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ABSTRACT. A nonlinear dynamical system is modelled as a nonlinear mapping
from a set of input signals into a corresponding set of output signals. Each
signal is specified by a set of real number parameters, but such sets may be
uncountably infinite. For numerical simulation of the system each signal must
be represented by a finite parameter set and the mapping must be defined by a
finite arithmetical process. Nevertheless the numerical simulation should be a
good approximation to the mathematical model. We discuss the representation
of realistic dynamical systems and establish a stable approximation theorem
for numerical simulation of such systems.

1. INTRODUCTION

To construct a mathematical model of a realistic dynamical system it is neces-
sary to formalize definitions of such crucial physical properties as causality, finite
memory and stationarity. The philosophy of realistic systems has been considered
by many authors including Russell [1], Paley and Wiener [2], Foures and Segal [3],
Falb and Freedman [4], Willems [5], Gohberg [6] and Sandberg and Xu [7]. We
propose a generic topological structure to describe realistic nonlinear systems and
extend the methods of Torokhti and Howlett [§], [9], [L0] to prove stable approx-
imation theorems for numerical simulation of these systems. We define a class of
R-operators and prove that an R-continuous operator F' can be approximated by
an R-continuous operator S constructed from an algebra of elementary functions
by a finite arithmetic process. The approximation is stable to small disturbances.
Our theorem is a generalization of the Stone-Weierstrass theorem. Theorems of this
type were extended to operators on topological vector spaces by Prenter [11] and
Bruno [12]. A Stone-Weierstrass theory for approximation of continuous functions
by superpositions of a sigmoidal function was given by Cybenko [13]. Daugavet
[14] considered nonlinear operator approximation by generalized causal operators.
We provide a substantial extension of this work and show that our definition of the
R-continuous operator includes the accepted notions of causality [1] - [7], [14] and
other fundamental realistic properties as special cases. Several key results on opera-
tor approximation [I1], [12], [14] also follow from particular applications of our main
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theorems. In future work we intend to show that certain specific approximation
problems [I5], [I6] can be formulated and solved for R-operators.

2. REPRESENTATION OF REALISTIC DYNAMICAL SYSTEMS

We define a class of realistic systems. The fundamental idea is that each input
or output is uniquely defined by a corresponding legend of historical information.
We pay particular attention to systems in which the output history depends con-
tinuously on the input history.

2.1. R-spaces.

Definition 2.1. [14] Let X and A be Banach spaces and let £(X, A) be the set
of continuous linear operators from X into A. Let T'= (T, p) be a compact metric
space and let M = {M;}icr be a family of operators M; € L£(X, A) with norm
[|Mi]| < 1 for each ¢t € T and such that My[u] — Mu] as p(s,t) — 0 for each
u € X. The space X equipped with the family of operators M is called an R-space
and is denoted by Xz = (X, A, T, M).

The family M provides a mechanism for storing and manipulating information
about elements in X.

Definition 2.2. For each z € X the collection of elements M[z] = {M;[x] | t €
T} C A is called the legend or the complete history of the element x. For each
t € T the element M;[x] € A represents the current history of .

We assume that each element = € X is uniquely defined by specifying the legend
M(z] of the element[]

Lemma 2.3. M[z] = {0} < z=0.

If we define M[z] + M[y] = M[z + y] and aM|z] = MJaz] for each a € C,
then the set X = M[X]| = {M]z] | x € X} of all legends is a linear space over C
with zero element M[0]. If we further define | M|z]|| = sup,crp || M¢[z]||, then X is
a normed linear space.

Definition 2.4. The archival function H : X — X is a well-defined linear function
given by the formula H(M[z]) = z for all M[z] € X.

Definition 2.5. The family M is said to be pointwise normally extreme on X if|
for each © € X, there exists t = t, € T such that ||M;[z]|| = ||z||.

Lemma 2.6. If the family M is pointwise normally extreme on X, then the normed
linear spaces X and X are isometrically isomorphic under the archival mapping
H:X— X.

Corollary 2.7. If the family M is pointwise normally extreme on X, then X is a
Banach space and H € L(X, X) with |[H| = 1.

IThis is an adaption of the idea that a function is defined by specifying the complete set of
function values.
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2.2. R-operators and R-continuous operators.

Definition 2.8. [I4] Let Xr = (X, A, T, M) and Yr = (Y, B,T,N)) be R-spaces,
and let the closed set £ C T x T be an equivalence relation. Let K C X be a
compact set, and let z € K and ¢t € T. The operator F': K — Y is an R-operator
at Mi[z] € A if M[v] = Mi[z] = N4[F(v)] = N:[F(x)] whenever (s,t) € E and
ve K. If F: K —Y is an R-operator at M;[x] € A for all z € K and ¢t € T, then
we say that F': K — Y is an R-operator.

A dynamical system defined by an R-operator F' : K +— Y has the following
interpretation. For each z € K and ¢t € T the current history N;[F'(z)] of the
output depends only on the current history M[z] of the input. For a theory of
constructive approximation we require the dependence to be continuous.
Definition 2.9. Let Xg = (X, A, T, M) and Y = (Y, B,T,N') be R-spaces, and
let the closed set E C T x T be an equivalence relation. Let K C X be compact,
and let z € K and t € T. The operator F': K — Y is R-continuous at M;[z] € A
if, for each open neighbourhood of zero H C B, there is an open neighbourhood of
zero G = G(z,t, H) C A such that M;[v] € Mi[z] + G = N,[F(v)] € Ni[F(z)] + H
when (s,t) € Eandv € K. If F: K — Y is R-continuous at M[z] € A for all
xz € K and t € T, then we say that F' is R-continuous.

Lemma 2.10. If F: K — Y is R-continuous, then F is also an R-operator.
Lemma 2.11. For each t € T the set My[K] = {M[z] |z € K} C A is compact.

Proof. If {Gy}yer is a collection of open sets, then M[K] C J,cp Gy = K C
U, er Uy where each U, = M;'[G.,] is also open. Since K is compact there is a
finite subcollection U,,, ..., U,, such that K C |J;_, Uy, = My[K] C U;_, G,,. O

For each t € T let Ex = {s | (s,t) € E} C T. Note that E; is compact. We wish
to show that the set M [K] = {M,[K] | s € E;} is also compact.

Lemma 2.12. Let s € T. If M,[K] C G where G is an open set, then we can find
d =6(s,G) > 0 such that M,.|K] C G when p(r,s) < 4.

Proof. If not 3 sequences {r;} C T with p(r;,s) — 0 and {u;} C K such that
M., [u;] ¢ G for each i. We can assume u; — v for some v € K. Choose o > 0 and
Go ={a | |la]] < a} € A so that Ms[v]+ Go C G. If Uy = {u | |Ju|| < a} C X,
then u € Uy /2 = M,[u] € Go/2. If i is so large that u; — v € U, /2 and M, [v] €
M;[v] + Go /2, then M, [u;] € Ms[v] + G, C G. This is a contradiction. O

Lemma 2.13. For each t € T the set M[K] is a compact subset of A.

Proof. Let t € T and s € E; and suppose that {G,},er is a collection of open sets
with M[K] C U, cp G, Since M;[K] is compact and M[K] C M[K] for each
s € Ey there is a finite subset I'(s) C I' with M,[K] C |, cr(5) Gy = G(s). Choose
d(s) > 0 such that M, [K] C G(s) whenever p(r,s) < §(s), and define the open sets
R(s) ={r| p(r,s) < d(s)} C T for each s € T. Since E; is compact we know that
Ey C U,ep, B(s) = By € Uj_, R(s;) for some finite subcollection {R(s;)}j=1,2,....¢
and since UreR(sj) M, [K] C G(s;) for each j =1,...,q we have

Mkl = Uik =U| U mixl | cUcsn=-U| U &
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Therefore M, [K] is compact. O

Lemma 2.14. Let F : K — Y be continuous and R-continuous. For each neigh-
bourhood of zero, H C B there exists a neighbourhood of zero G = G(H) such that
M, [u] — Ms[v] € G = N,[F(u)] — Ns[F(v)] € H whenever (r,s) € E and u,v € K.
Hence F is uniformly R-continuous.

Proof. If not then for some § > 0 there exist neighbourhoods of zero Hg = {b |
o] < B} € B and Gy, = {a | |la]] < 1/n} C A for each n = 1,2,... and
Un, v, € K and r(n),s(n),t(n) € T with r(n),s(n) € Eyy,) for each n = 1,2,...
such that M, (,)[un] — Mgy [vn] € Gijy and Ny [F(un)] — Ny [F(vn)] ¢ Hp.
We suppose, without loss of generality, that there exist u,v € K with u, — u
and v, — v as n — oo and points r,s,t € T with p(r(n),r) — 0, p(s(n),s) — 0
and p(t(n),t) — 0 as n — oo. Since (r(n),t(n)) € E and (s(n),t(n)) € E and
since E is closed, it follows that (r,t) € E and (s,t) € E. Hence r,s € E.
Choose @ > 0 and define G, = {a | |la]| < a} € A. We have M,[z] € G4./5,
whenever z € U, /5 where Uy = {z | ||z|| < a} C X. If we take n so large that
U—Up, 0 =V € Ua/5,  Mynylu] — Mp[u], My,)[v] — Mg[v] € Go/5 and Gy, C
Go /5 then M, [u]—M[v] € G,. Since a is arbitrary it follows that M, [u]—M[v] =0
and since 1, s € E; the R-continuity of F' implies that N, [F'(u)] — N[F(v)] = 0.
Define V3 = {y | |ly|l < B} € Y. Note that N,[y] € Hg/4 whenever y € V3/4.
Choose n so large that F(u,) — F(u), F(v,) — F(v) € Vg/4 and Ny [F(u)] —
NT[F(U)], Ns(n) [F(U)]_Ng [F(U)] S H5/4. Hence Nr(n)[F(un)]_NS(n) [F(Un)] S Hﬁ,
which is a contradiction. O

2.3. The collection of auxiliary mappings. To establish a constructive approx-
imation for R-continuous mappings we define a collection of auxiliary mappings.

Definition 2.15. Let F : K — Y be R-continuous. For each t € T define the
auxiliary mapping f; : My[K] — B by setting f:(Ms[v]) = N[F(v)] for each
s€ Fyandve K.

This is a good definition because M.,[u] = M;[v] = N.[F(u)] = N [F(v)] for
each r,s € E; and each u,v € K. The mapping f; : M [K] — B is continuous at
each point M;[v] € My[K] because, for each open neighbourhood of zero H C B,
there is a corresponding open neighbourhood of zero G = Gy(v, s, H) = G(v, s, H)N
M [K] C A such that M, [u] — M[v] € G = fi(M,[u]) — fi(Ms[v]) = N, [F(u)] —
Ny[F(v)] € H whenever r € E, and u € K. Because M[K] is compact the
mapping f; : Mi[K] — B is uniformly continuous and for each neighbourhood
of zero H C B, there is a neighbourhood of zero G = Gi(H) C A such that
M, [u] — Ms[v] € G = fiy(M,[u]) — fi(Ms[v]) € H whenever r,s € Ey and u,v € K.
Lemma [ZT4] shows that when F : K +— Y is continuous the collection {f:}ier
is uniformly equi-continuous. That is, for each neighbourhood of zero H C B
there is a neighbourhood of zero G = G(H) C A such that for all ¢ € T we have
M, [u] — Ms[v] € G = fiy(M,[u]) — fi(Ms[v]) € H whenever r,s € Ey and u,v € K.

2.4. Some examples of R-continuous operators. The following theorem of M.
Riesz is used in the examples to justify compactness of the set K.

Theorem 2.16. Let K C LP([0,1]) and write Thx(r) = z(r+h) Vo € K; r,r+h €
[0,1). The set K is compact if and only if 3 M > 0 with ||z|, < M and § = d(e)
such that | Thx — z||, < € whenever |h| < § for all x € K.
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2.4.1. A causal operator. Let X = L1([0,1]), K = {z | |z(s) —x(t)]| < |s—t| V s,t €
[0,1]} € X and Y = C([0,1]). The operator F : K — Y is a C-operator on the
time interval T' = [0, 1] if, for all t € T and u,z € K, {u(s) = z(s) V s € [0,t]} =
{[F(w)](s) = [F(z)](s) V s € [0,t]}. Note that the output at time ¢ depends only
on the input prior to time ¢. The operator F' is uniformly C-continuous if, for all
t € T and all u,x € K and for each 8 > 0, we can find @ = «(8) > 0 such
that {| i, qu(r)dr — [, jo(r)dr] < a Vs € (0,1} = {|[F(u)](s) — [F(2)](s)] <
BY s €0,t]}. To show that a uniformly C-continuous operator is a special case of a
uniformly R-continuous operator, set A = B = C(T') and 7 = min(s, t) and define
M[z](s) = f[o,r] x(r)dr and Ngly](s) =y(r) forz € X,y €Y and s,t € T. Let
E = {(t,t) | t € T}. In this notation F is a uniformly C-continuous operator on
T if and only if for all ¢t € T, and all u,x € K and for each 8 > 0, we can find
a = «a(f) such that {||M[u] — M[z]|| < a} = {||[F'(u)] — [F(z)]|| < 8}, which,
in turn, is equivalent to saying that F' is a uniformly R-continuous operator on
T. For a particular instance we note that the operator Fo : K — Y defined by
[Fo(x)|(t) =et f[07t] e*z(s)ds for each t € T is a uniformly C-continuous operator.

2.4.2. A stationary operator with finite memory. Let X = L>®(R), K = {z | z(t) =
Ofort ¢ [0,1] and |z(s)—x(t)| < |s—t|Vs,t € R} C X and Y = C(R). The operator
F: K — Y is a stationary operator with finite memory A > 0 on the time interval
T=[0,14A]if, forallu,z € K and all s,t € T, {u(s+r—A)=z({t+r—A)Vre
[0,A]} = {[F(w)](s) = [F(2)](t)}. The output at time ¢ depends only on the inputs
at times s € [t — A, t]. We say that F'is an S-operator. The operator F' is uniformly
S-continuous on T if, V {u,z € K; s,t € T; § > 0}, we can find o = «(8) > 0 such
that {|Ju(s+r—A)—z(t+r—A)| <aVre[0,A]} = {|[F(w)](s) = [F(x)](t)] < B}
To show that a uniformly S-continuous operator is a special case of a uniformly
R-continuous operator, set A = L*([0,A]) and B = C([0,1+ A]). For each t € T
define My : X — A by Miz](r) = z(r +t —A) ¥V r € [0,A] and N; : YV
C([0,1+ A]) by Ni[y](r) =y(t) Vr €[0,1+ A]. Let E =T x T. The operator F
is uniformly S-continuous on T if and only if for all u,z € K and all s,t € T and
for each 8 > 0, we can find @ = a(B) > 0 such that {|M[u] — M[z]|| < a} =
{|| Ns[F(u)] — N:[F(x)]|| < 8}, which is equivalent to saying that F' is a uniformly
R-continuous operator on T'. In particular, the mapping Fa : K — Y defined by
[Fa(2)](t) = f[t—A,t] x(r)dr for each x € X and ¢t € R is a uniformly S-continuous
operator.

3. THE MODULUS OF CONTINUITY

Definition 3.1. Let X and Y be separable Banach spaces. Let K C X be a
compact set, and let F': K — Y be a continuous map. The modulus of continuity
w=w[F]: Ry — Ry is given by the formula

w(d) = sup [F(z1) — F(z2)]-
z1,02€K, ||z —22]| <8

Note that w(0) = 0 and w(d) < w(d’) whenever 6 < ¢’. We will show that w is a
uniformly continuous function.

Lemma 3.2. Let X andY be separable Banach spaces. Let K C X be a compact set
and F : K — Y a continuous map. Let w = w[F]: Ry — Ry be the corresponding
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modulus of continuity. Then for each T > 0 we can find 0 = o(7) > 0 such that
0 <w(d') —w(d) <7 whenever 0 < ¢ —0 < o.

Proof. Define AF : K x K — Y by setting AF(z) = F(x2) — F(x1) for each
x = (z1,22) € K. Clearly AF is continuous with respect to the norm ||z||xxx =
lz1]] + ||z2]] and hence, since K x K is compact, AF is uniformly continuous.
If we define Ds = {z | ||lx2 — x1]] < d}, then Dy C K x K is compact and
w(d) = sup,ep, [[AF(x)| for each 6 > 0. Fix 7 > 0 and choose 0 = o(7) > 0
such that [|[AF(z') — AF(z)|| < 7 whenever ||z’ — z||kxx < 0. Now suppose that
0<¢"—0 <o. Find ¢/ € Dy with z, # 2} and w(d') = ||AF(z')]|, and define 0 €
[0,1] so that 0|z, —z}|| = d. Let 2" = (a%, 2}) and define x = 02’ +(1—-0)(z'+2") /2.

It is easy to see that ||z2 — 21| = ¢ and that ||z’ — z||xkxx < 0. It follows that
w(d") = JAF(@)| < JAF(z)|| + 7 < w(d) + 7. Thus 0 < w(d') — w(§) < 7 when
0 < ¢ —d <o and hence w is uniformly continuous on R. O

3.1. The R-modulus of continuity. The R-modulus of continuity will be used to
characterize our constructive approximation theorems for R-continuous operators.

Definition 3.3. [14] Let Xz = {X, A, T, M} and Yg = {Y, B, T, N'} be R-spaces,
and let E C T x T be the given equivalence relation. Let K C X be a compact
set, and suppose that the map F : K — Y is R-continuous. The function wgr =
wr[F] : Ry — Ry defined by
wr(0) = sup [N [F(u)] = N [F ()]
u,veK; (r,s)EE:
| M [u] — M [0][| <6

is called the R-modulus of continuity of the operator F.

Definition 3.4. We say that (Xg,Yr) is a complete R-pair if E =T x T and an
incomplete R-pair if £ # T x T.

Lemma 3.5. Let (Xg,Yr) be a complete R-pair and suppose that F : K — Y
is R-continuous. Then the R-modulus of continuity wg = wr[F] : Ry — Ry is
uniformly continuous with wgr(0) = 0.

Proof. Since Ey =T for all t € T it follows that M[K] = M[K] = {M;s[z] | v €
K and s € T} C A for all ¢ € T. Define an auxiliary mapping f : M[K] — B
by setting f(M;[z]) = Ni[Fz] for each v € K and ¢ € T. Recall from our earlier
remarks that the mapping f : M[K] — B is uniformly continuous. The function
wy : Ry — Ry is the modulus of continuity of f. Lemma [3.2] shows that wy is
uniformly continuous. Since w¢(d) = wr(4) we obtain the desired result. O

Lemma 3.6. Let (Xg,YRr) be an incomplete R-pair and suppose that F: K — Y
is both continuous and R-continuous. Then the R-modulus of continuity wr =
wr[F] : Ry — Ry ds uniformly continuous with wg(0) = 0.

Proof. Since (X%, Yr) is an incomplete R-pair we consider the various equivalence
classes Fy for each t € T. We saw earlier that for each ¢ € T there is an auxiliary
mapping f; : My[K] — B defined by fi(M[z]) = N[F(x)] for all z € K. Let w[fy] :
R4 — R, be the modulus of continuity for the map f;, and consider the argument
used in LemmaB2. Define Af; : M;[K]|x M,[K] by the formula A f:(p, q) = || ft(p)—
fi(@)|| for each (p,q) € M[K] x M[K]. Choose 7 > 0. From our earlier remarks
about the uniform equi-continuity of the family of auxiliary mappings { f:}ter, we
can choose ¢ = o(7) > 0 such that for all t € T' we have |Afi(p', ¢ )—Afi(p,q)|| < T
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whenever ||(p',¢") — (p,q)|| < 0. Now it is clear from Lemma [3:2] that for all t € T
we have 0 < w[f¢](8") — w[ft](§) < 7 whenever 0 < ¢ — ¢ < o. Thus the family
{w[fi]}ter is also uniformly equi-continuous. Since wr(d) = sup,cpw(fi](d), it
follows that 0 < wr(d') — wr(d) < 7 whenever 0 < §' — 4 < o. O

4. APPROXIMATION OF NONLINEAR OPERATORS ON COMPACT SETS

We describe briefly the recent work by Torokhti and Howlett [8]. Let X,Y be
locally convex topological vector spaces and let K C X be a compact subset. Let
F: K CX — Y be a continuous map. If F' is known only on K, then for some
suitable neighbourhood € of zero in X the construction of an extended operator
S:K+eC X — Y is an important ingredient in the approximation procedure.
The extension of the domain allows consideration of a small disturbance in the
input signal. Such disturbances are unavoidable in the modelling process. The
main result is formulated as follows. Let X.Y be topological vector spaces with
the Grothendieck property of approximatiorﬁ and with approximating sequences
{Gm}m=12,.. C L(X, Xm), {Hn}n=1,2,.. C L(Y,Y,) of continuous linear operators,
where X,,, C X,Y,, CY are subspaces of dimension m,n. Write X,,, = {z,, € X |
T =)y agujtand Yy, = {yn € Y | yn = D5, brvy}, where a € R™,b € R™ and
{u;}i=1,2,...m, {Vk tk=1,2,.. n are bases in X,,,Y,, respectively. Let G = {g} be an
algebra of continuous functions g : R”™ — R that satisfies the conditions of Stone’s
algebra. Define the operators @ € L£(X,,,R™), Z : R™ — R™ and W € L(R™,Y,,)
by Q(zm) = a, Z(a) = (g1(a),g2(a),...,gn(a)) and W(z) = Y_;_; zxvr where
each g, € G and z, = gr(a). Subject to an appropriate choice of the functions
{gr} € G, so that z; provides a sufficiently good approximation to by, the following
stable approximation theorems can be established.

Theorem 4.1. Let X,Y be locally convex topological vector spaces as above, and
let X be normal. Let K C X be a compact set and F : K — 'Y a continuous map.
For a given convex neighbourhood of zero 7 C'Y there exists a neighbourhood of zero
o C X, an associated continuous operator S : X — Y, defined by finite arithmetic
in the form S = S, = WZQG,, and a neighbourhood of zero e C X such that for
alz € K and all ' € X with ' — x € ¢ we have F(z) — S(z') € 7.

Theorem 4.2. Let X andY be separable Banach spaces. Let K C X be a compact
set and F : K — Y a continuous map. For any given numbers § > 0 and 7 > 0
and for all x € K and all 2’ € X with ||z’ — z|| < §, there exists an operator
S =WZQG,, : X — Y defined by finite arithmetic such that |F(z) — S(z")| <
1w[F)(20) + 7.

Proof. The proof of the latter result uses an argument proposed by Daugavet [14].
Since [14] is difficult to obtain, the proof is given in Appendix

4.1. A model for constructive approximation in the class of R-continuous
operators. When F' is an R-continuous operator we prove the existence of an
approximating R-continuous operator S that is stable to small disturbances. The
operator S defines a model of the real system and is constructed from an algebra
of elementary continuous functions by a process of finite arithmetic.

2The space X possesses the Grothendieck property of approximation if there is a sequence
{Gm}men C L(X, Xm) where X,,, C X is a subspace of dimension m and the operators G, are
equi-continuous on compacta and uniformly convergent to unit operators on those compacta.
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Theorem 4.3. Let A and B be Banach spaces with the Grothendieck property of
approzimation, and let Xgr = (X, A, T,M) and Yr = (Y,B,T,N) be R-spaces.
Suppose that (Xgr,Yr) is a complete R-pair and that N is pointwise normally
erxtreme on Y. Let K C X be a compact set, and let the map F : K — Y be an
R-continuous operator. Then for any fired real numbers § > 0 and T > 0 there
exists an associated R-continuous operator S defined by finite arithmetic in the
form S =WZQG : X — Y such that for oll x € K and 2’ € X with ||z —2'|| <46
we have |F(z) — S(2')|| < twr(20) + 7.

Proof. We recall from Lemma that the auxiliary mapping f : M[K] — B
is uniformly continuous. We will construct a mapping o : A — B in the form
o = mvAf where A,, C A is a subspace of dimension m and B, C B is a subspace
of dimension n, and where 6 € L(A, A,,) and A € L(A,,,R™), where v : R™ — R”
is continuous and where © € L(R", B,,). By Theorem H.2] there exists a continuous
mapping o : A — B in the above form such that for all w € M[K] and all w’ with
[w—w'|| < & we have || f(w) — o(w)|| < fwr(26) 4+ 7, where we have used the fact
that the modulus of continuity of f satisfies wy(a) = wr(e) for all & € R;. Now
define S : X — Y by setting N¢[Sz] = o(M,[z]) for each x € X and eacht € T'. Our
indirect definition assumes that if N¢[y] € Bisknown for allt € T, theny € Y is also
known. We will follow our earlier notation and write y = K(N[y]) where K : Y — Y
is the appropriate archival function. The mapping ¢ : A — B is continuous and
hence S : X — Y is an R-continuous operator. Since |Mi[z — ]| < ||z — 2/, it
follows that || N;[Fz — Sz']|| = || f(M[x]) — o(My[2'])|| < 3wr(26)+ 7 forallt € T
whenever z € K and ||z—2'|| < §. But we can choose t = t[p(4)—g(s)) € T such that
[N [Fa — Sz']|| = ||F(z) — S(z)| and so ||[F(z) — S(z')|| < 2wgr(20) + 7 whenever
x € K and ||z — /|| < 0. Since we defined N;[Sz] = mvA0M,[z] we can now write
N[Sz] = mv M (z] or, equivalently, S(z) = KrvA0H 1 (x) for each z € X. Note
that ||H~Y| < 1 and that ||K|| = 1. If we define G = 0H™!, Q = A\, Z = v and
W = Kr, then we can see that S has the desired form. We assume that G and W
can be defined by finite arithmetic or replaced by suitable approximations. O

Lemma 4.4. Let K C X be a compact set. Then for each € > 0 we can find § > 0
such that | Ms[x] — My[z]|| < € for all x € K whenever s,t € T and p(s,t) <.

Theorem 4.5. Let A and B be Banach spaces with the Grothendieck property of
approzimation. Let Xg = (X, A, T,M) and Yr = (Y,B,T,N) be R-spaces and
suppose that (Xg,YR) is an incomplete R-pair and that N is pointwise normally
extreme on Y. Let K C X be a compact set and let the map F : K — Y be con-
tinuous and R-continuous. Then for any fired real numbers 6 > 0 and 7 > 0 there
exists an associated operator S : X — Y defined by Ni[Su] = Z;\;l ;i () N[ Sju]
where ¥ : T — R for each j =1,2,...,N and {¢n,...,¥n} is a partition of unity
and where S; = W;Z;Q;G; : X — Y for each j =1,2,...,N and each u € K and
t € T. The mapping S is continuous and R-continuous and is defined by a process
of finite arithmetic in such a way that for all x € K and ' € X with ||z —2'|| < §
we have |F(z) — S(2')| < twr(26) + 7.

Proof. Let t € T and consider the auxiliary mappings f; : M;[K] — B and the
associated moduli of continuity w(f] : Ry — Ri. We recall from Lemmas ZT4 and
B4 that the families {f;}ter and {w[fi]}+ter are each uniformly equi-continuous.
Hence, for the given 7 > 0, it is possible to choose € = ¢(7) > 0 so small that
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A< d+4+e = wr(2\) < wr(20) + 7 and || M, [u] — Ms[v]|| < € = ||N;[Fu] —
N[Fv]|| < 7/12 whenever (r,s) € E and u,v € K. Since K and F(K) are both
compact, we can use Lemma 4] to find v > 0 so that both | M;[z] — M[z]| < €
and ||Ns[Fz] — N¢[Fz]|| < 7/4 for all x € K when p(s,t) < v. Choose a y-net
{t1,...,tn} C T such that whenever ¢t € T' we can always find some j = j(t) with
It —¢;]] <~y andlet {¢1(t),...,¥n(t)}, where ¢; : T +— R for each j =1,2,..., N,
be a partition of unity on T such that ¢1,...,¥n € C(T), ¥,(t) >0 for all ¢t € T,
Zévzl ¥i(t) = 1for all t € T, and ¢;(t) = 0 whenever p(t,t;) > v. Let ¢ € K
and choose u € X with [u — x| < 0. If p(t,t;) < v, then |[M[u] — M, [z]|| <
| Mi[u — x]|| 4 || M¢[x] — My, [z]|| < ||u— 2|4+ €= X < § + . By applying Theorem
we can define a function o; : A — B in the form o; = 7;v;);0; such that for all
w € My, [K] and w' with [|w' —w]|| < X we have || f;(w) — o (w')|| < 3w[f;](2X) + %
Define S; : X — Y by setting N;[Sju] = 0;(M;[u]) and S : X — Y by the formula
N¢[Su] = E;vzl Yi(t)o;(Mi[u]) for all u € X and t € T. Now for z € K, u € X
with ||z — ul| < § and all t € T we have

IN[F] = Ne[Sull = || Y () [Ne[Fz] = o (Me[u])] ||

p(tt;)<r
We make two observations. Firstly, for p(¢,¢;) < r we have
[INi[Fa] —oj(Mi[u])| < [[Ni[Fz] = Ny, [Fa]|| + | Ny [F] — o (M [u])
T
< fi(My[2]) — o (Mew)|[ + -

Secondly, since || My, [x] — M;[u]|| < A, it follows that || f; (M, [z]) — oj(M[u])]| <
2wr(2)A) 4+ Z. The desired result can now be established. O

APPENDIX A. PROOF OF THEOREM

It is well known that any separable Banach space is isometric and isomorphic to
a subspace of the space C([0, 1]) of continuous functions on the interval [0, 1]. Thus,
without loss of generality, we assume X =Y = C([0,1]). Define ¢ : K x [0,1] = R
by setting ¢(x,t) = Flz](t) for all t € [0,1]. Fix 6 > 0 and ¢t € [0,1]. For each u €
Ks ={u| ||lu—=z| < § for some x € K} choose z[u] = x;{t[u],x_[u] =x;5,[ul € K
so that

+

SD(S (uat) = @(x+[

ul,t) = ma; x,t
b0 = e, Pt

and

p(z,t)

and set p5(u,t) = $[oF (u,t) + ¢y (u,t)]. Define Fy : K5 — C([0,1]) by setting
Fslu)(t) = ws(u,t) for all 6 > 0 and each t € [0,1]. If u € K5 and € K with
[lu—z|| <0, then |p(z,t) —s(u,t)| < w(25)/2 for all t € [0, 1], and hence it follows
that ||F(z) — Fs(u)|| < 1w(26). However, Fs may not be continuous. Therefore for
fixed t € [0, 1] and each pair of positive real numbers A and p we define

w5 (u,t) = ez~ [u]1) = a:EKr||I;i£luH<6

_ 1 + —
orulit) =50 [ fofd + op nlde
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and Fy, : Kx — C([0,1]) by setting F) ,[u](t) = @apu(u,t) for all t € [0,1]. If
|lu — v|| < p, then it can be shown that

2pF
| Fxulu] — Fxuv]l] < %

where Fg = maxgecx ||F(z)||. This shows that the operator F) , is continuous. If

z € K and ||z — u| < A, then it follows that ||[F(z) — Fy . (u)| < 3w(2v) where

v = A+ p. To prove the desired result we take 7 > 0 and choose € > 0 so that
w(20+¢€) < w(28)+7 for all § > 0. Now we set A = d+€/2 and 1 = €/2 and note that
if |z —ull < A, then ||[F(z) — Fyp(u)| < 3w(28)+ 3. Let 0=1tg < --- <ty =1bea
partition of the interval [0, 1], and define the operator Py € L(C(]0,1]), PL([0, 1])),
where PL([0,1]) C C([0,1]) is the subspace of piecewise linear functions defined by
setting Pn[z]|(tr) = z(t) for each k = 0,..., N with the partition sufficiently fine
to ensure that ||z — Py (z)|| < €/4 for all x € K. Let Ls denote the closure of the
set Py (K5s). Since Ls lies in an (N + 1)-dimensional subspace and is bounded and
closed, it follows that Ls is compact. It can be shown that Ls C K, and hence
F) , is well defined on L;. By Theorem [Tl for all v € Ls there exists an operator
Sxu: X — C(T) in the form Sy, = WZQG}, such that ||[Fy ,(v) — Sx .(v)]| < 3.
We can now define the operator S : X — C(T') in the form S = WZQG,,, where
Gm = G}, Pn, by the equality S(u) = Sx . (Pn][u]) for each u € K. O
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