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APPENDIX A. Dyadic Representation of Electrical Conductivity

and Euler Angle Rotations

Consider a right Cartesian system O, with unit vectors € ,€, and €, along the respective axes
x,X% and x, ie. (xy,z). Let (E,E,E,) represent the electric field vector E and

(jl,jz,j3) represent the current density vector J. Also, oy represents the 2" rank

conductivity tensor, a linear operator transforming the electric field into the current density

vector in the same system. The above definitions imply:

—

J=j,6 + 1,6, + Js&, E = E,6, +E,E, + EE, (Al)
and

J, = o,E +0,E, +0,E,;

J, = o,E+0,E,+0,E, (A2

J; = o,E +o,E +o,E,

Now rewriting equation (A2) in an alternative form that involves the vectors rather than their

components:

iy
Il

242 +J3a3 (A3)
+

my

Il
Hm —
D}

o, = 0,6 +0,6 +0,6
o, 06 + 0,8 + 0,8 (A4)
O3 = 036 +05€, +05,6,
it then follows that
J=6/(6,-E)+&,(5, E)+&(5,-E) (A5)

Here a dot implies a scalar dot product. Alternatively, this can be written symbolically as



Appendix A: Dyadic Representation of Electrical Conductivity and Euler Angles 119

J=(66,+6,6,+63G,) E (AB)

or simply

iy
1l
L2
m

(A7)

Substituting for o,,5, and o, from equation A4 the explicit expression for 3 in terms of

unit vectors is:

3= 0,88, (A8)

1

3
i j=

The entity I is known as a dyadic and each of its elements a dyad. The representation in

equation A8 is known as the nonion form of the dyadic. We may write o €€, =€¢€,0; but

the order of the unit vectors cannot be changed for the most general dyadic.

Every dyadic 3 has a scalar and a vector associated with it, which we denote by o and <S> :

respectively.

o =0, +0, +0, Where ois also known as the trace of 3.
(A9)
<S> = (0'23 — Oz Fl + (0'31 — O3 Fz + (0'12 —O0y )és
Consider now the dyadic R(€,®), which describes a rotation of space about € by an angle .
Such a rotation aligns the geographic frame with the natural frame of the rock. In addition to

the representation of a rotation by the vector @ =€ , it can also be represented by the three

Eulerian angles (o, 8,7):
R(@)=R(E @)= Ri(€, @) R, (€,5) Ry(€.7) (A10)

where the component rotations are given by:
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cosa sina O cosp 0 -sing cosy siny O
R,=|-sina cosae O| R,=| 0 1 0 R,=|-siny cosy 0| (All)
0 0 1 sing 0 cosp 0 0 1

The dyadic R, represents the rotation of space (known as active rotation in contradistinction to

a rotation of the axis, which is called passive rotation) relative to the fixed axis (x,y,z) about

the z axis by an angle « . This is followed by a rotation £ about the new y axis terminated by

a rotation » about the new z axis. Since the dyadic R in A10 is orthogonal, it follows that the
components of the conductivity tensor o, in the geographic frame (x, Y, z)can be written in
terms of the principal values 6 =(6,,6,,6,) in the natural frame and the component

rotations R so that o, = R'GR.

2~ 2 A 2~ A A A A A ~
10, + 1,0, +130, (10,0, + 100, +153115,05 13030, + 1050, + 15,150,
_ A A A 2~ 2 ~ 2~ A A A
Ojj =| 110, + 15,00, +1315,0, I,0, + 1,0, t13,0, o130, +15305,0, +15365,05
A A A A A A 2~ 2 ~ 2~
1030, + 1130, + 15, 15305  T,10307 +15305,0, +15305,075 M50, + 130, + 1330,
(A12)

Here the individual elements r; are given by:

I, =C0Sy COS fCcosa —sinysina r,, =—SiNyCos #sina +CoSy CoSax I, =COS
I, =C0SyCOS fCOSax +SinyCoOSa I, =—SinyCOS fCOSa —COSy Sina
I; =—Cosysin f r,, =sin fcosa (A13)

I, =sinysin g r, =sin gsina

A special case of a 2.5D Tilted Transversely Isotropic (TTI) case in which « =y =0and

arbitrary dip angle £, the conductivity tensor takes on the form:

cos® BG, +sin’ Bo, cos® Ao, —cos Asin A6, +cos Bsin B&,
o; =RToR= cos® A&, cos® BG, + &, —cos Asin Ao,
—C0S 3sin o, +cos fsin &, —cos Fsin fo, sin? A&, +cos® fo,

(Al4)
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Appendix B

Derivation of the ¢ and ¢ Spatial Derivatives

Equation (6.38) involves spatial derivatives terms of the polar angles 6 and ¢ which specify,
along with radial distance R, the subsurface point (x,y,z) at which the Frechet derivative is to
be computed. Here we derive equations for these derivatives.

For the 0 derivatives we use the relation cos@ = z/R = z/(x* + y* +z?)"? (B1)
to obtain
00 0 z — Xz
-sinf— = — =
aX ax( (X2 +y2+22)1/2) (XZ + y2 +22)3/2
.00 -yz
-Sing— = B2
ay (XZ + y2 +22)3/2 ( )
2 2
_Simg%:i( 2 2Z 2! T2 s 2+y 213/2
0z 07 (X“+y“+1z°) (X“+y“+2%)
But sin@ = (1-cos’&)"? = (1-z?/R*)"? = (x> +y?)"?/R (B3)
This then yields for the 6 derivatives:
00 _ Xz
ax RZ.(X2+y2)l/2
00 yz
E = RZ.(x? 1 y2)"2 (B4)
% B (X2+y2)l/2
oz R?
For the ¢ derivatives we use the relation tang = y/x
to obtain
W _,
0z
and (B5)

9 _

, sec’ ¢.

op -y
sec?p— = —2
¢ ox X2
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with

sec’ g =1+tan’ g = 1+ (y*/x%) (B6)
Giving

o___ Y

OX X%+ y?

o1 (B7)

oy  x(@1+y?/x%)
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