
r5/r>fo{,

r)|il

(;

Quantitative Methods for Investment

Decisions in communication Networks

Clare Saddler

Thes'is submttted for the degree of

Doctor of Phi'losoPhY

LN

Appli,ed Mathematics

at

The Uni,uers'ity of Adelai'de

(Facutty of Mathematical and Computer Sci,ences)

Department of Applied Mathematics

September 2006

/l



Contents

Abstract

Declaration

Acknowledgements

1 Introduction

1.1 Financial Options

7.2 Real Options

1.3 Description of the Project

I.4 Thesis Outline

2 Background

2.1 Stochastic Calculus

2.L.7 Brownian motions and Poisson processes

2.L2 Itô's Lemma .

2.7.3 Stopping Times

2.7.4 Optional SamPling Theorem

2.2 Stochastic Processes

2.2.L Geometric Brownian Motions

2.2.2 Jump-Diffusion Processes

2.2.3 Mean-Reversion Processes

2.3 Option Pricing Models

vl11

ix

x

1

3

6

I
10

13

13

13

74

15

16

18

19

20

23

25

1



2.4 Conclusion

3 Building New Infrastructure

3.1 Introduction

3.2 A Geometric Brownian Motion Model

3.3 A Jump-Diffusion Process Model

3.4 Convergence of Finite Models

3.5 Stopping Times

3.5.1 Geometric Brownian Motions

3.5.2 General Stochastic Processes .

3.5.3 NumericalResults

3.6 Conclusion

4 Decreasing Investment Costs

4.7 Introduction

4.2 An Investment Model with Decreasing Costs

4.2.1 The General Formula

4.2.2 The Positive Root .

4.2.3 The Investment Tligger .

4.2.4 The Investment Value

4.2.5 Convergence of finite models

4.2.6 Stopping Times

4.3 Errors in the decay parameter

4.3.7 The Cost Error Model

4.3.2 Numerical Examples

4.4 Errors in the traffic growth parameter

4.5 Conclusion

5 Increasing Link Capacity

5.1 Introduction

28

29

29

31

34

43

44

45

48

48

51

53

53

55

56

57

59

62

64

65

68

68

70

75

80

81

81



5.2

5.3

A General Strategy

A Geometric Brownian Motion Model

5.3.1 An expression for LxÓ(")

5.3.2 A unique bounded solution fot L,S@): min(ø, S)

5.3.3 The discount factors El"-'"1and 'Ð le-('+')"1

5.3.4 lrn expression for E lli min(D(s), S)e-'"dsf

5.3.5 The Optimal Tbigger

5.3.6 Numerical ExamPles

Conclusion

82

88

88

89

96

98

100

110

116

1.L7

L77

118

L20

L22

r23

L25

133

136

139

745

L46

5.4

6 Demand Saturation

6.1 Introduction

6.2 Kummer's Equation

6.3 A Logistic Model

6.3.1 An expression for LxÓ(n)

6.3.2 A general solution lor L¡þ(r) - 0 .

6.3.3 A unique bounded solution for L,þ(r): min(ø,'S)

6.3.4 The discount factors El"-'"1 and' E le-('+")"1

6.3.5 The OPtimal Tligger

6.3.6 Numerical ExamPles

6.4 Conclusion

7 Summary and Conclusions

A Mathematical TheorY

4.1 Convergence Tests and Theorems

A.2 Differential Equations

4.3 Numericai Techniques

^.4 
Statistical ConcePts

r49

.749

. 150

. t52

. 153



B Mathematical Results

8.1 The risk-neutral pricing formula .

82 Dixit and Pindyck's GBM Model

8.3 Lassila's JDP Model . . .

8.4 Results for Chapter 3 .

8.5 Results for Chapter 6 .

C Java Classes

C.1 Utility Classes

C.2 Stochastic Process Classes

C.3 Finite-Time Model Class

C.4 Fixed-Cost Model Classes

C.5 Decreasing Cost and Error Model Classes

C.6 Increasing Capacitv Class

D MATLAB M-Files

D.1 The Increasing Capacity Model in Chapter 5 .

D.2 The Increasing Capacity Model in Chapter 6 .

Bibliography

r67

. r57

. 159

. L64

. 168

. t72

183

. r84

. 189

.205

. 208

.239

.255

264

264

272

283



List of Tables

1.1 Optical Carrier (OC) Levels

3.1 GBM and JDP Value Process Examples

Shifbing the trigger into the third region

No prior investment

Threshold values

Logistic variations of Example 5.1a.

Logistic variations of Example 5.1b

Simulation results for logistic variations Example 5.1a

Simulation results for logistic variations Example 5'1b

Logistic variations of Example 5.2c

A logistic variation of Example 5.1a with large I . . '

8

31

5.1

5.2

5.3

6.1

6.2

6.3

6.4

6.5

6.6

. 110

. LL4

. 115

. L42

. t42

. t42

. L43

.743

. r45

v



List of Figures

A simple decision tree

The Black-Scholes values for European call options

Sample paths for X(ú) : 0.3ú + B(t)

Sample paths for X(t): -0.5ú + B(t)

Sample paths for a geometric Brownian motion

Sample paths for a jump-diffusion process

Sample paths for an Ornstein-Uhlenbeck process

Sample paths for a logistic process

The convergence of binomial models

The roots of P1(k)

A Geometric Brownian Motion model as ô varies

The positive roots of P2(k)

A Jump-Diffusion model as 6 varies

The cha,racteristic equations for Example 3.2,3.2a and 3.2b .

The convergence of finite models for Example 3.1

The convergence of finite models for Example 3.2a and 3.2b

Sample paths lor V(t) - exp {0.06ú + 0.28(t)}

Sample paths for V(t) - exp {-O.rt + 0.28(t)}

Stopping times for Example 3.1 as ô varies

Stopping times for Examples 3.2a and 3.2b as ô varies

Stopping times for Example 3.2 as ô varies

1.1

L.2

2.7

2.2

2.3

2.4

2.5

2.6

2.7

3.1

3.2

ù. t)

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.1.2

2

5

t7

18

20

22

23

24

25

35

36

40

47

42

44

45

46

47

49

50

51

VI



4.1 Positive roots for Example 3.1 as a varies

4.2 Positive roots for Example 3.2 as o varies

4.3 Investment triggers for Example 3.1 as a varies

4.4 Investment triggers for Example 3.2 as a varies

4.5 Investment values for Example 3.1 as a varies

4.6 Investment values for Example 3'2 as a varies

4.7 The convergence of decreasing costs models

4.8 Stopping time probabilities for Example 3.1 as a varies

4.9 Stopping time probabilities for Example 3.2 as a varies

4.10 Expected stopping times for Example 3.1 as o varies

4.11 Conditional expected stopping times for Example 3.2 as o varies

4.12 Optimistic decay predictions

4.13 Pessimistic decay predictions

4.14 Investment value versus the relative error

4.15 Relative difierence and loss versus the relative error

4.16 Optimistic decay predictions leading to negative investment values

4.17 Optimistic trafÊc predictions

58

59

60

61

63

64

65

66

67

68

69

7l

74

75

76

77

79

90

97

111

7t2

113

. 118

. t26

. t34

. 140

. t47

. L44

5.1

5.2

5.3

5.4

5.5

6.1

6.2

6.3

6.4

6.5

6.6

The / functions for ExamPIe 5.1a

Discount factors for Example 5.1a .

Investment values for Example 5.la

Investment values for Example 5.lb

Investment values for ExamPle 5.2c

A geometric Brownian motion and a logistic variation

The / functions for logistic versions of Example 5.1a

Discount factors for logistic versions of Example 5.1a

Investment bounds for logistic variations of Example 5.la

Investment bounds for logistic variations of Example 5.1b

A logistic variation of Example 5.La with large I . . . ' '



Abstract

Information and communication technology (ICT) is a multi-biltion dollar indus-

try [11]. It is therefoïe paramount to employ the most up to date decision making

strategies when making ICT investments. This thesis uses a framework, originally

developed for perpetual American call options, to study pertinent issues in this

industry.

The models in existing literature often assume that investment costs are fixed,

but in the ICT industry we expect the cost to decrease exponentially according to

Moore's and Gilders' laws. The models are therefore extended to support decreasing

costs. The investment values and stopping times are determined for various decay

parameters. For large decay parameters, we find that the investment values are close

in geometric Brownian motion (GBM) and multiplicative jump-diffusion process

(JDP) models. Typical error scenarios are explored and the models are found to be

fairly robust.

Once a network link has been built, its capacity can be increased by upgrading

hardware in the associated switches. We initially develop a general strategy for

deciding when to make this investment and find an analytical solution for a GBM

demand process. A logistic process is then used to model demand with saturation

and Kummer's equation is used to find an analytical solution for the increasing

capacity model. In the GBM model, there is a unique optimal trigger which is

greater than the link's initial capacity. Compared to the GBM model, investments

are made later in the demand saturation model and yield lower investment values.

F\rrthermore, in some extreme cases, we find that the optimal trigger does not exist.

VlII
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Chapter 1

Introduction

The information communications technology (ICT) industry is a multi-billion dollar

industry. In 200b, the Australian telecom market alone was estimated to be worth

$31 billion [11]. Given the magnitude of this market, decision making processes

which yield. optimal strategies may increase profits by millions. This thesis deter-

mines whether or when an investor should make ICT investments. Similar problems

have been studied in the mânufacturing industry 122,43], but these models fail to

address pertinent issues in the ICT industry'

The investment problem depends on two functions: the current value of future

ïevenues V(ú) (which we shall henceforth refer to as the ualue process), ancl the

investment cost 1(ú). Tladitional Investment Analysis is based Net Present Value

(NpV) analysis. The NPV is simply the current value of future revenues less the

current cost.

NPV: v(o) - 1(o).

If this value is positive the investment is made immediately. Otherwise the invest-

ment is never made. This method is often ignored in practice because it does not

allow for management flexibility. For instance, in the current problem it ignores the

fact that the decision can be postponed.

Decision Analysis provides an alternative approach. Figure 1.1 shows a simple

1



CHAPTER 1. INTRODUCTION 2

invest
v(0) - r(0)

never invest

invest
t:1 v(l,l)-r(t)

appreciate

never invest

wait
0

invest
t:1 v(1,2)-(1)

1-q never invest
0

Figure 1.1: A simple decision tree

decision tree which includes the two choices given in the NPV model: invest ir¡me-
diately or never invest. It also includes a third option: wait until time t:1, then

â,pply the NPV rule to decide whether to invest or not. In this simple model the

value process is expected to appreciate or depreciate with risk-neutral probabilities

q and 1 - g respectively. The decision tree is solved by evaluating options at each

branch. At time t:1, there are two possible scenarios: either the value process has

appreciated to V(7,1) or it has depreciated to V(L,2). Applying the NpV rule, the

value of each investment is (y(1, 1) - I(t;¡+ and (Z(1, 2) - I(1))+ respectively. The

value of waiting is the the expected value of these two values and discounted by e',

where r is the risk-free interest rate for the period to ú : 1,

w(0): q(VQ,1) - 1(1))+ + (1 -q )(v(r,2) - r(t))+
eT

This value is then compared with the value of investing immediately Ir(0) - 1 and

the value of never investing 0. The optimal strategy is to select the decision which
yields the greatest value.

Decision analysis has greater flexibility than NPV analysis alone, but it requires

t:0

U

q



CHAPTER 1, INTRODUCTION

considerable time to calculate the decision trees, and decision trees only consider

time points that have been enumerated. For instance this decision tree will determine

whether it is better to invest at t :0 or ú : 1, but it ignores other choices which

may yield a greater profit (".g. ¿: 0.5).

This leads to a new approach called real options which is based on option pric-

ing techniques originally developed for financial options. Real options acknowledges

management flexibility, including the ability to postpone investments. Several mod-

els have been developed for the deferred investment problem 122,41,43, 32]' How-

ever, most of these models were developed for manufacturing investments. This

thesis uses real options to study ICT investments. But before discussing the work

in this thesis, some background information on financial options and real options is

needed.

1-.1 Financial Options

Financial options can be used to provide protection against fluctuations in the mar-

ket and they also enabie investors to increase their potential gains (and losses) for

a limited amount of capital. A, call stock opt'ion gives the owner the right to buy a

stock ^9 
for a given price K (known as the stri,ke pri,ce). In contrast , a put stock op-

tion gives the owner the right to sell the stock for the strike price. European options

can only be exercised at the expiry date ?. American options can be exercised at

anytime up to the expiry clate. At the time of exercise the owner receives a payoff.

The payoff on a call option is (s(t) - K)* : max(O, s(Ð - 1() and the payoff on a

put option is (K - ^9(¿))* 
: max(O, K - S(t)), where S(*) is the stock price at time

ú. Since the seller is obliged to cover the cost for all possible circumstances we need

to find a fair price for the oPtion.

Option pricing models are based on setting up a portfolio of a risk-free asset (e.g.

a bond) and a risky asset S(t) (i.e. the underlying stock). The stock price ,S(ú) may

.l



CHAPTER 1. IN'TRODUCTION 4

typically be assumed to follow a geometric Brownian motion (GBM)

ds (t) : u s (t)dt + o s (t)d,B (t), (1.1)

where z is the drift, o is the volatility and B(ú) is a standard Brownian motion. In

1973, Black and Scholes [7] arrd Merton [44] derived a partial differeniiai equation

for the call option value

X - rc + rsffi +|o,s, 
u*W 

: o. (r.2)

Black and Scholes found a closed form solution for European call options with no

dividends, and Merton generalized this result for European options with continuous

dividends. The Black-Scholes formula for a European call option with strike price

K and dividend rate ô is

C(S,t) : 5"-6Q-t) 1¡@t) - Ke-'Q-t)N(d,z), (1.3)

where

tos(SlK)+(r-ô+ )Q -t)d,t

d,2

N(")

-t
: d4 - or/T' - t,

exp dz

The Black and Scholes and Merton formula 17, 44] gives an exact solution for

European call options (see Figure 1.2). If an American call option has no dividends

(i.e. ô : 0), it is better to wait until the last possible moment (i.e. the expiry ctate).

In this case the American call option value is equal to the European call option

value. The American call option with dividends cannot be solved analytically and

must be estimatecl using approximation techniques (e.g. binomial models [L7,52],
finite.difference models [9, 33, 64] or simulation techniques [8, 10]).

Perpetual American options, which have no expiry date, may be used for options

with large expiry dates. In this thesis, we use perpetual American call options to

value investment decisions. Perpetual American options are useful because they

L
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Figure 1.2: The Black-scholes values for European call options

often have closed form prices and are therefore more tractable than standard Amer-

ican options [35,25]. They also specify optimal strategies for exercising options.

Since the or'ner does not know the future behaviour of the stock price, the exercise

strategy can only depend on the current state of this underlying process and its

history. Fortunately, the optimal strategy only depends on the current state; the

optimal strategy tells the orù,,ner to exercise the option when the stock price ,S(ú)

first reaches some threshold ,S* (known as the option trigger)' Since the perpetual

model assumes large expiry dates, we use the binomial model to determine whether

the perpetual model is suitable for typical expiry dates. Technical details of the

perpetual model and the binomial modei are provided in section 2.3.

_ õ:0
- - õ+0
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L.2 Real Options

Real Options Analysis (ROA) is a new approach to capital budgeting that uses

option pricing techniques to value real investments. Unlike traditional capital bud-

geting approaches, ROA is able to incorporate multiple outcomes and management

flexibility. Tligeorgis [60] describes the following options in his book Real Opti,ons:

o The option to defer an investment.

o The option to abandon a project.

o The option to switch inputs.

o The option to switch outputs.

o The option to stage investments.

o The option to alter operating scale.

Much of the real options literature assumes that the underlying asset is tradeable or

synthetically so by what is called what is often called a twin security (see [61, 22]).

This enables one to apply the option pricing techniques directly. Some new methods

have been developed to support derivatives on non-tradeable asset s [82,24,47]. Most

of this work is concerned with finite-time models, although Henderson [32] considers

a perpetual investment model. This approach is beyond the scope of this thesis but
may be applied in future work.

Under the twin-security assumption, the investment problem is equivalent to a
call option where the investment cost 1(ú) is the strike price and the present value

of future revenues V(ú) replaces the stock price. Bhagat [5] suggested that the

European call model be used for now or neuer investment decisions. But since

most investment decisions can be postponed, it is usually more appropriate to use

American call options. The investor can then enter the project at any time ú (and

thereby gain the right to any future revenues) for the investment cost, resulting in
a payoff of (V(t) - 1(ú))*.
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As discussed in Section'1.1, the Black-Scholes formula does not apply to Ameri-

can call options on dividend paying stock. while some finite-time models (e.g. the

binomial modet) have been used to study investment decisions [61], the perpetual

model is frequently used for investments with large durations [43, 22, 4I]. McDon-

ald and Siegal first used perpetual models to study the investment decision. Dixit

and pindyck considered many variations of this model in their seminal book on real

options 122). In the simplest case, the vaiue process v(Ú) is modelled using a geo-

metric Brownian Motion. They also developed a jump-diffusion model which has

subsequently been used to model bandwidth investments [41]. In this thesis, we

shall explore both models before developing specific models for ICT investments.

Most real option models assume that the investor has monopoly' However, a

new branch of real options which incorporates game theory, called option garnes,

has been used to study investment problems when there is some competition in the

market [28]. This approach is beyond the scope of the present work but may be

applied in future work.

Real options have been used in a wide range of areas including capital budget-

ing [57], natural resources [59], manufacturing [39], foreign investment [4], research

and development [46], shipping [6] and nuclear waste mana,gement [12]. ReaI op-

tions have also been used to make investments in optical networks 14I,20,36] and

wireless networks [19]. This thesis is concerned with two investment decisions in

optical networks:

o the option to build new infrastructure (e.g. add a new link),

o the option to increase capacity on an existing link'

In optical networks, a link's transmission capacity can be increased by upgrad-

ing hardware (i.e. the switching cards) in the switches at either end of the link.

Table 1.1 lists some common optical carrier (OC) leveis [63]. Lassila [41] used a

jump-difiusion process (JDP) with upward jumps to model bandwidth supply, and

showed that the value pïocess will be a JDP with downward jumps when the de-

7



CHAPTER 1. INTRODUCTION 8

Rate Max Capacity (Mbps)

oc-1

OC-T2

OC-48

oc-r92

52

622

2488

9953

Table 1.1: Optical Carrier (OC) Levels

mand process is a GBM and the supply process is a ,IDp with upward jumps. For

simplicity, we shall henceforth we shall refer to JDPs with upward jumps and down-

ward jumps as positive JDPs and negative JDPs respectively. The decision to use

positive jump-diffusion process to model bandwidth supply is based on the fact that
supply increases dramatically when a big player makes an investment (e.g. cable

laid down in the pacific ocean between Sydney and Los Angeles in the late ggs, and

switches upgraded from OC-48 to OC-192 on cable running in conduits in the Rocky

Mountains). D'Halluin, Forsyth and Vetzal [20] developed some Partial Differential

Equations (PDEs) for increasing capacity on existing links and used a numerical

PDE solver to find the optimal solution. In this thesis, we shall extend Lassila's

model and develop two analytical models for increasing link capacity.

Real options have also been applied to the âccess pricing debate. Access pricing

issues arise in many industries that were formally considered natural monopolies (e.g.

telecom, postal services, electricity, gas and railways). In the past, governments li-
censed a single provider for telecom services because it was considered inefficient to

duplicate the network architecture. In the 1980s, this approach was criticized be-

cause the service provider could finance inefficient practices by simply raising the cost

to customers, and new providers were allowed to enter the market. Since entrants

require access to the existing network they neecl to pay a tariff to the incumbent.

In most countries, these access prices are regulated by the government [40]. Haus-

man [30, 31] claimed that existing policies gave entrants real options for free and used

an example from Dixit and Pindyck l22l to justify higher access prices. Two simple
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models fbr access pricing models have aiso been proposed [14, 58] but many authors

have questioned the application of real options to access pricing 12,49,23, 13]' Ac-

cess pricing issues will not be expiicitly addressed in this thesis but some of the work

in this thesis could be applied to the access pricing debate.

1.3 DescriPtion of the Project

This thesis uses perpetual American cali models to study two investment decisions

in optical networks:

o the option to build new infrastructure (e'g' add a new link)'

o the option to increase capacity on an existing link (e.g. OC-48 to OC-192)'

'We begin with two existing fixed-cost models for building new infrastructure in

which the vaiue pïocess is assumed to follow either a geometric Brownian motion

(GBM) or a multiplicative jump-diffusion process (JDP). These models were orig-

inally solved using a PDE approach. we provide an alternative derivation using

martingale methods and investigate some timing issues that were not addressed

in the previous literature. These models are then extended to support decreasing

investment costs according to Moore's and Gilder's laws and some common elrol

scenarios are investigated.

As mentioned in section 1.2, D'Halluin et al. [20] developed a PDE for increasing

link capacity and used a numerical PDE solver to find an optimal solution' we

develop a similar PDE for increasing link capacity and find an analytical solution

for a GBM demand process. For finite populations we expect the demand to level

off, and so another analytical solution is developed for a logistic demand process'

we then compaïe the results for the GBM and logistic morlels.

I
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L.4 Thesis Outline

Chapter 2 (Background) provides some background material for the thesis. First,
we present some key concepts from stochastic calculus which are used in the thesis:

standard Brownian motions, Poisson processes, Itô's lemma, stopping times, and

the optional sampling theorem. Next, we describe three stochastic processes used

in the thesis:

o A geometric Brownian motion (GBM), defined by

dY (t) : uY (t)dt + oY (t)dB (t),

where z is the drift, o is the volatility and B(ú) is a standard Brownian motion

o A multiplicative jump-diffusion process (JDp), defined by

dy (t) : uy (t)d,t + oy (t) dB (t) + óy (t)dN (t),

where z is the drift, ø is the volatility, / is the jump magnitude, B(ú) is a
standard Brownian motion, and .n/(ú) is a Poisson process with arrival rate À.

o A logistic process (LP), defined by

dY(t) : q(V -Y(t))Y(t)dt + oY(t)dB(t),

where 4 is the speed of reversion, Y is the long-run equilibrium level, ø is the

volatility and B(ú) is a standard Brownia,n motion.

Finally, we provide some technical details for the perpetual and binomial models.

Chapter 3 (Building New Infrastructure) considers two existing models for build-

ing new infrastructure: a GBM model and a JDP modei. In each case, the optimal

risk-neutral expected investment value is given by

F(V) : maxE lVØ - I(r))+e-,"1 ,
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where v(t) is the time ú value of future revenues (with Iz(0) : v), I(t) :1 is the

cost of investing at time Ú, r is a stopping time, and r is the risk-free rate. Both

models were originally solved using a Partial Differential Equation (PDE) approach'

We provide an alternative derivation using martingale techniques. We then apply

a binomial model to two examples from the literature to determine whether the

perpetual model is appropriate for typical expiry dates. In one of these examples'

the perpetual model is only accurate for expiry dates greater than 60 years. Finally,

we use stopping times to determine investment times. Simulation plograms are

used to estimate the investment times for both processes. We also used an analytic

solution to obtain more precise values for the GBM model, and then compared these

values with the simulation results.

Chapter 4 (Decreasing Investment Costs) considers investments with decreasing

costs. A negative exponential cost function

I(t): I"-o"

with a decay parameter a ) 0, is used to support decreasing costs' We observe

similar behaviour in the GBM and JDP models, and show that investment values

in a JDP modei converge to those in a related GBM model as the decay parameter

increases. \Me then test the robustness of the modei by considering various error

scenarios. The model is found to be robust. Relatively iarge errors do not reduce the

investment value by more than 5% (although extremely large errors may cause a loss

of 30% or even result in negative payoffs in special cases). The results demonstrate

the value of following the optimal strategy'

Chapter 5 (Increasing Link Capacity) considers the option of increasing link

capacity. If the capacity is increased from 
^96 

to 
^S1 

when the demand process D(ú)

(with D(0) : D) reaches the threshold 9r, then the risk-neutral expected investment

value is

F(D,a): ull"' Bmin(D(t),ss)e-'td,t* I,* Bmin(D(t),s1)e-'td,t- ¡"-{'+')"] ,
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where

¡: inf{ú > 0:D(ú) }.s'J,

B is revenue per connection, r is the risk-free rate, I is the initial investment cost

and a is the decay parameter. We seek optimal trigger

A* : ar1ytaxF(D,y).

We consider a GBM demand process

dD (t) : u D (t) d,t + o D (t)dB (t),

and find an analytical solution using a PDE approach. 'We find that the optimal

trigger is never greater than the initial capacity ^9¡, and prove that the optimal

trigger exists and is unique. We also provide a method for finding the optimal

trigger and perform some numerical analysis.

chapter 6 (Demand saturation) considers a logistic demand pïocess

dD(t) : n(D - D (t)) D (t)dt + o D (t)dB (t).

\Me find an analytical solution using a PDE approach with Kummer's equation. To

compare the GBM and LP models, we define a logistic variation of the GBM, by

choosing D and then setting q : #. As D ---1 oor the logistic pïocess converges

to the original GBM and so u/e can treat the GBM as a special case of the Lp
with D : oo. We find that reducing D leads to later investment times and smaller

investment values. For extremely la,rge investment costs, we find that the optimal

trigger may not exist in some logistic models. In this case it is always better to wait

and so the investment will never be made.

Chapter 7 (Summary and Conclusions) presents some conclusions and describes

possible future directions from the work described in this thesis.

Appendices A-D provide some additional material that could not be included in
the main body of the thesis: some pertinent mathematical theory and results, Java

programs and Matlab files.



Chapter 2

Background

This chapter provides some background material for the thesis: some key concepts

of stochastic calculus, a description of three stochastic plocesses and some technical

details for the perpetuai model and the binomial model'

2.L Stochastic Calculus

In this section we provide some key concepts of stochastic calculus that will be used

in this thesis: Brownian motions, Poisson processes) Itô's lemma, stopping times

and the optional sampling theorem.

2.1.L Brownian motions and Poisson processes

Two adapted processes are used to model random phenomena: the standard Brown-

ian motion B(t) and the Poisson process ,nf (ú). The definitions for adapted processes,

the standard Brownian motion (also known as the weiner process) and the Poisson

process are given below'

Deflnition 2.1- (Adapted Processes[18]). we say that a process (x¿,ú 2 0) is

f¿-adapted if X¿ is f¿-measurable for any ú'

13
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Definition 2.2 (Brownian Motion [84, page 4z]). A (stand,ard,, one-d,,imensional)

Broun'ian motion is a continous, adapted process B: {8r,fi;t < ú. -i, defined

on some probability space (Q,F,P), with the properties:

7. Bo:0 a.s.,

2. for 0 ( s <t, B¡ - B" is independent of. F", and

3. Bt - B" is normally distributed with mean 0 and variance ú - s

Definition 2.3 (Poisson Process [84, page 12]). A poisson process wi,th dn-

tensi,ty À > 0 is an adapted, non-negative integer-valued, right-continous with left

limits (RCLL) process I/ : {I/¿, F¿;0 1ú < -} such that 
^õ 

: 0 almost surely,

and for 0 ( s 1 t, N¡ - l/" is independent of f" and is Poisson distributed with
mean À(t - s).

2.I.2 ltô's Lemma

Protter [50]'s version of ltô's lemma is needed to handle jumps. The definitions for

martingales and semimartingales and ltô's lemma are given below [34, 50].

Definition 2.4. The process {xt,Ft;O < ú < oo} is said to be a submarti,ngale

(respectivery, a supermarti,ngale) if we have ElxtlF") > x, (respectively, EÍxtlï"l <
X") P-a.s., for every 0 ( s < t <oo. We shall say that {X¿, ft;O <ú < oo} is a

mart'ingale if it is both a submartingale and a supeïmartingale.

Definition 2.6. A cont'inuous sem'imart'ingale x : {xt,Ft;O < ú ( oo} is an

adapted process which has the decomposition, almost surely with probability p

(P-a.s.),

Xt:XolMtIAr;0 (ú(oo, (2.I)

where Xs is F¿-measurable, Mo: Ao:0, M : {Mr,Fr;O < f < -} is a continuous

local martingale and A: {At,Ft;O < ú < -} is continuous adapted process of

finite variation.
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Theorem 2.1 (Itô's lemma [50, page 7I]). Let X be a sem'imart'ingale and let

f be a C2 real function. fhen f (X) i,s again a sem'imartingale, and the following

formula holds:

l6ù- /(x.) : fo',*r'{*"-)dx, 
+; 

Ir'.f" 
(x,-)dlx, xl,

D trt¿i - 1,x'_) - l'(x"-)LX"I
0(s(f

Proof. See Protter [50, pages 7L 7ü, !

2.I.3 Stopping Times

Stopping times a¡e used to measure the first time that a stochastic process Y(ú)

satisfies a pre-defined stopping rule. Clearly, the stopping rule can only depend on

the current state or history of the plocess. For example, a stopping rule in the

gamblers ruin problem could be when the gambler runs out of money. In general,

a stopping time is a map r : (1, - [0, oo) so that for each Ú 2 0, the set {ø e

CIlr(ø) < ú) is f¿-measurable, where Ft : o{Y(s)ls < t}. This means that the

stopping time r has the property that r ( ú is determined by the values of Y up to

and including time ú. We note that some of the stopping times in this thesis are not

almost surely finite (i.e. P(, < oo) < 1). In option pricing theory, stopping times

are used to measure the time when the option is exercised. The optimal strategy,

for the perpetual American cail model, is to invest when the the stock price 
^9(ú)

reaches some threshold ,S* and so the stopping time is

,:{t>o:S(ú):S*}

If the underlying stochastic process (e.g. Y(ú) or S(¿)) is a geometric Brownian

motion lve can re-write the stopping time in terms of a Brownian motion X(ú) and

+



thereby utilize Harrison's formula below,

r*:inf{t>0;X(ú) }*},

where

X(t) : ttt+ B(t).

Harrison [29] derived the following expression for the distribution of stopping times:

P(r^ ) ú) : lú (ry\ - e2t'*N ( -m -- P't\ 
.' \ \/t / \ ,/r-)' (2'2)

where ,n/(ø) is the cumulative normal distribution,

N(") : #l:_"o(-Ç)a,
Rearranging (2.2) gives the probability that the stopping time r,n is less than some

time ú,

C(t) : P(r,"<t)

: .(#)*",,**(=ãt), (28)

Furthermore, taking limits in (2.2) as ú --+ oo, gives the probability that the stopping

time is finite (
P(r,,1-) : { 

1: P> o; 
e.4)

| "'*r, ¡t < o'

Thus the stopping time is almost surely finite for non-negative drifb (i.e. p > 0).

Figures 2.1 and 2.2 show typical sample paths fo ¡.r, > 0 and p, ( 0, respectively.
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2.L.4 Optional Sampling Theorem

The optional sampling theorem will be used lo study investment models. We note

that the martingales in this thesis do not have a final element X- and so we need

to define a bounded T,ime rn: T A n, apply the first case in Theorem 2.2, and, then

let n ---+ 6,ç.
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Figure 2.1: Sample paths for X(ú) : 0'3ú + B(ú)

Theorem 2.2 (optional sampling [53, page 69]). # x i's a martingale and

S,T are two bounded stoppi,ng ti'mes wi,th S 17,

Xs: nlxrlFsl almost surelY (a's')

If x i,s uni,formly integrable, the family {xs} where s runs through the set of aII

stoppi,ng ti,mes is uni,formly i,ntegrable and i,f S < T

Xs : Elx,rlFsl: EIX*lFsl a.s.

ú

X(tXr¡1

rn=6.5229

EIX(t)f-+ -

X(t)(co2)

Proof. See Revuz and Yor [53, page 69]
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Figure 2.2: Sample paths for X(t): -0.bú + B(t)

2.2 Stochastic Processes

Stochastic processes are used to model stock prices. Louis Bachelier first modelled

the stock price using a Brownian motion in 1900 [3]. Unfortunately this model

permits negative values (see Figure 2.I). In 1965, Paul Samuelson [55] improved the

model by using a geometric Brownian motion, which cannot become negative (see

Figure 2'3). Nowadays, gcometric Brownian motions are often used to rnodel asset

prices and Brownian motions are used to model changes in price. However, other

stochastic processes can also be used to model prices [22, 33, 4I]. In this section

we describe three stochastic processes that will be used in this thesis: geometric

Brownian motions, jump-diffusion processes and mean-reversion processes.

m:|.2373

1(r) )

<-_E[X(t)]

X(tX
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2.2.I Geometric Brownian Motions

Geometric Brownian motions are most commonly used to model stock prices' The

geometric Brownian motion, Y(ú), is defined by a stochastic differential equation

dY (t) : uY (t)dt + oY (t)dB (t),

where z is the drift, ø is the volatility and {B(ú) : ú > 0} is a standard Brownian

motion (or Wiener process), and has an exact solution (see Theorem 8.1)

Y(t):Yexp {(, - +)r+ oB(¿)} (2 5)

Unless otherwise stated the geometric Brownian motions in this thesis were simu-

lated using the exact solution.

Algorithm 2.3. To simulate the geometri,c Browni'an mot'ionY(t) gi'uen by (2.5):

Fors:0totbaL,

o Generatee -l{(0,1).

o Set Y(s + A¿) :: Y(s) exp((u - o2lZ)L't 1- oef$).

Geometric Brownian motions grow or decay exponentially on average according

to the the drift term u. For positive drift (i.e. , > 0), the process grows exponen-

tialiy. In fact, the exponential function

Y(t) : EIY(t)l:Y exp{ut}

is the average value for Y(ú). Figure 2.3 shows some sample paths for Y(ú) :

exp{0.06ú +0.28(t)). The function Y(t) : exp{0.08Ú}, represented by the dashed

line, gives the expected value of Y(ú). The magnitude of the volatility o determines

how far the process will deviate from Y(ú). In fact'

EI(y(Ð -T (t))',) : Y2 e2',tleo"t - l).
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Figure 2.3: Sample paths for a geometric Brownian motion

2.2.2 Jump-Diffusion Processes

Jump-diffusion processes are used to model stock prices that incur discrete jumps

(e.g. bandwidth prices [41]). The double exponential jumpdiffusion process has the

dynamics [38]

dY(t) : uY(t-)d,t + oy(t-)dB(t) +y(t-)d Dtt¿ - tl (2.6)

N(Ð

i.:1

This stochastic differential equation has two random components: the Brownian

motion B(ú) and the Poisson process nf(ú). The Poisson process l/(ú) has an arrival

rate À. The sequence {U} are i.i.d nonnegative random variables with Z: log(y)

having density

Y(t)(ro1

EtY(t)l?

Y(t)(ro2)

ftQ):p'r¡te-WzI{z>01 * (t -p) -r¡2ery"Lp<olt Tr}7, rlz) I
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Figure 2.4 shows some sample paths for this process. Since the jump size is large

relative to the volatility, it is not difÊcult to discern the downward jumps in each

sample path. The pïocess is simulated using the return process X(t)::t"* (ffi),
which is given by

,o'u--
2

N(¿)

i,:7

Choosing the step-size L,¡ sufficiently small, \Me can assume that at most one jump

will occur in the interval (s,s*A¿]. Uniform variates (¿4 - U(0,1)) [42] are used

to determine whetheï one or zero jumps will occur and the direction of the jump

(up or down). The inverse transform method 154,42] is userl to determine the size

of the ju-p. Normal variates (e - Iü(0, I)) 142) are used to estimate the standard

Brownian motion. The jump and diffusion components are then added to the drift

components in the expression for X(s a Ar) to yield the corresponding value for

Y(s I A¿).

Algorithm 2.4 (Jump-diffusion processes).

To si,mulate the iump-d'iffusion process gi'uen by (2.6):

Fors:0totbaL,
/ 

-, , (7-p)nz 't \o Set(::-À(rffi*ffi-I).
c Setd::0.

o Generate (Jt,Uz,Us - U(O,L).

. If (h. lA,)

- Ï (U, < P),ú : -^nlr!" '

- Otherwi,se, t9:'tP

o Generatee -l/(0,1).

o Set X(s + A¿) :: (u + C - o2lZ)L,r+ d + oer/$.

x(t) : t+oB(t)+tY¿, X(o):0.
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o Set Y(s + A¿) :: Y(s)exp(X(s + A¿))

29

27

26

25

28

at)ã
P(6
À

24

230 0.00s 0.01 0.015 0.02 0.02s 0.03
Time (years)

0.03s 0.04

Figure 2.4: Sample paths for a jump-diffusion process

In this thesis, we use a much simpler process which only has jumps in one direc-

tion (i.e. downward jumps),

dY (t) : uY (t) dt + oy (t) dB (t) - óy (t) dN (t), (2.7)

where z is the drift, ø is the volatility, { is the jump magnitude, B(ú) is a standard

Brownian motion, and ,n/(ú) is a Poisson process with arrival rate À. This process

has downward jumps provided ó > 0. We require that 1 - ó > 0, otherwise the

process goes to zero in finite time almost surely. This process is simulated using

Algorithm 2.4 and setting p:0, rh :0 and, r¡2: +.

Y(t
'ù2)Y(t)(rol)
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Figure 2.5: sample paths for an ornstein-uhlenbeck plocess

2.2.3 Mean-Reversion Processes

Mean-reversion processes are used to model ra\ry commodity prices (e'g' copper and

oit [22]). The Ornstein-Uhlenbeck process is the simplest mean reverting process'

dY(t) : q(Y -Y(t))dt-t odB(t), (2 8)

where 4 is the speed of reversion, Y is the long-run equilibrium level, ø is the

volatility and B(ú) is a standard Brownian motion. Such plocesses are called a

mean-reversion processes because they keep returning to the equilibrium level Y:

whcnever Y deviates from the equilibrium levei, the dt term draws the process back

towards the equilibrium level (see Figure 2.5). In this thesis, rù/e use the mean-

reversion process known as the logistic model

dY(t) : q(Y -Y(t))Y(t)dt + ov(t)dB(t)- (2.e)

10 20 30
Time (years)

40 50

:0

:0.5
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Figure 2.6 shows some sample paths for a logistic process. The logistic processes in

this thesis were simulated using the Euler method [87],

0 100 200 300
Time (years)

Figure 2.6: Sample paths for a logistic process

Algorithm 2.5 (Logistic processes).

To simulate the logi,stic process gi,uen by (P.g)

Fors:0totbyL,

o Generate e - N(0, 1)

o set Y(s * A¿) :: Y(s) + nF - r(s))r(s)atr oy(s)e1/$

1400

1200

1000

800

600

400

200

.t
-q
id

Êr

0
400 500 600

o)l)

v(t)(ro2)
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2.3 Option Pricing Models

As indicated in Chapter 1 perpetual modeis will be used to study ICT investments,

and the binomial model will be used to determine whether perpetual models are

suitable for typical investment durations. Theorem 2.6 provides a solution for the

classic perpetual American call model. Algorithm 2.7 provides the pseudo code for

a binomial model with lü steps. The binomial model will converge to the option

value as .|y' increases. Figure 2.7 shows the binomiai models for three European call

options converging to their respective Black-Scholes values.

0.2

0.18

0.12

0
10040 60

Number of steps

Figure 2.7: Tlne convergence of binomial models

Theorem 2.6 (Perpetual American Call Option [35]).

If the stock price follows a geometric Brown'i,an motion

Ê o.to
(ú

'.=

$ o.t+

I
80200

ds(t) : (r - ô)s(t) dt + os(t)dB(t),
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where r i,s the rislc-free rate, 6 i,s the ili,uid,end, rate, o is the uolality and B(t) is a

standard Brown'io,n motion. Then the ualue of the perpetual American call opti,on

wi,th strike price K is

F(S): (s*-K)(å)^, o(,S<S*;
(s-K), S)S*,

where

À

^9*

u::

1

o
r-õ o
o -2'

[-rf ,/u"+2r1,

fr"
Proof . The proof of this theorem is given in [34]. tr

Algorithm 2.7 (T}ne Binomial Model).

If the stock price follows a geometric Brownian motion

ds(t) : (r - 6)^9(t) dt + os(t)dB(t),

where r i,s the risk-free rate, õ is the di,uidend rate, o i,s the uolali,ty and B(t) i,s a

stand,ard, Brownian motion. Then the N-step bi,nomi,al model Íor the call opti,on wi,th

strilce pri,ce K operates as follows:

1. Spli,t tlte interwal (0,7) into N equally spaced time points

¡r - 1)?

{o'l,'T' N T
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2. Set

3. Construct a tree of prices as follows

(a) Set S(0,0): S(0)'

(b) For each time n in {0,1,... ,N-1}:

For each ualue S(n,i):

Assumes that the stock pri,ce s(n,i) will ei,ther n'toue up or down at the

end, of the i,nteruat with real-world probabilities q and I - q respectiuely:

uS(j,n) wi'th probabi'li'tY q,

s(i,")

dS(j,n) wi'th Probabi'li'tY 7 - q'

Since ud,: l, the tree recombines and we haue (n + 1) SU' n) ualues at

time n

4. [Jse backward i,nduct'ion to calculateV(0,0):

(a) At the end, pointT, calculate the payoff for each price S(j,N)

v(i,N): (su,¡{) - K)*.

(b) For each timet : {N - 1,N -2, "',I}
For each cell (j,n):

(2.10)
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We use the risk neutral pric'ing formula to determine the erpected, ualue

of future cash flows,

E(i,n): pv(j + r,n -r 1) + (1 - p)v (j,n + l)
R

For European options, the option ualue ,is the erpected, ualue

V(i,,n): E(i,n)

For Americart oltt'ions, tlte opt'ions can be erercised, at any po'int so we set

the option ualue equal to the marimum of the expected ualue and, pauoff.

V (j, n) : max(E(j, n), (S (j, 
") - K)+) (2.1r)

2.4 Conclusion

This chapter presented some key concepts of stochastic calculus, a description of
three stochastic processes that will be used in this thesis, and the technical details

for the perpetual American call model and the binomial model. In the next chapter

we shall explore two simple models for building new infrastructure.



Chapter 3

Building New Infrastructure

This chapter examines two simple models for building nev/ infrastructure: a geo-

metric Brownian motion (GBM) model and a jump-diffusion process (JDP) model.

These models were previously solved using a Partial Differential Equation (PDE)

approach 122,411. In this chapter, we provide alternative derivations involving mar-

tingale methods. We also discuss investment timing issues that were not addressed

in the previous literature.

3.1 Introduction

Investment models 143, 22,41] for building new infrastructure have the same general

formulation. An investor, faced with an irreversible investment decision, must decide

Lhe optimal time to invest. The firm can pay a sunk cost 1(ú) to invest in a project

whose value at time ú of future revenues is I/(ú). The investment opportunity's

final value is the expected profit that the investor receives for investing at time r,

(V(r) - 1(")), discounted by ¿-'" and maximized over the investment (stopping)

times r, i.e.

F(V): m€x Esl(V(r) - I(r))+e-'"1(r < oo)1, (3.1)

where øo['] ir the risk-neutral expected value given that Vo:V, (')* ir the positive

part, and 1(.) is the indicator function. The optimal strategy is to invest when

29
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the value process I/(ú) first reaches some threshold V* (which shall be henceforth

referred to a^s the optimal trigger).

As mentioned in Section 1.2, Lassila [41] provides a rationale for using a negative

jump-diffusion process to model 'bhe value process I/(ú). However) we shall consider

n lfRllT trclrrp nrncpss first hencrrsp <tent-nctrin Rr"nwnie.n mntions â.!"e more tr"actable.4 V UIV¡ V @¡ UV Pr VVVUD ala u u

As in 122, 4L],, we assume that the investment cost is fixed 1(ú) : 1. Both models

were originally solved using a Partial Differential Equation (PDE) approach (see

Appendices 8.2 and 8.3). In Sections 3.2 and 3.3 we solve these models using mar-

tingale methods. Regardless of the approach used we need to employ two boundary

conditions to obtain an expression for F(V).If the initial value l/ is zero, V(t) can

never move beyond zero and the investment value is also zero. This leads to the

initial condition

F'(o) :0. (3.2)

If the initial value I/ is greater than the investment trigger I/*, the investment will

be made immediately and the investment value is

F(V):V - r,

and the smooth pasting condition [21] is

F'(v.) : *(r. - 1) : t. (3.3)- \' ' dv*' /

The modelsinl22,47) arc perpetual models and therefore assume that the in-

vestment duration (which is called the expiry date in option pricing theory) is very

large. It is therefore necessary to verify that the perpetual model is a good approx-

imation for typical investment durations. In Section 3.4, we use a binomial model

to see how quickly the finite model converges to the perpetual model. Once we have

establishecl that the models â,re appropriate, we then use stopping times to measure

the time when the investment is made (see Section 3.5).

We shall use two examples from 122,41] as base cases for numerical analysis

(see Table 3.1). Example 3.1 is a GBM example from 122] and Example 3.2 is a
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Example u o r I ó V I
3.1

3.2

3.2a

3.2b

0

-0.299

-0.299

-0.399

0.2

0.328

0.328

0.328

0.04

0.1

0.1

0.1

0

0.5

0

0

0

0.2

0

0

1

3.5

3.5

3.5

1

3.577t

3.577t

3.5777

Table 3.1: GBM and JDP Value Process Examples

JDP example from [41]. Example 3.2a and Example 3.2b are GBMs with the same

parameters as Example 3.2 except that the drift is reduced bV Àó in Example 3.2b.

3.2 A Geometric Brownian Motion Model

In this section we consider a GBM value process and fixed investment costs. Mc-

Donald and Siegal [43] give a justification for using geometric Brownian motions.

Using a similar approach to Lassila [41] we can show that the value processs will

be a GBM when the demand and supply processes are both GBMs. Karatzas and

Shreve [35] used a martingale approach to solve an American call option model. We

shall use a similar approach to solve this investment problem and then provide some

numerical examples.

Suppose that supply, S(ú), and demand, D(t), both follow geometric Brownian

motions:

dD(t) : upD(t)dt + ooD(t)dBo(t),

ds(t) : usS(t)dt + osS(t)d,Bs(t),

pdt : dBD(t)dBs(t),

where up and us àre drift terms, o¿ and os a,re volatility terms, Bo(t) and Bs(ú)

are standard Brownian motions, and p is the correlation between B"(t) and Bs(ú).

By the law of supply and demand, the spot price is

p(t): -'#, (s.4)



CHAPTER 3. BUILDING ¡üEW I¡üFRASTRUCTURE 32

where rc is a scaling factor. Applying Itô's lemma,

dP : #. # * il#rr)' + zffidDds * ffitotrf
: lan * 

-#ot . ilr-#oDds + Yroty)
: 

Ioo -Hot - þanas *frrosy
: Y r"ro, + oDd,BD(tÐ - + @sd,t r osaB s(t))

-Ç Ø""osdl) iÇ t"'rot¡
kD ..
; l@" - us - pooos + 

"?) 
dt + oodB"(t) - osdBs(t)l -

This equation can be re-written as

dP (t) : u p P (t) dt + o p P (t)dB r(t),,

where

up: uo-vs+o7-pooos,

Op:

Bp(t) :
o2o-2po¡¡oslo2s,

opBp(t) - osBs(t)

D - 2po¡ros I
and by the Lévy theorem 1341, Bp is also a standard Brownian motion. The present

value of future revenues V(ú) is then given by

v (t) : 
" ll:,P(s)e-'{"-ú)as],

where ,ø[.] is the risk-nerrf,ral expectation and J is the delay between construction

and operation. It was shown in [a1] thaf V(t) has the same dynamics as P(ú) (see

Appendix 8.3), thus

dV(t) : upV(t)dt-t opV(t)dBp(t).

The investment cost is assumed to be constant (i.e. I(t):,f), thus

F(V) : m2x.Esl(V(r) - I)+e-'"I(r < oo)1. (3.5)
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Theorem 3.t. Il the reuenue processv(t) follows a geometric Browni'an mott'on

dv(t) : uv(t)d,t + ov(t)d,B(t), (3 6)

and, the cost process is a constant 1(¿) : I ' Then the inuestment ualue i's giuen by

FM\ :I rr.-/) (#)*, o ( v <v*;
\ / [{v-r)' v}v*,

where

u,2 + 2r1,

Ik-r
Proof.It is shown in [35, pages 65-66] that the optimal time to invest r* ha"s the

form

r* : inf{ú>0lY(ú) >V.}'

We note that if V ) V*, then r* : 0 and F(V) : V - I' At other times the

investment value is

F(V) : (V. - I)Esle-'"- I(". < -)]
: (V. - I)Esle-'"-1, (3'7)

as e-'- : 0 when r > 0. As ¡^r :: i - î, V(t) : V exp{o¡.tt + oB(t)}. We know

that

V* : V(r.)

: V exp{o¡.tr* + oB(r.)}.

Raising both sides of this equation to the powel k and rearranging we get

exp{-ko¡"r,r* -rrk'o'r*} : (#)- exp{teoB(r.) -t t"o".¡' (3'8)

k:
p:

1_
-l-tr +o-uo
;- t'

k
V*
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From Theorem 8.2, we know that {exp(k oB(t)-}k2o2t) : ú > 0} is a martingale. By
blre optional sampiing theorem [53, page 69], we have -Ð[exp {koB(r")-}te2o2r"}]:
1 and so taking expectations in (8.8) leads to

Efexp{-kor)r* -L-k'o2r*\l: (L\r 
.2 ) r \Y.,i

Choosing Ie : |o2t* oplç - r : 0, then ,Ð[exp{e-'".t, : (fi)k and

F(v): (v. -,, (#)r
The quadratic P1(k) : |o2le2 r o¡.tle - r has a negative root and a positive root
because Pr(O) : -r < 0. The positive root will be greater than 1 when p1(1) :
u -r < 0 (see Figure 3.1). By the initial condition ,F(0) : 0, we are only interested

in the positive root k : ![-p+ \/p, +2r]. Finally, the smooth pasting condition
F'(V") :7 [21] implies thãt k(v" -!)!y.)k-r : 1 and thus

v* : = 
Ie 

r.k-7

Setting I'/:r -ð gives an identical solution to Dixit and Pindyckl22, Chapter
5]. lf ô < 0, the investment value F(V): max,Esl(V(r) - I)+e-,"¡(r < oo)] is
infinite and there is no optimal trigger, thus we set,F(Iz) :: 0 (see Figure 3.2). This
behaviour is consistent with that in the American call options with no dividends

mentioned in Section 1.1. In finite-time modeis, the option is exercised at the latest
possible moment (i.e. the expiry date) and so the American and European call
options are equivalent. In perpetual models, it is always better to wait and so the
option is never exercised.

3.3 A Jump-Diffusion Process Model

In the previous section we considered a GBM value process and fixed investment

costs. However, Lassila [a1] provided a rationale for using a positive JDp to model
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Figure 3.1: The roots of Pt(k)

the supply process in bandwidth markets and showed that value process will be

a negative JDP when the demand process is a GBM and the supply process is a

positive JDP. We shall give these details below (for compieteness) before solving the

JDP model using martingale methods and providing some numerical analysis.

Suppose that supply, S(¿) follows a jump-diffusion process, and demand, D(ú),

follows a geometric Brownian motions:

dD(t) : upD(t)dt + opD(t)dBo(t),

ds(t) : uss(t)dt + oss(t)dB"(ú) + ós(t)dN (t),

pdt : dBD(t)dBs(t),

where up artdt/s àre drift terms, op ànd os a,re volatility terms, B"(t) and Bs(ú)

are standard Brownian motions, If(ú) is a Poisson process with arrival rate À, and

p is the correlation between Bo(t) and Bs(ú). By the law of supply and demand,
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Figure 3.2: A Geometric Brownian Motion model as ô varies

the spot price is

P(t): "#, (3.e)
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where rc is a scaling factor. Applying ltô's lemma (Protter [50, page 71]),

dP : #. H.il#r"y +zffidDds *ffiøtrl
: 

lan * #ot .ilr-#rDds +YøE)
: 

Ioo -#ot - þaoas *ffiøty
: T frrot + oDdBD(Ð) - + @sd,t -r osd,Bs|) + ódN (t))

-+ (poposd,t) *+ þ'rat)
kD.: ;l@"-usro2s- popos)dt+opdBp(t) - osd,Bs(t¡ - 6awçt¡1 .

This equation can be re-written as

dP (t) : u p P (t) dt + o p P (t)dB p (t) - ó P (t)dN (t), (3.10)

where

ttp: uo-us+"7-pooos,

o2p : o2o-2PoposloT,
D /¿\ opBp(t) - osBs(t)Dp\ú):ffi

By the Lévy theorem, Bp is also a standard Brownian motion. We require that

7 - ó > 0, otherwise P(t) goes to zero in finite time almost surely.

The present value of future revenues Iz(ú) is then given by

v (t) :, ll:, P (s)e-'G--,0"1,

where E[.] is the risk-neutral expectation and I is the delay between construction

and operation. It was shown in [41], that V(ú) has the same dynamics as P(ú), thus

dv(t) : upV(t)dt-t opV(t)dBp(t) - óV(t)dN(t).

The investment cost is assumed to be constant (i.e. I(t):1), thus

F(V): max Esl(V(r) - I)+"-rr r(" < oo)l
T

(3.11)
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Theorem 3.2. Suppose that the reuenue process i,s a jump-tli,ffusion process with

Poisson arriual rate \ antl jump m,agni,tu,de þ

dv (t) : uv (t) dt + ov (t)dB (t) - Óv (t)d¡'r(ú). (3.12)

and the cost process i,s fired I(t) : I. Tl¿ert' the ir¿uestm,ent ualue i,s gi,uer, by

(v*-D(#)*,0(v<v*;F(v):
(V _ I), V>V*

where Ic i,s the positi,ue root to the equati,on

õ2
?n(t- 1) + uk + ),(t - ó)o - (" + À) : o,
2

and

Proof. As in Theorem 3.1, we expect the optimal time to invest r* to have the form

r* : inf{ú>OlY(¿)>Y.}.

we note that if v ) v*, then r* : 0 and F(v) : v - I' At other times the

investment value is

F(V) : (V. - I)Esle-'"' I(". < -)]
: (V. - I)Esle-'".1, (3.14)

as e-'-:0 when r ) 0. Flom Theorem 8.3, we have V(t):V exp{X(t)} where

x(t) : (u - o2 12) t + oB(t) * log(1 - d)¡r(¿)

V* : V(r.)

: Vexp{X(r.)}

(3.13)

V*

\Me know that

(3.15)



Defining

s(k) :'irrr- 1) + ute + À((r - ø)* - t) ,

raising both sides of (3.15) to the power k, from each side and rearranging we get

exp{-e(/c) r*} : (#) exp{kx(r.) - s(k)'.), (3'16)

From Theorem 8.4, we know that {exp(kx(Ú) - g(t)¿) : ú I 0} is a martingale. By

the optional sampling theorem [53, page 69] we have ,E[exp {kx(r.) - g(k)r.}l : 1

and so taking expectations in (3.16) leads to

E[exp{-e(k)".}] : (å)-

Choosing k: g(k): r, then Elexp{e-'".11 : (ft)k and

F(v): (v. -t, (å)
The functiot P2(k) : *t*(tt- 1) + uk + ),(l - Ó)r - (r + À) has a negative root and

apositiverootbecauseP2(0):_ r<0.Thepositiverootwillbegreaterthanl

when p2(!):u- r-^ó<0 (see Figure 3.3). Bytheinitial condition F(0): g,

'ù/e are only interested in the positive root of Pr(k). Finally, the smooth pasting

condition F'(V-):1 [21] implies tft.t tC¡fiffE : 1 and thus

v. : r!-r
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This solution is equivaient to the model derived in Lassila [41, Chapter 5]. If

õ : r-u < -^ó,the investment value F(V): lnâxr Esl(V(r)_I)+e-'" I(r < oo)] is

infinite and there is no optimal trigger, thus we set ,F(V) :: 0 (see Figure 3'4)' The

geometric Brownian motion model, presented in the previous section is a special case

of the jump-difiusion model. we can obtain the GBM model by setting either Ó : 0

or ì : 0. Figure 3.5 shows the characteristic equations for Examples 3.2, 3.2a and

3.2b. Since the Poisson process effectively reduces the drift by \Ó, Example 3'2b is a
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Figure 3.3: The positive roots of Pr(k)

better approximation for Example 3.2 than Example 3.2a. The graph also suggests

that the characteristic equation for Example 3.2 is bounded by the characteristic

equations for Examples 3.2a and 3.2b when k > 1.

Proposition 3.3. The characteri,stic equat'ion for the JDP mod,el i,s bound,ed, by

the characteristi,c equations for two GBM mod,els (wi,th the saïne para,nxeters as the

JDP model ercept that the dri,ft i,s reduced by 
^rþ 

i,n, tl¿e. second, GBM mod,et) for
le e (1,æ) and,O < ó 1 I, uiz. n1r) < pz(k) S pr(k) where FrQr), p2(k) and,

fi(k) are the characteristic equations for the second, GBM, JDp, and, fi,rst GBM

models respectiuely.
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Figure 3.4: A Jump-Diffusion model as ô varies

Proof. Let f(k) : Pr(k) - Pr(k) : Àök+ À(1 - ó)h - X

/(1) : 0

l'&) : À/c-Àk(l -ö)o-'
: Àk(l - (1 - d)o-') > o.

0
ô

Thus we have /(k) ) 0 and Pr(k) > n(n)
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Figure 3.5: The characteristic equations for Example 3.2,3.2a and 3.2b

Let s(k) : Pr(k) - P'(k): l(1 - ó)o - 
^

s(0) :
s'(k) : -Àk(1 - ó)r-' <o

Corollary 3.4. The pos'iti,ue root for the iump model i,s bounded by the posi'tiue

roots for two GBM models for le e (1, -) and 0 < Ó < I, u'iz. Ìty(u,r) < lt2(u,r) <

N(v - Àó,r) where ûtl(u,r), lr2(u,r) and [y(u - \Ó,r) are the positiue roots for the

fi,rst GBM, JDP, and second GBM models respectiuely.

Proof. Let lc1;: Ì\2(v,r). By Proposition 3.3,

3.2b
- 

Exarnple3.2
- - Example3.2a

n@) < Pz(k,): o
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and so

N(u - \Ó,r) ) k1: Ir2(u,r)

Let kz:: lty(u,r). By Proposition 3.3,

Pr(kr)3P1(kr):s

and so

It2(u,r) ) k2: I¡(u,r).

3.4 Convergence of Finite Models

In the previous sections, we developed two simple investment models. But these

models assume iarge investment durations (expiry dates). It is therefore of inter-

est to determine whether the perpetual model is a good approximation for typical

investment durations. The binomial model, introduced in Section 2.3, was used

to observe the rate at which the finite model converged to the perpetual model'

The binomial model for Example 3.1 was initially tested with investment duration

T : 150 and step size N : 150. This result turned out to be inaccurate because the

step size was too small relative to the expiry date. In subsequent tests we were able

to achieve far greater accuracy for much smaller expiry dates (e.g. ? : 60) when

we used l{ : 5?. Figure 3.6 shows the rate of convergence for Example 3.1. This

graph suggests that perpetual model is not a good approximation for Example 3.1

when the investment duration less than 60 years.

Figure 3.7 shows the rate of convergence for Exampies 3.2a and 3.2b. This

graph suggests that these examples converge much more quickly than Example 3.1;

the binomial model converges to the perpetual model in ten years. However, the

upper limit for the binomial tree value for I{ : 5? is significantly smaller than the

perpetual value. Choosing ,ð{ : 50? gives better accuracy and we could continue to

improve the accuracy by choosing finer interval lengths. Since the investment value
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Figure 3.6: The convergence of finite models for Example 3.1

for Example 3.2 is between that of these two examples, we expect that the perpetual

model is a good approximation for Example 3.2 when the investment duration is

greater than ten years.

3.5 Stopping Times

In the previous section, we determined whethcr thc pcrpctual model is a good ap-

proximation for typical investment durations. In this section we use stopping times

to determine whether and when the investment will be made. Geometric Brownian

motions are considered separately because they have exact solutions for the stopping

times. In general, however, the stopping times must be estimated using simulation

techniques.

* * Perpetual Value

- 
Binomial Tree



CHAPTER 3. BUILDING ]VEW I]VFRAS"RUCTURE 45

0.26

0.24

0.22

0.2

10.

0.

C)

€

Ê
c)

E
rt)
c.¡

É

8

61

0.14

0.12
0 l0 20 30 40 50

Time to expiry $ears)
60 70 80

Figure 3.7: The convergence of finite models for Example 3.2a and 3'2b

3.5.1- Geometric Brownian Motions

A stopping time

r* : inf{ú > 0lY(ú) >V*},

where 1/ (ú) is a geometric Brownian motion, can be re-written in terms of a Brownian

motion X(t) : P,t + B(t) with ¡r : i - i,

r*: inf{ú>OlY(Ð>V*}

: inf{ú > OlVexp {ox(t)} > V*}

: i"r 
{t 

> otx(ú) 
= 

! ros (i)}
: inf{ú > OlX(¿) 2m},

1
ffl: -o

V*
V

- - Perpetual Value

- 
Binomial Tree (N:50T)
Binomial Tree

where

log
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Figure 3.8: Sample paths for V(t) - exp {0.06¿ + 0.28(t)}

Tlansforming the stopping time for Geometric Brownian motion into a stopping

time for a Brownian motion, allows us to use the formulae provided in Section 2.1.3.

Fbom (2.4), we know that the stopping time is almost surely finite when þ: u - To,
is non-negative. Furthermore, (2.3) gives us the probability that the investment

occurs before some time t, P(r* 1 t). Thus we require u > Ç for guaranteed

investment. Figures 3.8 and 3.g show typical sample paths for p, ) 0 and þ I 0,

respectively.

We would also like to calculate the real-world expected stopping times, but these

depend on the market price of risk which is often difficult to determine. We shall

therefore calculate the risk-neutral expected stopping times. FYom earlier, we know

that the stoppingtime will always be zero if the initial value of V(t) is greater than

or equal to the optimal trigger (i.e. V >V.). For V 1V*, the average stopping

time is only finite when ¡r > 0 [56]. Thus we seek an expression for E[r"] when

Etv(t)l/

V(t)(ro1

V*:3.6861
* _.* J._/

V(t)(co2)
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Figure 3.9: Sample paths for V(t) - exp {-0.1ú + 0.28(t)}

lt > 0. Fbom eaïIier, choosing À such lhat |o2\2 * o¡t), - P :0, we have

Efe-Þ"1 : lI) 
it-p+t/t"'+zB¡

\v-l

Taking the derivative with respect to B,

El-r*e-9".1:

Setting þ :0 gives,

Elr*1 - 
m-^J: 
¡. 

(3.17)

It is also useful to calculate the expected stopping time given that the stopping time

is less than ú,

Elr*lr* < rl: ßssþ)d's
trJ - c(t) '

v*:1.2808

v(t)(co1)

Etv(t)l
JV
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where
¡t

G(t) : 
Jo 

sþ)at : P(r* 1t)

We can estimate it using integration by parts,

Elr"lr" ( ú] : [tc(s)]i - G(s)ds
(3.18)

G t

Since there is no closed form solution, numerical integration techniques (e.g. Simp-

son's rule) can be employed.

3.5.2 General Stochastic Processes

In general, there are no exact solutions for the stopping times. However, the prob-

ability that the investment will be made before some time t, P(r < ú), and the

conditional expectation, E(rlr < ú), can be estimated by simulating the revenue

process up to time ú, ,ôy' times,

P(r* < t) 
^r

D[' t1"; 5 4 (3.1e)
¡r

Elr.lr. < tl æ
1( <Ð

(3.20)
1

N r(ri 3t)

Furthermore, when f is chosen sufficiently la,rge, we have

P(, < oo) È P(r <t),

and if r* is almost surely finite (i.e. P(, < oo) : 1), then

Elrlx E[r.lr" <t).

3.5.3 Numerical Results

Figures 3.10 and 3.11 show the stopping times for Examples 3.1 and 3.2a. Since

Example 3.2a and 3.2b only differ by ð, Figure 3.11 also shows the stopping times

for Example 3.2b. Since these examples are GBM models, we can use the exact
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formulae given in Section 3.5.1. The processes r,¡¡ere also simulated for Iü : 1000

runs at selected points. The 95% confidence intervals are shown in both graphs. As

mentioned in Section 3.2, the investment will never be made if ô < 0'0, so there is

no stopping time. we note that the investment is guaranteed for ô e (0,0'02) and

(0, 0.0462) respectivelY'

Figure 3.12 shows the stopping times for Example 3.2. since Example 3.2 is a

Simulation Result

Elt*l

- 
E[t*lt* < 100]

O SimulationResult
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Figure 3.11: stopping times for Examples 3,2a and B.2b a^s ô varies

JDP model we cannot use the exact formulae given in Section 3.5.1. Instead the
graphs connect the sample means for simulation results, with I[ : 1000 runs and

ú : 100 or t : 1000, at selected values of ô. As mentioned in Section B.B, the
investment is never made when ô < -^ó: -0.1. The upper graph suggests that
the investment is guaranteed for ô e (-0.1,0) but it is difficult to determine the
first value for which P(r* < oo) ceases to be equal to one.

P(t* < 100)
Simulation Result

[t*lt* < 100]
Simulation Result
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3.6 Conclusron

In this chapter, we presented two simple models for building new infrastructure.

These models were previously solved using a PDE approach. We provided an al-

ternative derivation using martingale methods. Since these models are perpetual

models the investment duration is assumed to be very large. The binomial model

was used to determine whether the perpetual model is a good approximation for
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typical investment durations. Stopping times were used to determine whether and

wtren the investmeni will be nrade. In the nexi chapter we shall exten,j these models

to support decreasing investment costs and investigate common error scenarios.



Chapter 4

Decreasing Investment Costs

In the previous chapter we presented two simple models for building new infras-

tructure: a geometric Brownian motion (GBM) model and a jump diffusion process

(JDP) model. These models assume that investment costs are fixed. In the Informa-

tion and Communication Technology (ICT) industry, however, we expect investment

costs to decrease exponentially according to Moore's and Gilder's laws. This chapter

extends the GBM and JDP models to decreasing investment costs and studies the

impact of common error scenarios'

4.I Introduction

The dominant feature of investments in the ICT industry is that following Moore's

Iaw, the cost of investment decreases approximately exponentially over time' In

1g65, Moore predicted that the number of transistors per chip would double each

year for the next ten years [45]. At the end of the period, he predicted that the the

capacity per chip would increase by a factor of two every 18 months [48]. Regardless

of the decay parameter chosen, these predictions suggest exponential decay in costs

(for a computer of the same power).

Similar relationships to Moores' law also apply in the telecommunications indus-

try. Gilder 127, 26] predicted that bandwidth would triple each year for the next

53
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25 yea,rs. Although Coffman and Odlyzko [a8] believe that these predictions are

exaggerated, their own projections suggest that the transmission capacity of each

fiber will increase by a factor of two each year.

This chapter is concerned with quantifying investment decisions in this context.

In Section 4.2 we develop a model for valuing investment decisions that allows for

declining investment costs. This model assumes that the true decay parameter is

known. However, the above literature suggests that this is seldom the case. Sec-

tion 4.3 develops an error model for the decay parameter (which we shall henceforth

call the cost error model) and explores a variety of error scenarios.

Several authors have suggested that flawed analysis of internet growth con-

tributed to the Internet bubble. Coffman and Odlyzko [15] suggest that the ex-

pectation of data traffic doubling every few months (rather than the more realistic

estimates of doubling every year) led individuals and companies to invest inappro-

priately. For example, in North America more than half a dozen long-haul carri-

ers laid down enough optical fiber to provide much more capacity than was really

needed [15]. In Section 4.4 we provide a brief overview of how traffic errors may be

analyzed and explain how this error model differs from the cost error model.

Lemma 4.1 defines a general formula which encompasses the geometric Brownian

motion and jump-diffusion process models described in Chapter 3. This formula will

be useful in Sections 4.3-4.4. By defining the more sophisticated models in terms of

this general formula we obtain solutions for both models.

Lemma 4.I. If the reuenue process V(t) follows a geometri,c Brownian mot'ion or

jump-di'ffusion process giuen by (3.6) or (3.12) respectiuely, and the cost process is

a constant I(t) : I, then the i,nuestment ualue is gi,uen by

'y,\ I (r. - D(#)r, o( v <v*,F(y): { '
|. (Y-1), v>v*
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where

k : It(u,r),
k Ik-t

If the reuenue proce$ follows a geometric Brown'ian mot'ion, Ìt(u,r) denotes tlt'e

posi,ti,ue root of

r.e

v*

p,,(k) :"o'r' ! op,k - r,

(, - *)" *2ro2
It(u,r) :

02

If the reaenue process follows a jump-di'ffusion process, lt(u,r) denotes the positiue

root of

P"(k) (k- 1) +ute +À(1 - Ó)o - (r+À)

Proof. combining Theorems 3.1 and 3.2 gives the generic formula. tr

The examples in Table 3.1 wili be used as base cases for numerical analysis.

Section 4.2 investigates the behaviour of Example 3.1 and 3'2 as the decay parameter

increases. In Sections 4.3 and 4.4 we restrict our analysis to the original GBM

example (Example 3.1) because the GBM model is more tractable than the JDP

model. \Me expect the two models to behave in a similar fashion, and our results in

section 4.2 suggest that the JDP model does not provide much advantage over the

GBM model when the decay parameter is large'

4.2 An Investment Model \ /ith Decreasing costs

The literature suggests that chip capacity and bandwidth capacity are increasing

exponentially over time or conversely costs are decreasing' We therefore expect

investment costs to decrease over time and adopt a negative exponential function

for the cost function

I(t): Ie-ot. (4.1)

:o'L
2



CHAP'TER 4. DECREASING INVESTMENT COSI:S 56

For decreasing investment'costs, the decay parameter a will be positive. In this

section, we use (a.1) to develop a general formula for the cost model and investigate

the behaviour of various parameters in the GBM and JDp models.

4.2.I The General Formula

Substituting (4.1) in (3.1) yields

F (V) : n1x n[( (r) - I e-ot)+ e-," lV (0) - V]. (4.2)

This expression can be re-written as

F(V) : max El(Y (r) - I)+ e-t'+")'lY(0) : Vl,

where Y(t):v(t)e"t. This is equivalent to increasingu and,rby a, and 1eads to

the following lemma. Note that the formula is the sarne as that given in Lemma 4.1

except that k: I\(u,r) is replaced by k: I\(u I a,r * a).

Lemma 4.2. IÍ the reuenue process V(t) fottows a geometric Brownian motion or
jump-diffusion process giaen by (3.6) or (3.12) respectiuely, and the cost Ttrocess is

I(t) : f e-o', then the 'inuestment ualue i,s gi,uen by

F(V)
(v. - r) (#)o ,

(v - r),
0 <V 1V";
V>V*

where

k : lt(u+a,r*a),

V*
k

k-1 I

If the re:)enue process follows a geometric Brown'ian motion, lf(u + d,r I a) d,enotes

the posi,ti,ue root of

PT&) : |o'ngr- 1) + (u + a)k- (r + a),
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0.e

-1"*"-+l* (u+a-+)'+2(r+ a)o2

If the reaenue process follows a jump-diffusion process, lt(v,r) denotes tlte positi,ue

root of

pi&) : Çrrr- 1) + (u + a)k+ )(1 - ó)o- (r+ o+ À).

It(v + a,r I a) :
02

Proof. Replacing u with ula and r with r*a in Corollary 4.1 gives the formula. I

Note that it will be convenient below to write Á.: Âr,Â.2 for these two cases.

On the surface, it would appear that the general formula also applies to increasing

investment costs (i.e. d < 0). However, the proofs given in Sections 3.2 and 3.3

assumed r )0, and so we require r+a ) 0 to get the formula. This means that

Lemma 4.2 only applies for small negative values (i.e. a > -r).

4.2.2 The Positive Root

Figure 4,1 shows the positive roots for Example 3.1 as the decay parameter, a,

varies on (0,6). Figure 4.2 shows the positive roots for Example 3.2 as a varies

on (0,4). Since the positive root was greater than one in the original (fixed-cost)

examples, they will remain greater than one in the decreasing cost examples because

the relationship between the drift rate u and the interest rate r (i.e. u < r) is

preserved when they are both increased by a. However, the graphs suggest that k

is converging to one as o increases.

Lemma 4.3. The posi,ti,ue root Ic :: Ìy(u ! a,r I a) conuerges to one as a --+ oo
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Figure 4.1: Positive roots for Example 3.1 as a varies

Proof. Case (i) GBM, we let z: r -f a and õ : r - u

klim
o+oo

z-õ
C

Iim
z+Ø

lim
z+Ø

Iim

ô

o
z

).
o
2

ô

o

- î)' + zz]z-6
ú

o I2z
2

( -î)'+(
z-õct

o2l (+ - i)' +2,
2z

1
z+Ø z-õ) 6 t

o2l
z-õ o
o2 )'+2,(

Case (ii) JDP, by Corollary 3.4, we have

l¡(v -f a,r I a) < It2(u I a,r + a) S l¡(u -l a - \ó,r i a)

By Case (i), we have 1L1(z I a,r * o) and ly(v -f d - 
^ó,r 

-f a) converging to one

as o ---+ oo. Thus by the sandwich theorem we know t]nat lt2(u I a,r I o) must also

converge to one. tr
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Figure 4.2: Positive roots for Example 3.2 as a varies

4.2.3 The Investment Trigger

Figure 4.3 shows the investment triggers for Example 3.1 as a varies on (0,0.5). The

graph is approximately linear , V* N 25a -l1.5. In general (using order notation),

v. : 16l(". 
iu) . "f * o (å) ,

(see Lemma 4.4) and the related linear approximation gives investors a simple rule

for making decisions when a is large. Figure 4.4 shows the investment triggers for

Example 3.2,3.2a and 3.2b as o varies on (0,2). Example 3.2a converges to linear

/(o) and Examples 3.2 and 3.2b converge to linear 9(a).

- 
Example 3.2

- - Example3.2a
- Example 3.2b
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Figure 4.3: Investment triggers for Example 3.1 as o varies

Lemma 4.4. If lc:lyt(rIa,r+a),V*: å and6:r-u then

I:
6
I
ô

lim

2
lim

o+oo

V*
a¿

aI
-----
ò

\,
/

(r+o2fz),

(4.3)

(4.4)

(4.5)

(4.6)

(I+oo

aI rI

Proof. 'We need to establish an intermediate result:

Iim (/c - 1)(" * a) : 6.

ôô2õ

(l+oo
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2

2

)zklim 1( *(:l-t+-î)
),*:l-f+.î).

+ (+-î) l2z

+2õ

-1 z
o+oo

z-õ o_-L_
o'2

2

il-e+i)'+(++î)'+ 26

z-6'o'
ot2' (j+i)'+z¡

2zõ

iim
z+Øz_õ) | o I

ot2' (? + î)' +z¡

Combining Lemma 4.3 and (4.6) ieads to

Iim
z+æ

-ô.

ti- f
a+æ Z

3.2b
- 

Example 3.2
* Example3.2a

KII: 
,lllå 4k - r): õ
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Subtractin1 ( from I/* leads to

V*

By Lemma 4.3

By (a.6) we get

lt+o+ -J_ Dq

It' + p,2 + 2z

zI zI:ôô
zI
6

lim
o+oo

-1

tt+'\/p'+22
o

zo

+

k

p,2 + 2z

I
õ

I:
6

o2

T

Subtracting the constant term from V. - zl we get

lim
z+(x

r/* zI o2 I.62õ

v.-+-#:ffrr-rt

v.-+-#),:#u:+

4.2.4 The Investment Value

Figure 4.5 shows the investment values for Example 3.1 as a varies on (0,30). Fig-

ure 4.6 shows the investment values for Example 3.2 as a varies on (0,1000). These

graphs suggest that the investment value is converging to the initial value as a in-

cre¿ßes. This result is not particularly surprising because we would expect that 1(ú)

will drop to zero and the investment will be made almost instantly when a is large.

We note that

max EIV (r)e-'" lV (0) : Vl : V.
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Figure 4.5: Investment values for Example 3.1 as o varies

Proposition 4.5. The inuestment ualue, F(V) defined in (/¡'2)' conuerges to the

i,ni,ti,al ualue, V, as the decay parameter a 'increases'

Proof. We apply Lemma 4.3 twice to get the result'

V*
KI

k-1.
KI
k-1

Jg(v.

Js{tz.

(v)FIim
c[+@

Iim
o+oo

lim
(x+oo

lim
(l+oo

V.

'(

"(

"(

I

V*-I

I
KI

* - v:1
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Figure 4.6: Investment values for Example 3.2 as a varies

4.2.6 Convergence of finite models

In Section 3.4, the binomial model was used, to measure how quickly the finite-model

converged to the perpetual model. We are also interested in the rate of convergence

for the decreasing cost models. Algorithm 2.7 is easily extended to decreasing strike
prices K(t) : Ke-ot by replacing (2.10) and (2.11) with

V(j, N) : (^9U, ¡f) - Ke-or¡+ ,

V(j,") : max(E(j,n),(S(j,n) - Ke-of )*),

where the N is the number of steps in the binomial model. Figure 4.7 shows

the rate of convergence for Exampie 3.1 with N : 5T and decay parameters

a e [0,0.462,0.693,1.099]. The graph suggests that the finite-time model converges

more rapidly as the decay parameter increases.

- - v:3.5771
_F
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Figure 4.7: The convergence of decreasing costs models

4.2.6 Stopping Times

The stopping time formulae presented in Section 3.4 can be extended to the decreas-

ing cost model by replacingu withu+d and r with rta. Figure 4.8 shows the

stopping time probabilities for Example 3.1. In the base case (a:0), the drift is

negative (¡, : -0.02) and so there is only a 50% chance that the investment will

be made. The investment is guaranteed for positive drift (i.e. when o > 0.02).

Larger decay parameters are needed to ensure that the investment occurs before

time ú : 100 (i.e. a > 0.1). This probability is verified at selected points using the

simulation estimate (3.19). The confidence intervals for -ô[ : 1000 runs are shown

as vertical lines.

Figure 4.9 shows some stopping time probabilities for Example 3.2. Since Ex-

ample 3.2 is a JDP model we do not have an exact solution for the stopping time

probability. In this figure, the graphs connect the sample means for simulation es-

.6

,4
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Figure 4.8: Stopping time probabilities for Example 3.1 as a varies

timate (3.19), with I/ : 1000 runs and ú: 100 or ú: 1000, at selected values of o.

Combining these results with those in Figure 4.8, we note that the stopping time

probabilities converge to one as the decay parameter increases.

Figure 4.10 shows the risk-neutral expected stopping times -Ð[r.] and Efr*lr* 1
100] for Example 3.1. The expected stopping times are infinite when a < 0.02. At

other times, the expected stopping time decreases (i.e. on average the investment

will be made sooner) when the decay parameter increases. The expected stopping

times and the conditional expected stopping times are the same for o > 0.1, because

the investment will always be made before ú : 100. This conditional expected

stopping time is verified at selected points using the simulation estimate (3.20).

The confidence intervals for lü : 1000 runs ¿ùre shown as vertical lines.

Figure 4.11 shows some conditional expected stopping times for Example 3.2.

Since Example 3.2 is a JDP model we do not have an exact solution for the con-

P(t*<-¡
P(t* < 100)
Simulation Result
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Figure 4.9: stopping time probabilities for Example 3.2 as a varies

ditional expected stopping times. In this figure, the graphs connect the sample

means for the simulation estimate (3.20), with l{ : 1000 runs and time Ú : 100 or

ú : 1000, at selected values of a. Since simulation data for t : 100 and ú : 1000

are collected from the same sample paths' the sample means for Elr*lr* < 100] are

never greater than than those for Elr*lr* < 1000]. However, this property may not

hold when different sample paths are used. In fact, we observed this anomaly in

some initiai simulations where the processes were instantiated with the same seed

but run longer (for the case ú : 1000) causing the sampie paths to diverge' Com-

bining these resuits with those in Figure 4.10, we note that the conditional expected

stopping times decrease as the decay parameter increases'

0.25 0.375
Decay Parameter cx

0.5 0.625

<}
¡r for P(t* < 1000)

for P(t* < 100)
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Figure 4.10: Expected stopping times for Example S.1 as a varies

4.3 Errors in the decay parameter

In the previous section, we presented a model which gives the optimal strategy for

a given decay parameter. However, in Section 4.1 we cited two cases where decay

predictions had been optimistic (i.e. the predicted decay parameter was greater

than the true decay parameter). Moore's original estimate for decay was roughly

50% greater than his revised estimate. Similarly, Gilder's decay estimate was about

50% greater than Odlyzko's estimate. Section 4.3.1 develops the cost error model

and Section 4.3.2 applies various error scenarios to Example 8.1.

4.3.I The Cost Error Model

Given the decay parameter o, the analysis in Section 4.2 tells us to invest at time

Elr*l

- 
E[t*lr* < 100]

O Simulation Result

r* : inf{ú > OlY(¿), 
"-"'V*},
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Figure 4.11: Conditional expected stopping times for Example 3.2 as a varies

with

k : A(z+a,r|a),

v*: hI.
This strategy yields the maximum possible value

(v*-I)(#)o, o(v<v*;
(V _ I),

Now suppose that the predicted decay parameter is 41, then we believe that the

optimal time is to invest is

V>V*
:{F(V)

rï: inf{ú > olV(¿) > e-o'tvl},
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Iq : Ìt(u+dr,r+o,r),
r,* tt¡.vt : nr_t

Following this strategv, the predicted investrrrent value is

F (v): (vi -4 (#)-', o <v <vi;
(V _ I),

Summarizing these results, the predicted value is fi(V) and the maximum value

is F(V), In reality, neither of these values will be achieved because the errors in

the estimate will cause the investment to be made at the r,¡/ïong time: the analysis

recommends investment at time ri but the optimal investment time is r*. Since

this strategy is not optimal, the expected value will be lower than the optimal value

F(V). The suboptimal value, H(V), is given by

H(V) : Eol(V(rÐ - Ie-oi)e-,"i l(rt < oo)]

: vi Eo¡¿-r,+o')"i | (7 < oo)]

-IEo[e-U+")"i I(rt < oo)]

with

V kt V kz

-Ivi vi
where

k2 : It(u+a1,r]-c¿).

Unlike the original expression for F (V) , the expression for H (V) does not involve

the positive part (')+ because the investment strategy is based on error-pïone data

and may yield a negative net payoff. However, we will see that this does not happen

in the current example.

4.3.2 Numerical Examples

Gilder's decay estimate was approximately 50% greater than that given by Odlyzko.

Figure 4.12 shows the investment values and expected stopping times when the

v>v{

vi
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Figure 4.t2: Oplimistic decay predictions

predicted decay parameter is 50% greater than the true decay parameter' These

graphs suggest that optimistic predictions will encourage an investor to invest earlier

and that the investor will expect unreasonably high net investment values. The

premature investment will also cause the investor to forfeit some net investment

value, although the reduction in value is less than 5%. In this example, we have

* - Predicted Value

- 
Optimal Value

'". ActualValue

* --- Predicted Stopping Time
Time
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V: I: 1, so

and k1 - 1 - kz < 0; hence the actual value is greater than zero. However, this

condition may not hold when v < I (which is likery for many start-up companies),

and we provide an example with 11(I/) ( 0 at the end of this section. Thus optimistic
predictions could lead to negative net payofis.

Proof. Want to show let - kz - 1 < 0. For GBM y(ú),

ri(1) : (+)" ((+)o'-'-u'-,)

let - kz
1.
;L-ø +[-ttt +

1

o
1

o
1

o

p,?+2(r + o')l - ¡fi+2(r+a)l
p,? + z(r 1 ar) - p,?r+2(r+a)l

2(a1- a)

I2(r I a1 -12(r -l a
(4.7)

+ 1

For the conservative case (o ) or), (a.7) is non-positive so k1 - lez 10 < 1. we
want to show that the relationship also holds for a1 ) û ) 0.

In our example,

h-lcz 25000'1*100a1+9- 25000/1-100a1*200a*91

2500a?r*100a¡ +9- (2500a1- 100a1 + 200a + 9)
-l 100a1 +9+ - 100a1 -t 200a I9

100(a1 - a)

1:
2

1

2

*100a1+9+ - 100ar * 200o * 9

Set

s(a) :loo(a1 - a) - 2500a2r*100a1 +g- 2500cl2, - 100a1 I200a I g,

then k1 -k2- 1< 0 ifrg(a) < 0. we want toshowthat g(") < 0 for all a ) 0,

thus we need to show that the following conditions hold:

e(0) < 0,

g'(o) < o

(4 8)

(4.e)
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e(0) : 100(41) - 2500a1*100a1+9- 2500a1-100ar*9

2500a2, * 100c1 + 1- 2500a1-100or-|1

: 100(a1) _ (50a1 + I)" - (50a1 - 1)2

: loo(a1) -50a1 + 1- lSoa- 1l

rìtr.

Since the first condition holds, we novü need to show that g'(a) < 0:

1: -100-, - 100a1 -| 200o f 9

200
g'(o)

Hence the second condition also holds and we have established that g(o) ( 0. Thus

we have shown that kr - kz - 1 < 0. tr

It is also useful to consider pessimistic predictions. The dominance of optimistic

estimates may lead a cautious investor to use a lower value than the true decay

parameter. Figure 4.13 shows the investment value and expected stopping time

when the estimated decay parameter is 50% less than the true decay parameter.

These graphs show that pessimistic predictions will lead an investor to wait too

Iong for investment and thereby reduce the investment value. Again the reduction

in value is less lhan 5To. For pessimistic predictions, a ) a1 and k2 ) k1, so we have

H(V) :

:

,t (#)o' -, (#,)"

,t(#)r'-,(#)'
F,ly) > 0.

Thus the actual value is bounded by the predicted value. This means that actual
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value is always greater than zero and so the net payoff is never negative. I'herefore

pessimism is a safe strategy.
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Figure 4.13: Pessimistic decay predictions

The above examples suggest that our model is robust; it is insensitive to relatively

Iarge errors (+50%). In Figures 4.74 and 4.15, the decay parameter is fixed at

a : 0.5 and the relative error varies ftom -4007o Lo 400%o. Figure 4.14 shows the

investment values and Figure 4.15 shows the relative difference and loss. These
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Optimal Value

' Actual Value
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- 
Optimal Stopping Time

ì
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graphs demonstrate the need for measuring the decay parameter. Extremely large

errors (e.g. 400%) *uy reduce the value by as much as 30%. Furthermore, in some

special cases (e.g. V :0.11), the net payoffs may even be negative (Figure 4.16).

0.9

0.7

0.6

0.5

0
-300 -200 -100 0 100

Relative Error (%)
200 300 400

Figure 4.14: Investment value versus the relative error

4.4 Errors in the traffic growth parameter

In the previous sections we extended the fixed cost model to support decreasing

costs and studied the impact of errors in the decay parameter. In this section we

shall explain how to increase the traffic rate and investigate errors in the traffic

parameter. For simplicity we shall work with the fixed cost model described in

Corollary 4.1. However, we note that this model can be easily transformed into a

decreasing cost model by adding the decay parameter to the drift and interest rate.

In Chapter 3, we explained that the traffic rate is included in the dr1ft, u and so

1

0.8

- * Predicted Value

-_ Optimal Value
Actual Value
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Figure 4.15: Relative difference and loss versus the relative error

increasing the tra,ffic rate by tra,ffic parameter 7 is simply a matter of adding 7 to

the drift z. This means that the positive root is k : Ìv(u + "T ,r). We note that this

is different from the decreasing cost model with decay parameter 7. In that case,

the positive root is k: lv(vI'y,r *'y). In Chapter 3, we noted that there is no

optimal trigger in the GBM model when the drift is greater than or equal to the

interest rate, and that there is a similar relationship for the JDP model. Since both

u and 7 are increased by the same amount in the decreasing cost model, there is an

optimal trigger in decreasing cost model whenever an optimal trigger exists in the

original model. However, only the drift parameter is increased when the tra,ffic rate

is increased and so there is no optimal trigger in the GBM model when z l1 ) r.

Suppose that the estimated traffic parameter is wrong and that the true traffic

parameter is 7, then the optimal time to invest is

Relative Difference

- 
Relative Loss

r* : inf.{t > olV (t)ert } V*},
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Figure 4.16: Optimistic decay predictions leading to negative investment values

with

k It(u + 1,,r),
k

V* k-rI

This strategy yields the maximum possible value

0

2 0.4 0.6
Decay Parameter cr

1

F(V):
(v"-I)(#)r, o(v<v*;
(V _ I), v>v"

However, the investor believes that the traffic parameter is 71 and so it would

appear that the optimal investment time is

* - Predicted Value

- 
Optimal Value

*. Actual Value

rï : inf{¿ > olV(t)el" > VT},
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with

Ie1 : ^4'(z+'h,r),

vi : kt 
,.Ie',-1.'

Foliowing this strategy the investor expects to receive

F (V): (vi -Ð (*...)*',
(V _ I),

0 <v <v{;
V>Vi.

Based on the analysis, the investor will expect to receive F (V), however the

most they can receive is F(V). In realit¡ neither of these values will be achieved

because the errors in the estimate will lead to investment being made at the r'l/rong

time: the analysis recommends investment at time rf but the optimal investment

time is r*. Since the investor observes V(Ðert instead of V(t)eto, the investment

will be made at another time

ri : inf{t > olv(t)en >vi}.

Since this strategy is not optimal, the investment value will be less than the optimal

value F(7). The suboptimal value, H(V), is given by

H(v) : Esl(v(r[) - I)e-r"i ¡("' < -)]
: EolTi - I)e-'tËI("t < oo)]

: (Vi - I)le-,"ï Iþ, < oo)l

: (vi_n(#,)r

As in the predicted tra,ffic model, the investment will only be made when the optimal

trigger exists and I/r* > 1.

Figure 4.17 shows the investment values and expected stopping times for Exam-

ple 3.1 with a : 0.462,7 varying on [0, 0.04] and the predicted traffic parameter 1
being 50% greater than the true traffic parameter 7. From earlier, we know that

there is no optimal trigger when the drift is greater than the interest rate, and so
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Figure 4.17: Optimistic traffic predictions

the predicted model and true model have no optimal trigger when'y is greater than

0.026 and 0.04 respectively. Prior to 0.026, the predicted model indicates much

larger investment values and this analysis prompts the investor to delay investment

until the value process reaches a higher threshold. After 0.026, the predicted model

indicates that there is no optimal trigger but this is false for 7 < 0.04.
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4.5 Conclusion

Two simple models for building new infrastructuïe were presented in the previous

chapter. In this chapter we extended these models to support decreasing investment

costs' We found that the investment values are close for a -IDP model and a related

GBM when the decay parameter is large. We then studied the impact of errors in

the decay parameter. We found that they reduced the investment value, but for

relatively large errors the reduction was less than 5To. For much larger errors the

loss is rnore significant. These results suggest that the optimal strategy, when duly

followed, will protect investors from large losses.

Unfortunately, models with small erïors in decay parameter promise much higher

investment values. In the light of these inflated values, the investor may disregard

the optimal strategy and invest prematurely. Premature investment (based on op-

timistic predictions) -uy produce a negative investment value. Thus the investor

should adopt a conservative practice of following the optimal strategy and treating

predictions of the decay parameter with caution.

We also studied errors in the traffic rate and provided some brief analysis for the

original GBM example. As with the cost error model, the traffic error model predicts

incorrect investment values and encourages investors to invest at a suboptimal time.

Unlike the cost error model, however, the traffic error model may indicate that

there is no optimal trigger. This may lead an investor to postpone the investment

indefinitely even though an optimal trigger may exist.

In the next two chapters we shall develop a strategy for deciding when to increase

the transmission capacity on an existing link. We shall find an analytical solution

for two demand processes: a geometric Brownian motion and a logistic process.



Chapter 5

Increasing Link Capacity

In the previous chapters we investigated the option of adding a link between two

cities. This chapter considers the situation where the link has already been built

and there is an option to increase capacity on the existing link. We present a general

strategy for deciding when to make this investment and then provide an analytical

solution for a GBM demand process.

5.1 Introduction

The previous models assume that no cash flows can be obtained before the invest-

ment is made (e.g. no link has been built) and that the transmission capacity is

unlimited, that is

v (t) : u 
ll,* 

P(s)e-'t"-ú)as]

where P(s) is the cash flow per unit time. D'Halluin, Forsyth and Vetzal [20]

developed some PDEs for increasing the transmission capacity from a iower level

(e.g. OC-3) to a higher level (e.g. OC-48) and then applied a numerical PDE solver.

In this chapter we formulate a similar model and find an analytical solution.

Section 5.2 presents a general strategy for deciding when to increase the trans-

mission capacity from level ,90 to level ,Sr. This strategy could be applied to various

demand processes D(ú). We assume that regulators have capped the price so that

81
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each connection produces B dollars in revenue. The transmission capacity (also

called the supply level), denoted by S, is the maximum number of connections

which can be carried during a given time interval. If D(ú) ( ,S, the revenue per

unit time is BD(t). lf D(t) > ,S some of the demand will not be met, packets will

be dropped or otherwise prevented from using the network, and so the revenue per

unit time is B,S. Thus the revenue per unit time is B min(D(t), ,S).

In Section 5.3 we use a geometric Brownian motion to model the demand process.

This assumption was employed in the model of d'Halluin, Forsyth and Vetzal [20],

and in all of the previous models presented in this thesis. However, this assumption

will be questioned in the following chapter.

5.2 A General Strategy

In this section we devise a general strategy for deciding when to increase the trans-

mission capacity from ,96 to ,Sr. 
'We first determine an expression for the expected

investment value that will be received if the investment is made when the demand

process D(ú) first hits the threshold y. This function is represented by F(D,a) where

D is the initial value for the demand process (D(0) - D). We then maximize this

function over all y > 0 to find the optimal trigger

y* : argmax F(D,A)
a

The investment will be made when D(ú) hits some threshold ø. ï!y'e define the

stopping time r(y) : inf{ú > 0 : D(ú) > y} and write r : r(A) when there is no

confusion. The revenue per unit time will depend on whether or not the investment

has been made:

o Prior to time r, the transmission capacity is ^96. Thus the revenue per unit

time is Bmin(D(ú), Ss).

o After time r, the transmission capacity is increased to .9r. Thus the revenue

per unit time is Bmin(D(t),51).
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The present value of all revenues is obtained by multiplying the revenue per unit

time by e-'t (where r is the risk-free interest rate) and integrating over [0, oo).

As discussed in Chapter 4, we assume that investment costs are decreasing, thus

I(t) : Ie-ot. For a sample path with stopping time r, the present value of all

revenues is

R(r): þ I"*min(D(ú), So)e-'tdt + B min(D(ú), S1)e-'tdt,

and the present value of the investment cost is

I(r) : Ie-dr e-rr - "-(r-ta)r

Thus the expected investment value for threshold g is

F(D,a) : ull"" Bmin(D(t),ss)e-'td,t * l,* Bmin(D(t),s,)e-'td,t - Ie

The optimal trigger is

a* : àlETaxF(D,Y),

and the optimal investment value is

F(D): F(D,a")

The function F(D,y) can be divided into three separate terms

-t'+"1"]

F(D,a)

In the remainder of this section, we shall present some general theorems which can

be used to calculate these terms for various demand processes. The general strategy

for optimizing the investment value is as follows:

o Find an operator L¡ on / which satisfies

pull," min(D(ú), so)"-"atf + PEll,* ^r,fo(t),s')e-"dtf
-IEle-î+o)"1'

d,lþ@(t))e-'\¿l : L¡þ(D(s))e-^'dt + ops' (D(t))D(t)e-^tdB(t). (5.1)
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o Find a unique bounded solution S of L,þ: min(ø, 
^9) 

with l"ó'@)l bounded on

[0, -). Apply Theorem 5.1 to yield an expression for n lff min(D(ú), Ss)e-'t dtf .

Since

0 < c tllr* min[D(s),.sr]"-'"dsl 
= 
t [t, lo* "-'"d,"] 

. -,
we also have an expression for E [/imin(D(t),S)e-'tdt]

min(D(ú), Sr)e-'tdt :c-E min(D(ú), Sr)"-" (5.2)

¡ Find a unique bounded solution þ of L¡þ:0 with l"ó'@)l bounded on [0,y].

Apply Theorem 5.2 to yield expressions for the discount factors Ele-'"] and

Ele-@+o)"1.

o Collect all the terms together in Theorem 5.3 to obtain an expression for

investment value f'(D, gr).

o Maximize F(D,y) to obtain the optimal trigger y* and investment value

F(D,u*).

Theorem 5.I. If $ i,s the unique bounded solution of

L,ó("): min(r,,S),

where Lxó(r) satisfi,es (5.1) andl*ó'(")l is bounded onl0,æ), then

ull," min(D(ú), s)e-,,mf : ó@)El"-,"1- óe)

Proof. Integrating from 0 to ú

þ(D(t))e-" - ó(D) : Io' 
e-'"1},þ(D(s))lds * 

Io' 
o of' rD(s)) D(s)e-'" d,8 (s)
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Recall that L,s(r) : min[ä, 
^9] 

and put ú : r A n, then

S@ (r nn)) 
"-r(r 

nn) 
- 6(D) :

E

By the optional sampling theorem

When r ( ñ,

ll,' "r"lols¡2(6'qn("))')l "-""o,f+ < tll,' oi"-""a,)i

min[D(s), S]e-'"ds| o pS' (D (s)) D (s) e-' " dB (s)

<oo

E o p þ' (D (s)) D (s) e-' " dB (s) -0.

limr\n: Tj

Taking expectations

E ló(D(r An))e-'Gn"tl - ó@) : E min[D(s), S)e-'"d,s

o p þ' (D (s)) D (s) e-' " d B (s)

Note that Mt: fiooD(s)ó'(D(s))e-'"ttB(s) is a marLingale as

E llM,ll <

: tllr' o'zon lnls¡'(ó'(o(r))')l e-2'"d,s

and since l"ó'@)l is bounded

]',

t¿+oo

Iirn þ(D(r nn)) : ó(o(r)): ó(a),
fù+æ

as / is continuous, and ú ---+ D(t) can be assumed to be continuous along each sample

path, as B is. When r : oo, r A rL: Tr àfld

lþ@(n))e-'nl - 0 as r¿ --+ oo¡

since { is bounded and r > 0. Also

ló@î An))e-'"1 < lö@?n "))l 
( c ( oo,
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and so by Lebesgue dominated convergence

tim ,Ð lo@? An))e-'?n")l : ó@)ø l"-,"f

Let 1(') denote the indicator function then

E

Taking limits as ?? ---+ oo

by considering r ( oo and î : oo as above.

l1(" < r An)min[D(s),,S]"-'"1 1 Se-'",

and 0 < ff Se-"ds ( oo. By Lebesgue dominated convergence

llr"* 
min[D(s), sJe-'"d"] : ,llr* 1(" < r An)min[D(s), S)"-'"ds]

?2+OO
Iim .E

ll,"^"

,11,"

min[D(s), ^sJ"-'"d"] : ullr" min[D(s), S)e-'"d,s]

I
min[D(s), S)e-'"d,s): ó(a)El"-'"] - ó(D).

Thus

Theorem 6.2. If $ i,s the unique bound,ed soluti,on of

L¡þ(r): o,

where L¡ó(x) sati,sfies (5.1) andl*ó'(*)l i,s bound,ed onl},y), then

E l"-^"1 : Ó,1!)

' ó@)

Proof.ForÀ>0

(5.3)

þ(D(t))e-^' : ó(D) + 
lo'W^OtD(s))le-^"d,, 

* I, opþ'(D(s))D(s)e-^'daþ)
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Since f,¡l(r):0

ó(D(tÐe-^t : ó(D) + o p þ' (D (s)),o ( s) e-)" dr (s)

Putú:TAn,then

ó(D(" A n))e-)("n") : Ó@) + o pS' (D (s)) n þ) e- ^" aa þ)

: ó(D) + o p minlþt (D(s) ) D (s), C'le- ^" dB (s)

T'

Io"n"

lo"n"

But

t --+ M¿ : 
In' 

op minfþ' (D(s))D(s), Crle_^" d,B(s),

is a martingale for each ú

EllM,ll <
1
2

so E[/(D(rAn))e-^Q^')] : ó(D), then taking limits with the same argument above:

ó@)ø [e-r"1 : ó@)

tr

Theorem 5.3.

F(D,ù : p {óo(ùEl"-'"1 - óo@) + c - ór(y)El"-'"1 + û@)) - I Ele-('+o\"1,

where Óo , Ót are bounded C2 soluti'ons of

L,óo(r) : rnin(u, 
^9s),

L,ót(*) : min(ø,.91),

C: E f/imin(D(t),S)e-'td,tf and Ele-x"f is siuen by (5'3)
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Proof. Applying Theorem 5.1 leads to

Applying Equation (5.2) and Theorem 5.1 leads to

ullr" min(D(ú), so¡"-,ratf : óo(ùEl"-,,1- óo(D)

E min(D(ú), S')e-'tdt

where C : E [/i min(D (t), S)e-'tdtf

sion for F(D,a).

: C - ót@)El"-'"1 + ór(D),

Collecting these results yields the expres-

tr

V,

oo

5.3 A Geometric Brownian Motion Model

In this section we start with the simplest case where the demand process D(ú) is

assumed to follow a geometric Brownian motion

dD(t) : uoD(t)dt-t opD(t)dB(t)., (5.4)

where up àndop ãîe the drift and volatility terms. Sections 5.3.1-5.3.4 are used to

derive the investment value F(D,a).Section 5.3.5 explains how the optimal trigger

is found, and Section 5.3.6 gives some numerical examples. FYom (2.4), we know

that the stopping time r is almost surely finite when ,, - * > O.

5.3.1 An expression for L¡þ(r)

We seek an expression for L¡ó(n) which satisfies (5.1), where 4¡ is an operator

applied to the function /(ø). Lemma 5.4 provides an expression for the demand

process defined in (5.a).

Lemma 5.4. If the demand process D(t) follows a geometric Brown'ian motion

dD (t) : u o D (t) dt + o o D (t) dB (t)

then L¡þ: f,o2on2þ"(*) + uprþ'(r) - 
^ó(r) 

satisfi,es (5.1)
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Proof. By ltô's lemma, we have for any C2 finchion þ

dtþ (D (t)) e- ^'it : - ìffi |]] ì 

" 

":':I" "i|',i',',)u'ri:,n],;:::::,':i,! n,n'
+e-^t ó" (Dçt¡¡! nçt¡" at

"'^' {-^O(D(¿)) 
+ voD(t)þ(D(t))' + "} nçt¡'6" çrçr¡¡\ o,

+ o o "- ^' ó' (D (t)) D (t) d B (t) .

Let L¡þ(r) : -ÀÓ(")'l uprþ'(t) + f,o2or2S"@),

d,l$ ( o (t)) e- Àúl : L ¡ó (D (")) e- ^' dt + o p þ' (D (t)) D (t) e- ^t a n çt¡ .

5.9.2 A unique bounded solution for L,Ó("): min(r, S)

Lemma 5.5 provides a unique bounded solution /(r) which satisfies L,Ó(*) :

min(r,,9) when uo * r. Lemma 5.6 provides an alternative solution for the spe-

cial case uD: r. Henceforth, we shall let /¡(z) and fi(r) denote the solutions for

,9 : ,So and ,S : ,9r respectively. Figure 5.1 shows the / functions for Example 5.1a

(see Table 5.1).

Lemma 5.6. Il un I r, the unique bounded soluti,on of L,þ(r): min(ø, S) i's:

ó(") : -P -+Arkr, i,f r<S;uD-T

#+Brn', ifr)5,
(b.bJ

(5.6)

and,lq and,lez are the positi,ue and negatiue roots of

1

;o'¿Dk@-1)+uok-r:o

(5.7)
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Figure 5.1: The / functions for Example 5.1a

Proof. We seek a unique, bounded solution of

0 82 10

|oî*'ó"{r) + u¡,rþ'(r) - ró : n, if ølS;
,9, if.r> S,

(5.8)

wiLh lrþt(r)l bounded. For ø S ,S,

1^
|olr'þ" (r) I vpns'(r) - ,ó : ,. (5.9)

The homogeneous solution is

ó(*):Atrk'lAzrk",

where ¡tr and kz be the positive and negative roots of the characteristic equation

'rArfr- 1) + uolc -r : o. (5.10)

The particular solution is
fi

0o(x)

0 (*)

ó(r) uo-T
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In order that þ be bounded ttear 0, Az:0 (d(0):0 from (5.9)), and so

ó(*) : #- r Ark' ,

for ø ( ,S, which establishes the first part of (5.5).

For ø > ,S,

|o'o*"6"çr) + upnþ'(r) - ró: S.

The homogeneous solution is

ó(r): Btrk'r B2rk'-

The particular soiution is
_(r

ó("): -lT
For þ bounded, we require Bt :0, and so

-rsþ(") B*0",I

Ir

for r ),S, which establishes the second part of (5.5).

For / smooth, d(S-) : d(S*) and /'(^9-) : d'(,S+),

c _qL) + ASkt : -P )- BSkr,UO-T r
1

+ Alcrskt-l : Bk"!k'-t.uo-T

(5.11)

(5.12)

(5.13)

Re-arranging (5.11) Ieads to

BIe"5k'-t

B(k, - k1)5t,-t

,9kt
BSkr- s -quO-T r

BSkr-tr, - 
Uo

r(Yo - r)St'-t

1 +l7sk,-r, - ,, = 1uo-r' 1"" r(uo-r)^9rr-t-1
I vokt

r(up - r)
r - uplÇ,1

1
A

Substituting this expression into (5.12) yields an expression for B

uo-T

r(uo-r)(k"-ky)gt'"-tB

ktsk'-t ,
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Finally, substituting this expression into (5.13) yields an expression for,4.

A:
r - uplel Up

r(uo - r)(k" - k1)$r'-t r(ro - r)Sr'-t
r - uplr2

r(uo-r)(kr-k1)$n't'

\Me note rharlrþ'(r)l < C for all r) 0. For ø € [0,,S],

r - uPkl 

- 
qkz_.tu 

- 
uD

{uD - r)(k, - k.)Sk -1" - ;V; - r)Sl.i

l,ó'@)l : l*+ktArk,l
luo - rl

lnrnrk,l

lk2llBlrk'

lk2llBlsk" (as k2 < 0 )

Tró' )

For r e [,S,oo),

ó"(r):

oo

So

l*ó'@)l ( max 
l#+kllAlsk',lk2llllsk'] 

. -
\Me also note that / is twice differentiable. \ü'e only need to show that the second

derivatives match at ,S,

ó"(s-): ó"(s+).

Re-arranging the PDE

S,r)+ró(n)-uprS'(r)mln
, r+ S

d(s+)

ó'(s+)

12o2

: d(s-),
: ó'(S-),

2

Since
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we must have /'(,S+) : d"(S-).

Finall¡ we note that { is unique. Suppose lhat Ót and þ2 are two solutions. Let

ó: ó, - ó2,

then

Lró:0.

The general solution is

Ó("):Ank'+Brk''

Since / bounded, we must have B : 0. Since /(0) : 0, we must have A: 0.

Therefore Ó:0. tr

Lemma 5.6. If r/D: r, the uni,que bounded soluti,on of L,þ(r): min(ø, S) is:

ó(r) : I W+An, i,f r<s;

[+*8r4, ifr>s,
(rn(s)+1)(1 +ft)+t
-(i"i+r)(ft+t)

2ttt

f,o2os"'"'-

(5.14)

(5.15)

(5.16)

(5.17)

(5.8) a.nd (5.17) is

(5.18)

A

B ,(L"T+r)(ft+t)

Proof. We seek a unique, bounded solution of

1

2
oTr'ó" (r) + rrf (r) - ró(n)

fr, lf.n<S;

^9, If r> S,

wilh lrS'@)l bounded. Note that the only difference between

lhal up has been replaced by r. For r 1 S,

L"
)oNn'f"(r) +ru$'(r) -rþ(n): ¡.

The homogeneous solution is

Ó(*):Atrk'iAzrk",
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where k1 and k2 a,re the positive and negative roots of the characteristic equation

(i"rr+ ") t,t - 1) : o. (b le)

In fact, kt : 7 and k2 : -#. Particular solutions of the form /(r) : cz do not

apply here, so \rye use Ó(") : cxln(r)

)oîr'ó"{r) + rcþ'(n) - ró(r) :

Hence the particular solution is

ó(*): ï':(") .

|o'" + r'
In order fhat þ be bounded near 0, Az:0 (d(0) : 0 from (5.18)), and so

ó(r)::':(!) +Ark,,
;o'D + r

for ø ( ,S, which establishes the first part of (5.14). For ø > 
^9,

7ro'rr'p" 
ç*) + uprþ'(r) - ró : s.

The homogeneous solution is

ó(r):Btrk'*B2nk'

The particular solution is

ó(,): Ar
For / bounded, we require Bt:0, and so

t rc(cIn(r) + 
") - r(cln(r))

(5.20)

c:x

-só(") B*0",I

Ir

lor r ) ,9, which establishes the second part of (5.14).

For / smooth, ó(S-): d(S+) and /'(,S-) : ó'(S*),

SlnlS) - e
#+ASk, : " +BSk,,
öob+r r

tï( )It tAk,sk,-t : Bkrgk-r.
;o'D + r

(5.21)
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Re-arranging (5.20) leads to

A #["'-'-#g-;]
: pgkz-k,-rtl(s)+ToT+ï. g.22)

,(T"'"* r)St'-t

substituting this expression into (5.21) yields an expression for B

Bk,sk,-r : rn('?) + r +lnso,-o, -',!ir9lIïi':r,*-i'l *,ro'-',
f,o2r+r ' 1"" ,G"T*r)s"r-t.1

B(k, - rc1)5n -r : T(^l) + t 
-kt(rtn(l) ! loT+ r)

L"T+r r(1o'z"+r)

B : r(tn(^9)_+ tXt - kr) - jøäkr.
, (L"'" + r) (k2 - le1) Íx'-t

FinaIIy, substituting this expression into (5.22) yields an expression for ,4.

akc-kt rln(S) +|o2p+rD- -46ãs;rr(ln(S) + 1)(1 - kt) -
o2"+r¡çnr-k1)$n,-t

1

A:
r(in(S)+1)(1 -kl)

2 D + r)(k2 - k1)gr'-r ,(L"T * r)Sfr'-r

r
2

2

1

2 D

A:

B:

o\kt r(In(^9)+t)++o'D
(r

r(ln(S) + 1)(1 - kz) - oTlc,1

r( o2"+r)1ter-k1)gn'-t

Substitutin E lq : 1 and tt, : -å leads to

(In(^s) +1)(1 +ft)+t
-(i"i+r)(ft+t)

2r-tt
o2os"'o'-

+ r)(ft + t)'(r

We note rhat lrþt(r)l < C for all r ) 0. For r e [0, S],

l*ó'@)l : ø(ln(r) + 1)
+ ktArk'

lo2" + r
In(S) + 1),s

2
of;+r + kllAlSk' < oo.
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Forze[,9,oo),

nó' )r k2Brk'

k2llBlrk"

So

l'Ó'@)l - ls(ln(S) +<- max L=çTP + ktlAlsh ,lk'llllsk'] .."
We also note that / is unique and twice differentiable. This can be shown using

similar arguments to those given in the proof of Lemma 5.5. ¡

5.3.3 The discount factors E l"-'"1 arrd E le-('+")"1

Lemma 5.7 provides expressions for the discount factors Ele-'"1 and Ele-@+o)"1

El"-'"1 :

Ele-?+")"1 :

where

-1,"-*l* ('o-*)'*""7
kt

D

Iûz
-1,"-*l* ('o - "*)' *2(r + a)o2,

Figure 5.2 shows the discount factors for Example 5.1a (see Table 5.1).

We note that the discount factor in Lemma 5.7 is equivalent to the discount

factor E["-^"1, which we derived for a GBM value process Iz(ú) in Section 3.2,

V
w

o2o

where p:i-i

Ele-^"1:
i(-u+1/u'12\
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4

3.5

2.5

1.5

0.5

0
0

Lemma 5.7.

wherep:H-?

Proof. We seek a unique, bounded solution of

J

2

1

10 15

v

Figure 5.2: Discount factors for Example 5.1a

Ele-^"1:

205

-r+J¿nî1

25

jof;r'6" ç*) r uprþ' (n) - \þ(n)

with lxQ'@)l bounded. The solution is

ó(r) : Ark,

1

,

0,

where A > 0 and k is the positive root of

- - E [exp((r+ø)t l- 
E[exp(ru)]

"ik(k-1)+vole-l:0.



CHAPTER 5. Í¡\TCREASIIVG LINK CAPACITY 98

Hence

-1," - *l* (,o - *)' *r^"7
k

D

-tt -l p2 +2^
Op

where tt: # - 7 For r on [0,gr],

lró'@)l <

Applying Theorem 5.2,

ø l"-^"1 ó(u)
ADK

Ayk

d' (s) : log(D(t) lS)+(ro+o'l

d,r(s) : dt(s)- o1/s-t,

Dó )

D

5.g.4 An expression for E f/flmin(D(t),S)e-"ds]

Theorem 5.8 provides an expression for Erlli min(D(s),51)e-'("-Ú)ds]. Setting

f: 0 provides an expression for

C : E [/- r"t"tr(s), s)e-'"ds] .

Since there is no ciosed form solution, numerical integration techniques (e.g. Simp-

son's rule) can be emploYed'

Theorem 5.8.

Erl [* min(D(s), s)e-r("-t)¿rl : /- {Dçt¡et""-r)(s-t)¡¿1-¿r(r)) + 5r-r(s-t)¡¿(dr(s))} dt
-'1,J, ------\ \ /' ' ) Jt

uhere

L¡ú(") : exp dz

z)(s - t)
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Proof. We seek

SO

v(t) : *ll,* min(D(s), S) exp(-r(, - ,))dr]

We can take the expectation inside the integral and note that

min(D(s), S) : D(s) - (D(t) - ,S)*,

d,V(s) : {E{D(s)e-r(s-t)1 - E¡l(D(s) -.9)+¿-r(s-t)l}ds

: {D(t¡¿V"-r)(a-t) - E¿l(D(s) - S)+"-rç"-Ð1}ds.

We note that E¿l(D(s) - S)+e-r(a-t)] is like a caII option and so

ø, t(p(s) - S)+ e-r(s-ú)l : D (t) eQ" -'X"-t) ¡¿1¿, 1s)) - Se-'('-t) Iú(dz (s)),

where
(t) I uD+0212)(r-¿)log D( +

d1(s) : s-t

Thus

and d2(s) : dl(s) - oJs - ¿. Combining these two results we have

d,V(s) : {Oçt¡et""-r)(s-t) - p"(vn-r)("-')¡f(dr(")) + ,Se-'t'-t)¡f(¿r("))} ¿"

: {oqt¡e@"-r)(s-t)¡¿1-¿r(")) + S"-r(s-t) ¡¡(dr(s))} ds.

I,*v(t): {n 1t¡ ¿{" " -r) 
(s-t) ¡¿ 

1 - ¿, ( r) ) + g"-r(s-r) ¡¿ (d, (s) ) } ds,

Lemma 5.9.

E f/- -*t, þ), s)e-'"d"] : /- {DeQo-')'tr(-d1(s)) * ,se-'"r/( d,2(s))) d,s,

¡
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where

d'(") : Ios(DlS)t(ro+o' 2)t
o1/ s

dr(s) : d1(s)-oJã,

¡r(") : exp d,z

Proof. Set f :: 0 in Theorem 5.8

5.3.5 The Optimal Tbigger

In this section we shall find the optimal trigger y* for F(D,a). The investment

function F(D,a) has a distinct form on the following three regions: [0,S0], [So,Sr]

and [,Sr, oo). A local maximum may be found by applying the bisection method to
T8Ð : 0, but we must first establish uniqueness and existence. We would also

like to determine the region in which the optimal trigger g* will reside. Lemma 5.10

shows that y* must be greater than the initial transmission capacity (^9s) so a* may

be in the second region (So,St) or the third region (S1,oo), Theorem 5.16 shows

that the optimal trigger exists and is unique, and Algorithm 5.1-7 provides a method

for finding gr*.

Lemma 6.LO. The opti,mal trigger y* 'is not i,n [0, Ss]

Proof. We can establish this result by first showing that

ks

Vy e [0,,Ss],

for some constant Cr. This implies that

ôF(D,y

tf'_t
J2" l-*

F(D,a):Ct-r(j)

: krrDk" (!)0y

and so the optimal trigger is not in [0, Ss]

frs*1

) 0, Vy € [0,,S0],



CHAPTER 5. I¡\TCREASI]VG LINK CAPACITY 101

First, consider the case vo t r,

F(D,a) p( u +Aoak'
\uo-r

-p( o +Atak'\uo-r

e)"
) (?)

- þóo(D) + pc

kt

+ 0ó'@) - I

: p(AoDk'-óo(D)+C -A1pk' +ór(D))- I

)*oø,ro,-t(?)

(;)

)r;

c,-r(?)",
where q: P(AoDk, - óo(D) + C - Alpkr + /1(D)) and

-1," - *l * (", - *)' +2,o7

-1""-+)- ("o-*)'+z'o7
"i

-1," - *l* (",-*)'*z(r+a)o2o

- þóo(D) + 0c

k1

le2

ks

o2,

Now, consider the case I,/D: r j

F(D,a): ,(#*o,r)

: þ(AoDk, - óo(D) + c - A1pk, + þ,.(D)) -, G)"

-p +Asar"(a)

**,

where CI: P(A¡D - óo(D) + C - ALD + /1(D)) and

lq:1,
, -2r,\r2 ----õ-;

ob

: ",-t(i)
hs

- f"- *l* ('* "4)
k3

D

t
-l2aof;
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!

Lemma 5.L1. For A e lSo, S1], we can write

uhere

Proof. First, consider the case uo * r,

-^90 + Boak,r

-p( o +Atak'\uo-r
: 0?óo@) + C - ArDk' + ó{D))

IBPn'

Thus

z - re,)Boak, * ry (i)*"-u'

- r)Boaå * Y (?)*'-' ,

F,(D,ù: I (Ð" L(ù,

, unlr;
uD: r'

F(D,u) : P

0F(D,,y)
0y

)( 'r)-'

)G

- 0óo@) + PC

kt

+ l3ór(D) - I

( -to u-r, - 
, 

o-(hr-r) + Boy*,-t,)
\ r un-r /
lo'.
)'G

iØ" (k, - I)a
un-T + (k, - kt)Boyk"-r

1.ksl Dk"

: iflo,r_(r)
Now consider the case uD: r)

F(D,a) : t (+ + B,aâ) J - or,rr) + pc

-t (m * o,r) o¡ * ,.o,rr) - t (
þ?óo@)+C-ALD+ó'(D))

tBpn' (+ - ffi+ B,aå-')

-,(i)r"

2
a

ks
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Thus

p2(
vv \
+kslDk' (1)

,So 2y

) 
u*å-')r o2o +zr 6-

ks*1

+ 1-2r

(5.23)

(5.24)

(5.25)

i(Ð" r-(ù

Lemma 6.L2. If f -(y) :0 then /1(s,) < 0

Proof. 'Wb need to establish three intermediate results:

r(kt -+ k, - 7) - uoletkz : o,

(kr-r
uo-T

r - upkl
r(up - r)

First, consider (5.23)

0

r(kr*kz-I)-uolctkz: r 1

-2ro + _ 
"r"

I 2uor
-0.o2"

Second, consider (5.24).If up) r, we have kr ( 1. Thus kr-1 < 0 and up-r )0,
and so

Suppose instead T,hal vp( r, then h ) 7' Thus k1 - 1 > 0 and uD - r < 0, and so

(k,_Ð<0.
uD-T

Third, consider (5.25). Using (5.23) we know that

<0

(r - vpkl)le2: -r(kr - 1).
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Thus

r - upkl -r(h - r)
r(up - r) rk2(up - r)

-lleL-L
lc2 up-r

Since f )0and E a0, this expressionmustbenegative. Since Bisaproduct

of two negative terms (æ."d E+) and some positive terms (| and tr-k'),
this result also establishes that B¡ and B1 are positive.

Now let's return to our original problem. We want to show that /-(y) : 0

implies l'-@) <0. In each carie, we sha.ll find an expression for -ry ê\fr3-k1 byp \a/
setting Í-@): 0, and substitute this expression into l-(a) to give â new function

g(g). We will then show that g(U) < 0, YA ) ,S¡, by showing that

First let's consider the case uo * r,

-ry 1.2) "-" : *lf. * @! - t)o 
+ (k, - te,)Boak, . (b.26)

P \A/ r uP-r
Taking derivatives and substituting (5.26) into f'-(A),

s@) : H + k2(k2 - tet)Boak-' * -(k, - rr)Totu-tuo-k,ttu-.

(k' - 1): -:---:----------1 + k2(k2 - Ie)Boyr"'-tuo-T

+(ft, - n,¡ {t+fp.* q' - 
1) + @, - k,)Boao"-')'lrA vo-r )

: ç*, - n )ff+ (k, - tet + t¡&t)+ (k, - kr-t kz)(kz - te1)Bovk"-r

: kíft*- k)& 
+ (k, _ Ier_r1.¡(kr - 1)

r U uo-T

+(k'- : +kz)(kz-k) r - upkl

r(un-r)(kz-kt)
-1
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Ãt y :,9s, we have

g(So) : te{h - kr)
r

k\(h - kr)
ff+{r'-kr+1)

(kr-r (k"-kt+k2)(r-rokt)
uo-T uo-r)+ r

T

lct(ks-k1)(up-r) -t r(lq- l)(kr - h i1) + (k3 - Iet 1- kr)(r - uokt)
r(up - r)

uolet(lcs-k1)-rk1( lcz - k) -t rlel(fu - kr) + rkt - r(lcz - Irt) -,
r(up - r)

: r(h + Iez - 7) - uolcJez 
- ,r(up - r)

Taking derivatives

g'@) : r(up - r)
,So---
ra' -k{les - kt) +

(k2-7)(h-h+kz)(r - vpkl)
uo-T

The first expression -kr(ltt - k1) is negative because kr > 0 and k3 ) kr. We note

that k2- 1 < 0 and (r - upkl)l@o -r) < 0. Thus the second term has the same

sign as ks - kt * kz. If lús - kt i lez < 0, both terms are negative and we have

established fhaf g' (y) ( 0. Now let's consider the case where kz - kt I lez ) 0. Since

the second term is positive and (fr)k' < 1,

(k2 - t)(h - h t k )(r - rok')

(/r2 - 1) (k3 - let -l lcz)(r - upkl)
uo-T

We can split our positive term into a positive and negative part

k2 - L)(h - h t kr)(, - vokt) fu - k)(r - uolet), (k, - t)k2(r - uokt(

uD-T
(k, - 1)(

uo-T uo-T
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Since k2 ( 0, the second term is negative and

-kr(k, - kr) +

ks - kt)
ry2(vp - r)
,90(k3 - k1)

ry2(up - r)

Now consider the cãßê up: y,

(k2-r)(3-kI r - upkl)

\ -2.

) "o,r", 
. (5.27)

,So

,a'
So(

un-T

{-kt(r, - r) + (k2 - I)(r - uokì}

{-ktro I rlq I rk2 - r - upkle2 I upler} : g

rks-l ,S¡ 2y
+

Taking derivatives and substituting (5.27) into our expression for f_@),

r

-2r

of; +zr

nouä-' - (k, - ,)T, La-k"+t-t

-2r .

--lBoa "b

å -t) n,uå-'\,So
+(k3 - 1) ra o2, + zr

so 2les

o2o +zr
2lcs

6
-2r
o2o

2

-1 )

)

(

1

+

ks( 1 +(k,-1+ #)(

2r-o2o(ks-t
r( + 2r)

-2r
o2o

-2r

--lBoy"b-1 )ru
,So

a o|+zr

-2r
2-tt

T"'oSu"'- -2r .
ooD*(o-1+

)(å-,) r(1o2" + r)( +1)o2,
D

(kr - t) So _ 2les _2r - oT&s - t) /S.\r a-6+b- r(o2D+2ù \7/

2r ,.T-f.a
o'D

,So

^90

Ãt y :,56, we have

(kr - 1) 2les

7-6+2r+
)*"

D
(ks-I)(o2o+2r - 2rlq t 2r - o2"(ks - l)

r( * 2r)D

: oTlet - oT + 2rlet - 2r - zrle, +2r - oTtc, + oT _ n
r(of; + zr)
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s,(a) : -(/ca - 1) s9 * ( -4 - r\ 
(zr - oî(kz- r¡¡ ¡so1ä*'

, ar-\;t-') ú,oE+2ù \t/
: qf -&"-11*oî(kz--t)-zr fs'\äì

ra" | ---6- \A/ I
The first expression -(kr - 1) is negative because les ) kt : 1. The second term

may be positive or negative depending on the value of k3. If the second term is

negative, both terms are negative and we have established fhat gt(y) < 0. Now let's

consider the case where the second term is positive. Since (fr)k' 1I,

g'@) <

-2r: , (0.
oí)

Taking derivatives

Lemma 6.13. For A elSuæ), we can write

where

Proof. In each case we have,

lezl
ks-kt

0

¡

F,(D,ù: l(3)-' il@),

2
a

) (?)o' - uóo(r) + pc

+ þó,(D) -'(i)r"
F(D,a) : P

-so * Boyk"
r

So - Sr)

-t(++n,ao")(Ð"
: þ(-ór@)+C+ó'(o))

iBpn,
frs

(

)'G
T

+ (Bo - B1)ykz-kt
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Thus

ðF(D,y)
0y

(;)

(f)' h(ù:p
a

k1(So -.9 ) + (k, - kr)(Bo - Br)uk'

+leslDk'

Lemma S.t+. f'*(y) < 0 Vy e (,Sr,oo)

Proof. Taking derivatives

l'*(a): t r(kr- kr)(Bo- B,.)ao" - (fr, - nr)ffnu'-k,,a-k,+k'_l.

Since .86 - Bt 10 and lcz - lq ) 0 , both expressions are negative and so

Í*@) <o'

Lemma 5.15

ks-l-

r
1

!

li- /*(s) :4TÐ . o.

Proof. Since k2 ( 0 and -(kt- kt) < 0 the expressions containingyk, and g-(frs-frr)

vanish as U --+ oo. !

Theorem 5.L6. If ¡-1Sr) I 0 then the optimal trigger li,es i,n the second region

(So, St] and y* i,s the uni,que root of f-(a) : 0. Otherui,se, the opti,mal trigger li,es

i,n the thi,rd, regi,on [Sr, -) and y* i.s the unique root of f*@) :0.

Proof. Ffom (5.23) we know that /-(56) > 0. Suppose that /-(,Sr) ( 0 then there

exists some value yr € (So, 51) with l-@t): 0. Since Í-(A): 0 implies /1(g) < 0

(Lemma 5.I2), we know that this zero is unique. Since /a(,9t) : "f-(St) < 0 and
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l*@) is a decreasing function, there are no zeros for r+@) ott (,sr,oo). Thus y1

is the unique optimal trigger. Now suppose that /-(St) ) 0. Lemma 5'12 implies

that there are no zeros f'or f -@) on (^9s,,S1). Since /a(St) : /-(Sr) > 0 arrd

l*@) is a decreasing function (Lemma 5.14) and converges to a negative number

(Lemma 5.15), there exists some vahrcy2 € (st,oo) for which l+(ar):0. Thus yz

is the unique optimal trigger. tr

Algorithm 5.L7. If ¡-(Sr) 10, then apply the bisection method to f-(y) on

[So, SrJ . Otherwi,se, apply the bi'section method to l+(a) on lS¡y¡] where

kr(Si - So)
7/kz

3r(lc2-kt)(Bo-At)
Sr - So) -71(ks-kr)

SrltsI

r/kz

,D
þkr(

proof. This algorithm comes directly from Theorem 5.16. 
'We need only find an end

value gta which satisfies l+(Aì < 0. Choose 91 such that

(k2 - k,)(Bo - Br)al'. 4+P,
i.e.

At:

Next, we choose 3t2 such that

1.e

r

TG)o'-o''

0kt' S' - So) -r l(k3-ht)

SrlesIUz: D

Finaily, choose g+ : max(Ar,Az) lhen

f +(a+) : k1(,So - ,S1
+ (k, - k')(8, - B')uY .T (

D

A+

ke-kt
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5.3.6 Numerical Examples

This section provides some numerical examples for the up I r and r/D : r cases.

The up f r examples, labelled 5.1a-d, use the r/D, oD and r parameters in d'Halluin

et al. [20]. The up : r" êxârtples, labelled 5.2a-d, use the r and ø parameters in

Dixit and Pindyck [22]. As explained in Chapter 4, we assume that costs decrease by

afactor of two every 18 months (i.e. a :0.462).For each case) we give an example

where the optimal trigger gr* lies in the second and third regions. Next, we explain

how our model is used when there is no prior investment (i.e. 
^gs 

:0). Finally, we

explain how to shift the trigger between the two feasible regions by changing one of

the initial parameters and holding the other parameters constant.

As discussed previously, the trigger may lie in the second or third region. Ta-

ble 5.1 includes some examples for both cases. In Examples 5.1a and,5.2a, gr* lies

in the second region (see Figure 5.3). In Examples b.1b and 5.2b, gr* lies in the

third region (see Figure 5.4). Note that in each case, g* was shifted from the second

region to the third region by increasing the ratio 1 : þ by a sufficient amount.

Example Up Op r D ,So 51 I p a* F(D,a.)

5.1a

5.1b

0.75

0.75

0.95

0.95

0.05

0.05

1

1

1

1

4

4

1

2

0.9

0.2

1.9819

4.3544

56.8090

11.9094

5.2a

5.21)

0.04

0.04

0.2

0.2

0.04

0.04

1

1

1

I

4

4

5

200

0.2

0.15

1.9803

4.0515

8.5534

5.3642

Table 5.1: Shifting the trigger into the third region

Figures 5.3 to 5.5 show investment values and derivatives for selected examples.

The upper graphs show the investment values and the lower graphs show their

derivatives. The optimal triggers and transmission capacities are indicated on each

graph. We used the values of F(D,y) at each step (ôy:0.01) to validate the

derivative function given in Section 5.3.5:

ðF(D,a) - !(D,a + õv) - F(D,a) F(D,a + 0.01) - F(D,a)
w "y u.ul
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Figure 5.3: Investment values for Example 5.1a

Note that the solid line in Figure 5.5 corresponds to the up : r model (i.e' Ex-

ample 5.2c). Two close examples with r : 0.039 and r : 0'041 are also shown for

verification purposes.

The models in Chapters 3 and 4 assume that there is no prior investment. For

bandwidth investments, this means that there is no capacity on the link; either no

fi,bre has been laid or no switches have been installed. In the current framework, we

5

5

y*
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Figure 5.4: Investment values for Example 5.1b

have ,56 : 0 and the investment value is

&(D,ù : P {C - ór@)El"-'"1+ d,(r(o))} - t ø¡"-r'ao)"J,

where C -- E f/fl min(D (t), S)e-'tdt] . We observe that F(D,g) and F{D,g) only

differ by 0 {ôo@)nle-'"]- do(D(0))},

F(D,a) - Fr(D,ù: þ {óo(ùøþ-'"1- óo(D(O))}

y*
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20

20

0.5

-1

-1.5
0 5

But
+

óo(r) : r(un-r)(kz-kt)
r(ln( 1 kt

-Sor

-.90
T

uolr;
uD: r.+ r(|o2o+r)(kz-kt)

and since lez-l ( 0, wehave /s(z):0 for allø ) 0' This meansthat thetwo

functions are equivalent ând so the general formula also works for this special case.

'We note, however, that only the second and third regions are meaningful. Table 5'2

- - r:0.039
:0.04

'*'r:0.041y*

- - r: 0.039
:0.04

r:0.041
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lists some examples with ,56 : 0. We observc that y* is in the second region [So, Sr]

in Examples 5.1c and 5.2c. But as before, we can shift y* into the third region

[Sr, oo) by increasing the ratio of I : B (see Examples 5.1d and 5.1d). Example 5.2c

is shown in Figure 5.5.

Example u¡1 o¡¡ r D
^90

s, I p y* F(D,a.)

5.1c

5.1d

0.75

0.75

0.95

0.95

0.05

0.05

L

1

0

0

4

4

1

5

0.9

0.2

0.8108

5.6488

56.5320

r0.5174

5.2c

5.2d

0.04

0.04

0.2

0.2

0.04

0.04

1

1

0

0

4

4

5

200

0.2

0.1

7.5262

4.0111

6.92t1

1.8501

Table 5.2: No prior investment

In the previous examples, we shifted y* between the feasible regions (i.e. (^9¡,,S1]

and [,S1,-)) bv changing the values of. I and B. Theorem 5.16 provides some

threshold values for 1, þ, D, 
^9e 

and ,S1. Holding other parameters constant and

raising (or lowering) the given parameter beyond its threshold value shifts gr* into

the adjacent feasible region. In fact, g* € [Sr,oo) is equivalent to each of the

following relations:

I>
p<
D>

(5.28)

(5.2e)

(5.30)

(5.31)

(5.32)

,So >

,Sr ,q

The threshold value for a given parameter is simply the parameter value which

makes g(1, p, D, So,^Sr) : 0 where

g(1, p, D, So,,S1) : ¡-(Sr) : "f+(Sr)

Since /a(z) is identical for the uo I r and up: ?" c€r,s€s, we reaïïanged ñ(S1) : 0
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Example D ,90 Sr I p a* F(D,a")

5.1a

5.1a

5.1a

5.la

5.la

22.5234

1

1

1

1

1

2.8779

1

1

1

4

4

1.9819

4

4

1

1

1

7.4781

1

0.9

u.9

0.9

0.9

0.7204

4

4

1.9819

4

4

75.7079

57.1321.

30.t267

54.0884

7.2360

5.lb

5.lb

5.1b

5.1b

5.1b

0.7507

1

1

1

1

1

0.7235

1

1

1

4

4

4.3343

4

4

2

2

2

1.6618

2

0.2

0.2

0.2

0.2

0.2407

4

4

4.3343

4

4

11.6116

11.8178

72.8445

12.0197

t4.4656

5.2c

5.2c

5.2c

5.2c

5.2c

3.442r

1

1

1

1

0

3.6267

0

0

0

4

4

r.5262

4

4

5

5

5

394.9862

5

0.2

0.2

0.2

0.2

0.0025

4

4

r.5262

4

4

12.7682

9.0547

3.7094

3.7094

0.0470

Table 5.3: Threshold values

to obtain a general formula for the first three threshold values:

î : å (*)h-o'1r"(s'- 
so) *

I
I

(k2 - kr)(BL

(k2 - k1)(81 ,

)

kr)(B, - Bo)ñ : t(#{
The threshoid values for the supply levels, ,$ and ,fr, 

"ur, 
be found by appiying

numerical techniques (i.e. the bisection method) to /*(St) : g. Table 5.3 shows

the threshold values for Examples 5.1a, 5.1b and 5.2c. In each case 'ffe replaced

the original value with the threshold value and thereby shifted y* to the boundary

between the second and third regions (i.e. sr). we note that the $, : g* in

k1(,91 - ,So
+ (k,

r
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Examples 5.1a and 5.2c. This result is generalized in Lemma 5.18. We also note

that in some cases it may not be possible to find a value of ,$ ttrat lies is within

[o',sr].

Lemma 5.18. # /-(St) 10, then ît : U*.

Proof. Observe tnat ^î is the unique roo of f-@): 0. If /-(S1) 10, U* is also a

root of Í-(y):0 and so ,fr : g*.

tr

5.4 Conclusion

In this chapter we formulated a general strategy for deciding when to increase the

transmission capacity, found an analytical solution for the GBM model and gave

some numerical examples. The analysis suggests that there is a unique optimal

trigger which is greater than the original transmission capacity. In the next chapter,

we will find an analytical solution for an increasing capacity model that incorporates

demand saturation. The behaviour of that model will be compared with that of the

GBM model.



Chapter 6

Demand Saturatlon

In the previous chapter we developed a model for increasing link capacity. Like

earlier models, this model assumed that the demand process follows a geometric

Brownian motion (GBM). However, this assumption raises some questions in a finite

population. This chapter extends the increasing link capacity model to support

demand saturation.

6.1 Introduction

The previous models assumed that the demand process D(ú) followed a GBM. As

noted in Chapter 2, a GBM with positive drift will grow exponentially on average,

but the demand must be limited by a finite population. Thus we would expect that

the demand process will ultimately taper off to some value D. In Section 6.3 we will

use a logistic demand model to model demand saturation

dD(t) : q(D - D(t)) D(t)dt + o D (t)d,B p(t).

A logarithmic process

dD(t): -qln t#l D(t)dt + o D(t)d,B (t),

and other mean-reversion processes could also be used. Once the logistic demand

model is developed, we would like to compare its behaviour to that of the GBM

r77
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demand model. \Me define'a logistic variation of the GBM defined by

dD (t) : u o D (t) dt + o p D (t) dB (t),

by choosing D arbitrarily and then setting q : "fi and o : oD. Figure 6.1 shows

the sample paths for a GBM and a logistic variation with D : 1000, LP(1000).

We note that the sample paths are close prior to reaching this demand saturation

point (i.e. when .D(ú) << D), however the GBM continues to grow after the logistic

process reachcs thc dcmand saturation point.

4000

3500

3000

2s00

2000

1500

1000

500

0 100 200 300 400
Time t

500 600 700

Figure 6.1: A geometric Brownian motion and a logistic variation

6.2 Kummer's Equation

Dixit and Pindyck used a logistic process to extend the classic investment model

to mean-reversion models [22, pages 161 167]. Kummer's Equation, which has the

Ê
Ê
cÉ

()
Ê

0

GBM
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form

zs" (z)+ (b - z)g' (z) - øs(z) : g,

was used to solve their model and it will also be used to solve the logistic model in

Section 6.3. Abramowitz and Stegun [1] list eight possible solutions for Kummer's

equation. In this thesis we only use three of these solutions

ut(r) : M(a,b, z),

ur(r) : zt-bMç7 * a-b,2 -b,z),

uz(z): U(a,b,z),

where

M(a,b,z):

(o)" :

U(a,b, z) :

$ (o)'r'
L (b\-nt '
n:0 \ /r"

II1_-o@ + i,),
'|f

sin zrb

I M(a,b, z) ,-rM(l I a - b,2 - b, z)l

lrlt+a-b)r(b) " r(a)r(2-b) I

The Wronskians are as follows

w(t,2) : (l - b)z-be" (6.2)

W(1,3) : -l(b)z 
be'll@), (6.3)

W(2,3) : -f(2-b)z-be'll(t-ta-b). (6'4)

We note thatW(I,2) is non-zero when b + t.This property ensures that u1(z) and

u2(z) arc linearly independent. The Kummer functions have the following limits

lim M(a,b, z) ffit-¿-'[r+o(lzl-1)], z 1o.

ffie"2"-b¡t+ o(lzl-1)l , z ) o.

. (6.1)

(6.5)
z+æ

lirn u(a,b, z) : z-"ll + O(lrl-t)) (6.6)

where f (.) is the gamma function defined in Definition 6.1. We shall use the following

equations from [1] in subsequent calculations:

L3.1,.27 M(a,b,z): e'M(b - a,b,-z),



CHAPTER 6. DEMAND SA?URA'TION

13.1.28 z|-bM(Il a-b,2-b,z): zr-be,M(I - a,2-b, z),

13.4.08 M' (o,b, z) : iM(" + L,b I I, z),

L3.4.10 aM(a+I,b,z): aM(a,b,z) + zM(a,b,z),

L3.4.t3 (b - t)M(a,b - I,z) : (b - I)M(a,b, z) r zM(a,b, z).

L3.4.23 ø(1 + a - b)U(a + I,b, z) : a[J(a,b, z) + zU,(a,b, z).

Definition 6.L (Gamma Function). The Gamma function f(z) is defìned by

fot-te-tdt(Rz>o),J*
and has the following properties [1, Chapter 6]:

f(z+1) : zl(z),

l(n+1) : n! lf ne Z+

t20

(6 7)

(6.8)

6.3 A Logistic Model

The demand process D(ú) is assumed to follow a logistic pïocess

dD (t) : n(D - D(t)) D(t)d,t + o D(t)dB (t),

where 4 is the speed of reversion, D is the long-run equilibrium level, a is the

volatility and B(ú) is a standard Brownian motion. We observe that up ) r (where

z¿ is the drift) for both GBM examples in the literature 147,201. Since the logistic

variation of a GBM has the property that qD: r./Dt we will assume that r¡D > r.
Sections 6.3.1- 6.3.4 are used to derive an upper bound for the investment value

51G(D,v): B óo(a)El"-'"1- öo(D) + r ó{a)Ele-'"1+ ór(D) - IEle-0+")"1,
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where r : inf{t > 0 : D(ú) > A}. Note that G(D,a) comes directly from Theo-

rem 5.3 and the property that

C ul [* min[D(s),s1]e-'"dsl < 
s'-

L/o)r
Section 6.3.5 discusses whether the optimal trigger can be found. Finally, some nu-

merical examples are presented in Section 6.3.6. Note that the following ty' functions

and some results in Appendix 8.5 are used to simplify calculations:

'þr(') 
: '"U (o,U,'#),

úr(r) : ,a+t-b¡4 (o+t-b,2-u,'+\
\-,/ ,'. 

\*'^ 
v)u ", o" ),

,þ"(r) : ro'M (or,Ur,'#)

,þn(r) : *"u (o,U,'#),

,þr(r) : * (",u,'#),

,þu(r) :

,þz(") :

,þr(") :

,þn(") :

,þto(*) : b-a-l

/ 2n*

\",
/zn,
\;'
(2nr
\;'
H)

2qr

)'-'*(,*t 
- b,2-b,

- ar2

- arb,

-2næb,

2qr
02

2 )

-a
(T)'-"-' ¡w (b-a-1,b,-+)
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where

: -^ó(D(t))e-^tdt + e-^tó'(D(t))ln(D - D(t))D(t)dt + opD(t)dB(t)l

+e-^tó" (D(Ð)!nçt¡'at

T--lnn-i (nD - *)' +2,o,
02

-'lqD-il* ^- D

(qP - t)' + 2(r -t a)o2

-^ó(D(t)) + q(D - D(t))D(t)ó(D(t))' +

l+a:

b
2Drt

2a,
02

-l
+

O,1

02

6.3.1 An expression for L¡þ(r)

Lemma 6.1 provides an expression for ,C¡l which satisfies (5.1) when the demand

process follows the iogistic process.

Lemma 6.L. Il the demand process D(t) follows a logi,stic process

dD(t) : q(D - D (t)) D(t)dt + o D (t)d,B (t),

then L¡þ: lo2or2þ" (r) + q(D - n)rþ'(r) - Àþ satisfies (5.1).

Proof. By ltô's lemma, we have for any C2 function þ

d[ó(D(t))e-^t]: -^ó(D(t))e-^rdt+e-^tó,(D(t))dD(t)+e-^tó,,(Dçt¡¡]ançt¡,

2atbr

-À¿ "ln
2

(t)2ó"(D(t)) dte

+ o p e- ^t 6' (D (t)) D (t) d B (t)

Let L¡þ(r) : -\ó(r) + q(D - r)nþ'(r) + |o2on2þ"(r)

dlþ ( o (t)) e-'\¿l : L þ (D (s)) e- ^t dt + o p þ, ( D (t)) D (t) e- ^t d B (t) .
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6.9.2 A general solution for L¡þ(r) -- 0

Lemma 6.2 uses Kummer's equation to find a general solution fot L¡þ(r) : g.

Lemma 6.2. Th,e general soluti'on of

L¡þ(r) : s,

has the followi,ng form

t23

ó(r) : AroM (",r,'#) i Bra+I-uM ("+ 1 - b,2 - u,'#) ,

where a i,s the pos'itiue root of

lro'o(o- 
1) + rtDa -À : o,

and,b:24+2a.

Proof. We seek a solution to

L>,ó(r) : !o'r'ó" (r) + rt(D - r)rþ'(r) - À{(ø) : 0'

n þ@): Aneh(r) then

ó(n) : Areh(x),

Ó'(*) : Aoro-1h(r) + Aneh'çr¡,

ó" (*) : A0(0 - t)r0-2n@) r 2A0r0-1h'(r) + Arqh" çn)

Substituting these expressions into (6.10) we get

t ..0 - )on' l'+eçe - r)r0-2h + 2A0r0-1h'(r) + Ar0rr" çr¡)

+n(D - r)r lAene-I hçr) + Are h' (r¡] - x'1,r0 nçr¡

(6 e)

(6.10)

: nllæere- 1) + rtDr -,1] "'+ 
tro'u*'*'t'(*) +!o'n,+'h"(r)

-r¡Ino+t h(r) + q(D - r)re+I h' (r).

Now choose d such that
't_

Uo'e(e - 1) + qD| - À:0,
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then

-rt\h(n) + lrt(D - n) + o2e] n'6¡ + 
|o2nh" 

(u) : 0

By making the substitution z: "#

h(") : s(z),

h'(') : n'(ò'J,

h"(*) : f'Ø (3) ,

So

-n'g(z) +lnn - r# + ",0f2]0,@ *+";,r,Ø (3)' :0
If we let o,: 0, U: r# * 2a, then

q {"g" (z) + (0 - z)s'(z) - as(z)} : 0.

The equation

zg"(z) + (ä - z)g'(z) - as(z) : g, (6.11)

is known as Kummer's Equation, Abramowitz and Stegan [1] Iist eight possible

solutions. Itb + 1, then

ut(z) : M(a,b, z),

uz(z) : zr-bM(ll a-b,2 -b,z)

are linearly independent (since the \Ä/ronskian is zero [1]) and

g(z) : AvM(a,b, z) -l Brzl-b M(l I a - b,2 - b, z)

is a general solution of (6.11). Thus

ó(r) : r"h(r) : r" 
{lru (o,u,

: ApoM (",u,'Ui) * u,

2qr
02

2rt

02

-b
B1+

2qr , (rra- b,2- r,'#)\
7-b

,øt1'-b ¡4 (, * t - b,2 - u,'#)
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Since (4)t-u ,. u constant we have

ö(*) : AroM (",u,'#) -t Bna+7-u* ("+ 1 - b,2 - u,'#) ,

( )
-b

where At:AandB:Bt o2
2r¡

6.3.3 A unique bounded solution for L,Ó(*): min(ø, S)

Lemma 6.3 provides a unique bounded solution for Lr$(r): min(ø,,S). Henceforth,

we shall let /6(r) and þ1(n) denote the soiutions for ,9 : ,So and 
^9 

: ,Sr lesPectively.

Figure 6.2 shows the þ functions for selected logistic versions of Example 5.1a. As

expected, tine þ functions converge to that of the GBM model as D --+ oo.

Lemma 6.3. The un'ique bounded solution of LrS@): min(r,,S) zs'

ó("):
Arþr(")+ffi,0(r(,s;
Brþn(")-1, rlS,

where

,þr(r) : *"u (o,0,'#) ,

,þ+(r) : ,"u (o,0,'#),

o(") : "* (, * a - b,2 - r,'#)" (, - ",u,+)
-rM (",u,'#)" (t - a,2-u,+),

T 
- 

.'l_ 
lrD 

_ +l* ^. D

(qn - l)' +zroz
o,

02

, 2Dnb - --i+2a,

Y(a,b,z):\æGh
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Figure 6.2: The / functions for logistic versions of Example 5.1a

Proof. \Me seek a unique, bounded solution of

L,ó(*): min(ø, 
^9),

with lnþt(n)l bounded. Let's consider ø ( ,9 first

5

x
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-60
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-80
5

L,Q(r) : s.
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By Lemma 6.2, the general solution of Lrþ: 0 is

ó(r) : AnoM (",u,'#) i Bra+.-uM ("+ 1 - b,2 _ u,'#) ,

where ø is the positive root of

10
,o'a(a-1)+qDa-r:0,

and b : 'g l2a. In the proof of this lemma we observed that Ló : 0 can be

reduced to the Kummer equation

,t {zs" (z) + (b - z)s' (z) - as(z)} : g, (6.12)

and chose the linear independent solutions

ut(r) : M(a,b, z),

ur(r) : zr-bMçL ! a - b,2 -b,z)

So the general solution of (6.12) is

g(z) : AM(a,b, z) + Bzr-b M(t r a - b,2 - b, z)

Using the method of variation of parameters, a particular solution of

as(z)s" (z) -t a1(z)s' (z) + a2(z)s(z) : f Q)

sr(z) : a(z)u1(z) * b(z)u2(z),

where

IS

o'(r)

aQ)

w(r)

u2(z) f(z): - wØ "úò'
u1(z) f(z)
W(z) as(z)'

: u1(z)ulr(z) - u2(z)u'r(z).
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Using (6.2),

Thus

W(z):(I-b)z-be".

zr-b M(L * a - b,2 - b, z) tþ)
)z-b¿"b(1

,
z

b'(r): ry#y
Applying the Kummer transformations [1, Equations 13.1.27 and 13.]-.28] Ieads to

^tt_\ zl-bM(7ra-b,2-b,z) f(z)u\þ) -@ z

z|-bez M (L - a,2 - b, - z) f (z)

Now we need to find an expression for f (z). Recall that

n : L,ó(r)
1: 
,oT*,ó" {") + q(D - n)rS'@) - ró(n)

: ,"*' 
{f,o'*H'(r) 

+ (rì(D - r) + o2a)h'(*) - nan@)\

Substituting x: *,

* : (#)"*' r, (zs" (r) + s' (z)lb - zl - ag(z))l'

Thus

(t - b¡z-us,
M(L-a,2-b,-z)

tþ),(1-ó)

u(r) : M(a,b, z) rQ)
(L -b)z-ue' z
e"M(b - a,b,-z) lþ)

(I -b)z-bez z

f þ) : zs" (z) + (b - z) g' (z) - as(z)

;(
2r¡ ,o'z
02

all
z-a-

2q
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b'(r) :
1

Consider the following functions

where

By Lemma 8.12,

zb-rM(b - e,b,-z) r
z-o,

rl )
2q

"'

at

(1

b)

(3)

(H)

a

ItQ) : zL-oY (r - o,2 - b, -z) ,

lr?) : zb-"Y (b - o,b,-z) ,

,a-a-t ¡14ç6 - a,b, -z).

Y(a,b,r):Ëæ.-h

'Jr-", (r - o,2 - b,-z) ,

4 ru-o-, xo (b - o,b, - z) ,

M(a,b, z)zr-"Y(L - a,2 - b, -z)

rì( 1

0frQ)
0z

0frQ)
ãz

and so we can choose

soQ) : # (3) z.-bM(r t a - b,2 - b,z)zb-oY(b - a,b,-')
a

1

q(r - b)

2

o2(L - b)
et(z),

a-L

where

gt(z) : M (r + a - b, 2 - b, z)Y (b - ú,b, - z) - M (a,b, z)Y (l - a, 2 - b, - z)
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Thus

where

ón@) : *"(T)
,t-"n, (

2qr
n

Õ(") : n7t

", (t ! ø - b,2 - u,'#) 
" (u - ",r, #)

-rM (",u,T)" (t - a,2 - u, -+)

ö(r) : Arrþ{r) + Axþz(x) * ?I@)- r -\ / ozçt _b).

In order that / be bounded near 0, A2 :0 for ä > 1 + ø. Thus the general solution

is

The general solution is

ó("): hþ{r) + 2Q t
o2(l - b

Nowconsidern>S )

L,þ(n):5.

The general solution of. Lrþ: 0 is

ó(*):Btþ{n)+B¡þ2(r)

A particula,r solution is

óo@) = -'s'r'
We require þ(ø) bounded as t ---+ @, but both 

^þr(n) 
and tþ2(n) are unbounded

(Lemmas 8.20 and 8.21). Fortunately, uÞt(x) is bounded (Lemma 8.22) and using
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(6.1) we can choose 81 and .B2 so that

B,'rþt(*) + B¡þ2(r) : Brþ+(r)

Thus the general solution is

ó(*):nrp^(ù-l

For / smooth, ó(S-) : d(S*) and /'(S-) : d'(S+)

tuh@) +

tuþ16) +

_c
--! ¡ Brþa(S),

: 8rþ16)'

Re-arranging leads to

Using Lemma 8.14,

_ 2@(S)1þ4@) _ Srþ¿(s)
o2(I-b) r

W(rþt(S),rþn6))
A

B:
_ 2o(s)ú1(s) _ s'h(s)

æ(L-b) r
W (rþr(S),rþn(S))

a'(s)lr4(s) - o(s)lil(s) : sb_-oY (u - r, u,-+)wþþ,(s),,þn(s))

- sr-oY (t - r, 2 - b, #) w þþ,(s),,þn(s)),

o'(s)ú1(s) - o(s)lii(s) : sb-oY (u - ",u,-#)wþþ,(s),ú,(s))

- sL-oY (t -,, 2 - b, +) w þþ,(s),ú'(s)),
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w(,þo(s),o(s)) : sb-oy (, -',u,-#)s,,-r¡ffS "*n

-s'-oY (t - ,, 2 - b,#)s,,-uff 
"*n

w(,þ,(s),o(s)) : sb-o:,' (u - ",u,-#)r,"-u {-{r - 
r¡ 

"*o (

w (,þ'(s),,þ¡s)) : s'"-u# ", (T) (T)'-'

Applying Lemma 8.13,

Thus

A: ffi(3)"'{

B

t+oo

Ít+u-zø{tn(S) 2t(1 - b)gu-"
,"p (S) o2l(l+a-b) v (u- o,b,{

\oo ))

,"p (ff) 02

r(")
f (ó)

gt+a-za1þt(S) 2Sb-"

lim

"(u-o,b,# ))
We note that lrþt(r)l < C for all r ) 0. For u e [0,,S],

l,ó'@)l : lSffitaAroM (,+ r, ,,'#)l

For z e [^9,oo), l"ó'@)l ( oo, since l^gd'(S)l ( oo and using (6.6),

ró'(") : )igor"U (, + r, u,'#)

: )i*o,"(T)-"-'1,.r(l Tl)l :o
Using Lemmas 8.18 and 8.19, we can show that (Þ'(ø), M (a + r,b,T) and,(I (a + 1, b,T)
are convergent for all r < oo.

We also note that / is twice differentiable. 'We only need to show that their

second derivatives match at 
^S,

ó" (S-) : 6" (S+)
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Re-arranging the PDE

mln
^9, 

ø) + ró(r) - q(D - r)ró' T
ö" (r) : fr2o2

,n+S

Since

d(S+) : d(^s-),

d'(,9+): ó'(S-),

we must have

Ó"(s+): d'6-)'
Finally, we note thaf þ is unique. Suppose lhat Ót and þ2 are two solutions. Let

Ó: Ót - Ór,

then

L,ó:0.

The general solution is

2

Since þ bounded, we must have B : 0. Since {(0) : 0, we must have A : 0.

Therefore Ó:0.
¡

ó(,): AreM (t,u,'#) ¡ s*0+t-b¡14 (r* t - b,2-u,'#)

6.g.4 The discount factors El"-'"1and ,E le-('+")"1

Lemma 6.4 provides expressions for the discount factors El"-'") and Ele-U+o)"1,

Ele-,,1 : +9,r ,þt@)'

E le-@+o)'f : ffi
Figure 6.3 shows the discount factors for seiected logistic versions of Example 5.la.

As expected, the discount functions converge to that of the GBM model as D --+ oo'
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Figure 6.3: Discount factors for logistic versions of Example 5.1a
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o,

5

_ cBM* * LP(s00)
LP(l00)

- 
GBM

- - LP(s00)
LP(l00)

where
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Proof. We seek a unique, bounded solution of

To"ó" 
+rt(D - n)nS'@) - \þ(r):s,

with lrþ'(r) | bounded. By Lemma 6.9, the geeeral soiution is

where ø is the positive root of

ó(*) : AroM (",u,'#) t Bra+t-uM ("+ 1 - b,2 - r,'#) ,

(6.13)

1
o2a(a- 1) + riDa- l:0,

2

By Lemma 8.7,

and b : '# l2a. For d(0) : 0, the general solution is simply

ó(r): AroM (",u,'#)

ó''(*) : Aaro-.M (",r,'#)
For ø € [0,9],

l"ó'@)l

Thus lr{'(r)l is bounded on [0' g]' Applying Theorem 5.2,

E l"-^")
ó(D)
ó(a)
AD"M (",b,'#)
AA"M (",b,7)

(6.14)

¡
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6.3.5 The Optimal Trigger

In Section 5.3.5 we divided the investment function F(D,y) into three regions:

[0, So), [So, Sr) and [S1, oo), and then established four results for the GBM model:

l. Ft(D,g) > 0 on [0,,S¡) (Lemma 5.10),

2. Ft(D,u) :0 + Ftt(D,g) < 0 on [Ss, ^91) 
(Lemma 5.r2),

3. F"(D,y) < 0 on [Sr, oo) (Lemma b.14),

4. limr-* F'(D,A) < 0 (Lemma b.15).

These results implied that a unique optimal trigger exists and that it may reside

in either the second or third region. We would like to establish similar results

for the logistic model. It is not difficult to establish that Result 1 also holds for

the logistic model (see Lemma 6.5). We could neither find any counter examples

to refute Results 2 and 3 nor establish these results for the logistic model. For

I >> P, F'(D,a) may converge to a positive value (Lemma 6.6). In this case there

is no optimal trigger and since it is always better to wait the investment will be

postponed indefinitely.

Lemma 6.5.

F'(D,a): P+,.2,1y¡) +!tt\U)' !tz\U)"
where

r@) :
0, 0<g<,So;

*rp'rtal - (þ*Xr) + Ë8 (*4)'u Bo) ar"-o e"p (ry) o2a-b, so 1a I ^sr;

,rþ\@) - Ë8 (3)'u (Bo - Br)yz"-u "p (T), ,sr ( u ( æ.
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Proof. For y € [0,,S0], the investment value is given by

F(D,a) : o (e,v,ta) + m) ffi - þóo(o) + pc

A,,þ"@).m)ffi+gôt(D)-Ip(

: þ(Aorþ'(D)-óo(D)+C - A'rþ'(D)+ór(D)) - I

c, - í'þ:9) ,
qts\U )

where q: PlAorþ',(D) - óo(D) + C - A'rþ'(D) + fi(D)1. Thus

ôF(D,s : - Irþ'(D)(-(rþ'@))-\rþL@)

Irþ'(D)rþ'(a)
0y

,þ"(D)
,þ"(a)

,þt(D)
,þt(a)

,þ"(D)
tþ'(a)

, , , 'r o

Vh\a)) '

+p

Applying Lemma 8.13,

Thus

0F(D,y
0a

For y € [,s0,,s1], the investment "rtJJlíl1"en 
by

F(D,a) : u (-+ + 8",þ^@)) ffi - þóo(a) + PC

, (o,r,,o) + #%) ffi + þó,@) -'m
: þ(Aorþ'(D) - óo(ù + C + þ'(a))

{ffi.+- s"¡'^@)}m-'

w(rþ,(ù,o(s), ) : -(1 - b)yza-u "", (T) rþe(a),

w(,þ'(a),,þn(ù) : -|q l?41'-'- f(o) \"' )

: p,þ'l;)+?þþt(a))-'),þ,@)

+ B1þ1(D) B.i# ff)'u o,o-, "*o

-p,þ,(D)Ah(-(1 - b))y2"-b exp

- I rþ'(D) (- (rþ"@))-' )rþ u@)

: offinrø*'þW,

,þ'@)(rþ'@))-'
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where

Thus

D a
ðy

where

Lemma 6.6.

Proof. Let

t,(ù : f,r;rot - {3r,,r) - ffi (3)'-u uo} r,"-, "* (T)
For gr € [,St,oo], the investment value is given by

F(D,y) :, (-+ * s",t 
^@) ffi - ,,óo(ù + pc

, (-+ * B,,ln@)) ffi + þó,@) -,ffi
: þFóo@)+c+ó'@))

.u {+ - (8, - Bo),þn(y)}ffi -,ffi
aF( : p,þ,@)+Fþþt(a))-'),þ',@)

+púI(D)(Bo- a,;:!(?) (T)'-' o'o-u ", (T) (,þ,(ù)-,

- t rþ'(D) (- (,,þ'(ù)-') rþ,@)

: p!,lo.I ¡rtu, * rrþ"(p),þl@) 
.' tþ {a)t 

r ' \d ) t 
,þs(a)' )

r,@) : e;e,pxr) - ffi (3)'-o,^ - B,)a'o-o "", (T)

)

"'-'l(b)l(a1)
r(á1)r(a)'

, \ So-sl
Øt\u) :

gz(ù : -ffi (3)'-0,* - a,¡a^'::-Pr,!T)

Irþt(D) ,þL(a)þþ'(aÐ'gs(a) :
þ rþ, ( D) (,þ 

" 
@))' rþ', @)'



CHAPTER 6. DEMAND SA?URATIO¡ü 139

then

Using (6.5),

0rþr@)rþ\@)
(rþr(aÐ' {sr@)+sz(a)+ga(s)}F,(D,Y¡:

(p)tu (Bo - Br)a'"-b 
""p 

(T)
lim gz(a) : Iim
U+6) U+(n øs"-rffi ""p 

(T) (y) It + o(lTll))
I

. /2rì_\-": _(Bo_uù\æ)

Using (6.6) and observing that 2a - b - 2at' - bt:2qD,

Itþs(D y"FB ."p (ry) (T)"-u tr + o(lTarl
2

lim 93(y) : Iim
a+Ø y+Ôo 0rþr(D) Y"'${B ""P 

(T) (n^ -o'[1+ olrya\]
atUo'-7 ""p 

(y) (n"'*''u' [1 + o(1"#a')]f

X ol1oy"-'ffi""p(n (n I + o('#a.)l

6.3.6 Numerical ExamPles

In this section we shall use Examples 5.1a and 5.1b to compare the logistic and

GBM models. As discussed earlier, we define a logistic variation of a GBM by

choosing D arbitrarily and setting n : #. Figures 6.4 and 6.5 show some investment

bounds for Example 5.1a and 5.1b respectively. We observe that the investment

bounds and derivatives are close near the optimal trigger even though they diverge

in other regions. \Me expect demand processes with larger values of D to yield higher

investment values, as

F (D, a) : t ll 
"" 

B min(D (t), s s) e-'t dt * I,* B min(D (t), s 1) e_-'t d't - rc- <' *'t')'

So it is surprising to note that their investment bounds are in fact lower (see Ta-

bles 6.1 and 6.2). Since the investment bound G(D,a) assumes the same upper
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Figure 6.4: Investment bounds for logistic variations of Example 5.1a

bound f fot C for all D, the investment bound does not provide enough informa-

tion to compare the investment values for the GBM and logistic models. We used

simulation techniques to estimate the investment values and stopping time distribu-

tions. The geometric Brownian motions and logistic processes weïe simulated using

Euler's method [37] for N:10000 runs, and the same seed was used to instantiate

each process. Tables 6.3 and 6.4 show the g5% confidence intervals for the invest-
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Figure 6.5: Investment bounds for logistic variâtions of Example 5.lb

ment values and stopping time distributions for Examples 5.1a and 5.1b. From (2'4),

we know that the stopping times are almost surely finite in the GBM model when

,o > *.We ebserve that larger values of D yield earlier stopping times and larger

investment values. These results provide some insight into what happens when a

GBM is used to approximate a logistic process. In each example, the GBM model

predicts inflated investment values and recommends a different trigger level (e.g. a

1

- 
GBM

- - LP(sO)

y*

I
- 

GBM
- - LP(s0)

S Iso
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higher trigger in Example 5.la and a lower triggcr in Example 5.lb). Following this

strategy will yield suboptimal investment values, but Figures 6.4 and 6.5 suggest

that the reduction in value will be small. So the GBM is a good approximation in

these examples.

D r¡D Op T D ,s0 ,S1 I p a* G(D,y*)

10

100

1000

10000

oo

0.75

0.75

0.75

0.75

0.75

0.95

0.95

0.95

0.95

0.95

0.05

0.05

0.05

0.05

0.05

1

1

1

1

1

0

0

0

0

0

4

4

4

4

4

1

1

1

1

1

0.9

0.9

0.9

0.9

0.9

1.9935

1.9831

7.9821

1.9820

1.9819

71.3316

7r.3728

71..3709

77.3707

77.3t07

Table 6.1: Logistic variations of Example 5.1a.

1) qD op T D
^96

.S1 I p a* G(D,a*)

10

100

1000

10000

oo

0.75

0.75

0.75

0.75

0.75

0.95

0.95

0.95

0.95

0.95

0.05

0.05

0.05

0.05

0.05

1

1

1

1

1

0

0

0

0

0

4

4

4

4

4

2

2

2

2

2

0.2

0.2

0.2

0.2

0.2

4.2477

4.3437

4.3533

4.3543

4.3544

15.1966

15.1384

75.1326

15.7327

15.1320

Table 6.2: Logistic variations of Example 5.1b

D Dtt P(r < 1000) Elrlr < 10001 G(D,a*) F(D,a.)

10

100

1000

10000

oo

1.9935

1.9831

7.9827

1.9820

1.9819

1

1

1

1

1

2.99287 + 0.125587

2.608529 + 0.t73257

2.576677 + 0.7t2577

2.574076 + 0.11255

2.573749 + 0.11255

71.3316

77.3728

71.3109

7r.3707

77.3707

38.00653 + 0.228603

53.485399 + 0.260235

56.190303 + 0.267484

56.573874 + 0.261743

56.638977 + 0.261877

Table 6.3: Simulation results for logistic variations Example 5.la



CHAPTER 6. DEMAND SATURATION I43

D D* P(, < 1000) Elrlr < 10001 G(D,a.) F(D,a.)

10

100

1000

10000

oo

4.24t7

4.343L

4.3533

4.3543

4.3544

1

1

1

1

1

6.523659 + 0.183835

5.337618 + 0.153946

5.235404 + 0.151486

5.225L29 + 0.151331

5.224642 + 0.151327

15.1966

15.1384

t5.7326

15.1321

15.132

7.791029 + 0.050801

rt.L76755 + 0.05783

rr.772467 + 0.058107

rr.85725 + 0.058165

Lt.87r6r7 + 0.058195

Table 6.4: Simulation results for logistic variations Example 5.1b

In Chapter 5 we derived a separate formula for the special cã,se up: r and found

that the GBM model supported the special case '56 
: Q' Neither of these special

cases are supported in the logistic case. However, v'¡e can find estimates for these

cases by taking limits in the logistic model. Recall that Example 5.2c exhibits both

properties (i.e. up: Í ând So:0). Table 6.5 shows the results for r: vn-I0-7

and ,Ss : 10-7. We note that the GBM (i.e. D - oo) results are correct to four

decimal places, and expect that the logistic resuits are also close.

D qD Op r D ,So 51 I p a* G(D,a.)

10

100

1000

10000

oo

0.04

0.04

0.04

0.04

0.04

0.2

0.2

0.2

0.2

0.2

0.04 - 10-7

0.04 - 10-7

0.04 - 10-7

0.04 - 10-7

0.04 - 10-7

1

1

1

1

1

10-7

10-7

10-7

10-7

10-7

4

4

4

4

4

5

5

5

5

5

0.2

0.2

0.2

0.2

0.2

1.5110

r.5246

1.5260

r.5262

7.5262

17.8389

17.8540

17.8556

77.8557

17.8557

oo 0.04 0.2 0.04 1 0 4 5 0.2 t.5262 17.8557

Table 6.5: Logistic variations of Example 5.2c

In Chapter 5 we used the fact that, F'(D,g) converged to a negative number

to prove that the optimal trigger exists in the GBM model. In the logistic model,

however, F'(D,a) may converge to a positive number. Figure 6.6 shows an example

with this property: a logistic variation of Example 5.1a with D : 15 and 1 :100,

500, 1000, and 2000. Further details are provided in Table 6.6. The optimal trigger



CHAPTER 6. DEMAND SATURA'TION t44
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Figure 6.6: A logistic variation of Example 5.1a with large 1

exists for low values of D, but there is no optimal trigger when I : 2000. As

discussed previously in Chapter 3, when there is no optimal trigger it is always

better to wait and so the investment is never made. Yet the graph suggests that

waiting yields diminishing returns. Hence, it may be pragmatic to choose a trigger

f with the property that F'(D,f) is less than some threshold e.
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D nD Op r D ,90
^9r

I p a G(D,a.)

15

15

15

15

0.95

0.95

0.95

0.95

0.05

0.05

0.05

0.05

1

1

1

1

1

1

1

1

4

4

4

4

100

500

1000

2000

0.9

0.9

0.9

0.9

18.7835

39.8442

53.9448

oo

57.9868

48.4290

44.974r

0

0.75

0.75

0.75

0.75

Table 6.6: A logistic variation of Example 5.1a with large 1

6.4 Conclusion

In this chapter we found an analytical solution for an increasing link capacity model

with demand saturation. In the GBM Model, we obtained an explicit expression for

C: E [/imin(D(s),5)e-'"ds] and could therefore calculate the investment value

F(D,ù. In the logistic model, we could not find an explicit expression for the C

and so we calculated the investment bound G(D,A). When greater precision was

required, we used simulation techniques to estimate C andthereby estimate F(D,a)'

These simulations were also used to estimate the stopping times. For low demand

saturation levels, we found that the estimated investment values were significantly

(nearly b0%) Iess than the investment bounds. White the logistic model does not

explicitly support two special cases (^S¡ : 0 and rtD : r) which are supported by the

GBM model, we were abie to estimate these values by taking limits. One surprising

property of the logistic model is that it may not have an optimal trigger, meaning

that it is always better to wait. However, waiting offers diminishing returns and

so it may be pragmatic to invest when the demand reaches the lowest threshold at

which the investment value is within some neighbourhood of the optimal value'



Chapter 7

Summary and Conclusions

This thesis explored two investment decisions in optical networks:

o the option to build new infrastructure,

o the option to increase capacity on an existing link.

Within this framework, we also considered two pertinent issues in the information

communications technology (ICT) industry: decreasing investment costs and de-

mand saturation.

In Chapter 3, we considered two fixed cost models for building new infrastruc-

ture. In the first model, a geometric Brownian motion (GBM) was used to model

the value process, In the second model, a multiplicative jump-diffusion process

(JDP) was used to model the value process. These models were previously solved

using a Partial Differential Equation (PDE) approach. W'e provided an alternative

derivation using martingale techniques. The binomial model was used to determine

whether perpetual models are a good approximation for typical expiry dates. In

an example from the literature, we found that the perpetual model is not a good

approximation when the expiry date is less than 60 years. Stopping times were used

to measure investment times. We found exact formulae for stopping time distribu-

tions in the GBM models and used simulation techniques to verify these results. In

the JDP model, there is no exact formula for the stopping time distributions and so

I46
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these must be estimated uÈing simulation techniques. This makes the JDP models

more difficult to study.

In Chapter 4, we extended the new infrastructure models to support decreasirrg

investment costs. For large decay parameters we found that the GBM and JDP

models were close and that the optimal trigger could be estimated using a linear

approximation under these conditions. We also observed that the perpetual moclel

wa,s a good approximation for significantly lower expiry dates (e.g. 5 years instead

of 60 years). Next, we developed an error modei for the decay parameter and inves-

tigated various eïror scenarios. The model was found to be robust, since relatively

large errors did not reduce the investment value by more lhan 5%0. We also found

that pessimistic predictions will never produce a negative payoff, but optimistic pre-

dictions may prod.uce negative payoffs in some extreme cases. Finally, we developed

an error model for traffic errors and presented a simple example. V/e found that

there is no optimal trigger when the traffic parameter is large'

In Chapter 5, we presented a general strategy for deciding when to increase the

link capacity and found an analytical solution for a GBM demand process. We

showed that there is a unique optimal trigger that is greater than the initial link

capacity, and found an explicit expression for the investment value. We also showed

that the GBM model supported the special case of no prior investment.

In Chapter 6, we deveioped an increasing capacity model with demand satura-

tion. A logistic process was used to model demand with saturation and Kummer's

equation was used to find an analytical solution for the increasing capacity model.

As in the GBM mod.el, the optimal trigger is always greater than the initial link

capacity, but we found that the optimal trigger may not exist when the investment

cost is large. Since the investment value cannot be evaluated explicitly, we calculated

upper bounds for the investment values or used simulation techniques to estimate

the investment values. We found that the logistic model had lower investment values

and later stopping times than the corresponding GBM model'
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For each investment decision, we considered a GBM model first bccausc it has

exact formulae for many values. In the other models, simulation techniques were

necessary to estimate these values. In each case) we observed that the GBM models

were a good approximation for the more realistic JDP and logistic models under

certain conditions (e.g. when the decay parameter or long-run equilibrium value were

Iarge). Future work may investigate this premise more systematically by developing

error models for each case.

In Chapter 6, we mentioned that other morlels corrld have been used to model

demand saturation (".g. u logarithmic process) and our numerical results suggested

that the logistic model had at most one optimal trigger. Future work may develop

alternative demand saturation models to see whether they offer any further insights

and determine whether this property is true in general.

There are several possible extensions to this thesis. It would be useful to fit real-

world data to the models and calculate the real-world stopping time distributions,

although real-world data is ofben difficult to obtain because of proprietary issues.

While this thesis has focused on investment decisions in optical networks, future

work may apply these techniques in related areas. These could include wireless

networks, access pricing issues and other industries with decreasing costs or demand

saturation.



Appendix A

Mathematical TheorY

This appendix provides some of the mathematical theory used in this thesis: con-

vergence tests and limits, differential equations, numerical techniques a¡rd statistical

concepts.

4.1- Convergence Tests and Theorems

The following theorems r¡¡ere used to show that a function or series converges [63, 62]'

Theorem 4.1 (Lebesgue Theorem of Dominated convergence).

$ {l.} ,is a sequence of measurable funct'ions, with l*'-+ f poi,ntwise almost euery-

where cß n ---+ æ, and,l/"| < 9, Vn, where g is integrable' Then f i's i'ntegrable,

and

I Idp, l*dp.lim
fL+(n

r

Theorem 4.2 (The Sandwich Theorem).

Let f , g and h be functions defi,ned on, 1\{o} and suppose that

l@)<s(r)<h(n)

L: Itu f @) : Ly"n@)

749
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then

!yr"o("): t'.

This theorem'is also lcnown as the squeeze theorem or the pi,nching theorem.

Theorem 4.3 (The Ratio Test).

If un is the nth term i,n a series and we let

UnlI

then

o If L < l, the series conuerges

o If L > 1, the series di,uerges

o If L :1, the series n'taA conuerge or diuerqe

The test i,s also known as d'Alernbert ratio test or the Cauchy rati,o test.

^.2 
Differential Equations

A Partial Differential Equation (PDE) approach was used to solve the increasing

capacity models in Chapters 5 and 6. The Euler-Cauchy equation was used to

find homogeneous solutions in Section 5.3. Kummer's Equation was used. to find

homogeneous solutions in Section 6.3. The method of variation of parameters rvr/as

used to find a particula,r solution for the non-homogeneous Kummer Equation in

Section 6.3.

lim
r¿+oo

L
un

Theorem 4.4 (Euler-Cauchy Equation [G2]).

The homogeneous differential equation

'ûtt ,9 + þa :0,*- ¿rr* o' o,



APPENDIX A, MATHEMATICAL THEORY 151

has soluti,ons

a:

uhere

ctlrl" + c2lrlr2,

("t + 
"rlog lzl)lø1",

lrl"l"t cos(blog l"l) + c2 sin(blog lrl)1,

(o-1)'>40;
("-L)':4þ;
(o-I)'<4p,

lr-"+
[t-"-

(1 - o)'

1
T1 :,

1
T2:,

1
&:,

b-l;

(a-t¡z-aB

(a-t¡z-aB

aB-@-L)2

Theorem 4.5 (Kummer's Equation [r]).

The homogeneous differenti'al equation

zs" (z) + (ó - z)g'(z) - as(z) : g,

has two independent soluti,ons M(a,b,z) andU(a,b,z), where

M(a,b,z) : îffi,
fL:U ' '

(o). : IIio@l-i),

(J(a,b,z) : fr, I

M a,b, z
-zt

_uM(L]_a-b,2-b,z)
r(1+a-b)r(b) r(ø)r(z - b)

Theorem 4.6 (Method of variation of parameters [5L]).

Let u1(r) and u2(r) be two li,nearly independent soluti,ons of the homogeneous equa-

t'ion

as(r)y"(n) -t a1(x)y'(r) + a2(r)y(ø) : 0.

A particular soluti,on Ao@) of

as(r)y"(n) -t a1(r)y'(r) + a2(r)y(r): Í(r),

has the following form

ao(r) : a(n)u1(r) + b(r)uy(n),
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lnh,crc

o'(*)

b'(r)

w(")

u2(r) f(r)
W(*) ao(r)'

uy(r) f(r)
W(") oo(n)'

: u1(r)u!"(n) - u2(r)u'r(r)

A'.3 Numerical Techniques

Three numerical techniques were used in this thesis: the bisection method[16],

Newton's methodfl6] and Simpson's rule [1]. The bisection method and Newton's

method were used to:

o Calculate the positive root in the jump-diffusion models in Chapters 3 and 4.

o Find the optimal triggers in Chapters 5 and 6.

Simpson's rule was used to:

o Caiculate the conditional expected stopping time Elr*lr* < ¿] using (3.18).

o Caiculat e C : E lli min(D(s), S)e-'" dsf directly using Lemma 5.9.

o Estimate C : E fff min(A þ), S)e-'"ds] using simulation techniques.

Note that the stopping conditions (i.e. \Mhile (n < N)) in Algorithms 4.7 and 4.8

can be replaced by a stopping condition based on tolerance (e.g. While (ll@ò -
l@"-ùl < e) or \il.hile (lr"- r^_1l < r)).

Algorithm 4.7 (Bisection method). Giuen a function f (r) conti,nuous on the

interual [oo, óo] and such that f (as)f(bo) < 0.

o Set Tù:: l.

o Whi,le (, < ¡f)
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- Set*r:*

- If l@"-)l(*) 10, set an i: an-1, bn: rn.

- Otherwise, set an i: ffi, bn:: bn-L'

- n::nJ_t.

Algorithm 4.8 (Newton's method). Giuen f (r) continuously ili,fferentiable and

a po'int rs

o Set T1,:: I

o While (tt < N)

- Set rn i: rn-r - ffi
- Set n:: nl L

Theorem 4.9 (Simpson's Rule).

| 
"o 

f {ù o* : !{lo* n(/r + /e +. - . i f z^-t) r2(Íz+ I È . . . t lz,-z) -r h^} -#
where

h: +,
l¿ : l1h).

/(n)(€),

^.4 
Statistical Concepts

The following statistical concepts were used in this thesis: the cumulative nor-

mal distribution, normal variates and confidence intervals. The cumulative nor-

mal distribution was used to calculate the Black-Scholes formuia (1.3) and the C-

value, C : E f/imin(D(s),5)e-,"d,s], for the GBM increasing capacity model

(Lemma 5.9). The polynomial approximation in Theorem 4.10 was used to es-

timate the cumulative normal distribution. Normal variates are used to simulate



APPENDIX A. MATHEMA'I:ICAL'THEORY 754

any stochastic process that involves a standard Brownian motion, and therefore

apply to every stochastic process discussed in this thesis. The polar method (Al-

gorithm 4.11) was used to generate normal variates. Theorem 4.12 was used to

calculate confidence intervals for the simulation results in this thesis. The upper

0.975 critical value for the standard normal distributior, zo.s75:1.96, is used for a

95% confidence interval,

X(n) - 1.e6 ry,xçn¡+rca
s'(n)

n

By maintaining the following counters

n

O1

O2

Ðru,
i:r
ftt

i,:7

X?,

vùe were able to calculate the sample mean and va,riance on the fly:

Theorem 4.10. If N(r) i,s the cumulatiue normal di,stri,buti,on,

x(") :
s'(n) :

O1
,n

#(+-(+)")

r''(r) : #l:_"r(-{)a,,
then the following polynomial approrimation giues s'ir-decimal place accuracA [1]

I{(z) n: I - N'(r)(bútbzt2 tfuts Ibata +b¡f),
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where

1

Llpr'
.2316479,

.319381530,

-.356563782,

r.78t477937,

-r.821255978,

t.330274429.

Algorithm 4.11- (Polar method 142, page 491]).

To generate two N(0,7) random uariates:

1. Generate (h and, U2 as IID U(0,7), let V : 2U¿ - I for i : !,2, and let

W :Vt2 -lVr'.

2. IÍW ) l, go back to step 1. Otherwise, IetY : \/F¡tÑõW , X1 : V1Y ,

and, Xz : VzY ' Then Xt and, X2 are IID ¡ü(0' 1) random uariates'

Theorem 
^.12 

(Confidence Intervals l+2, Chapter 4]).

If Xt , Xz, . . . ,, Xn are i,ndependent identically distri,buted ro,nrlom uariables wi'th

Elxl: t",

and

VarlXl: 62,

t

p

bt

b2

b3

ba

b5

t
ó:r

then the sarnple rnean

X X
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'is an unbiased esti,mator for p,, the sample uariance

s'(n): #D,l*,-x(n)l'
i.:7

is an unbiased esti,mator for o2 and an approprzate 100(l - d.)% confid,ence i,nterual

Ío, lt, i,s giuen by

s"(r)
n

X(") - zt-u/z ,X(n) I zt-o/z
s'(n)

TT

where 4-a/z i,s the upper 7 - af 2 criti,cal ualue for the standard normal d,istributi,on.



Appendix B

Mathematical Results

This appendix contains derivations for mathematical results used in the thesis: the

risk-neutral pricing formula, Dixit and Pindyck's work on the fixed-cost GBM model,

Lassila's work on the fixed-cost JDP model, and some key results for Chapters 3

and 6.

8.1 The risk-neutral pricing formula

Consider a portfolio of A shares of stock and $B dollars in riskless bonds and let

-R : exp(rú) denote one plus the risk-free rate. To avoid arbitrage between the stock

and the riskless asset, we require d < R < u,. The values of the portfolio at the two

times and in the upstate and downstate are shown below.

AzS * -RB with probability g,

A^9+B

AdS +,RB with probability 7 - q.

We may choose A and B in such a rù/ay that our portfolio replicates the value of the

r57



APPENDIX B, MATHEMATICAL RESULTS 158

option in each state:

LuS+RB : V*,

A4S+RB : V-.

Solving for A and B gives

A V+ -V-

B:
(u - d,)S'
uV- - ilV+

(u - d)R

Provided there are no arbitrage opportunities, the value of the option should be

equal to the value of its replicating portfolio:

(8.1)

Defining
R-d

l' 
- 

rtu-d (8.2)

we can rewrite Equation (8.1) as

tr pV+ + (t - p)V-,:_____f. (8.3)

Since p and 1 - p are between zero and one, they can be regarded as probabilities.

They are called the risk-neutral probabilities and (8.3) is called the risk-neutral

pricing formula. Notice that the risk-neutral pricing formula is independent of the

real world probabilities q and (t - q).

A related formula applies when there are continuous dividends [33]. For contin-

uous dividends ô, we let ,4 : exp((r - ó)Ð and define

A-d
p u-d

The risk-neutral value V is stiil given by (8.3)

(8.4)
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8.2 Dixit and PindYck's GBM Model

Dixit and Pindyck [22] considered a deterministic case of the investment model and

then used dynamic programming and contingent claim analysis to solve the GBM

model. This section provides an overview of their work'

The Investment Problem

McDonald and Siegei (1936) considered the foliowing problem: At what point is it

optimal to pay a sunk cost 1 in return for a project whose value is I/, given that V

evolves according to the following geometric Brownian motion:

d,v : (p - õ)vdt + ovdB(t), (8.5)

where p is the discount rate, ð' is the dividend rate, o is the volatility, and B(ú) is

a standard Brownian motion. Dixit and Pindyck (1994) analysed the value of the

investment opportunitY'

F(V) : max4l(V7 - I)e-0r1, (8.6)

where .E denotes the expectation, ? is the (unknown) future time that the investment

is made, p is a discount rate, and the maximization is subject to Equation (8.5)

f.or V. \Me assume that ô ) 0, otherwise the intergral in Equation (8.5) coulcl be

made infinitely larger by choosing a larger ?. Dixit and Pindyck first considered the

deterministic case (i.e. o : 0) and then used dynamic programming and contingent

ciaims analysis to analyse the stochastic case. Their results are given in the following

sections.

The Deterministic Case

If o :0, then V(t) : V¿Ø-õ)t,where y(0) : I/. Thus the value of the investment

opportunity assuming we invest at some arbitrary future time ? is

F(V) : (V¿Ø-d¡r - I)e-or. (8.7)
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Suppose p < õ. Then Iz(ú) will remain constant or fall over time, so the optimal

strategy is to invest immediately if V > I, and never invest otherwise. Hence

F(v) : (v - t¡+. Now consider 0 ( õ < p. Then F(v) > 0 even if currentry

V 1 I, because eventually I/ will exceed 1. Also even if I/ now exceeds 1, it may be

better to wait rather than invest now. Maximizing F(V) with respect to ?, we get

dF(V\
T : -@)Ve-(ô)" + ple-pr :0,

which implies

T* : max
pI
(õv (8.8)

By setting ?* : 0, we see that one should invest immediately lf V ) V*, where

(B.e)

Finally, by substituting Expression (8.8) into Equation (8.7), we obtain the follow-

ing solution for F(V):

v.:frt>t

F(V) [(p - d)t l(Ð]KÐvl pllo/(o-t), v 1v*;
v-1, v>v".

(8.10)

The General Case by Dynamic Programming
'We now consider the general case where o ) 0. The problem is to determine

the point at which it is optimal to invest 1 in return for an asset worth I/. The

investment rule will take the form of a critical value I/* such that it is optimal to

invest onceV>V*.

Because the investment opportunity, F(V), yields no cash flows up to the time ?
that the investment is undertaken, the only return from holding it is its capital

appreciation. Hence, in the continuation region (values of V for which it is not

optimal to invest) the Bellman equation is

pFdt: EldFl (8.11)
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Equation (8.11) demonstrates that oveï a time interval dt, lhe total expected re-

turn on the investment opportunity, pFdt, is equal to its expected rate of capital

appreciation.

We expand d-F using Itô's lemma,

d,F : F' (V)dv + |r" çv¡çd,v)' .

Substituting Equation (B.5) for dV intothis expression and noting fhaf Eld'B(ú)] : O

gives

EldFl : (p - õ)v F'(v)dt + 
lro'v'zr" 

(V)d,t.

Hence the Bellman equation becomes the following differential equation (afber di-

viding through by dt), this must be satisfied by .F(Iz):

r=o'v'tr"1v) 
+ (p - õ)vF'(v) - pF:o (8.12)

2'
In addition, F(v) must satisfri the following boundary conditions:

r(0) : 0, (8.13)

F(V") : V* - I, (B'14)

F'(V.) : 1' (8.15)

To find F(V), we must solve Equation (8.12) subject to the boundary conditions

(8.13)-(8.15). To satisfy the boundary condition (8.13), the solution must take the

form

F(V): ¡vn. (8.16)

Substituting this expression into Equation (8.12) and dividing through by AV^, we

obtain the quadratic equation:

1

U"'t çx - 1) + (p - õ)k - p:0. (8.17)

This quadratic has two roots

. 1 p-õ
b-_--+tu- 

2 02 
I

lp-õ tf',zp.
lr-o) +->r

, 1 p-õtcz:l- 
", 

- 14 -!1' +24 <0,
lo, 2)'02
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so the general solution to Equation (8.12) can be written as

F(V):AVk+BVk',

where A and B are constants to be determined. In our problem, the boundary

condition (8.13) implies that B:0, leaving the solution (8.16).

The remaining boundary conditions, (8.14) and (8.15), can be used to solve for

the two remaining unknowns - the const ant A, and the critical value V* at which it
is optimal to invest. By srrhstitrrting (8,16) into (8.14) and (8.15) and rearranging,

we find that

V*

A

k
k-7 r,

V*_I
(v-)o '

(8.18)

(8.1e)

The General Case by Contingent Claim Analysis

Let us now determine F (I/) using Contingent Claim Analysis. The contigent claim

analysis requires one important assumption: stochastic changes in V must be spanned

by existing assets in the economy.

Consider the following portfolio: HoId the option to invest, which is worth F(V),
and go short n : F'(V) units of the project (or equivalently, of the asset or portfolio

r that is perfectly correlated with I/). The value of this portfolio ó : F - F'(v)v .

Note that this portfolio is dynamic; as V changes, F'(V) may change from one short

interval of time to the next, so that the composition of the portfolio will be changed.

However, over each short interval of length d,t, we hold r¿ fixed.

The short position in this portfolio will require a payment of õV F'(V) dollars per

unit time period; otherwise no rational investor will enter into the long side of the

transaction. An investor holding the long position in the project will demand the

risk-adjusted return p,V , which equals the capital gain (p - õ)V plus the dividend

stream ôIl. Since the short position includes F'(V) units of the project, it will
require paying otú õVF'(V). Taking this payment into account, the total return



from holding the portfolio over the short time interval dt is

dF - F'(V)d,V - õV F'(V)dt.

To obtain an expression for dF, use ltô's lemma:

d,F : F' (V)dV + 
rur" 

çV¡çd,V)".

Hence the total return on the portfolio is

1

,r" çv¡çav)2 - õv F' (v)dt.

From Equation (8.5) for dV, we know lhat (dV)2 : o2V2dt so the return on the

portfolio becomes

!^o'v'tr" qv)dt - õv F'(v)dt.2'
Note that this return is risk-free. Hence to avoid arbitrage possibilities, it must

equal rSdt: rlF - F'(V)Vldt:

1-ro2v2 F" 1v)dt - 6v F',(v)dt : rlF - F',(V)Vldt.

Dividing through by dt arrd rearranging gives the following differential equation that

F(V) must satisfy:

rro'v'r" 
çv) - (" - õ)v F'(v) - rtr' : o. (8.20)

Observe that this equation is almost identical to Equation (8.12) obtained using

dynamic programming. The only difference is that the risk-free interest rate r

replaces the discount rate p. The same boundary conditions (8.13)-(8.15) will also

apply here. Thus the solution for .F'(I/) again has the form

F(V) : ¡Yx 
'

except that now r replaces p in the quadratic equation for the exponent k. Therefore

- 1 r-õr:t- o, +
lr_ õ 112 2rl___l r_
lo, z)'02
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(8.21)

The critical value V* and the constant A arc again given by equations (8.18) and

(8.le).
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8.3 Lassila's JDP Model

Lassila [41] used Bellman equations to derive the JDP Model. This section provides

an overview of his work.

The price process

The price process P(ú) is determined by assuming that

1. The price process P(t) is given by

P(t):ryP: t(D,s),\ / 
^9(ú)

where D(ú) is the connection's demand, 
^9(ú) 

is the connection's supply, and k

is a positive scaling constant.

2. The demand process D(ú) follows a geometric Brownian motion with

dD (t) : u o D (t) dt + o p D (t)dB o(t)

3. The supply process S(ú) follows a combined process of a geometric Brownian

motion and a discrete Poisson process with

ds(t) : usS(t)dt + osS(t)dBs(ú) + óS(t)dN(t),

dBs(t)dBD(t) : pdt.

(8.22)

(8.23)
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Applying ltô's lemma,

dP : #. # . il#r")' * r#dDds * ffiron')
: lan * 

-# ot . ilr-# rD ds +'# rr'l
: 

3oo -#ot - þaras *ffirotr

! @ o n (t) d,t + o p D (t) d B D (t)) - g @ s s (t) d,t + o s s (t) d, Bs (¿) + ds (¿) d¡r (Ð )

-þ @"o(t)dt + opD(t)d,Bp(¿)) x (ass(t)d,t + oss(t)d,B"(¿) + ós(t)dN(t))

.K @ss(t)d,t + oss(t)d'Bs(¿) + 6sçt¡awçt¡¡'

T V"" - as t o2s - popos)dt + opdBp(t) - osd'Bs(t¡ - 4al'r1t¡]

(o o - a s I o2s - po po s) P (t) dt + o ¡r P (t) dB p (t) - o s P (t) d B s (t) - ó P (t) dN (t)

dP (t) : up P (t) dt + o p P (t) dB p(t) - ÓP (t) dN (t), (8.24)

where

up : ao-aslo's-Pooos,

o2 : o2r-zpopoglo2D,

ñ ,.\ opBp(t) - osBs(t):-r \-/ 
l/""" - 2Popog I o2g

By the Lévy theorem, Bp is also a Brownian motion.

The present value of income

The present value of income Vr is the value of an investment at time ?, and is given

by

vr: Ev;"P(t)e-'rt-natf . (8.2b)

This model assumes that there is a delay, r, between construction and operation and

that the carrier is risk-neutral. The expected instantaneous growth rate of Equation

The expression for d,P can be re-written as
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(8.2a) is

EldP(t)l: (u - ó^)P(t)dt,

where À is the Poisson arrival rate. This equation has a solution

E[P(t)] : P(g)e" t,

where ut : I't - Ó^. Substituting this solution into the expression for the present

value of income we get

Vr: E

: P(T¡s-('-" )"

E

V;"P(t)e-'<t-rt¿r]

ll"* 
rn + T + r)e-re+r+r-n d4

l,*
I,*

EIP(t+T +r)le-'Q+")dt

P (T) e" (t+r) 

"-r 
(t+r) dt

I,* "(v 
-r)t ¿¡

"-(r-u 
)r PQ)

(8.26)r-ul

Remarks: The result requires that, ut < r. Otherwise the integral is unbounded

Observe that Vy follows the same process as the spot price P(t) and so

dv (t) : uV (t)dt + oV (t)dB (t) - óV (t)dN (t).

Real Option Analysis

The value of the investment opportunity F (Ir) is

F(V) : max El(V (r) - X)e-'rl

The Bellman Equation is

rFd,t: EldF(V)l
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The dF(V) term can be expanded using Itô's lemma

a2F (8.27)dl(v):Wo, *; (dv)'
av2

Expanding the (dV)2 term, we get

(d,v)' : ¡.Pv2 çat¡2 + 2p,ov2dtdB(t) - zþ¡il2dtdN (t) + ov2 (dB)2

-zþov2 dB(ú)dN(Ð + ó2v2 @N (Ð)2 .

: o'V2dt.

Using primes to denote derivatives, Lhe dF(V) term becomes

dl(v): F'(v)luvd,tr ovd,B(t) - ÓvdN(t)l + 'ur"çv¡o'v'(dB)". (8.28)

Consider the expected value of the jump term,

E óvdN(t)

F - F((1 - d)) pdt
v - (1- ó)v

F((1 -ó)v)-F(v) óvpdt
óv

: ÀtF'((1 - ó)v) - F(v)ldt. (8.2e)

using Equations (8.28) and (8.29), and observing that Eldwl: 0, the Bellman

equation becomes

7^o'v'F"çv) 
+ uvr'(v) - (À + r)F(v) + Àr'((1 - Ó)v) :0. (8.30)

2'
In addition, F(v) must satisfy the following boundary conditions

aF$)
AV/Izp(jump) - SVp(no jump)

,F'(o) : 0,

F(V.) : V"-1,

F'(V.) : 1.

To satisfy the boundary condition (8.31), the solution must take the form

F(V): AVk.

(8.31)

(8.32)

(8.33)
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Substituting this expression into the Bellman cquation and dividing through by AV^

yields

'-o't çn- 1) + uk - (À+ r) + À(1 - ó)k : o. (8.34)
2

Boundary condition (8.31) implies that lc has to be positive. The solution to Equa-

tion (8.34) must be obtained numerically. If there are no jumps we set À :: 0

ancl

¡r:!-
2

The remaining boundary conditions (8.32) and (8.33) can be used to solve the

remaing unknowns - the constant A, and the critical value I/* at which it is optimal

to invest.

k
k-r I,

v
__!
a2 

l

Il" 2r
-l -L-2)'02

u

""

v*

A : V* --I
V"k

The option should be exercised when V > V*.

8.4 Results for Chapter 3

A martingale approach was used to derive the fixed-cost models in Chapter 3. The-

orems 8.1 a¡rd 8.2 were used to derive the fixed-cost GBM model. Theorems 8.3

and 8.4 were used to derive the fixed-cost JDP model.

Theorem B.L. The geometri,c Brownian motion defined by

d,Y : vYdt -t oYd,B(t),

has an eract solution

Y(t) :% exp 
{ (, - +)' * "ua)}
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Proof. Define X(Y,t): IoBY(ú), then by ltô's lemma,

dx : ffat+ffav +ffiøvY

lo" *'5eþlozY2dt

|eor+ oYd,B(t)¡ -*"
('-+) d't+ odB(t)'

Thus

Integrating leads to

rearranging we get

logrlf :

togf(ú) - IogYo :

log(r(t)/Yo) :

dt + odB(t)d(logY):
o2

2

l. . oae)li

02u-T

t + oB(t)

t),B(o+t

Theorem 8.2. The process {exp(/cøB(t) - }k2o2t) : ú < 0} i's a marti,ngale

Proof. Ler X(t): exp(øB(t) - lo2t)

Y(t) :IZ(o) exp t(, - +)r+ øB(¿)]

¡t
y(¿) -r(o) : I x

Jo
¡t: lx

Jo

1"0"1"¡ -Tuo']*t, I, xþ)o2d,s

('))odB

(")

(s

This expression is a martingale because ø1fi X@)odB(s)] : 0
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Theorem 8.3. The jtnnpt-ili,ffution process defined by

dY (t) : uY (t) d,t + oy (t) dB (t) - óy (t)dN (t)

has an eract soluti,onY(t) : eX, where

xt:

Proof. By Itô's lemma,

0(s(ú

0(s(t

Taking derivatives

t+oB(t) +ln(l -ó)N(t).
o2v--
2

v(Ð - y(o)
lr.*" dx" +; l:.*"- "2d,s 

+oä,t"* - ex"- - ex"- L,x"¡

[*"*"- 
or" -; [.ex"- 

o2ds

D {"*"-*, - "*'- - "*"- t }I(LX, + 0)

[.
ex"-dx" +

1

2 [.
ex"- o'dt

+ D ex'-¡eu -1- p,lI(Lx"lo)

dY(t) : ex'-d,xt +|"''-o'at r ex'¡eu - 1 - ¡r]I(a,x¿ l0),

where LXt: pdN(t): ln(l - d)A¡f(ú). Observing that dN(t) : I(LXI l0),

dY(t) : Y(t-)lor, * Çot *1ern(r-d) - 1 - In(1 - d))d¡r(¿)]

al*,*Ç"+ ((1 - ó) - r- rn(l - óÐd,Nþ)f

--llax, * l" + eó- h(1 - d))d¡r(Ð]

(t

(t

Y

Y

To complete the proof, we let

(8.35)

02

2
xt: t+oB(t) *ln(1 -ó)N(t), (8.36)
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and show that

dY (t) : uY (t) dt + oY (t) dB (t) - ÓY (t)dN (t)

is satisfied. Substituting (8.36) into (8.35),

dy(t) : y(t-)tp- 
+)"+od,B(t)+rn(l - ó)dN(t)

+Çat + eó- h(1 - d))d¡\r(¿)]

: Y(t-)lvd,t+ odB(t) - ÓdN(t)l

Theorem 8.4. If g(k) : *n@ - 1) + uk+\(Q- Ðn -I), then the process

exp{kX¡ - g(k)t} is a marti'ngale.

Proof. Let Z(t) : exqllcXt - s&)tl.

z(t) - z(0) : 
Ir'*rU-Utrd,x" - s(k)d,sl *t 

lr',*z(s-)te2o2d's

* 
lo',* 

z (s-)lekL(1-d) - 1 - k ln(l - /)ldlr(s)

: 
lo',.rU-, þ (" - +) d,s i tcod,B(s) + ktn(t. + d)d¡r(s) - ntk)d"]

*T 
|r',*z 

(s-)k2 o2 o, * 
Io',* 

z (s-)l(t - ó)o - 1 - k ln(1 - /)ldn(s)

: I*tu-, (r, *Çrw- 1) - nr*)) d,

* 
fo',*z(s-)kod,B(s) 

+ + lo!.ru-r(l - d)o - rld'(s)

* 
lo'.2(s-)kod,Btr) 

* ,/' z(s-)l(t - ó)* - rl[dru(s) - rds].

This expression is a martingale when g(k) : tcv + Çtc(tc- 1) + À[(1 - Ó)o - 1] because

Ell:. z(s-)kod,B(")l : 0 and ElÏ:. z(s-)l(r - Ó)o - tl[d,nr(s) - Àds]l : s' tr
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8.5 Results for Chapter 6

A Partial Differential Equation (PDE) approach was used to derive the logistic

model in Chapter 6. The following results were used in this derivation.

Derivatives

The following lemmas provide derivatives for functions involving the Kummer func-

tion. Applying Lemmas 8.5-8.7, we note that the ty' functions defined in Section 6.3

have the following derivatives:

ry# : aro-tM (r+ r, u,'#) ,

ô'þ'(r) : (ø+ 1 -b)r"-bM ( o+z - b,2 _ b.2JÍ\ .0r \- ' - "/* \ ' o, ),
W# : alrar-rM (r, * t,br,2#

b1
2qra(l* a-u)r"-tu (a+

0rþn(")
ôr

ðrþr(") 2qo
0r

0rþu(r)

0n

ðrþz(")

ðr
ôrþu(")

0r
ðrþn(r)

M (r+1,b,'#),02

2rr

02

2rt

02

2rt

02

2rt

02

2rt

02

: afrø-r M(a _l I,b,r)

b

(1 -b) (T) M ("+ 1 - b,r - u,'#) ,

, (, - a,2 _ u,-'#) ,

-b

(r)
(r)
(r)
(r)

-(,

b-a-7

(,

('

(,

M

M

M

b0
2qr
02

-o,-L

b-a-2

-2qr-0,2-b,0n

?rþto(r)
ðr

02

- arb,

Lemma 8.5
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Proof (l/. Using Equation 13.4.10 from Abramowitz and Stegan [1],

0n"M o,rbrfr : ax"-rM(a,,b,n) + r"M'(a,b,r)

: n"-1aM(a]_trbrr).
0r

Proof (2). FYom first princiPles,

0n"M(a,b,n)
0n

Lemma 8.6.

^ 
çoo tÐn uo+n

" Ln:O (b)n nl

0n

: åfft'+")+
: n...o-l$ (¿ + r)" ø"

-?-- (b)" nl

: an"-rM(a]_1,b,r).

0x-" M (-a,b, -r) _ _o,n-"-t M (_o I L,b, _n).
Ôr

Proof. Using Equation 13.4.10 from [1],

0n-"M(-ø,b,-r)
ôn

0n"M arbrkr)

: -an-u-rM(-o,b,-r) + x"M'(-a,ä, -ø)(-1)
: -ar-o-rM(-¿ + I,b,-r).

Lemma 8.7.

0r
: o,rø-t M (ø * 1, b,kr) Vk > o.
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Proof. Ilsing T,emma B.5,

0r"M (a,b,len)

Lemma 8.8.

Proof (2). ß\om first principles,

Proof (1). Using Equation 13.4.13 from [1],

ðrb-rM arbrn)

k-" (len)" M (n,b, Ien) ïlcr
0r ïkr ôr

: Ie-"a(kr)"-' M (o -f r,b, kn) lc

: k-"+ra(lcr)o-r M (a r t,b,kn)

: øro-rM (ø * 1, b,ter) .

ãnb-rM arbrr)
ôu

: (ó - \)nb-z 114 (a,b - 1.,n)

0r
: (b - r)rb-2M(a,b,x) + n"M,(a,b,r)

: (b - t)rb-2M(a,b - I,r).

1xb-rM arbrn) â \-oo tgþab-t+n" z¿n:O (b)^ nl

0r ôr

: åff"-1+'ù+
: (b-r)rb-2Ð-&#
: (b - l)xb-2M(a,b - I,n).

¡

Lemma 8.9.

ry#ø : a(r t a - b)n"-rU (a t t,b, n)
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Proof. Using Equation 13.4.23 from [1],

ïr"U(a,b,r)
ôr

Lemma 8.L0.

Proof. Using Lemma 8.5,

\n"U(a,b,ler)
0r

Lemma B.LI. Ï

ïr"U(a,b,kn) ,
tr : a(L I a - b)r"-rU(a I l,b,kr) Yk > 0

: ar"-7(J (a,b, r) + r"(J' (a,b, r)

: ø(1 + a - b)r"-|u(a -f r,b,r)

k-" (lcn)"U (a, b, kr) ðkn
EIer 0r

: Ie-"a(Lt a-b)(kr)"-|u(af 1, b,kr)le

: Ic-"+|a(l I a-b)(kr)"-Iu(ø* 1, b,ter)

: a(1 + a - b)r"-I(J (ø I 1, b,lcr).

then

Proof. FTom first principles,

7r"Y(a,b,r)
0r

Y(a,b,") :ËW,GÏõ,

ôr"Y(a,b,r) _ _o-
a, -*'rM(a,b,r)

â \aoo @:t ø"'lnv /¿n:O (b)* (a+n)nl

0r

: åff''+")ffi
-,-, S (a)nr"& 4 þ)"nln:u "

: r"-1M(a,brt).
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Lemma 8.I2.

Proof. FYom first principles,

0r-"Y

Lemma 8.L3. #

then

ðr-"Y (-a,b, kr) : ¡-a-r x¡ (_a,b, Icr)
0n

-arbrkr) aDË.(k)"# r-"*^
0n

)(Ë
n:0

(n-o)k

tr

e(") :: úz(r)rb-"Y (u - o,u,
) - *,rø,'-" (t - a,2 - u,+) ,

-2qn
c2

(Þ'(") : tþ'r(x)nb-"Y (u - ",u,-+) - rþr(r)r'-", (t - a,2 - u,-#)
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Proof.

o
A"

(")ó' .* (t r a - b,2 - u,'#) v (u - o,u,

{.* (',u,'#)" ('- a,2-u,-+

*{*."-'* (t t a - b,2 - u,'#) rb-oY (u - o,r,

-*{** (",u,'#) r7-oY (t - ', 2-b,+)\
: (1 + o - b)r"-b 7v4 (, * " - b,2 - r,'#) xb-oY (u - ",u,-+)

,rta-b1, (r * , - b,2 - u,'#) rb-oM (u - ",r,-+)
-ano-1M (, + r, ,,'#) r.-oY (t - ,, 2 - b, +)
-noM (",r,'#) r'I-oM (t -,, 2- b,+)

))
-2Tr

b - a,b, -2qr

02

)

-2n*\-", )
,,'#)

'#) nb-oY ('- o,u,: (1 + ø - b)r"-bM (, * " - b,2 - b,

,'*"-u y (1 ! a - b,2 - o]#) rb-o "*p (r,

a t r,,o,r#) rr-oy (, - ^,,

a
ðr

Applying the Kummer transformation (Equation \3.I.27 from [1]),

-aro-| M

-roM (',u,'#) r'I-oexp(-'#) - (

'#)*u-"" (

lla-b,2-0,'#)

: (1+ø -b)rû-b¡14 2la-b,2-b,

-aro-t M (o + r, u,'#) r.-oY (t - ,, 2 - b,+)

: tþ'r(r)rb-"Y (u - ",r,-+) - rþr(r)r'-"" (t - a,2 - u,-+)
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'Wronskians

Combining Lemma 8.14 with (6.2), (6.3) and (6.4) enables us to find the \Mronskians

of key ry' functions.

Lemma 8.L4.

W (x" u(n), x" u(r)) : r2"W (u(n), u (r))

Proof .

w(r"u(r),r"u(r)) : r"u(u)(ar"-tr(r) -r r"u'(r)) - n"u(r)(ar"-1u(n) t r"u'(n))

: 12"çu(n¡u'çr) - u'(r)u(r))

: r2"w(u(r),u(*)).

Lemma 8.15.

W(rþt,rÞz) : (L - b)r2"-b exp
2nr
02

Proof. Using Lemma 8.14,

W(rþr,rþr) : n2ow (- (",r,'#),x'_-bM(, * t - b,2 - b,

(o,u,r2oM
2n*\-7) ôrr-bM (o+1-b,2-b, 2tt!.\

o2)
0n

-*2ø*t-b 114 aI7-b,2-b,

b-1

2qr
02

ï2o 3)
(Y

3)

-r2o r7-bM aII-b,2-b, 2rÌr ôM (a,b,n ay

b
2qn

02 ))
12o W ,Uz

02 a'z# 0r
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Using (6.2),

Lemma 8.16.

Lemma 8.L7.

Proof. Using Lemma 8.14,

Using (6.3),

0U (a,b,'#) aT
a'z# ôr

8M (a,b,'#) A'#
a2r+ 0r

As

W(rþr,tþr) : (l - b)r2"-b exp
2nr
02

W(rþr,rþ+): - fro-b e*p
2qr

"'
f (b)

r(o)

2rr

02)(

W(rþt,rþn) : ,'"* (

: ,'"* (

' (',u,'#) ,' (o,u,'+

",b,2t:\ 
U@tu''5'¡' o"/ dr

-r2ou(",u,'#)ryW
: n2oM (",u,'#)

-b

)
2rr

02)((

))

-r2ou

-b1

W(tþ1,IÞl: -
f (b)

r(o)
n o-b erp

2qr

t(2-b
W(rþ",rÞ): - f(l+a-b)
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Proof. Using Lemma 8.14,

w(,þ,,rþn) : rzow (, (",r,'#) ,",-bM (, * t - b,2 - u,'+

: r2ørL-b¡14(r* t - b,2 - u3#) ry+H
))

12o

12o

-r2o

r.-b M(, * t - b,2 - r,T) ry+P#
arb

b-1
02

2qr ôrr-bM a1-L-b,2-b,T)
ðr

2q* a(ry)t-utø(ø+1_ b,2_ b,'#)

W

,J)

(Y
,J)

-fr2o b,
)"
b

1

2Tr

(.
au*
0ra2t*

Using (6.4),

W(rþr,1Þa) : - f(1+"-b)
2qr
02

Convergence and Divergence

Lemma 8.18. The seri,es r"M(a,b,r) i,s conuergent for euery r < oo

Proof. Using the ratio test (Theorem 4.3),

¡4¡n+t (a)n+t ncrn*r
\o2 I (b).-.1 (n+1)!

(4\n (o)n r'+*
\o2 ) (b). (n)!

2r¡raIn 1

o2 b*nnIt

Since ,L < 1 the series converges.

M

(0"

02

)

2-
exp

lim
??+oo

lim
n+æ

L

0

Lemma 8.19. The series n'Y(a,b,x) i,s conuergent for euery r < æ
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Proof. Using the ratio test (Theorem A..3),

(3)"*'
(3)" ard+n

(a+n)(n)l

2qraln a+n 1

o2 b+naIn+ln+I

"-u l(b)

øl
lim

ft +oo

lim
'¿+OO

L

0

Since .L < 1 the series converges

Lemma 8.20.
.. ,þ'(") (zn\
jtå rr;b exp@j 

: 
\", ) r(o)

Proof. Using (6.5),

.. ,þt(r)
]'g*-Çg :,tlg noM (o,b ?ry\t o2 I

*2"-a 
"*O 

(\)

,"ffi (T)"-u e"p (T) r+o l'#,')
A2a-b 

"*,"i*
(zrt
\o,

"-u l(¿)
r(o)

Lemma 8.2t.

Proof. Using (6.5),

,þr(r) *a+t -b ¡4ç tla-b,2-b,z)
r2"-b exp (ff)

.. úr(n) ( zq\"-' r(2 - b)j*7"-0"*6: \"r) rG+r:Ð

lim
ø+oo A2o,-b exp ?rc-\

o2 I(
lim

ø+OO

lim
Í+ôo

,"*'-affi% (T)"-' 
""p 

(T) 2Æl-r
o2 l

¡zø-b syp (

2rt

02

f(2 -

(

a-L

f(1+ a-b)'

r+o

D
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Lemma 8.22.

Proof. Using (6.6),

]*,þn(*):(3)-

]i_,tn(r): J.*s", (T)-"1,* "(lyl 
')]



Appendix C

Java Classes

The Java programming la,nguage rvas used to implement the fixed cost models in

Chapter 3 and the decreasing cost models and error models in Chapter 4. It was

also used to support the increasing capacity models in Chapters 5 and 6. The

object-orientated capabilities of Java were used to define three abstract classes:

RandomVariates, StochasticProcess and Perpetual. These were subsequently

used to define

. one random variate: a normal variate,

o three stochastic processes:a geometric Brownian motion (GBM), a jump-diffusion

process (JDP), and a logistic process (LP),

o two fixed-cost models: a GBM model and a JDP model

In computer science, this concept is referred to as polymorphism. The polymorphic

approach offers several advantages. The main advantage is that software is written

for an abstract class does not need to duplicated for each separate case. This saves

time and space and also eliminates the the need for re-testing.

In this thesis, the polymorphic approach enabled us to define

. one decreasing cost model,

183
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. one cost error morleì , and

. one trafÊc error model,

which ca¡r be used by GBM and JDP models. We could have defined one class for

the jump-diffusion model and then turned off the jumps (i.e. set ó : 0) to obtain

a geometric Brownian motion model. However, the current approach enables us to

define additional GBM functions which exploit (2.2) and (2.5). rWe can also use the

results from the simpler GBM code to validate those from the more complex JDP

code. A further advantage is that the code will also support additional fixed-cost

models which may be defined in the future.

C.l Utility Classes

The utility classes provide utility functions for the other programs. The Data class

performs basic statistical analysis. The CumulativeNormalDistribution class

calculates the cumulative normal distribution using the polynomial approximation

given in Theorem 4.10. The RandomVariates class is an abstract class for gen-

erating random variates. The NormalVariates class generates a normal variate

using the polar method given in Algorithm 4.11.

Data.java

public class Data

{
pubtic DataO {

points = nerr double [10000] ;

nunPoints = 0;

signal=signa2=0;
)
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public Data(int naxNr:mPoints) {
points = new double [naxNumPoints] ;

numPoints = 0;

signal=signa2=0;

Ì

public void addPoint(double point){

points [nunPoints++] = point ;

signal += point;

signa2 += point x point;

Ì

public void deleteAllPointsO {
nu.mPoints = 0;

signal=sigma2=0;

Ì

public double neanO{

if (nunPoints < 1) return 0;

else return signal/nunPoints ;

)
public double varianceO{

if (nr:mPoints < 2) return 0;

else

return (nunPoints/ (m¡nPoints-l .0) )

* (signa2/numPoints - (signal/nr:mPoints) x (signal/nr:nPoints) ) ;

)
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)

private double[] pbints;

private int numPoints;

private double signal, signa2;

private boolean ready;

C umulativeNormalD ist ribut ion.j ava

public class CunulativeNormalDistribution

{
CurnulativeNornalDistribution O {}
public doubte value(double x) {
double ax = Math.abs(x);

double zx = Math.exp(- ax * ax /2.0)/sqrt_2_pi;
double t = 1.0/Q.0 + pxax);

doublet2=t*t,;
double px = 1.0 - zx * t * (Ut + b2xt + b3*t2 + b4*t2*t +

bsxt2*t2) ;

if (x < 0.0)

px=1.0-p*;
return (double) (px);

]

private

private

private

private

private

static
static
static
static
static

final
f ina]

final
final
final

doubl-e

doubl-e

double

double

double

sqrt_2_pi = 2.506628275;

p = .2316419;

b1 = .319381530;

b2 = -.356563782;

b3 = 1 .78t477937;
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)

private static final double b4 = -1.827255978;

private static final double b5 = 1.330274429;

RandomVariates.java

inport j ava. util. Ra¡don;

public abstract class RandomVariates

{
pubtic Ra¡donVariatesO {

generator = netl RandomO;

)

public abstract void printlabelO;

public abstract double genO;

public abstract double neanO;

public abstract double varianceO;

public void setSeed(Iong seed){

generator. setSeed(seed) ;

)

protected Random generator;

)

NormalVariates.java

inport java.io.xl

public class Norna1Va¡iates extends RandonVariates

{
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public NornalVariatesO {
superO;

nu=0;
signa = 1;

ready = false;

)

public NormalVariates(double _mu, double _signa) {
supero;

mu = _nu;

signa = _sigma;

ready = false;

]

public void printlabef O{
Systen.out.println("N("+ mu + rr,rr + sigpa + ',)',);

Ì

public double nea¡O{

return nu;

Ì
public double varianceO{

return signaxsiga¿;

Ì

public double genO{

if (ready) {
ready = false;

return nu + signa * value;
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Ì
else {
/ / use polar method - see Law & Kelton pg 490

double V!, V2, W, Y, I'1, X2;

do{

V1 = 2xgenerator.nextDoubleO-1 ;

Y2 = )*generator.nextDouble O -1 ;

W = Math.pow(v1 ,2) + Math.pow(V2,2);

) while (ll>1) ;

y = Math. sqrt ( (-fxMath. f og(!rl) ) /ti) ;

X1 = VlxY;

X2 = V2*Y;

value = N2;

ready = true;

return nu + si8Fa * Xl;

Ì

private double nu;

private double signa;

private boolean readY;

private double value;

C.2 Stochastic Process Classes

The following classes simulate stochastic processes. The StochasticProcess class

is an abstract class for stochastic processes. The GeometricBrownianMotion,

JumpDiffusionProcess and LogisticProcess classes implement the geometric

)

)
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Brownia,n motion, jump-diffusion process and logistic process respectively,

StochasticProcess.j ava

import java.text.*;

inport java.io.xi

public abstract class StochasticProcess

{
public StochasticProcessO {

PrintSteP = 1;

]
public abstract void setSeed(long seed);

public abstract void printlabelO;
public abstract void resetO;
public abstract void stepO;

public abstract doubl_e valueO;

protected abstract double trend(double elapsedTine) ;

protected abstract String ¿irO;

public void setPrintStep(int _printStep) {
printStep = _printStep;

]

public bool-ean isTime(doubte tine) {
return (Math.abs(t - tine) < at/2);

Ì

public doubl-e getTineO {
return t;
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)

public void adjustValue(double offset) {
x += offset;

Ì

public void walkO{

reset O ;

for (double t = t0; t < T; t += dt) {
Systen.out.printtn(df .format(t) + rr' rr+ df .format(valueO)) ;

stepO i

Ì
Systen.out.println(¿t.fornat(T) + rr' rr+ df .fornat(valueO)) ;

]

pubtic Data run(int' N){

Data results = ner"r Data(N);

for (int n = 0; n < N; n++) {
reset O ;

for (double t = 0; t < T; t += dt) {
stepO;

Ì
results . addPoint (value O ) ;

)
return results;

Ì

public String estinateStoppingTine(long seed, int N, double vstar){

String str = new String("");
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bool-ea¡ exercise;

int stepCount;

double v = x0, B, f;
double tstar - -1, count = 0, totTstar = 0, totVT = 0;

double countl = 0, totTstarl = 0, totWl = 0;

Data ed = new Data(N);

Data pd = neÌr Data(N);

Data edl = neür Data(N) ;

Data pdl = new Data(N);

if ((vstar < 0) I I ((Double.islnfinite(vstar)))) {
if (N < 2){

str = str.concat(new

)
else {
str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str. concat (ner,r

)
return str;

try {
if (seed > 0) setSeed(seed);

for (int n = 0; n < N; n++) {

String (df .format(tstar) + " "));

String

String

String

String

String

String

(df.fornat(0) + " "));
(df.fornat(0)+ " "));
(df.fornat(o)+ " "));
(df.fornat(0)+ " "));
(df.format(-2)+ " "));
(df.fornat(0)+ " "));

Ì



APPENDIX C. JAUA CLASSES 193

tstar - -L;

resetO;

exercise = false;

stepCount = 0;

for (double t = tO; t < T; t += dt) {

stepO;

v = valueO;

if (v >= vstar) {
if (!exercise) {
tstar = t;
exercise = true;

Ì
Ì

if (uatn.abs (t_e/t,.g)) < o.s*dt ){
if (tstar >= 0) {

totTstarl += tstar;
ed1. addPoint (tstar) ;

pd1 . addPoint (1) ;

countl++;

Ì
else {
pd1 . addPoint (0) ;

Ì
totwl += v;

Ì
Ì
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if (tstar >= 0) {
totTstar += tstar;
ed. addPoint (tstar) ;

pd.addPoint(1);

count++ i

Ì
else {
pd. addPoint (0) ;

)
totVT *= vi

)

if (N < 2){

if (tstar < 0) {

Ì
)
else {
str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

(df .fornat(count/N) + " ',));
(df . f ornat (totTstar/count) +',
(df .fornat(pd.meanO)+ " ")) ;

(df . format (pd.varianceO )+ "

(df .format(ed.mea¡O)+ " ',));
(df . fornat (ed.varia¡ce O )+ "

str = str.concat(new String (df.format(tstar) +

));

") ) ;

) else {
str = str . concat (ner¡ String (df . f ormat (tstar) + ',

String

String

String

String

String

String

'));

'));

I ));
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str = str.concat(new String (df.format(countl/N) + " "));
str = str.concat(new String (df.format(totTstarl/countl)+ " "));

str = str.concat(new String (df .format(pdl.neanO)+ " "));

stï = str.concat(new String (df .fornat(pdl.varianceO)+ " "));

str = str.concat(new String (df .fornat(edl.neanO)+ " "));
str = str.concat(new String (df .format(edl.varianceO)+ " "));

Ì
] catch (Exception e) {
System. out .println(e.toStringO ) ;

)
return str;

public void samplePath(String filenane){

String f ilena-mes[] = nell String[1J;

filenanes[0] = filenane;

samplePaths (f itenames) ;

)

public void samplePathsO{

String f ilenames[] = neÌt String[31 ;

for(inti=o;i<3;i++){
f ilena-mes[i] - "path" + String.valueOf (i+1) 4 ".out" i

Ì
samplePaths (f ilenanes) ;

)

protected void samplePaths(String filenanes [] ){

int stePCount;

)
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int din = filenames.length;

Fife [] pF = new File [dim] ;

for (int i = 0; i < dim; i++) 1

Systen. out.println(filenames [i] ) ;

pFtiJ = neúr FiIe("C://,'+dírO + filenames[i]);
Ì

File tF = nerr FiIe("C://,'+dírO + ,'trend.out");

Filehrriter [J pOut = nerù Filet{riter [dim] ;

Filel,Iriter t0ut;

try {
for (int i = 0; i < din; i++) 1

p0ut [iJ = new Filel,lriter (pF [iJ ) ;

Ì
tOut = new Filel'lriter(tF) ;

for (int i = 0; i < din; i++) {
reset O ;

stepCount = 0;

for (double t = t0; i t += dt) {
if ((stepCount 7. printStep) == O) {

p0ut[il.write(df.fornat(t) a " "

+ df.format(valueO) + "\n");
if(i==0){
t0ut.write(df.fornat(t) + " "

+ df.fornat(trend(t-tO)) + "\n");
Ì

)
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if (Math.a¡s(t-T) < dt/2) brear<;

stepo;

stePCount++;

)
)
for (int i = 0; i < din; i++) 1

pOut[iJ .ctoseO;

Ì
tOut.closeO;

l catch (Exception e) {
Systen. out . println(e . toString O ) ;

Ì

protected DecinalFormat df = neÍI DecinalFormat("##'####") ;

protected double x;

protected double x0;

protected double t;
protected double t0;

protected double dt;

protected double T;

protected int printStep;

GeometricB rownianMot ion j ava

inport java. util. Ra¡dom;

inport java.text.xi

inport java. io. x i

Ì

Ì
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public class GeonetricBrownia¡Motion extends Bro¡rnianMotion

{
public GeometricBrownia¡Motion(double _x0, double _mu,

double -signa, double _t0, double _dt, double _T) {
super (-x0, -[ü, -signa, -t0, -dt, -T) ;

]
public GeonetricBrownia¡Motion( double _mu, double _signa,

double dt, double _T) {
super (-nu, -sigma, -dt, -T) ;

]

public void printlabelO{
System. out . println( "Geonetric Browniaa Motion'r ) ;

)

public void resetO{

t= t0;

x = x0;

Ì

public void stepO{

t += dt;

if (exact){

x *= Math.exp((nu - 0.5 *sigpax sigma)xdt +

signaxMath. sqrt 1¿¡) xnvs . genO ) ;

Ì
etse{

¡ç x= (1 + mu*dt + sigtra*Math.sqrt(dt)xnvs.genO);
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Ì
)

protected double trend(double elapsedTine) {

return xO xMath.pow(1+ nu xdt,elapsedTine/dt) ;

)

protected String ¿irO {
return new String("gbn-") ;

]

protected boolean exact = false;

Ì

J umpD iffusionProcess.i ava

inport java.util'Randon;

import java.io.xi

pubtic class JunpDiffusionProcess extends StochasticProcess

{
public Jr:npDiffusionProcess(double -x0, double -mu'

double -sigma, double -Iambda, double -P, double -etal'
double -e1-a2, double -t0, double -dt, double -T) {

superO;

x0 = -x0;
mu = -mu;

sigma = -signa;
lambda = -lambda;
p=-p;
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)

etal = _eta1;

eta2 = _et-a2;

t0 = -t0;
dt = -dt;
T=-T;
nvs = new NormalVariatesO;

generator = new Ra¡donO;

reset O ;

public JunpDiffusionProcess(double _mu, double _signa,

double _Iambda, double _p, double _etal, double _eta2,
double -dt, double _T) {

superO;

x0 = 0.0;

mu = _mu;

signa = _signa;

lambda = _lanbda;

P = _P;

etal = _etal;

eta2 = _eta2;

t0 = 0.0;

dt = _dt;

T=-T;
nvs = new NornalVariatesO;

generator = netr Ra¡donO;

reset O ;

]
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public void printlabelO{

System. out.println("Junp Diffusion Process") ;

Ì

public void resetO{

x =x0;

)
public double valueO{

return x;

Ì

public void stepO{

double junP = 0;

double junp_correction = - Iambda x ( p x etal/(etal - 1) +

(1-p) * eta2/ (eta2+1) - r);

if (generator.nextDoubleO <= (tanbda * dt)) {

if (generator.nextDoubteO <= P)

junp = -Math. Iog(generator.nextDoubleO ) /eta1 ;

else

junp = Math. log(generator. nextDoubleO) / eta2;

Ì

x *= Math.exp((mu - 6.5 xsigmax sigpa + junp-correction)xdt

+ sigmaxMath.sqrtl¿¡)xnvs.genO + ¡unp) ;

public void setSeed(long seed){

nvs. setSeed(seed) ;

generator. setSeed(seed) ;

Ì
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]

protected doubl-e trend(double elapsedTine) {
double junp_correction = - Iambda * ( p * etal/(eta1 - 1) +

(1-p) x eta2/ (eta2+1) - r);
junp_correction = 0;

return xO*Math . pow ( 1+ (nu+j ump_ c orre ct i on) xdt, elapsedTime/dt ) ;

Ì

protected String dirO {
return new String("jdp/") ;

)

protected

protected

protected

protected

protected

protected

protected

protected

NornalVariates nvs;

Random generator;

double nu;

double signa;

double lambda;

double p;

double etal;

double eta2;

)

LogisticProcess.java

inport j ava. util. Randon;

inport java.io.xi

public class LogisticProcess extends Stochasticprocess
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{
public LogisticProcess(double -x0, double -eta, double -xbar,

double -sigma, double -t0, double -dt,
double -T) {

superO;

x0 = -x0;
eta = -eta;
xbar = -xbar;
signa = -signa;
t0 = -t0;
dt = -dt;
T=-T;
nvs = ner.l NormalVariatesO;

resetO;

Ì

pubric LogisticP::::i:t:î:'.";rl"' 
l;i'" 

-xbar' doubre -sisma'

superO;

x0 = 0.0;

eta = -eta;
xbar = -xbar;
signa = -sigma;
t0 = 0.0;

dt = -dt;
T = -T;
nvs = new NornalVariatesO;

reset O ;

)
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public void printlabelO{
Systen. out.println(',Logistic Process") ;

Ì

public void resetO{

t = t0;

x =x0;

Ì
public double valueO{

return x;

Ì
public void stepO{

¡ +__ dt!

x = x + eta*(xbar-x)*x*dt + sig4axxxMath.sqrt(dt)xnvs.genO ;

)

public void setSeed(Iong seed){

nvs. setSeed(seed) ;

)

protected double trend(double elapsedTine) {
return xbar;

Ì

protected String dirO {
return new String("Ip_") ;

Ì
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)

protected NormalVariates nvs ;

protected double eta;

protected double xbar;

protected double signa;

C.3 Finite-Time Model Class

The FiniteModel class implements the finitetime models in Sections 3.4 and 4.2'5.

FiniteModel.java

import java.text.x;

import java.util. Random;

import java.io.xi

public class FiniteModel {

public FiniteModel(double T, double s0, double k, double r,

double delta, doubl-e alpha, double signa)

{
this.t0 = 0;

this.T = T;

this.s0 = s0;

this.k = k;

this.T = T;

this.delta = delta;

this.alpha = alpha;

tbis.signa = sigma;

)



APPENDIX C. JAUA CLASSES 206

public double value(int N){

double dt = T/N;

double u = Math.exp(signaxMath.sqrt(dt)) ;

double d = Math.exp(-signa*Math. sqrt(dt)) ;

double a = Math.exp((r-de1ta)xdt) ;

double R = Math.exp(rxdt);

double Pi = (a-d)/(u-d);

double tl tl S = new double [trl+1] [U+f] ;

double tl tl f = new double [tt+l] [N+1] ;

double tl tl V = neI¡I doubl-e [N+1] [N+1] ;

double w;

int tl st = nerrr int [N+1] ;

for (int j =0; j <= N; j++){

st [j1 = N;

Ì

for(int n =N; n >= 0; n--){
double cost = k * Math.exp(-alphaxn*T/N) ;

for (int j = 0; j <= n; j++) {
S tnl tjl = sOxMath.pow(u, j)*Math.pow(d,n-j) ;

if (ca11) {
stnl tjl = Math.max(Stnl tjl - cost,O);

)
etse {
Etnl tjl = Math.nax(cost - S[n] [jJ,0);
]
if(n==N){
vtnl tjl = Etnl [j];
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Ì
else {

if(european) {
V tnl tj l = (pixv [n+11 [j +1J + ( 1-pi) xV [n+1] ti l ) /R;

)
else {

Vtnl tjl = Math.na:c((pixV[n+11 [j+1J +

(1-pi)xV [n+1] tjl )/n,Etnl til ) ;

)

return VtOl tOl;

Ì
Ì

Ì
protected

protected

protected

protected

protected

protected

protected

protected

protected

protected

)

double s0;

double k;

double delta;

double r;
double alpha;

double sigma;

double t0;

double T;

boolean european = false;

boolea¡ caII = true;

)
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C.4 Fixed-Cost Model Classes

The following classes implement the fixed-cost models in Chapter B. The per-

petual class is an abstract class for fixed-cost models. The PerpetualGBM and

PerpetualJDP classes implement the GBM model and JDP model respectively.

Perpetual.java

inport java.text.xi

inport java.io.xi

import java.util-.xi

public abstract class Perpetual

{
public PerpetualO {

calcul-ated = bisection = false;

setDefaults O ;

pathNo = 0;

t0 = 0;

dt = 0.01 '

T=100;

Ì

public Perpetual(String inputFile) {
calculated = bisection = false;

setDefaults O ;

readlnputs ( inputFile) ;

setOtherParameters ( ) ;

pathNo = 0;

t0=0;
dt = 0.01;
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T=100;

)

public Perpetual(Perpetual nodel) {
calculated = bisection = false;

setDefaultsO;

r = model.r;

nu = nodel .nu;

signa = model.signa;

I = model.I;

v0 = nodel.vO;

pathNo = 0;

t0 = 0;

dt = 0.01;

T=100;

Ì

public abstract Perpetual copyO;

protected void printlabel O{

Systen. out . println (Iabet) ;

]

protected abstract void setDefaultsO ;

public abstract double root(double nu, double r);

protected void setOtherParametersO{}
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protected abstract void cLeartnputsO;

public void setParameter(String pa.ram, double value){

if (paran.equals("r")) {
r = value;

)else if (param.equals("nu")){

nu = value;

)else if (paran.equals("delta")){

nu = r-value;

)else {
Systen.out.println("System Error has occurred") ;

Systen.exit(1);

Ì
)

public double getParameter(String para.n){

if (paran.equals("r")) {
return r;

)etse if (paran.equals("nu")){

return nu;

Ìelse {
System.out.println("System Error has occurred") ;

return Double.NaN;

)
Ì

protected abstract boolea¡ insufficientlnput O ;

protected abstract void cal-culateVa1uesO ;
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public abstract double valueO;

public abstract double triggerO;

protected abstract String valuesO;

protected abstract void sensAnalysis(String paraln, double start,

double end, double step, String filename);

public abstract String simulate(Iong seed, int N);

protected boolean investlnnediatelyO {return false;}

protected boolean stochasticO {return false;}

protected double driftO {return 0;}

protected double nuO {return 0;}

protected double m(double x) {return 1;}

protected double PO{

if (beta (= 1.00001) return 0;

else if (investlmnediatelyO) return 1;

else if (stochasticO) {
double n = m(vstar);

double mu = muO;

return Math. exp (mxmu-nxMath. abs (nu) ) ;
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]

)
else if (¿rittO > 0) return 1;

el-se return 0;

protected double P(double T){
if (beta <= 1.00001) return 0;

doubl-e n = n(vstar);

double nu = nuO;

CunulativeNornalDistribution cnd =

ner.r CumulativeNormalDistributionO ;

return cnd. value ( (-m+muxT) /Uatn. sqrt (T) ) +

Math. exp (2xnxmu) xcnd. value ( (-m-nuxT) /Uatf¡. sqrt (T) ) ;

)

public double expStopTineO{

double n = m(vstar);

double mu = muO;

if (beta (= 1.00001) return -2;

if (investlnnediatelyO) return O;

el-se if (nu <= 0) return Double.POSITIVE_INFINITy;

el-se return n/mu;

)

public double avgStopTine(double x){
double n = n(x);

double mu = nuO;

if ((Ueta (= 1.00001) I (x (= O)) returî -2;
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)

if (investlnmediatelyO) return 0;

else if (mu <= 0) return Double.P0SITIVE-INFINITY;

else return n/mu;

/xx This function uses Sinpson's rule x/

protected double expStopTine(double T){

if (beta (= 1.00001) return 0;

int N = 5000;

double I = 0;

double h = (T_0.0)/(2xN);

for(int i = O; i (= 2xN; i++) 1

if ((i == O) I (i == (2xN))) {
f += p(i*h);

Ì
else if ((i % 2) == 0) {

1 += 2xp(ixh);

)
etse {

1 +=  xP(ith);

Ì
)

I x= h/3.0i

rerurn (T*p(T) - I)/P(T);

public String stoppingTinesO{

String str = new String("");

Ì
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calculatevalues O ;

str = str.concat(new String (df.fornat(T)+ " "));
str = str.concat(new String (df.fornat(PO)+ " "));
str = str.concat(ners String (df.format(P(T))+ " "));
double tnp = expStopTineO;

if (tmp == DoubI-e.P0SITIVE_INFINITY) tnp = -t ;

str = str. concat (new String (df . f ornat (tmp) + ', ', ) ) ;

str = str.concat(new String (df.format(expStopTine(T))+ ', "));
return str;

Ì

protected void readlnputs(String inputFile){
clearlnputs O ;

try {
BufferedReader in =

new BufferedReader(new FileReader(inputFile) ) ;

while (in.readyO) {
StringTokenizer st =

ner¡ StringTokenizer(in.readlineO , "= ");
if (st.hasMoreTokensO) {
String paran = st.nextTokenO .tolowerCaseO ;

double value = Double.parseDouble(st.nextTokenO) ;

setParameter (param, value) ;

Ì
]

if (insuff icientlnput O )

System. out.println("Error: Insuff icient Input',) ;
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Systen.exit(1);

Ì

Ì catch (Exception e) {
System. out .println(e.toStringO ) ;

Ì

// input parameters

protected double r;
protected double nu;

protected double signa;

protected double I;
protected double v0;

protected double t0;

protected double T;

protected double dt;

protected double phi;

protected double lambda;

// outprt paraneters

protected int pathNo;

protected double beta;

protected double vstar;

protected double fv;
protected DecimalFornat df = netl DecinalFornat("##.######") ;

protected boolean calculated;
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)

protected boolean bisection;

protected String label;

protected String directory;

PerpetualcBM.java

inport java.text.*;

inport java.io.*i

inport java.util.x;
public cl-ass PerpetuaIGBM extends Perpetual

{
pubtic PerpetualGBM(doublê -T, doubl-e -nu, double -signa,

double -I, double -v0) {
superO;

r = r:
nu = _nu;

sigma = _signa;

f = I:
v0 = -v0;

Ì

pubtic PerpetualGBM(String inputFile) {
super (inputFile) ;

)

public PerpetuaIGBM(PerpetuatGBM nodel) {
superO;

]
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public Perpetual copyO{

Perpetual p = new Perpetua1GBM(r,nu,sigma,I,v0) ;

return p;

)

protected void setDefaults O{

pathNo = 0;

Iabet = new String(,'Perpetuat GBM',);

directory = new string("pgbn/");

Ì

protected void calculateValuesO {
if (!calculated){

if ((signa != 0) l(nu!=0)){

beta = root(nu,r) ;

vstar = VSta¡O;

if ( !Double. islnfinite(vstar) ){
a = AO;

fv = F(vO);

if (beta <= 1) fv = 0;

) else {
vsta¡ = Double.MAX-VALUE;

a = 0;

fv = 0;

)
) else {

vstar = I;
fv=v0-I;
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Ì

Ì
p = Po;

calculated = true;

)

protected void clearlnputsO {
r = nu = sigma = f = v0 = DoubIe.NaN;

Ì

protected boolean insufficientlnputO {
double total = r + nu + sigFa + I + v0;

return ((new Double(totat)) .isNaNO) ;

)

public double root(double nu, double r){
if (signa -- 0) return r/(nu);
return 0.5 - (nu)/(signaxsigma) +

Math. sqrt ( (0. S - (nu)/(signaxsigna) )x
(0.5 - (nu)/(sigmaxsig¡¿¡¡

+ 2*r/ (sigmaxsigna));

Ì

protected double VstarO{

return (beta x I)/ (beta -1);
)

protected double AO {
return (vstar - f)/ (Mattr.pow(vstar,beta));
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)

protected double F(double v){

return a x Math.Pow(v,beta);

)

protected boolean investlmmediatelyO {

return (v0 >= vstar);

]

protected boolea¡ stochasticO {
return (signa != 0);

)

protected double driftO {
return nu - 0.5*signa*sigt";

)

protected double nuO {
return (nu)/signa - 0.s*sigua;

Ì

protected double n(double x) {
return Math.Iog(x/vO)/signa;

)

public double va1ueO{

calculatevalues O ;

return fv;
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)

public double triggerO{
cal-culatevalues O ;

return vstar'

)

public String valuesO{

String str = ner¡ String("");
cal-culatevalues O ;

str = str.concat(ne¡¡ String (df .f ormat(beta) + " "));
str = str.concat(ner¡ String (df.fornat(a) + " "));
str = str.concat(ner¡ String (df .fornat(vO) + " ',));
str = str.concat(new String (df.fornat(vstar) + " "));
str = str.concat(new String (df.fornat(fv)+ ', "));
str = str.concat(new String (df.fornat(T)+ '' "));
str = str.concat(new String (df.fornat(p)+ " "));
str = str.concat(new String (df .format(p(t))+ " ',));
doubl-e tnp = expStopTineO;

if (t'F == Doubl-e.POSITIVE_INFINITY) tnp = -1 ;

str = str.concat(new String (df .fornat(tmp)+ ,, ',));
str = str.concat(new String (

df .format(expStopTime(T))+ " ")) ;

return str;
)

public double getParameter(String para_m){

if (paran. equals ("signa") ){
return signa;
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Ì

)else if (param. equals("i")){

return I;

)else if (param.equals("v0")){

return v0;

Ìelse {
return super . getParameter (paran) ;

]

public void setPararneter(String param, double value){

if (para-n. equals("signa") ){
signa = value;

)else if (paran.equals("i'')){

I = value;

Ìelse if (paran.equals("v0")){

v0 = value;

Ìelse if (paran.equals("delta")){

nu = r-value;

]else {
super . setPara-meter (param, value) ;

Ì
)

protected void sensAnalysis(String param, double start,

double end., double step, String filenane){

double origBeta, origVstar, origA, origVO, origFv, origP;

calculatevalues O ;

origBeta = beta;
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origvstar = vstar;

origA = a;

origvO = v0;

origFv = fv;
origP = p;

FiIe vF = new File(filename);

Filellriter vOut;

try {
v0ut = new FilelJriter(vF);

doublex=start,nin=1;
for (double va1 = start; val (= end; val += step) {

setPara.meter (param, va1) ;

set0therParameters ( ) ;

calculated = false;

calculateValues O ;

vOut.write(df.format(val) + " rr

+ valuesO + "\n");
)
Systen.out.println("nin is " * min + rr at rr + x);
vOut.closeO;

] catch (Exception e) {
Systen. out . println(e. toStringO ) ;

Ì

beta = origBeta;

vstar = origVstar;

a = origA;

v0 = origVO;
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Ì

fv = origFv;

p = origP;

protected void stoppingTines(String paraln, double start,

double end, double step, String filenane){

File vF = nelr File(filenane);

Fileirlriter vOut;

try {
vOut = new FileÍJriter(vF);

doublex=start,min=1;
for (double val = start; val (= end; va1 += step) {

setParameter (param, val) ;

calculated = false;

vOut.r¿rite(df .fornat(val) + " rr

+ stoppingTimeso + "\n");

Ì
Systen.out.println("nin is " + min + rr at rr + x);

vOut. close O ;

) catch (Exception e) {
Systen. out . println(e. toStringO ) ;

]

)

protected void estinateStoppingTines (String Param,
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double start, double end, double step, String filename,

Iong seed, int N){

String str = ne¡¡ String("");

for (double val = start; va1 (= end; va1 += step){

setParameter (paran, val) ;

calculated = false;

str = str.concat(nel¡ String (df .format(val) + " ',));
str = str.concat(new String (sinulate(seed,N) + "\n"));

File fF = neÍr File(filename);

Filel'Iriter f Out;

try {
fOut = new Filetlriter(fF);
f0ut . write (str) ;

fOut. close O ;

) catch (Exception e) {
System. out . println(e . toStringO ) ;

Ì

]
)

public String sinulate(long seed, int N){
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String str = new String("");

boolean exercise;

int stepCount;

double v = v0, g, f;

double tstar - -L, count = 0, totTstar = 0, totVT = 0;

Data ed = nett OataO;

Data pd = neüI DataO;

gbm = new GeometricBrot¡nia¡Motion(v0, nu, signa,tO, dt, T);

calculateValues O ;

if ((vstar < O) I I ((Double.islnfinite(vstar)))) {

Systen. out .Println(vstar) ;

System. out . Println(beta==l) ;

if (N < 2){

str = str.concat(new String (df .fornat(tstar)

Ì
else {
str = str.concat(new String (df.fornat(0) + "

str = str.concat(new String (df.fornat(0)+ "

str = str.concat(new String (df.format(0)+ "

str = str.concat(new String (df.format(0)+ "

str = str.concat(new String (df.format(-2)+ "

str = str.concat(new String (df.format(0)+ "

)
return str;

Ì
try {
if (seed > O) gbm.setSeed(seed);

for (int n = O; n < N; n++) {

+rr ',));

"));
"));
"));
"));
"));

"));
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tstar - -1;

gbm.resetO;

exercise = false;

stepCount = 0;

for (doubl-e t = t0; t < T; t += dt) {
gUm. step O ;

v = gbm.valueO;

if (v >= vstar) {
if (!exercise) {
tstar = t;
exercise = true;

Ì
)
]
if (tstar >= 0) {
totTstar += tstar;
ed. addPoint (tstar) ;

pd.addPoint(1);

count++;

)
else {
pd. addPoint (0) ;

)
totVT *- vi

)

if (N < 2){

if (tstar < 0) {
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str = str.concat(new String (df.format(tstar) + " "));

) else {
str = str.concat(new String (df.fornat(tstar)+ " "));

)
else {
str = str.concat(new String (df.fornat(count/N) + " "));
str = str.concat(new String (df.fornat(totTstar/count)+ " "))'
str = str.concat(new String (df .format(pd.neaaO)+ " "));
str = str.concat(new String (df.format(pd.variaaceO)+ " "));
str = str.concat(new String (df .format(ed.meanO)+ " "));
str = str.concat(new String (df.fornat(ed.varia¡ceO)+ " "));

Ì
Ì catch (Exception e) {
System. out . println(e . toStringO ) ;

Ì
return str;

/ / out"pttt- paraneters

protected GeonetricBrownianMotion gbn;

protected double a;

protected double P;

Ì

Ì

)
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PerpetualJDP.java

inport java.text.x;

import java.io.xi

import java.util.x;
public class PerpetuaIJDP extends Perpetual

{

public PerpetuaIJDP(double _alpha, doubte _signa, double _phi,

double _la-nbda, double _r, doublê _I, doubte _v0) {
superO;

nu = _alpha;

signa = -sigma;
phi = _phi;

lambda = _lanbda;

t = ?.

T - T.

v0 = _v0;

Ì

public PerpetualJDP(String inputFife) {
super ( inputFile) ;

)

public Perpetual copyO{

Perpetual p = nerr PerpetuaIJDP(nu,signa,phi,Iambda,r, I,v0) ;

return p;

Ì
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]

protected void setDefaults O{

bisection = true;

label = netr String("Lassila Five");

directory = nell String("If/");

protected void calculateValuesO {

if (!calculated){

beta = root(nu,r) ;

vstar = VStarO;

if (!Double.islnfinite(vstar)) {

a = AO;

fv = FVO;

] else {
vstar = 0;

a = 0;

fv = 0;

Ì
calculated = true;

)

protected void clearlnPutsO {
nu = sigma = phi = Iambda = r = I = v0 = DoubIe.NaN;

)

protected boolea¡ insufficientlnputO {

double total = sigma + nu + phi + Ianbda + r + I + v0;

)
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return ((new Dbubte(totat)) .isNaNO) ;

Ì

protected doubre rootFunction(doubre beta, doubl-e nu, doubre r){
return 0.5 x signa x sigpa x beta x (beta -1.0) + nu* beta

- (r + Ianbda) + Iambda x Math.pow((l - phi),beta);
)

protected doubl-e rootFunctionl(double beta, doubre nu, doubre r){
return signa x signa x beta + (nu-0.5 x signa x sigpa)
+Math.Iog(l-phi) x tanbda x Math.pow((1 - phi),beta) ;

Ì

public double root(double nu, double r){
double k = 100;

for (int i = 0; i < 10; i++){

k = k - rootFunction(k,nu,r)/rootFunctionl(k,nu,r) ;

]
return k;

]

protected doubl-e VStarO{

return (beta x I)/ (bera -1);
]

protected double AO {
return (vstar - f)/ (Math.pow(vstar,beta));

)
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protected double FVO{

if (beta < 1) return 0;

return a * Math.pow(vO,beta);

]

public doubte vatueO{

calculatevalues O ;

return fv;

)

public doubte triggerO{
calculatevalues O ;

return vstar;

Ì

public String valuesO{

String str = new String("");

calculatevalues O ;

str = str.concat(new String (df.fornat(beta) + " "));
str = str.concat(new String (af.fornat(vstar) + " "));
str = str.concat(new String (df.format(fv)+ " "));
return str;

Ì

public void setParaneter(String Paran, double val){

if (paran.equals("nu")) {
nu = val;

]else if (param. equals("signa")){

signa = val;



APPENDIX C. JAUA CLASSES 232

Ìelse if (paran.equals("phi")){

phi = val;

Ìelse if (paran.equals("Iambda")){

lanbda = val;

Ìelse if (paran.equals("r")){

r = val;

Ìelse if (paran.equals("i")){

f = val;

Ìetse if (paran.equals("v0")){

v0 = val;

Ìelse if (paran.equals("delta")){

nu = r-val;

)else {
super. setParameter (pa¡am, val) ;

Ì

protected void sensAnalysis(String pa.ram, double start,
double end, double step, String fitena-ne){

double origBeta, origVstar, origA, origFv;

calculatevalues O ;

origBeta = beta;

origVstar = vstar;

origA = a;

origFv = fv;

]
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FiIe vF = new FiIe(f ilena.me);

Filei'Iriter vOut;

try {
vOut = new Filehrriter(vF);

for (double val = start; val (= end; val *= step) {

setPara-meter (param, val) ;

beta = root(nu,r) ;

if (beta != 1) {
vstar = VStarO;

a = AO;

fv = FVO;

) else {
vstar = Double.MAX-VALUE;

a = 0;

fv = 0;

Ì
if (vstar <= v0) fv = 0;

vOut.write(df.format(val) + " rr

+ valuesO + "\n");

vOut.closeO;

) catch (Exception e) {
Systen. out . println(e . toStringO ) ;

)

)

beta = origBeta;
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Ì

vstarl = origvstar;

a = origA;

fv = origFv;

protected void estimateStoppingTimes(String param,

double start, double end, double step, String filename,

l-ong seed, int N){

String str = ner.r String("");

Ì

for (double val = start; val (= end; val += step){

setParameter (param, val) ;

calculated = false;

str = str. concat (new String (df . f ornat (val) + ', ', ) ) ;

str = str.concat(ner¿ String (simutate(seed,N) + "\n',));

File fF = netr Fite(filename);

Filei'Iriter f Out;

try {
fOut = new Filel'Iriter(fF);
fOut . write (str) ;

fOut.closeO;

Ì catch (Exception e) {
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Ì

Systen. out . println (e . toStringO ) ;

]

public String sinulate(long seed, int N){

String str = new String("");

boolea¡ exercise;

int stepCount;

double v = v0, g, f;

double tstar - -L, count = O, totTstar = 0, totVT = 0;

double countl = O, totTstarl = 0, totVTl = 0;

Data ed = netl DataO;

Data pd = netr DataO;

Data edl = nelt DataO;

Data pd1 = neúI DataO;

JunpDiffusionProcess jd =

new JumpDiffusionProcess(v0, nu-I"¡b¿¿xphi,

O.O, 5000, (1-Phi)/Phi,t0, dt,

calculatevalues O ;

signa, Ia-nbda,

r);

if ((vstar < O) I I ((Double.islnfinite(vstar)))) {

System. out . Printtn (vstar) ;

System. out . Println (beta==1) ;

if (N < 2){

str = str.concat(new String (df.format(tstar) +

)

ll "));
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String

String

String

String

String

String

try {
if (seed > 0) jd.setSeed(seed);

for (int n = 0; n < N; n++) {
tstar = -1;

¡d.reserO;
exercise = false;

stepCount = 0;

for (double t = t0; t < T; t += dt) {
¡d.stepO;
v = jd.valueO;

if (.rr >= vstar) {
if (!exercise) {
tstar = t;
exercise = true;

Ì
)

else {
str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

Ì
return str;

(df.format(0) + " ")).
(df.fornat(0)+ " "));
(df.fornat(0)+ " "));
(df.fornat(0)+ " "));
(df.fornat(-2)+ " "));
(df .format(0)+ " ',));

Ì
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if (Math.abs (t-(T/10.0)) < 0.5*dt ){

if (tstar >= 0) {
totTsta¡1 += tstar;
edl.addPoint(tstar) ;

pdl.addPoint(1);

countl++;

Ì
else {
pd1 . addPoint (0) ;

Ì
totVTl *= vi

Ì
Ì

if (tstar >= 0) {
totTsta-r += tstar;
ed. addPoint (tstar) ;

pd.addPoint(1);

count++ i

)
else {
pd. addPoint (0) ;

Ì
totVT += v;

Ì

if (N < 2){

if (tstar < o) {
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str = str.concat(new String (df.format(tstar) + " ') ) ;

Ì else {
str = str.concat(new String (df.fornat(tstar)+ " "));

Ì

Ì
else {
str = str. concat (ner¡

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(ner¡

str = str.concat(new

str = str.concat(new

str = str. concat (ner¡

str = str.concat(new

str = str. concat (ner¡

str = str.concat(new

str = str.concat(new

)

(df .fornat(count/N) + " ',));
(df .fornat(totTstar/count)+ " ")) ;

(df .f ormat(pd.meanO)+ " "));
(df . format (pd.variance O )+,"') ) ;

(df .format(ed.meanO)+ " ")) ;

(df .fornat(ed.varia¡ceO)+,' ")) ;

(df . f ornat (countl/N) + ,' ,') ) ;

(df .format(totTstarl/countl)+ ",')
(df .f ormat(pdl.mearrO)+ " ,'));

(df .fornat(pdl.varienceO)+ " ")) ;

(df .format(edl.meanO)+,'',)) ;

(df .fornat(edl.varia¡ceO)+ " ")) ;

String

String

String

String

String

String

String

String

String

String

String

String

)

Ì catch (Exception e) {
System. out . println (e . toString O ) ;

Ì
return str;

]
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/ / outP'ut Para-meters

protected double a;

C.5 Decreasing Cost and Error Model Classes

The following ciasses implement the decreasing cost and error models in Chapters 4.

The CostModel, CostErrorModel and TrafficErrorModel classes implement

the decreasing cost model, cost error model and traffic error model respectively.

CostModel.java

import java.text.xi

import java.io.xi

inport java.util.x;
public class CostModel-

{

public CostModel(Perpetual -nodel) {
nodel = -nodel;
nodel.calculated = false;

rate = nodel .r;
drift = model.nu;

Ì

protected String vafues(double alpha){

String retStr = nelt String("");
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Ì

nodel.r=rate+alpha;
model.nu = drift + alpha;

model. calculated = false;

retStr = modelvaluesO;

return retStr;

protected void values(double start, double end,

double step, String filenane){

FiIe vF = nen File(filename);

FileÍlriter vOut;

try {
vOut = new FilelJriter(vF);

doublex=start,min=1;
for (doubl-e val = start; val (= end; val += step) {

double alpha = val;

nodel.r=rate+alpha;
model-.nu = drift + alpha;

model-.cal-cuLated = false;

vOut.write(df .fornat(val) + " rr

+ nodel.valuesO + "\n");
Ì
System.out.println("nin is 'r + nin + rr at rr + x);
v0ut.closeO;

Ì catch (Exception e) {
System. out . println (e . toString O ) ;

)
Ì
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Protected """ "::n"niT:ä, t:::::, ;:î:;:;I'" ""u'

FiIe vF = neür FiIe(filename);

FileLlriter vOut;

try {
vOut = new Filellriter(vF);

doubLex=start,min=1;
for (doubl-e val = start; val <= end; val *= step) {

double alPha = val;

nodel.r=rate+alPha;
nodel.nu = drift + alpha;

nodel.calculated = false;

vOut.write(¿t.fornat(val) + " rr

+ nodel.stopPingTinesO + "\n");

)
System.out.println("nin is " + min + rr at rr + x);

v0ut.closeO;

Ì catch (ExcePtion e) {

Systen. out . println(e . toString O ) ;

Ì
Ì

protected void estinateStoppingTines(double start, double end,

double step, String filename, long seed, int N){

String str = new String("");

String ndstr = neÍI String("");

for (double alpha = start; alpha <= end; alpha += step){

nodel.r=rate+alpha;
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nodel.nu = drift + alpha;

model-.cal-culated = false;

str = str.concat(new String (df.fornat(alpha) + " "));
ndstr = new String (nodel.simulate(seed,N) + "\n");
str = str.concat(ndstr) ;

Systen.out.print(node1 .r * rr rr + model .nu + ndstr);

)

File fF = new File(filename);

Filellriter f Out;

try {
fOut = new Filel,Iriter(fF);
f0ut . write (str) ;

fout.closeO;

) catch (Exception e) {
System. out . þrintln (e . tostring O ) ;

Ì

// ínput parameters

protected double rate;

protected double drift;

protected Perpetual model;

protected DecinalFormat df = neTJ DecinalFormat("##.######',) ;

)

]
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CostErrorModel.java

inport java.text.x;

import java.io.*i

inport java.util.x;

public class CostErrorModel

{

Ì

public CostErrorModel(Perpetual model) {

rate = model.r;

drift = nodel.nu;

signa = model.sigma;

I = model. I;
real = nodel;

predicted = model.coPYO ;

predicted. calculateValues O ;

Systen. out . println (predicted. v0) ;

protected String valuesO{

String retstr = nell String("");

retstr = retstr.concat(df .format(alpha)+" ") ;

reaf.r=rate+alpha;
real.nu=drif¡+alpha;
real.calculated = false;

real. calculatevalues O ;

retstr = retstr.concat(df .fornat(alphal)+" ")

predicted.r = rate + alPhal;

predicted.rru = drift + alPhal;

predicted.calculated = false;
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predicted. cal-cul-atevalues ( ) ;

retstr = retstr.concat(df .format(realbeta) + " ") ;

retstr = retstr.concat(

df .fornat(betal = predicted.beta) + ",') ;

retstr = retstr.concat(df .fornat(beta2 =

predicted.root(drift+alphal,rate+alpha)) * " ") ;

retstr = retstr.concat(df .fornat(betal - 1 - beta2) + "

retstr = retstr.concat(df .fornat(real.fv) +' r).

retstr = retstr.concat(df .format(predicted.fv) + " ',);
vstarl = predicted.vstar;

retstr = retstr.concat(df .fornat(G(real.vO)) + " ") ;

double e1 = real.expStopTineO;

if (el =- Double.POSITIVE_INFINITY) el = -1;
retstr = retstr. concat (df . f ornat (e1) + ', ', ) ;

doubl-e e2 = predicted.expStopTineO ;

if (e2 == Double.POSITIVE_INFINITY) e2 = -I;
retstr = retstr.concat(df .format(e2) + " ") ;

retstr = retstr.concat(df.fornat(real.pO) + ,' ");
retstr = retstr.concat(df .fornat(predicted.pO) + " ");
retstr = retstr. concat (',\n" ) ;

return retstr;

protected String relerr(double i){
String retstr = new String(',");
double disp = 1x50i

double pre, cor, act;

retstr = retstr.concat(df .format(disp)+', ") ;

retstr = retstr.concat(df .format(afphal)+', ")

t,) 
;

Ì
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real.r=rate+alpha;
Teal.nu=drift+alpha;
real.calcufated = false;

real. calcul-ateValues O ;

predicted.r = rate + alPhal ;

predicted.nu = drift + a1Phal;

predicted. calculated = false;

predicted. calcul-ateValues O ;

retstr = retstr.concat(df .fornat(real.beta) + " ") ;

retstr = retstr.concat(

df .fornat(Uetal = predicted.beta) + " ");
retstr = retstr.concat(df .format(beta2 =

predicted.root(drift+alphal,rate+alpha)) + " ") ;

retstr = retstr. concat(df .fornat(beta1 - 1 - beta2) + " ") ;

retstr = retstr.concat(df .format(cor = real-.fv) + rr rr)'

retstr = retstr.concat(df .format(pre = predicted.fv) + " ")

vstarl = predicted.vstar;

retstr = retstr.concat(df .format(act = G(rea]'v0)) + rr rr) '

retstr = retstr.concat(df .format((cor-pre)/cor) + " ") ;

retstr = retstr.concat(df.format((cor-act)/cor) + " ");
doubl-e e1 = real.expStopTineO;

if (el == Double.P0SITIVE-INFINITY) e1 = -1;

retstr = retstr.concat(df .format(e1) + " ") ;

doubl-e e2 = predicted.expStopTimeO ;

if (e2 == Double.POSITIVE-INFINITY) e2 = -!;
retstr = retstr.concat(df .format(e2) + " ") ;

ïetstr = retstr.concat(df .format(real.PO) + " ");
retstr = retstr.concat(df .format(predicted.PO) + " ") ;

retstr = retstr. concat("\n") ;



APPENDIX C. JAUA CLASSES 246

return retstr;
Ì

public double G(double v){
return vstarl * Math.pow(v/vstarl,betal)

- I x Math.pow(v/vstarl,beta2);

)

protected void varyGror,rthParameter(int i, double start,
double end, double step){

String outdir = neúr String("C:/',);
FiIe fF = netr File(outdir * 'rs¡¡.out");
FiletrIriter f Out;

if (i==0) return;

if (i > 0) fF = new File(outdiï * "err_opt',
+ (new Integer(i*50)).tostringo +,'.out',) ;

if (i < 0) fF = new File(outdir + rrerr_pes"

+ (new Integer(-i*SO)).toStringO +".out") ;

String outstr = new String(',,,);

for (doubl-e val = start; vaI (= end; val += step) {
alpha = val;

alphal = val*(1+0.Sxi) ;

if (i < 0 ) alphal = val/(1-0.5xi);
outstr = outstr.concat(valuesO) ;

Ì
try {
f0ut = new Filel,Iriter(fF);
fOut . write (outstr) ;
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fOut. ctosei) ;

) catch (Exception e) {
Systen. out . println(e . toStringO ) ;

Ì

protected void varyRelativeError(double -aIpha, double start,

double end, double steP){

String outdir = neüI String("C:/")i

FiIe fF = nen File(outdir + rrrel-err.out");

FileLlriter f Out;

alpha = -alPha;
String outstr = nelt String("");

for (double i = start; i (= end; 1 += step) {

a1phal = alþhax(t+0.5*i) ;

if (i < O ) a1Phal = alPha/(1-0.5xi) ;

outstr = outstr. concat(relerr(i)) ;

Ì
try {
fOut = new Filetlriter(fF);
fOut . write (outstr) ;

fOut. close O ;

] catch (Exception e) {
Systen. out . println (e . toString O ) ;

Ì
Ì

)

/ / input- parameters
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protected

protected

protected

protected

protected

protected

protected

// olt-put

protected

protected

protected

protected

protected

protected

protected

protected

TlafficErrorModel.java

import java.text.*;

inport java.io.xi

inport java.util.*;
public class TrafficErrorModel

{
public TrafficErrorModeL(Perpetual nodel) {

rate = model.r;

drift = model.nu;

signa = model.signa;

double rate;

double drift;
double signa;

double v0;

double I;
double alpha;

double alphal;

parameters

double betal;

doubl-e vstarl;
double fv1;

double beta2;

double gv;

Perpetual predicted;

Perpetual real;

DecinalFornat df = nerr DecimalFornat("##.####") ;

Ì
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Ì

I = nodel.I;

real = nodel;

predicted = model.coPyO ;

predicted . calcuf atevalues ( ) ;

System. out . println(predicted. v0) ;

protected String valuesO{

String retstr = new String("");

real .r = rate;

real.nu=drif¡+alpha;
real.calculated = false;

real. calculatevalues O ;

predicted.r = rate;

predicted.nu = drift + alPhal;

predicted. calculated = false;

predicted. calculatevalues ( ) ;

retstr = retstr.concat(df .fornat(real.beta) + " ") ;

retstr = retstr.concat(df .format(beta1 = predicted.beta) + " ")

retstr = retstr.concat(df .fornat(beta2 =

predicted.root(drift+alphal,rate+alPhal-a1pha)) + " ") ;

retstr = retstr.concat(df .format(betaL - I - beta2) + " ");

retstr = retstr.concat(df .fornat(real.vstar) * " ") ;

retstr = retstr.concat(df .format(predicted.vstar) + " ") ;

retstr = retstr.concat(df .fornat(real .fv) + rr rr)'

retstr = retstr.concat(df .fornat(predicted.fv) + " ") ;

vstarl = predicted.vstar;

retstr = retstr.concat(df .fornat(G(real.v0)) + " ") ;

double e1 = real-.expStopTineO;
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if (e1

retstr
double

if (e2

retstr
double

if (e3

retstr
retstr
retstr
retstr
return

== Double.POSITIVE_INFINITY) e1 = -1;

= retstr. concat (df . f ornat (e1) + rr rr ) '

e2 = predicted.expStopTineO ;

== Double.POSITIVE_INFINITY) e2 = -I;
= retstr.concat(df .format(e2) + " ") ;

e3= real- . avgStopTime (predicted. vstar) ;

== Double.POSITIVE_INFINITY) e3 = -1;

= retstr.concat(df .fornat(e3) + " ") ;

= retstr.concat(df .format(real.PO) + rr rr).

= retstr.concat(df .format(predicted.PO) + ''',)
= retstr. concat("\n") ;

retstr;
)

protected String relerr(doubte i){
String retstr = netr String("");
double disp = ix50i

double pre, cor, act;

retstr = retstr . concat (df . fornat (disp) +" ', ) ;

retstr = retstr . concat (df . f ormat (alphal) + rr rr ) '

real-.r=rate+al-pha;
real.nu=drift+alpha;
real.calculated = false;

real- . calcul-ateValues O ;

predicted.r = rate + alphal;

predicted.nu = drift + alphal;

predicted.calculated = false;

predicted. calcul-atevalues ( ) ;

retstr = retstr.concat(df .format(real-.beta) + " ") ;
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retstr = retstr.concat(df .format(beta1 =

predicted.beta) + " ");
retstr = retstr.concat(df .fornat(beta2 =

predicted.root1¿t1ft+alphal-alpha,rate*alphal-alpha) ) + " ")

retstr = retstr. concat(df .fonnat(beta1 - 1 - beta2) + " ") ;

retstr = retstr.concat(df .format(cor = real .fv) + rr rr)'

retstr = retstr.concat(df.format(pre = predicted.fv) + rr rr)'

vstarl = predicted.vstar;

retstr = retstr.concat(df.format(act = G(real.v0)) + rr rr)'

retstr = retstr.concat(df .fornat((cor-pre)/cor) + " ") ;

retstr = retstr.concat(df.format((cor-act)/cor) + " ");
double e1 = real.expStopTimeO;

if (el == Double.POSITIVE-INFINITY) e1 = -1;

retstr = retstr. concat (df . f ormat (e1) + rr rr ) '

double e2 = predicted.expStopTimeO ;

if (e2 == Doubl-e.POSITIVE-INFINITY) e2 = -!;

retstr = retstr.concat(df .format(e2) + " ") ;

retstr = retstr.concat(df .format(real .PO) + tr rr) '

retstr = retstr.concat(df .format(predicted.PO) + '' ") ;

retstr = retstr . concat ( tt \n" ) ;

return retstr;

public doubl-e G(double v){

if (betal <= 1) return 0;

retuïn vstarl x Math.pow(v/vstarl,real.beta)

- I * Math.pow(v/vstarl,real'beta) ;

)

Ì
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protected void varyGrowthParameter(int i, double start,
double end, double step){

String outdir = new String(,'C:/prm_,');

FiIe fF = neril FiIe(outdir * rrerrprm.out") 
;

Filellriter fOu ;

if (i==0)

if(i>0)
+ (new

if(i<0)
+ (new

return;

fF = new File(outdir * rrerr_opt"

Integer(i*50) ) .toStringO +,' . out") ;

fF = new FiIe(outdir + "s¡¡_pes"
Integer (-ix50) ) . tostring O +" . out " ) ;

String outstr = ner¡r String(,',');

for (doubl-e val = start; val (= end; vaL += step) {
double nuD = val;

double nuDl = valx(1+0.5xi);

if (i < O ) nuDl = va]-/ (1-0.5*i);

outstr = outstr.concat(df .format(nuD)+ " ") ;

outstr = outstr.concat(df .format(nuDl)+ rr rr).

alpha = nuD;

al-phal = nuDl;

outstr = outstr. concat (vatues O ) ;

)
try {

fOut = new Filetlriter(fF);
fOut.write(outstr);

fOut.closeO;

) catch (Exception e) {
System. out . println (e . toStringO ) ;
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Ì

protected void varyRelativeError(double -al-pha, double start,

double end, double steP){

String outdir = new String("C:/");

File fF = nerr File(outdl¡ + rrrel-err.out");

Filellriter f Out;

alpha = -alPha;
String outstr = nell String("");

for (double i = start; i (= end; i += step) {

alphal = afpha*(t+O.sxi) ;

if (i < O ) alphal = alPha/(1-0.5*i) ;

outstr = outstr. concat(relerr(i) ) ;

Ì
try {

f0ut = new Filetlriter(fF);
fOut . write (outstr) ;

fOut. ctose O ;

Ì catch (ExcePtion e) {
System. out . println(e . toString O ) ;

protected void varyGrowthChange(int i, double start, double end,

doubfe step){

Ì

Ì
Ì
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String outdir = new String("C:/cng_");

File fF = new File(outdir + I'errchg.out");

Fileïlriter f Out;

if (i==Q) return;

if (i > 0) fF = new File(outdiï * rrerr_opt,'

+ (new Integer(i*bO)).toStringO *".out") ;

if (i < 0) fF = new File(outdir * "s¡¡_pes"
+ (new Integer(-i*50)) .toStringO +".out',) ;

String outstr = new String("");
for (double val = start; va1 (= end; val- += step) {

double nuD = val;

double nuDl = valx(1+0.S*i);

if (i < O ) nuDl = val/(1_0.Sxi);

outstr = outstr.concat(df .format(nuD)+ rr rr).

outstr = outstr.concat(df .format(nuDl)+ rr rr).

alpha = 0;

alphal = nuDl-nuD;

outstr = outstr. concat(valuesO) ;

)
try {
fOut = new Filetlriter(fF);
fOut . write (outstr) ;

f0ut. close O ;

) catch (Exception e) {
Systen. out . println (e . toStringO ) ;

]
]

/ / input para.meters
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protected double rate;

protected double drift;

protected double signa;

protected double v0;

protected double I;

protected double alPha;

protected double alPhal;

/ / otttpt¿t Para-meters

protected double betal;

protected double vstarl;

protected double fv1;

protected double beta2;

protected double gv;

protected PerPetual Predicted;

protected PerPetual real;

protected DecinalFormat df = ner¡I Decimal-Format("##.######") ;

C.6 Increasing CaPacitY Class

The MATLAB language'ù/as used to implement the increasing capacity models in

Chapters 5 and. 4 a¡rd the associated M-fiIes are provided in Appendix D. The

IncreasingCapacity class supports these models in the following \'/ays:

o Calcuiates C: E lti min(D(s), S)e-"ds] using Lemma 5'9'

o Estimates the stopping times and C-values in Chapter 6 using simulation

techniques.

Ì
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f ncreasingCapacity.j ava

inport java.text.x;

inport java.io.x;

import java.util.*;
public class IncreasingCapacity

{
public IncreasingCapaciry(String inputFile) {

readlnputs ( inputFile) ;

dt = (T-t0)/(2*M);

if (AUar < 0) {
sp = netr GeometricBrownianMotion(d0,nu,signa,t0,dt,T) ;

Ì
else{

sp = nen LogisticProcess(d0,nu/dbar,dbar,sigma,t0,dt,T) ;

)
Ì

public IncreasingCapacity(StringTokenizer st) {
readlnputs(st);

dr = (T-t}) / (zxttt) ;

if (dbar < 0) {
sp = new GeonetricBrownia¡Motion(dO,nu,sigma,t0,dt,T) ;

)
else{

sp = nerù LogisticProcess(d0,nu/dbar,dbar,signa,tO,dt,T) ;

Ì
Ì
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protected void readlnputs(String inputFile){

try {
BufferedReader tn =

new BufferedReader(new FileReader(inputFile) ) ;

dbar = Double.parseDouble(in.readlineO) ;

nu = Double.parseDouble(in.readlineO ) ;

signa = Double.parseDouble(in.readlineO ) ;

r = Double.parseDouble(in.readlineO) ;

beta = Double.parseDouble(in.readlineO) ;

alpha = Double.parseDouble(in.readlineO) ;

dO = Double.parseDouble(in.readlineO) ;

I = Double.parseDouble(in.readlineO) ;

S0 = Double.parseDouble(in.readlineO ) ;

51 = Double.parseDouble(in.readlineO) ;

dstar = Double.parseDouble(in.readlineO) ;

Ì catch (Exception e) {
Systen. out . println(e . toString O ) ;

Ì
)

protected void readlnputs (StringTokenizer st){

dbar = Double.parseDouble(st.nextTokenO ) ;

nu = Double.parseDouble(st.nextToXenO ) ;

signa = Double.parseDoubte(st.nextTokenO) ;

r = Double.parseDouble(st.nextTokenO ) ;

beta = Double.parseDouble(st.nextTokenO) ;

alpha = Double.parseDouble(st.nextTokenO) ;

d0 = Double.parseDouble(st.nextTot<enO) ;

I = Doubte.parseDouble(st.nextTokenO) ;
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]

S0 = Double.parseDouble(st.nextTokenO) ;

51 = Double . parseDoubl-e (st . nextTot<enO ) ;

dstar = Double.parseDouble(st.nextTokenO) ;

public String sinulate(Iong seed, int N){

String str = new String(',,');

bool-ea¡ exercise;

int stepCount;

double I;
double v = d0, t, fv;
doubl-e tstar - -1, count = 0, totTstar = O,

Data ed = nerù Data(N);

Data pd = new Data(N);

Data C = new Data(N);

if ((dstar < 0) I I ((Doubte.islnfinite(dstar)))) {
if (N < 2){

totVT = 0;

String (df .fornat(tstar) +', "));str = str.concat(new

Ì
else {
str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

str = str.concat(new

)
return str;

(df.format(0) + " "));
(df.format(0)+ " "));
(df.fornat(0)+ " "));
(df.format(0)+ " "));
(df .fornat(-2)+ " ',));
(df.format(0)+ " "));

String

String

String

String

String

String
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Ì

try {
if (seed > O) sp.setSeed(seed);

for (int n = O; n < N; n++) {
tstar - -1;

sp. reset O ;

exercise = false;

stepCount = 0;

I = 0;

for(int i = O; i (= 2xM; i++) {
sp. stepO ;

v = sp.valueO;

t = sp.getTimeO;

fv = Math.min(v,51)*Math.exp(-rxt) ;

if ((i == O) I (i == (2xM))) {
I += fv;

Ì
else if ((i % 2) == 0) {
| += )xfy;

Ì
else {
I += 4xfv;

Ì

// stoppíng times

if (v )= dstar) {
if (!exercise) {
tstar = t;



APPENDIX C. JAUA CLASSES 260

Ì
Ì

exercise = true;

]

I x= dtl3.0;

C. addPoint (I) ;

if (tstar >= 0) {
totTstar += tstar;
ed. addPoint (tstar) ;

pd.addPoint(1);

count++ i

]
else {
pd. addPoint (0) ;

Ì
totVT += v;

if (N < 2){

if (tstar < 0) {

str = str.concat(new String (df.format(tstar) + "));

) else {
str = str.concat(new String (df .fornat(tstar)+ " ,'));

Ì
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Ì
else {
str = str.concat(new String (" " + df .format(dstar) + " ")) ;

str = str.concat(new String (df.format(pd.meanO)+ " "));
str = str. concat(new String (df .f ornat(ed.meanO)+ " ")) ;

str = str.concat(new String (

df .fornat(1.96xMath.sqrt(ed.varianceO/N)) +', & ")) ;

str = str.concat(new String (df .format(C.meanO)+ " "));
str = str.concat(new String (

df .fornat(1.96*Math.sqrt(C.varia¡ceO/N))+ " \\ ")) ;

]
Ì catch (Exception e) {
Systen. out . println (e . toStringO ) ;

Ì
return str;

/ / This function only applies for GBM case

public double CvaIO{

Cumul-ativeNormal-Distribution cnd =

new CumulativeNornalDistribution ( ) ;

doubl-e I = 0;

for(int i = 0; i <= 2xM; i++) 1

double s = ixdt;
double d1 = (Math.tog(dOls1)

+(nu+Math. pow(signa,2) /2)xs) / (sigpa*Math. sqrt (s) ) ;

double d2 = dI - signaxMath.sqrt(s);

double fv = dO*Math.exp((nu-r)xs)xcnd.value(-d1)

+ SlxMath. exp (-rxs) xcnd. value (d2) ;

Ì
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if ((i == O) I (i == (Zxu))) {
I += fv;

)
else if ((i % 2) == 0) {
I += 2xfv;

Ì
else {
I += 4xfv;

Ì
)
I x= dtl3.0;

return I;
Ì

protected

protected

protected

protected

protected

protected

protected

protected

protected

protected

protected

protected

protected

protected

double

double

double

double

double

double

double

double

double

double

double

double

double

double

dbar;

nu;

signa;

r;
beta;

alpha;

d0;

I;
SO;

51;

dstar;

t0 = 0;

dt;

T = 1000;
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protectedintM=50000;

protected StochasticProcess sP;

protected DecimalFormat df = nerl DecinalFornat("##.######") ;

)



MATLAB M-Files

Appendix D

The MATLAB language rù/as used to implement the increasing capacity models in

Chapters 5 and 6. It was also used extensively to plot all of the graphs in this

thesis' The MATLAB M-files for the increasing capacity models are included in this

appendix.

D.l The Increasing Capacity Model in Chapter b

The MATLAB language was used to implement the increasing capacity model in

Chapter 5. The associated M-files are given below.

setglob.m

This function calculates some global variables.

function setglob(nuD,sigD,r,beta,alpha, DO, I, SO,51)

global nuD k kt k2 A0 A1 B0 81

muD=nuD/sigD-sígD/2;

¡ = (-muD + sqrt(nuD^2 + 2*(r+alpha)))/sigD;

k1 = (-muD + sqrt(muD^2+2xr))/sigD;

k2 = (-nuD -sqrt(nuD^2+2xr))/sigD;

264
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if nuD -= r
¡g = (r-nuDxk2)/(rx(nuO-r)x(k2-k1)xSO^ (k1-1) ) ;

39 = (r-nuDxkl)/(rx(nuo-r)*(k2-k1)xSO^ (k2-1)) ;

¡1 = (r-nuD*k2)/(ax(nuD-r)x(k2-k1)xSt^ (k1-1)) ;

31 = (r-nuDxkl)/(rx(nuD-r)x (k2-k1)xSt^ (k2-1)) ;

else

A0 = ((Iog(SO)+1)*(1-k2)+t) /((0.SxsigD^2+r)x(k2-k1)) ;

B0 = (O. SxsigD^2*So^ (k1-k2)) / (rx (Q. gxsigD^2+r)x (k1-k2) ) ;

A1 = ( (rog(S1)+1)x(1-k2)+I) /((0. sxsigD^2+r)x(k2-k1)) ;

81 = (0.SxsigD^2xsl^ (k1-k2)) / (rx(o. SxsigD^2+r)*(k1-k2) )

end

phi.m

This function implements the þ(ø) function.

function y = phi(S,nuD,'sigD,r,x)

mu= nuD/sigD-sigD/2;

kl = (-mu + sqrt(nu^2+2xr))/sigD

k2 = (-mu -sqrt(nu^2+2xr))/sigD

if nuD -= r
¡ = (r-nuDxk2) / (rx(nuD-r)*(k2-t1)xS^ (k1-1) ) ;

3 = (r-nuD*kl)/(rx(nuD-r)x(tZ-tt)*S^ (t2-1) )

else

A = ( (Iog(S)+1)*(1-k2)+L) /( (0. SxsigD^2+r)x(k2-k1)) ;

B = (O. SxsigD^2*S^ (k1-k2)) / (r* (Q. gxsigD^2+r) x (k1-k2) ) ;

end

ifx<S
if nuD -= r
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! = x/ (nuD-r) + Axx^kl;

else

y = (xxlog(x))/(0.SxsigD^2+r) + Axx^k1;

end

else

Y=-S/r+Bxx^k2;
end

dis.m

This function calculates the discount factor Ele-x"(ø)1

function y = dis(Y0,YS,nu,sigma,Ianbda)

¡ = (-nu + sqrt(nu^2 + 2xlambda))/sigua;

y = (YO/YS)^k;

func.m

This function calculates the function F(D,r)

function v = func(nuD,sigD,r,beta,alpha, D0, I, SO,S1,x)

global nuD k kL k2 A0 A1 B0 81 C

y = phi(S0,nuD,sigD,r,x)x dis(D0,x,nuD,sigD,r)

- phi(S1,nuD,sigD,r,x)* dis(D0,x,nuD,sigD,r) ;

y = y + phi(S1,nuD,sigD,r,D0) - phi(S0,nuD,sigD,r,D0)

y=y+c
v = beta* y - I* dis(D0,x,nuD,sigD,r+atpha);

deriv.m

This function calculates the function Ft(D,r).
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function y= deriv(nuD,sigD,r,beta,a1pha, D0, I, S0,51,x)

globat nuD k kl k2 A0 A1 B0 81

iVaI = k*I*(DO^k)xx^(-k-1) ;

if (x < S0)

bVaI = 0;

else

if (x < 51)

if nuD -= r
bVaI = berax(DO^k1)x(k1x(SO/r)xx^(-k1-1) + ((k1-1)/(nuD-r))xx^ (-k1)

+ (k2-k1)*BO*x^ (k2-k1-1) ) ;

else

bval = beta*(DO^kl)*(k1*(SO/r)xx^ (-k1-1) + G2/(sigD^2+2xr))*x^(-k1)

+ (k2-k1)xBOxx^ (k2-k1-1) ) ;

end

else

bVal = beta*(D0^k1)*(k1*( (S0-S1) /r)xx^ (-k1-1)

+ (k2-k1) * (BO-B1) xx^ (k2-k1-r) ) ;

end

end

y = bVal + iVal_;

fminus.m

This function calculates the function f-@)

function y= fminus(nuD,sigD,r,beta,alpha, DO, I, S0,51,x)

global nuD k kl k2 A0 A1 B0 81

if nuD -= r

J[ = k1x(SO/r)+ ((k1-1)/(nuD-r))xx + (k2-k1)xBOxx^(k2)

+ kx(r/beta)x(Do/x)^(k-k1) ;
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EISe

y = k1*(so/r)- (zx*¡ /(sígD^z+2xr) + (k2-k1)xBoxx^(k2)

+ k* (r/beta) x (Dolx) ^ (k-kl) ;

end

fplus.m

This function calculates the function l*@)

function y= fplus(nuD,sigD,r,beta,alpha, DO, f, SO,51,x)

global nuD k kI k2 A0 A1 B0 81

y = k1*((s0-s1) /r) + (k2-k1)*(BO-B1)xx^(k2)

+ r<x (r/beta) x ( (D0) ^ (k-k1) ) x (x^ (-k+k1) ) ;

endval.m

This function finds an end value for the bisection method.

function y= endval(nuD,sigD,r,beta,alpha, DO, I, SO,51)

gIobal nu-D k kL k2 A0 A1 B0 81

xl = ((krx151-50))/(3xrx(k2-k1),ß(BO-81)))^ (r/k2) ;

x2 = Dox((betaxt<1x(S1-S0) )/(3xrxt<xr))^ Gt/(k-k1)) ;

y = nax(xl,x2);

trigger.m

This function finds the optimal trigger y*.

function y= trigger(nuD,sigD,r,beta,alpha, DO, I, SO,51)

d = fninus(nuD,sigD,r,beta,alpha, DO, I, SO,51,51)

ifd<0
x1 = S0;

x2 = 51;
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else

dl = fplus(nuD,sigD,r,beta,alpha, D0, I

d2=d;
white (abs(x1-x2) > 0.00001)

x = 0.5x(x1+x2);

d= fminus(nuD,sigD,r,beta,alpha, D0, I,

if (d>0)

xl=x;
dl=d;

else

x2=x;
d2=d;

end

end

x1 = 51;

x2 = endval(nuD,sigD,r,beta,alpha, D0,

d1=d;
d2 = fplus(nuD,sigD,r,beta,alpha, D0, I

while (abs(x1-x2) > 0.00001)

x = O.bx(x1+x2);

d= fplus(nuD,sigD,r,beta,alpha, D0, I,

if(d>0)
x1 = x;

d1=d;
else

x2=x;
d2=d;

end

end

S0,51 ,x2);

s0, s1 , x)

I s0, s1)

S0,51 ,x2);

s0,s1,x);
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end

y=x;

ihat.m

This function calculates the threshold 1.

function y= ihat(nuD,sigD,r,beta,alpha, D0, f, SO,51,x)

globa1 nu.D k kl k2 A0 A1 B0 81

y = (beta/k)*(s7/D0) ^ (k-kl)x( (xrx(sl-so) ) /r + (k2-k1) x(81-BO)*s1^k2) ;

bhat.m

This function calculates the threshold p.

function y= bhat(nuD,sigD,r,beta,alpha, DO, I, SO,51)

global nuD k kl k2 A0 A1 B0 81

y = (k*I)",(D0lS1)^(k-k1)*((ttx(S1-So))/r

+ (k2-k1)*(81-80)xS1^k2) ^ (-1) ;

dhat.m

This function calculates the threshold D

function y= dhat(nuD,sigD,r,beta,aÌpha, DO, I, S0,S1)

global nuD k kl k2 A0 AT B0 81

y = Slx((beta/(kxl))x((k1x(s1-S0))/r
+ (k2-k1) * (81-80) xS1^k2) ) ^ Ol (k-kl) ) ;

slhat.m

This function calculates /+(Sr).
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function y= slhat(nuD,sigD,r,beta,alpha, D0, I, S0,51)

global nuD k kI k2 A0 A1 B0 81

if nuD -= r
y = k1x((S0-S1)/r)

+ ( (r-nuD*kL) / (rx (nuD-r) ) ) x (So^ (-k2+1)-S1^ (-xz+1) )xsl^ (k2)

+ kx(r/beta)x( (D0) ^ (k-k1))x(sr^ (-k+kl)) ;

else

y = k1x((S0-S1)/r)

+ ( (-sigD ^ 2) / (rx(sigD^2+2xr) ) ) * (SO^ (-k2+1 ) -S1 ^ (-k2+1 ) ) xS1 ^ (k2)

+ kx (I/beta) x ( (D0) ^ (k-k1) )x (Sr^ (-t+t<l) ) ;

end

s0trig.m

This function calculates the threshoid ,4'

function y= sOtrig(nuD,sigD,r,beta,alpha, D0, I s0, s1)

x1 = 0;

x2 = 51;

dl = slhat(nuD,sigD,r,beta,a1pha, D0, I

d2 = slhat(nuD,sigD,r,beta,alpha, D0, I

while (abs(x1-x2) > 0.00001)

x = 0.Sx(x1+x2);

d= slhat(nuD,sigD,r,beta,alpha, D0, I,

if(d<0)
x1 = x;

d1=d;
else

x2=x;
d2=d;

x1,S1) ;

x2,S1);

x,S1);
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end

end

y=x;

sltrig.m

This function calculates the threshold ,fr.

function y= sltrig(nuD,sigD,r,beta,alpha, DO, I, S0,S1)

x1 = S0;

x2 = 20;

d1 = slhat(nuD,sigD,r,beta,alpha, DO, I, SO,x1);

d2 = slhat(nuD,sigD,r,beta,alpha, DO, I, S0,x2);

while (abs(x1-x2) > 0.000001)

x = 0.5x (x1+x2) ;

d= slhat(nuD,sigD,r,beta,a]pha, DO, I, S0,x) ;

if (d>0)

x1=x;
d1=d;

else

x2=x;
d2=di

end

end

y=x;

D.2 The Increasing Capacity Model in Chapter 6

The MATLAB language was used to implement the increasing capacity model in

Chapter 6. The associated M-files are given below.
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kumm.m

This function implements the M(a,b,z) function

function y = kunn(a1,b1,x1)

a = a1 ;

b = b1;

x = xl;
n = 1;

mul - 1;

val = 0;

for i = 1:2000

val=val+nul;
mul = mulxa*x/(bxn);

" = ¿+1;

¡ = þ+1i

,l' = ¡+1;

end

y = val;

umm.m

This function implements the U(a,b,z) function.

function y = unn(a,b,x)

y = pilsin(pixb);

k1 = kr:mm(a,b,x);

k2 = kunn(l+a-b,2-b,x) ;

ul = k7/ganna(1+a-b);

t<1 = k1lgemma(b);

k2 = kr¡nm(l+a-¡,2-b,x) ;
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k2 = k2 /gamma(a);

k2 = k2 / ganna(Z-¡);

y = yx(kl -x^(1-b)*k2);

yumm.m

This function implements the Y(a,b,ø) function.

function y = yr:nn(a1,b1,xl)

a = a1 ;

b = b1;

x=xl;
n = 1;

mul = 1;

val = 0;

for i = 1:2000

val = val + nul/(n-l+al);
nul = nulxaxx/(bxn);

a = a+1;

b = b+1;

n = n*1;

end

y = val;

psi1.m

This function implements the ,þr(") function.

function y = psil(x)
global a b al b1 nuD k kl k2 A0 A1 B0 81

y = x^a*ku.nm(a,b,kxx) ;
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dpsil.m

This function implements the lþ't(") function'

function y = dpsil(x)

globa1 a b al b1 nuD k kl k2 A0 A1 B0 81

y = a*x^ (a-1)xkunn(a+1,b,kxx) ;

psi3.m

This function implements the ,þ"(") function'

function y = psi3(x)

global a b a1 b1 nuD k k1 k2 A0 A1 B0 81

y = x^alxkunn(al,bl,k*x) ;

dpsiS.m

This function implements the ,þt(") function

function y = dpsi3(x)

global a b a1 b1 nuD k k1 k2 A0 A1 B0 81

I = alxx^ (al-1)*kunn(a1+1,b1,kxx) ;

psi4.m

This function implements the ,þn(n) function.

function y = psi4(x)

global a b a1 b1 nuD k kl k2 A0 A1 B0 81

y = X^a*Unm(a,b,kxX);
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clpsi4.m

This function implements the t/!(ø) function

function y = dpsi4(x)

global a b al b1 nuD k k1 k2 A0 A1 B0 B1

y = a*(a+l-b)xx^ (a-1)xunn(a+1,b,kxx) ;

psi8.m

This function implements the ,þr(") function

function y = psiS(x)

globaI a b al bl muD k kl k2 A0 A1 B0 81

y = x^ (b-a)xyunn(b-a,b,-kxx) ;

capphi.m

This function implements the Q(ø) function

function y = capphi(x)

global a b al b1 muD k k1 k2 A0 A1 B0 81

y = x*kurnn(1+a-b, 2-b,kxx)xyunm(b-a,b, -kxx)

- xxkunn(a,b,k*x) xyunn(1-a, 2-b, -kxx) ;

dcapphi.m

This function implements the Q/(ø) function

function y = dcapphi(x)

global a b a1 bl nuD k k1 k2 A0 A1 B0 81

y = ( l+a-b) xku-nn (2+a-b, 2-b, k*x) *yunm (b-a, b, -¡*x)
- axk¿nn(a+1,b,kxx) xyunn(l-a,2-b,-kxx) ;
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setglob.m

This function calculates some global variables.

function setglob(dbar,nuD,sigD, r, beta,alpha, DO, I, S0, 51)

globat muD a0 a a1 b b1 k C C1 B0 81 A0 A1 trig n

muD = (nuD)/sigD - sj-gD/2;

.g = (-muD -sqrt(nuD^2+2xr))/sigD;

a = (-muD + sqït(nuD^2+2xr))/sigD;

.1 = (-nuD + sqrt(nuD^2 + 2*(r+alpha)))/sigD;

b = 2xa + 2x(nuD) /GigD^2);

b1 = 2xa1 + 2x(nuD) /(sígD^2);

Ct = 7/r;

if dbar == -1

k = 0;

C = I/ (nuD-r);

A0 = (r-nuD*aO)/(rx(nuD-r)x(aO-a)xSO^ (a-1) ) ;

B0 = (r-nuD*a) /(rx(nuD-r)x(aO-a)xSO^(a0-1)) ;

A1 = (r-nuDxao)/(rx(nuU-r)x(aO-a)xS1^ (a-1) ) ;

81 = (r-nuDxa) /(rx(nuD-r)x(aO-a)xS1^ (a0-1) ) ;

else

C = 2/ (sigD^2);

eta = nuD/dbar;

k = (2*eta)/(sigD^2);

S=S0;
[ = - ( gernma (a) /ga.mna (b) ) xk^ (b- 1 ) xcx (ga:nna ( 1-b) /g¡mrn¿ ( 1+a-b) )

xS^ (b-a) xyunn(b-a, b, -kxS) ;

A = A + (ganna(a)/ga.nna(b))xk^(b-1)x(S^(1+U-2x¿)xdpsi4(S))/(rxexp(kxS));

A = A + rc/(1-b))x5^(1-a)xyunn(1-a,2-b,-k*S);

A0=A;
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S= 51;

A - - (gamm¿ 1"; /g"'n'na (b) ) xk^ (b-1 ) xCx (ganna ( 1-b) /gamm¿( t+a-b) )
xS^ (b-a) xyr:nn(b-a,b, -kxS) ;

A=A+(ga:nna(a)/gamn¿(b))*k^(b-1)x(s^(1+¡-2*a)*dpsi4(s))/(rxexp(k*s));

A = A + (C/(1-b))xS^(1-a)xyumn(1-a,2-b,-t<xS) 
;

A1=A;

B0 = -C*SO^(b-a)xyu:nn(b-a,b,-k*SO)

+ S0^ ( 1+b-2xa) xdpsi 1 ¡59) xexp (-kxSO) /r;
B0 = (gamm¿(a)/g""a(b))xk^(b-1)x BO;

81 = -CxS1^(b-a)xyunn(b-a,b,-k*Sl)

+ S1^ (t+u-zx¿¡xdpsil (S1) xexp(-kxs1)/r;

81 = (ge'nn¿¡a) /gamrn¿(b) ) xk^ (b-1) x 81 i

end

phiO.m

This function implements the do(z) function.

function y = phiO(x)

global muD k a0 a b a1 b1 A0 A1 B0 81 C C0 C1 S0 51

ifk==0
ifx<S0

y=Cxx +AQxx^a;

else

y=_C1xS0+Boxx^ao;

end

else

ifx<S0
y = Cxcapphi(x) /(L-b) + A0*psi1(x);

else
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T = -C1*SO + BO*psi4(x);

end

end

phi1.m

This function implements the dr(ø) function.

function y = phil(x)

global nuD k a0 a b a1 b1 A0 A1 B0 81 C C0 C1 S0 51

ifk==0
ifx<51

y=Cxx +A1xx^a;

else

v=-clxs1+B1*x^a0;
end

else

ifx<51
y = Cxcapphi(x) /O-b) a ¡lxpsil(x)i

else

y = -C1*S1 + B1*psi4(x);

end

end

dis.m

This function calculates the discount factor Ele-rr(n)1

function y = dis(Y0,YS)

global a b k

ifk==0
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y = (\o/vs)^a;

else

y = (YOIYS) ^axkunn(a,b,kxYQ)/kr:nn(a,b,k*YS) 
;

end

dis1.m

This function calculates the discount factor Ele-@+a)"{ø)1.

function y = dis(Y0,YS)

global a1 bl k

ifk==0
y = (Yj/vs)^al;

else

y = (YOIYS) ^alxkunn(al,b1,k*YO)/kr:nn(a1,b1,kxYS) 
;

end

func.m

This function implements the G(D,n) function.

fu¡ction v = func(beta, I, DO,x)

global a b a1 b1 muD k kl k2 A0 A1 B0 81 C C0 Cl S0 51

y = phiO(x)xdis(D0,x) - phil(x)x¿is(DO,x) i

y = y + phil(DO) - phiO(DO);

y = y + c1*s1;

v = beta* y - I* disl(D0,x);

deriv.m

This function implements the F'(D,ø) function.
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function y= deriv(beta, I, D0, x)

global k a0 a b a1 C Cl B0 81 S0 51

if (]¡==Q)

iVal = alxlx(D0^a1)xx^(-a1-1) ;

else

iVaI = Ixpsi3(D0)xdpsi3(x)/(psi3(x)^2) ;

end

if (x < S0)

bVal = 0;

else

if (x < 51)

if (lç==0)

bVat = betax(DO^a)x(axC1xSo*x^(-a-1) + Cx(a-1)xx^(-a)

+ (aO-a) xBOxx^ (a0-a-1) ) ;

else

bVaÌ = þs¡¿xpsi1 (D0) *(C1*SO*dpsi1 (x)/ (psi1 (x) ^2)

- Cxx^ (2xa-b) xs¡p(kxx) xpsiS(x)/ (psi1 (x) ^2)

- ganm¿ (b) *k^ ( 1-b) xB0xx^ (2xa-b) xs)ry (kxx) / (ga-rnna(a) xpsi 1 (x) ^2) ) ;

end

else

if (k==0)

bVaI = beta*(Do^a)x(axClx(SO-S1)xx^(-a-1) + (aO-a)x(B0-B1)xx^(a0-a-1)) ;

else

bVaI = þst¿xpsi1 (DO)x(Clx (SO-SI)*dpsi1 (x)/(psi1 (x) ^2)

- ganma (b) *k^ ( 1-b) * (BO-B1) xx^ (2xa-b) xexp (kxx) / (g""a (¿) *psi1 (x) ^2) ) ;

end

end

end

Y=bval+ival;
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trigger.m

This function finds the optimal trigger gr*

function y= trigger(beta, I, D0)

global S0 S1

d = deriv(beta, I, D0, 51)

ifd<0
x1 = S0;

x2 = 51;

d1 = deriv(beta, f, D0, x1);

d2=d;
else

xl = 51;

x2 = 100;

dl=d;
d2 = deriv(beta, I, D0, x2);

end

while (abs(x1-x2) > 0.00001)

x = 0.Sx(x1+x2);

d= deriv(beta, I, D0, x);
if(d>0)

x1=x;
dl=d;

else

x2=x;
d2=d;

end

end

y=x;
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