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APPENDIX  A. Dyadic Representation of Electrical Conductivity  

                               and Euler Angle Rotations 
Consider a right Cartesian system O, with unit vectors 1 2,e er r  and 3er  along the respective axes 

1 2,x x  and 3x  i.e. ( ), ,x y z .  Let ( )1 2 3, ,E E E  represent the electric field vector E
r

and 

( 1 2, , )3j j j  represent the current density vector J
r

.  Also, ijσ  represents the 2nd rank 

conductivity tensor, a linear operator transforming the electric field into the current density 

vector in the same system.  The above definitions imply: 
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Now rewriting equation (A2) in an alternative form that involves the vectors rather than their 

components: 
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and defining the vectors 
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it then follows that  

 

( ) ( ) ( )1 1 2 2 3 3J e E e E e Eσ σ σ= ⋅ + ⋅ + ⋅
r r rr r r r r r r

     (A5) 

 

Here a dot implies a scalar dot product.  Alternatively, this can be written symbolically as 
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( 1 1 2 2 3 3J e e e Eσ σ σ= + + ⋅
r rr r r r r r )

E

       (A6) 

 

or simply 

 

J = ℑ⋅
r r

         (A7) 

 

Substituting for 1 2,σ σr r  and 3σ
r  from equation A4 the explicit expression for ℑ  in terms of 

unit vectors is: 

 

          (A8) 
3

, 1
ij i j

i j

e eσ
=

ℑ = ∑ r r

 

The entity  is known as a dyadic and each of its elements a dyad.  The representation in 

equation A8 is known as the nonion form of the dyadic.  We may write 

ℑ

ij i j i j ije e e eσ σ=
r r r r  but 

the order of the unit vectors cannot be changed for the most general dyadic.   

 

Every dyadic has a scalar and a vector associated with it, which we denote by ℑ σ  and ℑ , 

respectively. 

 

332211 σσσσ ++=   where σ is also known as the trace of ℑ . 

           (A9) 

( ) ( ) ( ) 321122133113223 eee rrr σσσσσσ −+−+−=ℑ  

 

Consider now the dyadic ( )ω,eR r , which describes a rotation of space about e by an angle r ω .  

Such a rotation aligns the geographic frame with the natural frame of the rock.  In addition to 

the representation of a rotation by the vector ϖϖ err
= , it can also be represented by the three 

Eulerian angles ( )γβα ,, : 

 

( ) ( ) ( ) ( ) ( )γβαωϖ zyz eReReReRR rrrrr
321 ,, ⋅⋅==      (A10) 

 

where the component rotations are given by: 
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The dyadic represents the rotation of space (known as active rotation in contradistinction to 

a rotation of the axis, which is called passive rotation) relative to the fixed axis (x,y,z) about 

the z axis by an angle 

1R

α .  This is followed by a rotation β about the new y axis terminated by 

a rotation γ  about the new z axis.  Since the dyadic R in A10 is orthogonal, it follows that the 

components of the conductivity tensor ijσ  in the geographic frame ( , , )x y z can be written in 

terms of the principal values ( )3ˆ ˆ ˆ ˆ, ,1 2σ σ σ σ=  in the natural frame and the component 

rotations R so that ˆT
ij R Rσ σ= . 
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Here the individual elements  are given by: ijr

 

αγαβγ sinsincoscoscos11 −=r  αγαβγ coscossincossin22 +−=r  βcos33 =r  

αγαβγ cossincoscoscos12 +=r  αγαβγ sincoscoscossin21 −−=r  

βγ sincos13 −=r  αβ cossin31 =r       (A13) 

βγ sinsin23 =r  αβ sinsin32 =r  

 

A special case of a 2.5D Tilted Transversely Isotropic (TTI) case in which 0α γ= = and 

arbitrary dip angle β , the conductivity tensor takes on the form: 
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Appendix B 

Derivation of the θ  and φ  Spatial Derivatives 
 

Equation (6.38) involves spatial derivatives terms of the polar angles θ and φ which specify, 

along with radial distance R,  the subsurface point  (x,y,z) at which the Frechet derivative is to 

be computed. Here we derive equations for these derivatives.  

 

For the θ derivatives we use the relation  (B1) 2/1222 )/(/cos zyxzRz ++==θ

to obtain  
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But     (B3) RyxRz /)()/1()cos1(sin 2/1222/1222/12 +=−=−= θθ

This then yields for the θ derivatives: 
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For the φ derivatives we use the relation xy /tan =φ  

to obtain 

and    
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