) into the form

a?(xDv (P)

=0
aXD

(51)
The proposed splitting technique significantly sim-

plifies exact solution for miscible WAG if compared
with that derived in Bedrikovetsky (1993).

2.4. Carbonised waterflooding

Displacement of oil by carbonised water is described
by (n+1) X (n+1) hyperbolic system

s (s, )
atp 0xXp -
(s H? -5 <f(s, ¢ H? —
(F+F@0-9) (D) +P@0-1)
dtp 0xp
(52)

Here low concentration of gases in injected water z
and low equilibrium concentration of gases in oil b
('¢’) do not change overall volume balance of water and
oil phases if compared with immiscible waterflooding.

The introduction of coordinates ¢ and ¥, (8) and
(35), results in the following (n) X (n) auxiliary system

b (e-7)

=0.
oQ oY

(53)

2.5. Hot waterflood with heat losses for surround
formations

Displacement of oil by hot/cold water is described
by a (2) X (2) hyperbolic system of quasi-linear equa-
tions of water volume balance and of heat balance for
water—oil-rock system

?—S N E)f((s, T) _ 0
Atp dxp (54)
0T +6) WBAU M) _ 7y

dtp dxp

where T is the temperature. A quasi steady state heat
flux from the reservoir into surround formations
(Newton’s law) is assumed, and o is a heat transfer
coefficient.

Introduction of potential ¢ (8) and Y =bxp— htp
results in the linear auxiliary equation

oT  aT
N
e oW «(T —1)

(55)
and the solution of the auxiliary problem (55) decreases
along the characteristic lines ¢ — 1/ =constant with dec-
rement o. It allows derivation of the exact solution for
alternate injection of hot and cold water in oil reservoir
accounting for heat losses.

3. An analytical model for oil displacement by
polymer slug with water drive

In this section the splitting technique is applied to
the analytical modelling of oil displacement by a poly-
mer slug with water drive. The same procedure may be
applied to the solution of the problem of gas slug
injection with lean gas drive.

We assume a linear sorption isotherm a(c)=Ic.
Typical fractional flow functions are shown in Fig. 2.

The chemical flooding problem with only one
chemical component in solution is a (2) X (2) hyper-
bolic system. For the linear adsorption isotherm con-
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s..l

Fig. 2. Typical forms of fractional flow curves.

sidered here, the auxiliary system is a linear hyper-
bolic equation:

dc  dc
r ()_(p P 0 (56)
subject to the initial and boundary conditions
o= —sxpic=0
xp = 0: (0, ¢) = {éj?iiﬁi ) (57)

The solution of the auxiliary problem is given by:

0, — s'xp<e<Ixp

c(xp, @) = ¢ 1, Fxp<e<I'xp + 1 (58)
0, I'xp + 1<p<+
For the sake of simplicity, we define two new de-

pendent variables for the lifting Eq. (10):
1 K
U=—,FU,7?)= -~ 59
7 (U, ¢) 7 (59)
that becomes
d IF(U, ¢
W EW, S (60)
dxp X0

The lifting problem for these new variables corre-
sponds to the following boundary conditions:

xp=0U=1
p=—sxp: U=+ (61)
There are two discontinuities in the boundary
conditions of this problem: at the points (0, 0) and
(0, 1). The evolution of the discontinuity at the point

(0, 0) is given by the path s'—3—2—(—s"). Fig. 3
shows the solution path through two fractional flow
functions f{s,c) in new variables U and F. The speed
of the shock s'—3 is equal to (—s")~'. The speed of
the shock 3—2 is 1/I', and point 2 is a tangent
point of the curve F=F(U, c=1) and the straight line
2-3.

U, - Ui 1

F—Fs  Fl(Uy,1)

(62)

The area between the fronts ¢=I'xp and ¢=Ixp+1
is filled by the s-wave 2—(—s'). The values U"
ahead of the front ¢=Ixp+1 are determined by
the s-wave

UUO(ﬂ),F{,(UO,cl)ﬂ (63)

xX'p

The points ahead of and behind the shock, U" and
U™, are linked by the Hugoniot-Rankine conditions:
r— FU",1)=F(U,0)

Y ¢ U+ —U-

(64)

In the domain behind the shock ¢=Ixp+]1, the
values of U are constant along the s-characteristics:

U(xDa §D) =U" (ija (0/)

o —q Y
—+ T —F(U .0
xD_x/D U( ?)

(65)

Now we consider the s-characteristic passing
through a point (xp, ¢) from the area behind the
shock ¢ =I'xp+1. This characteristic crosses the front
@=Ixp+1 at the point (x'p, ¢’) (Fig. 4). So, the system

of four transcendental equations (63) (64) and (65)
AF=-s/f
0.0l "
' . U=1/f

¢=0, U=U'

c=1

Fig. 3. The lifting problem in plane (U, F).
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Fig. 4. Solution of the auxiliary and lifting problem.

determines the unknowns x'p, ¢/, U~ and U™ for given
xp and ¢.

The solution of the lifting problem is given by the
formula:

Us — slx<(p<]"xD
U(xp,p) =< U° (g) I'xp<@p<I'xp + 1 (66)
D
U (xp, @) TIxp+1<p<+ o

The expression of unknown s via U is obtained from
(59):

s= —UF(U,c) (67)
Finally, the solution s(xp, ¢) is:
53 — slxD<(p<F XD
s(xp, ) s° <;f)) I'xp<o<Ixp + 1 (68)
s~ (xp, @) I'xp £1<p<+ oo

In order to invert the mapping (9), we calculate the
variable fp(xp, ) from (8). In the area ahead of the
front ¢ =I'xp, the dependent variables s and f are
constant:

1 /lﬂ 53 /XD
tp =— do' +— dx’
" A 5 Jo

Repeating the integration in the area between fronts
@=Ixp and @=Ixp+1, where s and f are constant
along each characteristic line, we get:

I )
G

(69)

(70)

Next we determine time ¢ along the front
¢@=Ixp+1. The expressions linking xp and ¢ with
the variable s ahead of the front are:

@ =Tx(p)+1
¢ [T 1) —sT ) (71)
xo(¢) £st 1)

From (71) follows the expression for x¢(¢) in a
parametric form:

Xo(s™) = ST 1)
G5 =67 DT +57) )
(p(S+) _ f’(S+,1)—S+f'(S+,1)
S 1) =f (%, DI 45%)
then, along the front
1
b=rr ) —F st s
T =N Ls) )
xo(tp) = :

f(S+, 1) _f’(s+v 1)(F +S+)

Fig. 4 shows s-characteristics of the lifting equation
ahead of and behind the rear front xq(¢).

The final expression for tp(xp, @) is:
CATILER

S fé(p + | <%>
feepweoy

® N 5~ (xp, @)
f(si(x[)a (p),O) f(s’(xm @)50)

— stD<g0<F Xp

i (xXp, @)= xp Ixp<e<Ixp+1

<

xp I'xp + 1<p<+

(74)

Finally, the solution for c(xp,?p) and s(xp,tp) is
given by the following expressions:

XD

bl )

c(x, ip)=1{ 1, o ();_DD» S (SO CT?))

(5‘7()61)7 [D) + F)XD +f(57(xD, tD)) <tp< -t oo
' f(s™(xp, 1)) ?

(75)

I
s XD<[D<<S3+ )

XD

J3
le)r), bl )orre(s)

p

Wy ()
o) X0<t§> SODLD Xp<tp< ” (50 (X2
s™ (. i) (j; (XD< tt[r))>)>+ I)xp +/ (s (XDID/;>(<[D(<ID+>Z
f(s~(xp, 1))
(76)

600
601
602

603
606

608

600
612
613

616
617

618
620



621
622

623
625
626
627
628

630
631
632
633
634
635
636
637

636
641
642
643
644
645

10 A.P. Pires et al. / Journal of Petroleum Science and Engineering xx (2005) xxx—xxx

From now we use the following dimensionless space

and time:
®x ut
=—,lp=— 77
Xp = i = (77)
where A4 is the slug volume.

The graphical solution of the problem (5), (6) is
presented in Fig. 5. Fig. 6 shows movements of con-

centration and saturation fronts in plane (xp, 7p). The
shock speeds D, and D3 are given by:
A _h
82+ r s3I (78)
_ 5
D3 = i
S§3 — 8

and are obtained graphically in plane (s, f). Here D, is
the velocity of the oil bank, D; is the slug front
velocity.

Trajectory of the rear slug front is given by the
parametric formulae (73)). The explicit dependency
xo(tp) can be found geometrically. Draw the tangent
to the fractional flow curve ¢=1 at point s*(x,) to meet

axis f at point A and axis s at point B. Then
1 1
Ay =—,By = 79
’ Ip ’ xo(p) (%)
Let us fix time tp and calculate 4,. From (79) it

follows that if the segment 4, is marked up and the
tangent to the curve ¢=1 is drawn from the point A,
then it meets the curve 1 at the point s (xy), and the
intersection with the axes s at point B defines the
coordinate xo(tp). The straight line (—I')-s"(xo) is

s (%)

B () 0 §

Fig. 5. Solution of the slug problem in the phase plane (s, f).

0 Xy

Fig. 6. Trajectories of fronts in plane (xp, 7p) for the slug problem.

then produced to meet the curve ¢=0 at point
s (xo).

The structure of the displacement zone during poly-
mer slug injection (Fig. 6) is:

L. Zone of displaced oil, ¢=0, s=sb

II. Water—oil bank formed ahead of the slug, ¢=0,
s =s3, velocity of the leading front of the bank is
Ds;

III. Polymer slug, c¢=1, saturation decreases from
s'(xo) ahead of the rear front of the slug up to
s, on the leading front of the slug; the leading
slug front velocity is equal to D;

IV. Water drive zone with mobile oil; ¢ =0, saturation
decreases from s’ at the stagnant front up to
s~ (xo) behind the rear slug front; the position of
the stagnant front is determined by equality
s~ (x0)=s";

V. Water drive zone with immobile oil, s=s".

Sizes of the first, second and fourth zones grow
unlimitedly. The slug size grows with time and stabi-
lizes at fp >> 1. Saturation in slug tends to s5; it allows
calculating the limit of the slug size from the polymer
mass conservation —1/(s3+1I"). The thickness of the
water drive zone with immobile oil becomes constant
after the slug rear front passes this zone.

Stabilization of the slug volume with time results
in different outcomes, depending on the flow geom-
etry. In case of linear flow (rows of injectors and
producers), since the slug volume is proportional to
the distance between the leading and rear slug
fronts, the slug thickness stabilizes. For radial flow
with injection in a single well x=r?/2, and slug
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thickness tends to zero with order (fp)'’?. This fact
should be considered when designing the slug size
preventing the slug destruction by more mobile driv-
ing water.

Compared with waterflooding, the use of a polymer
slug increases the period of water free production,
reduces the water cut at initial water drive period,
and enhances the ultimate displacement at a stage
after breakthrough. Water drive does not disturb the
flow ahead of the oil bank and in the front part of the
slug.

For low sorption (small I'), the slug injection results
in prolongation of water free production while for high
sorption slug injection does not change water free
period, if compared with waterflooding.

4. Applications

The obtained analytical models for 1D gas injec-
tion and polymer slug flood can be used in stream-
line modelling. The structure of the displacement
zone, as obtained from the exact solution, can be
used for the interpretation of laboratory and field
data.

For an n-component polymer flooding test, the aux-
iliary system (11) can be used to determine sorption
isotherms of each component through relationships
linking the sorption isotherms with breakthrough com-
ponent concentrations c¢;(1,¢p) measured during the
continuous chemical injection. Integrating the left
hand side of the auxiliary system over the closed trian-
gle with vortexes in points (0, 0), (1, 0).and (1, ¢) with
Green’s formula

575

dxpdp = / cdo — @ (¢ )dxp
24

(80)

The right hand side integral over the side (0, 0)—(1,
0) is equal zero due to initial conditions, where all
concentrations are zero. The integral over the side (0,
1)—(1, @) is equal to the mass of the i-th component
during the production of the volume ¢ of water. The
solution of the auxiliary system for continuous polymer
injection is self-similar, so ¢ is constant along (0, 0)—
(1, @). The right hand side of the integral (80) is equal
Zero:

/O(p < (1,y)dy —C(1,0)p +—a(€)(1,0) =0

(81)

The expression above allows calculating —a(¢”) for
each value of breakthrough concentrations ¢ (1, ).
The function @’ (¢”) is calculated by (81) only along
the trajectory ¢’(1, @), i.e. sorption isotherms can be
determined only for measured concentrations during the
test.

Splitting of compositional model into thermody-
namics and hydrodynamics equations can be used for
testing numerical 1D models. For example, in order
to test a polymer simulator, we model two cases that
differ from each other by oil viscosity. The time-
dependencies of accumulated water - production
¢@(1,fp) and of outlet concentrations ¢;(1,¢p) must
be different for the two cases, but the outlet concen-
trations versus accumulated water production c¢;(1, )
must be the same. The concentrations c;(1, ) must
be the same for different oil and water viscosities,
relative permeabilities and resistance factors that
could vary in wide intervals during the model testing.
The concentration equality allows validation of the
numerical simulator.

The problem of the compatibility of polymer with
formation water can be overcome by the injection of
a_compatible water slug before the polymer slug
injection. In order to avoid contact between the
polymer and the formation water, the polymer
front should not bypass the compatible waterfront
before they both reach the production row xp=1,
which could be achieved by the injection of a
sufficient volume of compatible water. Determination
of the minimum water slug size can be achieved by
the solution of the auxiliary system only—if the
polymer and compatible water fronts do not meet
for xp<1 in the solution of the auxiliary system,
they also do not meet in the solution of the general
system.

Design of injection gas composition and minimum
miscibility pressure calculations may be performed
using the auxiliary system only and does not involve
transport properties of rock and fluids.

5. Summary and conclusions

The (n+1) X (n+1) system of conservation laws for
two-phase n-component chemical flooding in porous
media with adsorption can be splitted into an (n) X (n)
auxiliary system and one independent lifting equation.
The splitting is obtained from the change of indepen-
dent variables (xp, fp) to (xp, ¢). This change of
coordinates also transforms the water conservation
law into the lifting equation. In the case of gas/solvent
injection, the (n — 1) X (n — 1) system of conservation
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laws is splitted into an (n —2) X (n —2) auxiliary sys-
tem and one independent lifting equation through the
change of independent variables (xp, tp) to flow poten-
tials (¥, @). This change of coordinates transforms the
conservation law for the n-th component into the lifting
equation.

The lifting procedure for the solution of the large
system consists of:

* Solution of the auxiliary system;
* Solution of the lifting equation;
* Inverse transformation of independent variables.

The auxiliary system contains only equilibrium ther-
modynamic variables, while the large system contains
both hydrodynamic (phases relative permeabilities and
viscosities) functions and equilibrium thermodynamic
variables. Therefore, phase transitions occurring during
displacement are determined by the auxiliary system,
i.e. they are independent of hydrodynamic properties of
fluids and rock. For example, the minimum miscibility
pressure (MMP) is independent of relative permeabil-
ities and phase viscosities.

815 Nomenclature

816 a; Concentration of i-th adsorbed component
817 b; Equilibrium concentration

818 ¢; Chemical concentration in water, volumetric
819 fraction

820 C Overall volumetric fraction of n-th component
821 C; Overall volumetric fraction of i-th component
822 D Shock speed for the large system

823 f Liquid fractional flow

824 F Overall volumetric fractional flow of n-th
825 component

826 F; Overall volumetric fractional flow of i-th
827 component

828 g Vector of independent fractions of gas phase
829 G Gas phase composition

830 k, Relative permeability

831 [ Reservoir size

832 L Liquid phase composition

833 n Number of components

834 s Saturation

835 S Volumetric liquid fraction

836 t Time

837 T Temperature

838 1p Dimensionless time

839 u Total flux

840 V Shock speed for the auxiliary system

841 x Distance

Xo Position of rear slug front
XD Dimensionless distance

Greek letters

o Geometric parameter of thermodynamic
equilibrium

p Geometric parameter of thermodynamic
equilibrium

A Polymer slug volume, solvent slug volume

P Porosity

r Proportionality coefficient

10} Potential

A Eigenvalue of auxiliary system

A Eigenvalue of large system

I Viscosity

e Transformation of independent variables

Q Closed domain

v Flow potential of overall flux

Subscripts

g Gas phase

i Component index

k Wave index

1 Liquid phase

0 Oil phase

w Water phase

Superscripts

+ Value ahead of the shock

- Value behind the shock

D Drive condition

I Initial condition

J Injection condition

L Behind the slug

R Inside the slug
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Appendix A. Proof of splitting for chemical flooding

If s(xp, tp), ci(xp,tp), i=1, 2, ..., n is a solution of
system (2), and ¢(xp,p) is the potential function (8),
then the function c;(xp, @) obeys the following conser-
vation law:

¢ cidp — aidxp =0
30

(A-1)

where Q is a closed domain Q C R?.
System (2) can be derived from the following con-
servation laws in the integral form:

¢ (¢f)dtp — (cis + a;)dxp = 0
30

(A-2)

Applying the definition of the potential (8) in (A-2):

¢ ¢i(fdtp — sdxp) — aidxp = ¢ c;dgp — adxp =0
30 30
(A-3)

In domains Q where the solution is a smooth func-
tion, from the integral conservation laws (A-3) follows
the system of partial differential equations (11). In
narrow domains around shock trajectories, from (A-3)
follows the Hugoniot—Rankine conditions.

Appendix B. Proof of splitting for gas flooding

If C(xp,tp), Pilxp,tp), i=2, 3, ..., n—11is a solu-
tion of system (26), and ¢ (xp,tp) and Y (xp, tp) are the
potential functions (34) and (35), then the function
PBi(y, @) obeys the following conservation law:

¢ aidp — fidp =0
voQ

(B-1)

where Q is a closed domain Q C R,

The system (29) was derived from the conservation
law of i-th component volume balance in the integral
form:

ﬁ (OC,'F + ﬁl—)dt]) R, (OC,C + ﬁi)de =0
Q2

(B-2)

From (B-2), and using the definition of potentials
(34) and (35), we obtain:

¢ O(,'(Fd[[) — CdXD) — ﬁi(de — d[D)
0Q

= ¢ ado — fidp =0 (B-3)
0Q

In domains Q where the solution is a smooth func-
tion, from the integral conservation law (B-3) follows

the system of partial differential equations (38). In
narrow domains around shock trajectories, from (B-3)
follows the Hugoniot—Rankine conditions.
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