
APPENDIX A

Sensor Calibration Using a Michelson Laser

Interferometer

A.1 Background

Three eddy-current sensors (eddyNCDT3700 from Micro-Epsilon) were used to
measure displacements of flexure hinges and the 3-RRR micro-motion stage in this
thesis. These sensors provide a measurement range of 1000µm which corresponds
to a voltage range of approximately 10V (see Figures B.1 to B.3). However, the dis-
placement range of interest in this thesis is only up to 100µm which corresponds to
a voltage range of the sensors of approximately 1V (according to the sensor man-
ufacturing data). This output voltage range of the sensors (0-1V) is too small to
be a suitable input signal to the dSPACE ADC (analog-to-digital converter). 16-bit
dSPACE ADCs, which have a voltage range of ±10V, were used to record the out-
put signals of the sensors. The resolution of the sensors (recorded by the ADCs)
are reduced by a factor of 10 if the voltage range of the sensors of 1V is used instead
of 10V. To improve the positioning resolution of the sensors, the output signals of
these sensors were amplified; therefore a displacement range of interest (100µm)
which corresponds to approximately 10V can be used to measure the displace-
ments of the micro-motion stage. A conditioning amplifier (which was built at
the electronics and instrumentation lab at the University of Adelaide) was used to
amplify these signals. However, the amplifier may magnify the noise level which
reduces the resolutions of the sensors. To determine the sensitivities and to quan-
tify the resolutions of the eddy-current sensors, the measurement range of interest
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180 Appendix A. Sensor Calibration Using a Michelson Laser Interferometer

of the sensors (100µm) were re-calibrated using a Michelson laser interferometer.

A Philtec D20 fibre-optic sensor was also used to measure the displacements of
flexure hinges and to calibrate the sensitivities of strain gauges. The sensitivities
of the fibre-optic sensor was investigated using the laser. The sensitivities of the
fibre-optic sensor at its near and far sides obtained using the laser were compared
with the sensitivities provided by the manufacturer (see Figures B.4 and B.5).

A.2 Aim

The aim of this experiment is to calibrate the sensitivities of the three eddy-current
sensors and the fibre-optic sensor using a laser interferometer. It is also desired to
quantify the resolutions and accuracies of the sensors by analysing measurement
errors, system noise levels and the limitations of the equipment used.

A.3 Experimental Setup

A.3.1 dSPACE DS1104 controller board

A dSPACE DS1104 controller board consists of four 16-bit ADCs, four 12-bit ADCs
and eight 16-bit DACs (digital-to-analog converters). All the ADCs and DACs
have a voltage range of±10V. Analog input signals from sensors and photodiodes
were connected to the four 16-bit ADCs to maximise the positioning resolution of
the calibration results.

A.3.2 Sensor system - eddyNCDT3700

The eddyNCDT3700 package consists of three eddy-current sensors and two con-
trol circuits (a single and a dual-channel system). The eddyNCDT3700 is con-
nected to a conditioning amplifier. The conditioning amplifier provides power and
an additional amplifier for each sensor. It has an inbuilt analogue low-pass filter
for each sensor. The amplifiers have a selective gain of 1, 5, 10, 20 or a variable gain
adjusted with a potentiometer. Each amplifier also has two ’offset’ adjustments via
two potentiometers, one for coarse adjustment and one for fine adjustment. The
maximum output voltage of the amplifier is approximately 14V. The analogue fil-
ters have a cut-off frequency of 1kHz. The output voltage range of the sensing
system must be within -10V to +10V to be a suitable input to the dSPACE ADCs.
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A.3.3 Fibre-optic sensor

A fibre-optic sensor (model D20), which is a product from PHILTEC, has a near
side sensitivity of 12.046 µm/V and a far side sensitivity of -116 µm/V. These sen-
sitivities were calibrated by PHILTEC in 2002. In order to ensure the accuracies of
these sensitivities do not vary over time, the sensitivities were investigated here
using the laser interferometer.

The following steps were carried out carefully when setting up the fibre-optic
sensor. The sensor was arranged so that it was perpendicular to a target surface
(which was a front surface mirror). Perpendicularity was established by position-
ing the sensor against the mirror while adjusting its contact angle (by turning an
adjusting screw on a mirror housing) until a minimum voltage was read. For
the best perpendicularity, the output voltage should be less than 250 mV as rec-
ommended by the manufacturer. The sensor was moved away by adjusting the
translation stage until the maximum output level was attained. At that position,
the GAIN controls (coarse and fine) were adjusted until the output voltage read
5 volts. The sensor gap was re-positioned to the desired operational set point,
either at the near or the far side of the calibration graphs provided by the man-
ufacturer (see Figures B.4 and B.5). The sensitivities of both sides were obtained
using the laser interferometer in order to compare with the sensitivities provided
by the manufacturer.

A.3.4 Michelson laser interferometer

The Michelson interferometer produces interference fringes by splitting a mono-
chromatic beam so that one beam is directed to a movable mirror, M1 and the other
to a fixed mirror, M2 (see Figure A.1). When they were brought back together, an
interference pattern was formed. Fringes are only be obtained if the following
steps are taken carefully.

Firstly, the distance of M1 and M2 to the back of the beam splitter was mea-
sured to be roughly the same (within a few millimeters). The photodiode shown
in Figure A.1 was replaced temporarily with a screen for the ease of observing the
fringes. Two pairs of images were seen, one reflected from the front surface of the
beam splitter and the other reflected from its back surface. When the tilting screws
on M2 were adjusted until one pair of images falls exactly on the other, the inter-
ference fringes were observed. Ideally, a set of concentric circular fringes should
be observed if the perpendicularity between M1 and M2 was ensured. However,
it was difficult to achieve absolute perpendicularity between the mirrors. A slight
angular difference between the mirrors will allow us to observe localised fringes
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Figure A.1: Schematic of Michelson interferometer arrangement

instead (see Figure A.2). Fortunately, localised fringes were sufficient for these ex-
periments as the interest of this experimental setup was to count the number of
peaks from the intensity distribution of the interference fringes, and therefore to
obtain the displacement of the movable mirror from the number of peaks counted.

Once the fringes were observed, the photodiode was placed into position to
detect the intensity of the fringes. The intensity distribution of the fringes are
shown in Figure A.3. The distance between two constructive interference maxi-
mum or minimum peaks was λ/2 because the beam travelled twice the distance
when it was reflected from the mirrors. Displacements of the movable mirror were
calculated by counting the number of constructive peaks. The displacement for-
mulation of the movable mirror is,

d = (m + n− 1)
λ

4
(A.1)

where d is the distance of the movable mirror, m is the number of maximum peaks,
n is the number of minimum peaks, and λ is the wavelength of the laser.

The laser is a Helium-Neon (HeNe) type, which is a product of Uniphase (model
number 1135P). It has a 632.8 nm wavelength and an output power of 20 mW. The
output voltage of the photodiode was amplified by a gain of 10k to be a suitable
input signal (between -10V to +10V) to the dSPACE ADC.
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A.3.5 Overall system setup

Aluminium targets of the eddy-current sensors were mounted on a NanoFlexTM

translation stage which is a product from Thorlabs (see Figure A.4). This stage
has a travel range of 5 mm and a resolution of 50 nm. The displacements of the
stage was motorised by connecting its differential adjuster to a DC motor via an
O-ring (see Figure A.4). The 240VDC motor has a speed of 5 rev/min. The eddy-
current sensors were mounted on a smaller translation stage (which is a product
from Melles Griot). This stage has a travel range of 6 mm and a finest adjustment
of 5 µm. It was used to position the eddy-current sensors to their corresponding
measurement ranges of interest. The arrangement for fibre-optic sensor calibration
was slightly different. The fibre-optic sensor was mounted on the NanoFlexTM

translation stage and its target (which was a front surface mirror) was mounted on
a bracket as shown in Figure A.4.

The setup of the sensor calibration using the Michelson laser interferometer is
shown in Figure A.5. An additional mirror was used to redirect the interference
fringes onto the photodiode. The experiment was setup on an anti-vibration table
with air-legs. The table was floated during experiments to minimise the low fre-
quency vibrations (which could introduce noise during the laser measurement).
The path of the laser beam was enclosed using a box to avoid influences of air
current to the interference results during experiments.

For the calibration of the eddy-current sensors, signals of sensor 3316, 3317 and
3338 were connected to channels 1, 2 and 3 of the dSPACE ADCs respectively.
Signals of the photodiode were connected to channel 4. For the calibration of the
fibre-optic sensor, signals of the sensor were connected to channel 1. Sensors and
laser signals were sampled at 5kHz.

A.4 Methods

A.4.1 Eddy-current sensors

The most linear region (measurement range of interest) of each eddy-current sen-
sor was calibrated so that the inaccuracy due to linearity deviation will be min-
imised. Firstly, a graph of output voltage versus displacement of each sensor was
obtained by moving the target (which was attached on the NanoFlexTM transla-
tion stage) away from the sensor with an increment of 50 µm (until its measuring
range, 1000 µm was reached) and the corresponding output voltage of the sensor
was recorded. Figure A.6 shows the graph of output voltages versus displace-
ments of each sensor.
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(a) Arrangement of eddy-current sensor (b) Arrangement of fibre-optic sen-
sor

Figure A.4: Attachment of sensor target and mirror on a motorised translation
stage

Figure A.5: Sensor calibration setup
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Figure A.6: Sensor output voltage versus displacement
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Several linear regions were identified for each sensor by analysing Figure A.6.
The linearity of each of these regions were further investigated. The target of each
sensor was moved with an increment of 10 µm in these regions by adjusting the
differential dial on the NanoFlexTM stage and the corresponding output voltage
was recorded. By comparing the linearity of these regions, the most linear region
of each sensor was selected as the measurement range of interest. Figure A.7 shows
the graph of output voltages versus displacements at the most linear region of each
sensor.

The output voltage of each eddy-current sensor has to be within -10V to +10V
to be a suitable input to the dSPACE ADCs. The variable gain and ’offset’ of the
conditioning amplifier were adjusted for each sensor so that the output voltages at
their linear regions range from 0 to 10V.

Each eddy-current sensor was ensured to be located in its linear region be-
fore calibration data was taken by reading its output voltage (which was within
0 to 10V). The DC motor was turned on and the target of the sensor was moved
slowly away from the sensor. The output voltages of the eddy-current sensor and
the photodiode were recorded via the dSPACE ADCs. Twenty-five sets of cali-
bration data were taken for each eddy-current sensor. Since the output voltages
of sensor and photodiode were simultaneously sampled, the output voltages of
eddy-current sensors could be extracted at the instant when a constructive peak
was formed. The distance traveled by the NanoFlexTM translation stage were cal-
culated by using Equation A.1. The sensitivity of each eddy-current sensor was
obtained by plotting distances travelled by the translation stage versus the output
voltages of the sensors obtained at the instant when a peak was formed. Figure
A.8 shows the sensitivity curves of each eddy-current sensor and their average
sensitivities (change of displacements over change of voltages, ∆d/∆V ) obtained
from the twenty-five sets of data.

A.4.2 Fibre-optic sensor

The procedure of calibrating the fibre-optic sensor was similar to the eddy-current
sensors. Firstly, a linear voltage range of the sensor at the near side was identi-
fied, which was from 1.5V to 2.5V. This voltage range was sufficient to provide a
measurement range of approximately 12 µm, which was sufficient to be used to
measure the displacements of flexure hinges and to calibrate strain gauges. A set
of calibration curves was obtained. It was noted that the sensitivity at the near
side calibrated using the laser interferometer was different by about 0.3 µm/V
compared to that of the manufacturer and the differences varied for different volt-
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Figure A.7: Sensor output voltage versus displacement at the most linear region of
eddy-current sensors
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age ranges. Therefore, a selected linear region (which was from 1.5V to 2.5V) was
re-calibrated using the laser in order to obtain an accurate sensitivity for a mea-
surement range of about 12 µm. Twenty-five sets of calibration data were taken.
Figure A.9 shows the calibration curves of the sensor and its average sensitivity
(∆d/∆V ) obtained from the twenty-five sets of data.

The sensitivity of a linear voltage range of the fibre-optic far side was also in-
vestigated. Ten sets of data were taken and it was found the the sensitivities ob-
tained from all the ten sets were consistent with that provided by the manufacturer.
Therefore, it was concluded that the far side sensitivity provided by PHILTEC was
still valid. No calibration was required for the far side sensitivity of this sensor.

A.5 Results

A.5.1 Estimation of sensor resolutions

A.5.1.1 ADC resolution

The output voltage range of the sensors and the photodiode must be within -10V
to +10V to be a suitable input to the 16-bit dSPACE ADCs. The position resolution
of the ADC is the displacement that corresponds to the least-significant-bit. The
resolution of the sensor was approximated by multiplying the sensor sensitivity to
the smallest voltage represented by the least-significant-bit. The ADC resolution
is given by,

ResADC =
∆d

∆V
× voltage rangeADC

216
(A.2)

The resolution of the ADC for each eddy-current sensor calculated using Equation
A.2 is,

ResADC 3316 = 10.264µm/V × 20V

216

= 3.13 nm

ResADC 3317 = 10.099µm/V × 20V

216

= 3.08 nm
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ResADC 3338 = 10.184µm/V × 20V

216

= 3.10 nm

The ADC resolution for the fibre-optic sensor calculated using Equation A.2 is,

ResADC fibre−optic = 11.77µm/V × 20V

216

= 3.59 nm

Sensitivities of the sensors, ∆d/∆V can be found in Figure A.8 and A.9.

A.5.1.2 Circuitry noise

Positioning resolutions of the sensors may be limited by signal noise. The noise of
the sensors or circuitry was a small variation of voltages that could be mistaken for
a position change. The magnitude of this voltage determined the smallest position
change that can be recognised as a position change but not noise. The signal noise
should be reduced as much as possible through an analog or digital filter. The con-
ditioning amplifier has an inbuilt analog filter with a cut-off frequency of 1 kHz.
The calibration results of the eddy-current sensors in this thesis will not be suitable
for high frequency (more than 1 kHz) measurements∗. The sensor signals were
also filtered using a lowpass digital filter with 10 Hz cut-off frequency. The resolu-
tion of the sensors increased with the use of the lowpass digital filter. However it
was only suitable for low frequency applications (below 10 Hz). The peak-to-peak
voltage (Vpp) of each sensor was recorded when there was no displacement change
between the sensor and target. The peak-to-peak voltage represents the noise of
the voltage signals. When a digital filter was used, the peak-to-peak voltage (Vpp)
recorded for each sensor was,

Vpp(3316) = 1.8 mV

Vpp(3317) = 1.0 mV

Vpp(3338) = 1.5 mV

Vpp(fibre) = 0.3 mV

∗This does not apply to the fibre-optic sensor. The operating frequency of the fibre-optic sensor
is less than 200kHz
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The positioning resolution of each sensor limited by the signal noise (with digital
filtering) is,

Resnoise = Vpp ×
∆d

∆V

Resnoise(3316) = 1.8mV × 10.264µm/V = 18.5 nm

Resnoise(3317) = 1.0mV × 10.099µm/V = 10.1 nm

Resnoise(3338) = 1.5mV × 10.184µm/V = 15.3 nm

Resnoise(fibre) = 0.3mV × 11.770µm/V = 3.5 nm

When the sensor signal was unfiltered, the peak-to-peak voltage (Vpp) recorded for
each sensor was,

Vpp non−filtered(3316) = 5 mV

Vpp non−filtered(3317) = 3.5 mV

Vpp non−filtered(3338) = 5 mV

Vpp non−filtered(fibre) = 4 mV

The positioning resolution of each sensor limited by the signal noise (without dig-
ital filtering) is,

Resnoise non−filtered(3316) = 5mV × 10.264µm/V = 51 nm

Resnoise non−filtered(3317) = 3.5mV × 10.099µm/V = 35 nm

Resnoise non−filtered(3338) = 5mV × 10.184µm/V = 51 nm

Resnoise non−filtered(fibre) = 4mV × 11.770µm/V = 47 nm

A.6 Error analysis

A.6.1 Measurement errors

Twenty-five sets of calibration data were obtained for each sensor. A linear graph
was fitted to each set of the calibration data to find the slope (sensitivity) of the
graph. The mean of the sensitivities was calculated for each sensor (displayed in
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Sensor Sample size
Mean

(∆d/∆V )

Std. dev.

σ

Max. deviation

%

Eddy-current 3316 21 10.264 0.0022 0.04

Eddy-current 3317 22 10.099 0.0206 0.41

Eddy-current 3338 25 10.184 0.0015 0.03

Fibre-optic, near side 25 11.770 0.0045 0.08

Table A.1: Statistical values of each sensor calibration result

Figure A.8 and A.9). The standard deviation, σ of the sensitivity was calculated as
below,

σ =

√√√√ 1

N − 1

n∑
i=1

(xi − x)2

where N is the sample size.

Obvious outliers were removed manually from each data set. Therefore, each cal-
ibration data set of the sensors has slightly different sample sizes. Table A.1 sum-
marises the statistical values of the calibration data for each sensor. The maximum
deviation of the sensitivities of the sensors from the mean values was estimated
using Equation A.3 below,

Max deviation =
2σ

(∆d/∆V )mean

× 100 % (A.3)

A.6.2 Temperature effects

Electronic devices may be sensitive to the change of room temperature. The output
voltages of the sensors drift with the change of room temperature; however these
effects could be compensated by warming up the sensor system at least half an
hour prior to experiments. The effect of the change of room temperature also leads
to bias (offset) errors in the eddy-current sensors†. Figure A.10 shows the relation-
ship between the temperatures and the output voltages of the sensors without the
change of displacement between the sensors and the aluminium targets. The offset
rates (∆V/∆T ) were approximately 89mV/◦C, 82mV/◦C and 159mV/◦C for sen-
sors 3316, 3317 and 3338 respectively. The sensor voltage ranges (0V to +10V) were

†Bias error of the fibre-optic sensor can be corrected by ensuring the maximum output voltage
of the sensor to be 5V
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calibrated at a constant room temperature of 22◦C. If the sensors are operated at a
different room temperature, the voltage range of the sensors need to be offset cor-
respondingly. However, the maximum output voltage of the sensor exceeds +10V
when the room temperature increases, which exceeds the maximum voltage range
of the ADCs. As a result, the measurement range of the sensors is decreased. The
maximum measurement range of each eddy-current sensor can be estimated using
Equation A.4 when the room temperature increases to more than 22◦C.

MeasurementRangemax =

[
10V − ∆V

∆T
× (temperature− 22◦C)

]
× ∆d

∆V
(A.4)

where the room temperature is in degree Celsius, and ∆d/∆V is the sensitivity of
the sensors.

If a measurement range required for an experiment is less than 100 µm, it is
advised to operate the eddy-current sensors in its “safe-voltage-range”, which is
approximately from +1.5V to +8.5V (corresponding to a measurement range of
approximately 70 µm) to avoid errors attributed to the change of temperature. For
maximum performance, the sensors needed to be operated within 22 to 22.5◦C.
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Sensors Sensitivity ,
∆d

∆V
Max. deviation Resolution (nm) Measuring range (µm)

(µm/V ) % Filtered Unfiltered 22 to 22.5◦C other ◦C

Eddy-current, 3316 10.264 0.04 18.5 51 102.6 use Eq. A.4

Eddy-current, 3317 10.099 0.41 10.1 35 101.0 use Eq. A.4

Eddy-current, 3338 10.184 0.03 15.3 51 101.8 use Eq. A.4

Fibre-optic, near side 11.770 0.08 3.5 47 11.77 11.77

Table A.2: Summary of the calibration results of the sensors

A.7 Summary

The calibration results and the resolution of the sensors in this thesis are accurate
if the eddy-current sensors are operated at less than 1kHz and fibre-optic sensor is
operated at less than 200kHz (without digital filtering); and the sensors are oper-
ated at less than 10Hz (with a 10Hz digital filter).

The eddy-current sensors have some limitations. The output voltages of the
eddy-current sensors are shifted due to the change of room temperature. The
distance between targets and sensors need to be adjusted prior to measurements;
therefore the output voltage range of the sensors fall into the correct shifted volt-
age range. For example, if sensor 3316 is operated at 25◦C, the distance between
the sensor and the target need to be adjusted so that the starting voltage reads at
0.267V (∆V/∆T×(25◦C−22◦C)) instead of 0V. The maximum measurement range
in this case will be about 99.9 µm (calculated using Equation A.4) instead of 102.6
µm. If a required measurement range is far less than 100 µm, it is advised to op-
erate the eddy-current sensors in its “safe-voltage-range”, which is approximately
from +1.5V to +8.5V (corresponding to a measurement range of approximately 70
µm) to avoid bias errors caused by the change of temperature. To achieve the opti-
mum measurement range (which is 10V ×∆d/∆V ), the eddy-current sensors need
to be operated within 22 to 22.5◦C.
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APPENDIX C

Circular Flexure Hinge Compliance Equations

Paros and Weisbord (1965)

Full equations:

β = t/2R , γ = 1 + β, θm = π/2 for right circular flexure hinge

∆αz

Mz

=
3

2EbR2

[
1

2β + β2

]{[
1 + β

γ2
+

3 + 2β + β2

γ(2β + β2)

]
[√

1− (1 + β − γ)2
]

+

[
6(1 + β)

(2β + β2)3/2

]
[
tan−1

(√
2 + β

β
× (γ − β)√

1− (1 + β − γ)2

)]}
(C.1)
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∆y

Fy

= R2sin2θm

(
αz

Mz

)
− 3

2Eb

{[
1 + β

(1 + β − cosθm)2

−
2 + (1+β)2

(2β+β2)

(1 + β − cosθm)

 sinθm

+

[
4 (1 + β)√

2β + β2
− 2 (1 + β)

(2β + β2)3/2

]

×tan−1

√
2 + β

β
tan

θm

2
− (2θm)

}
(C.2)

∆x

Fx

=
1

Eb

−2tan−1 γ − β√
1− (1 + β − γ)2

+
2 (1 + β)√

2β + β2
tan−1

(√
2 + β

β

× γ − β√
1− (1 + β − γ)2

 (C.3)

Shear compliance: Shear modulus, G = E/ [2 (1 + ν)]

[
∆y

Fy

]
s

=
1

Gb

[
−θm +

2 (1 + β)√
2β + β2

×tan−1

√
2 + β

β
tan

θm

2

]
(C.4)

Simplified equations:

αz

Mz

=
9πR1/2

2Ebt5/2
(C.5)

∆y

Fy

=
9π

2Eb

(
R

t

)5/2

(C.6)

∆x

Fx

=
1

Eb

[
π (R/t)1/2 − 2.57

]
(C.7)
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Shear Compliance: Shear modulus, G = E/ [2 (1 + ν)][
∆y

Fy

]
s

=
1

Gb

[
π (R/t)1/2 − 2.57

]
(C.8)

Smith et al . (1987)

Izz = 1/12bt3

∆αz

Mz

=
(1.13t/R + 0.332) R

EIzz

(C.9)

Zhang and Fasse (2001)

∆αz

Mz

=

(
−0.035× t

2R
+ 0.1109×

√
t

2R

)−1

(C.10)

Wu and Zhou (2002)

s = R/t

∆αz

Mz

=
12

EbR2

[
2s3 (6s2 + 4s + 1)

(2s + 1) (4s + 1)2

+
12s4 (2s + 1)

(4s + 1)5/2
arctan

√
4s + 1

]
(C.11)

∆y

Fy

=
12

Eb

[
s (24s4 + 24s3 + 22s2 + 8s + 1)

2 (2s + 1) (4s + 1)2

+
(2s + 1) (24s4 + 8s3 − 14s2 − 8s− 1)

2 (4s + 1)5/2

×
(
arctan

√
4s + 1

)
+

π

8

]
(C.12)

∆x

Fx

=
1

Eb

[
2 (2s + 1)√

4s + 1
arctan

(√
4s + 1

)
− π

2

]
(C.13)

Shear compliance: Shear modulus, G = E/ [2 (1 + ν)][
∆y

Fy

]
s

=
1

Gb

[
2 (2s + 1)√

4s + 1

(
arctan

√
4s + 1

)
− π

2

]
(C.14)
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Tseytlin (2002)

For thin circular hinges, t/R≤0.07

∆αz

Mz

= 4

{
1 +

[
1 + 0.1986

(
2R

t

)]1/2
}

/

[
Eb

(
t

2

)2
]

(C.15)

The coefficient 0.1984 may be changed to 0.215 at angle θm ⊆ ±0.9.

For intermediate circular hinges, 0.07<t/R≤0.2

∆αz

Mz

= 4

{
1 +

[
1 + 0.373

(
2R

t

)]1/2
}

/

[
1.45Eb

(
t

2

)2
]

(C.16)

For thick circular hinges, 0.2<t/R≤0.6

∆αz

Mz

= 4

{
1 +

[
1 + 0.5573

(
2R

t

)]1/2
}

/

[
2Eb(

(
t

2

)2
]

(C.17)

If Poisson’s ration ν 6=0.333, multiply ∆αz/Mz by the factor (1− ν2) /0.889

Lobontiu (2003)

∆αz

Mz

=
24R

Ebt3 (2R + t) (4R + t)3 [t (4R + t)

(
6R2 + 4Rt + t2

)
+ 6R (2R + t)2

√
t (4R + t)arctan

(√
1 +

4R

t

)]
(C.18)
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∆y

Fy
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3

4Eb (2R + t)
{2 (2 + π) R + πt
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[
−80R4 + 24R3t
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1

Eb
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4R

t
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− π

2
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Shear compliance: Shear modulus, G = E/ [2 (1 + ν)], α is shear correction
factor [

∆y

Fy

]
s

=
αE

G

∆x

Fx

(C.21)

Schotborgh et al . (2005)

∆αz

Mz

=
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12
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