Expansion of Lévy Process Functionals

and Its Application in Econometric Estimation

CHAOHUA DONG

THE UNIVERSITY
o ADELAIDE

A thesis submitted to the University of Adelaide in partial
fulfillment of the requirements for the degree of Doctor of Philosophy

School of Economics

December 2011



Contents

Abstract iv
Declaration XV
Acknowledgements xvi
1 Asymptotic theory 1
1.1 Local time and assumptions . . . . . . . . . . . ... ... ... ... 1

1.2 Time-normalised and integrable functionals . . . . . . .. ... ... .. .. 5

1.3 Time-homogeneous and integrable functionals . . . . . . . . ... ... ... 20

1.4 Regular functionals . . . . . . . .. ... 25

1.5 Homogeneous regular functionals . . . . . .. ... ... ... ........ 32

2 Orthogonal expansion of Brownian motion functionals 41
2.1 Introduction . . . . . . . . . . . e 41
2.2 Orthogonal expansion of homogeneous functionals of Brownian motion . . . 43
2.3 Expansion of coefficient functions . . . . . .. ... ... ... ... ... .. 51
2.3.1 Infinite time horizon . . . . . . . .. ... ... ... ... ... .. 51

2.3.2 Finite time horizon . . . . . . . . ... ... ... L 55

2.3.3 Converse questions of expansion . . . . . .. ... ... ... .... 57

2.4 Orthogonal expansion of time-inhomogeneous functionals of Brownian motion 61
2.4.1 Infinite time horizon . . . . . . . ... ... ... . L 62

2.4.2 Finite time horizon . . . . . . . . . . ... ... Lo 67

3 Estimation of Brownian motion functionals in econometric models 71
3.1 Infinite time horizon . . . . . . . . . . .. ... 71



3.1.1 Asymptotics of the estimated coefficients . . . . . . ... ... ... 74

3.1.2 Asymptotics of the estimated unknown functional . . .. .. .. .. 81

3.2  Finite time horizon . . . . . . . . . .. 93
3.2.1 Asymptotics of the estimated coefficients . . . .. ... . ... ... 95
3.2.2 Asymptotics of the estimated unknown functional . . . . ... ... 100

3.3 Compact time horizon approaching infinity . . . . .. ... ... ... ... 110
3.3.1 Asymptotics of the estimated coefficients . . . . ... ... ... .. 112
3.3.2 Asymptotics of the estimated unknown functional . . .. ... ... 117

4 Orthogonal expansion of Lévy process functionals 127
4.1 Introduction . . . . . . . . . . . . e e 127
4.2 Lévy processes and infinite divisibility . . . . . ... ... ... ... 129
4.3 Existence of orthogonal polynomials associated with the Lévy process . . . 131
4.3.1 Orthogonal polynomials of a continuous variable . . . . ... .. .. 132
4.3.2 Orthogonal polynomials of a discrete variable . . . . . .. .. .. .. 139
4.3.3 Three important remarks . . . . . .. ... ... oL 146

4.4 Orthogonal expansion of homogeneous functionals of the Lévy process . . . 147

4.5 Orthogonal expansion of time-inhomogeneous functionals of Lévy process . 154

4.5.1 Finite time horizon . . . . . . . . . . . . ... ... 155

4.5.2 Infinite time horizon . . . . . . . .. ..o 157

5 Estimation of Lévy process functionals in econometric models 161
5.1 Infinite time horizon . . . . . . . . . . . . ... ... 161
5.2 Finite time horizon . . . . . . . . . ... ..o 179
5.3 Time horizon approaching infinity . . . . . . ... ... ... ... ... .. 190

6 Conclusions and discussion 207
A Miscellaneous 212
A.1 Background and motivation . . . . . . ... ... 212
A.2 Expansion using stochastic integrals . . . . . ... ... o000 214

Bibliography 222

ii



List of Figures

1 Comparison of tail behaviours for real data and the Black-Scholes model . . vii

2 Estimated density function for three month Treasury bill rates . . . . . . . viii

iii



Abstract

This research focuses on the estimation of a class of econometric models for involved
unknown nonlinear functionals of nonstationary processes. The proxy of nonstationary
processes studied here is Lévy processes including Brownian motion as a particular one.
A Lévy process is a cadlag! stochastic process which starts at zero almost surely, which has
independent increments over disjoint intervals, which has stationary increment distribution
meaning that under shift the distributions of increments are identical, which has stochastic
continuous trajectory. Obviously, Brownian motion, Poisson process, Gamma process and
Pascal process are fundamental examples of Lévy processes. Lévy processes (Z(t),t > 0)
studied in this thesis possess density or probability distribution functions which verify

some properties stated in the text.

Why do we care about the functionals of Lévy processes?

Starting with Brownian motion

In the galaxy of stochastic processes used to model random phenomena in disciplines such
as economics, finance and engineering, Brownian motion is undoubtedly the brightest
star. Brownian motion is the most widely studied stochastic process and the mother of
the modern stochastic analysis. Brownian motion, for example, and financial modelling
have been tied together from the very beginning when Bachelier (1900) proposed to model
the price S(t) of an asset at the Paris Bourse as S(t) = S(0) + oB(t) where B(t) is a
standard Brownian motion. The multiplicative version of Bachelier’s model led to the

celebrated Black-Scholes option pricing model? where log-price In S(t) follows a Brownian

right continuous with left limits.
2The Black-Scholes model is one of the most important concepts in modern financial theory. It was

developed in 1973 by Fisher Black, Robert Merton and Myron Scholes and is still widely used today, and
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motion S(t) = S(0) exp(ut + 0 B(t)) (see Black and Scholes, 1973).

Of course, the Black-Scholes model is not the only continuous time model built on
Brownian motion. Nonlinear Markov diffusion where instantaneous volatility can de-
pend on the price and time via a local volatility function have been proposed by Der-
man and Kani (1994) and Dupire (1994): %dS(t) = pdt + o(t,S(t))dB(t). Another
possibility is given by stochastic volatility models (see Hull and White, 1987; Heston,
1993) where the price S(¢) is the component of a bivariate diffusion (S(t),o(t)) driven
by a two-dimensional Brownian motion (BM(t), B (t)): #t)dS(t) = pdt + o(t)dBW(t),
a(t) = f(Y(t)), dY (t) = a(t)dt + v(t)dBP (t). While these models have more flexible
statistical properties, they share with Brownian motion the property of continuity, which
does not seem to be shared by the real price over time scales of interest. Assuming that
prices move in a continuous manner amounts to neglecting the abrupt movements in which
most of the risk is concentrated.

Let us take an example from economics. Let ) denote the customer’s total wealth and
K the value of their house. The price of housing is constant, and the service flow from
a house is equal to its value. For now there is no adjustment cost, so the customer can
adjust K continuously and costlessly.

There are two assets, one safe and one risky. Assume that short sales of risky asset
are not allowed, and let A > 0 be the customer’s holding of the risky asset. Then Q — A
is the wealth of the safe asset. The mortgage interest rate is the same as the return of the
bond, so holdings of the safe asset are the sum of equity in the house and bond holdings.

Let > 0 be the riskless rate of return, let x> r and 0> > 0 be the mean return and
variance of risky asset, and let § > 0 be the maintenance cost per unit of housing. Then

given K and A, the law of motion for total wealth is

dQ = [rQ + (u—1)A— (r + 0)K|dt + c AdB
= a(Q,0)dt + b(Q,0)dB
where © = (u,0,r,0) and B stands for Brownian motion. In the equation, function a is

the total return constituting safe assets, risky assets, mortgage payments and maintenance

cost, which are considered as a function of the time in question; while function b measures

regarded as one of the best ways of determining fair prices of options. The seminal work brought a Nobel

prize in economics for Robert Merton and Myron Scholes in 1997.



the risky return from risky assets due to fluctuation of the stock market. More examples
can be found in Stoke (2009).

One thing of note is that, more often than not, the processes depicted by stochastic
differential equations involving Brownian motion take the form of the functional of the

underlying process B(t) as the solutions of the equations (Mikosch, 1998).

From Brownian motion to the Lévy process

In the end, a theory is accepted not because it is confirmed by conventional
empirical tests, but because researchers persuade one another that the theory

is correct and relevant.

Fischer Black (1986)

The Black-Scholes model stipulates that the log returns of an asset in question follow
normal distribution. However, as suggested by empirical researches, e.g. Cont (2001) and
Schoutens (2003), this assumption is not supported by real-world data. The following
table tells that the daily log returns have significant (negative) skewness; the daily log
returns have kurtosis bigger than 3; the P-values of the x? statistics in the table show
that the normal distribution is always rejected. The first dataset (S& P 500 (1970-2001))
contains all daily log returns of the S& P 500 Index over the period 1970-2001. The
second dataset (*S&P 500(1970-2001)) contains the same data except for the exceptional
log return (-0.2280) of the crash of 19 October 1987. All other datasets are over the period
1997-1999.

Table 1 Skewness, kurtosis and Pyormai-value of major indices

Index Skewness Kurtosis  Pnormai-value
S&P 500(1970-2001) -1.6663 43.36 0.0000
*S&P 500(1970-2001)  -0.1099 717 -

S&P 500(1997-1999) -0.4409 6.94 0.0421
Nasdag-Composite -0.5439 5.78 0.0049
DAX -0.4314 4.65 0.0366
SMI -0.3584 5.35 0.0479
CAC-40 -0.2116 4.63 0.0285
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Moreover, another failure of the Black-Scholes model is that it does not capture the
feature of heavy tail for the distribution of the real-world data sets. Figure 1 compares
the five-minute returns on the Yen/Deutschemark (DM) exchange rate to increments of
a Brownian motion with the same average volatility. While both return series have the
same variance, the Brownian model achieves it by generating returns which always have
roughly the same amplitude whereas the Yen/DM returns are widely dispersed in their

amplitude and manifest frequent large peaks corresponding to ‘jumps’ in the price. This

Figure 1: Five-minute log-returns for Yen/DM exchange rate, 1992-1995, compared with

log-returns of a Black-Scholes model with the same annualised mean and variance

high variability is a constantly observed feature of financial asset returns. In statistical
terms this results in heavy tails in the empirical distribution returns: the tails of the
distribution decay slowly at infinity and very large moves have a significant probability
of occurring. This well-known fact leads to a poor representation of the distribution of
returns by a normal distribution. No book on financial risk is nowadays complete without
a reference to the traditional six standard deviation market moves which are commonly
observed on all markets, even the largest and the most liquid ones. Since for a normal
random variable the probability of occurrence of a value six times the standard deviation is
less than 1078, in a Gaussian model a daily return of such magnitude occurs less than once
in a million years! Saying that such a model underestimates risk is a polite understatement.
For detailed discussion, see Schoutens (2003, Chapter 4) and Cont and Tankov (2004).
Another observation is that many empirical datasets show non-linearity and non-
stationarity. For example, in Gao (2007), there is strong evidence that the short rate

is not stationary and normally distributed. The graph in Figure 2 shows the data of three
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Figure 2: Left: three month Treasury bill rates 1963,1-1998,12; right: the estimated
density

month Treasury bill rates between January 1963 and December 1998 (432 observations)
and the estimated density function. It is clear that the density function is not normal dis-
tributed, and at 1% significance level it is acceptable that the set of data is non-stationary
(see Gao et al., 2009).

Thanks to the aforementioned reasons, for a number of years, researchers have focused
on developing a richer class of asset price models that include jumps as well as stochastic
parameters; see Erakar et al. (2003) and Kou (2002). Meanwhile, several works realise that
more sophisticated processes, Lévy processes, are able to represent skewness and excess
kurtosis. See, for example, Schoutens (2003, Chapter 5) and Leblane and Yor (1998). In
addition, several particular choices for non-Brownian Lévy processes have been proposed
in the last few decades. Madan and Seneta (1990) have proposed a Lévy process with
variance gamma distributed increments. We mention also the hyperbolic model proposed
by Eberlein and Keller (1995), and in the same year the normal inverse Gaussian Lévy
process proposed by Barndorff-Nielson (1995). Carr et al. (2000) introduced the CMGY

model. Finally, we mention the Meixner model (see Grigelionis 1999 and Schoutens 2001).
Obviously, by Theorem 7 on Protter (2004, p.253), under some conditions, a stochastic

differential equation driven by a Lévy process (Z(t),t > 0) has a solution f(Z(t)). See,
for example, Lim (2005) and Brockwell et al. (2007, 2011).
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Both time-homogeneous and time-inhomogeneous functionals matter

It then makes sense to consider Lévy process functionals for modelling stochastic phe-
nomena. Note that it is quite reasonable to consider time-inhomogeneous functionals of
Lévy processes like f(t, Z(t)), instead of only dealing with the homogeneous functionals
f(Z(t)). Since Hamilton and Susmel (1994) and Mikosch and Starica (2004) pointed out
that invariant parametric specifications are often inconvenient to model long return series,
in recent years the literature has naturally evolved towards the inclusion of multiple vari-
ables in continuous-time models. One example is that in Mercurio and Spokoiny (2004)
the returns R; of the asset process are stipulated as a heteroscedastic model R; = o4&,
where & are standard Gaussian independent innovations and oy is a time-varying volatility
coefficient. The relevant works include Fan et al. (2003), Ait-Sahalia (2002), Hardle et al.
(2003) and so forth.

About orthogonal expansions

Due to its extensive use in science, economics, finance and engineering and its central posi-
tion within stochastic processes, the starting point of this research is to expand Brownian
motion functionals including f(B(t)) and f(t, B(t)) where B(t) is a standard Brownian
motion into orthogonal series.

Notice that in the literature, albeit there exist some expansions of Brownian motion
in terms of i.i.d. N(0,1) sequence, (see, for example, Yeh 1973 and Mikosch 1998), few
researchers are working in the area of general form of Brownian motion functionals.

There are two papers which are close to our topic in some sense in the literature
about orthogonal expansion of nonlinear functionals of some processes. To understand
the relevant results, let us introduce some notations in the corresponding papers. Denote
by C the space of real functions z(t) which are continuous on the interval 0 < ¢ < 1 and
which vanish at ¢ = 0. Let {a,(t)} be any orthonormal set of real functions in L?(0, 1),
and define

1
(bmap(x) = ‘Hm (/ ap(t)d$(t)> ; M= 07 1727 v, D= 1727 Ty
0
where Hy,(+) is the sequence of Hermite orthogonal polynomials and
\Pm17"' sMp ($) Elllmly"' 7mp707"' 70(‘7;)

X



:(I)mhl(x) T (bmp,P(x)?

in which the index p may be any positive number; the subscripts mq,--- ,m;, may be any
nonnegative numbers.

Using the Wiener measure on C' and completeness properties of Hermite polynomials
over (—o00,00), Cameron and Martin (1947) introduced a complete orthonormal set of
functionals on C' so that every real or complex valued functional F[z(-)] which belongs to
12(C),

w
| 1Pl < o,
(&

has a Fourier development in terms of this set which converges in the L?(C) sense to

functional F[x]:

w N
/ Flz] — Z Ay ooy VUi oo my (2)| dypz — 0,

mi, my=0

as N — oo, where A, ... m, is the Fourier-Hermite coefficient

Ao o = / Fla] U, o ().

Ogura (1972) did an analogous job as Cameron and Martin (1947) but expanded

functionals of the Poisson process F[D(-)] in a series of multiple Poisson-Wiener integrals:

FID()] = Z/OO /OO Faltiy--- s ta)d™[dD(ty), -+, dD(t,)],
n=0" ~®° —o°

where D(-) stands for a Poisson process.

Clearly, the bases in both papers for expansion of functionals are highly complicated
since, as discussed in Ogura (1972), they are all multiple Hermite polynomials having
the number of arguments increasing to infinity. By contrast, the expansions proposed in
Chapter 2 and 4 in this study are quite simple thanks to the simplicity of the bases. This
difference gives convenience in calculation of the coefficients and application in practice.
Notice that the expansions in the literature have coefficients which are actually functions
in the time variable, which would hamstring the applicability of the expansion in econo-
metrics. Nonetheless, from the econometrical applicability perspective, we tackle this issue
by expanding time-inhomogeneous functionals, so that coefficients in our expansion are all

pure constants which can be estimated by econometric methods. Furthermore, another



huge difference between the proposed method in this research and the literature is that we
are going to expand functionals of a general class of Lévy processes, not just for Brownian
motion or the Poisson process. Additionally, due to the reasons mentioned above our
expansion method may be used to estimate unknown functional forms in a general class
of econometric models.

The methodology undertaken here, for both Brownian motion functionals and general
Lévy process functionals is about to expand the functional in some Hilbert space into
Fourier series in terms of a particular orthonormal polynomial basis in the aforementioned
space. The basis is actually a sequence of polynomial solutions of hypergeometric differen-
tial equations. It is noteworthy that the correspondence between the Lévy process and the
orthonormal polynomial system is one—one. The key link between them is the density or
probability function of the process. From the Hilbert space theory standpoint, the Fourier
series expansion gives the coordinates of a functional in infinite dimensional space, and

thereby characterises the functional in nature.

Econometric applications of Fourier expansion

Nevertheless, the Fourier series expansion of Lévy process functionals is by no means our
destination. We are interested in estimating an unknown functional form in a general

model
Y(t) =m(t, Z(t)) + (1),

where Z(t) is a Lévy process, and (¢) is an error process with zero mean and finite
variance, given that we have discrete observations of Y (¢).

It is known that existing literature already discusses how to estimate unknown func-
tions of nonlinear time series using nonparametric and semiparametric methods. For the
stationary case, recent studies include Fan and Yao (2003), Gao (2007) and Li and Racine
(2007). It should also be pointed out that the literature shows that many economic and
financial data exhibit both nonlinearity and nonstationarity. Consequently, some non-
parametric and semiparametric models and kernel-based methods have been proposed to
deal with both nonlinearity and nonstationarity simultaneously. Existing studies mainly
discuss the employment of nonparametric kernel estimation methods. Such studies include
Phillips and Park (1998), Park and Phillips (1999, 2001), Karlsen and Tjgstheim (2001),
Karlsen et al. (2007), Cai et al. (2009), Phillips (2009), Wang and Phillips (2009a,b), Xiao
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(2009), and Gao and Phillips (2010). Observe that such kernel-based estimation methods
are not applicable to establish closed—form expansions of Brownian motion/Lévy process
functionals. In the stationary case, the literature already discusses how series approxi-
mations may be used in dealing with stationary time series models, such as Ai and Chen
(2003), Chapter 2 of Gao (2007) and Li and Racine (2007). Therefore, it is reasonable to
seek its counterpart in the nonstationary scenario to tackle the nonstationary problems.
An inevitable question of doing so is on what time horizon we shall estimate the
functional m(-,-). The intuitive choices of time horizon are no more than two cases, viz.,
a compact interval [0, 7] and an infinite interval (0,00). However, apart from these two
options, we consider the third case, that is, on [0,7,] with T,, approaching to infinity as
sample size goes to infinity. In technical terms, allowing 7' = T,, — co and % — 0 amounts
to both infill and long span asymptotics. Meanwhile, the two-fold limit theory keeps one
away from the so-called aliasing problem (i.e. different continuous-time processes may be
indistinguishable when sampled at discrete time). Phillips (1973) and Hansen and Sargent

(1983) are early references on the aliasing phenomenon in econometric literature.

A pivotal asymptotic theory

Of the most importance is an asymptotic theory as it is a tool, also a bottleneck, for
obtaining the limit distribution of estimators. Without a more general asymptotic theory,
our method would be extremely restricted. In order to obtain the asymptotic distribution
of the estimators of m(-,-) estimated from the model mentioned before, we have to study
an asymptotic theory for different classes of functionals f(-,-) for their sample mean and
sample covariance.

Note that in last decade or so, several studies have been devoted to developing an
asymptotic theory of a general class of functionals of integrated time series. The relevant
researchers have noticed that the absence of such a limit distribution theory has ham-
strung time series application. See Park and Phillips (1999, 2001) and Wang and Phillips
(2009a,b). However, the existing theory in the literature cannot furnish an answer for
the limit problems arising from the scenarios in this study since f(-,-) includes not only a
random walk with a unit root but also the time variable, while in literature only a single
random walk is involved. Whence, a new asymptotic theory needs to be established. The

asymptotic theory developed in this research depends heavily on the local-time process of
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a Brownian motion defined as a limit by the underlying process and shows that the limit
distribution of the estimators on infinity horizon (0,00) and on compact interval [0, T},]

with T}, approaching infinity are a mixed normal,

(/01 /Rf2(t,x)dachW(t,0)>éN

where Ly (t,0) is the local-time process of the limiting Brownian motion W (r) on [0, 1]
standing for the sojourn time at origin over [0,t] by W(r) and N is a standard normal
random variable independent of W, f is some suitable function defined on [0, 1] x R.

By contrast, in the situation where the time variable lies in [0,7] with T fixed, the

asymptotic distribution of the estimator is a stochastic integral,
1
/ f(Tr, Tpr +VTo, W (r))dU (r)
0

where (W (r),U(r)) is a vector of Brownian motion which is a limit of some process vector
(Wi (1), Un(r)) constructed from Lévy processes Z(t) and error process e(t), u = E[Z(1)]
and 02 = Var[Z(1)], f is some suitable function defined on [0,7T] x R. It is noteworthy
to point out that W and U may not be independent which gives more flexibility for the

models used in practice.

Outline

The thesis is not presented according to the chronology of the research. We display
the asymptotic theory in Chapter 1, which provides an essential tool for the following
development. At the same time, as can be seen from the text, since the framework is
quite general the results in asymptotic theory of Chapter 1 are applicable even beyond
the ambit of this research.

Chapter 2 is devoted to a special case for expansions where Lévy process Z(t) reduces
to Brownian motion B(t). Restricted within Brownian motion, the setup in Chapter 2 is
concrete. For example, the polynomial system in terms of which we expand functionals is
the Hermite polynomial system. In addition, many ideas and methods which are used in
the general situation are fostered in this period.

Chapter 3 studies the estimation of an unknown functional form in a general econo-

metric model which involves Brownian motion. The estimators are obtained according to
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different time horizons and sampling styles. Meanwhile, their asymptotic distributions are
obtained and from the results we can see that the rates of convergence are affected by not
only sample size but also many other factors.

Chapter 4 dwells on the general situation where the underlying process is a Lévy
process Z(t) whose density or probability function p(t, z) satisfies the so-called boundary
condition. Every such process admits a so-called classical orthonormal polynomial system
with weight p(t, x), with which the functional of Z(¢) can be expanded in the corresponding
Hilbert space into Fourier series.

As an application of the orthogonal expansion and asymptotic theory in the previous
chapters, Chapter 5 estimates the unknown functional m(7,z) by m(r,2) in the model
aforementioned with the help of OLS (ordinary least squares). After obtaining the esti-
mators in three types of time horizon, their asymptotic distributions are investigated.

The last chapter concludes what we did and discusses potential applications of the
proposed expansion method for Lévy process functionals.

Appendix A, entitled Miscellaneous, states an alternative expansion method for the
quadratic Brownian motion form using stochastic integral method. Without doubt, it has
a kind of quaint charm although comparing with the text it is difficult to be extended to

general situations.
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Chapter 1

Asymptotic theory

In the last few decades, nonstationary time series arising from autoregressive models with
roots on the unit circle has been an intensive research interest. As a result, the asymp-
totic behaviour of regression statistics including integrated time series has received the
most attention. Although a fairly complete theory is now available for linear time series
regressions, asymptotic theory for nonlinear regressions with integrated time series is in
the process of development and in a great deal of situations the demand for the theory
becomes a bottleneck for both econometric theory and application. Recent studies include
Park and Phillips (1999, 2001), Karlsen et al. (2007), and Wang and Phillips (2009a,b)
among others.

This chapter dwells on a more general setting, that is, the asymptotic theory of statis-
tics involving f(s, xs ) where x4, is a triangular array constructed from some underlying
time series. Clearly, this theory includes the existing literature as a special case. The
results show the limit distributions are mixed normal distribution in one case, relying
on local time of a limiting Brownian motion, while in another case stochastic integrals

involving a correlated vector of Brownian motion.

1.1 Local time and assumptions

In what follows our asymptotic theory depends heavily on a local-time process of Brownian
motion. The following three lemmas are basic definition and properties for the local-time

process which can be found in a standard reference book Revuz and Yor (1999).



Lemma 1.1.1 (The Tanaka Formula). For any real number a, there exists a non-decreasing
continuous process L(-,a) called the local time of a continuous semimartigale (SMG) M,

at a such that

t
My —a|] = |My— al +/ sgn(Ms — a)dMg + Ly (t, a)
0
t 1
(Mt - Q)+ = (M() — a)+ + /0 1(M5>a)dMs + iLM(CL,t)
t 1
(My—a)” = (My—a)” — / 1(Msga)dMs + iLM(CL,t)
0

In particular, |M; — al, (M; —a)™ and (M; —a)~ are SMGs.

Lemma 1.1.2 (Continuity of the Local Time of SMG). For any continuous SMG My,
there exists a version of the local time such that the map (t,a) — Lys(t,a) is almost surely

continuous in t and cadlag in a.

Lemma 1.1.3 (The Occupation Time Formula). Let M; be a continuous SMG with

quadratic variation process [M|y. Then,

t 00 t
/ f(s, Ms)d[M]s :/ da/ f(s,a)dLy(s,a) (1.1.1)
0 —00 0
for every positive Borel measurable function f(t,x).

Given a triangular array z,, (2o, = 0 by definition), 1 < s < n, constructed from
some underlying time series, we assume that z,,) , (0 < r < 1) converges in distribution to
a stochastic process W(r) on DJ0, 1] with respect to the Skorohod topology which admits
a continuous local time process, where D|0, 1] stands for the space of real-valued functions
that are right continuous with left limits. It is known that there are many cases in which
{zsn} satisfies this condition, and in some suitable probability space it can be improved
as SUPg<,<1 [T, — W(r)| = op(1). Readers are referred to Phillips (1987), Park and
Phillips (1999, 2001) and Wang and Phillips (2009a) for detailed discussions.

We now impose the following assumption on s .
Assumption A
(a) Suppose that wp,,), (0 < r < 1) converges in distribution to a stochastic process

W (r) on DI[0,1] with respect to the Skorohod topology. Let W (r) admit a continuous

local-time Ly (r, s).



(b) In some suitable probability space there exists a stochastic process W (r) that admits

a continuous local-time Ly (r, s) such that supy<,<1 [Zn)n — W(r)| = op(1).

(c) Denote for € (0 < € < 1) that Q,(e) ={(l,k):en <k < (1 —¢€)n,k+en <1 <n}. For
all 0 <k <1 < n, there exist a sequence of constants d; 1, and a sequence of o-fields
Fue where Fp, o = {0, Q}, such that

(i) for some mg > 0 and C' > 0, inf(l,k)eQn(e) dl,k,n > EmO/C as n — 00,

n

o1 1
limy Tim_ ~ > o= 0, (1.1.2)

I=(1-e)n 7

1 k+en 1
lim lim — max =0, (1.1.3)
e=0n=00 n 0<k<(1—e)n, £~ dikn
1 1

li — < . 1.1.4
P (L 2 T < (L1

(ii) Suppose that xy, , are adapted to F,, . Moreover, if 2, ,, are continuous variables,
conditional on Fy, i, (21, — Tkn)/dikn has a density hyy, which is uniformly
bounded by a constant K and

lim lim sup sup |hy gn(u) — hy g n(0)] = 0. (1.1.5)
0=0M=00 () 1yeq (61/(2m0)) |ul <8
If zy, ,, are discrete variables, conditional on F, i, (215 — Zkn)/di i has a prob-
ability distribution P ,(x) and its distribution function Fjj ,(x) satisfies
lim lim sup sup |Fjpn(u) — Fikn(0)] = 0. (1.1.6)
§—0n—o0 (1,k)EQ, (51/2m0)) |u|<s
Remark 1.1.1. Assumption A is almost the same as the conditions in the univariate func-
tion case in Wang and Phillips (2009a) except that we concern both continuous and discrete
variables in A (c). We shall discuss the condition (1.1.6) later. Note that Assumption A
(except the discrete case in A (c)) is quite weak which is discussed in the literature. As a
consequence, the following theorems are generally applicable.

Also, we remark that this situation particularly accommodates any Lévy process. Ac-
cording to infinite divisibility, a Lévy process Z(t) at point positive integer s can be
rephrased as Z(s) = ps + v1 + - -+ + v, in distribution where v; = Z(i) — Z(i — 1) — p
(t=1,---,s) form an ii.d. sequence, and u = E(Z(1)). Whence, define z,, = ﬁZ(s)



for s = 1,--- ,n and n > 1 where 02 = Var(Z(1)), then by virtue of functional cen-
tral limit theorem z,, converges in distribution to a Brownian motion W (r) on [0, 1] as
n — oo. In addition, with d; ., = /(I — k)/n, s, and dj, satisfy Assumption A (a)
and (c), and also A (b) can be achieved by the Skorohod representation theorem.

Take an example to verify the condition (1.1.6). Suppose now that Z(¢) is a Poisson

process, viz., Z(t) ~ Poi(ut). Because ﬁ(wlm — Zkn) =D ﬁ(Z(l —k)—(1-Ek)p),

Faa= 3 =B

7!

i<(i—k)u
(1~ Rl o
Fipn(u) = Z e (1K)
i<(l—k)utuvi—ko-
Thus, if u >0
_ _ —(l—Fk) M
Fign(u) = Fin(0) = e~ (0 2. T
(I-k)p<i<(l—k)ptuvi—ko
if u <0,
o I — k)]
| Fln (1) = Frin(0)] = e (7Fm ) [(@'H

(I=k)p+uvl—ko, <i<(l—k)u

Because e~ ("R — 0 as (I, k) € Q,(e), n — oo and the sums are less than the tail of a
convergent series, the condition (1.1.6) is fulfilled.

Notice also that in some situation, for continuous process the condition (1.1.6) implies
the requirement (1.1.5), so that they merge as (1.1.6) which harbours both continuous and

discrete cases.

Since we study the asymptotic theory of not only the sample mean but also the sample

covariance, the following assumption stipulates some necessary conditions for x,, and e;.

Assumption B

(a) There is a martingale difference sequence (es, Fy, s) with E(e2|F, s—1) = o2 a.s. for all

s=1,2,...,n and sup; <4<, E(|es’|Fpns—1) < oo a.s. for some p > 2.

(b) {zs41n} is adapted to Fp 5, s > 0.



(c) Let, for r € [0,1],
1 [nr]
Un(r) = — es and Wy(r) = Zjpn-
(r) \/ﬁ; (r) = 2,

Suppose that (U,, W,) converges in distribution to (U, W) on D[0,1]? as n — oo,

where (U, W) is a correlated Brownian motion vector.

Remark 1.1.2. As mentioned for Assumption A, Assumption B is also quite general and
applicable in many situations. For example, condition (c) holds when {e;} is a sequence
of independent errors and F, s = o(e1, -+ ,€s, Tst1n)-

The trajectories of the stochastic process (U, W,,) for each w € Q are in D[0,1]2. The
space D[0,1]! is usually equipped with the Skorohod topology. It then follows from the
so-called Skorohod representation theorem that there exists a common probability space
(Q, F, P) supporting (U2, W?) and (U, W) such that

Un, W) 2 (U0, W), and (U2, W?) —u.. (U,W) (1.1.7)

in D[0, 1] with the uniform topology in a suitable space.

1.2 Time-normalised and integrable functionals

This section establishes an asymptotic theory whose results extend existing literature, such
as Park and Phillips (1999, 2001) and Wang and Phillips (2009a), from the univariate case
to the bivariate case.

Let us now define the class of functionals for which we will establish an important

theorem. Such a theorem is of general interest.

Assumption C

(a) Suppose that f(¢,z) is defined on [0, 1] x (—o0, 00). Suppose further that both |f(¢, )]

and f2(t,x) are Lebesgue integrable with respect to z on (—o0, ).

(b) There exists a function ¢f(z) : R — R such that |f(¢,2)] < ¢f(z) uniformly in
t € [0,1] and c¢(z) is integrable on R.

! D[0,1] designates the space of cadlag functions (French, means the function at every point who is right

continuous and possesses finite left limit) on unit interval [0, 1].



(c¢) For each x € R, f(t,x) is continuous in ¢ and there are at most a finite number of

points for ¢ at which [ f(¢,z)dz = 0.

Remark 1.2.1. We shall denote Gi(t) = [*° f(t,z)dz, G2(t) = [T |f(t,x)|dz and
Gs(t) = [7° f3(t,x)dx for universal convenience. Notice that they are all continuous
functions by the dominated convergence theorem.

Condition (a) is an extension of Assumption 2.1 in Wang and Phillips (2009a). Require-
ment on integrability of functions is a basic need to deal with this kind of problems. Note
that if f(t,z) = f(x) becomes time-homogeneous, condition (a) reduces to Assumption
2.1 in Wang and Phillips (2009a).

Condition (b) requires that the function f(¢,2) be dominated uniformly in ¢ over
compact interval [0, 1] by an integrable function c¢(z). In the situations where f(t, x) is the
product of a continuous function of ¢ and an integrable function of x or the superposition
of such products, the condition is automatically fulfilled.

Condition (c) also excludes the situation where there are infinite many points t; € [0, 1]
such that G1(t;) = 0.

The functionals of interest L,, and M,, are defined as follows:

C " S

n

L, = § f <*acn$s,n)a
n n

s=1
C " S
n
M, = E f(*vcn'rs,n) €s,
n 1 n
s=

where ¢, is a sequence of positive constants, and f satisfies Assumption C. When the
underlying time series is a random walk, ¢, may take an explicit form of \/n. We are
interested in the general situation in this section that n — oo, ¢, — 0o and n/¢, — oc.
Note that if f(t,z) = f(x), L, and M, reduce to the forms of the functionals discussed
in Wang and Phillips (2009a) and Jeganathan (2004) respectively.

Before stating the main result of the section, there are three crucial lemmas. One
of them is the existing one in the literature, while the other two are new and rigorously

proved. we introduce the following notations for any ¢ > 0 and 0 < r <1,

[nr]

Lg) = sl f(flvcnxk,n>

n
k=1



1 = 0 [ (et +20) o)

where ¢(z) = \/%6_’22/2.
1

For later use in this section we also define ¢(z) = 5 €XP (—%) for some € > 0.

Lemma 1.2.1. Let Assumptions B (a) and (c) hold. We may represent UY introduced in

(1.1.7) as
0 (5)=v ()

with an increasing sequence of stopping times Tpt in (2, F, P) with 7,0 = 0 such that as
n — oo

sup
1<t<n

— ‘ —a.s. Oa (121)

for any 6 > max{%, %}, where p is the moment exponent in Assumption B for {e:}.

This lemma is exactly Lemma 2.1 in Park and Phillips (2001). Readers can find the
proof there.

Lemma 1.2.2. Suppose that Assumptions A (c¢) and C hold. Then

lim lim sup E[L{) — L] = 0. (1.2.2)

e—0n—oo 0<r<1 m

Proof. The proof consists of two parts according to xj, being continuous and discrete
respectively in A (c).

The following arguments about the continuous case naturally treat those used for the
univariate case in Wang and Phillips (2009a) as a special case.

Denote Y}, n(2) = f (%, cnxkyn) — f (%, cn(Tpmn + ze)) We have

o [nr]
sup EILY) ~ 10| = sup B| [~ 5" Viu(2)o:)ds
0<r<1 ’ 0<r<1 nJ-co i

[nr]

stﬁszmmwww

0<r<1t 1T

by the fact that [ ¢(z)dz = 1. Notice that, by Assumption A (c),
oe k k
E|Yk,n(2)| = f E’ Cndk,O,nx —f E’ Cndk,O,nl' + cpze€ hk,O,n(z)dx

7



< K [/ ‘f(k,x> d:c+/ ‘f(k,:c—l—cnze) d:z:]
cndiom |J oo n oo n

__2K 02<k>, (1.2.3)

Cndk,O,n n

where G(-) = [ |f(-,x)|dz and K is the uniform upper bound of the density hyp .
Accordingly, for each z € R,

[TLT‘] n n

Cn Cn 2K k 1 1
— E Y; <— — ) =2KKy—
s (Y Vi) <23 e () —akrar

cnd
b—1 P k,0,n —1 k,0,n

< 00

by virtue of (1.1.4), where Ko = supyc[o 1) G2(t) < oo due to the continuity of Ga(t). It
therefore follows from the dominated convergence theorem that, to prove the lemma, it

suffices to show that for any fixed z,

62 [nr]
Ay (e) = —’; sup F ZYkn — 0,
0<r<1 =1

as n — oo first and then ¢ — 0. Meanwhile, we have

n 2—
An(e) <2 ST BY2,(2) ;}: E[Yin(2)Yin(2)]|
k=1

=k+1

We next investigate A1y, (€) and Agy(€) separately.

In view of Assumption A (c), we have as n — oo

02 " k 2
Aln ZEYkn n2 Z |: ( y CnTk n) *f <nacn($k,n+ze)>:|

k=1

A k k 2
=5 Z/ [f (nvcndk,omx> —f <n,cndk7o,nx —i—cnze)} hion(x)dz
k=177
2 N oo 2
< K f ﬁax —f E,ercnze dx
n? — cndi0n J oo n n

o0 k 2 4Ke, <~ 1 k
[ G| =T X aes ()




where K3 = sup¢(o,1) G3(t) and G3(-) is continuous on the interval in question.

We then prove that Agy(e) — 0 as n — co. Because

=k+
2 n
= 2N S B () BV B
For k < [, we begin with the following calculation of the conditional expectation:
l l
Bl = |1 (Lcntnn) = (Frentann+59 ) 7]
l
‘ |: ( y CnThn + Cn(fEl n $k7n)> i (n, CnTkn + Cn(ffl,n — xk,n) + cnze)> ‘]:k,n:|

UL

Cndl,k,n

l
( s CnZln + Cndyk ny> f (n’ CnZhn + Cndikny + aneﬂ hy gen(y)dy
l — CnThm, l — CnThy — Cn€Z

/ P b (o) (L) e, (L dy

S n cndi ko n cndi ko

1 0 l Y — CnThn Y — CnLkn — Cr€Z
= Sy (b (TR oy ’ d
cndikn /oo / (ny> [ b ( cndikn > b ( cndikn >] y‘

1 > l
- V n n dv
= i _m’f <ny>‘| (Ys cnThp) | dy

Y—Cnh,n Y=CnTkn—CnZ
where V(y, Cnﬂﬂk,n) = hhk,n ( ) a hl’k’" (7)

cndy kn cndy kn

Recall the definition of ,(¢) in Assumption A(c) and note that a pair (I,k) (I > k)

belongs to either ,(¢'/2™0) or its complement. It follows that

| E(Y1n(2)[Frn)|

) S lF Gw)ld cnde (%) if (1, k) & O,
B 2K

Yy =
Cndy ko \y|>\/a} (% )}dy + cndl kyn f\y|<\/a ‘f (n’yﬂ |V Y, Cn, n)|dy’ otherwise.

According to Assumption A (c), inf ; 1yeq, (1/2mo) dikn = %, and at the same time
we can choose n large enough such that \/c,e > 1. For |y| < /¢, and |z| < /¢, + cnlz]e,
when (1, k) € Q,(¢'/%™), we have

y—x Y — T — Cpez
V(y,z)| = |hik ( >—hlk ()‘
Vg, ) T\ endikon o cndikn

y—x Y — X — Cpez
hign | —— | — hikn hign | ———— ) —hign
Lk, ( i n) Lk, (0)' + |hi g, ( cndirm > Lk, (0)‘

<




<2 sup Ak (W) — g (0)] (1.2.4)
lul<2C(1+|2]) Ve

Therefore, when |y| < \/,, n is large enough and (I, k) € Q,(¢'/?™0), we have

|V(y’ Cndk,O,nl‘)‘hk,O,n(x)dx

k k
/ (7 Cndk,O,nﬂf) - f <7 Cndk,(],nQC + ane>
n n
k
) — f <n,x—|—cnze> |V (y,x)|dz
K oo
<o ()
Cndk,O,n —o0 n
K o© k
_Cndk,O,n —c0 'f (n7$>
o Lt
= +
Cndp,0m [ lo[>ven  J|zl<en

oo (52)
S f — T
cndi,0m Jjz|> /e n

K k
. (o) [V + W = ozl
Cnlk,0n J|z|<\/cn n

o Sl (o)
S f — T
cndi,0m Jjz|> /e n

AK
p sup [Ptk n(w) — Py g (0)]
Cndk0n ul<20(1+2])ve 2l </

o0 k
|V(y,ar)]daf+/ ’f (,x+cnze>
oo n

[V (y, 2)| + [V (y, x — cnze)|Jde

V.ol

(L) v+ v - cnze>|]d:c]

dx

dzr

dz.

()

[E(Yen(2)Yin(2)| = [E[Yen(2) E(Yin(2)| Frn)ll

2K l
Gy (2 ) |EY,
cndi ko ? <n> Y (2)]

4K? l k
< - - _ —
= Adigndion G2 <n> @ <”> 7

[E(Yen(2)Yin(2))| = [E[Yen(2) E(Yin(2)| Fin)ll
< EllYen (2 E(Yin(2)| Frn)l]

2K f(l,y>
n

<
Cndl,k:,n ly|>+/cn

We summarise that if (I, k) ¢ €y, equation (1.2.3) yields

IN

while if (1, k) € Q,,

dyE Yy n(2)]

10



(L) ' EllYin()|[V (9, catin)ldy

”<>

1
s |
ndikn Jy<yen

e ()]
S5
Cindi ke ndr,0.n n) Jiy |>\/a

2K? k:
+ S d:U
Cndikndr0.n mg\/a x|>\/c7 n’
4K k
+ B 7 y ] €r diU
Cndikndr,0n Ingﬁ |<¢a n
X sup Ptk (w) = Pign(0)]
lu|<2C(1+|z|)v/e
Finally, we have
M@ <25 [ 4 Y | By
2n(5)| _T | s,n(z) t,n(z)|
1>k, (1L,k)€Q  (L,k)EQM
202 2 n—1 k+en
=(1—€)n I=k+1 k=1 l=k+1
2 en — n
Z Z EYin(2)Yin( Z > EYin(2)Yin(2)]
k=11= k+1 k=1 l=k+en
<8K2K Z Ly~ !
3 -
k (o) dk 0,n 1<k<n 1in I=h dl,k,n
n—l 1 1 k+en 1
+ 8K2K2 max —
2 ; di,0,n 1<k<n—1n l:;rl dikn
1o 1 1 & 1
+8K?K3— ~
2 Zl dk70 n 1<k<n—1n ;1 l7k;,n
'
+8K2K, /
lyl>ver n2 21 d 0 1<k<n—1 Z A kn

1321 ~ 1
2 —_
+4K Kz/ cf(z)dx 2de0n1<r1?<ar}f 1 Z

|ac|>\/cn n On SSRERTL T dl,k,n

n
+ 8KK2 Z dk ,0,n 1<k<n ;

in which we have used Assumption C (c) that } f( 5, y)| < cf(y) and the fact that

[ lr(ta)wsa(l) <
lyl<v/cn n n

11

sup |hl,k7n(u) - hl,k,n(0)| ’
di sk u| <20 (1+|2])v/e




In view of Assumptions A (c) and C, by virtue of the dominated convergence theorem,
A, (€) = 0 as n — oo and then e — 0. This finishes the proof of the continuous case.

The proof of the discrete case is quite similar to that of the continuous case. Some
critical steps are shown as follows.

Let Ay, be the set of points that zj, assumes. Suppose the points are equally dis-
tributed on R with distance A. In what follows, define By, ,, := ¢ndj 0.0 Ak = {cndi0na :
a € Ag}. Then,

E\Yn(2)| =E 'f (fl,cnxk,n> —f <7]i’cn(xk’" + ze))'
- Z f <S7cndk70,n$> —f (Zacn(dk,o,nx+26)> ‘ Pk,O,n(x)

zE.Ak,n

S (s ()
n n 7’ Cndk,Om

IEBkyn
<Zfﬁx +Zféx+cze
— n’ EB n? n

€ k,n

.TEBk’n

1 k
 Cpdion Z ‘f <n’x>

CEEBkyn
1 k
4+ —F Z ‘f(n,x+cnze>

Cndk70,nA 2By
k
dw—l—/‘f <n,x+cnze)

< ([l
_Cndk,gmﬂ n’ o
2

2 k k
_Cndk,gmﬁ / ‘f <n7x> d$ a Cndk’omﬂc;2 <n>

2
<——~ Ko,
Cndk,O,nA

Cndk:,O,nA

Cndk:,O,nA

i)

where we may modify the function f, e.g. f°(-,x) = maxy>, |f(-,y)| for z > 0 to get the
inequality in the derivation and note that the result above is similar to (1.2.3). Following
the same arguments as before, to complete the proof, it suffices to show both Ay, (€) and
Aoy, (€) converge to zero. Nevertheless, Aj,(€) — 0 is easy to obtain, while the key step in

the proof of Ag,(€) — 0 is the evaluation of the following conditional expectation.

BN = [B |7 (Gomtin ) = 1 (foentann + 0 ) 7]

l l
= ‘E |:f <n7 CnTkn + cn(xl,n - xk,n)) - f <n7 CnTin + Cn(xl,n - $k,n) + CnZ6)> ‘fk,n:|

12



— CpTkn l — CpTk.y — Cn€Z
v ) B (V) - [ (D) b, (P
Cndl,k,n n Cndl,k,n
— CnThn — CpThm — Cn€Z
= /f —y ) d|Fiin Y= SnBhn —Flgn Y i
n cndi ko cndikm
l
= /f <n7y> dQ(y;Cnxk,n)

Y—CnTk n Y—CnTk n—Cn€z
where Q(y, entin) = Frion (Ui ) = Fran (e ).
Thus,

l l
= / [f (n, CnThp + Cndl,k,ny) - f (n7 CnThpn + Cndi gy + Cn26>:| dFl,k,n(y)‘
l
1
n
l

9

|E(Y0(2)| Fren)|

cas S Gy dy = o35G (7) if (1, k) & Qn,
W ly|>+v/en ‘f (%ﬂy)‘ dy + ‘fw‘g\/af (%7y) dQ(yacnxk,n) ) if (lak) € Qn

IN

Then the important ingredient is to deal with the following expectation.

/ 7 (l,y> dQ(y, cncin)
ly|<v/en n

:E‘f (?k;acnxk,n) _f (zacn(xk,n‘i‘ZE))‘ /|<\/7f (fl,y) dQ(y7 ank,n)
YI>vCn
/‘f( Cndk0n$> —f(k (dk()nx+ze)>

l
/ f (JJ) dQ(y, cndi,onT)
ly|<y/cn n

S AACORICERS [T CRETS

E‘Yk,n’

X dFk,O,n (ZL')

l
<[l QWKW (5ov) Q)| i, ()
k l
+/‘f <n,:z:+cnze) ‘/|y<ﬁf(n,y> dQ(y dFk0n< k0n>
l
~[lr(% H/ywa (5ov) Q)| i, ()
/‘f( x)‘/ f(l y)d@(y dFkon<x C"'“)
ly|<v/Cn ’ ' cndkon

13



/x|§\/07

3|
8
N—
—
IN
3
3
~
Y
S|~
<
N———
U
O
—~
=
8
S~—

X
dF;
k0m <Cndk:,0,n )

k l €T
+ / / (:c) / s <y) dQ(y,2)| dFom < )
jal> e |-\ T pl<ven  \7 Cnd,0,n
+ / f ("’x) / s <ly> 4Q(y, 7 — cnze)| dFpon (‘“”)
z|<yen |\ yI<yen  \T cndi,0.n
+ / f (kx> / s <ly> 4Q(y, 7 — cnze)| dFron (w‘”)
j2[>vem | \T yI<ven \7 ndrom

4
;:Zn(z,k;n).
1

For Ti(l, k;n) is similar to T5(1, k;n), and Ta(l, k;n) is similar to Ty(l, k;n), we only
explain T1(l, k;n) and Ta(l, k;n).

(5] \ [ _r(b)aawma

k l
f <n7x)‘ Z f (n7y> P(y,x) Pk,O,n <Cndzz,0,n> )

X

dFk,O,n (

T (I, k;n :/
1( ) |z|<\/cn Cndk,O,n

-5

lz|<\/en ly|<\/cn
meBk,n y€$+cn356l,k,n

where By, = {cndigna : a € Ajgp}, in which A;y,, is the set of points that (x;, —
. . _ y_CTL'Tk,n 'y—Cn.Tk7n—C €z
Tkn)/di gy assumes; meanwhile, P(y,z) = P i, ( i > — Pgn (T}m")

Notice that when |z| < \/cn, |y| < \/cn and (1, k) € Q,(€), we have

Y — CpTin Y — CpTgpn — Cnez
Pkn < = Plkn
cndi ko Cndi ko

Y — CpnTkn - Y — CnTgn
ﬂ>k7n < d ) - ‘Fl,k,n < d >
CnQl kn Cndl kn

Y — CnTn — Cn€Z _ Y — CpnTn — Cn€Z
_Evkvn < + F‘l k n
cndikn . cndi ko

[Py, z)| =

<4 sup | Flken (u) — F1n (0)].
lul<2C(1+|2])v/€

Here F}, , (-) denotes the left limit of the function at the point.

Therefore, we have

4 1

Ti(l,k;n) <
1( ’ 7n) _Cndk,O,nA Cndl,k,n

k l
e () G, () sup |Fin(w) — Fien(0)].
n N/ ul<2C(1+]2))ve
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Regarding T>(l, k;n), we directly have

2 1

To(l, k;n) <
2( ) cndk:,O,nACndl,k,nA |z|>\/cn

k
/ (n’ 96) o /|y|<x/07

k
f <y> ‘ dy
n
2 1 l k
< Go | — -
_Cndlc,o,nA Cndl,k,nA ? <7’L> /|:c|2\/a f <n7x>

As can be seen, every term in Ay, (€) has the similar evaluation, so that we obtain the

dz.

vanish of Ag,(€). As yet, the whole proof is finished. O

Lemma 1.2.3. Let Assumption C hold. Then we have for any fixed € > 0,

[nr]

®© 1 k
L) - E i
n,€ /_Oo n ] f <n7y) (be(xk,n)dy —a.s. 0

uniformly in r € [0,1] as n — oo.

Proof. Observe that

LnT,Z _tn / f <f;, cn(@em + ze)) o(2)dz
Cn o0 k — CnTin 1
—oS [T (Ea)e (i) Ly
n -~  \N Cré€ Cr€
© q k
= / - f <7y> Cbe <y - $t,n> dy.
—o 1 n Cn

It follows that for any M > 0,

[nr]

>~ 1 k
(r) _ il r
Ln,e /oo n Zf <n7y> Qbe(SUk,n)dy
k=1
o k
r(E)]
n
1
Lol
ly|>M ly|<m T

Notice that,

2 1<
el [
" 2me y|>Mn§

dy

¢e (Cy - xt,n) - ¢e(xk,n)

¢e <Cyn - xt,n) - ¢€($k,n)

i(20)

dy

k=1

k 2
f <y> ‘ dy < / cr(y)dy,
n 2me Jjy|>m

15



using Assumption C (c). Due to the integrability of cf(y) on R, one can choose large
enough M such that I'y,, < € for any given ¢ > 0.

Moreover, since ¢.(z) =

_\/%53 e=*/2¢ and |¢L(x)| is bounded by \/ﬁg on R, we

have

¢e <y - xt,n) - d’e(xt,n)

Cn

“Joo (2| v

where ¢ is in between z;,, — % and z;,. Therefore,
) Cn .

n

1 k ]
Iy < — E ——d
m = /y|<Mnk;1 f( > V2mee2e, Y
M

1 M 1 k
< - - , dy < — Go | — ).
~ V2meetep n ; <M‘f< y)’ = V2We€2cnn; 2(”)

As 1 Zk 1 G2 ( ) < Ky and ¢, — o0 as n — 00, I'9,, — 0. The assertion follows. [

Theorem 1.2.1. If Assumptions C and A (a) and (c) hold, we have for any ¢, — oo,
n/c, — oo and r € [0,1],

[nr] .
= Z f <f7 Cnxs,n) —D / Gl(t)dLW(t,O), (1.2.5)
n s=1 n 0
where G1(-) = [ f(-,x)dz and Ly (t,0) is the local-time process of W at origin over time

interval [0,t].
If, in addition, Assumption A (a) is replaced by Assumption A(b), then for any c, —
00, n/cy, — 00, and r € [0,1],

[nr]

sup Zf cnmsn / G1(t)dLw (t,0)| = op(1), (1.2.6)

0<r<1| M

under the same probability space as defined in Assumption A(b).
Moreover, suppose that f2(t,z) satisfies Assumption C, and that {es} and {zs,} satisfy

Assumption B. We have for n — oo, ¢, — o0 and ¢, /n — 0, and r € [0, 1],

[nr] r %
\/?Zf <%,Cnl‘sm) €s —D </0 Gg(t)de(t,O)) N, (1.2.7)
s=1

where G3(-) ff2 x)dx and N is a standard normal random variable independent of
w.
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Remark 1.2.2. Note that if the function f(¢, ) reduces to f(x), (1.2.5) and (1.2.6) reduce to
Theorem 2.1 of Wang and Phillips (2009a) and with ¢, = \/n to Theorem 5.1 of Park and
Phillips (1999), since G1(t) = [ f(x)dz becomes a constant and fol dLy (r,0) = Lw(1,0).
Also, these reduced cases of (1.2.6) and (1.2.7) can be viewed as a special case of Theorem
3.2 in Park and Phillips (2001) by taking parameter set II as singleton since in the situation

= [ f*(z)dx is a constant.

Proof. In view of Lemmas 1.2.2 and 1.2.3, we start to investigate the convergence of

o Iy
/mn;f (n’y> ¢e($k,n>dy

It follows from Assumptions A (a) and C, the continuous mapping theorem and the

occupation time formula in Lemma 1.1.3 that
% 1 [n7]
j/ z{:j‘< ,y> ¢64fkn)

1 o]

[n7]
- Z¢e xkn / (zuy) dy = %Zgbe(xk,n)Gl <fl>
k=1

/ Gl([ 1) octematit - 26100000+ 261 ()

ﬁD/ G1 (8) 6 (W(B))dt as m — oo

[ [ Gitemarey

_ / dy / C1()b(y)dLw (¢, ey) and then as € — 0
ue |y [ G0t e

_ /0 G ()AL (£,0).

This finishes the proof of (1.2.5). To prove (1.2.6), we need only to show the following:

[nr]

sup /m12f< ,y>¢6xkndy | 1@ (1.238)

0<r<1

[nr

= sup Z¢e$knG1< ) /Gl ) (W (2))dt

0<r<1
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= sup

/TG1<[ ]>¢e(fb‘[m] n)dt *Gl( )$e(0) + G1<[ ]>¢e( n)

op,
/G1¢e »'

< [ o1 (B2 ) — Gt v e ae + 2,

where A comes from the bounds of G; on [0, 1] and ¢, on R. It follows that

n
e () 6ot - Grtopa v )| a
n
(n leaqM\ﬁ+/W@_M¢qm> 8w (1)
< 27[_6 (Z) G1 ‘dt—i— max ’Gl ‘/ ’¢6 l‘[m] ) (;56 ‘dt
1 nt] 1
e Gl ( o ) —Gi(t )‘dt‘*‘ mmq!&( )‘0221 }x[nt]:n —W()].

Hence, using the dominated convergence theorem and Assumption A(b), as n — oo
equation (1.2.8) converges in probability to zero. Then the assertion follows as € — 0.
Now we turn to prove (1.2.7). Define, for =1 < ¢ < ™t

me( e ) (U () - ()

n n

+\/enf < cnxm> (U(t) U (M)) : (1.2.9)

n

where 7, (k = 1,...,n) are the stopping times in Lemma 1.2.1. It follows that, for

any n > 1, My(t) is a continuous martingale with respect to the filtration F,(t) =

o(Tins - Tig, U(s) |s < ¢, ™= <t < ™4) We can then derive that
[nr
Tni T,
,/ < Cnxkn> ex QMn( ") if izl o T (1.2.10)
n n n

and deduct from (1.2.1) that

sup
1<k<n

(@_M)_l
n n n

The quadratic variation process [M,,] of M, (t) is that

i—1
Tnk Tn,k—1 Tn,i—1
t —an.f < , CnTk n) <L - ni) nf2 < y Cng n> (t - L)
1 n n

n

=o(1), a.s.. (1.2.11)
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i—1 .
=3 f <’“ zk> (1+0a..(1) +cnf? <Zx> (1= =),
n 1 n n n

Because
Elc,f ( s Cn; n) (t — Tm_l)‘ C"Ef2 ( Cn%n>
n n
n K[>
—i f2 < Cndnx> hz()n( )dx < — f2 <Z>$) dx
n J_o n ndy,
K 1 KK;
=—G3|— ) < 0
nd, ° <n> = ndy, ’

where K3 = maxo<;<1 G3(t) and by Assumption 4.3, d,, = o(n) — oo, we have that
Cnf2 (%; Cnxi,n) (T - M) —p 0.
It therefore follows from (1.2.5) that

(My]: —p /0 t Gs(a)dLyy (a,0), (1.2.12)

as n — oQ.

Moreover, the covariance process [M,,, W] of (M,, W) is

[Mny W t —@Zf < y CnTk n> (% - M) Ouw

n

+ \/af ( ; CnTj n> Tn -~ 1) Ouw

1

:Juw(1+0 \/aif < Cnl'kn)
=1

n

+ O'uw\/CTlf < y Cndg n> (t - Tn,i—l) )

n

for any t € [0, 1], where oy, = Cov(U, W). Meanwhile, using argument in Example 25.7
on Billingsley (1995, p.332),
< y CnLE n)

3 ()| < G

k=

Cn

—p 07

because ¢, — oo and using (1.2.6), we have

n
Cn

1
f <k70n$k,n>’ —>D/ Go(t)dLw (t,0).
n 0

n
k=1
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Additionally, |\/af (%, cnxm) (t — Lr)‘ < @Cf(cnxi,n) — 0 a.s. by the integrability

of function cf(-) on R and @ — 0 as n — oo. Thus,
[Mn, W]Tn(t) —p 0, (1.2.13)

where T),(t) = inf{s € [0, 1], [My,]s > t} be the sequence of time changes. Then, in virtue of
DDS (Dambis, Dubins-Schwarz) theorem (see, for example, Revuz and Yor, 1999, p.181),
it follows that the process defined by

B(t) = Mn(Tn(t))

becomes a so-called DDS Brownian motion. Also, M, (t) = B"([My]:), and it follows from
Theorem 2.3 of Revuz and Yor (1999, p.524) that (W, B™) converges in distribution jointly

to two independent Brownian motions (W, B). Therefore, we have as n — oo
ﬁ%f(kcxk>ek2M (Tn’i)

2 Gy e ) e = M (5]
=My (r) + 04.5.(1) = B"([Mn]r) + 0a.5.(1)

pB < /0 ' Gg(a)dLW(a,O)> _ ( /0 " Gy(a)dLy (a, 0))53(1).

This finishes the whole proof. O

1.3 Time-homogeneous and integrable functionals

Since in most cases we encounter in reality the interested statistic quantities are L, =
Yo 1 F(s,cnrspn) and M,, = Y0 F(s,cpsp)es, the results in the last section could
not be used directly. To tackle this issue, the key point is how can we normalise the
time variable in the functionals. Noting that if s in function F is in the form of some
polynomial, we would be able to deal with the normalisation issue of time variable given
that the F' has some convenient form. Motivated by this idea, we propose the following

definition of asymptotical homogeneity with respect to ¢.

Definition 1.3.1. Let F(¢,x) be defined on ¢ > 0 and = € R. Suppose for every = € R,
Vn >0, and ¢t € [0, 1],
F(ntv .73‘) = U(n)f(ta J") + Rn(ta J")u

where
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(a) f(t,x) satisfies Assumption C.
(b) Ry (t,z) is such that one of the following holds:

(i) |Ry(t,2)| < g,(t)P(x) where both P(x) and P?(x) are Lebesgue integrable, and
qn(t)/v(n) — 0 uniformly in ¢ € [0, 1] as n — oo.

(ii) |Ry(t,x)| < g,(t)Q(nt)P(x) where both P(z) and P?(x) are Lebesgue integrable,
limy, o0 anlt) _ (t) which is bounded on [0,1] and Q(y) that is bounded on any

v(n)
compact interval and lim,_, . Q(y) = 0.

Such functions F'(t,z) are asymptotic homogeneous with respect to ¢ and integrable
with respect to x, thus called homogeneous-integrable functions, said to be in Class (HI),
denoted by T(HI). Functions v and f are called homogeneity power and normal function
respectively. Function F'(t,z) with R(t,z) satisfying (i) and (ii) is said to be in T (HI;)
and T (HI3) respectively.

Theorem 1.3.1. Suppose that F(t,z) is in Class T(HI) with homogeneity power v and
normal function f. Then, when Assumption A(a) and (c) hold, for any ¢, — oo, n/c, —

oo, and r € [0,1],

Cn

nv(n)

[nr] r
Y F(s,cnon) —p / G1(t)dLy (t,0), (1.3.1)
s=1 0

where G1(+) = [ f(-,x)dz and Ly is the local-time process of W.
If A (a) is replaced by A (b), then for any ¢, — 00, n/c, — oo, and r € [0, 1],

[nr]

Z F(s,cnxspn) —p /7’ G1(t)dLw (t,0), (1.3.2)
s=1 0

uniformly in r € [0,1] as n — oo under the same probability space defined in Assumption
A (b).

Moreover, if {es} and {xsn} satisfy Assumption B, and f%(t,z) satisfies Assumption
C. We have for n — oo, ¢, — 00, ¢p/n — 0, and r € [0, 1],

[nr] :

\/fv(ln) ; F (8,CnTsn) €s =D </07" Gs(t)dLw(t, 0)) ’ N, (1.3.3)

where Gs3(-) = [ f*(-,x)dz and N is a standard normal random variable independent of
w.
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Proof. Tt follows from the definition of Class 7 (HI) that

[nr] [nr] [nr
mfzn) ; F(s,cnxsn) _on ; f <3 , Cns n) z:: ( , CnZs n)
=11 +1Ip

As suggested by Theorem 1.2.1, if A (a) and (c) are fulfilled, II; —p [; G1(¢)dLw (¢,0);
while if A (b) and (c) are fulfilled, II; —p [; G1(t)dLw (t,0) uniformly in r. It thus suffices
to prove that IIy — p 0 uniformly in r under the condition A (c) in order to complete (1.3.1)
and (1.3.2).

If F(t,x) is in the class T(HI1), gn(t)/v(n) — 0 uniformly in ¢ € [0,1] as n — oo,
then for a given ¢ > 0, when n is large, 0 < ¢,(t)/v(n) < € for all t. Thus, we have from
Assumption A(c) that

[nr]

sup E|Il| < sup ZE‘R ( cnajsn)
0<r<1 ) o<r<1

Secn Z / P(cndsonz)hson(z)de

e 1 o0 1
=€— P(x)h z | dx
" SZ:; d5707n —00 ( ) 5707n <Cnd5707n >
o0 I 1
SGK/ P(z)dx— ,
—0o0 ( ) n szl s,0,n

where K is the uniform upper bound of the densities hy x ,(z). Thus, the desired result of
IIy —p 0 uniformly in r follows from (1.1.4) and € — 0.

If F(t,z) is in the class T(HI3), |Rn (2, cn@spn) | < qn(t)Q(nt)P(chzs,y) with P(z)
and P(x)? integrable, lim,, .o gn(t)/v(n) = I(t) which is bounded on [0,1] and Q(y) that
is bounded on any compact interval and limy_, ;. Q(y) = 0. We have when n is large,

qn(t)/v(n) =1(t)(14+0(1)) and for a given € > 0, there exists so > 0 such that 0 < Q(s) < €
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whenever s > sg. Whence,

[nr]

c
sup E|llp| < 771 sup ZE’R < cnx5n>
0<r<1 nv(n) o<r<1

nu(n —~
Cn = >
<=
= 0H<1?<X1l(t);Q(S) /oo P(cnds()nx)hson( )d.’L‘
<K I(t) OOP( )d Iy~ 1 Q(s)
- orgfgxl 0o v 1'” 1 s,0,n
oo 1 1 1 & 1
=K Orggﬁxll(t) —o0 P(x)dx [n s—1 ds,O,nQ(S) * n szso ds,O,nQ(S)]
o0 1
<
<K max I(t) mP(x [ Z} doom ;d&o,n]

—0,

asn — oo and then e — 0 due to (1.1.3) and (1.1.4) where Kg(sp) = max(Q(1),---,Q(s0)).
This finishes the proof of (1.3.1) and (1.3.2). Now we turn to prove (1.3.3).
By virtue of the definition of the class T(HI),

[nr]
\/a(ln) Z F(s,cnwsn)es
[nr]
Cn cn, 1 S
\/7 Cnxs n) €s + g@ SZ Rn <E7 Cnxs,n> €s

=113 + 14
It follows from Theorem 1.2.1 that

I —p < /0 " Gy(DdLw (1, 0)) : N,

as n — oo where N is a standard normal distributed variable independent of W. Hence,

it is sufficient to show Iy —p 0 in order to complete the proof.
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The structure of martingale difference of (eg, F,.s) and the adaptivity between ey and
Tsn give

[nr]

E[IL]? = 027 Cn e ZER2 ( cnxsn) .

If F(t,x) is in the class T(HI;) and q”(()) — 0 uniformly in ¢ € [0,1] as n — oo, for a
given € > 0, when n is large, 0 < ¢,(t)/v(n) < € for all t. Therefore,

EIL] <027 Zan() *(ensn)

<€20'2n2/ P Cn sOnx)hSOn( )d

1 / ( )
2 2 2
=€"0, P( dx
SZSOn Son ndSOn

1
SGQO'EK/ P2
—oo n

1

—0,

as n — oo and € — 0 on account of (1.1.4).

If F(t,x) is in the class T(HI2), then |Ry (2, cnsn)| < gn (2) Q(s)P(cnzsn) with
P(z) square integrable, lim,,_,~ ¢, (t)/v(n) = [(t) which is bounded on [0,1] and Q(y) that
is bounded on any compact interval and lim, . Q(y) = 0. We have when n is large,
qn(t)/v(n) =1(t)(14o0(1)) and for a given € > 0, there exists so > 0 such that 0 < Q(s) < €

whenever s > sg. Whence,

E[I14)? < 36” 2 ( ) (8)EP*(cpsn)

0<t<1
=02 max I*( h P%(z)h ! x | dz
- C0<i< dsOn o s:0n cndson
< 2
o Korg%l ()/ P?(z)dz— Z

1 1
25 2 2 E :
—e 012?<X1l (¢ )/_OO [ dsOn ds,0n
0

SZS

<o? max [%(t) n ZQ2 / P2(cpds 0.n2)hson(2)de

dsOn

-
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<otk s P0) [ Py | Koo 3 el
g max xr)ax S0)— € —
BN RS2 — oo R — dson n = dson

—0,

when n — oo and € — 0. This completes the proof. ]

1.4 Regular functionals

In this section, we discuss an asymptotic theory about sample mean and sample covariance
for regular functionals f(¢, x) to be defined below which treats the corresponding definition
and results in the literature as a special case.

The following definition of regularity of functional f(t,z) extends that of T'(z) in
Park and Phillips (1999, 2001) for univariate functions. However, it also depends on the
definition of regularity for univariate functions in the literature. Therefore, when we say
a univariate function is regular, we mean that in the sense of the definition in Park and

Phillips (2001) with IT singleton.

Definition 1.4.1. Let f(¢,x) be defined on [0,1] x R. We say f(¢,z) is regular, if
(a) for each = € R, f(t,x) is Lipschitz with respect to ¢, that is, there exists a constant
L(z) relative to x such that for any t1,t2 € [0, 1],

|f(tr,2) = f(t2, 2)| < L(z)[t1 — t2], (1.4.1)

where when x varies L(x) is regular;
(b) for each t € [0,1], f(t,2) is continuous in = in a neighbourhood of infinity;
(c) on any compact interval K of R, for any given € > 0 there exist functions f (¢, z),

f.(t,x), which are continuous in z, and . such that whenever |y — z| < d. on K, for each
t €10,1],

[.(tx) < flty) < f(t, @), (1.4.2)
and
/ sup (f.(t,x) — f.(t,z))dz — 0, (1.4.3)
K t€[0,1]
as € — 0.

Remark 1.4.1. Notice that if f(t, ) reduces to f(z), the regularity of f(¢,x) would reduce
to that of f(z) in the sense of Definition 3.1 in Park and Phillips (1999, 2001). In addition,
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since t is in [0,1], any type of functions f(¢,x) = q(t)P(x) with ¢(t) € C1[0,1] and P(x) is
regular in the sense of reference in the literature is regular in this paper.

Notice also that the main difference between this definition for f(¢,z) and Definition
3.2 in Park and Phillips (2001) for function F(z,7), m € II, is that 7 is a parameter in
a compact set I, while ¢ € [0,1] is not a parameter, which is involved in the following

asymptotic theory as a variable.

Theorem 1.4.1. Let f(t,x) be regular. For the triangular array ts,, 1 < s <mn, n =

1,2,---, and martingale difference (es, Fn.s) satisfying Assumption B,
1 — s 1
. Z f (7, xs,n) —D f(?", W(T))d?", (1.4.4)
n s=1 n 0

\/lﬁgf (%,1‘3,”) es —D /01 for,W(r)dU(r), (1.4.5)
as n — oo.

Proof. Observe that with the condition B (d) in Assumption B that (U,, W,,) —p (U, W)
on D[0, 1], it follows from the so-called Skorohod-Dudley-Wichura representation theorem
that there is a common probability space (2, F, P) supporting (U2, W?) and (U,,, W,,) such
that

(UL, W2 =p (U, W,) and (U2, W0) =, (U W), (1.4.6)

in D[0, 1] with uniform topology.

Moreover, under conditions B(a), (¢) in Assumption B, as indicated by Lemma 1.2.1,
there exists an increasing sequence of stopping times 7, (kK =1, -+ ,n) with 7,0 = 0 on
the space (2, F,P) such that

o (i) —p U (%’“) and WO <:> —p W (ln"f) : (1.4.7)

for k=1,---,n, and

Tnk — K
sup |5 ’ 4. 0 (1.4.8)
1<k<n| T
as n — oo for any § > max( %, %) where p is the moment exponent given in condition B(a).

Such a schedule of consideration, referred to as the embedding schedule? in the sequel,

allows us to rewrite any statistic about U, and W, equivalently in distribution into an

2We emphasise that the embedding schedule applies in the subsequent proofs. We shall mention it

without showing the details whenever it is used.
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expression of U and W, so that we can obtain the weak convergence of the statistic by
studying the latter with almost sure convergence of (US, W) —,.s. (U, W). Tt therefore is
reasonable in the sequel to assume without loss of generality that (U,, W,,) —4.s. (U, W)

in order to avoid notational complication. To prove the result in (1.4.4) we first write that
1~ , (s I~ ,(s—1 1 s—1 1
Sf (Zaw) =2 s (e (1))
n<=" \n (ot n n n n

n % 1
:;Lnl f(r+0(1),Wn(r+o(1)))dr:/0 fr+o(1), Wn(r +o(1)))dr.

Thus, to complete the result in (1.4.4), it therefore suffices to show

1 1
/ F(r + 0(1), Wa(r + 0(1)))dr —as. / Fr, W (r))dr.
0 0

Because of the condition (b) in regularity definition, there exists a constant ¢ > 0 such
that f(t,z) is continuous in x whenever |z| > ¢. Let J = [—c — 2,¢ + 2]|. For any given
e > 0, it follows from the regularity of f that there exist continuous functions L(r, x),

fe(r,x) in x and § > 0 such that whenever |z — y| < 0 on J, for each r € [0, 1],

f(r,x) < f(ry) < folr,o).

Note that when z =y € J, we always have f (r,z) < f(r,z) < fe(r,z).

Since supg<,<1 |Wn(r) =W (r)| = 04.5.(1), let n large enough such that supy<,.<1 [Wp(r)—
W(r)| < %5 almost surely. Without loss of generality, assume that § < 1.

Observe that for large n, |Wy(r + o(1)) — W(r)| < [Wyp(r + o(1)) — W(r + o(1))| +
|[W(r+o(1)) — W(r)| < 6 almost surely uniformly in r where we exploit the fact that the
Brownian motion sample path is almost surely continuous, hence almost surely uniformly
continuous on [0, 1].

Denote A(r) = {|W(r)| < c+1}. It follows that on A(r), when n is large, W, (r+o(1)) €
J, W(r) € J; while on A(r), |Wp(r + o(1))| > ¢, [W(r)| > ¢

Notice that from Condition (a) of regularity,

1 1
/ f(r—l—o(l),Wn(r—i—o(l)))dr—/ flr,W(r))dr
0 0

1
S/O [f(r 4 0(1), Wa(r + o(1))) — f(r, Wa(r + o(1)))| dr
1

+

/ L W+ 0(1))) — F(r, W(r)]dr

0
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1 1
<o(1)/0 L(Wy,(r+o(1)))dr + /0 [f(r,Wy(r+o0(1))) — f(r, W(r))]dr|.

However,

1
/0 (s Wi + 0(1))) — £, W(r)]dr

1
S/O [ (r, Wa(r + 0(1)))dr — f (r, W(r)) [ I(A(r))dr

_|_

1
/0 [f (r, Wa(r + 0(1))) = £(r, W(r))JI(A(r))dr

1 —_
< / Fo(r, W) = £ (r, W) L(A(r))dr
0

_'_

1
/0 [f (r, Wa(r + o(1)))dr — f (r, W (r))]I(A(r))dr

=A1 + As.

where I(-) is the indicator function.

Moreover, it follows from the occupation time formula for the bivariate Brownian

functional that

A =/0 [F(r, W) = f(r, W)W ()| < ¢+ 1)dr
_ _6:_11 da /0 ! r.0) = £ (r,a)] dLw (7, )

S/J sup [ﬂ(r, a) — f(r, a)} da/o1 dLy (r,a)

0<r<1

:/LW(I,a) sup [76(7”» a)_ie(r’a)] da
J

0<r<1

<supLW(1,a)/ sup [76(7", a) — f (r, a)] da =46 0,
acJ J0<r<1 =€

as € — 0, due to regularity of f and sup,c; Lw(1,a) < 1 almost surely.

Furthermore, because f(r,-) is continuous on |z| > ¢, the continuous mapping theorem
implies that As — 0 a.s.

Regarding fol L(Wy,(r+o(1)))dr, since L(-) satisfies Condition (b) and (c) in regularity,
similar derivation as above yields the result that it approaches fol L(W (r))dr almost surely.
Hence, the proof of (1.4.4) is completed.

We are ready to prove (1.4.5). Once again the embedding schedule described in the
first part permits us to derive it under a stronger condition that (U,, W),) —4.s (W,U).
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Let us write

3 (e 31 ()

\/15
B (e (5 e0) (5 6)- (7))
zn: ﬂnl f(r+o(1), Wy (r + o(1)))dUy(r)

1 4
_ /0 4 0(1), Wa(r 4 o(1))dUn(r) := 3114,
k=1
where
1
M = / £+ 0(1), W (r + 0(1))) — £(r, Wa(r + o(1)))|dUn (r)
1
M, = / (s W+ 0(1))) — felr, Wa(r + o(1)))|dUn (1)
n3/ferw<r+o< ))dUs (r /ferW ")dU (r)
I, — /D £ W(r)dU(r),

in which denote f.(r,x) = f.(r,x) or f (r,z) for notational convenience. Observe that
(fe(r,Wh(r 4+ 0(1))),Upn(r)) = (fe(r, W(r)),U(r)) almost surely due to continuity in = of
fe. Tt follows from Theorem 2.2 in Kurtz and Protter (1991) that II3 —p 0 as n — oc.

Therefore, in order to finish the proof, we need to show (1) II; —p 0 when n — oo; (2)
for all large n, Il —p 0 and Iy —p fol f(r,W(r))dU(r) when € — 0. Let us investigate
them term by term.

It follows from Assumption B (a), (c¢) and regularity that
1 2
E[L)* =E {/ [f(r+o(1), Wa(r +0(1))) — f(r, Wn(r + 0(1)))]dUn(?")}
_a2E/ (r + o(1), W (r + 0(1))) — (. Wa(r + o(1)))]%dr
2E/ LA (Wy(r + o(1)))dr — 0,

as m — oo because we have fol L2(Wy(r + o(1)))dr —a.s. fol L?(W (r))dr similar to the
counterpart in first part, and by virtue of the regularity, L?(W,(r)) can be dominated by
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L?(W(r)) when n is large for some € > 0 and L(-) is continuous, Efo1 L2(Wy(r))dr —
E fol L*(W (r))dr < co. This finishes the proof of (1).

The convergence of Ily and II4 can be proven at the same time if we show

1
/O [f(r, Wa(r +0(1))) = fe(r, Wa(r + o(1)))]dUn(r) —p 0,

as € — 0 for all large n including n = oo that means conventionally (Us(r), Veo(r)) =
(U(r), V(r)).

Let real ¢ be defined as before. All notations €, 6, J, A(r), f.(t,z) and f (t,x) keep
the same meanings as in the first part. In view of regularity condition (b), we may
find f (r,z) and f(r,x) such that they are continuous in z on R for each r € [0,1],
since beyond [—c,¢c|, we can take f (r,z) = f(r,x) = f(t,x) and due to this reason,

fo(r, o) — f _(r,z) is bounded on R. Consequently, sup,¢jo,1)(fc(r, ) — f _(r,z)) is bounded

—€

on R because it is continuous and beyond [—c, ¢] it is zero. Let C' be the upper bound of

SUDrc[0,1] [fe(rv ZZ?) - i€(ra .’L‘)]
By the adaptivity of (Up(r), W, (r + o(1))), for large n,

2

B { [0+ o0) = £ Wale-+ o))}
=028 [ 15 W+ o1) = 405, War + o(1) P
=028 [ 150 Walr 1)~ 05, Walr-+ (DI (A
<28 [ T0r:Walr + o) = 1,0, Walr + (D) PI(A)ar

1
—>a.s.0§E/0 [Fe(r, W (r)) = f (r, W (r))PI(A(r))dr,

by virtue of continuity and boundedness of f,(¢,z)—f (¢,7) in 2 and the fact that indicator

—€

function is bounded as n — oo. Observe that by the occupation formula
1
/0 [fe(r, W (r)) = f (r, W()PI(W (r)] < ¢+ 1)dr
00 1
— [ da [ [Fitrea) - £ ()Ll <+ DiLwra)
—00 0

c+1

1
— a | [f.(r,a)— f (r,a)]? r,a
_ d/ow,) £.(r,a)2dLw (r,a)

—c—1
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_ 1
<C [ sup [fc(r,a)— f(r, a)]da/o dLw (r,a)

J 0<r<1

<C'sup LW(l,a)/ sup [f.(r,a) — f (r,a)lda —4.5. 0,
a J0<r<1 -
as € — 0.
It follows from the dominated convergence theorem that IIs —p 0 and II4 converges

to the desired variable in probability as e — 0. This finishes the proof. O

The following lemma gives the closure of the usual operation: addition, multiply by a

scalar and product for regular functionals.

Lemma 1.4.1. Suppose that both f(t,z) and g(t,z) are regular, then f(t,z)+ g(t,x),
cf(t,x) for any c € R and f(t,z)g(t,z) are regular.

Proof. For the sake of convenience, we firstly denote the components in the definition of
regularity for f(¢,x) and g(¢,x). There exist function L¢(x) and Ly(x) which are regular
such that for any t1,ts € [0, 1] we have

Ftr2) = flt2,2)] < Ly(@)lts — tol,  |g(tr, ) — gltz, )| < Ly(a)lts — tal.

On any compact interval K of R, for any given € > 0 there exist functions L(t, x), f(t, x),
g (t,x), gc(t,z) which are continuous in z, and de such that whenever |y — x| < J. on K,

for each t € [0, 1],

f(t2) < flty) < ftx), g.(tx) <glty) <7G.(t2)

and

/ sup (f.(t,x) — L(t,x))dw — 0, / sup (g.(t,z) — ge(t,:v))d:c -0
K K

tel0,1] t€[0,1]
as e — 0.
We shall prove the statements one by one.
(1) Evidently f(t,x)+ g(t, ) is Lipschitz with regular function L(x) + Ly(z) because
of Lemma Al of Park and Phillips (2001). Whenever |y — z| < J., we have

f.(ta)+g (tx) < f(ty) +9(ty) < ft,z) +7.(t ),
and

/K sup [F.(t2) + 3.(t,) — f.(t,2) — g (t,2)]da

te[0,1]
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< [ sw (Ftr) = f(ta)da+ [ sw (@ta) —g (ha)de 0.

te[0,1] te€[0,1]

as € — 0. Thus, f(t,z) + g(t,x) is regular.
(2) It is obviously valid.
(3) For any t1,ts € [0,1], we have

[f(t1; 2)g(tr, ) = f(tz, ©)g(t2, ©)]

<lg(tr,z)[|f(tr,x) — f(t2, 2)| + [f(t2, 2)[|g(t1, 2) — g(ta2, )|
<|g(t1,z)|Ly(x)[ts — ta| + | f(t2, )| Lg(z)|t1 — t2
<(t1Lg(x) + g(0,2))Ly(x)|t1 — to| + (toLy(x) + f(0,2))Ly(x)[t1 — ta|

IN

IN

g
g
(t2 L
[(t1Lg(x) +9(0,2)) Ly(2) + (t2Ly(x) + f(0,2)) Ly(x)][tr — tof
[(Lg(x) + 90, 2)) Lp(x) + (Ly(x) + f(0,2)) Ly(2)][t1 — tal,

and since both g (0,2) and f.(0,x) are continuous function, by Lemma A1 of Park and

Phillips (2001) the term in the square brackets is regular.
Meanwhile, M (t,x) < f(t,y)g(t,y) < May(t, x) where

My (t, ) =min(f (t,2)g (t.2), [ (t,2)7(t,2), fc(t,2)g (t, 2), f(t,2)gc(t, 2)),
Ms(t,x) =max(f (t,x)g _(t.2), f (t,2)gec(t,2), fc(t,)g (t,2), fc(t, 2)Gc(t, x)).
Because all components in the min and max are continuous in x, on compact set
K they are bounded in absolute value by I'(t), say. Meanwhile, M;(¢,x) and Ms(t,x)

are continuous in x as well due to the same reason. Thus, 0 < Ms(t,x) — My(t,z) <
F(t)[‘ge(t7x) - ge(tax” + |?e(t7x) - ie(tax)u We then have

0< / sup [Ma(t,) — My (t, 2)|da
K 0<t<1

< sup T(1) [ [ s @) — g (et + [ sup (7(ta) — £ (1)

0<t<1 0<t<1 0<t<1

as € — 0. The proof is completed. O

1.5 Homogeneous regular functionals

We borrow some notations from Park and Phillips (2001) for convenience. Let 775 denote

the class of locally bounded transformations on R; let .7; LOB be a subclass of 77 p consisting
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only of locally bounded transformations which are exponential bounded, i.e. transforma-
tions P such that P(z) = O(el*l) for some ¢ > 0; the class of bounded transformations on
R is denoted by Zp, and a subclass 959 of Jp is the collection of transformations that are
bounded and vanish at infinity, i.e. transformations P such that P(z) — 0 as |z| — oc.
Clearly, 79 C I8 C 725 C T1B.

Definition 1.5.1. We say function F'(¢, ) is asymptotic homogeneous regular with respect
to both ¢ and z, if for all £,7 > 0 and ¢ € [0, 1],

F(&t,nz) = vi(§v2(n) f(E, ) + R(E, 3 ¢, @), (1.5.1)

where f(t,x) is regular on [0,1] x R, and |R(§,n;t,x)| < Ae(t)a(n)P(x) + q(t)b(&) B, (x)
with positive functions A, a, P, B, ¢, b such that

Ae(t)

)« 50 and either lim SUD¢ 00 py(g) — 0 uniformly in

v2(n)
t € [0,1]; or v1(§) = o0 as & — oo and Ag(t) = A(t) which is Riemann integrable on

[0,1]; or A¢(t) = Ae(t)Q(&t) with limsupg o ff((g = [(t) which is bounded on [0, 1]
and Q(-) € Z3. And,

a) P(z) € J, limsup,

b) ¢(t) is bounded on [0, 1], limsup,_,, %(% < 0o and either B,(z) = B(n)V(z) with

limsup,,_, i((z)) =0 and V(z) € 92, or By(z) = B(n)V(nx) where V(-) € 3 and

B(n)
v2(n)

limsup, < 00.

In the definition of asymptotic homogeneity, we denote F'(t,xz) € T(HH) and call
f(t,x) the normal function of F(¢,z), and v1(-) and va(-) the homogeneity powers with

respect to ¢ and x respectively.

Remark 1.5.1. (a) If the functions involved in the definition reduce to univariate functions
without time variable, i.e., F(t,z) = F(z), vi(§) = 1, f(t,z) = f(x) and R({,n;t,z) =
R(n; x) with ¢(t) = 1, b(§) = 1, it becomes the Class (H) in Park and Phillips (1999, 2001).

(b) In practice, often one of the two dominate terms of R appears. The only appearance

of the first term implies that ¢(¢) = 0, while that of the second term indicates that

P(z) = 0.
(c) There are many functions which have asymptotic homogeneity. For example,
(1). F(t,z) = art™azh 4 -« 4 apt™ 2 with my > --- > my > 0, my > 1 and

Iy > -+ > I, >0, is homogeneous where f(t,z) = ajt™ ', vi(£) = €™, va(n) = nh,
and if my > mo, [R(&,n;t,x)| < Ag(t)a(n)P(x) where Ag(t) = a™*t™2 4 - - - + a M t"2,
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a(n) = n®2 and P(z) = 1 + |z|2. Clearly, lim¢_,o ‘315—((3 = 0 uniformly in ¢. If Iy < [,

IR(E 75 1,2)] < q(D(E) By(w) where g(t) = 1+ 8™, b(E) = €72, By(x) = nf2(1 + []12).
Palpably, lim, s 2255 = 0 and 1 + [z € F0p.

(2). F(t,z) = t*log(l + |z|) with @ > 1. The normal function f(¢,z) = t* and
v1(§) = €%, va(n) = log(n), while R(&,n;t,z) < £¥“log(1 + |z|). Notice that b(&) = €2,
q(t) =t By(x) =log(1 + |z|) with B(n) = 1 and log(1 + |z]) € F5.

(3). F(t,z) =t?x + mﬁx The normal function is f(¢,z) = t?z, the homo-
geneous powers are vi(§) = &2 and va(n) = n; while R(&,n;t, ) < A¢(t)a(n)P(x), where

a(n) =1, P(x) = |z], Ae(t) = Ac()Q(€t) with lime o0 556 = lime_yo0 ¥ =12 and

Qy) = m — 0 when y — +oo0.

(4). F(t,z) = t*D(x) where a > 1 and D(z) is a distribution function for any random
variable. Then f(t,2) = tI(z > 0), v1(€) = £, va(n) = 1, R(E, 15,3) < b(€)a(t)Q(2)
where b(§) = £, ¢(t) = t* and Q(y) = D(y)I(y < 0) + (1 — D(y))I(y = 0) which

approaches to zero when y — 4o00. O

Theorem 1.5.1. Let F(t,z) be in Class T (HH) with homogeneity powers vi(-) and va(-)
and normal function f(t,z). Let martingale difference (es, Fr s) and x5y satisfy Assump-

tion B. We then have

n

1
SZlF(s,cn:Us,n) —D /Of(r,W(r))dr, (1.5.2)

1

nui(n)va(cy)

1 1
W;F(s,cnx&n)es —D /Of(r,W(r))dU(r), (1.5.3)

where (U(r), W (r)) is the limit of (Up(r), Wy(r)) for r € [0,1] stipulated in Assumption
B.

Remark 1.5.2. Notice that if F(¢,z) reduces to an univariate function F(z), with ¢,, = y/n,
(1.5.2) becomes Theorem 5.3 of Park and Phillips (1999) and the first part of Theorem 3.3
with singleton IT of Park and Phillips (2001); (1.5.3) becomes the second part of Theorem
3.3 with singleton II in Park and Phillips (2001).

Proof. Observe that, like preceding proofs, the embedding schedule allow us to work un-
der a stronger condition (W,,,U,) — (W,U) almost surely but still achieve the weak

convergence for the assertion.
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It follows from the asymptotic homogeneity of F' function that

1
—ZF S, CnTsm)
nui(n)va(cn) <

1 n
*Zf ( s Ls n) nvl(n)vz(%);R(nacn;svcnxs,n)-

Note that f(t,z) is regular and thus by the proof (not the result) of Theorem 1.4.1,

;éf (%) s [ S0 W00

as n — oQ.

In order to complete the proof of (1.5.2), it thus suffices to show

ZR N, Cni S, CnTsn) —a.s. 0.

nvi(n)va(cy) ~

Let lim;,,— oo 52(%3 = a and lim, s % = b. Let K = [Smin — 1, Smax + 1] with

$min = inf,cp01) W(r) and smax = sup,¢jo,1) W(r). Note that almost surely K is a finite

N

compact interval.

It follows from the definition that as n is large,

Z |R(n, cn; S, Cnts p)|

s=1

<nU1 ZA < ) (xsn) + nvl(l:z()?:)l(%) Sz:; q (%) Be, (zs5n)

;lm—;o ZA ( ) xsv")+l)(H—0(1))zn:Q(Z)Bcn($s,n)

nvl(n)vg(cn

nva(cn) 4=
=117 + 5.
If limsup,,_, % = 0 uniformly in s, then for any given € > 0, when n is large

enough, 0 < f:}?g)) < €. Thus,

1 n
0 <Th <ea(l+o(1))— > P(zen) < ea(l+ 0(1)| Pl —as. 0,

s=1
as n — oo and € — 0 since x5, = W,(r) € K due to convergence of Wy, (r) to W(r)
almost surely and ||P| k, the bound of P(x) on K (in the sequel similar notations have

the similar meaning), is almost surely finite. Thus, II} — 0, a.s.
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If v1(n) — o0 as n — oo and A, (t) = A(t) which is Riemann integrable on [0, 1], then

1+o(1 -
0<TI = ;A(> (2sm)

nvi(n )
1+0
<Dy L ZA( ) S
since asn%oo,ﬁ—ﬂ),gzszlfl(%)%fo t)dt < oo and ||P||x < oo a.s.. We

have II; —,.5 0 as well.
If A,(t) = An(t)Q(nt) with limsup,,_, . n(t) [(t) bounded on [0,1] and Q(y) is

vi(n)

bounded on R as well as limy_,,~ Q(y) = 0, then for any given € > 0, there exists a

positive integer sg such that when y > sp, 0 < Q(y) < €. Therefore,

0 <, =2 ro) ZA (2) @) Pon)

nv1

a(l+o(1 Zl< ) xs,n)

<a(l +o<1>>0gg§xlw>||PuKﬁZQ(s)

n

Z Qs Z €| —as. 0,

s:so

<a(140(1)) OIE?X L) Pk

asn — oo and € — 0. Thus, II; —,.5. 0 too.
We are now in a position to show Il —, . 0.
If B, (zsn) = B(cn)V(2s,) with limsup,,_, Blen) _ 0,0 < ¢(t) < M, < oo on [0,1]

va(en)

and V(z) is locally bounded, then for any given ¢ > 0, when n is large, 0 < fz((ccz)) < e
Thus,

b(1 4 0(1)) <

0<Ily =
nva(cy)

q (%) B(Cn)v(xs,n)

s=1
Seb(l + O(l))HVHKMq —a.s. 07

asn — oo and € — 0. Thus, IIs —,. O.

If Be,(7sn) = B(cn)V (cnxsn) where limsup,,_, o UQ((C )) [ < o0 and V (y) is bounded

and vanishes at infinity, viz., limy_, V(y) = 0, then when n is large, UBQ((CC )) =1(1+4o0(1))

and when |y| > yo for some positive yo and a given € > 0, |V (y)| < e. Therefore,

o<1, =0+ o)B(en) En: q (%) V(cnTsn)

nua(cp,) —
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3

=bi(1 l Z q (%) (cnTsm)

1
1 n
=blM,( ﬁ Z (ensn)

3

X [I(|enzsn| < yo) + I(lentsn| > o)l

@mmrmu»@w@zymmmuww+ﬁ

s=1
1
00,1+ V) (V] [ Tl W+ o(1)] < )i +¢).
0
Observe that for € > 0,
&MWMT+MDN§yM

:{Wn(r+o< )] < 2 W ()] < gOH}

n

U{W%@+MDH§?JW(M>C4+}

n n

c {W(r) <&y e} U{|Wa(r +0(1)) = W(r)| > e} .

n

Thus,
HealWalr + o)) < o} < {IWE)] < Lo+
+ I {|Wy(r+o(1)) = W(r)| > €}.
However, as n — oo, for every r € [0, 1],
{wons Zweef Lawen <.

{{Wa(r+o0(1)) = W(r)| > €} |0,

which imply that
1
I%ﬂMg%m+*%MIWWMS@
I{ sup |[Wy(r+o(1)) — W(r)| > e} —a.s. 0.

0<r<1

It follows from the dominated convergence theorem that
1
0 S/ I{en|[Wh(r 4+ o(1))] < yo)dr
0
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< [ {wens D cfars [ 10w+ o) - ol > ar

0

1
—>a.s./0 IT{{W(r)| < e}dr.

Then, as € — 0, [ {|W(r)| < €} —qs I{|W(r)| = 0} = 0 almost surely except r = 0.

Once again, the dominated convergence theorem implies that

1 1
/ (W) < ) dr %/ W) = 0}dr =0, a.s.
0 0

Hence, IIs —,5 0 as n — oo first and then € — 0. This finishes the proof of (1.5.2).
We are now ready to prove (1.5.3).
It follows from the asymptotic homogeneity of F'(-,-) that

1 n
— Z F(s, calton)es
Vnur(n)va(ey) po

1
f2f< $sn)es+WZRncnas Cnxsn)es

=I5 + I4.

According to Theorem 1.4.1,

=237 (Soan) eo o [ FrWODU ()
s=1

It thus suffices to show that with the help of the embedding schedule, Il —p 0 as

n — oo in order to finish the proof. Using martingale structure of (es, F, s) we have

2
1 n
2 _ .
E[I14] oy (n)2vz(cn)2E SE 1 R(n, cp; s, cnxs,n)es]
20—2 g ER*(n,cn; 8, Cnsn)
’I’LUl( )21}2 2 n ndsn

202a? 9 (8 9
<m)1 2U2 ZZA ( ) P(@sn)]

22
S ()

=I141 + Iyo.
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An(2 . . .
Observe that if limsup,, % = 0 uniformly in s, then for any given € > 0, when

An(2)
) < €. Thus

n is

n

1
< Iy < 2a202(1 1))=Y E[P(zs,)]%.
0 <1y < 2a07( +0())6n; [P(xsn)]

Since P?(-) € yLOB: P%(zs,) < |P?||x < oo almost surely and then E[||P?|x] < oo,
hence 1 3" | E[P(z5,)]> < E[||P?|| k], which implies that IIy; — 0.
If A, (£) = A(£) and v(n) — oo when n — oo,

2 2 2 2
0 <Ily; <2a°0%(1+ o nv1 P ZA ( ) P(xsp)]

a2 (3) -

on account of integrability of A2(t), which implies that IT5; — 0 as well.

If A,(t) = A,(t)Q(nt) with limsup,,_, 51"((73 = [(t) which is bounded on [0, 1] and

Q(y) is bounded as well as limy ;o Q(y) = 0, then for any given € > 0, there exists a

oz (1+0(1)E [”P2HK

positive integer so such that when y > sg, 0 < Q(y) < €.

0 < Iy <2402 ! ma 2(t)(1 + of ZQ2 P(xgn))?
<2a202E[|| P 12 %(
o B[ P2l x] ymace 1(1) Z@

<2a%07 B[||P?|| ] max 1*(¢)(1 [ ZQ2 Z 2]

t€(0,1]
s:so

—0,

asn — oo and € — 0.

As for Iyo, if Be, (25,n) = B(cn)V(2s,), V(z) € T, and limsup,,_, Blen) — ), then

va(cn)

for any given € > 0, when n is large,
1 n
0 < Ty <2020%(1 2n Zq2 ( ) ivs,n)]Q
<202b*(1 + O(l))EZE[HVQHK]Mq — 0,
as n — oo and € — 0, hence, 4o — 0.
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If Be, (7sn) = B(cn)V (cnxsn) where limsup,,_, o (en) — 7 < o0 and V(y) is bounded

va(cn)

and vanishes at infinity, viz., limy_, V (y) = 0, then when n is large, E(C”) =1(14+0(1))

2(cn)
and for a given € > 0, let yo > 0 such that whenever |y| > yo, |V (y)| < e. Consequently,

n

 202b%(n) B%(cy) s
0< a2 = nv1(n)2va(cy)? ; q2 (ﬁ) E[V(cnxs,n)]z

S

@ (3) BV (cawsn))”

S|
NE

<202b%1%(1 + o(1))

w
Il
-

=2020%1%(1 4 o(1))

S
M=

¢ (2) BV (non)?

n

©
Il
—

X [I(’Cnxs,n‘ < yO) + I(’Cnxs,n‘ > yO)]}

1 n
<202b%1%(1 + o(l))HVQHM(fEE > I(enlwsm| < yo) + 2026°12(1 + o(1)) €2 M

s=1

1
=202%1%(1 + 0(1))||V2||Mq2E/ I(cn|Wa(r)| < yo)dr + 2026*1*(1 4 o(1))e* M/
0
—0

by the result in the first part that fol I(cp|Why(r)| < yo)dr —45 0 and the dominated
convergence theorem as n — oo and € — 0.
This finishes the whole proof. O
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Chapter 2

Orthogonal expansion of Brownian

motion functionals

2.1 Introduction

Researchers have long employed stochastic processes to depict random phenomena in many
disciplines such as economics, finance and engineering. In finance, for example, equity’s
price in the Black-Scholes model is formulated as a stochastic process. Meanwhile, the
price of a derivative on the equity is described in terms of the so-called Black-Scholes PDE
(Partial Differential Equation) in Black and Scholes (1973). As a matter of fact, many
popular models in economics and finance, like those for pricing derivative securities, involve
diffusion processes formulated in continuous time as solutions to stochastic differential
equations. These processes have been employed to model options prices, the term structure
of interest rates, and exchange rates, for example. Stochastic differential equations also
have been used to model macroeconomic aggregates like consumption and investment, and
systems of such equations have been studied extensively to delineate economic activities
at a national level.

A diffusion process can be thought of as a strong Markov process with continuous
paths. Inspired by Lévy’s investigation of sample paths, It6 studied diffusions that could

be represented as solutions of stochastic differential equations of the form
dX(t) = a(t, X (t))dt + b(t, X (t))dB(t), X(0,w) =Y (w), (2.1.1)

where B = (B(t),t > 0) denotes a standard Brownian motion, and a(t,z) and b(¢, x) are
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deterministic functions. Under sufficient conditions, such as the Lipschitz condition for
a and b functions and finite second moment for initial value X (0), differential equation
(2.1.1) has a so-called strong solution, which can be expressed as a functional of Brownian
motion, i.e. X(t) = f(B(t)). In the last few decades, researchers devote remarkable effort
to studying solutions of such diffusion equations based on some assumptions on the forms
of the drift function a(t, X (¢)) and diffusion function b(¢, X (t)).

When both a(t,x) and b(t,x) are unknown parametrically, the parameters involved
in X (¢) can be estimated using existing estimation methods, such as Fan et al. (2003),
Ait-Sahalia (2002) and Hardle et al. (2003). When both a(¢,z) and b(t,x) are unknown
nonparametrically or semiparametrically, statistical estimation of the drift and diffusion
functions have been extensively discussed in the literature, such as Chapter 5 of Gao
(2007). Meanwhile, stochastic diffusion models with time-inhomogeneity are also useful
in modelling economic and financial data. See, for example, Hamilton and Susmel (1994),
?, Fan et al. (2003), Ait-Sahalia (2002) and Hardle et al. (2003).

In the meantime, existing literature discusses how to estimate unknown functions of
nonlinear time series using nonparametric and semiparametric methods. For the stationary
case, recent studies include Fan and Yao (2003), Gao (2007) and Li and Racine (2007).
It should be pointed out that the literature also shows that many economic and financial
data exhibit both nonlinearity and nonstationarity. Consequently, some nonparametric
and semiparametric models and kernel-based methods have been proposed to deal with
both nonlinearity and nonstationarity simultaneously. Existing studies mainly discuss the
employment of nonparametric kernel estimation methods. Such studies include Phillips
and Park (1998), Park and Phillips (1999, 2001), Karlsen and Tjgstheim (2001), Karlsen
et al. (2007), Cai et al. (2009), Phillips (2009), Wang and Phillips (2009a,b), Xiao (2009),
and Gao and Phillips (2010).

However, such kernel-based estimation methods are not applicable to establish closed-
form expansions of Brownian motion functionals. In the stationary case, the literature
discusses how series approximations may be used in dealing with stationary time series
models, such as Ai and Chen (2003), Chapter 2 of Gao (2007) and Li and Racine (2007).
As discussed above, there is need to study Brownian motion functionals of both time-
homogeneity and time-inhomogeneity. Note that one powerful way of dealing with such
problems is to decompose the process, say f(B(t)) or f(t,B(t)), where the functional

form is unknown, into an orthogonal series in some Hilbert space, such that once one
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has obtained observed values of the process, the coefficients involved in the series can be
estimated using an econometric method. Actually, there is long history that there is a
close connection between stochastic processes and orthogonal polynomials. For example,
the so-called Karlin-McGregor representation expresses the transition probability of the
birth and death process by means of a spectral representation in terms of orthogonal
polynomials. Some people clearly feel the potential importance of orthogonal polynomials
in probability theory. Schoutens (2000), for instance, gives an extensive discussion about
relations between stochastic processes and orthogonal polynomials.

It is therefore clear that our first aim in this paper is to expand an unknown stochastic
process into an orthogonal series. To this purpose, a suitable Hilbert space which contains
objective processes should be constructed, and we need to find out the orthonormal basis
for the space. It then follows from the Hilbert space theory that we can expand any
element in the space into series by means of existing bases. Our second aim is to employ
the expansions developed in this paper to estimate an unknown function of the form m(¢, x)
involved in an econometric time series model. This question is dealt with by considering
three types of sampling, that are, on infinite interval (0, c0), on finite interval [0, 7] with
fixed T and on compact interval [0,7T,] with T,, increasing to infinity as sample size goes
to infinity. All sampling points are equally spaced. Essentially they are quite different.
The first case requires more restrictions on m(t, z), while the last two cases, due to the
compactness of the time horizon, involve relatively less restrictions on m(t, z). Our results,
on the other hand, show that the limiting theory in the case of ¢ € [0,T] with T" being
fixed is very unique. By contrast, the asymptotic theory for the other two cases is quite

similar.

2.2 Orthogonal expansion of homogeneous functionals of

Brownian motion

The aim of this section is to expand a functional of Brownian motion f(B(t)) into an
orthogonal series. The Hermite polynomial system {H;(z)}5° is known orthogonal on
(—00, 00) with respect to the density function ¢(z) of standard normal distribution. Let

D = d/dzx be the differential operator. Then Hermite polynomials are defined as
1

Hi(z) = (-1)%’MDZ¢($), i > 0.
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In addition, Hermite polynomials H;(z) can be generated by the exponential generating

function

exp(zw — w?/2) = Z Hz(x)lzv'l, (2.2.1)
=0

which, in some cases, is more convenient to be used than the definition.

The first 11 Hermite polynomials are

= 2% — 152% + 4522 — 15

=27 — 212° 4+ 10523 — 105z

= 2% — 282% + 2102* — 42022 + 105

= 2% — 362" + 378z° — 126023 + 9452

The relationship of orthogonality of Hermite system is
o0
/ Hi(2) H, (2)6 () da = 5y, (2.2.9)
—00

where ¢;; is the Kronecker delta.
It is known, (for example, Example 1 of Shiryaev, 1996, p.268) that Hermite polynomial
system {H;(x)}3°, is a complete orthogonal basis in the Hilbert space L*(R, ¢(z)) defined

as
P(®.0() = { fa)s [ Plajoaran < (223)
and in which the inner product is defined as

(r9)= [ T f@)g(@)d@)dz,  f.g € LR, o(x)). (2.2.4)

Here the completeness means that every function in the space can be represented either

as Zf:o ciH;(x), or as a limit of these form in the sense of mean square. A necessary and
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sufficient condition of an orthogonal system to be complete in a complete space is that if a
function in the space is orthogonal with every element in the sequence, then this function
must be a zero function. See Theorem 3.17 of Kufner and Kadlec (1971, p.90).

Since we shall work with Brownian motion whose density function is ¢¢(x) = ﬁe*‘ﬁ/ 2z
it is necessary to construct a system which is orthogonal with respect to ¢.(z). To this

end, for any ¢t > 0, define

hi(t,x) = —=H;(x/Vt), i=0,1,2,.... (2.2.5)

b
Vil

Such defined system h;(t, z) belongs to the space

PR = {10): [~ Pwyoads <o), (2.2.6)

which is a Hilbert space (see, for example, p.162 of Dudley 2003) with the conventional
inner-product defined by (f,g) = [ fg¢idz and induced norm || f|| = (f, f)*/2.

Lemma 2.2.1. In the space L*(R, ¢4(x)), {hi(t, )} is a complete orthonormal polynomial

system.

Proof. Firstly, note that

1

(hi(t, ), hi(t, 2)) 2R,y (2)) = i

(Hi(z), Hj(%)) 2R ¢(2)) = i

implying the orthogonality of the system.
In addition, since L?(RR, ¢(x)) is complete, the completeness of {h;(t, )} is tantamount
to showing that suppose f(z) € L*(R, ¢(x)) is orthogonal with every h;(t,x), then f(z)

must be a zero function, viz., f(z) = 0 in the space. In fact,

0:(f(:c),hi(t,x L2(R, ¢ (x /f t T (bt( )

f/f x/\/)
—— / f(ﬂx)Hi(x)cb(w

which implies that (f(v/tz), H;(z)) 2 (R,¢(z)) = 0 for every i. Whence, by the completeness
of H;(z) in the space L?(R, ¢(z)), f(v/tx) =0, hence f(x) = 0. O

e % /2tdl'

t

1
dx = ﬁ(f(\/ix), H;(2)) 2 (R, ¢(2))
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Therefore, we assert that L?(R,¢;(x)) is a Hilbert space equipping with this inner-
product and corresponding induced norm as well as possessing the complete orthonormal
basis {h;(t, z)}2,.

Let L?(Q) be a Hilbert space of random variables on the probability space (2, F, P)
with finite second order moments, where the inner product is defined as (X,Y) = E(XY).
Now, for every f € L%(R, ¢;(x)), we can constitute a mapping between L%(R, ¢;(z)) and
L2(Q):

T = f(B()). (2.2.7)

Denote by © the image of L?(R, ¢(x)) under mapping 7. Since E[f(B(t))]? < oo for
all f(x) € L*(R, ¢(x)), © is a subset of L?(12), hence, there exists inner product operation
on ©. The following lemmas show the properties of 7 and ©.

Lemma 2.2.2. (1) 7 is linear;
(2) T is an one-one mapping from L*(R, ¢i(x)) to ©;
(8) T is an isomorphism.

Proof. (1). Straightforward verification. (2). For any functions f,g € L*(R, ¢¢()), we

have,
(T T (@) 2 = (FB(1)),g(B())
— E[f(B(t)g(B(1))] = / F(@)g()be(w)da
= ([, 9 2R ,¢4(2))-

Thus, the transformation 7 is inner product preserving. If f # g, which amounts that

they are not in the same equivalent class, then

17 (f) = T @lle2) = 17 (F =9l = IIf = gllL2®,pe(2)) # O-

On the other hand, if 7(f) = (g), then [|f — gllL2® ¢, 2)) = |T(f — 9Dz =
|7 (f) — 7 (g)|l =0, therefore f = g. Thus, .7 is one-one.
(3). Since 7 is linear and ||.7 (f)|| = ||f|| for f € L?*(R, ¢¢(x)), 7 is isomorphism. [J

Lemma 2.2.3. O is a closed subspace of L*(S2), hence it is a Hilbert space.
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Proof. Tt is easy to see that © is a linear space due to linearity of .7. Next, suppose in Oy
there is a Cauchy sequence {{,}. Because the mapping .7 is one-one, there is a unique
sequence {f,} in L?(R, ¢¢()) such that .7 (f,) = &, n=0,1,2,.... Dueto |[Z7()| = |-|
and linearity of .7, {f,(x)} is a Cauchy sequence in L?(R, ¢;(x)) as well. Therefore there
exists a function f € L2?(R, ¢y(z)) such that {f,(z)} converges to f(z) in the sense of

mean square since L?(R, ¢;()) is a Hilbert space. Thus,

1€n = F(BO)2@) = 17 (fn) = T (NN = [Ifn = Fll2@pu@) = 0

as n — oo, which implies that © is a closed subspace of L%(2). Hence it is a Hilbert

space. ]

Lemma 2.2.4. If {p;(z)}32, is any orthonormal basis in L*(R, ¢¢(z)), then {T (pi)},
is an orthonormal basis in ©. Particularly, {7 (hi(t,x))}2, = {hi(t, B(t))};2y, t > 0, is

an orthonormal basis in ©.
Proof. By virtue of the properties of .7 that .7 is inner product preserving, it is valid. O

Now that © is a Hilbert space and {h;(t, B(t))}52, is an orthonormal basis in it, we

naturally have the following theorem.

Theorem 2.2.1. For any random variable f(B(t)) € ©, it admits a Fourier series ex-

pansion,

f(B(t) = Zcz’(t)hi(tv B(t)), (2.2.8)

s
Il
=)

where ¢;(t) = ¢;(t, f) = (f(B(t)), hi(t, B(t)))e.

Example 2.1
Here is to show expansions of some Brownian motion functionals into orthogonal series
using the method of Theorem 2.2.1. The first one is from straightforward calculation; the

last three are all derived from exponential generating function (2.2.1).

B°(t) = 15t°/2hy(t, B(t)) + 10vV/6t°/2h3(t, B(t)) + 2v/30t° 2 hs(t, B(t)).

exp(B(t)) = ;hxt,B(t»ﬁef/z.

sin B(t) = Z cihi(t, B(t)),
i=0
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cos B(t) = Zgihi(ta B(t)),
=0

where

0, ifi=2 k=01,...,
Ci(t) - (_1)kﬁe—t/2
Vil
0, fi=2%+1, k=0,1,...

ifi=2k+1, k=0,1,...
(—U’“\f’%et/2 ifi=2k k=0,1,....
1.

Given truncation parameter k, the truncation series for f(B(t)) which admits an ex-

pansion of orthogonal series Y .o ¢;i(t)h;(t, B(t)) is defined as

k
fB(1) =3 a(t)hilt, B(t)): (2.2.9)
i=0
The question that naturally arises is that what is the degree of approximation of

fx(B(t)) to f(B(t)). The following theorem answers this question.

Theorem 2.2.2. If f and its derivatives f(”), v=1,...,r, are all in the Hilbert space
L%(R, ¢4(x)), (t > 0). Denote by c;(t, f*)) the coefficients in the expansion of f)(B(t))
,v=0,1,...,7, in terms of {hi(t, B(t))}52,, then for sufficient large k € N,

t" .
1F(B) = uBUDIEaq) < 1RO ) (2.2.10)
where R(k, f)) = (1 + o(1)) S (i (2, f(’"))]2 — 0 as k — oo with fized t.
Proof. Hermite polynomials can be expressed as
Hi(x) = (—1)"exp <2) D' exp <—2> , 1=0,1,2,.... (2.2.11)

It therefore follows from the chain rule of derivative that for all ¢ > 0,
i

At 22\ 22
(o) = (—1)i Ve T\ pi ) i=0,1,2,.... 2.2.12
hi(t,z) = ( )\/ﬁexp<2t> exp( 2t> i=0 ( )
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Now, under the assumption that f and its derivatives f(*), v = 1,...,r, are all in the

Hilbert space L%(R, ¢;(x)), integration by parts gives,

et £) = (F(B(1), hi(t, B(t) @—/ F(@)hi(t, )by () da

T s (2) {Di o (2)] o (2
Vil vV2rt J o
:(—1)1'\@\; <f( )D' ! exp (—) N / f(x)D" " exp <—2i> dm)
= (~1)i- 1f\ﬁ/ f/(x) D"~ 1exp<—;>dx
_ £ /_ F@hia(t2)ou(x)d
Vit

= %Cifl(taf/)'
We have to explain two limits in the above derivation,
2
(1): lim f(2)D" " exp(—2-) =0
T rSoo 2t ’
and
(2): lim f(z)D" 'exp(—=) =0.
T——00 t

To prove (1), recall that [ f?(x)¢¢(z)dz < oo and rewrite

2

J@) D" exp(=g;) = Af(@)hica (b 2) (),

where A is a constant depending on i and ¢, independent of x. Since both f(x) and
hi—1(t,z) are in L*(R, ¢¢(z)), their inner product [ f(2)hi—1(t,z)¢s(z)dz exists. Sup-
pose F'(z) is the primary function of f(z)h;—1(t,x)¢:(x), hence, limy_,o F(z) = L < 0.
Therefore, by the definition,

Af(x)hi—1(t,x)p¢(z) = F'(z) = lim al
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For any € > 0, fixed Az, we can choose sufficient large x, such that |F(z)—L| < €|Az|/2
and |F(x + Az) — L| < €/Az|/2. Thus, when z is sufficient large,

|F(x 4+ Ax) — F(x) |F(x 4+ Ax) — L| + |F(x) — L]
< < €,
|Az| |Az|

which implies that lim, . Af(x)hi_1(t,z)¢:(z) = 0. For the same reason (2) is valid.!

Using the relation ¢;(¢, f) = \‘?cz_ (t, ') repeatedly, we iterate that

\/1?
ViGi—1)---(i—r+1)

Finally, it follows from the orthogonality of h;(t, B(t)) and the relation (2.2.13) that

ci(t, f) = cir(t, fO). (2.2.13)

2

IF(B®) = f(BONEG = || D alt, Hialt, BX))|| = > lalt, N
i=k+1 o i=k+1
_ i tr [Ci—r(t f(r))]Q
Lo ili=1) -t ) ’
t" > . (]2
S(k:+1)k:---(k:—r+2)izk;rl[H"(t’f )
t" .
= o Bk, 1),

O

Theorem 2.8 of Hall and Heyde (1980) points out that a sufficient condition such that
orthogonal series > oo ; ¢, X;, converges almost surely is > oo ; ¢2(logn)?EX2 < co. One

therefore has the following corollary.

Corollary 2.2.1. If the conditions in Theorem 2.2.2 hold for r > 1, fr(B(t)) converges
to f(B(t)) almost surely in w € Q for each t as k — 0.

!There is an alternative way to demonstrate the relations (1) and (2): Suppose that they are not valid,
limg—s oo f(I)Di71 exp(——) = limgy— oo Af(z)hi—1(t, )P (x) = b; # 0, so to speak, then when x is large

bi 2 b2
T~ L @~ gy

which would lead [ f*(z)¢¢(z)dz diverges.

flz) =
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Proof. Note that Eh2(t, B(t)) = 1 for Vi. We only need to check the sufficient condition
for r = 1. In fact, by (2.2.13), we have

Zc (t, f)(logi) —tZIOg ! & (t, f)

<t (1) < U @) < oo

=2

for any ¢ > 0 since (logi)/i converges to zero. In view of Theorem 2.8 in Hall and Heyde

(1980), the assertion holds. O

2.3 Expansion of coefficient functions

As suggested in Example 2.1, the coefficients in the expansion of f(B(t)) are actually
functions of ¢. This would hamstring the application of this method in time series econo-
metrics. One way to tackle this issue is to expand the coeflicient functions again into
orthogonal series given that the coefficients satisfy a certain condition, so that at the
range of econometrical applications we can estimate the constant coefficients.

We would focus our attention in two scenarios where time horizons are finite and infinite
respectively, since in practice time zone is always limited, and theoretically, however, it

can reach infinity.

2.3.1 Infinite time horizon

The Laguerre system is engaged to expand the coefficient functions when the time zone is
infinity, that is, we consider ¢ € (0,00). The reason for adopting Laguerre system is that
this system is orthogonal on (0, c0) which coincides with the domain of the time horizon
and Brownian motion. The generalised Laguerre polynomial system {Lga) (t)}6° (a>—1)
is a complete orthogonal sequence with respect to the density t“e~! in the function space
L2RT,t%7") = {p(t) : [y~ @*(t)t% " dt < oo}. See, for example, Szego (1975). It is
defined by the Rodrigues equation that

t—a t
D](tﬁ'o‘ —t)

The orthogonality for generalised Laguerre polynomials is expressed as
oo
_ ]t
/0 toe L\ (6) L) (t)dt = T(a + 1)( ; >5m]~,
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where T'(+) is the Gamma function.

The simplest Laguerre polynomials are recovered from the generalised polynomials by
setting a = 0: Lj(t) := L;O) (t).

As the system of {Lga) (t)} consists of polynomials which are unbounded on R*, it
is difficult to obtain uniform convergence to a function in the space. Nevertheless, the
uniform approximation of a function on R is crucial to the development of this study.
To obtain the uniform convergence, we introduce a modified orthonormal system on R*.

Let for a > 0

Li(t) = e 2L (1) = jl‘eij (te)

2O (1) = ! 1o/2e~t/2 L[ ¢)

/T(a+ 1)ij+a

_ 1 t—a/Qet/QDj(tj—I—ae—t)
I'a+1)C? +a]'

(@) py + _

Now .Z;(t),j = 0,1,..., form an orthonormal basis in L*(RT) = {p(t) : [~ ¢(t)*dt <
oo} (see Sansone, 1959, p.351). The space LQ(RJF) is apparently a Hilbert space af-
ter equipped with an inner product (g, h fo t)dt and an induced norm || f|| =
(f, f)Y/2, by the conventional L? space theory, since the Lebesgue measure is o-finite on

R*. By virtue of Hilbert space, for any ¢ € L?(R*), we have an unique expansion:

= a2 ) (2.3.1)
7=0
where a fo o(t Z (a (t)dt. Designate a; = a§0) for convenience. We mainly in the

sequel discuss in the situation that o = 0.

Given truncation parameter p, correspondingly we have a truncation series

t) = iajgj(t). (2.3.2)
j=0

It is known that ¢, (t) converges to ((t) in the space L?(RT) as p approaches to infinity.

The following theorem gives the convergence rates both in the sense of norm and pointwise.

Theorem 2.3.1. Suppose ¢(t) € L*(RT) is differentiable until r-th (r > 1) order such
that t"/20W)(t),v = 0,1,...,r are in the space L>(RT) as well. Then we have

lo(t) — pp(t)]1? < ;R%p), (2.3.3)
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r i>p+1

2
[o(t) — oD < flpfl(sup |zj<t>\> R(p). (> 1) (2:3.)

for sufficient large p, where R?(p) = (1 + o(1)) > pila;” al” L(9)1? is an infinitesimal with
p — oo in which ¢(t) = tr/ze_t/Z[gp(t)et/ﬂ(r).

Proof. Straightforward calculation yields that

aj(p) = /000 e(t)Z;(t)dt = /Ooo (p(t);!etij(tjet)dt

1‘/ [p(t)et/?) DI~ (7 e7t)dt
J:Jo
:—jll lo(8)e’2) DI~Y (t eyt

+JO

1 . . 00
S 2Dt e

\/T(r I — )l oo
(—1) ( + 1)0 ( ) / ga(t)t—r/Qet/QDj—T'(tj—T+T'€—t)dt
0

T+ 1) =)t

where @(t) = t7/2e7t2[p(t)et/2](").
It follows that
2

() = ep() 2y =

j=p+1

= ?RQ(P)-

On the other hand, using Cauchy-Schwarz inequality,

93



o] 2 2 00 2
< | > lwllg®l| < (lsup Ifj(t)!> > ayl
Jj=p+1 j2p+1 j=p+1
& oo 2
J—-r r ~
= (,sup rzj<t>|> 3 = [a{"),(?)|
jzpt+l j=pt1 J:
2 o o0
j—r)! o
< <sup rfj<t>\> S U S 0 ()
jzp+1 P A S
2 o oo
(") ()2 1
= | sup |[Z(t a;’ (¢ ,
[, 201) 3 o 3 i,
2 o
> 1
< | sup |.&(t a(CT P 2/ du
(er M) 2 OF |
2
> 1
< | sup | Z(t)] |a(ir @) </ T,du)
<J2p+1 ’ j( j:zp;»l ! ( ‘ p (u T+ 1)
1 1 2
(r) (=2
= — sup |.Z;(t a;_’,
T—l(p—r—i-l) <j>p+1| ]( )’) ];1’ J ( )|
1 L
_,r_lprflR (p)7
where r > 1. L]

Actually approximation of ¢,(t) to ¢(t) in the above theorem is uniform. The table on
Askey and Wainger (1965, p.699) shows that, given any o > 0, there are positive constants
C and v, independent of j and t, such that for all integers j > 0,

;

Ct/2me/2 ifo<t<

1
(@) Ct=HAm=/4, if L<t<
14 (0] < "

j = (2.3.5)

Cm =34 (mM3 4 |t —m|)V4, it 2 <t < 3m

Ce™ 1, if t > 377”

where m = 45 + 2a + 2.
It therefore follows that |-Z;(t)| is uniformly bounded by C' and turns out that ¢,(t)
approaches ¢(t) uniformly.

54



2.3.2 Finite time horizon

We now concentrate on finite horizon, namely, let ¢ € [0,7] for some fixed T" > 0. To
expand a function g(t) on [0, 7] into an orthogonal series, a basic requirement is that g(t) €
L?[0,T] since it is a Hilbert space. Observe that there are many complete orthonormal

basis in L0, T, for example,

(I wo(t):\/%,goj(t): Zeos Mt j=1,2,;

(I1) o;(t) =/ Zsin I, j=1,2,--.

See Davis (1963). Not only trigonometrical system, there are also orthogonal poly-
nomials system in the space and one even can form an orthogonal series based on some
density and the interval (see Nikiforov and Uvarov, 1988). In what follows, we shall em-
ploy the system ;(t) to our purpose. In order to emphasise this system is orthogonal on
[0, T, write it as ;7 (t).

It is clear that if g(t) € L?[0,7], we have an expansion of g(t) in terms of ¢;7(t),
namely, g(t) = >>22,bjpjr(t), where b; = b;(g) = (g9(t), pjr(t)), the conventional inner
product on L2[0, T].

Given a truncation parameter N, let gy (t) = Zévzo bj;r(t) be the truncation series.

Theorem 2.3.2. (1) If g(t) is differentiable on [0,T] and ¢'(t) € L?[0,T]). Then the

expansion of g(t) converges to g(t) pointwise.

(2) If g(t), ' (), 9" (t) are all in L?[0,T), then we have

a2 T3 a+T35 T4
lg(t) — gn (1] <C ]TV3 + Cy ]T\,g_5 Rin + Cng%N, (2.3.6)
CLTT T1.5
l9(t) — gn (1)] §C4T + C5WR1N, (2.3.7)

where C;(j = 1,2,---5) are absolutely constants; ar := |¢'(T)| + |9’ (0)],

R, = D eNt1 1b;(g")|*> which converge to zero when N — oo.

(3) If g(t) and its derivatives until third order are all in L*[0,T], then we have

arT >
9(t) —gn ()] < 04% + Os g B, (2.3.8)

where Ran = > 22 vy [bj(g")] that converges to zero as N — oo.
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Proof. Let us start with the calculation of the coefficients. Integration by parts gives

bj(g):/0 £y (t)dt = \/>/ cos—dt
L [ s

where ; is the j-th coefficient of the expansion of ¢’(¢) in terms of the orthonormal system
¥;(t). Therefore,

1/2 1/2 1/2
=1 T =1
Z\b|<* Z\BJF > 5 ==lgd®I > =
j=1 =17 T =

Absolutely convergence of » 22, b; indicates that the series > 72 bjp r(t) converges
uniformly, and due to the continuity of the basis the sum function is continuous on
[0,7]. This sum function must be g(t). In fact, if we signify g(t) = >22,bjpjr(t),
then b; = (g(t), ¢;7(t)), but from the expansion, we know b; = (g(t),¢;r(t)). Thus
(g(t) —g(t),¢jr(t)) = 0 for Vj. In view of completeness of the basis, §(t) = g(¢).

Suppose now that g(t), ¢'(t), g"(t) are all in L?[0,T]. We can calculate b; further using
integration by parts

T [2 [T it
bj(g) =— — / g (t)sin 2 dt
0 T

T\ [2 [T, jat
== il £)d cos L—
() 7 stents

g
T\? /2 j / T\? o
() R - go1- (L) b
Accordingly, denoting ar = |¢'(T)| + |¢'(0)],
2
lg@®) —anv I =|| > bie®)|| = > 82
J=N+1 j=N+1
< [T\ 2., ., , ]
—j:%l (ﬂ) 7L =1(T) - 4'(0)] - (M> bi(g )]
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ZI-174/(T) ~ o (0] by <g">]

Jj=N+1 Jm
o] 4
T 2 2
<> () (TaT 20/ Zarlby (o) + bj<g”>|2>
2T3a2 <=~ 1  2V2T3%%ar = 1 T 1
S D D Bl D1 /10| e S - 1
j=Ng1 i= N+1‘7 j=N+17
a2T3 aTT35
<Gy ;Fvg + O EE R1N+C3N4R1N7

where Oy, Cy, C3 are 2/74, 2¢/2 /7% and 1/7* respectively; R?,, = D eNt1 b;(g")|* which
converge to zero when N — oo.

Meanwhile,
lg(t) — Z bjpsr(t) \/ Z

Jj=N+1 J=N+1
[ %; <m) f“—lVg’(T)—g’(on— (ﬁ)%@")

2 (T 1 1
<2 (B 3 L2 (E) S Amn
3N+1 J

j=N-+1

CLTT T
<C47 + C5 N1'5 R1N7
where Cy and Cy are 2/ 72 and V2 / 72 respectively; Ry retains the same as before.

However, if ¢"(t) € L?[0,T], since > 720 1bj(g")| is convergent, we have

1.5

T T
aT + 05 5 Ran,

l9(t) —gn ()] < C4

in which all notations are the same as before except for Roy = >°72 v |bj(g”)| that

converges to zero as N — oo. O

2.3.3 Converse questions of expansion

Two interesting and useful converse questions arising are that (1) Given constant sequences
{a;} and {b;} , when the series > a;Z;(t) and » 72, bjp;7(t) converge to functions in
the spaces respectively? (2) If any, when is it/ are they differentiable? The reason for

studying these questions is to be specified later.
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Fortunately question (1) has been answered by some existing theorems. See, Riesz-
Fischer theorem in Dudley (2003, p.167). Roughly speaking, if the sequence {a;} is square
summable the series Y ° a;P;j(t) converges to a function in the corresponding space given
that P;(t) is a complete orthogonal system in the space. On top of that, if the basis
functions are continuous and the series converges uniformly, the sum function is continuous
as well.

We are now in a position to answer the second question.

Theorem 2.3.3. Suppose that there is a positive integer r for given sequence {a;} such
that

oo

z: Maj_.| < oo, (2.3.9)

where w(j,r) == \/j(j — 1)+ (j —r + 1), then the function p(t) = > i a;Z(t), gener-

ated by {aj}, exists and is differentiable until r-th derivative.

Remark 2.3.1. As condition (2.3.9) is much stronger than its counterpart in the Riesz-
Fischer theorem, the function ¢(t) exists and, as can be seen in its proof, the convergence

of the series is uniformly.

Proof. 1t is evident that ¢(t) exists.

Let us now prove the case of r = 1 for differentiability.

Let o(t) = Z?Ooaj.iﬂj( ) and g1(t) = >°72, \faj_l.zj(i)l(t). They are elements in
L?(R) since both > 00 2 and > e 1]CL] | converge.

Rewrite g1(t) = 372, \faj,l.fj(_)l( ) =270 \/maj.fj(l)(t). Note that

V{; 165%(1)(75) _ V‘i;l 1 - t71/26t/2Dj(tj+167t)
L b r@0c, ;!

J
_ %et/QDj(thrleft) _ %615/2 Z[tjﬂ](k) [eft](jfk)cjlf
7! J-:

k=0

,t ‘”22 R (G k2 IRk

715/2 j—k ] + 1) .]' tjfk 231
Z Gorr oG —m (2.3.10)
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On the other hand, since .Z(t) = %et/QDj(tje_t),

d

_ 1 ; o
a j(t) '2 t/2Dj(] t)+ﬁet/2D]+1(t]€ t)

1 P AR +1—k) vk
= 5%(1&) + ﬁet/ Z[ty]( NetU+1- )Cj+1
’ k=0

1o —t/2 k 1k
=359 /2”—1 (= k+ DRI

- ! G+l
/QZ )(]—irl—k)!k!t ’

1
=37
1 m

in virtue of (2.3.10). It follows from the above that

= d 1 & 1 o= ~
Noa Bt =53 a0 L) - — > i+ a2
Y dt 24~ Vie

1 1

= 590(75) - %gl(t),

(1)
20 ),

which is exactly ¢'(t). This is because firstly the continuity and boundedness of cfj(a) (t)
and secondly > 7% |a;| < 2724 V/j + I|aj| < oo, hence both of two series involved are
uniformly convergent.

Now induction is used to obtain the further result. Suppose that the derivatives

@' (1), -, e (1), (v < 1) exist. we construct gy(t), -, gor1(t) as
o0
Zw g k)a;— k.i”( Zw j+kk a].i”(k)()
i=k 7=0
for k=1,---,v+ 1. Similarly, we have that

wi+v+1lv+ 1)$(v+1)

to+1)/2 J (t)
_ w(] + v+ 17 v+ 1) t_(v+1)/2€t/2 Dj (tj+v+167t)
t(o+1)/2 ; .
ﬁ(v + 2>C§-+v+ly!
e'/? Fu+lo—ty +v+1) ty(j—u)
_ v — v — —u u
- j!tv+1 D’ (tj t’U+1 Z t! ) ’ Cj
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—t/2 ) .
g Y TG Ao DG ) (v — a2y
u=0
I Gaus

T uzo(_l)j_u (G+v—u+Dlul(j—u)

et

I, (2.3.11)

Meanwhile, we also have

v+1
DY Lz (t ZC“ [e/2](w) pitotl—u(gio—t)
U‘H jtv+l—u ‘
Z Cin2e® 3 Clipaoul®) T
v+1 ' '
Z CY, 2 e l? Z Lot (= 1) (= L4 1) (—1)itottmut
+1 - J ) )
UZ 92— v+1 —u€ t/2 (j +v+1-— U)' j‘ tj_l(—l)j_l
vl gl &G +o+1—u=0(G =)
v+1

Z +12 v—i—l uA( )

Notice that

—t/2 J ; 1— ) T .
Au) = € (.J Totl-u) = 7 (—1) !
g! par Ng+v+1l—u-=0Dy-=10)!
Cwtvt+l-uv—ut1) 1w
t(v+1-u)/2 % (t)’
using (2.3.11), where u = 0,1,--- ;v + 1. It follows from the same argument as in the case
of r =1 that
v+1 1
1 1—
SULLRAT Z e S e A AGE A
7=0

in which go(t) = ¢(t). Thus ¢t (t) exists by virtue of the uniform convergence of the

series involved. The proof is completed. ]

A similar result for the expansion on [0,77] is as follows.

Theorem 2.3.4. For a given real sequence {b;} if there is a positive integer r such that
> 520d"|bj| < oo, then the function g(t) = 377, bjwjr(t) exists on [0,T] and is differen-

tiable until r-th order.
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Proof. We only need to prove the case r = 1, as the following proof indicated.

First, g(t) = 372 bjsr(t) exists due to D72 [bj| < co. Now consider series of

o0
T .
T > b (t),
j=1
where ¢;r(t) = y/#sin % The sum makes sense because ) 72, ij? < o0o. Let us

designate it as p(t). Moreover, the sum converges to p(t) uniformly due to the boundedness
of 1;7(t) and absolutely convergence of 3 72, j|bj| < co. In view of the relation between

Y;7(t) and ¢;7(t), one concludes that p(t) = ¢'(t). O

2.4 Orthogonal expansion of time-inhomogeneous function-

als of Brownian motion

There is a strong motivation that makes us extend the expansion technique from univariate
to multivariate. Time-homogeneous models in finance and economics have undoubtedly
dominated the literature on the modelling of time series datasets. For example, both Black
and Scholes (1973) and Cox et al. (1985) models assume that the underlying process is
a diffusion process. The reason is because economic theories do not suggest an explicit
functional form for continuous-time models and researchers therefore take the simple spec-
ification of the functions involved. However, Hamilton and Susmel (1994) and Mikosch and
Starica (2004) point out that invariant parametric specifications are often inconvenient to
model long return series. In recent years, therefore, the literature has naturally evolved
towards the inclusion of multiple variables in continuous time models. One example is that
in Mercurio and Spokoiny (2004) the returns R; of the asset process are stipulated as a
heteroscedastic model R; = o4& where & are standard Gaussian independent innovations
and oy is a time-varying volatility coefficient. The relevant works include Fan et al. (2003),
Ait-Sahalia (2002), Hardle et al. (2003) and so forth.

We consider the expansion of f(¢, B(t)) in this section for some bivariate functional
f where B(t) is a standard Brownian motion. The expansion eventually facilitates the

application in econometric estimation.
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2.4.1 Infinite time horizon

Let R and R™ be the sets of real numbers and positive real numbers respectively, (R, B)
and (RT,9B%) be correspondingly the measurable spaces in which B and 8% are Borel
o-algebra on R and R*. Now introduce measure spaces (R, B, y;) and (R*, B, \) where
(e is defined for any ¢ > 0

p((—o0,al) = /aoo ;ﬂ't exp (—gj) dx = /aoo o(x)dex, (2.4.1)

a measure defined by the density of N(0,¢) (actually the distribution function of N(0,t))
and A is the Lebesgue measure.
Consider the product space of these two measure spaces. For VB € 8 and VBT € 871
define
v(BT x B) = \(B")u(B). (2.4.2)

Since p; is a finite measure and A is o-finite, v can be uniquely extended to a measure
on B+ ®B, which is the o-algebra generated by the collection of all sets BT x B, VB € ‘B
and BT € BT. See, for example, Theorem 4.4.4 in Dudley (2003). The measure v on
B+ ® B is so-called the product measure A x p;. Thus, (RT x R, B% ® B, ) becomes a
measure space.

For measure space (RT xR, B+ ®%B, 1), define function space £2(R* xR, B+ ®B,v) as
the set of all real measurable functions such that [ f2dv = [o, [p f2(t, @) (dz)A(dt) < oo.
Let || f|l2 := (J f?dv)*/? be the L%norm.

In order to obtain a Hilbert space, one identifies functions differing on a measure-zero

set and define
LR xR,BTeB,v)={f":fe LR xR,BTB,v)} (2.4.3)

where f~ stands for the equivalent class of f in which all functions are equal a.e. to f.
Therefore, (L?(R* x R, BT @ B,v),| - ||2) is a Banach space (see, e.g., Theorem 5.2.1 of
Dudley (2003)).

Introduce

(f1, f2) :/f1f2d1/, (2.4.4)

which is a semi-inner product on (£2(R* x R, Bt @ B,v), || - ||l2). Let ||f|| := (f, )2,

which hence is a semi-norm induced by (2.4.4) on the space. However, the mapping
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(f7, f5) == (f1,f2) = [ fifedv defines an inner product on L*(RT x R, B+ @ B,v).
Therefore, it becomes a Hilbert space equipped with this inner product. For the sake of
convenience, we simplify the notation of the space as L?(RT x R, v) and specify the norm
as || - |l L2(r+ xr ) if necessary.

Since for any Hilbert space there exists a basis, we aim on finding a basis for L?(R* x
R,v). After obtaining the basis of a Hilbert space, any element in the space can be
formulated by means of the basis.

In view of the structure of the Hilbert space, it is possible to find the bases of spaces
L?(R,B, j1;) and L?(R* B+, \) separately, then their product will be the basis of L?(R* x
R, BT ® B,v), as the following lemma shown.

Lemma 2.4.1. {Z;(t)hi(t,2)}75_ is a basis in the Hilbert space L*RT xR, BT @B, v).

Remark 2.4.1. A more general assertion can be found in p.173, Problem 12 of Dudley
(2003). But there is no proof there.

Proof. First of all, let us check the orthogonality of Z;(t)h,(t,z). For any i,j,m,l > 0,

(GOt ), Lt 2) = | L(0hilt,2) Lo 7)o

I (0L (t)dt, ifi=1;

- /oo /oo Z(Ohi(t, ) Lo () (t, 2) by (2)dwdt =
T 0, if i £ 1.

1, ifi=1[and j=m;

0, ifi#1lorj#m.

Secondly, for any f(t,z) € L*(R" x R) since ||f(t,2)|l[2® 4, x)) < o0 ae[A] for t >
0, f(t,r) € L*(R,¢i(x)). Because hi(t,z) is a basis in L*(R,¢(x)), there exists a
sequence ¢;(t) for almost every ¢ such that f(t,z) = limg_ oo Zf:o ci(t)hi(t,x) in the
sense of norm. Therefore ¢;(t) = (f(t,2), hi(t, ))12(R ¢, (x)) and Bessel’s inequality shows
Zf:o cA(t) < Hf(t,:c)H%z(R éu(x)) fOr almost every t. However, since f(t,z) € L2(RT x R),
Zf:o Jp+ 2 (t)dt < Hf(t,x)||%2(R+XR) < oo. It follows that for every i < k, ¢;(t) € L?(RY).

Meanwhile, for almost every ¢ > 0, 0 < ||f(t,z) — S2F_ ci(t)hi(t, z)||> < || f(t,2)|*> —
S0 () < ()12 (g gy (@) Which is integrable on R

On the other hand, since for every i < k, ¢;(t) € L*(R") and %;(t) is a basis in

the space, ¢;(t) = limp, soo Z?;O ¢;j-Z;(t) in the sense of norm. Hence, for any given
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€ > 0, there exists an integer N; such that when p; > N;, ||¢;(t) — E?;O cij ()l 2@y <
/2002 0 < i < k.
Finally, for any f(t,z) € L*(RT x R), there exist a sequence ¢;; such that

k  pi
f(tz) — Z Z cij"%j(t)hi(tﬂ )
i=0j=0 L2(R+xR)
k k pi
<||f(t,z)— Zci(t)hz(twr) + Z ci(t) — Zcz‘jiﬂj(t) hi(t, )
i=0 L2(R* xR) i=0 J=0 L2(R+ xR)
- & 2 1/2
= / Flt,2) = ci(t)hilt, x) dt
’ =0 L2(R)
1/2
k Di 2 /
+ D (e =D (0)
i=0 §=0 L2(R+)
- i 2 1/2
< / ft,2) =) ci(t)hi(t,z) dt +e—0
0 =0 L2(R)
when prin = min{po, - -+ ,pr} > maxo<i<x{Ni}, € = 0 as well as the dominated conver-
gence theorem when k — oo. O
We now dwell on the expansion of f(t, B(t)). Let
T f(t,2) ~ f(t,B(@)),
(t,x) = f(t,B(t)) (2.45)

for f(t,z) € L*(RT x R, BT ® B, v) and for any ¢t > 0, E[f(t, B(t))]* < cc.

Notice that the redundant condition E[f (¢, B(t))]® < oo rules out the possibility that on a
measure-zero set of t, E[f(t, B(t))]> = co. Actually, even if this unfortunate thing happens,
such a function is in the same equivalence class as the function in (2.4.5). Anyway, the
redundant condition makes stating convenient.

Denote by O the image of 7. Define an operation on © x O:

(f(t, B(t)),g(t, B(t)))e = /OOOE[f(t, Bi)g(t, By)]dt.

First, this operation makes sense. In fact,

/0 " E[f(t B®)al, B(t))}dt\ < / " \BLF (4 B()g(t B)))|dt
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< [* VERGBOIWERE B
0

< (/Ooo B, B(t))dt) . (/OOO B, B(t))dt) "

=[1f(t 2) | L2m+ xr0) 19 )| 2R+ xR 1) -

Second, (f(t,B(t)),g(t,B(t)))e = (f(t,z),9(t,7)) 2+ xRr,), Which implies that the
operation is an inner product in © and the transformation .7 preserves inner product.
It is not difficult to show that 7 and © enjoy the properties in Lemmas 2.2.2-2.2.4.

Particularly, © is a Hilbert space with this inner product (-, -)e and {-Z;(t)h;(t, B(t))}75-0

is its orthonormal basis. Accordingly, we have the following Theorem.

Theorem 2.4.1. Any stochastic process in the form of f(t, B(t)) in the space © admits

a Fourier series expression

FEB(1) =Y e (Dhilt, B(b)), (2.4.6)

i=0 j=0
where ¢;; = (f(t, B(t)), Z;(t)hi(t, B(t)))e.
Proof. 1t follows immediately from the Hilbert space theory. O

Notice that since
e =(F(t, B(1)), 25 (D hit, B®))o = /0 " B[f(t, B®)Z()h(t, B®)))dt
- /O " L) ELf( B®)halt, B))dt = /O Tt 2 (0,

where ¢;(t, f) := E[f(t, B(t))hi(t, B(t))] and Cauchy-Schwarz inequality shows the square
integrability of ¢;(t, f) on RT:

[T aenm= T[] seom o] a
= /OOO /_Z 2t z) e (z)dxdt < oo,

the expansion (2.4.6) may be viewed as a two-step expansion, viz., expand first f(¢, B(t))

in the space L2(R, ¢¢(x)) in terms of h;(t, B(t)) obtaining coefficient function ¢;(t, f), then
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expand ¢;(t, f) by means of .%;(t) in the space L?(R™"). In addition, from Parseval equality

it follows that o oo s
£ BONE =D D" =" lleit, 2@

i=0 j=0 i=0
As usual, given truncation parameters k and p = (po,...,pk), fxp(t, By) signifies the
truncation series,
k pi
Frp(t, B(1) =YD cijZ(6)ha(t, B(t)).
i=0 j=0

Let us then establish an approximation rate for the truncation series f ,(t, B(t)) to

f(t, B(t))-

Theorem 2.4.2. Suppose that f(t,z) € L*(R* x R) and for every t > 0, f(t,x) and
its partial derivatives fév) (t,z), v=1,...,r1 (r1 > 1), are all in the space L*(R, ¢;(x)).
Moreover, suppose that te a(c”)(t x) G L?(IRJr x R). In addition, there exists a positive
integer ro > 1 such that ¢;(t, f) and ts dcit, f) (v=1,...,r2) are all in L*(R7) for all

1. Then we have

1£(tB(1)) — fup(t. BOB < —R3(K) + pr’ZR%@mm),

kr min
where R (k) = (14+0(1)) 5% 41 llciom (6 V™ 187 (8, 2)) |20 ey = 0 a5 k = 00, B3 (prmin) =
(1+0(1)) zﬁpmmﬂ(cgmr)?(éi)ﬂ — 0 a$ pmin = min{pg,...,pr} — 00, in which ¢ =
t3 e~ t2[ci(t, £)et/?]2) and provided that the truncation parameters satisfy that —— o 0.

min

Remark 2.4.2. Firstly, note that the notation cg-rfzg(éi) signifies the coefficients of the
expansion of the function involved expanded by {.£("2)(t)}. Secondly, the conditions can
be satisfied by many functions such as fi(t,z) = HLtQ sinz, fo(t,z) =t*sinz (a > 0), by
virtue of Example 2.1. When sin z is substituted by cosz it is clear that the conditions
are also satisfied. In addition, f3(t,z) = t®e p,(z) also satisfy the condition with

Vv > 0, > 0 and polynomial p,(x) of fixed degree n € N on account of Example 2.1.

Proof. Tt follows from the orthogonality of the basis that

1£ (8. B(t)) — frp(t, B)IE

2

k 0o 00 00
=13 > it B®) + > e Zi(0)ha(t, B(t)

i=0 j=p;+1 i=k+1j=0
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k ) 00 o)
=D 2t X Y

i=0 j=p;+1 i=k-+1 j=0

Notice that 7%, l] = |lei(t, [)II7. 2(g+) and f(t,x), as a function of x, satisfies all the
conditions in Theorem 2.2.2. Using equality (2.2.13) yields

Z ch] Z HCZ t f ||L2 (RT)

1=k+1 j=0 i=k+1
- (i VE e (8 fI (@) |12
i:zk;1 i(i—=1)- (Z r1+1 )H i M7z ®+
= 1
- Z z(z _ 1) (Z 1) Hci—rl (t; ﬁlfggr1)(t,$))||%2(R+)
i=k+1
1 -
S R T ———y Z leir (6 V8 1D (8, 2)) 22
! i=k+1
1

where R3(k) = (14 0(1)) Y0241 llcimr (¢, \fhf:crl (t, x))HL2 g+)» Which converges to zero
as k — 0o, because of v £V (t,z) € L2(R* x R).
Meanwhile, since each ¢;(t, f) satisfies all the conditions in Theorem 2.3.1, by (2.3.3)

we have
k [%S) k Pi 2
DY =) et /) =D i L)
=0 j=p;+1 =0 7=0 L2(RT)
F
< Z }TR (pl) < pﬁin (1 + 0(1))R§(pmin)7

I
o

]

where R3(p;) = (1+ o(1)) Zﬁpi+1(c§?22 ()% and & = t"2/2e772/2[¢;(t)e"?/?]("2). Observe

that R3(p) converges to 0 as pyin — 00. This finishes the proof. O

2.4.2 Finite time horizon

It is known that ([0,7] x R, B7 ® B,v) is a measure space, where B7 and B are Borel
o—algebras on [0,7] and on R respectively, v is the product measure of Lebesgue measure

A on [0,7] and g, as defined in last subsection, a measure on R for ¢ € [0,7]. Since
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both y; and X are finite, v is finite. Therefore, L?([0,T] x R,Br @ B,v) = {f(t,z) :
f[o TIxR f2(t,x)dv < oo} is a Hilbert space with an inner product defined by

(fl,fg / / f1 t X fz(t $)¢t( )dl’dt (2.4.7)

and the induced norm. We also simplify the notation L2([0, T] xR, B7®%B, v) as L*([0, T] x
R). Similar to Lemma 2.4.1, system {¢;r(t)h;(t,2)} is a complete orthonormal basis in
L?([0,T] x R).

We can conduct the same mapping as in the last subsection to establish a space of
stochastic processes that is omitted for brevity. We give the result directly. Let = be the

space of
E={f(t,B(t)): f(t,z) € L*([0,T] x R), and E[f(t, B(t))]* < oo for V t € [0,T7]},

which is a Hilbert space with an inner product of the form (f(t,B(t)),g(t,B(t)))z =
fOT E[f(t,B(t))g(t, B(t))]dt and the induced norm. Note that {y;r(t)hi(t, B(t))} is an

orthonormal basis in =.

Theorem 2.4.3. Any stochastic process in the form of f(t, B(t)) in the space = admits a

Fourier series expression

= > bipir(®)hit, B(1)), (2.4.8)

i=0 j=0
where bij = (f(t, B(1)), pjr(t)hi(t, B(1)))=.

A by = [T i (EL(E B@O)hilt, BOAL, let bilt, ) == Elf(t BO)hi(t, BO),
which is square integrable on [0,7] implied by Cauchy-Schwarz inequality, the relation
bij = fOT @7 (t)bi(t, f)dt and the same arguments as in the last subsection imply that
expansion (2.4.8) can be regarded as a two-step expansion: b;(t, f) is the i-th coefficient of
the expansion of f(t,B(t)) in terms of {h;(t, B(t))} and then b;; is the j-th coefficient of
the expansion of b;(t, f) in terms of {y;7(t)}. It follows from the Parseval-Bessel equality

that -
1F (¢, B(#))II2 = Zzb = > 15t HllF20m9)-
=0 j=0 =0
Given a bundle of truncation parameters k for i and (pg,p1,--- ,px) for j’s, we define
the truncation series for (2.4.8):
frp(t, B(t Z waw B(t)). (2.4.9)
1=0 5=0
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The following theorem gives an approximation rate for the truncation series f, (¢, B(t))
to f(t, B(t)).

Theorem 2.4.4. Suppose f(t,x) € L*([0, T]|xR) and for everyt > 0, f(t,x) and its partial
derivatives fé“) (t :U) v=1,...,r (r > 1), are all in the space L*(R,¢;(z)). Moreover,
suppose fo t,x)) € L*([0,T] x R). In addition, b;(t, f) = E[f(t, B(t))hi(t, B(t))]
are twice dzﬁerentwble int € [0,T] and b} (t, f) € L?[0,T). Furthermore, suppose Dr =
sup;{[05(0, f)| + [bi(T’ )|} < oo. Then

170 B ~ fuplt BOYIE < O+ L RY, (2.4.10)

where C' = Cr is a constant depending on T and D, pmin = min{po,p1, - ,pr}, and
R = (1+0(1) X2 bir(t, NG fxr)(t ZL‘))HL2 o7 — 0 as k — oo. Also, suppose that

the truncation parameters satisfy 3 — 0.

min

min

Remark 2.4.3. The conditions of this theorem are quite weak since time zone is finite. Let
a > 1andn > 1. All functions f(t,x) = t*p,(z) where p,(z) is a polynomial of n-th order
satisfy such conditions because b;(t, f) is a power function of ¢ with power greater than or
equal to one when 7 < n, and 0 when i > n. Thus, functions of the type t*¢"'p,(z) (7 > 0)
and their superpositions satisfy the conditions, in addition to functions like t%¢~7!p, ().

Meanwhile, t® sin x and t® cosx are in the ambit of the conditions as well.

Proof. 1t follows from the orthogonality that

k 0o 00 0o
£t B(#) = frp(t, BO)E = Z IR
i=0 j=pi+ i=k+1j=0
k i 2 9]
= |bilt, £) =D bijeir(t) + ) bt Ol
i=0 j=0 r2oq =kl
It follows from (2.3.6) that
2
pi 2 73 3.5 4
a1 a;rT T
t bijoir(t)| <Cl—L—— +Cy———R,, + C3———R>
e jgo i) = Yo+ 13 T P+ 13T T P (g 1)

where C; (j = 1,2,3) are absolutely constants, a;z = [b;(0)] + [b(T)|, and R%i =
D i pit1 |b;; (b (t))|*. Therefore, denoting Dy = sup,;{a;r},

2
k

Z bi(t, f) — ibij(PjT(t)
=0

=0
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k
1
+ C2DTT3.5 Z 2
3
+1) -

k k
<CiDAT?y " ——— R, + Ty ———R2
o ;(pz — (pi +1)2"" ;(pﬂrl)‘* "

k k ’f
mln mm mm
kT3 k

:(ClD% + CQDT\/TRlpmin + C3T'p —1 g2 )T = 07

mln Pmin
Phin pmln

where piin = min{po, p1,--- ,px} and C' = (CID% +02DT\/TR
O(1).
In the meantime, using (2.2.13) yields

+C3Tp L R2 T8 =

min min~ "Pmin

[o.¢] %) 1 )
bi tvf 2 = - - \/i bi—r t, fg(:T) t,CC 2
X DI = 3 Y et A e
1
< "
“k+Dk---(k—r+2) §k+1||bz r(t, \[f:p (t, x))HLQOT]
1
== R%

where R} = (14 0(1)) X%y 10 (b VE £ (8,2)) 3200 7 Because of Vi fi7(t,2) €
L*([0,T] x R), R3, converges to zero as k — co. The assertion eventually follows. O
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Chapter 3

Estimation of Brownian motion

functionals in econometric models

Consider a continuous time model of the form
Y(t) =m(t B(t)) +e(t), (3.0.1)

where m(+,-) is an unknown functional defined on [0, 00) x (—o0, 00) or [0,T] X (—00, 00)
and (t) is an error process with mean zero and finite variance.
Since there are three types of sampling to be discussed in what follows, we divide the

chapter into three sections.

3.1 Infinite time horizon

This section is devoted to the estimation where m(-,-) is defined on [0, c0) X (—o0, 00) and
our sampling points are t; = s, s = 1,2,--- ,n. We firstly need to impose some conditions

on m(t, ).
Assumption B.1!

(a) For every t > 0, m(t,x) and its partial derivatives with respect to x of up to third
order are all in L?(R, ¢¢(x)).

!B is initialled from Brownian motion.
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(b) For each i, ¢;(t,m(t,x)) = E[m(t, B(t))hi(t, B(t))], the coefficient of the expansion of
m in terms of the system {h;(t, B(t))}, and its derivatives of up to third order belong
to L2(RY).

(c) For i large enough, the coefficient functions ¢;(t, md )(t x)) of mt )(t B(t)) expanded

by the system {h;(t, B(t))} are chosen such that t3c?(t, m(3)(t, x)) are bounded on

(0, 00) uniformly in .

Remark 3.1.1. Condition (a) and the first part of (b) are to ensure that the m function
can be expanded by the method in the last chapter. The second part of condition (b) and
(c) are further requirements for the expansion converging with a certain speed. Since quite
Weak there are variety of functions satisfying these conditions. For example, mq(t,x) =

L% sin(x) and ma(t,z) = 1+tﬁ cos(z) where @« > 1 and 8 > a + 1.25. It follows from

l+t
Example 2.1 that ¢;(t,m1) = (— 1)’“\}%& e t2 for i = 2k 4+ 1; 0, for i = 2k, where
k=0,1,... and ¢(t,mg) = (— 1)’“\}1510:;@ e !/? for i = 2k; 0, for n = 2k + 1, where
k=0,1,.... It is evident that ¢;(t,m1) and ¢;(t, m2) as well as their derivatives of up to
third order belong to L?(0,c0).

On the other hand, because aa—;ml(t,x) = —ma(t,x) and %mg(t,x) = my(t,z), the

condition (c) is fulfilled by these two functions. In effect,

3 0, if i = 2k;
t3¢? (t, a—3m2(t, ac)) =3c(t,my(t,z)) = _
Oz Lot if i = 2k + 1.

In the second case that i = 2k 4+ 1, if 0 < ¢ < 1, it is less than 1; otherwise, making
use of the fact that ! > v/2mi (%)Z yields
1 t3+2ati

1
1 , 1 .1 1 Nz
—t 34+20—2041 —t i+5 —t . —i—5
———e < —t te "< —tT2e "< —=|14+ = e 2
il(1+8)27 4l 4l — ! ( >

. e <.+ 1>i+z LoVt (1+ 1)" 1
-1 ? - e 2 < — e 2 < —
T V2mid 2 V2mi 2i VT
Also, we can verify that t3¢7 (t, %ml(t, m)) satisfies the condition in the same way.
Another interesting example is ms(t,z) = t%¢ " P,(z) where a > 1, r > 0 and P(x)
stands for a polynomial of fixed degree. This kind of functions is frequently encountered

in finance context which may represent the present value of an asset (see Yor, 2001, p.6).

Because P(z) is a polynomial, it is evident that mg satisfies the conditions.
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Suppose that we have n observations (s, Ys) at the discrete times s = 1,2, -+ ,n, where

Y; = Y (s). The resulting models now become
Ys =m(s,Xs) +es, s=1,...,n, (3.1.1)

where X = B(s) denotes the Brownian motion at point s, e; = ¢(s) (s = 1,...,n) form
an error sequence with mean zero and finite variance.

Note that Xg =Y ;(X; — X;_1), a sum of 1..d.N(0, 1) sequence. Let x5, = ﬁXs.
It follows from the functional central limit theorem, x, converges in distribution to a
Brownian motion on [0,1]. In addition, the triangular array x,,, along with dj;, =
V(I = k)/n, satisfies Assumption A in Chapter 1.

Having expanded function m at sampling points, given truncation parameters k and

pi, the model in (3.1.1) can be written as

k  pi k 0
Yo=Y e L()hi(s, Xo) + D> D> cijLi(s)hils, X,)
i=0 j=0 i=0 j=p;+1 (3.1.2)
+ Z Zcij,i”j(s)hi(s,Xs) +es, s=1,2,...,n.
i=k-+1 j=0

As known from the last chapter, > 22 ¢;;-Zj(s) = ¢;(s,m). Therefore, in most cases
we shall supersede this relationship into the model expression. We now rewrite equations

in (3.1.2) in the following matrix form:
Y=X0+0+7+¢, (3.1.3)
where

Y =(Y1,Ys,...,Y0); 0 = (C00,C01---sCOpysC105- - s Clprs -« -3 Chos - - - » Chipy )i
1 =(L(1)ho(1,X1), Z1(1)ho(1, X1), ..., Lp (1)ho(1, X1),

() (1, X1), L)k (1, X4), ..., 2, (1R (1, X1),

L (Mhe(1, X)), L (D) he(1, X0), .., L (D) Re(1, X)),

Ty, =(L(n)ho(n, Xy), L1 (n)ho(n, Xp), ..., Lp,(n)ho(n, Xp),
Zo(n)hl (n, Xn), fl (n)h1 (’I’L, Xn), Ceey $p1 (n)h1 (TL, Xn),
o L(n)hk(n, Xp), L (n)hi(n, X)), . .., L (n)hi(n, X5)),
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and X = (2, 2,,...,20); & = (e1,ea,...,en);

k 00

& =(61,-+ ,6n), with 6o =Y > ;. Zj(s)hi(s, Xo);
i=1 j=pi+1

Y =(11,72: ) with 7= > ci(s)hi(s, Xs),s =1,2,...,m.
i=k+1

The OLS (ordinary least squares) estimator of 6 is given by

0= (X'X)'XY. (3.1.4)

3.1.1 Asymptotics of the estimated coefficients

In the sequel we shall explore the asymptotics of 0. However, the dimension of 0 will in-
crease to infinity with n approaching infinity. To tackle the dimension curse in asymptotic
theory, a transformation of 0 has to be introduced. The transformation introduced maps )
into a scalar, so that this image becomes the target of the research. This is also the reason
why we consider the converse questions in the previous section. Let us first introduce the

following assumptions.

Assumption Bc.1?

(a) Let S = {ao,a1,az,...}, where a; = {a;;}32 is such that >°72, \/j(j — 1)|a; j—2| < o0
fori=0,1,2,---.

(b) Suppose further that 3 72qi > 72 [aij| < occ.

Remark 3.1.2. The condition (a) on the set of sequences ensures not only the convergence
of combinations of each {a;} and the basis {-Z}(t)}, but also the differentiability of the
corresponding functions. The condition (2.3.9) in last chapter guarantees this requirement
can be fulfilled. Furthermore, condition (b) is a sufficient condition that secures the
convergence of the combination of {a;;} and the basis {-Z;(t)h;(t, B(t))} in the product
space.

If a;; = O((i + 1)73(j + 1) 73), all the conditions can be satisfied.

Lemma 3.1.1. Let Assumption Be.1 holds. Then there exists a function F(t,x) such that

Pt B0) = Y03 a (it B)), (3.1.5)

i=0 j=0

2Bc is initialled from Brownian motion and coefficients respectively.
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for all t > 0, where the convergence is in the sense of norm.
Proof. 1t follows immediately from Riesz-Fischer theorem. O

Assumption Be.1 makes the following transformation of 9 effective. Let k = k(n);p; =
pi(n),i = 0,1,...k, be the truncation parameters in the expansion which are increasing

with sample size n; for S in Assumption Be.1 let

a = (CLOO,"' 7a0p07'” y g0yt 7akpk) (316)

be the truncated sequences corresponding to the truncation parameters. We now have the

following transformation for 0
aX'X[0— 0] =aX'(6+ v +¢). (3.1.7)
Another crucial issue is the determination of the truncation parameters. This question
has considerable impact on the convergence of the estimate.
Assumption Bc.2
(a) k= [n"'] where 0 < k1 < 1.
(b) For all i, p; = o(n) and pmin = min(pg, - -+ ,pr) = [n"2] where 0 < ka < 1.
(c) Moreover, k1 and kg satisfy that
(1) K1 > %)
(11) K1 +% < %K,Q.
Remark 3.1.3. Condition (a) and (b) are requirements for all truncation parameters which
are increasing to infinity with sample size. Note that they are all stipulated to be of
o(n). This guarantees that we have sufficient information to estimate the coefficients
in the expansion. In addition, condition (c) is the relationship between the orders that

ensures the convergence in the subsequential study. The feasible selection of them is clearly

considerable.

The last assumption is about the function generated from the vector a satisfying the

Assumption Be.1.? By virtue of (3.1.5), at each observation point we can decompose

3We say a, a vector in (3.1.6) truncated from the sequences, satisfies the Assumption Be.1 rather than

the sequence for simplicity.
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F(s, X) based on the given truncation parameters as
F(s,Xs) = (aX)s + 65 + 7s, s=1,...,n, (3.1.8)

where (aX')s is the s-th entry of the vector aX’, §5 and 7 are defined in the same way
as 05 and 7, with the coefficients being substituted by a;;.
Designate F' = (F(1,X1),--- , F(n, X)), 8 = (01,--+ ,0n), and 7' = (31, -+ ,9n) for

later use.

Assumption Bc.3
(a) F(t,x) is in Class T (HI) with homogeneity power v(-) and normal function F(t,z).
(b) F2(t,z)is in Class T (HI) with homogeneity power v?(-) and normal function F?(¢, z).

Theorem 3.1.1. Suppose that {xs,}] and {es}} satisfy Assumptions B and A (c) in
Chapter 1. Moreover, let Assumptions B.1 and Bec.1 — Be.8 hold. Then we have

1 PN ! :
T XX -0 ~p < /O Gg(u)dLW(u,0)> N (3.1.9)

where G3(-) = [ F2(-,z)dz as specified in Assumption C in Chapter one, W is the Brown-
ian motion on [0,1] and N is a standard normal variable which is independent of W, Ly
is the local time of W.

Remark 3.1.4. Due to (3.1.8), we have
1 !/ !/ 1 n </ n N —

- - - (F - F_§—
o X \/ﬁvm)?( ToAE )
fv( )?

However, in view of the proof of Theorem 3.1.1, we have

(FF+5’5+77—2F572F7+25’ ).

and hence it follows from Cauchy-Schwarz inequality that ﬁg’ ~ —p 0 as well. Now, using

Assumption Bc.3 and Theorem 1.3.1 we have

== 1 L
TP ¥ = 2 T X = ZF2 i)
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1
—D /0 Gg(t)de(t, 0)

We eventually obtain that WCLX Xd' converges to a random variable in distribu-
tion with n — oo, implying that aX'Xa’' = O(y/nv(n)?).

On the other hand, by the result of the theorem we have aX'X (6 — 6) = O(¥nv(n)).
Comparison of these two magnitudes gives us an ambiguous idea of the decay rate of
§ — 0 since a is a constant sequence. The effect of substitution of a by h—0 plays a
role of (/nv(n))~", which can reach the conventional rate of n=/2 for the regression of

stationary sequence when v(n) = n'/4.

Proof. Denote aX'X (0 — 6) = aX”y +aX'6+aX'e:=Qn+ M, + Ly,
We firstly shall show that i‘f Qn converges to 0 in probability. Notice that it can

be written as

1 1 S P
T 4 = T = T E T

= %i o (F'y = &'y — 7).

Cauchy-Schwarz inequality suggests that we would study the convergence of ||F|?,
6112, |7]/?> and ||y||? in order to obtain that of @Q,. To this end, we may invoke the
embedding schedule delineated in Chapter 1, so we can work under a strong condition
(Wh,Up) = (W,U) almost surely but still achieve a weak convergence.

It follows from Theorem 1.3.1 and Bec.3 that

n 1
L 52 = SCF2 (s, Vi) —>p/0 Gy(w)dLw (u,0),  (3.1.10)

1
2 2
V() Vi (n) 2
as n — 0o, where Gs(-) = [ F?(-,z)dz.
Therefore, it suffices to show that
I71? =0, (3.1.11a)

1 _

1 —
21817 —p 0,

Vv (n)

In effect,

Byl = EZ% Y E ZZCU hi(s, Xs)
s=1

i=k+1 j=0
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n 2 n [o.¢]
E(Z ci(s,m)h Z-(s,XS)) :Zchm
s=1

i=k+1 s=1i=k+1

where ¢;(s,m) := ¢;(s,m(s, x)) for brevity. Since m function satisfies conditions of Theo-
3
rem 2.2.1, by (2.2.13), ¢;i(s,m) = ﬁci_g(s,mg)), then using Assumption B.1 (c),
w(1— 1—

we have

BaE-Y Y - el m)

s=11i= k+1
n o 1
3
-y S ysmP) <An Y ——
imhtl ii-1i-2) 321 i—ht1 i(i —1)(i - 2)
1
gAk =A T —— — 0,

3)

as n — 0o, where A is the uniform bound for s3¢? 5(s,my ") stipulated in Assumption B.1
(c). Hence, ||v||* converges to 0 in probability.
As for (3.1.11b), it follows that

1 212 1 =\
1= e 2 7
1 n k '] 2
= E ;.5 (8)h;i(s, X,
\/ﬁv(n)Q ; ;j;l J J( ) ( )

s=1 i=0 j=pi+1
2
TR & VGEG D
= sup |.Zi(s Qjj
(P Szl,Z;(m}L‘ it ”) 2 e
1 S 1 & 1 N . 2
gm(n)fz;;MFPZM(j”)(jﬂ)j:;lo+2><y+1>|am|
1 =l Lol)_ o) k 1 -1
S TP & 2 VAV m S o i 2
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as n — 0o, where we have used Assumption Be.1, Be.2 and the bound of |.Z(s)| in (2.3.5).
In addition,

1 1 =
= BRI = = > B
V(! \/ﬁvmv; !

1 n
=—— YN E aij.Z;(s)hi(s, X
MHF; >y )

i=k+1 j=0

S OB Bl D SUITIE

s=1i=k+1 \ j7=0

2

2
2 Z Z|aij’
i=k+1 \ j=0
2
.- _ vn
i ;ﬂ 2 leal | =i

zo(l)né_’{1 — 0,

where we have used Assumption Be.1, Be.2 and |-Z(s)| < C in (2.3.5) for any j.

Thus, the results in (3.1.10) and (3.1.11) imply all ingredients in @, converge to zero in
probability, so does @, in the original probability space due to the equivalence of @,, —p 0
and Q, —p 0.

Now we are in a position to prove that {*f w )M converges to 0 in probability. Once

again, we can write it as

1 1 re 1 55 v
o) M = T X0 = oy E 00
1 o/ NS

By virtue of Cauchy-Schwarz inequality, in view of (3.1.11) and (3.1.10), what we need
to do is only to prove that ||§||* converges to 0 in probability. In fact,

2
EZg? ZE Z Z e Li(s)hi(s, X)
1=0 j=p;+1
n k 00 1
= CD%(S)
;; J=pi+1 o s=1 i= O\[\/;Z Pi
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51—‘,—1/2

\/m Z 0 n31€2/2 —>0’

where we again have used the result of Theorem 2.2.2 with = 2, the bound of |.Z(s)| in
(2.3.5) and Assumption Be.2.

The last step is to demonstrate that L,, converges to the desired random variable

V()
in distribution. We write

1 1 1 _

e Iy=aXe=

ro(n) " Vo) " T Pav(n)

1 -
=—— (Fe—-§ec—7¢).
{‘/ﬁv(n)( c e=7e)

In view of Theorem 1.3.1, we have

1

1 _, 1 2
%v(n)Fs oo ;FSX)eS —D </ G3(u)d Ly (u, 0)> N, (3.1.12)

where G3(-) f F<( 2 x)dzx.

In addition, 1nvok1ng the fact that (es, Fp ) is a martingale difference and xs4q,, is

adapted to F;, s, we have

S S
VDR ﬁv2<n>E<

n

2 n
_ 1 _ _
e | =—7=5 E E E[6s,e5,0s,€5,]
) \/ﬁv (’I’L) s1=1s2=1

(%
| =
(o9
»

1 n
2 - -
202)
\frUQ ZE5 \fUQ( ) Z E[ds, €5, 05565,
s1=1 82:sl+1
IUQ ZE 02E (| F)] + Z Z Ebs,¢5,65, E(esy| Fsy)]
s1=1s82=51+1
0' _
=< N F§?
Vvnu(n)? ; s
and similarly
1 1 - ? 2 i
- B¥ 2:7E ~Ns€s — O¢ E—2
Ve = e (Z” ‘ ) o 2 B
and thus (3.1.11b) gives us what we want. This finishes the proof. O
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3.1.2 Asymptotics of the estimated unknown functional

After obtaining the estimation of coefficients in the expansion of functional m(t, B(t)), we
would be able to estimate the function m(7,x) at point (7, 2) where V7 > 0 and € R is
any point in the trajectory of B(7), namely, we can have m(7, z) by superseding 9 in lieu
of 6 and getting rid of residuals in the expansion of m(r, z).

More precisely, given that m(-,-) satisfies Assumption B.1, m(r,z) is decomposed in
terms of {Z(7)hi(T,x)} as

M

¢ijL;(T)hi(7, x)

m(r,z) =

3

M- 1M
1

k 0
cij.i”j(T)hi(T,m)—i-Z Z cij 25 (T)hi(T, )

i=0 j=p;+1

Il
o
Il
o

i=0j

+ D> ci(n)hi(r, )
i=k+1j=0
=A'(1,2)0 + (1, 2) + (7, 2), (3.1.13)

where

Ar,z) = (L(T)ho(r,x), -+, Lo (T)ho(T,2), -+,
gO(T)hk(ﬂ IL’), T 7"%1% (T)hk(T7 $))7

o

k
r,z) = Z Z ¢ij L5 (T)hi(T, ),

i=0 j=pi+1

y(r,z) = Z Zcij,i”j(T)hi(T,x).

i=k+1 j=0

Thus,
mi(r,z) = A'(1, z)6. (3.1.14)

We shall investigate the limit of

m(r,x) —m(r,z) = A(1,2)(0 — 0) — 6(t, ) — (T, )
= A(r,2)(X' X)X + v +¢) = 6(r,x) — (7, 2). (3.1.15)

The following lemma is very useful for the consequential development.
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Lemma 3.1.2. Let v be an 1 X p unit column vector. Define p X p matrix A = vv'. Then

A has eigenvalues Ay =1, \; =0,1=2,...,p.

Proof. 1t is evident that A is both symmetric and nonnegative definite, so that for i =

1,---,p, A; are all real and \; > 0. Moreover,
p
Z)‘i =tr(A) = tr(vv') = tr(v/v) = ||v))? = 1.
i=1

Nonetheless, A1 = 1 since Av = vv’v = v. Whence, the assertion follows. ]

Define matrices Apx, and By, by

A(r,x)A' (1, x)

A=
[A(T, )|

and B = (X'X)A(X'X)™! (3.1.16)

where || - || signifies Euclidean norm and dimension p = pg + - - - + px + k + 1 indicated by
the expression of A'(T,z).

Because of similarity, A and B share the same eigenvalues. In view of Lemma 3.1.2, A
has A\; = 1 as its eigenvalue, so does B. Let normalised vector « be the left eigenvector of B
pertaining to eigenvalue A\ = 1, viz. o’ B = o/. As ais p-dimensional vector, in accordance
with A(r, z), represent « in double-index subscript, &' = (o, -+, Qopgs -+ s Qk0s =+ * 5 Ay, )-

The following assumption proposes a two dimensional sequence we are working with.

Assumption Bm.14

(a) Let S = {ao,a1,az,...}, where a; = {a;;}32, is a sequence such that 372, jla; ;| < oo
fori=0,1,2,---.

2
(b) Suppose further that > 2, ¢ (Z;io \aij\) < 0.

Remark 3.1.5. Two conditions are independent, meaning that they do not have an inclusive
relationship. This is because the first condition is the requirement of decay speed of |a;;|
in terms of j, while the second one postulates that for each i« > 0, ¢; = Z;io la; ;| is
approximately of O (Zl%n) for some 1 > 0. Obviously, if there are some € > 0 and 1 > 0

such that a;; = O (W) for 4,5 > 0, both conditions are fulfilled.

In the sequel, denote ppin = min(po, - ,px) and pmax = max(pg,--- ,pr). Let us
reshuffle the set S as S by defining

4Bm stands for Brownian motion and m function respectively.
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1) §={ao, - ,a,--}

2) a; = {a;j} where a;; = ﬁazj for 0 < i < kand 0 < j < p; with pmax =
max{po, - - - , Pk }; otherwise, a;; = a;;.
Obviously, since S satisfies the Riesz-Fischer theorem, namely D20 2 g0 5% < 00,

there exists a function, denoted by a (t,z), such that

F(t,B1) = 3. S a2 (0hi(t, B)), (3.1.17)
i=0 j=0
for any t > 0.
Therefore, in view of (3.1.17),

X' =F —¢ -7 (3.1.18)

V pmax

where F' = (F(1,X1), -+, F(n, X)), 8 = (31, ,8,) with 6, = X8 (3% aij.%5(s)
hi(s, Xs) and 7' = (31, -+ ,3n) with 75 = 3272, 11 D72 aij L (s)hi(s, Xs).

Also the above reshuffle procedure can be applied with mxél(ﬂ x) as follows. Let us
denote the resulting set by S. Accordingly, S amounts to a set of sequences {ag, a, az,- -}
where a; = {a;;} and a;; = 7\/]%“114(7@)”9%(7%1-(7, xz)ifi=0,--- ,kand j =0,---,p;;
otherwise, a;; = a;;.

For the same reason, there exists a function, denoted by C:’(t, x), such that

o) (e e
Gt B(t) =YY @i Z(t)hi(t, B(1)), (3.1.19)
i=0 j=0
for any ¢ > 0. Similarly,
1 ~
XA(t,2) =G —-06—% (3.1.20)

VPmax || A(T, )|

where é/ = (é(lv Xl)a e 76(”‘7 Xn))a 5/ = (517 T ’gn) with SS = Z?:O Z(]?ipﬁ-l aij"gj(s)
hi(87 XS) and :Y/ = (:}/17 e 7'771«) with :YS = Z?ik+1 Zjio al]'j/ﬂ](t)hz(sa XS)
Note that § = § and ¥ = 7 since S and S have the same tails. We have the following

lemma for the generated functions F(¢,z) and G(t, z).

Lemma 3.1.3. For anyt > 0, (a) E[G(t, B(t))]? < co, and (b) E[F(t, B(t))]? < co.
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Proof. (a) It follows from the orthogonality that

2 2
EIG(t. BW))? =E (Zzam%(wm(w(t») =X (Z aijzja))

:=2I"1 + 2I'y + I's.

Using the boundedness of .Zj(t) and the conditions for a;; in Assumption Bm.1, we

have
k 0 2 & - 2
=Y | > azt)] <X X oy
=0 Rt =0 \j=pi+1
k 1 0o 2 By
SCZ*Q Z j|a”| < o(1) 5 :O(l)nﬁl_m{?;)o’
=0 Pi Jj=pi+1 min
and
2 2
oo o0 0o o
=3 [Sawgn] <c > (Xl
i=k+1 \ j=0 imkt1 \ j=0
2
¢ = >
SE.Z ¢ Z\%‘\ =o(1)n™"™ — 0.

Therefore, what we need to do is to show I'y is bounded. By definition of a;;,

2 2
k Di Di 1

L= |\ 2wt | =2 | 2 g g A 2) 250

k
i=0 \ j= i=0 \ j=0

2
k Pi
=W S B (r, ) (Z%(ﬂ%(@)
pmax ) 'L:O ]:0

. 2 .
AT Sz 2) (S £2()) =

. 2 .
AT Yo hi(r @) ( ?Loiﬁj(ﬂgj(t)) if t # 7.
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According to Alexits (1961, p.295), if an orthogonal polynomial system {P;(z)} which
is orthogonal with respect to p(zx) satisfying 0 < p(z) < C (for some C' > 0) contains a

constant, then the following assertion is uniformly fulfilled on any compact interval

> " P(xz) = O(m). (3.1.21)
=0
If t = 7, it follows that Y %" £7(1) = e™7 Y b, L3(1) = O(1)p;. Thus
1 k Pi
IN=———=9Y O)phi(r,x L2(1) <0(1).
Pl AT D 2 OMpihi () 3 25() < O)
Ift T,
2
1 k ) Pi
N=———=)>» hi(r,x) Z5(1)Z5(t
pmaxHA(Ty x)HQ ; ( Jgo J( ]( )
1 k ) Pi ) Pi )
<—————— O hi(r,zx L (T Lt
P A 2147 2 470 3 270

k Di
_HA(rlx)]?ZO(l)h?(T, 23 L2r) = 0(1).
9 1=0 j:()

To conclude, for any t > 0, E[G(t, B(t))]? < .
(b) Similar to the part (a),

2 2
E[F(t, B(1)))* =E @Ot B®) | = | D auZ(t)
=0 5=0 =0 \ j=0
k i 2 k e 2
SQZ aij Z5(t) |+ 22 Z aijZ;(t)

i=0 \ j=0 =0 \Jj=pi+1

00 00 2
+ >0 D a i)
i=k+1 \ j=0

In view of the proof in the part (a), we only need to show the boundedness of the first

term. By Cauchy-Schwarz inequality,

k Di 2 kK pi Di k D pi
~ ~ (]
> aZi(t) | <3 Y LMY gl =001)Y =3 al; <O(1) < os,
i=0 \ j=0 i=0 j=0 =0 =0 Pmax j=0
since « is an unit vector. The proof is finished. O
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Assumption Bm.2

(a) Suppose that F(t,z) and G(t,z) are in Class T (HI) with homogeneity powers v(-)

and ¢(-) and normal functions F' and G respectively.

(b) Suppose further that F2(t,z), G2(t,z) and F(t,z)G(t,z) are all in Class T (HI) with
homogeneity powers v%(-), g?(-) and v(-)g(-) and normal functions F(-,-), G(-,-) and
F(-,-)G(,-) respectively.

Another crucial issue is the orders of the truncation parameters and homogeneity pow-

ers involved. This question has considerable impact on the convergence of the estimator.

Assumption Bm.3

(a) k= [n"'] where 0 < k1 < 1.

(b) Suppose that pmin = [272] and pmax = [n72] where 0 < kg < Ko < 1.

(c) Moreover, 1 and kg satisfy that x1 > %, and %ml + % < kg < %/@1.

(d) Let g(n) =n”. Suppose that (k1 — 3) < p < 3ko.

Remark 3.1.6. Conditions (a) and (b) are requirements for all truncation parameters. Note
that they are all required to be of o(n). This guarantees that we have sufficient information
to estimate the coefficients in the expansion. In addition, condition (c) imposes a kind of
relationship between the orders to ensure the convergence in the subsequential study. If
necessary, we can control the difference k9 — ko as small as possible. This is the reason
that we ignore the difference in the following proof. Approximately, p is greater than some

positive number but less than % Feasible selections of them are clearly considerable, for

example, k1 = 0.6 and ko = 0.8.

Theorem 3.1.2. Suppose that {xs,}] and {es}} satisfy Assumptions B and A(c). Under
Assumptions B.1 and Bm.1-Bm.3 we have
1 o X' X A(r, x)

V1o (n) \/Pmax || A(T, z)||?

1

1 2
o ([ Gattzw(.0)

0

where G3(t) = [ F(t,x)%dz, W is a standard Brownian motion on [0,1], N is a standard

(m(7,z) —m(r,z))
(3.1.22)

normal random variable independent of W, and Lyy is the local-time process of W.
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Remark 3.1.7. As can be seen from the proof of the theorem, since the quantity

1 X' XA(r,2) 1 i "
To) VAT D~ A ey Y Peasd(n)

4
and A is convergent in distribution to a random variable, the quantity is about ‘/;L"Ai W

To estimate the order, observe from the proof that O(1)v/kpmin < ||A(T, 2)|| < O(1)vVkPmax-
Accordingly,

1 o n) = piterts(E2—r2)—3r
HA( )H\f\/mg( ) ( )M\Fm_q( ) P

and i—I—p—l— 1(/%2 - /@2) 1/{1 <1 7+ 1(/{2 — K1) < % Meanwhile, m\“f, /Praxg(n) >
Vng(n)k~ 3 = pith—3% gpd 1 1 tp— 2/11 > (0. Thus, the convergence could be significant

slow if the parameters are not appropriately selected.

Proof. It follows from the relation (3.1.15) that

1 o X' XA(r,x) ~ o
Vﬁ()vﬂ;ﬂAhxmﬂ (r,2) — m(r, )
- x“/ﬁi(n) \/zﬁifﬁ(;xx)ip A (r, 2) (X' X)X (0 + v +e) — 0(r,2) — 7(7, )]
B é/ﬁ\/z%axv( ) o' X XW(X’X)‘lX’(é +7y+e)

- 1 o X' X A(r,x)
Vnu(n) \/Pmax|| AT, z) 12

[0(7,2) + (7, 2)]

B 1 VB B 1 o X' X A(r,x) o .
Ve PO T G s A a0
B 1 X 1 o X' X A(T, x) . .

T et ) R I R e By meed 7 TcaPS T ELIARZARY

::Hl — HQ.

Firstly, we shall prove that ITy converges to the desired random variable in distribution.

Using (3.1.18), write
1
VX@E@()
= (F — 3 —7)(0+~+e).

%v(n)

II; = X’(5+’y+€)
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Observe that it follows from Assumption Bm.2 and Theorem 1.3.1 that

1 1 Z” ~
WF e :m — F(87 Xs)es
. (3.1.23)

1 2
. < / G (u)d Ly (v 0)) N,
0
where Gs(-) = [ F%(-,z)dx.

Accordingly, our aim now is to show all the other terms in II; converge to zero in

probability in which we may invoke the embedding schedule that allows us to work under
a stronger condition: almost surely convergence of (W,,,U,) in Assumption B but in an
expanded probability space. The reason is that convergence in probability is preserved
under operations like addition and product. To this purpose, Cauchy-Schwarz inequality

suggests it suffices to show that
18] = 0, 7]12 =p 0, (3.1.24)

s 16[1* =p 0, S92 =5 0. (3.1.25)

i) Vo (n)
1
fv( ) Vo (n)

because it follows from Assumption Bm.2 and Theorem 1.3.1 with ¢, = y/n that

8'e —p 0, e —p0, (3.1.26)

~ noo 1
WHFIP _ \/ﬁvl(n)Q sz(s, Vnxsn) —p /0 Gs(u)dLyy (u,0), (3.1.27)

as n — oo, where Gs(+) = [ F?(-,

We begin with (3.1.24). Stralghtforward calculation implies

2
n n
-5 302 =308 3 Yoo x
s=1 s=1 i=k+1 5=0
2 n oo
_ZE<Z ci(s,m) i(s,X5)> :Z Z c
i=k+1 s=1i=k+1
where ¢;(s) := ¢;(s,m) for brevity. Since m function satisfies conditions of Theorem 2.2.1,
3
by (2.2.13) with r = 3, ¢;i(s) = ﬁcfi_g(s,mg’)), then using Assumption B.1, we
wWe— 11—

have

Bl =Y Z st

s=14i= k+1



o0

1
*Z Z_11_22::30133711 <Anzm

—k+1 i=k+1

gAk =A %1 —— 0,

3)

as n — 0o, where A is the uniform bound for s3¢? 4(s,my ") imposed in Assumption B.1.

Hence, ||7]|? converges to 0 in probability. Similarly, we have

E|5|? =E iﬁ] ZE Z Z 3. Z5(8)hi(s, X
s=1 i=0 j=p;+1

Zn:zk: i ;i Li(s) 2<Zn:zk:1 1 o(1)

=1i=0 \j=pi+1 e TS = Vspi pi

=o(1)—
\/m Z n3n2/2

where we again have used the result of Theorem 2.3.1 with r = 2, the bound of |.Zj(s)| <
C(sj)_i in (2.3.5) and Assumption Bm.3.
Regarding (3.1.25), it follows that

1 A
\/Wz_;mg 2ZE Z Z ai; Z;(s)hi(s, X5)

1=0 j=p;+1
2 2
oo o0
QZZ > aigis) ] < 222 > lay)
s=1 =0 \j=p;+1 s=11i=0 \j=p;+1
2
CPne~1 [ X

Sv(n)2 Zj Z jlaij)

i=0 i \j2pit1

k
<C2\/ﬁzo<1) < ( ) kf — 0(1) nﬁ,l—l-%—ZHQ _>0
“un)? = pp T ov(n)? phy, v(n)? ’

as n — oo, where we have used Assumptions Bm.1 and Bm.3, and the implication of
(2.3.5) that |.Z;(s)| < C for some C' > 0.

Additionally, we have as n — oo

1 n - 1 n )
o2 Zl B[] == Zl Bl S S ay(s)hils, X,)

i=k+1j=0
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N

“o(n)? k :v(n)2

where again the fact that |.Z;(s)| < C is exploited; in addition, we have used Assumptions
2
Bm.1 and Bm.3, as Assumption Bm.1 implies that > 72, i (Z;io \aij\) =o(1).
Furthermore, invoking the fact that (es, F, s) is a martingale difference and z411,, is

adapted to JF,, s as well as E(e2|F, s—1) = 02 a.s., we have

1 2 "

n 2
B AT S i -
‘/ﬁv(n)zEM | \/7“)(”)2]5 (; 8 S) vnu(n)? L

sS=
2
1 1 . ol
7E —/_12 :7E = — e E =2
\/77/1)(7’1)2 "7 6| \/ﬁv(n)z (; ’Ys€s> \/ﬁv(n)z 5231 [’Ys] )
and using (3.1.25), the assertions in (3.1.26) are obtained. Therefore, we conclude that
IT; converges to the limit of (3.1.23) in distribution.

Now we are in a position to prove that Il is convergent to zero in probability.

To begin with, let us find out the limit of
A ! ! o X' XA(r,z)
= T,T).
Vnu(n)g(n) pmax||A(T, z) ||

It follows from (3.1.18) and (3.1.20) that

o 1 O/X’XA(T,{L’): 1 ~/_~/_~/ =
A —Vno(n)g(n) pmaxl|A(T, 2)||  nw(n)g(n) (F - -9)(G-0-7)
1 UV R N R S
= Tromglm ¢ 0 TG =0=7)
L #&-7G-YG-Fi-Fy+295+55+77). (312

We now investigate term by term. Firstly, using Assumption Bm.2 it follows from

Theorem 1.3.1 with ¢, = y/n and Assumption Bm.2 that, as n — oo

1 ~/~ 1
WF G —>p/0 J1(uw)dLyy (u, 0), (3.1.29)
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1 ~ 1
—||F|? dL 1.
P [ )i (0, (31.30)
1 1
G|? — / Js(w)dLw (u,0), 3.1.31
Vgl )2|| I* —p ; s(u)dL (u,0) ( )
where Ji(u) = [ F(u,2)G(u,z)dz,J2(u) = [ F?(u,z)dz, J3(u) = [ G*(u,z)dz, W is a

standard Browman motion on [0, 1] and LW(u, 0) is the local time of W.

Secondly, apropos of the terms §'G, ¥'G, F'§ and f‘lﬁ, we use Cauchy-Schwarz in-

equality
SC2 < 1 Sz 1 ~
gl O = Zg 1 g 161
m,(n)lg()lvGIQ fl( I ﬁgl(n)QHé\?,
Wl5’fl2< ﬁgl(n)gug’r? ﬁj(n)gnﬁuz,
R < P [P

Notice that in (3.1.25), we can remove v(n)? since it does not play any role for
the convergence. Therefore, the limits (3.1.25), (3.1.30) and (3.1.31) indicate that all
the remaining terms in (3.1.28) converge in probability to zero. Thus, A converges to
fo Ji(uw)dLw (u, 0).

Because

Tt Vel e ) () = Ao ) 4 o)

in order to prove that Il —p 0, it suffices to show

—é/ﬁ\/mg(n)(s(r,x) — 0 and —\4/5\/]@9(71)7(7'7 x) — 0
[A(T, )| [A(T, 2)|
as n — oo.

Let us first estimate ||A(7,z)||. Recall that by definition .Z;(7) = e~ 7/2L;(r) where
{L;()} is the Laguerre orthogonal polynomial system. According to Alexits (1961, p.295),
if an orthogonal polynomial system {P;(x)} which is orthogonal with respect to p(x)
satisfying 0 < p(x) < C (for some C' > 0) contains a constant, then the following assertion

is uniformly fulfilled on any compact interval

ZP}(,@) = O(m). (3.1.32)



It follows that

|A(T, z) || = 2232 i (ra)=e > > LHr)hi(r,x)

i=0 j=0 i=0 j=0

k k
1) " pib?(r,2) = O(1)pmin Y h2(7,2) = O(1)kpmin.
i=0 i

We then assert that ||A(7,z)| > O(1)v/kpmin. Palpably, [|A(T,2)|| < O(1)vVkpmax-
Accordingly, due to Assumption B.1 (b), using the result in Theorem 2.3.1 with r» = 3
and the relation of (2.3.5) gives

%\/ pmaxg(n) |5(7_’ IL‘)| _ \/>\/ pmax.g Z Z C’L] )

JA( )] [AG ol & 2=

< \f\/ pmaxg Z ’h T Z Cz‘jagj(T)

lAG @)l j=pit1
1
< Vn/Praxg(n) e ¢ T
max 2
= [lA( @) (Zh nE ) 2| 2 b
i=0 \j=pi+1

Lt o
< 0( )n4 pmaku

o i [ et
\/pmln min

B vV kPmin i—o V TPi pl

—o(1)nitrramty(Re—r2)—fr2 _ o

where we have used Assumption Bm.3 (c) and (d).
Meanwhile, exploiting an asymptotic property of Hermite polynomials that, for large
i, |hi(T,z)|| < Ci~1 where C is independent of ¢ (see Nikiforov and Uvarov, 1988, p.54),

and on account of Assumption B.1 using (2.2.13) with r» = 3, we have

%\/pmaxg(n) )| = \F\/pmaxg o T.Z'
Mol N = T ) ;ZO g )

:%— VPmaxg (1) Z ci(m,m)hi(r, )

A2 ],47,
f\/pmaxg \/’7_3 i . m(g) (T 2
~ A(r )] szil Vii—h—2) i)
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ivmmoo) | o ol 1
SO(l) HA(T,:E)H izk;-l 7’73( o ) izk;-l ’L(i—l)(i—2)\ﬁ

< (1) {‘/ﬁn”\/pmax 1
(]
N \% kpmin k5/4

1 1/ 7
=o(1)nitraFe=r)=gm o

where we have utilised Assumption Bm.3 (c¢) and (d). Therefore IIy —p 0, which finishes
the proof. O

3.2 Finite time horizon

Assume time variable ¢ lies in [0,7] with T fixed. In this section function m is defined
on [0,7] x R. Therefore, conditions on m would be weakened since square integrability
on [0,7] is much weaker than that on the half line. We make the following assumptions
about m(t,z) in model (3.0.1).

Assumption B.2

(a) Let m(t,z) € L*([0,T] xR, v). Moreover, m(t, x) has partial derivatives with respect to
x of up to second order such that m/,, m” € L?([0,T] x R,v) and m//(¢, z) is continuous

in both ¢ and z.

(b) For each i, b;j(t,m) = E[m(t, B;)h;(t, By)], the coefficient of the expansion of m in
terms of the system {h;(t, B(t))}, and its derivatives of up to second order belong to
L?[0,T).

(c) Furthermore, b;(t, m) satisfies that |b}(0, m)|+|b;(T, m)| is bounded by M (T") uniformly

in 7.

Remark 3.2.1. Apart from condition (c), Assumption B.2 is quite weak and can cover a
variate of functions as discussed in the remark for Theorem 2.4.4. In addition, all functions
satisfying Assumption B.1 is in the ambit of Assumption B.2(a) and (b). Moreover,
condition (c) is fulfilled when m(t,z) = g(t)tp,(x) with p,(z) being a polynomial of
degree n and g(t) being arbitrary but continuously differentiable on [0, T, since b; = 0 if
i > n. One more example is m(t,x) = g(t) cos(x), where g(t) € C1[0,T]. In this case, it

93



follows from Example 2.1 that b;(t,m) = (—1)¥g(t)t* - (1%)'6_% when i = 2k, and 0 when
1=2k+1for k=0,1,.... Therefore,

1b5(0)] + [65(T)| < |9(0)]

7 19O (= 1/2)lg(D)] TH T for i=2k, k>1,
which is bounded uniformly in 7 = 2k because k(TZZ)' converges to zero as k — oo.

Suppose that we have n observations for the process Y (¢) on [0, 7] and the observations
are Y, = Y(tsyn) at tsn = T3 for s = 1,2,--- ,n. At the sampling points, we have the
following models

Ysn =m(tsn, Xon) +es, s=1,...,n, (3.2.1)

where X, = B(T'>) denotes the Brownian motion at point ¢s,, es = e(T'>) (s = 1,...,n)
form an error sequence with mean zero and finite variance.

Note that X, = >0 |(Xin — Xic1n) = \/Tﬁ >oi_, w;, where w; = %\/H(Xm —
Xi—1,) forms an iid. N(0,1) sequence. Let z,, = ﬁZf:l w;. It follows from the
functional central limit theorem that x,, converges to a standard Brownian motion in
distribution as n — co. It also is clear that x,, along with d; 1, = /(I — k)/n, satisfies
Assumption A.

Due to the expansion of functional m(t, B(t)), given truncation parameters k and p;

(0 <i < k), equation (3.2.1) can be rephrased as

k 00
bijSOjT(ts,n)hi(ts,na Xs,n) + Z Z bij‘PjT(ts,n)hi(ts,ny Xs,n)
i=0 j=0 i=0 j=pi+1

(3.2.2)
oo oo
+ Z Zsz(;OjT(ts,n)h'(ts,nvXsm,) +es, s=1,2,....,n.
i=k+1 j=0
Equivalently, (3.2.2) in matrix form is
Y=XB+0+7v+¢, (3.2.3)

where all notations remain the same as in the last section so that we omit reciting them.

The OLS estimator of 3 is given by

B=(X'X)"'XY. (3.2.4)
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3.2.1 Asymptotics of the estimated coefficients

As in last section, to tackle the dimension curse we introduce the following assumption.

Assumption Bc.4

(a) Let S = {ao,a1,az,...}, where a; = {a;;}32, is a sequence such that 372, jla; ;| < oo
fori=0,1,2,---.

(b) Suppose further that 3720 > 222 |a;;| < oo.

Remark 3.2.2. Condition (a) on the set of sequences ensures not only the convergence of
combinations of each {a;} and the basis {¢;r(t)}, but also differentiability of the corre-
sponding function that is guaranteed by Theorem 2.3.4. Furthermore, condition (b) is a
sufficient condition that secures the convergence of the combination of {a;;} and the basis
{ejr(t)hi(t, B(t))} in the product space, because under which a?j < laij].

The Assumption Be.4 makes the following transformation of 3 effective. Let k =
k(n);p; = pi(n),i = 0,1,...k, be the truncation parameters in the expansion which are

increasing with sample size n; for S in Assumption Bc.4 let

CL:(CLOO,"' 7a0p07"' s AkO, " 7ak‘pk)

be the truncated series corresponding to the truncation parameters. We now have the

following transformation for B :
aX'X[B—B]=aX'(§+~+e¢). (3.2.5)
In order to obtain asymptotic behavior of E , we make the following assumptions for
the truncation parameters.
Assumption Bc.5
(a) k=n""tand 1/2 < k1 <1
(b) For any i, p; = o(n) and pmin = n"*? with 0 < k2 < 1 and 2k2 > 1+ K.

Observe that given a satisfying the Assumption Bc.4,> as n — oo, there is a function
F(t,z) such that

F(t, B) = 30 3 agesn(t)hilt, B(1)), (3.2.6)

i=0 j=0

5Actually, it is a set of sequences S which satisfies Assumption Bc.4. We simplify the stating by

neglecting the difference between a and S.
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in the sense of the norm in the space. Also at each observation point we can decompose

F(tsn, Xsn) based on the given truncation parameters as
F(tsn, Xsn) = (aX)s + s + s, s=1,...,n, (3.2.7)

where (aX')s is the s-th entry of the vector aX’, §s and 75 are defined in the same way
as s and ;.

Denote F' = (F(t1n, X1.n), s F(tnm, Xnn)), & = (61, ,0n) and 5" = (51, , Yn)-
Thus, aX’ = F — § — 4. The last assumption is about function F(t,x).

Assumption Bc.6

(a) Function F(t,z) is continuous in both ¢ and z. In addition, both F(t,z) and F?(t,z)
are in L?(R, ¢¢(z)) for any t > 0.

Theorem 3.2.1. Suppose that {xs,}] and {es}] satisfy Assumptions B and A (c) in
Chapter 1. Let Assumption B.2 and Bc./—Bc.6 hold. Then we have

1 !
JRaX'X[5~ Bl /0 F(T, VTW (r))dU () (3.2.8)

where (W, U) is a vector of Brownian motions on [0, 1] specified in Assumption B.

Remark 3.2.3. Because a X’ =F — § — 7', it follows that

1 1 -
—aX'Xad ==(F' -0 —7)(F -6 —-7)
n n
1 _ _ _
=—(F'F+§5+45—2F'6 — 2F'5 + 28'5).
n
However, in view of the result and proof of Theorem 3.2.1, we have

1 1< !
SFF=-Y P (fT, \/Txn> —D / F2(eT,VTW,)dr,
n n —1 n 0

n
Yi==2 7 —r0,
1

SRS

1
n

Lys— 1S 8 p0, and
n _nszl ’ n s

and consequently, by Cauchy-Schwarz inequality, %F’ s, %F”‘y and %5’ ~ are all convergent

in probability to zero as well. Therefore, %aX 'Xa' converges with n — oo in distribution
to a random variable, implying that a X’ Xa' = O(n). The result of Theorem 3.2.1 indicates
that aX’X (3 — B) = O(y/n). Comparison of these two magnitudes shows the effect of

supersedence of a by B\ — B plays a role of about n~1/2.
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Proof. In view of (3.2.7), we have

\}ﬁaX’X[E _ g :\}ﬁaX'((s tyte)
:\}H(F 5 =) (547 +e).

We can write X, = \/Txkyn where 1, = ﬁzgzl w; and w; is an 1.i.d.N(0,1)

(3.2.9)

sequence. Because {x,} and {e;} satisfy Assumption B, the embedding schedule permits
us to assume (Up(r), Wi (1)) —as. (U(r), W (r)), in a suitable probability space but we
still achieve the weak convergence for the theorem.

Notice that, because of predictability of x, ,, we have

FIS F(tkn,ka n)

(trtn) ()
(5

k- - %T, VTW, <k;1 + i)) (Un(k/n) = Un((k —1)/n))

NgE

1
NG

w

[ E\H

—

S

F

— =

=
:/ F (1T + (1), VTWa(r + o(1)) ) dUn(r).
0

Observe that since (W, (r+0o(1)), Un(1)) —q.s. (W,U) as shown in Chapter 1, it follows

from the continuity of F'(,-) and continuous mapping theorem that
(F(rT + o(1), VTWy,(r + 0(1))), Un(r)) = a.s. (F(rT, VTW (r)),U(r)).

Using Theorem 2.2 in Kurtz and Protter (1991) yields

n 1
\}EF’e _ \/15 ; Fltms N Tpn)en —p /0 F(rT, VTW (r))dU ().

Next, we shall prove all the rest terms in (3.2.19) converge in probability to zero. In
effect,

1 - S
Fol = ;F (Tﬁ, \/Tx;m) 5,
Lo 12 ;. 1/2
S
< (n;F2 (Tn,\/Tx;w)) (;6,?) :
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1 1 |« s
|F'y| =—— ZF T*,\/Tilfkm s
Vn Vn | = ( n )
1 /2 s pn 1/2
< 2 (m5 2
= (n SZZ;F (Tnv\/ka,n>> (;7&) )
and
1 1> /2 s p 1/2 1 1> 1/2 s p
Jol<|=> 6 L I e I Y e v
\/ﬁ| | (n s=1 ) <SZ:; ) \/ﬁ| ‘ ns:l ;
1 1 1/2 s p 1/2 1 1 172 s p
_ _9 2 _ )
yol< |- s 05 s =S =)D Vs
A (i) (52) 0 mrs(i5e) (5

k n
k=0""n
v, [nr] 1 1
= | F*(T— ,VTxp,, ) dr— —F(0,0)+ —F(T,VTzy,)
0 n n n
1
—p / F2(rT,NTW (r))dr.
0
using continuity of F'. Therefore, to complete the proof it suffices to show that
n n 1 n B
> 62 —=p0, > 2 —p0, EZ&HPO,
s=1 s=1 s=1
1<, 1 .
il 32 p 0, y'e =p 0, de—=p0.
n SZ:;% P \/ﬁv € —p NG € —p

In fact, using (2.3.7), Assumption B.2, Be.5 yields

2
n n k [e%9)
EY 8= B> > bypir(sT/m)hi(sT/n, Xorn)
s=1 s=1 i=1 j=p;+1

n k 00 2

= Z Z Z bijjr(sT/n)

s=1i=1 \j=pi+1

n k

<% (165(0)] ;Zlbé(T)l)2

s=1i=1

98



k
<CT’M(T)? 5~ = CT2M(T)2n}+5172r2 5
min

as n — 0o, which implies that y ., 62 —p 0. Meanwhile,

2
E Z 7= Z E Z Z bijir(sT/n)hi(sT'/n, Xor/N)
s=1 s=1 i=k+1 j=0
n o
=Y > bi(sT/n).
s=1i=k+1

2
However, by virtue of (2.2.13) with r = 2, b;(sT/n) = L/nb- (mgf)). Thus,

Vi(i—1) -

0 2 [e'e)
S Y BT € 530 Y (T )
i=k+1

s=1i1=k+1 s=1

T2
<

n o0 n
= 212 Zsz Z b7 o (m{P (sT/n, x)) < T?— max E[m’(t, By)]>

4 3k2 0<t<T
s=1 i=k+1

= T? max E[m"(t, B;)]*n' 72" =0,
0<t<T
in view of Assumption Be.5, and we have invoked the fact that ) .7, b?ﬁQ(mg) (t,z)) =
E[m/(t, By)]? as well as the continuity of E[m”(t, B;)]? in [0,T]. One hence obtains

> 172 —p 0. Moreover, since

1 n_ 1 n k o0 2
EEZ(Sg :5ZE Z Z aijor(sT/n)hi(sT/n, Xop/n)
s=1 s=1 i=1 j=p;+1
n k [e's) 2 n o 2
1 1 V2
:*ZZ Z aijpir(sT/n) | < ﬁzz JT Z |aij|
s=11i=1 \j=p;+1 s=11i=1 Jj=pi+1
2 2
22 2 Slawli| =03 > s | D leuls
n s=1 i=1 \/T]_mel J n s=1 i=1 sz Jj=pi+1
2
2k = 0(1) —2K
2 (£ ) <o

as n — 0o, where we use Assumption Be.5 and the implication of Assumption Bc.4 that
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> 72p, 41 laijlj = o(1). Thereby, > 0, 62 —p 0. At the meantime,

fEZ ZE Z Za”@JT sT/n ST/TL, XsT/N)

i=k+1 j=0

=SS S S e (sTn)

s=1i=k+1 |i=k+1 j=0

2

= Z > lail| <5 Z > lail =0,
+1 | 5=0 i=k+1 j=0

'ﬂ

by Assumption Bc.4, which leads that % > 32 —p 0.
Furthermore, invoking that zy, is adapted to F,, y,—1 and (ex, Fp ) is a martingale

difference sequence satisfying Assumption B,

1 2 & ’
E|—7 =—F ~
<ﬁ7 5> n (;’Yses>
2 n—1 n
== ZE 75 5] E Z Z E¥s, €5, ¥s05]

s1=1s9=s1+1

9 n—1 n
:*ZE E s|}_ns 1) +EZ Z ENs, €51 Y50 E (€55 Fr,s,-1)]

s1=1s82=51+1
1 =2
n
s=1

and similar derivation gives

E<15’>2 1271:3[52]—”)

5] == 2

Vn n =

which imply that ¥'c and 6’ converge in probability to zero as well. This completes the
proof. O

3.2.2 Asymptotics of the estimated unknown functional

Having obtained the estimation of coefficients, the most desirable result is to find the
estimator of function m(7,x) where 7 € (0,7] and = € R is any point on the path of B,

and its asymptotic distribution. Given that m(-,-) satisfies Assumption B.2, m(r,z) is
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decomposed in terms of {@;7(7)h;i(7,x)} as

m(T> :B) = Z Z bz’j(PjT(T)hi(Ta x) = A/(T> $)B —+ 5(7—a I’) + '7(7—7 .21?), (3.2.10)
i=0 j=0
where
A/(Ta J?) = (SOOT(T)hO(Tv .7}), R (ppoT(T)hO(Ta x)v Ty

Tt @OT(T)hk(Ta IL‘), to 7§0ka(T)hk‘(7-a :L')),

k 0o
o(r,z) = Z Z bijpir(T)hi(T, ),

i=0 j=pi+1

yrx) = DY bieir(r)hi(r, ).

i=k+1 j=0
Thus, superseding 8 with its estimation E and abandoning all residues, we have

m(r,z) = A'(r,z)B. (3.2.11)
We shall investigate the limit of

7/7\7’(7—7 JJ) - m(Tv ‘73) = A/(Tv x)(fj\ - 6) - 5(7—7 ‘73) - 'Y(T) J:)
= A'(1,2)(X'X) ' X'(§ + v +¢) = §(r,x) — (7, ). (3.2.12)

Similarly, set up matrices A,x, and By, defined by

A(r,x)A (1, x)

A= and B=(X'X)AX'X)"" (3.2.13)
IA(T, =)
As shown in Lemma 3.1.2, B has eigenvalues \; = 1, Ay = --- = )\, = 0. Let normalised
a be the left eigenvector of B pertaining to A\;. Hence, we have o/B = &' and ||« = 1.

In accordance with the notation of A(7,z), the subscript of « is specified of double-index,
viz., o = (00, QOpys Ok *** 5 Uhepy. )-

Let us apply the reshuffle procedure for the set S from Assumption Bm.1 by . Denote
by S the resulting set:

1) 8= {ag,,a, -}

v/ Pmax

2) 51 = {Zi”} where Ziij = Q5 for 0 < ) < k and 0 S] < Dis otherwise, Zii]- = Q5.
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Since the Riesz-Fischer theorem is satisfied by S , there exists a function, denoted by
F(t,x), such that
Z Zauw i(t, B(t)), (3.2.14)
i=0 j=0
for any ¢ € [0,T].
Therefore, by virtue of (3.2.14),
1

Pmax

X' =F -5 -7 (3.2.15)
where

F/ :(F(tl,na Xl,n), e aF(tn,naXn,n));

g/ :(51,"' ,gn), with gS:Z Z aijSDjT(ts,n)hi(ts,mXs,n)S
i_Oj:pH-l

:YJ/ :(§1v"' a?n)a with :YJS_ Z Zaz]SOJT sn z( sn,Xs,n)-
i=k+1 j=0

Also the above reshuffle procedure can be applied with AT A(r, z) as follows. Let us

Tw)l\

denote the resulting set by S. Accordingly, S amounts to a set of sequence {ao, a1, az, - }
_ _ _ 1 oo . X
where a; = {a;;} and a;; = m@ﬁp(r)hi(r, x)ifi=0,---,kand j =0,---,p;;
otherwise, a;; = a;;.
Similarly, by the Riesz-Fischer theorem there exists a function, denoted by G(¢,x),
such that

=D ayesr(thi(t, B(t) (3.2.16)

=0 j=0
for any t € [0,T]. Consequently, it follows from (3.2.16) that

1

A ) v s Am @) =G =9 =7 (3.2.17)

where

G’ :(G(tl,'m Xl,n)v Ty G<tn,na Xn n))

5/ :(517 LI 75,”)’ Wlth 55 - Z Z a/z]SOJT tsn (ts 7Z7X )
=0 j=p;+1

0o 00
:}/ :(’717 T ,'_Yn)a with 75 = Z Z aijSOjT(ts,n)hi(ts,m Xs,n)-
i=k+1 j=0
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Notice that 6 = § and y = 7 since S and S have the same tails. The following lemma

demonstrates the finiteness of second moment of F'(t, B;) and G(t, B).
Lemma 3.2.1. For anyt € [0,T], (a) E[G*(t, B;)] < oo, and (b) E[F%(t, B;)] <

Proof. (a) From the orthogonality of h;(t, B(t)), it follows that

2 2

E[G*(t, B(1)) ZZ%SOTJ it B@) | =>_ | D ayer;(t)

i=0 j=0 i=0 \ j=0

In view of the proof of Lemma 3.1.3 and the structure of a;;, we only need consider

the main part of the series. It follows from the definition of @;; that if ¢t = 7,

2 2
k Pi
_ 2(
> Zaimﬂ” - T 20 o
i=0 \j=0 i=0 =0
Pi ;2
hi (7, x ) <0(1),
HA ™22 meax JZ;@TJ .
and if ¢t # 7,
k Di 2 k  Di Pi
Z ZaijSOTj(t) SZZS"%@)ZWUF
i=0 \j=0 i=0 j=0 §=0
k Di k
<O0(1)) pi Y _lai)* =0(1) Z —Z‘PT )hi (T, )
- : ! 5 Pmax|| AT, )2 £ it

< 2 1 :
o(1 ”ATJUP;JZOSDT] T)h; (T,2) = O(1) < 00

(b) It follows similarly as the part (b) of Lemma 3.1.3. O

In order to obtain asymptotic behavior of m, we make the following assumptions for

the truncation parameters.

Assumption Bm.4
(a) k=[n"]and 3 <ky <1

(b) Let pmin = [n2?] and pmax = [n72] with 0 < kg < Ko < 1 and 0 < Ro—kg < 2k9— k71— 1.
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Clearly, feasible solutions of truncation parameters do exist. Additionally, Condition

(b) implies that ko > k1. The last assumption is about the function F'(t,z), G(t, z).
Assumption Bm.5
(a) Both F(t,z) and G(t,x) are continuous in ¢ and z.

Theorem 3.2.2. Suppose that {zs,}7 and {es}} satisfy Assumption B in Chapter 1.
Under Assumption B.2, Bm.4 and Bm.5 we have
1 odX'XA(r,x)
V1 /Brnax | A(T, @) |2

where (U(r), W (r)) is the vector of Brownian motion in Assumption B.

1
(m(r,x) —m(7,x)) —=p /0 F(Tr, \/TW(T))dU(r) (3.2.18)

Remark 3.2.4. As can be seen from the proof of the theorem, since A is convergent to

a random variable in distribution, the quantity ﬁ\/%fxﬁ(:fﬂl? A”V ATEZ; ”;)"“ is about
ViPmax - Notice also from the proof that, O(1)vkpmin < [|[A(T,2)|| < O1)vEDPmax.

lA(m2)]]
Therefore, O(1 f < ”Am;i“y‘:’ﬂ < f /B mi’: in which the order of the left hand side

is 0 < 3(1 — k1) < 1, while that of the right hand side is $(1 — k1) + 1 (K2 — k2), a slight

bigger than the former. Roughly speaking, the order of the convergence is about (1 K1)

which is less than a quarter.

Proof. We shall exploit the embedding schedule to achieve our aim since, as mentioned
before, it gives us much convenient framework to work with.
It follows from the relation (3.2.12) that
1 odX'XA(r,x)
V1 /B | A (T, ) 2
1 o X'XA(r,x)
V1 /Pl | A(T, @) |12
1 1 JdX'XA(r,z
:7\/75\/1@0“82(,(5 +v+4¢e)— % \/MHA((T, x))”2
1 1 JdX'XA(r,z
X -
=11 — Is.

(7/7\1(7', 1‘) - m(T, x))

[A(7,2)(X'X) ' X0+ +¢) = (1, 2) — (7, 2)]

[6(r,2) + (7, 2)]

[0(7,2) + (7, 2)]

First and foremost, let us find out the limit of II;. In view of (3.2.15) and noting that

0 =46, =74, we have

L ,X,((S—G—’V—FE)IL(F—S—’V)/((S—F’}/—Fé‘). (3.2.19)

(6]
V/MPmax Vn
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Notice that

Z Vs ZF( T,VTa.n) (} )

F<S_1T+o( ), VTW, (

1
\f

s=1

M- ”Fnﬁs %\

S n

Il
— =

ﬂzl F (rT +0(1), VIWy(r + 0(1))) AU, (r)
F

(rT +o(1), VT Wy (r + 0(1))) AU, ().

Il
S—

Since (Wy,(r), Un (1)) —as. (W,U), it follows from the continuity of F'(-,-) in Assump-
tion Bm.5 that (F(rT 4 o(1), VT Wy (r +0(1))), Un(r)) =as. (F(rT,~TW (r)),U(r)). Us-
ing Theorem 2.2 in Kurtz and Protter (1991) yields

1
7F' IZF (toms VT s )es %p/o FOT,TW (r)dU (7).

Next, we shall prove that each of the rest terms in (3.2.19) converges in probability to
zero. Note that

n 1/2 n 1/2
S (1e (r2va))(S8)
s=1 s=1
1 1 & s V2 i
/ 2 2
%’F’ﬂ < (n;F (Tnvﬁmk,n>) (;%) )

and
) n /2 / n 1/2 Lo 1/2 / n 1/2
|6'6] < (Zé?) <Zé§> , |5’7\<< Zé?) (Zﬁ) ,
\F s=1 s=1 \f s=1 s=1
) Lo 1/2 / » 1/2 ) Lo 1/2 / , 1/2
— 58] < < 73) (Zéi) : (Z ) (Zv?)
\/> n s=1 s=1 \/> n s=1 s=1

In addition, we have as n — oo
I s 9 (8
=N P (T2 VTa,,)
n n
! [nr] 1 1
= / F? <T, \/Tx[w]’n> dr — =F%(0,0) + =F*(T,VTzpn)
0 n n n
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—p /01 F2(rT,VTW (r))dr (3.2.20)

using the continuity of F in Assumption Bm.5 and E[F?(T,VTx,,)] = E[FX(T, X7)] < o0
by Lemma 3.2.1.
Therefore, in view of the above equations, in order to complete the convergence of Iy

it suffices to show that as n — oo

n n n
1 _
2 2 2
258 —p 0, Z% —p 0, 5255 —p0,
s=1 s=1 s=1
32’72 —p0 Lﬁ/a? —p0 Lg’s —p0
2 s P Jn ’ Jn '

Firstly, using the result in Theorem 2.3.2 as well as Assumptions B.2 and Bm.4, we

have
2

B ;52] ZE S5 byen <3T>h (ST XST/n>

i=1 j=p;+1

2

:Z":Zk: i bijpsr <Sg>

s=11i=1 \j=p;+1
/
<CTQEZ (165(0 ’+ \b (1))
s=1i=1

k
<CT*M(T)*—~ = CT2M(T)2n1+’“_2"2 =0

min

as n — 0o, which implies >°7_, 62 —p 0.

Secondly, straightforward calculation gives

E 2227] ZE Zmew( >h<nT XsT/n)

i=k+1 j=0
T
-y ().
) n
s=1i=k+1

2
Meanwhile, by virtue of (2.2.13) with r = 2, we have b; (%) = 7“371/71@_2 (g7 ml),

which implies

>3 ()< mls Xttt (o)

s=11i=k+1 s=1 =k+1
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T2 & > sT n
S 3z D8 ) by < - ”) TQ@OQEE(TE[ "(t, Be))?

s=1 i=k+1
= T? max E[m"(t, B;)]*n' 72" =0,
0<t<T

in view of Assumption Bm.4, and we have invoked the fact that > oo, b? ,(t,m)) =
E[m/(t, By)]? as well as the continuity of E[m/(t, By)]? in [0,T], since E[m”(t, B;))?> =
[Iml(t,2)2¢e(x)dz = [[ml(t,Vtz)]*¢(z)dz, then by Assumption B.2(a) it is continuous.

This finally proves > ;72 —p 0.
Thirdly, we have

n n k 9]
lE Zéﬁ] :lZE Z Z a;j Q5T <ST> hi (ST,XsT/n>
s=1 n s=1 1=0 j=p;+1 n n
k
Z \F Z |agj|

2

2 2

n

1 I il sT 1
22 2w (7)) <22
s=11

i=0 \j=p;+1 s=1 i=0 Jj=pi+1
2 2
k
2 = 2k =
=272 > dlayl] < T2 >l
=0 Z ]:pl"’_l min j:pmirl+1
o

1
— (T’)nnl 2n2_>0

as n — oo, where we have used Assumption Bm.4 and the implication of Assumption

Bm.1 that Z?ipiH laijlj = o(1). Hence, >0_, 62 —p 0.

Fourthly, we may also have

2
1 sT sT
EE Z ] ZE Z Zazj@jT < ) h; ( XsT/n)
s=1 i=k+1 j=0
2 2
=2 (Saer () ) <X 2 (D
n s=1i=k+1 \ j7=0 n n s=1i=k+1 \ 7=0

2

9 X 00
7 Z Z \aij\ —0
j=0

due to Assumption Bm.1. We thus obtain that % S A2 —p0.
Finally, invoking that xy,,, is adapted to F,, ;1 and (e, Fy, ) is a martingale difference
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sequence satisfying Assumption B, as well as E(e2|F, s—1) = 02 a.s., we can deduce that

1 n 9 n—1 n
:EZE[’Y E(e |]:ns )]+ n Z El¥s, 51753 E(€sy|Fr,sn—1)]
s=1 s1=1sa=s1+1
O'2 “
s=1

and a similar derivation gives
1 - 2 o2 & -
E(—=8c) =—) E[62]—=0
(57) =S Xm0
and thus both of which imply that f’y e and 75 converge in probability to zero as
well.
We are now in a position to prove that Il —p 0.
To begin, let us find out the limit of A :=
(3.2.15) and (3.2.17) that

o X' X A(r,x). Tt follows from

I
npmax||A(T,)]|
1dX'XA(Ty2)  1,, = -
= 72 = (F-§~-7)(G—-—7
1 _ _ _ _
:E(F/G —Fi-F5-0G-7G+2'y+55+77).
We investigate term by term. Using continuous mapping theorem gives
1 n
:E Z F(ts,na Xs,n)G(ts,na Xs,n)
1 Z F (T T, n) (T% \/:Fxn)
_ Z / ( L V. ) (T[”n] ﬁx[m,n) dr

- EF(O, 0)G(0,0) + %F(T, VT0.0)G(T, VT 0)

1
—p / F(Tr,NTW (r))G(Tr,VTW (r))dr
0
since L F(T, VT2 n)G(T,VT2y,) —p 0 as n — oo by Lemma 3.2.1.
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Meanwhile,
" S 1 -
o IF'5|2 2HFH I8]1* = ZF2 (Tﬁ7\/fxs,n) 52537
s:l
- S
SIFSR <RI = = S0 P (172, V e, )
s:l
1 - s 1 &
SHGP < ||G|r 1911 = ZG? CEREED 9k
s:l s=1
1o I gmwl o
ﬁ|5/’7|2 352555272-
s=1 s=1

. 1
Notice that we have shown that - >

2|6G|2 2||G|r 16]1% = ijQ(TZ,ﬁxs,n)
s=1

n_102 —p 0 and %Zg’:ﬁ? —p 0 and we can
have a similar result for G as that of (3.2.20) for F.

Whence all the above arguments indicate that A —p fol F(Tr,NTW,)G(Tr,~TW,)dr
Next, because
1 X' XA(r2)
V1 /Prmax | A(T, 2) |2

T, T T, T [Pmax T, T T, T
87, ) 90 2)] = AP 0(r, @) + (7, ),

up to now what we need to show is ”VATzT“;ﬁ'(S( x) — 0 and ﬁmvﬁ x) — 0.

By aforementioned reason, it is easy to obtain that

O(L)kprain < [ A(r,2)[]? = Zh? (r,) Z%T O(1)kpiax.

It follows from Assumption B.2 and Theorem 2.3.2 that

V npmax npmax
|5(7—? ) bij 2 T )
JAC, o)l TA(r.2)] Z; 4e
pmax
|hi(T, ) bijoir(T
HA T,T) \Z ];1 .
3 k 00 2 %
npmax
<0 > |hi(r, @) ) S bijeir(n)
VEPmin <—0 i=0 |j=p;+1
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Y k ag T2 % n max\/E

=0 ¢
:O(l)n%+%ﬁl+%(k2*/€2)*ﬁ2 =0

as n — oo using Assumption Bm.4.
Additionally, using (2.2.13) with » = 2 and |h;(7, z)| < i1 for large i (see Nikiforov
and Uvarov, 1988, p.54) gives

npmax npmax s e
’ ’ i=k+1j=0
MPmax |
=Tarra) | 2 ()
’ i=k+1
VPmax | < T .,
- bi, T,mx hz T, %
|A(T, )] i:%;l NG 2(7, g )hi(T, )

1 1
hlpmax ( [e'e) - 2 o] 1 2
50(1)7 ’bz‘—2(7'a mx)’ T N~
VEPmin iz;-l i:;—l i(i = 1)Vi
1) \/ npmax L
V kpmin k3/4

zo(l)n%"’%(kg_m)_g”l -0

<o

—

as n — oo by virtue of Assumption Bm.4. The proof is finished. O

3.3 Compact time horizon approaching infinity

The interesting situation is no more than that the interval we work with is [0, 7;,] with
T, — oo. Because of this, we need to constrain the divergence of T;,. Our strategy is
to require % — 0 as n — oo so that comparing with the sample size, the increase of
time span of observation is negligible meaning that we get sufficient information from the
sample path. This will help us avoid two drawbacks in the previous situations, that is, on
(0,00) we could not shrink the time span of observation lengths, whereas on [0, 7] with
fixed T we ignore considerable information beyond the time zone that may be helpful
for our estimation. In technical terms, allowing T' = T,, — oo and % — 0 amounts to

both infill and long span asymptotics. Meanwhile, the two-fold limit theory keeps one
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away from the so-called aliasing problem (i.e. different continuous-time processes may
be indistinguishable when sampled at discrete times). Phillips (1973) and Hansen and
Sargent (1983) were among the first discussing the aliasing phenomenon in the econometric
literature. Recent studies include Bandi and Phillips (2003) and Bandi and Phillips (2007).

Let m(t, z) be the function in model (3.0.1) defined on [0, c0) x R. Intuitively, we need
only to require that m(t,z) satisfies Assumption B.2. Nonetheless, for T = T,, — oo,

m(t,x) has to satisfy more stringent restrictions than that in Assumption B.2.

Assumption B.3

(a) For every t > 0, m(t,z) and its partial derivatives with respect to x of up to third
order are all in L%(R, ¢4(z)).

(b) For each i, b;j(t,m) = E[m(t, B(t))h;(t, B(t))], the coefficient of the expansion of m in
terms of the system {h;(¢, B(t))}, and its derivatives of up to second order belong to
L?[0,T) for any T > 0.

(c) For i large enough, the coefficient functions bi(t,mgg) (t,z)) of mt) (t, B(t)) expanded
by the system {h;(t, B(t))} are such that t3b?(t, m) (t,z)) are bounded on (0,00)

uniformly in 7.

(d) bi(t,m(t,x)) is such that its derivative b}(¢, m) is bounded in absolute value on [0, co)

by M > 0 uniformly in <.

Remark 3.3.1. Conditions (a), (b) and (c) are almost the same as those in Assumption
B.1. This is because we now, on the one hand, confine the time variable on a compact
interval, and on the other we let the time span go to infinity. Condition (d) is similar
to its counterpart in Assumption B.2. There are many functions that satisfy these four

conditions at the same time. For instance, m(t,z) = t"e "' P(x) with n > 1, » > 0 and

t

P(x) being any polynomial of fixed degree; m(t,z) = 174

cosx with n > 3, and so on.

For the truncation parameters and time span 7;,, we make the following assumption.

Assumption B.4

(a) Let & = [n"] and p; = o(n) for 0 < i < k, pmin = [n*?] and T,, = [n"3], where
0<ri<1(i=123).

(b) Let 2k3 + k1 + 1 < 2k and 2k; > 1.
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Remark 3.3.2. Feasible solutions for x; (i = 1,2,3) do exist. For instance, k1 = 0.55,

ke = 0.95 and k3 = 0.15. Meanwhile, condition (b) implies that k1 < ko and 2k3 < k1.

Given the observation number n, one can choose T' = T, according to Assumption B.4.

Let us sample on [0, 7] at equally spaced points: ts, = 15,5 (s = 1,---,n) for model

(3.0.1). Denote by Y, for the process Y (t) at ts,, Xsn = B(tsn) for the Brownian
motion at the discrete points and e; = (ts,). Note that X5, = > 7 1 (Xip — Xic1n) =
VT, - ﬁ > oi_, wi, where w; = \/Tzn(Xm — Xi_15) forms an ii.d N(0,1) sequence.

Let x,p, = ﬁ Zle w;. It therefore follows from the functional central limit theorem
that z,, converges in distribution to a Brownian motion on [0, 1] as n — oco. In addition,
it is clear that x;,,, along with d; 1, = \/m, satisfies Assumption A in Chapter 1.

We expand m(t, B(t)) using an orthonormal basis of the form {y;r, (t)hi(t, B(t))} at
each sampling point, and then obtain n equations. The n equations can be written in the

following matrix form with the similar notations as before
Y=XB+0+7+e. (3.3.1)
The OLS estimator of § is given by

B=(X'X)"'X'Y. (3.3.2)

3.3.1 Asymptotics of the estimated coefficients
Let S be the set of sequences in Assumption Bc.4. Then we have proposition below.

Lemma 3.3.1. Let Assumption Be.4 hold. There exists a function F(t,x) such that

FLBO) =Y ayem, (Ohi(t, BE), (333)
=0 j=0
for all't € [0,T,]. Meanwhile, functions a;(t) = > 2 aijpjr, () for every i exist and are

differentiable.

Proof. The existence of F(t,z) is due to the Riesz-Fischer theorem, while the existence

and differentiability of a;(t) are attributed to Theorem 2.3.4. O

Let a be the row vector truncated from sequences satisfying Assumption Bc.4, that is,

a = (aoo, -+ ,Q0py, "+ ,0ko, " ,(kp, ). We can apply a transformation to Ez
aX'X(B—B) = aX'(3++e),
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while vector aX’ can be expressed by virtue of (3.3.3) as follows

(aX')s = F(ts,n,Xsm) —0s — s, s=1,...,n, (3.3.4)

where (aX'), is the s-th entry of the vector aX’, d, and 75 are defined in the same way as Js

and v,. In the vector version, aX’ = F'—§'—4 where F = (F(t1n, X1m)s -+ s F(tnns Xnn))'-

Assumption Bc.7

(a) F(t,x) is in Class T (HI) with homogeneity power v(-) and normal function F(t,z).

(b) F2(t,z) is in Class T(HI) as well with homogeneity power v?(-) and normal function
F2(t,2).

Theorem 3.3.1. Suppose that {xs,}7_, and {es}"_, satisfy Assumption B. Under As-
sumptions B.3, B.4 and Bc.7, we have

4 /TTL

Vno(Ty,)

where Gs(-) = [ F2(-,x)dx as specified in Assumption 4.1, W is the Brownian motion on

R 1 1/2
oX'X[F - 8] —p < /O Gs(w)d Ly (u, 0)> N (3.3.5)

[0,1] and N is a standard normal random variable which is independent of W, Ly, is the
local time of W.

Remark 3.3.3. It follows from (3.3.4) that
Tn !/ !/ Tn N4 =/ n N =

v X'Xa =Y B TG o
nv(Tn)Qa ¢ nv(Ty)? 7 =7)EF=5-7)

N I ,
= o (L) (F'F + 60 +7'5 — 2F'5 — 2F'5 + 20'7).

/

(F

However, in view of (3.3.8b) in the proof of Theorem 3.3.1, we have

VT, o VT =« VT, _, VT, &,
58 = > s (T > 32 =p0,

s=1

and consequently, Cauchy-Schwarz inequality gives that m}(/:,T?)Q 8’y —p 0. Now, using

Assumption Be.7 and Theorem 1.3.1 we have

1

nv\{?)?F/F — m)Q ZFZ (%Tn, \/ﬁxsn) —p / Gs(t)dLyw (t,0).
" n s=1

nv(T, 0
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We therefore obtain that ni\/aaX 'Xa' converges with n — oo in distribution to a

v(Tn)
random variable, implying that aX'Xa’ = O (%) But according to the result of

Theorem 3.3.1, aX’X(B -B)=0 (%) These two magnitudes imply the effect of
supersedence of a by B — B is about \/ﬁ% - The effect can be n~1/2 as that of stationary

process when v(T,) = V1.

Proof. Notice that

VT
V(1)

aX'X[B - B] _ VT X054y o)
vnu(Ty)
s - (3.3.6)
where vector F = (F(t1, X1.4), s F(tnn, Xnn))'-

Moreover, in view of Theorem 1.3.1 with ¢, = /1), we have

T
vnu(Ty)

4/Tn n _
Fe = Z F(ts,n, Xs,n)es
Vnou(T,,) —~
YTy =, S
A SRR VT, @D
nJ =1

S < /0 Gy (w)dLyy (o, o>) iy

where G3(-) = [ F?(-,z)dx as specified in the Assumption C, W, N and Ly remain the
previous meanings.

To facilitate the following proof, we invoke the embedding schedule again. Remember
we now can use the almost surely convergence of (W,,,U,) but to get a weak convergence
for the theorem.

Next, we are about to prove that all the rest terms are convergent in probability to
zero. Nonetheless, by Cauchy-Schwarz inequality, to this purpose, it is sufficient to show

that

181> = £ 0, Iyl —p O, (3.3.8a)
VT 50 VT,
0 3.8b
m}(Tn)2 || H —p 0, m)(Tn)Q H’YH —p 0, (3 3.8 )
VT, < YT,
VI 0| =p O, ——~—|7e| =p 0, (3.3.8¢)

V(1) V(1)
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because once again Theorem 1.3.1 with ¢, = v/1;, and Assumption Bc.7 imply that

VT,
nv(T),)?

In fact, using the result in Theorem 2.3.2 yields

1
IF)2 =5 /0 Gis(r)dLuy (1, 0).

EZ(SQ ZE Z Z bz]SDJTn ST /n) (STn/naXsTn/n)

=0 j=p;+1

2
n k

=X 2| D bipm(sTu/n)

s=1 =0 \j=p;+1

<CTQZZ (1t:(0 |+‘b n)l)” (1+0(1))

s=1 i=0

gCT,%M?Z—ku +0(1)) = CM?n!T2rstri=282(1 4 (1)) — 0

min

02 —p 0. Meanwhile,

as n — oo using Assumption B.4, which in turn implies > ._; 03

———3
invoking (2.2.13) with r = 3, b;(sT,/n) = —= STn/ﬁ bi,g(mg’)) and therefore
i(i—1)(i—2)

2

Z ZE Z Zle%Tn sTy/n)hi(sTn/n, Xor, /n)

i=k+1 j=0

_Z Z bi(sTp/n)? Z Z 511"/” 5 b2 4 (m®)

s=1i=k+1 sl ikl " (i=1)@-2)"
- 1 & 3,2 3)

i=k+1 s=1

> 1 n

< -
_Ani_%;l D < A(1+0(1)) 5

=A(1+ o(1))n'=2% = 0,

by Assumption B.3 and B.4, where A is the uniform bound of #3b7 ,(t, m(3)(t, x)).
Regarding (3.3.8b),

n

VT N~pse_ VT L
@ 2 S 2 |2y 2 et T/ mhleT/n X, o)

1=0 j=p;+1
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n k 00
:m?{g)Q ZE Z aijit, (sTn/n)

s=1 i=0 Jj=p;+1

2
n k 0o

2
e 2| 2

s=11i=0 \j=p;+1

2
n k [e's)

2 1 .
n\ﬁv( )222*2 Z Jlagj]

s—=1i=0 Pi j=pi+1

2ko(1) o(1) —2K9—r3/2
< - K1—2K2—K3/2 _
S VTR (T2 o(Tn)?

as n — oo by Assumption B.4 and Bc.4. Moreover,

T, ~—
VIS B

no(T,)? T T o(Th)2 ZE Z Z%%Tn (T /n)hi(sT /1y X, /)
s=1

i=k+1 j=0

2 Z Z Z z]‘P]Tn ST /n)

s=1i=k+1 =0

L X S

nslzk+l j=0

2

2

2

]aﬂ —)0,
( \/71;1 Jgo ’

2
because \/1T—n — 0and 7%, [E;io |G7jj|i| < 2 k41 2ge0 laijl — 0 by Assumption

Be.4.

The last step is to show the convergence of (3.3.8¢c). These hold because using the

property of martingale difference of ey and adaptivity of =, , we can deduce
E <n5'€) =F | 22— Zéses = n 62 ZE&? — 0,
Vnu(Ty) Vno(T,,) p nv(Ty) pot
T, ? VT, & L Tt &
p( A7) 5 (i S ) = S0
Vnu(Ty) vu(Tp) = nv(Tn)? <=

which finishes the proof. O
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3.3.2 Asymptotics of the estimated unknown functional

Having obtained j3, we may be able to have m(T, ), estimation of m(7, z) for fixed 7 > 0
and fixed z € R on the path of B(7). Thus, one desired result is the asymptotic distribution
of m(r,xz) — m(r,x).

Given that m(-, -) satisfies Assumption B.3, using orthogonal system {¢;r, (7)hi(T,x)},

m(7,z) is expanded as

m(r,z) = Z Z bijim, (T)hi(T, ) 1= Al(r,2)B+ 6(r,z) + (7, 2), (3.3.9)
i—0 j=0
here
A/(T, JI) = (QOOTn (T)hO(Tv .73), © PpoTh (T)hO(T7 I), T P0T, (T)hk(T7 I)? e

PpiTn (T)hk (7—7 x)),

k )
é(r,x) = Z Z bijoim, (T)hi(T,x),

i=0 j=p;+1

oo oo
yrz) = YD b, (T)hi(r,x).
i=k+1j=0
Whence, after substituting B in lieu of B and getting rid off all residues, we have
m(r,z) = A'(r,z)B. (3.3.10)

We shall investigate the limit of

T/T\L(T, :E) - m(T,fL‘) = A/(T’ ‘/L‘)(B\* B) - 5(7—7'7;) - ’Y(T?x)
= A(r,2)(X'X) ' X' (6 + v +¢e) = 6(r,3) — (7, 2). (3.3.11)

Similarly, put

A(r,x)A'(1,x)

— / / —1
[A(T, 2) |2 and Bpxp, = (X' X)AX'X)™". (3.3.12)

Apxp =

According to Lemma 3.1.2, B has eigenvalues \y = 1, \y = --- = )\, = 0. Let
normalised a be the unit left eigenvector of B pertaining to A;. Hence, we have o/ B = o/
and [|a|| = 1. Denote o = (a0, -+ , Qopy, -+ » Qko -+ * » Wp, ) i concert with A(7, z).

Let us apply the reshuffle procedure for the set S from Assumption Bm.1 by «. Denote
by S the resulting set:
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1) §={ao, - ,a,--}

2) a; = {a;j} where a;; = ,/ﬁazj for 0 < i < kand 0 < j < p; where pmax =

max{po, - - - , Pk }; otherwise, a;; = a;;.
Obviously, there exists a function, denoted by F (t,z), such that
oo o
ZZ aijor, (t)hi(t, B(1)), (3.3.13)
i=0 j=0
for any t € [0,7,,]. Therefore, by virtue of (3.3.13), we have

Th

pmax

X =F -5 -7, (3.3.14)

where F' = (ﬁ<t1,na Xin), - aﬁ(tn,an,n))S 5 = (glv T 7571)7 05 = Zf:o Z;ipﬂrl @ij
@51, (ts,n) itsny Xsn); ¥ =Gt W) Vs = Z?ik:—s-l Z?io i1, (tsn)hitsns Xsn)-

Also the above reshuffle procedure can be applied with WMA(T’ x). Let us denote
the resulting set by S. Accordingly, S amounts to a set of sequences {ag,as,asz,---}
where a; = {a;;} and a;; = m pmxgpan( T)hi(t,z)ifi=0,--- ,kand j =0,--- ,p;;
otherwise, a;; = a;;.

Similarly, there exists a function, denoted by CN}(t, x), such that
=33 ayesm (Ohilt, BR)), (3.3.15)
i=0 j=0

for any t € [0,T,]. Consequently, by (3.3.15),

1 T, ~
" XA(t,2) =G -6 —7 (3.3.16
TAG 2 e %) )

where G' = (G(t1n X1n), -+ Gltnms Xo))i & = (51, ,60), 8 = 5 2 ayy

@iT, (tsn)Pi(tsm, Xsn); 7 = (1,7 s Fn)s Vs = Doimpr1 2oye0 ij PiTn (Esin) hilts,ns Xsn)-
Notice that 6 = § and ¥ = 4 since § and S have the same tails. The following

proposition shows the finiteness of the second moment of G(t, B(t)) and F(t, B(t)).

Lemma 3.3.2. Fort € [0,T,], (a) E[G(t, B;)]> < 0o, and (b) E[F(t, B,)]? < cc.
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Proof. (a) From the orthogonality of h;(t, B(t)),

2 2
E[G(t, B(t ZZ%]‘P]Tn i(&BE) | =D D aem,(t
=0 7=0 =0 \j=0

2
We mainly focus on the partial sum Zf:o (Z?;O aijP;T, (t)) in view of the proof of
Lemma 3.1.3. Notice that if t = 7,

2 2

k Di
Z Zaij@an(T) HA Tz H Dinax ZhQ 7, x) Z‘PJTn

i=0 \j=0 i—0

Observe from the definition of ¢z, (-) that

Pi Di . Di .
jgogpng(T) — g T—n 1+QZCOS2]TLZ

=0

1 o jmr
) :T—n 1+p¢+Zcos T,

L P ﬁ: (1 +cos 20T
= COS
n| T T,

1 /1, | sin(pit )ZT”"T
T, \2 pi 2T, sin T T,

j=1
9

sin(m—&-%)u
2sin 5

Notice that by Assumption B.4 pyin /T, — 00, hence sin(p; + )2” fluctuates between -1

where we have employed a trigonometric formula % + cosu + --- + cosmu =

and 1, while the denominator 27}, sin 7= — 277 as sample size increases. Thus, we can

2
assert that Z] Ogoan( T) = T—npi(l + 0(1)). Consequently, ZZ 0 (ijo (lijﬁ,Dan(T)> <

1
HAJFTO:E)HQ Yo hi () im0 Pir, (T) = 1+ 0(1).
When t # 7, from Cauchy-Schwarz inequality and the above derivation it follows that

2 2

k
2 | 2 e ) ||A7-:L‘||QZ ) Z% om0

Pmax

||A o) & Z —hi(re Z%Tn )Z@?Tn(t)
7=0

Pi
T Pi 2 2
||A T J;‘ ||2 Z . 1 + 0 ))hz (T,JZ‘) Z_:(p]Tn<T)

pmax
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1+o(1 2(
||AT, ||2Zh T, T Z%Tn )=1+o0(1).

In conclusion, for ¢t > 0, E[G(t, B;)]? < oo.
(b) Since E[F(t, B(t))]2 has the similar expression as E[G(t, B(t))]?, we focus on the

estimation of the partial sum. In effect,

2 . 2

because « is an unit vector. The proof is finished. O

We propose the following assumptions in order to obtain the asymptotic behaviour of

m(T, ).
Assumption Bm.6

(a) Both F(t,z) and G(t,x) are in Class T (HI) with normal functions F(t,z), G(t,z),

and homogeneity powers v(-) and g(-) respectively.
(b) Let pmax = [n"2] and g(n) = n”. Suppose that % + %m +(p+ %)53 < K.

(¢) Suppose further that F2(¢,z) and G2(t,x) and F(t,z)G(t,z) are all in Class T(HI)
with normal functions F2(t,z), G*(t,z) and F(t,2)G(t,z) and homogeneity powers
v2(+) and ¢2(-), v(-)g(-) respectively.

Remark 3.3.4. Since by Assumption B.4(b) § + 11 + k3 < ko, it is easy to see that if
0<p< % then Condition (b) of Assumption Bm.6 is guaranteed by B.4 (b); if however,
p > %, Assumption Bm.6 implies that B.4 (b) holds automatically. Meanwhile, as we
always can control the difference Ko — ko as small as we wish, the requirement for Ko — ko
is ignored.

Note also that the ambit of p is able to be extended if we impose a more rigorous
condition on Assumption B.3(d), viz., assuming that the derivative of b;(¢, m) is dominated
by ¢t~" with some 5 > 0. Thus, in the proof of the following theorem a(T},) < T}, " = n~"3,
hence p — n would be in lieu of p, namely 0 < p < n + i.
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Theorem 3.3.2. Suppose that {zs,}7_; and {es}? | satisfy Assumptions B and A (c) in
Chapter 1. Under Assumptions B.3, B.4 and Bm.6 we have

YT, o/ X'XA(r,z)
Vu(T) /Pmax || A(T, )2

oo ([ oz

where Gs(-) = [ F*(-,z)dz, W is the standard Brownian motion on [0,1] and N is a

(M (7, z) —m(7,z))
(3.3.17)

standard normal random variable independent of W, and Ly is the local-time process of

w.

Remark 3.3.5. As can be seen from the proof of the theorem, since the A converges to

. . . . . é/’]TnB OLIX/XA(T,.T) . . VTPmaxg\in) npmaxg(Tn)
a random variable in distribution, T} Jrmad Amo? 18 equivalent to VTR A I)H

view of the fact that O(l)Tinkpmin < JA(r,z)|? <O(1) &+ —kpmax, we have O(1 pr i <

\/npmaxg(Tn) < n Pmax p_i :
T A = O(1)\/F PeaxT 4. Moreover, taking account of Assumption Bm.6 (b),

the left hand side is nz(1=*1)+(P=1)%3 of which the exponent is greater than zero but lower
than 1 7, while the right hand side is n3(=r)+5(F2=r2) (=R of which the order is less

than 5
Proof. It follows from (3.3.11) that

YT o X' X A(r, )
V(T \/Prmax| | A(T, @) ||?
YT X' XA(r,z)
~ V(L) /Pl AT, )2
YT YT, o X'XA(r,z)
 Vno(T,) y/Prmax Vu(Th) /Prax | A(T, 2)[?
VT, T o VT o X' X A(r,x)
=T\ Do OV T T ol Al ) P

=11y — II,. (3.3.18)

(7/7\7,(7', x) - m(Tv ‘T))

(A (1, 2) (X' X)X (6 + v +¢) — 6(r, ) — (7, z)]

o BX'(§+v+¢e)— [6(7,2) + (7, )]

[6(r, ) + (7, 2)]

We are about to show that II; converges to the desired variable in distribution and I,
converges to zero in probability. To make life easier, we shall invoke the embedding sched-
ule. Bearing in mind, albeit using almost surely convergence of (W,,,U,,), the assertion is

still a weak convergence.
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First and foremost, let us prove the convergence of II;. It follows from (3.3.14) that

\;ﬁ)(ﬁ 0 =)0+~ +e), (3.3.19)

where vector F = (ﬁ(tl,n,Xl,n), e ,ﬁ(tn,n,Xn’n)).
From Assumption Bm.6 (a) and (c) and Theorem 1.3.1 it follows that

IT; =

4 " 4 no_
VIn g _ Vin S F(ton Xon
Vnu(Ty) Vvno(T, ’

s=1
1 2
—D ( Gs(u)d Ly (u, 0)> N, (3.3.20a)
0
Vv Tn V Tn = 2
Tl’U(Tn)Q H H nv(Tn)Q Szl ( S,M S,?’L)
VT = =
- P (T V)
n’U(Tn>2 8221 nLsn
1
—)p/ G3(u)dLW(u,O), (3.3.20b)
0
due to asymptotic homogeneity, where G3(-) = [ F2(.,z)dz is as specified in Assumption

C, W, N and Ly are the same as defined before. At the meantime, Cauchy-Schwarz

inequality gives

VTn VTn VTn VTn

2 < Fl215!12 2

n'l)(Tn)2 | —nU(Tn)Q” H ||6H7 nU(Tn)2 ’Y’ n’U( )2” H H’.YH

VI s <Y 15121002, VI 52 <V 5122

nv(Ty,)? ~no(Ty)? nv(Ty)? “nv(T),)? ’
N . N Y,

(T, )2”7’5|2 Snv(T B 17117116112, (T, )2\’7/7!2 Snv(T 2 1A 1¥112-

Moreover, invoking Assumption B that z,, is adapted to F, 1 and (es, Fp ) is a

2

martingale difference sequence, as well as E(e2|F, s_1) = o a.s., noting the expressions

of 05, we have

E( ™) =m (25> a3 2 e

s1=1s9=1
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VT = =
(T») QZE[égE(eg‘}—n,s—l)]

2 Z Z 581681582E(682|‘Fn S2— 1)]
s1=1s2=s51+1
\/ O' Z E \/70-

and similarly

E|7]*.

(e -5
Vno(Ty) nv(T)?
Therefore, in order to prove that all the rest terms in II; converge in probability to

zero, it suffices to show

182 = 0, 12 =50, (3.3.21a)
VIn <12 VT, 9

E|6]|* — E — 0. .3.21b

nv(T;,)? Iol 0, nv(T),)? el 0 (3.3 )

In fact, using the result in Theorem 2.3.2 yields that as n — oo
2

eS| =308 |3 5 e () (T
s=1

1=0 j=p;+1

2
n k

(S e (SZ")

s=11i=0 \j=p;+1

corz3 3 (O L+ e AP

s=1 i=0

SCTgMQZ—k(l +0(1)) = CM?*ptT2rsTri=2r2(1 1 5(1)) = 0

min
by virtue of Assumption B.4, which in turn implies ||§]|*> —p 0.

3
Similarly, invoking (2.2.13) with » = 3 and b; (ST") = i s]in)/(n 2) bi-3 (Sz" ’ mﬁf’)),
i(i—1)(i —

2

S [E foo (20 (20

i=k+1 j=0

we have as n — oo
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S (T oy > T ()

s=11=k+1 s=1i= k+1
— (3)
S e () e ()
k+1 s=1
1 n
<A - <Al 1 A1 1))nl—2m
_nl;l(z—l)(z—@ (1+0(1)) 5 = AL +o(1))n' > =0

by Assumption B.3, B.4, where A is the uniform bound of #3b? (¢, m (t,z)).

In a very similar fashion, we have

VT N —2_mn koou_ sTn\ , (sTy
nv(Tn)2 SZlE[és] _TZ'U(Tn)2 szlE Z Z Qi PFTy, (n> hz <n7X5Tn/n>

i=0 j=pi+1

n

IS (5 e ()

s=111=0 \j=p;+1

2
n o0

S D M o

s=11=0 \j=p;+1

o0
TTooT Z D> dlayl
Jj=pi+1

Z

2

o(l)k o1

< )
VTP v(Tn)? v(Tn)?

as n — oo by Assumptions B.4 and Bm.1.

nnl—Qﬁz—ﬁg/Q =0

Analogously, we have as n — oo

2 2 ZE Z Zalﬂ(p]Tn <ST >h (?vaTn/n>

i=k+1 j=0

2

2

> D | Sovem ()

s=11i=k+1 | =0

2

A S Dl PRI

s=1i=k+1 \ j=0

2 oo . D
ST 2o, | 2ol

i=k+1 \j=0

TL
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:7”7R17H3/2 — O

on account of Assumption Bm.1 (b).
Therefore, we assert that II; converges in distribution to the limit of (3.3.20a).
We are now in a position to prove that Ils —p 0. To this end, we begin with finding

the limit of 5
/ /
A VI o XXAm ) (3.3.22)
nv(Tn)g(Tn) pmax||A(T, z)||

On account of (3.3.14) and (3.3.16), we have

VT &X'XA(e)  VTh o w s <
A _nU(Tn)g(Tn) pmax||A(7-, x)” - ”U(Tn)g(Tn) (F 0 =7 )(G 1) fy)

VT, - - I A N S A s
=———— (FG-F§i—-F7y-60G-~7G+00+657+70+7%
mo g T :
\/ﬁ e A - TR - P~ R o <112 S/~ 112
=———  (FG-F0—F~5—-0G -G+ |6]|“+ 257+ |7]|).
s 7 1517 + 253+ 11P)

However, using Assumption Bm.6 for F(-,-) and G(-,-) and Theorem 1.3.1 gives

VI pa_ VT g 5
WF G " no(T)g(T) ; F(tsn, Xsn)G(tsn, Xsn)
VT =z S ~ /s
:m Sle (Tnﬁa m$5,n) G (Tnﬁ7 \/ﬁx&n)
1
—>p/0 J(u)dLy (u,0), (3.3.23)

where J(u) = [ F(u,z)G(u,z)dz and W is a standard Brownian motion on [0,1] and
Ly (u,0) is the local time of W, and

VT,
ng(Ty)?

Hence, in view of (3.3.21), using Cauchy-Schwarz inequality, A of (3.3.22) converges
to the same limit as (3.3.23).

. 1
]G\2—>p/0 /Gg(u,x)ddeW(u,O).

We are now ready to prove that Il in (3.3.18) converges to zero in probability.
Because II, = A V/MPmaxg(Tn)

VT A )| [0(T,2) + (T, 2)], in order to show IIy —p 0, it suffices to

prove that

V max TTL max Tn
"Pmax( )6(T,x)%0 and Pmaxg(Tr)

YT ||A(r, )|

YT || Alr, )|
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as n — oo.
Notice that by the proof of Lemma 3.3.2, we have O(1)kpmax

O(1)kpmin- Using Assumption B.3, B.4, Bm.6 and the result in Theorem 2.3.2,

ﬁ3|’A(T,CL‘)“’6( ) )| <O( ) W\/m Zz;]%;lbl]gpjjwn ( )

> Tal|Alr,2)|” >

V1Pmax(T) . — ,
<O( ) Wm Z 1(7—7'7;)| j;lbU@an(T)

1
k 2 k ')
\/npmaxg 2
<01 E hi(T, © E E bijpm, (T

( ) \4/T k?pmln z:0| ( )| i=0 |j=p;+1 ! jT( )

k

vV npmaxg a2 2

<0 Vk E
( ) V4T \/kpmm i—0 1

:O(1)n§+§”1+(l)+1)53+%(RQ—HQ)—HQ 0

2\ 7

N

<O

as n — oo where we use Assumption B.3(d) that a?(T,,) < M and Assumption B.4 and

Bm.6 for p and truncation parameters.
Meanwhile, using (2.2.13) with r = 2 and |h;(7, z)| < i1 for large i (see Nikiforov and

Uvarov, 1988, p.54) gives

/"Pmax9(Th) VTPmax9 (T,
e |y(1,2)| < O(1) Y= bijei, (T)hi(T, )
VT2 A(r, 2)|| VT, \/kpmm Zk;l;) I

O( ) vV npmaxg( )
\4/1T V' kPmin

\/mg( n) (" Vh (. 2
IRl Ry ey L

\/ npmaXT ( > "\ 12 2 > ]- 2
<0(1) > bia(r,m])] d ————
YT k‘\/ kpmm i=k+1 i=k+1 l(l o 1)\6

( ) V npmaXT 1
4V T k \% kpmln k3/4

:0(1)n2 3(Ra—r2)=(G=p)ma—fm _,

bi(T)hi(T, x)
i=k+1

T

as n — oo in view of Assumption B.4 and Bm.6. The proof is finished.
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Chapter 4

Orthogonal expansion of Lévy

process functionals

4.1 Introduction

Stochastic differential equations driven by a Lévy process under some conditions have
solutions in the form of functionals of the underlying process. Such equations are used
extensively in economics, finance and engineering disciplines to describe random phenom-
ena in both theory and practice. Meanwhile, some empirical studies show that many
datasets admit nonlinearity and nonstationarity. Consequently, a number of nonpara-
metric and semiparametric models and kernel-based methods have been proposed to deal
with both nonlinearity and nonstationarity simultaneously. Existing studies mainly dis-
cuss the employment of nonparametric kernel estimation methods. Such studies include
Phillips and Park (1998), Park and Phillips (1999), Park and Phillips (2001), Karlsen
and Tjgstheim (2001), Karlsen et al. (2007), Cai et al. (2009), Phillips (2009), Wang and
Phillips (2009a,b), Xiao (2009), and Gao and Phillips (2010).

However, such kernel-based estimation methods are not applicable to establish closed-
form expansions of functionals of Lévy processes. In the stationary case, the literature
already discusses how series approximations may be used in dealing with stationary time
series models, such as Ai and Chen (2003), Chapter 2 of Gao (2007) and Li and Racine
(2007). In addition, although the celebrated Black-Scholes option pricing formula de-

scribed the price of the financial product as a functional of Brownian motion, literature

127



has pointed out that there are some significant drawbacks to this formula. For example,
empirical evidence suggests that log returns do not behave according to a normal dis-
tribution (see Schoutens, 2003). Hence, the researchers realise that one would need to
include other stochastic processes (not just Brownian motion) when one needs to formu-
late a continuous-time stochastic models in order to depict some stochastic phenomena or
scientific datasets.

Therefore, there is need to study functionals of the Lévy process, Z(t), in the both cases
of time-homogeneity and time—inhomogeneity. Note that one powerful way of dealing with
such problems is to decompose the process, say f(Z(t)) or f(t, Z(t)), where the functional
form is unknown, into an orthogonal series in some Hilbert space, such that once one
has obtained observed values of the process, the coefficients involved in the series can be
estimated using an econometric method. Actually, the literature has found for a long time
that there exists a close connection between stochastic processes and orthogonal polyno-
mials. For example, the so-called Karlin-McGregor representation expresses the transition
probability of the birth and death process by means of a spectral representation in terms
of orthogonal polynomials. Some people clearly feel the potential importance of orthogo-
nal polynomials in probability theory. Schoutens (2000), for instance, gives an extensive
discussion about relations between stochastic processes and orthogonal polynomials.

In what follows, we shall establish some general theory and methodology for the ex-
pansion of a class of functionals of Lévy processes. As an application, we shall estimate

an unknown function of the form m(t, z) involved in the following model:
Y(t)=m(t, Z(t)) +e(t), te][0,00), (4.1.1)

where Z(t) is a Lévy process that covers both the continuous (such as Brownian motion)
and the discrete (such as the Poisson process) cases, ¢(t) is an error process with zero
mean and finite variance, and m(t, z) is an unknown function of (¢, z).

As far as we are aware, there is no discussion about how to estimate m(¢, z) by a non- or
semi-parametric method in the literature. Even in the discrete case where t =1,2,--- it
is not clear whether a nonparametric kernel method can provide a consistent estimator for
m(t, z). Part of the contribution of this paper is to establish an asymptotically consistent
estimator of m(t,z) and the resulting asymptotic theory in each of the three sampling
situations: a) the case where Z; = Z(t) at t = 1,2,---, b) the case where Z;,, = Z (Q)

n

att=1,2,---, and c) the case where Z;,, = Z (&) att=1,2,--- and with T;, — oo.

n
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The estimation methodology proposed in the sequel is summarised as follows. We
shall employ an appropriate polynomial sequence that is orthogonal with respect to ei-
ther the probability density or the probability distribution of Z(t) depending on whether
Z(+) is continuous or discrete. We then expand the unknown function m(t, Z(t)) into
an orthogonal series in some Hilbert space in terms of the polynomial sequence. We then
propose using a semiparametric least squares (SLS) estimation method to estimate m(t, z)
by m(t,z). To establish an asymptotic theory for m, we introduce a general asymptotic
theory to deal with the sample mean and sample covariance of four classes of functionals
of Lévy processes. It is noteworthy to point out that the established asymptotic theory
considerably extends some existing results, such as Park and Phillips (1999, 2001), and
Wang and Phillips (2009a).

With the advantage of expanding an unknown functional into an orthogonal series,
the proposed method can be used to deal with some estimation problems in economics,
finance and engineering. For example, there are a number of studies involving models with
conditional moment restriction containing an unknown functional, such as Ai and Chen
(2003, 2007), and Chen and Ludvigson (2009). Since existing theory for expansions of
functionals of stationary processes is not directly applicable, the proposed expansion and

estimation method in this paper is useful and significant in both theory and applications.

4.2 Lévy processes and infinite divisibility

The term ”Lévy process” honours the work of the French mathematician Paul Lévy who,
although not alone in his contribution, played an instrumental role in bringing together an
understanding and characterisation of processes with stationary independent increments.
In earlier literature, Lévy processes can be found under a number of different names.
In the 1940s, Lévy himself referred to them as a sub-class of processus additif (additive
processes), that is processes with independent increments. For the most part however,
research literature from the 1960s and 1970s refers to Lévy processes simply as processes
with stationary independent increments. One sees a change in language through the 1980s

and by the 1990s the use of the term ”Lévy process” had become standard.

Definition 4.2.1 (Lévy process). A process Z = (Z(t),t > 0) defined on a probability

space (€2, F,P) is called a Lévy process if it possesses the following properties

(i) The paths of Z are P-almost surely right continuous with left limits.
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(iii) For 0 < s <t, Z(t) — Z(s) is equal in distribution to Z(t — s).
(iv) For 0 < s <t, Z(t) — Z(s) is independent of {Z(u),u < s}.
(v) Stochastic continuity: for ¥V € > 0, limy_,oP(|Z(t + h) — Z(t)| > ) = 0.

It is evident that both Brownian motion and the Poisson process are Lévy processes.
However, from the definition alone it is difficult to see how rich a class of processes the
class of Lévy processes forms.

If we sample a Lévy process Z(t) at regular time intervals 0, A,2A, .-, we obtain
a random work: defining S,(A) = Z(nA), we can write S, (A) = Y1 + --- + Y, where
Y = Z@A) — Z((i — 1)A) are i.i.d. random variables whose distribution is the same as
that of Z(A). Since this can be done for any sampling interval A\, we can see by specifying
a Lévy process we have specified a whole family of random walks S, (A): these models
simply correspond to sampling the Lévy process Z(t) at different frequencies.

Choosing n/A = t, we see that for any ¢ > 0 and any n > 1, Z(t) = S,(A) can be
represented as a sum of n ii.d. random variables whose distribution is that of Z (%)
Z(t) can be "divided” into n ii.d. parts. A distribution having this property is said
to be infinitely divisible. Finetti (1929) introduced the notion of an infinitely divisible
distribution and showed that they have an intimate relationship with Lévy processes. This

relationship gives a reasonably good impression of how varied the class of Lévy processes

really is.

Definition 4.2.2 (Infinitely divisible distribution). We say that a real-valued random
variable ¢ has an infinitely divisible distribution if for each n = 1,2,---, there exists a

sequence of i.i.d. random variables &, ,&n,n such that

D
ngl,n'i_"'"’_fnm,
where 2 is equality in distribution.
Define the characteristic function ®.(6) of Z(t)

Dy(0) = ©z1)(0) = Elexp(i0Z(t))], 6 €R.
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For t,s > 0, noting that Z(t+s) = Z(t+s) — Z(s)+ Z(s) and the fact that Z(t+s)— Z(s)

and Z(s) are mutually independent, we obtain that ¢ — ®;(#) is a multiplicative function

Py 15(6) :q’Z(t+s)(9) = (I)Z(tJrs)fZ(s)(e)cI)Z(s)(e)
:(I)Z(t) (9)@2(5)(9) = (I)t(H)CI)S(Q).

Meanwhile, stochastic continuity implies in particular that Z(¢t) — Z(s) in distribution
as t — s. Thus t — ®.(0) is a continuous function, which, together with multiplicative

property, implies that ®,() is an exponential function.
®,(0) = e (O

where ¥(0) := ¢¥1(0) = —logE [ewz(l)] is the characteristic exponent of Z(1). Hence,
®,(0) = [®1(0)]'. The law of Z(t) is therefore determined by the knowledge of the law of
Z(1): the only degree of freedom when we are specifying a Lévy process is to specify the
distribution of Z(t) for a single time ( say ¢t = 1). Please consult Kyprianou (2006) and
Cont and Tankov (2004).

4.3 Existence of orthogonal polynomials associated with the
Lévy process

Let (Z(t),t > 0) be any Lévy process. Let ®(f) be the characteristic function of Z(1).

According to Schoutens (2000, p.50), it can be shown that

()
N0

=i(u+ o*7(i0)) (4.3.1)

for some function 7(-) with 7(0) = 0 where u = FZ(1) and ¢? = Var(Z(1)).
Let u(-) be the inverse function of 7(-). Define 7(2) = [¢(—iu(z))] .

Definition 4.3.1 (Lévy-Meixner system). A polynomial set {g¢;(t,x),7 > 0,t > 0} is

called a Lévy-Meixner system if it is defined by a generating function of the form
> ailt2) 5 = (7(2))" exp(au(z). (4.3.2)
i=0 ’

This definition is a general case of Lévy-Meixner system in Schoutens (2000) since

time variable ¢ is involved. Such a change makes it possible to obtain the existence of a

131



polynomial system which is orthogonal with respect to the distribution of Lévy process
Z(t). That is, such defined ¢; (¢, x) is orthogonal with respect to the distribution W;(x) of
Z(t):

- w
/ qi(t, x)q;(t, x)dV(z) = 6;5d; (t). (4.3.3)

—o0
where d2(t) = 25 @t x)dTy(z) > 0.

Remark 4.3.1. When process Z(t) is specified as Brownian motion, ¢;(t,z) becomes Her-
mite polynomial with weight the density of normal distribution N (0, t); when Z(t) is speci-
fied as Gamma process, ¢;(t, z) will be Laguerre polynomial system Lgat) (z);if Z(t) = N(t)
a Poisson process, ¢;(t, ) will be Charlier polynomial system C;(ut, z); if Z(t) is a Pascal

process, ¢;(t,z) will be a Meixner polynomial system.

Note that the Lévy-Meixner system is a subclass of the Lévy-Sheffer system, so that

we have the following martingale equality
Elqi(t, Z(t))|Z(s)] = qi(s, Z(s)), 0<s<t, i>0. (4.3.4)

In what follows we are about to find the explicit expressions of ¢;(t,x). Frankly speak-
ing, the following arguments parallel the counterpart in Nikiforov and Uvarov (1988).
Since there are two scenarios to be considered, continuous and discrete, this section is

split into two subsections.

4.3.1 Orthogonal polynomials of a continuous variable

Let (Z(t),t > 0) be a Lévy process. Suppose that Z(t) is a continuous random variable
with distribution function Wy (x) for every ¢ > 0, and LUy (x) = p(t, z).

Let us now consider differential equation of hypergeometric type with parameter ¢t > 0:
s(t,x)y" (t,2) +v(t,2)y (¢, ) + A(t)y(t, x) = 0. (4.3.5)

where s(t,z) and v(t,z) are polynomials in = of degree at most 2 and 1 respectively,
while A(t) is independent of z. We shall refer to the solutions of (4.3.5) as functions
of hypergeometric type. Note that in the equation (4.3.5), and also in the sequel, all

derivatives are conducted with respect to x, not to ¢.

Lemma 4.3.1. All derivatives of the solutions of (4.3.5) are still of hypergeometric type;
meanwhile, any function of hypergeometric type is a derivative of some function of hyper-

geometric type with \(t) # 0 in the differential equation.
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Proof. Differentiating (4.3.5) and denoting z1(t,x) = y/(¢, z) entail that
s(t,z)2y (t,2) + vi(t, z)2 (t,x) + m(t)z1(t,2) =0 (4.3.6)

where vy (t,z) = v(t,z) + s'(t,x) and 1 (t) = A(t) + V' (¢, z).

Since vi(t,z) is a polynomial in x of degree at most 1 and 7; is independent of x,
equation (4.3.6) is of hypergeometric type.

Now let z;(t,2) be a solution of (4.3.6) with A(t) = ni(t) — v}(t,z) + s"(¢t,x) # 0.
Construct a function y(t,z) = —ﬁ(s(f, x)2y(t,x) + v(t,x)z1 (¢, x)). Then

A®)Y (t,x) = — (s(t,2)z1 (¢, 2) + v(t, 2)21(t, 7))
= S(ta .CE)Zi/(t, .’L’) - S/(tv ‘T)Zi(t .T) - ’U(t, x)zi(u $) - ’U/(t, .’L’)Zl (ta JI)
—A(t)1 (1, 2),
by virtue of (4.3.6). Hence, 3/ (t,x) = 21(¢,z). The construction of y(¢, z) therefore implies

that y(¢,z) is a solution of equation (4.3.5).

It follows from induction that z;(t,z) =y (¢, ) is a solution of

s(t,m) 2 (t,z) + vi(t, 2) 2L (¢, 2) + mi (t)zi(t, ) = 0 (4.3.7)

where v;(t,z) = v(t,x) +is'(t,x) and n;(t) = A\(t) + v/ (¢, x) + @s”(t, x).
Moreover, every solution of (4.3.7) for nx # 0 (kK =0,1,---,7 — 1) can be represented
as z(t,z) = yW(t, ), where y(t,z) is a solution of (4.3.5). O

Observe that Lemma 4.3.1 provides with us a possibility to find out a family of par-
ticular solutions of (4.3.5) according to a given A(¢). Indeed, if n;(t) = A(t) + v/ (¢, z) +
@s”(t,x) = 0, it is evident that equation (4.3.7) has a solution z;(¢,z) = z;(t) inde-
pendent of z. Since z(t) = y®(t,z), we assert that when A(t) = \(t) = —iv/(t, ) —
@s”(t,x), y(t,x) = y;(t,x), as a solution of (4.3.5), is a polynomial in x of degree
exactly 1.

In order to find out the explicit expression of y;(t,x), where i is any fixed positive
integer, noting that (4.3.7) is valid for £ = 0,1,--- ,¢ (that is, ¢ can be substituted by any
k), we multiply equations (4.3.5) and (4.3.7) by appropriate functions p(t,x) and pg(t,x)

such that they can be written in self-adjoint form
(s(t,z)p(t, )y (t, ) + At)p(t,x)y(t,z) = 0 (4.3.8a)
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(s(t, ) pr(t, x)z(t,2)) + nr(t)pr(t, 2)zk(t,z) = 0 (4.3.8b)
where p(t,z) and pg(t, ) satisfy that
(s(t,z)p(t,z)) = wv(t,x)p(t, ) (4.3.9a)
(st D)ort,2)) = onlt2)pu(t,2) (43.9b)
It follows from (4.3.9) that

(s(t,x)pr(t, @)
pr(t, x)

which entails that

=u(t,z) = v(t,z) + ks'(t,x) =

ditx)  pta) s
oetr) — pltr) sty

Whence we have
on(t,x) = s8¢, z)p(t,z), k=01, (4.3.10)
where pg(t,x) = p(t, z) by definition.
Observing that s(t,z)px(t,z) = pry1(t,x) and 2z (t,x) = 2141 (¢, ), it follows from
(4.3.8b) that
oty )2t ) = —%(s(t,x)pk(t,x)z;(t, ) = —;(pkﬂ(t,x)zkﬂ(t,x))’. (4.3.11)

Hence, when k < ¢ we obtain successively

pu(t, )z (1) = - nlk<pk+1<t, )2k (1, 7))

132
( 1) (pk+2(tvx)zk+2(tax))”

_nknk+1

= (D () ()
~E it )0 2) P
where we denote -
A= Tms Ao=1 (4.3.12)
7=0

By virtue of that y;(¢,z) is a polynomial of degree i and zj = y ) 2z = y@ = const.,

we finally have
 AgB;

ot 2] [pi(t, )] =) (4.3.13)
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where Ag; := Ap(N\)|a=y, and B; = A%iy(i) (t,x).

i
Hence, in particular, when & = 0, we have an explicit representation of y;(¢,z) of

hypergeometric type '

B, d
p(t, x) dat
We call (4.3.14) the Rodrigues formula, since it was established in 1814 by B. O. Ro-

yi(t,z) = [s°(t, z)p(t, z)]. (4.3.14)

drigues for special polynomials of hypergeometric type, namely the Legendre polynomials,
for which s(z) =1 — 22, p(z) = 1.

Notice that for many Lévy processes (Z(t),t > 0), s”(t,z) = 0 (Brownian motion
with s(z) = 1, Gamma process and Poisson process with s(x) = x). See Appendix B of
Schoutens (2000). In this case A;; and B; reduce to

, 1 4
Aii = (V' (t, )4, Bi= ——yD(t,2).
(U (t7 x)) ? ) (U/(t7 x))zi!yl (t7 '1:)

Similar to the theorem of Nikiforov and Uvarov (1988, p.29), we have the following

lemma.

Lemma 4.3.2. Suppose that polynomials y;(t,z) in x are the solutions of equation of

hypergeometric type

s(t,2)y" (t,x) +o(t,x)y (¢, ) + Ni(t)y(t,z) =0 (4.3.15)

where \i(t) = —iv'(t,x) — i(igl)s”(t,x). In addition, suppose a density function p(t,x)
satisfies that (s(t,z)p(t,x)) = v(t,z)p(t,x) and the so-called boundary condition for any
t>0

s(t,z)p(t, 2)z" | pmap = 0, k=0,1,--- (4.3.16)

where a and b are the boundary points of the support of p(t,x) relative to x. Then the
yi(t, z) are orthogonal on (a,b) with respect to p(t,x).

The orthogonal polynomial system {y; (¢, )} with p(¢, x) satisfying conditions in Lemma
4.3.2 is called classic orthogonal polynomial system of continuous variable. It is usually

considered the auxiliary conditions p(¢,z) > 0 and s(¢,z) > 0 on (a, b) for any ¢ > 0.

Proof. Observe that y,,(t,z) and y;(t,z) satisfy the following differential equations in

self-adjoint form respectively
(s(t, 2)p(t D)t 2)) + Ai(Dp(t @)yt z) = 0, (4.3.17a)
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(s(t,x)p(t, )y, (t, ) + Am(t)p(t, 2)ym(t,x) = O. (4.3.17b)
Operation (4.3.17b)xy;—(4.3.17a) X y,, yields

(Am () = Ai(0)p(t, 2)ym (L, 2)yi(t, )
=(s(t,2)p(t, 2)yi(t, ) ym (t, 2) — (s(t, 2)p(t, D)y} (¢, 2)) vi(t, ).

Integration by parts gives

b
o (t) — A1) / Pty 2y (1, ) (1, )
:S(t, :C)p(t, x)yé(tv x)ym(ta li) |Z - S(t’ x)p(t, x)y;n(t x)yi(tv fL‘) |Z =0

due to the boundary condition (4.3.16). Hence, if A\, () # Ai(t), then y;(t,z) are of
orthogonality with weight p(¢, x). O

Note that (1) Interval (a,b) is infinite in this study. (2) \; # A, & m # 4. In fact,
Ai(t) = A (t) = (m =)V (t,2) + 5 (m~+i—1)s"(t,2)], but o'(t,z) + 5 (m+i—1)s"(t,z) = 0
implies both v'(¢,2) = 0 and s”(¢,z) = 0. Nonetheless, vanishes of the two simultaneously

will not result in a density p(¢,z) which satisfies boundary conditions.

Example 4.1
We are going to find out the differential equation of hypergeometric type for orthogonal
2

polynomials with weight p(t,z) = \/%me o
Starting from (s(t,z)p(t,x))" = v(t,x)p(t,r), we have s' — s§ = v. Noting that s is
a polynomial at most of second order while v is a polynomial at most of first order, in
order to meet the equation, we must have s = g(t), hence v = —g(t)7. Consequently, \; =
ig(t)%. Therefore, the orthogonal polynomials satisfy the following differential equation of
hypergeometric type
ty" (t,z) — 2y (t, x) + iy(t,x) = 0. (4.3.18)

It is easy to verify that yo =1, y1 = %, Yo = % (”72 — 1), and y3 = % <\xf—; — 3%)

satisfy the equation (4.3.18). O

Example 4.2
In this example, we are about to find out the differential equation of hypergeometric

xT

type of orthogonal polynomials with respect to p(t, x) = mxate* , which corresponds

to a Gamma process Z(t) with o > —1.
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It follows from (s(t,z)p(t,z)) = p(t,z)v(t,z) that §'(t,x)z + ats(t,z) — zs(t,x) =
v(t, z)z. Palpably, s(t, x) is at most a polynomial in z of one degree to satisfy this equation
since v(t, x) is a polynomial of degree at most 1.

Suppose that s(t,z) = g(t)x + h(t) and v(t,x) = g1(t)x + h1(t). Substituting into the

above equation yields
g(t)z + atg(t)x + ath(t) — g(t)z* — h(t)x = g1(t)x® + hi(t)x.

Identifying the coefficients gives that h(t) =0, ¢g1(t) = —g(t) and hi(t) = (at + 1)g(t).
Therefore, s(t,z) = g(t)z, v(t,z) = (at+1—x)g(t) and \; = ig(t). Whence, the differential
equation is

2y (t,x) + (at +1 —2)y/(t,x) + iy(t,z) = 0. (4.3.19)
O

Lemma 4.3.3. For the classical orthogonal polynomial y;(t, x) of hypergeometric type with
weight p(t, x)
s(t,z)y" (t, x) +o(t,2)y' (t,x) + \i(t)y(t, ) =0, (4.3.20)

where \i(t) = —iv/(t,x) — 1i(i — 1)s"(t,z), the derivatives y(k) (t,z) are orthogonal with

7

respect to py(t,z) = s*(t,z)p(t,z) on (a,b).

Proof. According to Lemma 4.3.1, because y;(t, x) satisfies equation (4.3.20), yl(k) (t, ) is

a solution of the following differential equation
st o)l (6 )+ ot 2) o (1 2)) iy (8, 2) = 0, (4.3.21)
where vy, (t,2) = v(t,z) + ks'(t,2) and ni; () = Ni(t) + ko' (¢, @) + k(k — 1)s"(t,z).
It is easy to verify that given (s'(t,z)p(t,x)) = v(t,x)p(t, z), pi(t, ) satisfies

(s(t,2)p(t, 2)) = vp(t,2)pi(t, ). (4.3.22)

We therefore have a self-adjoint form of equation (4.3.21)

{s(t.2)pr(t, ) [y (6, 2))'Y + npapi(t, 2) (1, 2) = 0. (4.3.23)

Suppose, on the other hand, that y,(jf) (t,x) is the k-th derivative of y,,(t,z) of hy-
pergeometric type corresponding to A, then we also have a similar equation to (4.3.23).

Aligning them together gives
{s(t2)p(t,2) [y (£, )Y + mpapn(t, 2)y " (t2) = 0, (4.3.24a)
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{s(t, 2)p(t.2) [yl (8, )Y + i (t, @)yl () = 0. (4.3.24b)

A similar derivation as in Lemma 4.3.2 yields

b
(Mo, — Nkt / Pi(t, w)y%“)(t>fﬂ)y§k)(t,w)dx
/{smpkm[ )(t,2))' Yy (1, 2)da
/{st:cpktm )(t,2) Y (¢, 2)de

=s(t,2)pu(t,2)[y" (8, )y (¢, ) [}
— s(t,@)pi(t, ) [y (¢, )y (8, 2|
=0

in virtue of the boundary condition of p(¢, z).
Therefore, when 1., # nki, viz., m # i, we have f; pk(t,x)y( )(t x)y (k)(t,x)dx = 0.
In other words,
b
[ outtsa)sf) e 00y 0, 0)do = b,
where d,(t) f o, o) [y (¢, 2))2dz. O

)

Let us find out the relationship between the squared norm d,(t) of yl(k) (t,z) and the
squared norm d(t) := d2,(t) of y;(t,z). Rewrite equation (4.3.24a) as

et (8, )y (4, 2)) + mrapn(t, 2)0 ™ (¢, ) = 0. (4.3.25)

Multiplying (4.3.25) by yl( )(t,x) and integrating by parts over (a,b) give
b
midt6) =i | n(t. o)l t,2)Pds (43.20)
b
= [ttt 0)da

b
= — o1 (6, 2)y TV (8, 2)y P (1, 2| + / pre (t,2) [y (8, 2))de

=dji114(t)- (4.3.27)

Whence, by induction, we obtain

= d3(t) H it (4.3.28)
where Noi (t) = )\z (t)

138



4.3.2 Orthogonal polynomials of a discrete variable

First, we study the solutions of difference equation of hypergeometric type with parameter
t > 0. Define difference operation Af(z) = f(x +1) — f(z), Vf(z) = f(z) — f(x —1). In

what follows, the following identities are frequently utilised

Af(x) =Vf(z+1),
AV f(z) =VAf(x)=flx+1)—2f(z)+ f(x — 1) (4.3.29)
Alf(@)g(x)] =f(x)Ag(@) + g(@ + 1) A f(x)

Note that in the sequel all difference operations are applied with respect to x only.

The difference equation of hypergeometric type takes the form
s(t,z)AVy(t, ) +v(t,x)Ay(t,z) + A(t)y(t,x) =0 (4.3.30)

where s(t, ) and v(t, x) are polynomials in = at most second and first degree respectively,

and )\ is a constant relative to t.

Lemma 4.3.4. Ify(t,x) is a solution to (4.3.30), then z1(t,z) = Ay(t, x) is also a solution

of some difference equation of hypergeometric type. If A(t) # 0, the converse is also true.
Proof. Applying A on (4.3.30) yields
Als(t,x)Vzi(t, z)] + Alv(t, z)z1(t, )] + A(t)z1(t,z) =0 (4.3.31)
Moreover, by (4.3.29),

Als(t,z)Vz(t, )] =s(t, 2)AVzi(t, ) + As(t,z)Vz(t, z + 1)
=s(t,x)AVz(t,z) + As(t, v) Az (L, x),
Alv(t,z)z1(t, )] =21 (t, ) Av(t, z) + v(t, z + 1) Az (¢, x).

It thus follows that
s(t,x) AV z1(t, x) + v1(t, ) Az (t, ) + m(t)z1 (¢, x) = 0, (4.3.32)

where vy (t,z) = v(t,x + 1) + As(t,z) and n1(t) = \(t) + Dv(t, ).
Palpably, v (¢, z) is a polynomial in x of degree at most 1 and n;(¢) is independent of
x. Therefore, (4.3.32) is of the same form as (4.3.30).
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If A(t) # 0 (which can be represented by n1(t), vi(t,x) and s(¢,x)), for each solution
z1(t, x) of (4.3.32), construct

y(t,z) = —A(lw[s(t,x)vzl(t, )+ o(t,2)21 (t, 7).

Then, it is easy to verify that Ay(t,z) = z1(t,x) and y(t, z) satisfies equation (4.3.30).
In fact, since (4.3.32) is equivalent to (4.3.31), —A(t)Ay(t,x) = Als(t,x)Vzi(t,z) +
v(t,x)z1(t,x)] = —A(t)z1(t, x), hence, Ay(t,z) = z1(t,z). Moreover, s(t,z)AVy(t,z) +
v(t, ) Ay(t, x) + At y(t, z) = s(t, x)Vzi(t, x) +o(t, )z (¢, ) + Ay (t, x) = =A(t)y(t, z)+
A(t)y(t,z) = 0 by the definition of y(¢,z). The proof is finished.

O

It follows from induction that z;(t,z) = A'y(t,x) satisfies a difference equation of

hypergeometric type:

S( 1) AV 2s(t2) + vt 2) Ds(t 3) + ms(8) 2t ) = 0, (4.3.33)

where
vilt, @) =vi1(t, @+ 1) + As(t, ), wolt, ) =v(t, ) (4.3.342)
ni(t) =ni-1(t) + Avia (¢, ), mo(t) =A(t). (4.3.34b)

The converse is also correct, viz., every solution z;(t,x) of (4.3.33) with n # 0 (k =
0,1,--+,i—1) can be rephrased as z;(t, ) = Aly(t, ) where y(t, z) is a solution of (4.3.30).
Since the first part of (4.3.34a) may be rewritten as

vi(t,x) + s(t,x) =vi—1(t,x + 1) + s(t,z + 1), (4.3.35)

it is clear that v;(¢t,x) = v(t,z + 1) + s(t,z + 1) — s(t, x).

Observe that Aw;(t,x) and A%s(t,z) are independent of z. Thus, it follows from once
again the first part of (4.3.34a) that Av;(t,x) = Av;_1(t,2) +A%s(t,z) = -+ = Ao(t,x) +
iA?s(t,z). Whence, the first part of (4.3.34b) reads n;(t) = ni_1(t) + Avi_1(t,x) =
ni—1(t) + Av(t,z) + (i — 1)A2s(t, x), which gives

+Z7)k — Me—1(t)]

=A(t) + Z[Av(t, z) + (k — 1)A%s(t, )] (4:3.36)
=\(t) +ilv(t,x) + %i(i — 1)A%s(t, )

=A(t) + ' (t, ) + %i(i —1)s"(t, x).
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Note that apparently if 7;(¢) = 0 in equation (4.3.33), then z;(¢, x)=const. is a solution
of equation (4.3.33). Note also that z;(t,7) = Aly(t,z). That means that when \(t) =
Ai(t) = —iv/(t,x) — Li(i — 1)s”(t,x), equation (4.3.30) has a solution y(t,z) = yi(t,z)
which is a polynomial in z of degree exactly i provided that n; # 0 for K =0,1,--- ,i— 1.
Indeed, the equation

s(t, ) AVzp(t, x) + vi(t, ) Azi(t, ©) 4+ ni(t) 2t ©) = 0
can be rephrased as

b 7) = —nlk[s(t, D)V a1 (b 2) + vu(ts ) 20 (1 2)]

which clearly implies that if z1(¢,2) is a polynomial in = then zx(¢,x) is a polynomial
in x as well when n; # 0.
In order to obtain explicit solution y;(¢,z), exploiting functions p(t,x) and pg(t,x)
satisfying
As(t,x)p(t,x)) = v(t,z)p(t, x), (4.3.37)
A(S(ta l‘)pk(t,l‘)) = Uk(t7x)pk(ta IL‘), (4338)

the equations (4.3.30) and (4.3.33) are written in a self-adjoint form

A(s(t, z)p(t,z)Vy(t,x)) + At)p(t, z)y(t,z) = 0, (4.3.39)
A(s(t, ) pi(t, ©)Vap(t, ©)) + me()pr(t, ©) 2 (t, z) = 0. (4.3.40)
Let us find out pg (¢, x). It follows from (4.3.38) that

S(t,:B + 1)pk(t7x + 1)
pk(tv .%')

= vi(t,x) + s(t, x). (4.3.41)

By virtue of (4.3.35), we have

stz + V)pr(t,z +1) _ s(t,z+2)pp—1(t,z +2) (4.3.42)

pk(t7$) Pk—l(t,x‘f‘ 1)

which is equivalent to

pk(t,l'—l- 1) . pk(t,$) ._
- = Ck(t7x)
s(tyx 4+ 2)pp—1(t,x+2)  s(t,x+ 1)pp_1(t,x + 1)
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where ¢y (t,z) is any periodic function in x with period 1. Since we only need to find
out a particular pg(t,z) in (4.3.38), we may take ci(f,z) = 1. Thus, pi(t,z) = s(t,z +
1)pr—1(t,z + 1), which entails

k
p(ta;_ptx+k:H s(t,x + 7). (4.3.43)

With the help of (4.3.43), equation (4.3.40) is rephrased as

pi(t, x)zk(t, x) = — A(s(t, z)pr(t, ©)Vag(t, x))

=— V(s(t,z 4+ 1)pg(t,z + 1) Azk(t, x))
=— —V(pp+1(t, ) 241 (L, 2)).
For k < i, we obtain successively

Pt 2zt x) = — n:@wpkﬂu,x)zkﬂu,x))

12
:(D()V2(pk+2(t, T)2p42(t, )

M ()1 (t (4.3.44)
= 2B (1, )(1,2)),

where
' [[m®, Ao=1. (4.3.45)

Noting that z;(t,z) = Aly;(t,z)=const. and denoting z,;(t, ) = A™y;(t, ), we have
AmiB;

Zmi(t, ) = A"yt z) = o) Vi_m[pi(t,x)], (4.3.46)
where
. m—1
7! k+i—1
Amz - Am( ’)\ A (7, _ m)' H <U/(t7 x) + 2 8//( ’ )> b
k=0
do 1 (4.3.47)
1
B; = THA yi(taw) Tyz(Z)( > )
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Particularly, an explicit expression, Rodrigues formula, of y;(x,t) is

2

yilt,z) = p(fx)vi[pi(t,a:)]. (4.3.48)

Apparently, (4.3.48) is equivalent to

B; ; . B; ; =
yi(t,z) = o(7) Npi(t,z —1)] = o x)A’ [p(t, x) H s(t,x — k:)] . (4.3.49)
’ ) k=0

Lemma 4.3.5. Given that p(t,z) > 0 satisfies N(s(t,z)p(t,z)) = v(t,x)p(t,x) and the

boundary conditions for any t > 0,
s(t, 2)p(t, 2)2" | pmap = 0, k=0,1,---, (4.3.50)

where a and b are left and right endpoints of the support of p(t,x) relative to x, the
polynomial solutions y;(t,x) of the difference equation (4.3.30) are orthogonal on [a,b— 1]

with weight p(t, x)
b—1

Z ym(t’ $J')yi(t7 xj)p(t’ 'Tj) = 5midz2(t)- (4'3'51)

zj=a
Similarly, NFy;(t,x) are orthogonal with respect to pi(t,z):

b—k
> Ayt ) APyt ) pi(t, 25) = Smidi (1) (4.3.52)

Tj=a

The orthogonal polynomial system {y; (¢, )} with p(¢, x) satisfying conditions in Lemma

4.3.5 is called classic orthogonal polynomial system of discrete variable.

Proof. The equations for y;(t,z) and y,,(t, z) in self-adjoint form are

A(s(t,x)p(t,x)Vyi(t,z)) + Xi(t)p(t, x)yi(t,x) = 0 (4.3.53)

A(s(t, z)p(t, 2)Vym(t,x)) + An(t)p(t, 2)ym(t,x) = 0. (4.3.54)

Multiply (4.3.53) by ym(t,x) and (4.3.54) by v;(¢,z), subtract the second from the
first. We have

(Am (t) = Ai(8))p(t, 2)ym (t, 2)yi(t, )
=ym (t, 2) D (s(t, ) p(t, 2)Vyi(t, x)) — yi(t, ) As(t, 2)p(t, ©) Vym(t, 7))
=A(s(t,x)p(t, ) ym(t,x)Vyi(t,z)) — s(t,x + 1)p(t,z + 1)Vy(t,z + 1) Aym (¢, x)
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— A (s(t,z)p(t, ) y;(t,x)Vym(t,z)) + s(t,z + 1)p(t,x + 1)Vyn(t,z + 1) Ay;(t, x)
:A[S(t, :C)p(t, x)(ym(t’ l‘)Vyi(t, l‘) - yi(tv a:)Vym(t, SU))L

on account of (4.3.29).

If we put z = x; and sum them over j

(Am(t) - Az(t)) Z ym(tv xj)yi(t7 l’j)p(t, xj)

J
=s(t,2)p(t, ) (ym(t, 2) Vyn(t, 2) = yu(t, 2) Vym(t,2))[q = 0

by virtue of the boundary condition. Hence, (4.3.51) is valid.

We are now in a position to demonstrate (4.3.52). We use induction. Notice that
Ay;(t, z) is a solution of difference equation which can be written in self-adjoint form with
pi(t,x) = s(t,x + )p(t,x + 1) = (v(t,x) + s(t,x))p(t,z) by the condition that p(t,z)
satisfies.

Because p(t,z) satisfies the boundary condition (4.3.50), pi(t,x) satisfies a similar
condition, viz.,

s(t,a:)pl(t,:n)mﬂx:a,b =0, k=0,1,---

Whence the polynomials Ay; (¢, z) have orthogonality

b—2
D Ayt ) Ayit, )1t 25) = Smidi;(2).
SCj:a

Palpably, we have the relationship of orthogonality for AFy;(t,x),

b—k—1
D Ayt ) Ayt @) pr(t 25) = Smidiy(2).

Tj=a

Example 4.3
Let Z(t) be a Poisson process with intensity p. Then, p(t,x) = e‘“t%, z=0,1,2,---.
In this example, we are to find out the difference equation of hypergeometric type that
polynomials orthogonal with respect to p(t, z) satisfy.

From the condition A(s(t,x)p(t,x)) = v(t,x)p(t,x), it follows that s(¢t,z + 1)p(t,x +

1) — s(t,x)p(t, x) = v(t, x)p(t, z), which is
s(t,x + Dut = [s(t,z) +v(t, z)|(z + 1). (4.3.55)
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Obviously, s(t,z) could not take a quadratic form. Suppose therefore that s(t,z) =
g(t)z+h(t) and v(t,z) = g1(t)x+hi(t). Plugging these representations into (4.3.55) yields

ptg(t) + [g(t) + h(t) ut = [g(t) + g1 ()]2® + [A(t) + ha(t) + 9(t) + g1 ()] + h(t) + ha(2).
Equating the coefficients of powers of x, we have

git) +a1(t) = 0,
h(t) +hi(t) +g(t) + 91 (t) = ptg(t),
ptlg(t) +h(t)] = h(t) + hi(t).

Thus, ¢1(t) = —g(t), h(t) = 0 and hy(t) = ptg(t). Hence, A = \;(t) = —nd/(t,z) =
ig(t). Therefore, the difference equation of hypergeometric type is

zAVy(t,z) + (ut — 2)Ay(t,x) + iy(t, z) = 0.

O
In order to obtain the squared norm d?(t), we first establish the connection between

dz.(t) and dzﬂ ;(t) where
—k—
= Z t x] pk t x]) d(z)z(t) - d?(t)v zki(tax) = Akyi(t7$)'

The self-adjoint equation for zy;(¢, x) is
A(S(t, x)Pk (ta x)vzki(t7 l’)) + nk’z(t)pk (ta m)zk’i(t’ $> =0,

where 7k (t) = Ai(t) — Ak(t).
Multiply by z;(t, z), sum up over the values = x; for which a < z; <b—k — 1:

> zhilt, 2 At 25) pi(t, 25) Vit 25)) + nra(B)di () = 0
J
Note that Azy;(t,z) = zx414(t, x), s(t, x4+ 1)pg(t,x + 1) = pry1(t, z). Using difference
identity for product in (4.3.29) gives

szi(t z;) A(s(t, xj) pr(t, 1) Vi (t, ;)

—Z s(t, @) p(t, x5)zki(t, x5) Vg (t, x5))

145



— s(t i+ Dpp(t,x; + 1)V (t, o + 1) Az (t, z5)]

Z s(t,25) Pt 25) 2i(t 05) Vit 25)) = praa(t25) 2k 41,4(t 25)]

=s(t,2)pr(t, ) z2ki (8, 1) Vgi (b, 2) |57F — df (1)
dk+1z(t)

We thus have

1
A1) = i i(1). (4.3.56)
And iterating the formula gives
1 1
d2(t) =d2,(t) = —d3 ,(t) = d3.(t) ="
(1) =d(0) = (1) = —— a8 (1
1 2 1 2
— () = zji(z, ) Si(t)
Hk 0 ki Hk 0 ki

=(—1)'Ai B} Si(t) (4.3.57)

where Si(t) = -0 pil,1).

4.3.3 Three important remarks

Remark 4.3.2. The interval and the weight of orthogonality determine the polynomial
uniquely, up to a constant multiple. See Nikiforov and Uvarov (1988, p.34). We therefore
have ¢;(t,z) = a;(t)y;(t, ). Palpably, a;(t) can be determined by orthogonality:

/ﬁw@ﬂﬂ@:ﬁ@/ﬁmwﬂmm S dB(t) = a2(H)d2(t),
I I

where (Zg(t) and d?(t) are squared norms of ¢;(t, z) and y; (¢, z) respectively. Hence, a;(t) =

d;(t)/di(t) and

di(t)
i(t,T) = i(t, ). 4.3.
ait.2) = Gt ) (43.58)
Remark 4.3.3. Tt follows from (4.3.26) and (4.3.56) that in both continuous and discrete
situations, ng; > 0 for all ¢ > 0 and k& = 0,1,---,2 — 1. Observe that ng; = \; =

—iv/(t,z) — 3i(i — 1)s"(t,z) > 0 entails that v/(t,z) + (i — 1)s”(t,z) < 0 for all i > 0.
In what follows we discuss the possible signs of v/(¢,z) and s”(¢,z). (1) s”(¢t,z) > 0.

No matter what the sign of v/(¢, x) is, because of the arbitrariness of i, \; < 0 for i being

large. (2) v'(t,z) > 0. It follows that A\; = —v/(¢,2) < 0. Thus, the above two cases are

impossible.
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The possible cases are: (3) v/(t,z) < 0 and s”(¢,2) = 0. Example 4.1, 4.2 and 4.3 all
belong to this situation. (4) v'(t,z) < 0 and s”(¢,2) < 0. This situation corresponds to
Legendre polynomials, where, after variable changing, s(¢,z) becomes a? — 22 implying
that the support of p(t,x) is [—a,a] with fixed a. However, this scenario is beyond the
scope of this paper since we are interested in the scenario that Z(t) assumes values on
R, R*, or N. Therefore, in the sequel, our development will rely on the case 3, viz.,

V'(t,z) <0 and §”(t,z) = 0.

Remark 4.3.4. Sometimes we may need the asymptotic property of orthogonal polyno-
mials. In the sequel, the following inequalities for Hermite polynomials and Laguerre
polynomials are useful which can be found on Nikiforov and Uvarov (1988, p.54),

;'Hl‘(f"’)’ <0yt and ;i\LZ(“)(x)\ < Cyih,
where d; are the norm of Hermite and Laguerre polynomials in different inequalities re-
spectively; Cy and Cs only depend on fixed z.
In view of the relation C;j(p,x) = Cyp(u,i) = 2! L) (1), the above inequality is true
for Charlier polynomials as well. Thus, we may assert that within the ambit of our study,
all classical orthonormal polynomials Q;(t, x) satisfy that |Q;(¢, z)| < Ci~1 for fixed t and

x where C' is independent of 1.

4.4 Orthogonal expansion of homogeneous functionals of

the Lévy process

Let (Z(t),t > 0) be a Lévy process with distribution function W;(x), associated with a
probability space (2, F,P). Suppose that the density or probability distribution p(t,x)
of Z(t) satisfies the boundary condition in the preceding section, hence, there exists a
polynomial system y;(t, ) orthogonal with respect to p(t,z). Let

Qilt.z) = df(t)yi(t,x) (4.4.1)

be the orthonormal polynomial system with the measure of orthogonality W;(z) where
d?(t) is the squared norm of y;(¢,z). In such a situation, we shall say that the Lévy

process Z(t) admits a classical orthonormal polynomial system Q;(t,x).
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Let I be the support of the density or probability distribution p(t, z) of Z(t). Consider

a function space for ¢ > 0
LX(I1,d%(z)) = {f(x /f2 )dV,(z) < 00} (4.4.2)

According to Billingsley (1995, p.249), L*(I,dV(z)) is a Hilbert space. Given that

U, (z) satisfies a sufficient condition, viz., there exists a constant ¢ > 0, such that

/ech”'d‘lft(x) < 00, (4.4.3)

the system Q;(t,z) is not only orthonormal but also complete in L2(I,d¥,(z)). See Niki-
forov and Uvarov (1988, p.57). Indeed, there are many Lévy processes satisfying this
sufficient condition, for example, Laguerre polynomial system associated to Gamma pro-
cess satisfies (4.4.3) with ¢ < 1, and both Hermite polynomial system with the density of
Brownian motion as its weight and Charlier polynomial system orthogonal to the proba-
bility distribution function of the Poisson process satisfy it with any ¢ > 0.

Additionally, in the Hilbert space L?(I,dV¥;(z)), the scalar product and the induced

norm are defined as follows

/ f@)e(@)dv(z),  Ifll = VT D.

Construct a mapping for f(x) € L*(I,dV(z))

T: [ f(Z().

Since E[f?(Z = [; f2(2)d¥4(z) < o0, f(Z(t)) is an element of L*(), a collection
of all random varlables with finite second moment. Accordingly, the image of 7, denoted by
O, is a subset of L?(2). Hence, all elements in © admit the norms and scalar products, as
the elements in L2(%2), namely, (f(Z(1)), g(Z(t)))o = ELf(Z(8))g(Z(t))] and || f(Z(t)]lo =
V{f(Z(1)), f(Z(t))), the induced norm. The following lemma gives the properties of T
and ©.

Lemma 4.4.1. The mapping T has the following properties:
(1) T is linear;

(2) T is a one-to-one mapping from L*(I,d¥(x)) to ©;
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(3) T is an isomorphism.

Proof. (1) Straightforward verification. (2) For any functions f,g € L2(I,dW¥;(z)), we

have,

T(9))e = (f(Z(1)),9(Z(t))) = E[f(Z(t))9(Z(t))]
/f z)dWi(z) = (f, 9)12(1,dw,(2))-

That means the transformation is inner product preserving. Therefore, f # ¢ <
T(f) # T(g). Thus T is one-one. (3) Since T is linear and ||T(f)|| = ||f| for f €
L*(I,dV(x)), T is isomorphism. O

Lemma 4.4.2. O is a closed subspace of L?(S2), hence it is a Hilbert space.

Proof. Apparently, © is a linear space due to linearity of 7. Because T is one-to-one and
inner product preserving, {&,} is a Cauchy sequence in © if and only if there is a unique
sequence {f,} in L2(I,dW¥;(z)) such that T(f,) = &, n = 0,1,2,..., and {f,(2)} is a
Cauchy sequence in L?(I,dV(z)). Therefore, due to the completeness of L?(I,dV¥(z)),
O is a closed subspace of L?(Q2). Hence it is a Hilbert space. O]

Lemma 4.4.3. If {p;()}2, is any orthonormal basis in L*(I,dV¥.(x)), then {T (p:)}>,
is an orthonormal basis in ©. Particularly, {T (Qi(t,x))}2, = {Qi(t, Z(t))}2y, t > 0, is

an orthonormal basis in ©.

Proof. By virtue of the properties of T that 7 is one-to-one, inner product preserving, it
is valid. O

The following theorem is a consequence of the above lemmas.

Theorem 4.4.1. Suppose that Lévy process (Z(t),t > 0) admits a classical orthonormal
polynomial system Q;(t,x) with weight p(t,z). For any element f(Z(t)) € O, it has a

Fourier series expansion

= a(t, fQi(t, Z(1)), (4.4.4)

1=0
where ¢;(t, f) = (f(Z(t)),Qi(t, Z(t)))e.
Proof. In view of the facts that © is a Hilbert space and {Q;(¢, Z(t))} is an orthonormal

basis in O, it follows. O
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Note that from Parseval equality it follows that ||f(Z(¢))]|3 = Y ooq c2(t, f) for all
t>0.

Example 4.4

We are about to show some examples of expansion of Lévy process functionals.

L f(Z(t) = a0+ @Z(t) + - + axZ()". Obviously, F(Z(t)) = colt)Qo(t, Z(¢)) +
a®)Q1(t, Z(t)) + -+ + cp(t)Qr(t, Z(t)). The coefficients ¢;(t) = E[f(Z(t))Qi(t, Z(t))],
i=0,1,--- k.

We have two particular examples for Z(t) = B(t) and Z(t) = N(t):

B°(t) =15t°/2hy (t, B(t)) + 10V/6t2hs(t, B(t)) + 2v/30t°/2hs(t, B(t)),
N2(t) =pt(1 + pt)Go(ut; N(1)) — v/t (2ut 4+ 1)G (ut; N () + V2utGa(ut; N(t)),

where h;(t, B(t)) = —=H;(B(t)/v/t) with H;(-) being Hermite polynomials, 4 is the in-

= v
tensity of Poisson process N(t) and €;(t; N(t)) = ‘/\%l ci(pt;n) with ¢;(+;-) being Charlier
polynomials.

2. f(Z(t)) = exp(Z(t)) and g(Z(t)) = exp(—Z(t)). It follows from (4.3.2) that

ZQJ (t,z) = (7(2))" exp(2u(z)),

]l
where c@(t) are norm of ¢;(¢,z) in (4.3.2).
Note that m(z) = [p(—iu(2))]~" in which ¢(8) = E[e"??(M)] and u(z) is the inverse
function of 7(-) determined by (4.3.1) and i is the imaginary unit.
Let u(z) = 1. Then 7(z) = [¢(—i)]~! and therefore

exp(2(0)) = [6(-0)" Y- Q0 20 7L
=0
Similarly,
exp(—=7 Zd )

3. f(Z(t)) =cos Z(t) and g(Z(t)) = st( ).
First, as above, we may obtain the expansion of exp(iZ(t)) and exp(—iZ(t)) by letting

u(z) =i and u(z) = —i respectively, where 7 is the imaginary unit,
o0

exp(iZ(t) = [pL)S i St 2(2)),
7=0
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7(—i)!

i)
Qi 2),

exp(—iZ(1) = [(=D]' D _d;(t)

j=0

It follows from the formulae e = cosx + isinz and e ™ = cosz — isin z that

hE

cos Z(1) = expliZ(1)) + exp(—iZ(1))] = S b;(1Qs(1 Z(1)),

J

Mg L

sin Z(t) Z%[exp(iz(t)) —exp(—iZ(t))] =

¢ (1)Q;(t, Z(1)),

7=0
where
b = SdOF {r O] + (=P o(-DI'}
6(t) = (b, {rY B — =iy 61}

[
It is noteworthy to point out that when Lévy process Z(t) is specified as Brownian
motion, ¢(0) = efg and 7(s) = s. Hence E(e=?()) = E(eZ()) = e~2. In addition,
(I](t) = ﬁ]\/f' (see Schoutens, 2000). If we supersede these relations into the expansions
in last example, the basis Q;(t, Z(t)) is substituted by h;(t, B(t)), then the expansions of
the f(Z(t)), eZ®, e=%® sin Z(t) and cos Z(t) would reduce to the expansions of f(B(t)),
eB® e=BW_ sin B(t) and cos B(t) in the examples of Chapter 2. The coincidence in a
sense implies the correctness of the method in Theorem 4.4.1. For the convenience of the
following development, we coin the notations as follows.
Notations: We continuously use the notations in §2, such as, p(t,z), pr(t,z), An(t),
Nmn(t), dn(t), dmn(t); Meanwhile, as Lemma 4.3.3 (Lemma 4.3.5) indicated, since for

fixed integer 7, Qi(t,z) = d,nil(t)ygr)(t, x) (or Qpi(t,z) = ﬁ(t)Aryi(t,x) in the discrete

case) also form an orthonormal system, we may in what follows expand the function
fUN(Z(t)) (or ATf(Z(t))) in terms of Q;(t, Z(t)). In this case, for the sake of convenience
we use notations ¢;(t, D" f) to stand for the corresponding coefficients without specifying
the basis, or the notations allude the basis is Q;(¢, Z(t)). In other cases, we would specify
what basis we are using.

Moreover, because v(t,x), as discussed in Remark 4.3.3, is a polynomial in x of degree
exactly 1 and v'(¢,x) < 0, it is notationally convenient to signify in the rest of the paper
v(t) :== Lo >o.

()
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Since there are always two operations of differentiation and difference to be dealt with,
we unify them as D, viz., D stands for either differentiation or difference operation, which
would not be ambiguous in context. O

Let k be a truncation parameter for i. The truncation series of (4.4.4) is defined as
k
F(Z(8) =Y eilt, ))Qilt Z(t)).
i=0

Theorem 4.4.2. Let (Z(t),t > 0) be a Lévy process satisfying conditions in Theorem
4.4.1. Suppose further that D" f(x) € L*(I, py(t,z)) for h=0,1,--- ,r. Then

IF(2(0) ~ felZ)IB < 7R3t D' ) (4.45)
where Ry (t,D" ) = (14 o(1))[v(t)]" Y5 jiq 2 (¢, D" f) = 0 as k — oo for every ¢t > 0.

Proof. We begin with the calculation of the coefficients ¢;(t, f). If Z(t) is a continuous
variable with density function p(t,x), the polynomials y;(¢, z) orthogonal with respect to

p(t, z) satisfy the differential equation
s(t, @)y; (t, @) + v, 2)yi(t, x) + Ni(t)yi(t, ) = 0

where s(t,xz) > 0, v(t,x) and p(t,x) satisfy conditions (4.3.16) and \;(t) = —iv' (¢, x).

The self-adjoint form of the equation is

(s(t,2)p(t, )it ) + M(®)plt, 2)yi(t ) = 0.

Multiplying by f(z), integrating by part on (a,b), we have

b
f(w)S(t,x)p(m)yé(t,a:)l’;—/ s(t, x)p(t, )y;(t, z) f'(x)dw
@ (4.4.6)

b
=~ xlt) [ plt.)ui(t. ) (o)
Let us prove that f(z)s(t,)p(t, z)yi(t, z)|% = 0.
Suppose lim,_y, f(z)s(t, z)p(t, x)y;(t,z) = b; # 0. Then, as z — b,

b;
s(t, x)p(t, x)yi(t, )

b2

> L@ ~ G i P

fz) =

Because of boundary condition, f2(x)p(t, ) will approach to positive infinity as x — b,

which leads to the infiniteness of the integral ff f2(x)p(t, x)dx.
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The above discussion applies to the situation where a = —oo as well.

When a is finite, according to Nikiforov and Uvarov (1988, p.21),
s(tyx) ~x —a, and p(t,x) ~ (r —a)®, where a > —1.

Hence, when x — +a,

1

1
f(l‘)’vm,

and  f*(x)p(t,z) ~ @ a2

which implies the infiniteness of ff f2(z)p(t, z)dx.
Thus, the relation (4.4.6) reduces to

b b
/ pr (b )yl (£ ) () d = A(t) / olt, 2yt 2) f(2)d

which is exactly the following relationship: dy;(t)c;(t, f') = Xi(t)d;i(t)ci(t, f), or equiva-

lently
dii(t) /
) tv - ) t, .
W0 = X wam )
We can iterate the relation until r-th derivative,
dyi(t) (r)
C; ta - C; t,
&) di(E) A (E)mi(t) -+ mr—1,4(t) A
i—r)! ,
— o)y = e, £

7!

(4.4.7)

where we have used the relationship (4.3.28) with n;;(t) = Xi(t) —\;(t) = =0/ (t,x) (1 —j) =

ot (0= 9)-

If Z(t) is a discrete variable for each t > 0, p(t, z) is the probability distribution of Z(t).

The polynomials y;(t, ) orthogonal with respect to p(t,x) satisfy the following difference

equation

s(t, 2) AVy;(t, x) + v(t, ) Ay (t, ) + X (H)yi(t,z) =0

where s(t,x) > 0, s”(t,z) = 0 and v'(¢t,2) < 0. The self-adjoint form of the difference

equation is
As(t,)p(t,2)Vys(t, ) + A (Dp(t, )it z) = 0.

Multiplying by f(z) and summing up over the support of p(t,x),

D f@n)Ast zm)p(t 2m) Vit wm)) = =Xi(t) D f(@m)p(t, 2m)yi(t, ).
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Summation by parts gives

f(.’IZ)S(t, x)p(t7 .ZL')Vyi(t, .’L‘)|Z - Z 3<t7 xm+1)p(t, xm-l—l)vyi(t? l‘m+1)Af($m)

m

= X)) F(@m)p(t, wm) it Tm).

It is easy to prove that f(x)s(t,x)p(t,2)Vy;(t,z)|2 = 0 similar to the continuous case.
Note that Vy;(t, zpm+1) = Ayi(t, zm) and s(t, Tpm+1)p(t, Tmt1) = p1(t, ). Therefore,

Z P1 (tv xm)Ayi(tv xm)Af(xm) = )‘l(t) Z f(xm)p(t, xm)yi(tv Scm)

which reads ¢;(t, f) = %ci(t, Af). We iterate this relationship and obtain again
(4.4.7) with derivative being substituted by difference. Adopting our operator D, we have

cilt, f) = \/v(t)r\/(i;!r)!c,-(t, D"f). (4.4.8)

Now we are ready to obtain the result. Using (4.4.8),

19Z0) - zoNR = Y e =Y bor e o)
i=k+1

<por S @07 = LR D),

i=k+1

where R7 (t, D" f) = (1+o0(1))[v(t)]" 52,1 2 (t, D" f) = 0 as k — oo for every t > 0. O

4.5 Orthogonal expansion of time-inhomogeneous function-

als of Lévy process

In this section we discuss the expansion of f(t, Z(t)) for t € [0,T] and ¢ € [0,00) where
(Z(t),t > 0) is a Lévy process. Let Wy (z) be the distribution function of Z(t), and p(¢, x)
be the density or probability distribution function of Z(t) depending on whether Z(t) is
continuous or discrete variable. Let I be the support of p(t,z). In addition, p signifies

Lebesgue measure on line.

154



4.5.1 Finite time horizon

Let ¢t € [0,T]. Consider function space

L*(I x [0,T),v) = {f(t,x) : /f2(t,1})d\11t(l‘) < o0, for each t € [0,T],
I

and /OT/IfQ(t,:):)dV < oo} ,

where v is the product measure of probability measure ¥;(z) and Lebesgue measure .

For the sake of convenience, we abbreviate the notation of the space defined above
as L2(I x [0,T]). Space L?>(I x [0,T]) is actually a conventional L? space. Therefore,
L3(I x [0,T)) is a Hilbert space with scalar product

(fr(t,z), fa(t, ) / /fl (t,z) f2(t, v)d W (x)dt.

As we know,{Q;(t,x)} defined in last section is an orthonormal basis for L?(I,dV¥;(z))
and {(pjT(t)}, with por = \/; and g7 = \/gcos % for j > 1, is an orthonormal basis in
L%([0,T), ). Whence, according to Problem 12 of Dudley (2003, p173), {Q;(t, z)p;r(t) 50
is an orthonormal basis in L*(I x [0, T]).

Construct a mapping 7 from L?(I x [0,T]) to a set of stochastic processes,
T f(ta) e [ 2(1), for f(t,x) € L3I x [0,T)).

Denote the image of T by =. Evidently, T is a linear mapping, so that Z is a linear
space. Define (f1(t, Z(t)), f2(t, Z(t)))= = fo [f1(t, Z(t)) f2(t, Z(t))]dt, an operation on =.
Obviously, (-, )=

is an inner product on =, which can induce a norm as well. Meanwhile,
it can be shown that 7 and = enjoy the properties in Lemma 4.4.1-4.4.3, hence E is a
Hilbert space and {Qi(t, Z(t))pjr(t)}75_o is an orthonormal basis in =. The following

theorem is easily obtained from Hilbert space theory.

Theorem 4.5.1. In =, any element f(t,Z(t)) admits a Fourier series expansion

=D @it Z())esr(t), (4.5.1)

i=0 j=0

where ey = (f(t, Z(1)), Qult, Z()) sz ().
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Because actually
cij =(f(t, Z(1)), Qi(t, Z(1))jr(t))= = / E[f(t, Z(1))Qi(t, Z(t))]gjr (t)dt

T
::/0 ci(t, fleir(t)de,

where ¢;(t, f) := E[f(t, Z(t))Qi(t, Z(t))], the expansion (4.5.1) can be regarded as two-step

expansion, that is, expand f(t, Z(t)) first in terms of {Q;(t, Z(t))} obtaining coefficients

ci(t, f) = E[f(t, Z(t))Q:(t, Z(t))], then expand c¢;(t, f) in terms of {@;7(t)} on [0,7T].
Notice that from Parseval equality it follows that

IFEZiNE =Y = llet. Nllzzpm-

i=0 j=0 =0

Given a bundle of truncation parameters k for i and p; for j’s, we define the truncation

series of (4.5.1) as follows

fk,P t Z ZZQ]Q@ t Z (PjT(t)- (4.5.2)

=0 j=0

Denote ppin = min{p1,--- ,pr} and pmax = max{pi, - ,px} throughout the paper.

Theorem 4.5.2. Let (Z(t),t > 0) be a Lévy process which admits a classical orthonormal
polynomial system {Q;(t,z)} defined by (4.4.1). Suppose that functional f(t,Z(t)) € E,
that D"f(t,x), h = 1,--- ,r, are in the space L*(I,pp(t,x)) for each t > 0. Moreover,
\/WDTf(t,x) € L*(I x [0,T)). In addition, for each i > 0, c¢;(t, f) € C3[0,T] and

llci' (¢, ) L2j0,7) is uniformly bounded in i. Then,

TRk + C(k,p)—— i (4.5.3)

mll’l

1F(t. Z(t) = frp(t, Z(1)IE < k

where Ry = (1 + 0(1)) 372,44 || (t,\/ () Tf)‘LH)T] — 0 as k — oo, C(k,p) =

THr~*maxo<i<p Y00 Pt b?( ") in which bj(c]) stands for the j-th coefficient in the

expansion of ¢/ (t, f).

Remark 4.5.1. Basically, the error of approximation fy (¢, Z(t)) to f(t,Z(t)) consists of
two types because the expansion is of two-step, that is, the first term in the right hand
side of (4.5.3) is incurred since we abandon the residue in the first step expansion, while

the second term is due to giving up the residues in the second step.
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Because for each ¢ : 0 < < k, > 22 b2(c!) is an infinitesimal when puyin goes

to infinity, for fixed k, C(k,p) is an infinitesimal as well. However, when both k& and
Pmin approach infinity, C'(k,p) could not be guaranteed to be infinitesimal. One sufficient
condition that C(k,p) is bounded is that the norm ||c/ (¢, f)|2[o,7) is uniformly bounded

in i for we always have > 322 b?( al) < |\, f)||%2[07T].

Proof. From orthogonality we have

It Z(®)) = Fip(t, Z(1))IIE

k o0
Z Z Z]Q t Z QOJT Z ZCzJQz t Z (PjT(t)

1=0 j=p;+ i1=k+1 j=0 =
k 0o

=D 2. i+ P

=0 j=p;+1 i=k-+1 j=0

Since ¢;(t, f) € C3[0,T], the expansion of c/(t, f) in terms of ¢;p(t) is convergent
2
uniformly on [0,7] (Davis, 1963, p.142). We thus have ¢;; = (%) bj(c}) where b;(c)
stands for the j-th coefficient in the expansion of ¢ (¢, f) in terms of ¢;7(t). Then

£ 545 5 (0 a0s (5] £

=0 j=p;+1 =0 j=p;+1 1=0 pl j=pi+1
Tk - 200 4 k
<—4p Z bj(ci) < C(k,p)T ar
min F=Pmin+1 min

where C(k,p) = T*7~* maxo<;< ZJ it 1 bj2( 7).

On the other hand, invoking (4.4.8), We have

S =Y et g = 3 =

o (v o)

i=k+1 j=0 i=k+1 i=k+1
(k—nr)! ( 1,
< t,\/o(t) D f ) ‘ —R2.
I L L2[0,T) Tk
The proof is completed. ]

4.5.2 Infinite time horizon

Let ¢t € (0,00). Consider function space defined by

L*(I xRY,v) = {f(t,a:) : /fQ(t,x)d\I/t(x) < o0, for each t € (0, 00),
I
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and /OOO/IfQ(t,x)dl/ < oo,}

where v is the product of probability measure W;(z) and Lebesgue measure p.
We abbreviate the notation of the space as L?(I x R*) for brevity. Apparently it is a

L? space so that it is a Hilbert space. The inner product is conventional

(f1(t, ), fa(t, x)) =/Ooo/Ifl(taZ(t))fz(t,Z(t))d‘I’t(x)dt,

and | f(t,z)|| = /(f(t,x), f(t,z)) is the induced norm.

Since {Q;(t,z)} and {Z;(t)} (see the definition in Chapter 2) are orthonormal bases
in L?(I,d¥(x)) and L*(RT,u) respectively, {Q;(t,z)-Z;(t)} is an orthonormal basis in
L2(I x R*) (see Dudley, 2003, Problem 12, p.173).

Similarly, construct a mapping from L?(I x RT) to a set of stochastic process

T: f(t,z)— f(t,Z(t)).

It is easy to show that T is linear, so that the image set, denoted by A, is a linear real

vector space. Note that after defining

(1t Z(0), folt, Z(0))a = /0 " B Z0)) falt, Z(0)))dt,

A becomes an inner product space equipped with induced norm. Analogous to the coun-
terpart in the preceding subsection, 7 and A possess the properties in Lemma 4.4.1-4.4.3.
Whence, A is a Hilbert space and {Q;(t, Z(t))-Z;(t)} is an orthonormal basis in A. Con-

sequently, we have the following theorem.

Theorem 4.5.3. In A, any element f(t,Z(t)) admits a Fourier series expansion

F2(6) =) biyQilt, Z(1)Z(t), (4.5.4)

i=0 j=0
where bi; = (f(t, Z(1)), Qi(t, Z(t))Z;(t))-

Proof. For A is a Hilbert space with orthonormal basis {Q;(t, Z(t)).Z;(t)}, it follows im-
mediately. O

Indeed,
bij =(f(t, Z(t)), Qi(t, Z())Z;()a = /OOO E[f(t, Z2()Qi(t, Z(t))|Z;(t)dt
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-/ Tt N (0
0

where b;(t, f) = E[f(t, Z(t))Qi(t, Z(t))], the expansion (4.5.4) can be regarded as two-step

expansion, that is, expand f(t, Z(t)) first in terms of {Q;(¢, Z(t))} obtaining coefficients

bi(t, f) = E[f(t, Z(t))Qi(t, Z(t))], then expand b;(t, f) in terms of {Z}(t)} on (0, c0).
Notice that from Parseval equality it follows that

2@ =358 = 3 it 1) e

=0 57=0 =0
Given a bundle of truncation parameters k for ¢ and p; for j’s, we define the truncation

series of (4.5.4) as follows

Fuop(t, Z(t ZZ%QZ (t, Z(1)Z(1). (4.5.5)

=0 j=0
Theorem 4.5.4. Let (Z(t),t > 0) be a Lévy process which admits a classical orthonormal
polynomial system {Q;(t,z)} defined by (4.4.1). Suppose that functional f(t,Z(t)) € A,
that D" f(t,z), h = 1,--- ,r1, are in the space L*(I, pp(t,x)) for each t > 0. Moreover,
mlD’”lf(t z) € L2(IxRY). In addition, for eachi > 0, b;(t, f) = E[f(t, Z;)Qi(t, Z(t))]
is differentiable up to ro-th order and b;(t, f) and \/7T2 jt,; (t, f) are all in L*(R*) for
h=1,---,ro. Then,

£ 20))  fiplt. ZONR < o B2(8) + Clk.p) (45.6)
where R2(k) = (14 0(1)) 322, 41 [1bi(t; /0(8) D™ f)[[3 24y — 0, as k — o0, C(k,p) =
(1 + o(1) maxozizk 3200, y[al™) (Bi(t)]2, in which bi(t) = tm2/2e~2[bi(t, f)et/?]"2)
and a(»m) (g,(t)) are the coefficients of the expansion of bi(t) in terms of .iﬂj(m)(t). Here
we assume that C(k, p)p — 0.

min

Remark 4.5.2. Here a similar remark as that to Theorem 4.5.2 on the error of the approx-

imation and on C(k,p) can be addressed.

Proof. 1t follows from the orthogonality that

1£ (8, Z(1) = frp(t. Z(t)IIR

2

ZZbUQtZ ZwaQtZ Z(t)

1=0 j=p;+1 i=k+1 j=0 A
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—ZZb+ZZb

1=0 j=p;+1 i=k+1 j=0

Due to (4.4.8), =/v \/ @ ;1 i(t, D™ f). Accordingly,

i=k+1 j=0 i=k+1 i=k+1
(k+1 1 2
Si Z Ibi (¢, /v (1) D™ £)]|
i= k+1
S 1
1ol 3 e ol D = F )
i=k+1

where RY(k) = (14 0(1)) 3521 [1Bi(t, /o) D™ f) |32 54 -
On the other hand, according to Theorem 2.3.1,

Z bl] < M i [ag?QQ(gz(t))]Q

j=pitl it DV o

whNere bi(t) = tr2/2e1/2 [bi(t, f)et/?](2) and ayfr),2 (g,,(t)) are the coefficients of the expansion
of b;(t) in terms of ,iﬂj(m)(t). Thus,

k 00 : 1 00 ra)
>y ey P Y ), G

=0 j=p;+1 =0 Jj=pi+1
(Pmin + 1 —72)! (rQ ~ k
< (0))* < C(k,p) =
(o £ 1) ZZ o o8

where C(k,p) = (1+ o(1)) maxp<i<k Z;’;pmin+1[a§?22 (bs(t))]2. This finishes the proof. [
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Chapter 5

Estimation of Lévy process

functionals in econometric models

We consider a general econometric model which involves the Lévy process as follows
Y(t) =m(t, Z(t)) + (1), (5.0.1)

where m(-,-) is an unknown functional, and €(¢) is an error process with zero mean and
finite variance.

Suppose that Z(t) admits a classical orthonormal polynomial system @Q;(¢,z) with
weight p(t,x), the density function or probability distribution function of Z(t). Let the
support of p(t,z) be denoted by I, which can be R, R or N. Note that, as before, the
operator D signifies either differentiation or difference operation and it is conducted only
with respect to x.

This chapter dwells on the estimation of m(-,-) in the model (5.0.1) given discrete
observations of Y (¢). We divide the chapter into three sections according to the different
types of time horizons, viz., on (0, 00), [0, 7] with fixed T" and [0, T},] where T, is increasing

with sample size n.

5.1 Infinite time horizon

Suppose t is in the interval (0, 00). In this section we work with the situation where m(-,-)
is defined on [0, 00) x I and our sampling points are t; = s, s = 1,2,--- ,n. Given that we

have observations (s, Ys) where Y5 =Y (s), s =1,2,--- ,n, our aim is to estimate m(-,-).
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At each point of observations, the model (5.0.1) now becomes
Ys =m(s,Xs) +es, s=1,...,n, (5.1.1)

where X, = Z(s) denotes the Lévy process at point s, e; = €(s) (s = 1,...,n) form an
error sequence with mean zero and finite variance.

Note that because Z(t) is a Lévy process, F[Z(t)] = tu where p = E(Z(1)) and
Var(Z(t)) = to? where 02 = Var(Z(1)). Observe that Xy, = su + X — su = su +
Yo [(Xi —ip) = (Xim1 = (i = D)p)] = sp+/no.asn where x4, = ﬁ Do (X —ip) —
(Xi_1—(i—1)p)]. Since (X;—iu)—(X;—1—(i—1)p) form an i.i.d (0, 02) sequence, it follows
from the functional central limit theorem, x, converges in distribution to a Brownian
motion on [0, 1]. In addition, zsy, along with d; ., = \/m, satisfies Assumption A
in Chapter 1.

We firstly need to impose some conditions on m(t,x).

Assumption L.1
(a) For every t > 0, m(t,z) and D"m(t,z) are in L%(I, p,(t,z)), r = 1,2, 3.

(b) For each i, the coefficient function ¢;(t,m) = E[m(t, Z(t))Qi(t, Z(t))], and its deriva-
tives of up to third order belong to L*(R").

(c) For i large enough, the coefficient functions c;(t, D3m) of D®m(t, Z(t)) expanded by
the system {Qs;(t, Z(t))} verify that v(t)3c?(t, D3m) are bounded on (0, co) uniformly

in 7.

Remark 5.1.1. Note that the notations p,(¢,z), v(t) and {Qs;(¢, Z(t))} are defined in the
preceding chapter.

Condition (a) is some basic requirements under which we can expand not only m(t, Z(t))
but also D"m(t, r)|,—z()- Condition (b) and (c) give the necessary conditions for the co-
efficient functions in order to obtain some kind of convergent speed on the expansions.

There are many functionals satisfying all the conditions. (1) Let m1(t,z) = t%e % Py (z)
with a > 3,b > 0 and Pg(z) being a polynomial of fixed degree k (k > 1). mq(t, z) satisfies
Condition (a) due to the boundary condition on p(t,z); the reason that m;(¢,z) satisfies
Condition (b) is that the coefficients ¢;(t,m1) are all in form of e *q(t) where q(-) is
a polynomial in ¢; Condition (c) is fulfilled because when i > k, ¢;(t,m1) = 0. (2)

ma(t,z) = %sin(z) and ma(t,x) = 1’;% cos(z) where @ > 1 and 5 > o+ 1.25. In the
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Brownian motion case, from Example 3.1 we have explicit expression of the coefficients

ci(t,ma) = (— 1)k\1ft1a$3 e t/? for i = 2k + 1; 0, for i = 2k, where k = 0,1,... and
ci(t,ms) = (— l)k\lftf;‘{/; e~t/? for i = 2k; 0, for n = 2k + 1, where k = 0,1,.... It is not

difficult to verify the conditions. (3) In the case that Z(t) = N(t) a Poisson process with
intensity 1, my(t,z) = t$27% where & > 2, ms(t,z) =

COST

sinz and mg(t, x) = 1ftn

€
T+7
with € > 1 and 7 > € 4 1.25. Since ¢;(t,my) = tée /2 211 T!v the conditions are easy to

be verified for my. Meanwhile, from example 3.1 we can have the explicit expressions of

ci(t,ms) and ¢;(t, mg)

P B g i _
ci(t,ms) = (-1) ERTA 2 sin(ai + tsinl)
te

\/ e P\/2p cos ai+tsinl)

8
where « is a constant and 5 = 1 — cos 1. Thus, the condition can be verified.

‘ _ i
ci(t,mg) = (—1) T

Having expanded function m at sampling points, given truncation parameters k& and

pi, model (5.1.1) can be written as

Y, = ZZCZ] i(s, Xs —i—Zch (8)Qi(s, Xs)

i= Oy 0 1=0 j=p;+1 (5.1'2)
+ZZCZJ Qi(s, Xs)+es, s=1,2,...,n
i=k+1 j=0

As we know from the last chapter, > 2% ¢;;Z;(s) = c;i(s,m) or more simply, ¢;(s) if
there is no confusion occurred. Therefore, in most cases we shall supersede this relationship
into the model expression. We now may rewrite equations (5.1.2) in the following matrix
form:

Y=X0+0+v+e¢, (5.1.3)

where
Y/ :(}/17Yé7 .. aYn)v ‘9/ = (COOaCOl ---3C0pgs C105- - -, Clpys -+ -5 CkOy - - - 7Ckpk);
1171 :(go(l)Q0(17X1)7$1(1)Q0(17X1)7 e 73170(1)@0(17)(1)7
Zo(H@Q1(1, X1), Z1(1)Q1(1, X1), ., £, (1)Q1(1, X1),
30(1)62/6(17)(1)7fl(l)Qk(17Xl)77°§/ppk<1)Qk(1aX1))7
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Ty =(Zo(n)Qo(n, Xn), Z1(n)Qo(n, Xn), - .., ZLpy (1) Qo(n, Xn),
go(n)Ql(nv Xn)v gl (n)Ql(nv Xn)v st 73?1 (n)Ql(nv Xn)v
Zo(n)Qr(n, Xp), Z1(n)Qr(n, Xp), ..., L (n)Qr(n, Xp)),

and X = (x/1,$/2, ’ n) 6/ (517"' 75n)7 /)/ = (717’727"' 7771)7 8/ == (617627"' 7671)7
with 58 = Zf:l Zj:pﬁ_l C’L’jogj(s)Qi(saXs)v Vs = Z'?ik+1 Ci(S)Qi(SaXS)v s = ]-a 2a e,
The OLS estimator of § is given by

6= (X'X)"'X'Y. (5.1.4)

With the help of the estimation of coefficients in the expansion of functional m(t, Z(t)),
we are able to estimate the function m(7,z) at point (7,z) where V7 > 0 and z € R is
any point on the trajectory of X, = Z(7), namely, we can have m(r, x) by superseding 7
in lieu of # and getting rid of residues in the expansion of m(r, x).

More precisely, as m(-,-) satisfies Assumption L.1, m(7, x) is decomposed using or-
thonormal basis {.Z;(7)Q;(7,x)} as follows

ZZC” T)Qi(T, )

1= 0] 0
_ZZCZ] Qz T, T +Z Z ng QzT:U)
i= 0; 0 1=0 j=p;+1
+ Z ZCU Qz T, l‘)
i=k+1 j=0
=A'(r,2)0 + 6(1,2) + v(7, 1), (5.1.5)

where 6 is defined as before and

k
o(r,z) = Z ¢ij Z(1)Qi(T, ),
+1

=0 j=pz

y(r,z) = Z ¢i;Z;(1)Qi(T, ),
k+1

i= 7=0
A/(Tvx) = (go(T)Q()(T,:L‘), T 73]30(7—)@0(7-73:)7
gO(T)Qk(ﬂ $)7 T 7"%171@ (T)Qk(T7 x))

Thus,
m(r,z) = A' (1, z)6. (5.1.6)
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We shall investigate the limit of
m(r,z) —m(r,x) = A'(t, 1:)(5— 0) — 6(r,x) — (7, x) (5.1.7)
= A'(r,2)(X'X) X' (6 + v +e) — o(r,2) — (T, 2).
To this end, denote A,x, and Byx, by

A(r,x)A (1, x)
[ A(T, z)|?

where || - || signifies Euclidean norm and dimension p =pg+---+pi + k + 1.

A= and B = (X'X)A(X'X)"!

On account of Lemma 3.1.2, we can assert that matrix B has eigenvalues A\ = 1,Ay =
-=Xp = 0.
Let a be the unit left eigenvector of B pertaining to eigenvalue 1, viz., &’ B = o/ and
|l = 1. As « is p-dimensional vector, in concert with A(7,x), represent « in double-
index subscript, that is, &' = (ao, -+ , Qopgs -+ * » k0, -+ * > Wp, ). The following assumption

proposes a double-index sequence we are working with.
Assumption L.2
(a) Let S = {ag,a1,as,...}, where a; = {Gij}?io is a sequence such that Zjo’;l Jlai | < oo
fori=0,1,2,--.
2
(b) Suppose further that > 2, ¢ (Z]O'io \aij|) < 00.

Remark 5.1.2. This assumption is actually exactly Assumption Bm.1. For completeness

and independence of this chapter, we recite it here.
Using « and erac)HA/ (1,x), let us reshuffle the set S as Sand S by defining
1) 8= {ao, - ,ai-}
2) Ziz = {Zi”} where Ziij = \/ﬁaij for 0 < ) < k and 0 S] < Dis otherwise, Zii]- = Q5.
3) S:{aO)"' 7aia"'}7

4) a; = {a;;} where a;; = méfj(ﬂQi(T,x) for 0 < i< kand 0 <j < p;
otherwise, Qjj = Gjj-
Obviously, a;; = a;; = a;; if © > k or j > p;. Meanwhile, since S and S satisfy

Riesz-Fischer theorem, there exist functions, denoted by F (t,z) and G (t,x), such that

F(t,Z(t) =) Y @2 (0)Qilt, Z(1)), (5.1.8)

i=0 j=0
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Gt 2(0) =3_ 3" anZ (OQu(t, Z(D), (5.1.9)

for any t > 0.
Therefore, in view of (5.1.8) and (5.1.9), we have

1 Ivi T o~
X' =F —§ -7, 5.1.10
\/pmax ( )

1 ~ ~ -
A(r,2)X' =G — & -7, (5.1.11)

where

G =(G(1, Xy), ,G(n, X)),
k o)
5 =01 ) with 6. =Y~ D7 i Z(s)Qils. Xo),
=0 j=p;+1
?l :(§17 T 7%77/) with is = Z Zaz]%(S)Qz(S,XS)
i—k11j=0

We have the following proposition for the generated functions F (t,z) and é(t, x).
Lemma 5.1.1. For any t > 0, (a) E[G(t, Z(1))]? < oo, and (b) E[F(t, Z(t))]? < co.

Proof. (a) It follows from the orthogonality of Q;(¢, Z(t)) and the boundedness in (2.3.5)
for .Z;(t) that
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2

+203 | D lay
=0 \j=p;+1
2
1 k ) Pi
s2¢ Qi (1= Zi(r)] +0(@1
Pmax]|| A’ (7, 2)||? ; (m,2) jZ::O 5(7) (1)
1 k Di
<2C Q?T,xpi L2(1)+0(1) = 0(1).
Pmax|| A’ (T, 2)||? ; () jgo 7(7) (1) (1)

where we have used Assumption L.2 for a;;, the definition of @;; and ||A'(1,z)||* =

Sy QF(r @) Ky ZR(7).
(b) Similar to the proof of (a). O

Notice that E[Z(t)] = pt. Denote F(t,x — ut) = F(t,x) and G(t,z — ut) = G(t, ).
This is only a change in the form of functions since the process Z(t) has to be centralised
in order to acquire the limit distribution of .

The following assumption is stipulated for the truncation parameters, which is crucial

for obtaining the limit distribution of the estimator.

Assumption L.3

(a) k= [n"] with § < k1 < 1;

(b) pmin = [n72] and pmax = [n"2] with 0 < kg < Ro < 1;
(¢) 2+ 2k1 < BKa.

Remark 5.1.3. There are obviously a great deal of feasible options for «1, ko and ko satis-
fying the conditions. Note that Condition (c) is not harsh since when ko > 0.8 it follows

automatically.

The next assumption describes the families of functionals F' and G we are studying in

the asymptotic distribution of the estimator.

Assumption L.4

(a) Suppose that F(-,-) and G(-,-) are in class 7 (HI) with homogeneity powers v(-) and
o(+) and normal functions f(-,-) and g(-,-) respectively. Let v(n) = n® and po(n) = n*

with ¢ > 0 and ¢ > 0 satisfying (k1 — 3) < ¢ < min{2ko — 2 — Lk, Tk — 1}
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(b) Suppose also that F2(-,-), G*(-,-) and F(-,-)G(-,-) are all in class T(HI) with ho-
mogeneity powers v2(-), 0*(-) and v(-)o(+), and normal functions f2(-,-), ¢*(-,-) and

f(,)g(-,-) respectively.

(c¢) Suppose that F(-,-) and G(-,-) are in class 7 (HH) with homogeneity powers v;(-),
vo(+) and 91(+), 02(-) and normal functions f(-,-) and g(-,-) respectively. Let v1(n) =
nt, va(n) = n2, p1(n) =n't, and pa(n) = n'2 with ¢; > 0, ¢; > 0, ¢ = 1,2, satisfying
that ¢1 + %LQ < min{%ﬁg (1 + K1), ¥ IR — 2}

(d) Suppose also that F?(-,-), G*(-,-) and F(-,-)G(-,-) are all in class T (HH) with ho-
mogeneity powers v?(-) and v2(-); 02(-) and 02(-); v1(-)o1(+) and va(+)a(-) as well as
normal functions f2(-,-), ¢?(-,-) and f(-,-)g(-,-) respectively.

Remark 5.1.4. Assumption L.3 ensures that two upper bounds for ¢ and ¢ + Lg are
positive. Of course, we can make these conditions in (a) and (c) for parameters tractable
and tidy if we impose more constraints on x1 and ko. However, these raw conditions give
them more options.

Notice that in the proof of the following theorem, what conditions for + and ¢; + %LQ
we actually use involve Ko — k9. Since we may require that Ko be much closer to ko such
that Ry — ko is as small as we wish, conditions in (a) and (c) implicitly indicates what
we require in the proof. Obviously, this does not harm any thing else and applies to the
subsequential subsections.

Note also that the ambit for both ¢ and ¢1 + LQ can be enlarged at the price of
enhancing the order of differentiability for the coefficient functions in the expansion of the

m function, as can be seen in the proof of the following theorem.
We are now ready to state the main result in the section.
Theorem 5.1.1. Suppose that {xs,}] and {es}] satisfy Assumptions B and A (c). Let

Assumptions L.1-L.8 hold.
If Assumption L.4 (a) and (b) hold, then

Voo X' XA(r,x)
Vnu(n) \/Pmax|| A(T, z)|?

oo ([ i)
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where Gs(t) = [ f(t,x)*dz, W is a standard Brownian motion on [0,1], N is a standard
normal random variable independent of W, and Lyy is the local-time process of W.

If Assumption L.4 (c) and (d) hold, then

1 o X' XA(r,x)
Vnur(n)va(y/no:) /Pmax||A(T, ) ||?

b /0 Fr, W)U (r),

(m(r,z) —m(r,z))
(5.1.13)

where (W (r),U(r)) is the vector of Brownian motion in Assumption B.

Remark 5.1.5. As can be seen from the proof, the order of the convergence of (5.1.12) is

4
\/7?'7 W‘ By virtue of the calculation of ||A(7,x)|| in the proof, we can estimate

n4+L—*I€1 < \vamaxg( n) <n 14 L(Ro—ko)+i—1k1 <n%nz—n1.
- Al T -

This means when ¢ reaches its upper bound, the convergence rate is at maximum nirz— mL

while when ¢ is close to 5(/@1 — 5) the convergence is very slow.

V1y/Pmax01(n)02(v/noz)

Meanwhile, the convergence rate for (5.1.13) is A2 which similarly

has the following approximation

%(1 Hl)+£1+ L2 f /pmaxgl( )Q2(\/ﬁaw) <n%(l—ﬁl)—i-bl-i-%LQ-i—%(RQ—Hg) < ffiz H1
[A(7, )]l -

As 11 + L2 reaches its upper bound, the rate is as high as nake— "1 while as ¢1 —|—

closes to 5( 1— 5) the convergence is very slow, the same as in the first situation.

Proof. We firstly prove (5.1.12). By virtue of (5.1.7), we may write

Vo X' XA(r,x)
Tno(n) T A )P
Voo X' XA(T,x)
= Tno(n) Vol Ar, ) 2
N _ Vor ' X'XA(r,7)
= Troln) e P O ) T ) e A ) P
\/O'»Z Iyt _ Vo: o/ X' XA(r,z)
fv( F i O E ) = G VAl ) O

=ZHZ- — 11y,
=1

(m(7, z) —m(r, x))

[A' (7, 2) (X' X)X (0 4y +e) = 8(r,2) — (7, 2)]

[0(7,2) + (7, 2)]

7,x) + (7, )]
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M= V%% X5, Ty=— V05 X'y,

- V/nu(n)y/Pmax V0 (n)Pas

!/
H3 . \/0—72 a/X/67 H4 — - \/0—72 X XA<T7 x) 5
V(1) \/Pmax||A(7, )|

 V/no(n)y/Pmax

[6(7—7

z) + (7, 2)].

We are about to show that II; —p 0, ¢ = 1,2,4, and II3 converges to the desired

variable in distribution as n — oo.

Firstly, it follows from (5.1.10) that

I3 = V0 (f‘/—g’—ﬁ’)s— V- (f‘/e—g's—Vs

_x‘fv() - Vnu(n)

Vo 5 o
ZFSX es fv()ZM Fro(r) -

n

l'sn) €s —

xs,n)es -

n
i=II31 — Il39 — II33.

In view of Theorem 1.3.1 with ¢, = \/no., we have

Myt —p ( /0 GOl (. 0)) : N,

)Z~s s

(5.1.14)

where G3(t) = [ f(t,z)?dz, W is a standard Brownian motion on [0,1], N is a standard

normal random variable independent of W, and Ly is the local-time process of W.

Meanwhile, the martingale difference structure (es, Fy, s) and the adaptivity zsi1,

with F,, s yield
E(3)? = Z Eo?,

E(Ilz3)* = NOE ZE%,

where E(€2|F,s-1) = 02 as.

Regarding (5.1.15a), using the expression of gs we have

E(Il3)?% = Z Ed?
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(5.1.15a)

(5.1.15D)



o S RS

i g; (%x 29)) P
<o(1) i Zn: — Zk: = <o() 0:0¢ k_
B no(n)? £ Vs VP v(n)? pi{fn
_ (1)5(2’5)32 mi=3R2 Q)

as n — oo due to Assumption L.2 and L.3, and the upper bound of |.Z}(t)| in

Similarly, using the expression of 75 we have

E(Is3)? = Z ER?

0,02 <&
=< i z X
\/ﬁv(n)Q;E ;Z% s 2
2

22 Z ialj"% 5

s=1i=k+1 \ j=0

<O S Sl Dol
s=1i=k+1 \j=
<C%0( Z 202 v
Vav(n)? &~k v(n)2 k
2
2 020, 1k
=C O(l)v(n)2n2 1 —0,

as n — oo due to Assumption .2 and L.4.

Hence, we obtain

- /01G3<t>dLW<t,o>>5N.
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Secondly, for II; and IIy, from (5.1.10) it follows that

—La/ s \/on =T
=T N0 oy & 8 T
V= T~
=T (F'6—85—74),
= ﬁ@f =X = %ﬁz) (F -5~
- {*fﬁn) (Fy = 3y = 7).

Thus, by Cauchy-Schwarz inequality, in order to obtain II; —p 0 and Il —p 0, we

IT;

IIo

only need to show ||§]] —p 0 and ||y]| —p O since the convergence of (5.1.15) indicates

that
I
—p0, and —|7||*> —=p 0, (5.1.17)

=15
NLD NLD
and because of Theorem 1.3.1 and Assumption L.4 (b), we have

T I = e L)

-7 F2(s, Vnogsy)
Jro(n? 2

1 o]
—>p/0 /_Oo f2(r, z)dzd Ly (r,0). (5.1.18)

In fact, by orthogonality of @); and Theorem 2.3.1 with r = 3,

B> =E> &= EZ Z Z cijZ;(s)Qi(s, X)
s=1 s=1 \ i=0 j=p;+1

2
k 00

=> D | 2 &)

s=1i=0 \j=p;+1

2
n k pz+1
Tl | eltm = 2 e,

s=1i=0

n k 1 L n 1
<D D o) s <o) 5> %
s=1i=0 pip; P2, =1 V7

:0(1)11%4"’“_5“2 —0
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as n — 00, where we have used the bound for .Zj(s) and Assumptlon L.4 (a).

Similarly, in view of (4.4.8), ¢;(t,m) = \/v \/ (l r cl (t, D"m). Tt follows from As-
sumption L.1 (a) and (c) with r = 3 that

n 2
Bl —EY 22— By ( S eils,m)Q, <s,xs>)
s=1

s=1 \i=k+1
n [ee]
=D D (a(s;m)?
s=11= k—i—l
-3 > e s, vy
s=1i=k+1
= 3ei(s, D3m)?
i=k+1 =1

1
§An?(l +0(1)) = An'™2%1 0,

where A is the uniform bound of v(s)3c;(s, D3m)? on account of Assumption L.1 and we
have used Assumption L.3.
Now we are ready to prove that II; —p 0 as n — co. We may rewrite

Voo X' XA(r,x)
 Vnu(n) /Pmaxl| AT, )2
oo dX'XA(T,x) V/ny/Pmaxo(n)
~ Vnu(n)o(n) pmaxl|A(T, @) [JA(T, 2)]]
=gy x (a2 + Tl3),

[0(7,2) + (7, 2)]

[0(r, ) + (. )]

where we denote
I Oz a/X/XA(Ta 'CC)
41 = b
\/ﬁv(n)g(n) pmaXHA(Tv (IZ) H

V/1y/Prmax0(n) 22 an -
Az O e =

V1 /Pmax0(n)

Hiz = Ty

We shall demonstrate that I14; converges to a random variable in probability and Il
and Il43 approach to zero as n — oco. To begin with, it follows from (5.1.10) and (5.1.11)
that

\/‘Tz N B N~ R ey
y=—"—"———F -0 —-7)(G—-0—%
NTOED ! ’

— V% (F'G-§GC-FGC-F5s—FF+ [0+ 7]+ 279).
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Therefore, by virtue of (5.1.17) and (5.1.18), to find out the limit of II4;, our remain-

ing task is to prove the convergence of \/ﬁagfnﬁ G2, and mf‘,é due to Cauchy-
Schwarz inequality.
Similar to (5.1.18),

fv( )2|| ZZGSX fv( QZGSX EX,)?

N Z G(s,v/n0,250)°

Sp / / 2(t, 2)dadLuy (1, 0),

and
et © ) P K
fv(a) ZF (5, Xy — EX)G(s, Xy — EX,)
\/>U ZF faszn) (37 \/ﬁgzxs,n)

Sp /O / St @)g(t)dwd L (1.0,

using Assumption L.4 (b).
Whence, 1141 —p fol 7 f(t,@)g(t, x)dad Ly (t,0) as n — oco.
For the proof of the vanish of II42 and Ily3, we first estimate || A(7, z)||:

k Pi
|A(T, z)||? = Zz.ﬁ Qi (r, ) =e 7Y Qi(r,x) Y Li(r)
i=0 j=0 i=0 j=0
k
=0()e Y piQi(r,x),
1=0

which leads to O(1)kpmin < ||A(T,2)||> < O(1)kpmax Where we have used the fact that
Zf:o HZ?(z) = O(1)k uniformly in x for any orthogonal polynomial H;(x) on any compact
interval (see Alexits, 1961, p.295).

Accordingly, due to Assumption L.1(b), using the result in Theorem 2.3.1 with » = 3
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and the upper bound in (2.3.5) gives

I Pat0) 5y Vsl |5 5 g0y,

II40| =
Mzl =0 o1 JA(r,2)]

1=0 j=p;+1

< \F\/pmaxg Z ‘Q T, x Z Cije?j(T)

4(r.)] 2
_ V/nyPmaxo(n) i & ik
= JAf2)] (z}y7x> 2|, 2,

i=0 \j=pi+1

\F\/pmaxn b ’ 77/4—i_[‘\/pmaxk2
<O(1) Y= f[ ] < o(1)— Y
V kpmln 2
Z \/pmln mln

:O(l)n%'i‘b'i‘%fﬂ-'r%(R2—H2)—*H2 -0,

i=0

where we have used the condition in Assumption L.4 (b) for parameters.
Meanwhile, on account of Assumption L.1 using (4.4.8) with » = 3 and the asymptotic

inequality for @; in Remark 4.3.4, we have

. %\/pmaxg(n) )| = %\/pmaxg(n) = el m)Os (. 2
‘H43‘ = ||A(7’, li)” ‘7( ) )| ||A(T, 93)” izk;_l z( ) )Qz( > )
_ V/ny/Pmaxo(n) Vo)

7_ D3 )Qi(T7 x)

[A(T, )|

1;1\/ 1—1 1—2

o \F\/pmaxg( ) 1 @ 2 ’
Ol (Egya—nu—mQ( )>

v/’ /Prax - 1

<o(1 )\fnk\/pmax k51/4 _ 0(1)ni+L+%(R2*I€2)*£I€1 -0,
\% pmln

by the condition in Assumption L.4 (a) for parameters. The proof of (5.1.12) is completed.

NI

We are now in a position to prove (5.1.13). In view of (5.1.7),

1 o X' X A(r,x) (77, 7) — m(r, 2))
\/ﬁvl (n)v2(\/ﬁaz) \/pmax”A(Tvx)Hz ’ ’
1 o X' X A(r, )

Vo (m)ee (Vo) /b | Al )]
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X [A' (1, 2) (X' X)X (6 + v +¢) — 6(r,z) — (7, x)]

- ! X G4yt
~ Vi ()os (Vo) o
1 o X' X A(r, x)

" U mea(ae) il Am )P ) )

3
=Y T Ty,
=1

where we by I'; (i = 1,2,3,4) signify that

1 o' X! 1

T = o o (Vo) Vi~ Vvl ¢ 0 %
T, — 1 a’X’ - 1 (f‘, . '5‘*, . ~,)
2 ~ V/nui(n)ve(v/nos) \/MV — Vui(n)va(v/no) T
. 1 X 1 5
P o (n)a(Vnos) omax Vo (n)ue(yino.) e
1 o X' X A(r,x)

I'y=

YT N O Bl o] ELR AR

We are going to prove that I'; —p 0, ¢ = 1,2,4 and Gammas converges to the desired
result in probability in the embedding framework. Observe that due to Assumption L.4
(c) and (d), we have

1 ~ 1 LA
Fe= F(s,Xs)e
Vnup(n)ve(yv/noy) Vnui(n)ve(yv/noy) ; ( ) (51.19)
. N . 1.
= F(s,/no,xsn)es — / r, W(r)dU(r),
Troonten) S FlViosrales o [[1(e W)U
and
1 7| = Z F(s, X,)
nv1(n)?ve(y/no,)? v1(n) 21)2 (v/no,)?
1 (5.1.20)
F(s,v/nosasn)? —as | f20r,W(
n’Ul( )2U2 WU 2 Z \/>U X —> / f r, ))
by the proof (not the result) of Theorem 1.5.1.
Note that in first part we have shown that
(7| 0 e 167 =5 0 (5.1.21a)
\/ﬁ ) \/ﬁ 7 ) M
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1~ 1
171> =P 0, —=0'e =p 0, —7'e =p 0. (5.1.21b)

vn vn

All results in (5.1.21) remain true since all conditions for 4, 7, g, 7 and ¢ have not
changed. Therefore, (5.1.19),(5.1.20) and (5.1.21) imply that I'y —p 0 and I's —p 0,
as well as I's —p fol f(r,W(r))dU(r) as n — oo. Thus, our remaining task is to prove
I'y —-p0asn— oco.

To this end, let us rewrite

1 o X' X A(t, x)

Vi (n)va(v02) P AT 2)
=041 X (Ta2 + T'a3),

I‘4 [6(T>$) + 7(7—7 iL‘)]

where we denote

L — 1 o X' X A(r,x)
T nui(n)va(vno) 01(n) 02(v/102) P | AT, 7))
_\/ﬁ\/pmaxgl (n)QZ(\/ﬁUz) -
b =@ "7
It follows from (5.1.10) and (5.1.11) that
1 =T ey
b = o o) e me(yon) & 0 TG =0 =)

2
B 1
~ nui(n)va(yv/no2)e1(n)oa(v/no.)
X« (FG-0G-7G-F5—F7+|3)2+ 3]+ 279).

Once again, due to Theorem 1.5.1 and Assumption L.4 (d), we similarly have

n

: % = ! 2(s,v/no.x
PN WD Dby e Ere v D I
1
2 r /)a r' . .
—>a.s./0' g ( ,W( ))d (5 1 22)

Thus, Cauchy-Schwarz inequality as well as (5.1.20), (5.1.21) and (5.1.22) suggest that
to find out the limit of I'y; it suffices to find that of the term in I'y; involving f‘/é In
fact, by Assumption L.4 (d),

1 ~1 ~
FG
nvi(n)va(v/noz)oi(n)ez(v/nos)
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1 noo_ ~
:nvl(n)UQ(\/ﬁUz)Ql(n)QQ(\/ﬁgZ) ;F(S,XS)G(S,XS)

1 n
nvi(n)vz(v/noz)oei(n)oz(vno:) ; F(

1 S
s /O £, W () g(r, W (r)dr,

S, \/ﬁgzl‘s,n)G(& \/ﬁazxs,n)

as n — 00, so that I'y; converges to the same limit in probability.
We are ready to prove both I'yo — 0 and I'y3 — 0, as n — oco. By virtue of the estimate
of ||A(7, x)||, due to Assumption L.1(b), using Theorem 2.3.1 with r = 3 gives

\/ﬁ\/pmaxgl (n)92 (\/ﬁo'z)

ITy2| = |A(7, 2)|| o2l
k 00
:*fﬁa azfﬁw : ; ._ZH ¢ Z5(T)Qi(T, 7)

VP01 ()02 (Vo) (e >
= 4w 2 Ql

293

k % k e
\f\ﬁ?ﬁgj x)ﬁf(\/ﬁ%) (ZQ?(T,OE)) MDY g

i=0 \j=pi+1

IM=

NN 1 o(1)]?
<0(1 vk =
N — \/TPi P}

<0(1)\/ﬁn%(ﬁ2 52) utz szpm:n

1 1 5
:0(1)n§+§(m—m)—&-u—f—yz-ﬁ-gm—zm -0,

as n — oo by Assumption L.1(b) and condition (ii) of Assumption L.4 (b).

Meanwhile, once again on account of Assumption L.1 using (4.4.8) with » = 3, we have

\/ﬁ\/ Pmax 01 (n) 02 (\/ﬁaz)

|F43| = HA(T .’E)” |")’(’7', J))’
\/ﬁ\/pmaxgl (n)92<\/ﬁaz)
= ¢ijZ;(T)Qi(T, x)
] ZZ
. \/ﬁ\/ Pmax01 (’I’L) 02 (\/ﬁaz) > . .
= HA(T,I’)” i:;rl 61(7-7 m)Qz(Ta SL’)
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:\/ﬁ\/pmaxgl( Q2 \/>0'z
|A(T, )

(7, D3m)Qi(t, x)

1;1V Z_2

1

VI Pmaxn'nz*? [

<0(1) W > e, D?’m)r?
pmm l:k+1

- 1 S

i=k+1

N

1 0
<0(1) \/ﬁ\/pmaxnblniL2 1
B VkPmin S i =D - 2)Vi
co(1) YB3 1
R/ e

:0(1)n%+%(Rg—m)-&-u—i—%bz—%m 0

by Assumption L.4 (¢). This finishes the proof. O

5.2 Finite time horizon

Assume time variable ¢ lies in [0, 7] with T fixed. In this section function m is defined
on [0,T] x I. Therefore, conditions on m would be weakened since square integrability
on [0,7] is much weaker than that on the half line. We make the following assumptions

about m(t,z) in the model (5.0.1).

Assumption L.5

(a) Let D"'m(t,z) € L*(I,p,(t,x)) for any t € [0,7] and r = 0,1,2. Moreover, the
expansion of D?m(t, Z(t)) in terms of Q;(t, Z(t)) is convergent in the sense of mean

square uniformly on [0, T].

(b) For each i, b;j(t,m) = E[m(t, Z;)Q;(t, Z;)] and its derivatives of up to third order
belong to C10,T].

(c) Furthermore, |07 (t,m)]|p20,r) are bounded uniformly in i.

Remark 5.2.1. The conditions are quite weak. Condition (a) can be satisfied by all func-

tions m(t, x) as long as m, Dm, D?>m have finite second moment and the moment function
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is integrable on [0, T]. Condition (b) is not restrictive as well, albeit we request the deriva-
tives are continuous. The continuities make sure their expansions are convergent uniformly

on the interval [0, 7.

Suppose that we have n observations for the process Y (¢) on [0, 7] and the observations
are Ys,, = Y (tsn) at tg, = T2 for s = 1,2,--- ,n. At the sampling points, we have the
following model

Ysn =m(tsn, Xon) +€s, s=1,...,nm, (5.2.1)

where X, = Z(T) denote the Lévy process Z(t) at point ts,, es = e(T3) (s =1,...,n)
form an error sequence with mean zero and finite variance.

Note that X, = >0 1(Xin — Xic1n) = 2Tp + \/Tazﬁ i, w;, where w; =
\/‘%iz (Xin—Xic1n— %T,u) form an 1.i.d.(0,1) sequence. Let x5, = ﬁ >oi, w;. It follows

from the functional central limit theorem that x5, converges to a standard Brownian mo-

tion in distribution as n — oo. It also is clear that z,, along with d; ., = /(I — k)/n,
satisfies Assumption A.

Under Assumption L.5 we can expand m(t, Z(t)) at every point ¢ € [0, 7] using basis
©ir(t)Qi(t, Z(t)). Let k and p; be truncation parameters for ¢ and j. Thus, the models
(5.2.1) become

k  pi
ZZ zj(PjT s,n Qz(sny s,n +Z Z bz]@]T sn)Qz(sn; sn)

i=0 j=0 i=0 j=pi+1 (5.2.2)
+ Z ZbZJ(PjT ts n)Qz(ts ns sn) +es, s=1,2,-
i=k+1 j=0
Equivalently, the matrix form of (5.2.2) is
Y=XB+d+v+c¢, (5.2.3)

where all notations remain the same as in the last subsection so that we omit reciting

them. The OLS estimator of g is given by
B=(X'X)"'X'Y. (5.2.4)

With the help of 3 we are able to estimate m(-,-) at (7,2) where 7 is any point in
[0,7] and x is any point on the path of Z(7). On account of Assumption L.5, m(7,z) can
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be expanded into an orthogonal series,

ZZbZJ(PjT Qz 7' 1;)

=0 j= (525)
=A'(r,2)B +0(r,2) + (7, 2),

where

ér,z) = Z Z bijo;r(T)Qi(T, ),

1= 0] p1+1

y(rz) = Z ZbZJ‘P]T )Qi(T, ),

i=k+1 j=0

A/(T,:C) = (SOOT(T)QO(Tv:C)v T a@poT(T)QO(Tvl')v
) @OT(T)Qk(Tv x)v T 730ka(T)Qk(T’ l‘))

Then m(7, z) is obtained by substituting § with B and getting rid of the residues,
m(r,z) = A'(r,z)B. (5.2.6)
We shall investigate the limit of

w(r, ) —m(r,x) = A'(7,2)(B — B) — 3(7,2) — (7, )

(5.2.7)
= A(r,o)( X' X)X (6 + v +¢) = 8(r,2) — (1, 2).
For this purpose, let us put
A(r,z)A'(7, x) / 'yy-1
A= —""—-- and B=(X'X)AX'X) " (5.2.8)
|A(7, )|
Once again, by virtue of Lemma 3.1.2, B has eigenvalues A\ =1, Ay = --- = ), = 0.

Let unit column vector a be the left eigenvector of B pertaining to A1, viz., o’ B = o/ and
||| = 1. In accordance with the notation of A(7,z), the subscript of « is specified in
double-index, that is, &' = (a0, , Qopy, =+ » k0, ", Ckp,. )-

Let us apply the reshuffle procedure for the set S from Assumption L.2 by a and
mA(T, ). Denote by S and S the resulting sets:

1) 8 ={ag, - ,ai, -}, and S = {ag, - ,a@, - }-

2) Ziz = {Ziw} where Ziij == \/ﬁai]‘ for 0 < ) < k and 0 < j < Pis OthGI‘WiSG, Zil-j = Q5.
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3) a; = {a;;} where a;; = F\\A(Tx)||(p]T( 7)Qi(1,x) for 0 < i < k and 0 < j < p;;

Pmax

otherwise, a;; = a;;.

Since the Riesz-Fischer theorem is satisfied by both Sand S , there exist two functions,

denoted by F(t,z) and G(t,x), such that

F :ZZ zj(PjT QltZ( ))
G :Zzaj(pjT taZ( ))
1=0 j=0

for any ¢ € [0,T].
Therefore, by virtue of equations in (5.2.9),
1

pmax

! A, z)' X'

\/pmaXHA(T’ z)||

where

F :(F(tl n7X1 n) 7F(tn,naXn,n))a
G’ (G(tl naXl n) o ,G tn aXTL ))a

—~

k [e'S)
& :(517" a(;n ) Wlth Z Z z]‘P]T s,n Qz( snaXs,n)y

i=k+1 j=0

o X =F —§ —

’7/ :(;?1"" 7771 with 7 Vs = Z ZQZJSDJT sn

!/
7

:G/ . g/ . 77

(5.2.9)

(5.2.10a)

(5.2.10b)

The following lemma demonstrates the finiteness of second moment of F(¢, Z(t)) and

G(t, Z(t)).

Lemma 5.2.1. For any t € [0,T], (a) E[F%(t,Z(t))] < oo, and (b) E[G?(t, Z(t))] < co.

Proof. (a) It follows from the orthogonality of Q;(¢, Z(t)) that

2

E[F2(t, Z(t Z Z%%T

=0

&)
:Z Zam@jT Z az]‘PJT

i=0 \ j=0 Jj=pi+1

182



o0 y 2 o0 o0 2
§2Z EaijSOjT(t) +2Z Z aijpir(t)
i=0 \ j=0 i=0 \j=p;i+1
2 2
1 k Di 0 Di
=2 > ageir(t) | +2 Y (D aueir(t)
Pmax 555 §=0 i=k+1 \j=0
2
oo oo
—1—22 Z aij o1 (t)
=0 \Jj=pi+1
9 k  Dpi Di 4 00 Di 2
S D) I DI EORE=D DN DIV
Pmax =5 §=0 j=0 i=k+1 \j=0
2
4 o0 o0
F23 X s
=0 \Jj=pi+1
k i 00 o) 2 00 o] 2
o(1) - 4 . 4
S LD IR DA DI LD DBICH
Pmax £ - Tk ° T < -
=0 7=0 i=k+1 j=0 1=0 | j=0
<00,

since E?i:o @?T(t) = O(1)ps, a is a unite vector and {a;;} satisfies Assumption L.2.
(b) Similar to Part (a). O

In order to obtain asymptotic behaviour of m, we make the following assumptions for

the truncation parameters.

Assumption L.6
(a) Let k = [n"] and § < Ky < 1
(b) Let pmin = [7"2], pmax = [n72] with 0 < kg < Ko <1 and 0 < Ko — ko < 3Ky — K1 — L.

Clearly, feasible solutions of truncation parameters do exist. The last assumption is
about the functions F'(t,z), G(t,x).

Assumption L.7

(a) Both F(t,x) and G(¢,x) are continuous in ¢ and z.
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Theorem 5.2.1. Suppose that {zs,}7 and {es}] satisfy Assumption B. Under Assump-
tion L.5-L.7 we have

1 X' XA(r,z)
\/ﬁ\/prrIaXHA(TaﬂU)H2

—D /01 F(Tr,Tyr +VTo,W(r))dU(r),

(m(r,z) —m(7,z))
(5.2.11)

as n — oo where (U(r), W (r)) is the vector of Brownian motion in Assumption B.

Remark 5.2.2. As can be seen from the proof, the convergence rate of m(r,z) — m(r,x)

is about HVAn(pm)] In view of the estimation of ||A(7, z)||, the rate is between nz(1=51) and

n2(=r1)+5(F2=r2)  The minimum order is less than %, while the maximum order is a little

bit bigger than the minimum order.

Proof. 1t is evident that we shall make use of the embedding schedule to facilitate the
proof. Note that we still use the old notations but with strong convergence (W,,,U,) —q4.s.
(W,U). However, the convergence of (5.2.11) is in the weak sense remaining unchanged.
As mentioned before, this only makes our proof easier.
It follows from (5.2.7) that
1 o X' X A(r, x)
V1 \/Brax | AT, 7) |2

1 R 1 o X'XA(r,x)
Vv BX U el VICRE
1 1 odX'XA(r,x)

(m(r, ) —m(r,x))

[0(7,2) + (7, 2)]

Vi O e A a0 )
Z:H1 — Hg.

We shall show that II; converges to the desired variable in probability and IIs —p 0
as n — 0o.
In view of (5.2.10a), IT; can be rephrased as
1
V//Prmax

:\}ﬁ(F'é — 06—+ Fy =y —Fy+Fe—de—7e).

In order to complete the convergence of 111, we are going to demonstrate that

1 ~ o~
I = X'+ +e) = %(F’ =0 =F) o +y+e)

1
\}F’a —p /0 F(Tr, Tyr +To,W(r))dU (r), (5.2.12)

n
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and

1 1
—F'6 =»p0 —F'v—p0 5.2.13
\/ﬁ P Y, \/ﬁ Y —prUY, ( )
~ 1 _ 1 ~ 1 _
E(SI(S —p 0, %’}/5 —p 0, ﬁ(sl’}/ —p O, %7/7 —p 0, (5214)
1 ~
75,5 —p 0,
n

=~/
—3'¢e—p0. (5.2.15)
N

In fact, (5.2.12) is valid because from Assumption B it follows that
1

1 — 1 — s _ s
Fle=—-S  F(tsn Xon)es = —— F(—T,—T VT )

n
1
-3 F <fT, “Tu+ ﬁoxn) —=e;
— n 'n vn
n
11 1 1 11
:ZF<S T+-T,°2 Tu+Tu+\/Tang<s +>)
—1 n n n n n n

(@G- ()

:En:/ F(rT + o(1), T+ 0(1) + VT, Wi (r + o(1)))dUs (r)
s=1 8;1

= /1 F(rT + o(1),rTu+ o(1) + VTo, Wy (r) + 0p(1))dU,(r),
0

and since (W, (r +0(1)), Un(r)) —as. (W(r),U(r)), as we shown in the proof of Theorem
1.4.1, it follows from the continuity of F'(-,-) that

(F(rT + o(1), 7T + o(1) + VT o, Wy (r + 0(1))), Un(r))
—as. (F(rT,rTu+VTo,W(r)),U(r)).
Using Theorem 2.2 in Kurtz and Protter (1991) yields the result.

We now turn to prove (5.2.13), (5.2.14) and (5.2.15). Due to Cauchy-Schwarz inequality
we have

1 1

1 1 1~ 1, ~
—[FOP < FPJ8)P, SIS S FPIE 18P < 1817 )],
n n n n n
1~ 1, ~ 1 1, - 1 . 1,
~[" 2 < ~ (1" I1P 117, —[FOP < —IFIPlIsI?, P < IR IPIIP
n n n n n n
where || - || signifies the Euclidean norm.
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In addition, using martingale difference structure of (es, 7, s) and adaptivity of zs11

with F, 5 yields

n n s—1
1 5 2 1 N g 2 1
EE(é £) _EE <Z: 5Ses> Z E[6Zes] + 25 IZ;E [0 esdlel

s=

n s—1
*ZE52 €|]'—ns 1 _|_2 ZZE§[€Z5E(63|}—7LS 1)]
o—1 s=2 =1
2L S B = 2L
€n e s en ’

and similarly

1 1
2EGF? =22 B2,
- (V'e) e 171

Therefore, it is sufficient to show that as n — oo,
2 2 1 AV 1 ~12
16117 —=p O, I7[I* —p 0, —El" =0, B =0, (5.2.16)

since

1 1 — 1 — s__ 8
fHF/||2 =_ ZFQ(ts,TL?Xs,n) == ZFQ <fT, —Tu+ \/ngxsm)
n n — n p n n

— Zn: /: F2(rT + o(1), 7T+ o(1) + VT o, W, (r) + op(1))dr
__}ze(O’ 0) + %FQ(T, Tp+ VTo, Wy (1))
- /01 F2(rT + o(1),rTu+ o(1) + VT Wy (r) + op(1))dr
_ %FQ(O, 0) + %FQ(T, Xr)
—p /01 F2(Tr, Tur +To, W (r))dr, (5.2.17)

using the continuity of F(,-), Wy (1) —a.s. W(r) and E[F*(T, X1)] < co by Lemma 5.2.1.
Let us prove the results in (5.2.16) one by one.
Firstly, because of Assumptions L.5 (b), b;(¢) := b;(¢t,m) is differentiable up to third

order, hence all expansions of b;(t), bi(t) and b/ (t) in terms of ¢;r(t) are convergent
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2
uniformly on [0,7]. Whence b;; = (%) c;(b) where ¢;(bY) stands for the j-th coefficient

in the expansion of b//(¢). We have

n k 2 T n k 00 1 2
=33 [ 3 wentton] <2 [ 3 it
s=1i=1 \j=p;+1 s=11i=1 \j=p;+1 J
ZZ Z LY P
s=1 i= lj_pl—‘rl j=p;+1
k
<o(1)—— = o(1)n* 1352 ¢

min
as n — 0o, which implies ||6]|> —p 0.
Secondly, by virtue of (4.4.8) with r = 2, b;(t,m) = \/v

2y, (¢, D?m). Thus,

EH’YH2 = Z Ehﬂ?] = Z E Z Z bijSOjT (ts,n) Qz (ts,n; Xs,n)
s=1 s=1

i=k+1 j=0
n D )
:Z Z b7,2 (tsn Z Z ts” bQ(tSmDQ )
s=11=k+1 s=11=k+1
1 — 1 &
<z > vltsn)? Z Bty DP) < 0(1) 15 > o(tan)?
s=1 i=k+1 s=1
n 2 1-2x
< — = 1
<o(1) 12 Ogltag%v(t) o(1)n — 0,

due to Assumption L.6, and we have invoked Assumption L.5 that the convergence of
expansion of D?m is uniformly on [0, T], hence Y2, . b?(tsn, D*m) = o(1) independent
of s. In addition, in the scope of this study, v(t) € C[0,T] (for example, when Z(t)
reduces to Brownian motion, v(t) = t), therefore, it is bounded on the interval. Whence,
71> =p 0.

Thirdly, it follows from the expression of 5

1.~ 1 e~
*E /2:7 E 2
DI = 23 B

1 n k 0o 2
“n ZE Z , Z aijpiT(ts,n)Qi(tsn, Xsn)
s=1 i=0 j=p;+1
:ﬁ Z Z aijSOjT(ts,n) < o Z \f Z yawy
s=1 =0 \j=p;+1 s=1 1=0 j=pi+1
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k [e%S) 9]

. 2k :
Z Y dlagl| < T > dlayl
1= ]:p1+1 mln J=Pmin+1
( ) ni1— 2K2 -0

as n — oo, where we have used Assumption L.6 and the implication of Assumption L.2
that >°°° 1 laij|j = o(1). Hence, LE)18"? — 0.

Lastly, we may also have

n

1 N ~ 1 oo 00
EEH’YHz ZE 2 nZE Z Zaij@jT(ts,n)Qi(ts,nvXs,n)

i=k+1 j=0
:EZ Z Zaij%T(ts,n) < ﬁz Z Z|aij|
s=1i=k+1 \ j=0 s=1i=k+1 \j=0
2 = i
<ir > i Z|a”| -0
i=k+1 7=0

due to Assumption L.2. We thus obtain that  E|[7||* — 0.
Now we are in a position to prove Il —p 0 as n — oo.
Since Ils can be rephrased as

1 odX'XA(r,z)
T,2) +y(1,2
Vi Vil Al )

_l O/X/XA(T, $) f\/pmax
" Pamax | A(T, )|~ AT, )]

:=IIoq - 122,

2 =

[6(7, ) + (7, 2)]

we shall show that IIs; converges to some random variable in probability and IIss — 0.
To begin with, by virtue of (5.2.10a) and (5.2.10b) we have

C1dX'XA(r,2) 1, 5 ~ o~
o Ay T 0 T TNGE 07

1 ~ " ~ . o~/ ~ ~
=—(F'G - F6 —F5 -G -7G+207 +[15'|* + [7']]*).

Noting that (5.2.16) and (5.2.17) imply that 1F'§ —p 0, 2F'F —p 0, 15’57 —p 0,

%HS’HQ —p 0 and L||7/||2 —p, it suffices to show that the convergence of

1 1
~F'G and —|G|? (5.2.18)
n n
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as n — oQ.

In effect, similar to (5.2.17),

ZF S,ny sn (snaXsn)

/ F(Tr, T + VT o Wiy (1))G(Tr, Tpr + To Wi (r))dr
— EF(O’ 0)G(0,0) + EF(T’ X7)G(T, X7)

1
*)p/ F(Tr,Tur +VTo.W(r)G(Tr,Tur + VT, W(r))dr,
0
I
ﬁ”GH :g Z G (ts,m Xs,n)
s=1
! 1 1
_ / GH(Tr, Tpr + VT Wy (r)dr — —G(0,0) + - GX(T, Xr)
0

1
—p / G*(Tr, Tyr +VTo,W(r))dr
0

by continuous mapping theorem and Lemma 5.2.1 as n — oc.

Therefore, as n — oo,

1
Iy —p / F(Tr,Tur +VTo, W (r))G(Tr, Tur +NTo, W (r))dr.
0
As for Ily9, since Ilog = Ay + Ag where

f\/ pmax \/ﬁ\/ pmax
Ay = o( and  Ap = -————9(7,2),
[A(7, z)]] |A(T, z)]|
we shall show both A; and As are approaching to zero.

It is known that O(1)kpmin < ||A(7,2)||*> < O(1)kpmax. It follows from Assumption
L.5 that

T, )

‘Al‘ = K ’5(7’,%) a Z ’Qz T, (lZ Z bzg‘PJT

A 2 Tt ] 2 ey
5/ 7\ #
npmax 2T3 = 1 /!
<0 ; =5 1¢;(b;
- \/k’pmm (Z’Q T'CC ) ZO 4 _Z: jglcj( )‘
= 1= ]—pz“’l
3
k [e%S) o0
max 1 max
oMV (57 35 L3 o) <o Y2
pmll’l i=0 ]:pz+1 -7 ,] p1+1 \/mpmln
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1 1 1/= 3
—o(1)nztarmta(Fe—re)=5r2 _,

as n — oo using Assumption L.6.
In addition, using (4.4.8) with » = 2 and the asymptotic property of @; in Remark

4.3.4 gives

o \/npmax o \/npmax
|As| = [y (7, )]

)] = 4r.2) > hlrmi(n)

i=k+1
Ve s B N
A7, 2)]] i;l z’(i—l)bl( , D*m)Qi(7, x)

1 1
npmax 2 > 1 2
<0(1) bi(r, D®m _
VEpmin <z;+1 ) (%1 (1_1)‘[>
\/m ]- l+l(‘r{ —K )_i,{
— o1 2—K2 1 0
=o(1) e = o2 TR

as n — oo by virtue of Assumption L.6. The proof is finished. O

5.3 Time horizon approaching infinity

We are also interested in the scenario where time variable lies in [0, 7,] and 7,, — oo when
sample size n — oo for the same reason as in section 3 of Chapter 3.

We propose the following assumptions for the function m(t,z) in the model (5.0.1).
Assumption L.8
(a) For every t > 0, m(t,z) and D"m(t,z) are all in L%(I, p,(t,x)), r = 1,2, 3.
(b) For each i, b;j(t,m) = E[m(t, Z(t))Q:(t, Z(t))], belongs to C3[0,T] for any T > 0.

(c) For i large enough, the coefficient functions b;(t, D3m) of D3m(t, Z(t)) expanded by
the system {Qs;(t,Z(t))} are such that v(¢)3b?(t, D3m) are bounded on (0, 00) uni-

formly in q.
(d) [167(t,m(t, )|l L2[0,r) are bounded for any T' > 0 uniformly in 4.

Remark 5.3.1. Since the framework in this section is a combination of the first two, the

requirements for m(¢, z) contains the basic conditions in Assumption L.1 and L.5.
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There are many functions that satisfy these four conditions at the same time. For
instance, m(t, z) = t"e"“' P(z) with n > 1, ¢ > 0 and P(z) being any polynomial of fixed
¢

degree; m(t, z) = 174 cosx with n > 3, and so on.

For the truncation parameters and time span T}, we make the following assumption.

Assumption L.9

(a) Let k = [n"], pmin = [n2], Pmax = [n"2] and T}, = [n"3], where 0 < k; < 1 (i = 1,2, 3),
ko < ko < 1 and k1 > 0.5.

(b) Let 3x3 + k1 + 1 < 3ks.

Remark 5.3.2. Feasible solutions for x; (i = 1,2,3) do exist. For instance, k1 = 0.6,

ko = 0.8 and k3 = 0.2. Meanwhile, condition (b) implies that ko > % + K3.

Given the observation number n, one can choose T' = T,, according to Assumption L.9.
Let us sample on [0,75,] at equally spaced points: ts, = 15,5 (s = 1,---,n) for model
(5.0.1). Denote by Y ,, the process Y (t) at ts,, Xsn = Z(ts) for the Lévy process at the
discrete points and es = €(ts,,). Observe that from infinite divisibility and homogeneous
distribution of the Lévy process it follows that E(Z(t)) = tu and Var(Z(t)) = to? for any
real t > 0. Thus,

S

Xs,n = Z(Xz,n - Xi—l,n)

i=1

S
=EXon+ Y [Xin = Xicin — BE(Xip — Xi 1))
=1

s
=T, V71,0, — E ;
n i naz\/ﬁ i=1 o

where w; = %(Xi,n —Xicin— %Tn,u) form an i.i.d (0,1) sequence.

Let x5, = % >oi_, w;. It therefore follows from the functional central limit theorem
that z,, converges in distribution to a Brownian motion on [0, 1] as n — oco. In addition,
it is clear that xz,, along with d; ., = \/(I — k)/n, satisfies Assumption A.

The following procedure is similar to the preceding subsections. The m(t, Z(t)) is
expanded using an orthonormal basis {y;7, (t)Q:i(t, Z(t))} at each sampling point, and

then obtain n equations. The n equations can be written in the following matrix form
Y=XB8+66+v+c¢, (5.3.1)
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where all notations remain the similar meanings as before, so that we spare our effort to
recite them.

The OLS estimator of 3 is given by
B=(X'X)"'X'Y. (5.3.2)

Obtaining B enables us to estimate m(7, x) for fixed 7 > 0 and fixed x on the path of
Z(1), viz., m(r,z). m(7,z) is generated from the expansion of m(7,z) by superseding

by B\ and removing all residues. Whence, we have
() = A'(r,2)B, (5.3.3)

where A/(Tv 'CL‘) = (QPOTn (T)QO(Tv IE), C y PpoTh (T)QO(Tv l‘), o, 0T, (T)Qk(T’ $), Tty

PprTh (T)Qk(Tv x))
The difference between m(7,z) and m(7, z) is
m(r,z) —m(r,z) = AI(T’ z)(B =) —d(r,z) — (7, 2) (5.3'4)
=A(r,2)(X'X)' X' (0 +7+e) - 6(r,2) —y(r,2),

where

k 00
S(rx) = > biyem, ()Qi(r, z);

=0 j=p;+1

V) = DD by, (T)Qi(r, @),

i=k+1 j=0

Thus, one desired result is the asymptotic distribution of m(7,z) — m(r,z). To this

end, put
A(r,x)A (1, x) _
A="22 27 and B = (X'X)AX'X)™L (5.3.5)
|A(T, =)
Once again, by Lemma 3.1.2, B has eigenvalues A\ = 1, Ao = --- = )\, = 0. Let unit

vector a be the unit left eigenvector of B pertaining to A;. Hence, we have o/ B = o/ and
la|l = 1. Denote & = (ao, -+, Qopgs -+ » ko ** + , Qkp,,) I0 concert with A(T, z).
Let us apply the reshuffle procedure for the set S from Assumption L.2 by «a and

MA(T, x). Denote by S and S the resulting sets:
1) 8 ={do, - ,di,-}, and S = {ag, - , @, - }-

2) a; = {ai;} where a;; = ,/]%ozij for 0 <i <k and 0 < j < p;; otherwise, a;; = a;;.
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3) a; = {ai;} where a;; = %mwﬂn(ﬂ@i(ﬂ@ for 0 <i<kand 0 <j < p;

otherwise, a;; = a;;.

Due to the Riesz-Fischer theorem, for two sequences Sand S , there exist two functions,
denoted by F(t,z) and G(t, ), such that

ZZ%%T )Qi(t, Z(1)),

1=0 j=0

- (5.3.6)
=D > aieim (HQ(t Z(1),
i=0 j=0
for any ¢ € [0, T,,].
In view of the expressions of a;; and a;;, rewrite (5.3.6) as
Th = 5
/X =F —§ —7, (5.3.72)
pmax
1 T, ~/ =
Alr,z) X' =G -3 -7, (5.3.7b)

[A(T, )| || Pmax

where

~1/ ~ ~ ~/

F = (F(tl,le,n)a te 7F(tn,naXn,n))a G = (é(tl,na Xl,n)a te 7é(tn,naXn,n))a

k o)
6 = (01, -+ ,0n), with 65 = Z Z i, (tsn) Qi(ts s Xsn),
1=0 j=p;+1

00
?l = (?17 te 7;771)7 with ?s = Z ZaijSDan (ts,n)Qi(ts,naXs,n)-

i=k+1 j=0
Lemma 5.3.1. For any t € [0,T], (a) E[G(t, Z(t))]2 < 0o, and (b) E[F(t, Z(t))]? < co.

Proof. (a) Invoking the orthogonality of Q;(t, Z(t)) gives

2
x o
EGtZW) =E [ DD aijeim, ()Qilt, Z(t))
i=0 j=0
2 2
o o
:Z Zaij(’oan Z Zaljijn Z QZJQOJTH
=0 \j=0 =0 \j=0 j=pi+1
2 2
oo Y23 [e%e] [e%¢]
<2 | Daueim ()| 423 | > ayein()
i=0 \j=0 i=0 \j=p;+1
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=0 \ j=0 i=k+1 \ j=0
2
o0 o0
+23 | D aypim(t)
=0 \j=pi+1
2 2
k Dq 4 e} y<3
§2Z s (t) | + T Z Z |aij|
=0 \Jj=0 " i=k+1 \j=0
2
4 (o] o
=S
™ i=0 \j=pi+1

It is easy by Assumption L.2 to see that the last two terms are finite. We thus deal

with the first one in what follows. Notice that in the preceding chapter we have shown
that Z] O@JT (t) = O(I)Tinpi(l +0(1)). As a result,

k Di 2 K . 9
T
Z Z iP5, (t) :W Z Q?(T, x) Z O (T)SOan (t)
=0 7=0 max 5 =0 =
T, k Pi Di
Sm Z Q?(t,x) Z @?Tn (1) Z @?Tn (t)
O(l) 1 + O Di
B pmaxHA T, I’ ||2 Z Q2 T $ Z(’OJTn
<O(1)(1+ o(1)) HA TAG, 21 2 ZQ " Z(pm
=0(1).
(b) Similar to (a). .

Let G(t,2) = G(t,ut + & — pt) = G(t,x — pt) and F(t,x) = F(t,ut + x — pt) =
F(t,x — put). These reforms are because we are working on the centralised underlying

process.
Assumption L.10

(a) Both F(t,z) and G(t,z) are in Class (HI) with normal functions f(t,z), g(¢,z) and
homogeneity powers v(-) and o(+) respectively. Let v(n) = n® and o(n) = n* satisfying
(1) 1+ &1+ (20 + 3)kg < 3rko; (i) 1+ (20 — 3)k3 < 3r1.
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(b) Suppose further that F2(t,z), G*(t,x) and F(t,z)G(t, x) are in Class (HI) with normal
functions f2(t,z), ¢?(t,z) and f(t,z)g(t,z) and homogeneity powers v?(-), 0?(-) and
v(+)o(+) respectively.

(c) Both F(t,x) and G(t,x) are in Class (HH) with normal functions f(t,z), g(¢,x) and
homogeneity powers v1(+), v2(+) and p1(+), 2(-) respectively. Let vy(n) = n, va(n) =
n? and g1(n) = n"', g2(n) = n'2 satisfying (i) 14 k1 + (201 + 12 + 3)k3 < 3ka; (ii)
14 (201 + t2)k3 < g/ﬂ.

(d) Suppose further that F2(t,z), G*(t,x) and F(t,7)G(t,x) are in Class (HH) with nor-
mal functions f2(t, ), g?(t,x) and f(t,z)g(t,x) and homogeneity powers v?(-), v3(-);
01 (), 03(-); vi(-)o1(-), va(-)o2(-) respectively.

Remark 5.3.3. Note that the conditions in (a) and (c¢) are untidy and annoying since we
would like to show the original requirements for the parameters.

It is clear that if 0 < ¢ < %, Assumption L.9 (b) implies the condition (i) of Assumption
L.10 (a); conversely, when ¢ > i the latter always implies the former. Of course, there
are feasible options for them to satisfy all the requirements. For example, if k1 = 0.7,
ko = 0.9 and k3 = 0.1, then ¢ can be chosen from (0, 3.5). By the way, if we impose some
relationship among x; (i = 1,2,3), such as kg < %m + k3, (i) implies (ii) in (a).

Let ¢ = 2u1 + 1o for the time being. Since ¢ > 0, the condition (i) in (c) always implies
Assumption 4.9 (b). Evidently, if a relationship is imposed among «; (i = 1,2,3), (i) and
(ii) in (c) may substitute each other, depending what relationship is adding. Note that
there are feasible choices for all parameters. For instance, k1 = 0.6, ko = 0.8, k3 = 0.1,
¢ €(0,2.5).

The following theorem is the main result for the section.

Theorem 5.3.1. Suppose that {zs,}"_; and {es}"_, satisfy Assumptions B and A (c).
Let Assumptions L.8 and L.9 hold.
If Assumption L.10 (a) and (b) are true, then

VT, o, o X'XA(r,x)
Vu(Ty) /el A(T, 2) ||

b < /0 ' G ()L (o, 0)> : N,

(fﬁ(T, x) - m(Tv 33))
(5.3.8)
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where Gs(-) = [ f2(-,x)dz, W is the standard Browmnian motion on [0,1] and N is a
standard normal random variable independent of W, and Ly is the local-time process of
w.
If Assumption L.10 (c) and (d) are true, then
VT, o X' XA(r,x) .
2 (m(Tv ) - m(Tv .%'))
Vo (T oa(V o) Vol Al 2] 559

ﬁDAfmwmwwm

where the vector (W (r),U(r)) of Brownian motions is from Assumption B.

Remark 5.3.4. The convergence rate of m(7,x) — m(7,z) in the first case, as can be seen

in its proof, is about @7 ng"g(Tn) With help of the estimation of ||A(7,x)||, the rate is
VT |l AT

between nz 1)+ Dr3 and 53(1—r)+0=rs+5(R2=r2)  The order of the lower bound is
less than 1 while the order of upper bound is less than 1 oL

In the second case, the convergence rate is VP m\;’%||(§’(’7)g;)(“‘/ﬁaz) revealed by its proof.
Approximately, it is between na(I=r)+a+50)8s and ps(L-m)+tse)rs+s (Ra—r2)

Comparing the upper bounds and the lower bounds in the two scenarios, roughly

speaking, the second situation is faster than the first.

Proof. Let us prove (5.3.8) first. It follows from (5.3.4) that
ng o X' X A(r,x)
Vo(Th) /Pmax|| AT, 2)[|?
\‘VT Vo, o X' XA(T,x)
-~ V(Th) Pmax AT, )12

VT /7

(m(7, z) —m(r, z))

[A (1, 2)(X'X) X6+ v+ ) — 6(r, ) — y(7,2)]

F?’\ﬁ o X' X A(r,x)

RN~ BX'(6+7v+¢) — 0Ty ol AC, m)HQ[(S(T,:c) + (7, )]
4773 4 ,
\/Tn \/a /X,(5—|—’7—|—5) \/T \/7 XXA(T, ) [5(T,x)+’y(7"$)]

= Vo) Vo) Vw472

2:H1 - HQ.

We are about to show that II; converges to the desired random variable in distribution,
while Iy —p 0 as n — oo.

Using (5.3.7a) we can write
VT

S SUBEELNCEERD

II; =
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Tn\/0- -
\\/fZ(U)(Fé 55 — '5—|—ny &y — ’y’y—I—Fe—(S'a—qfa)

It follows from Theorem 1.3.1 and Assumption L.10 (a) that

\Zyﬁ 0z =/ \/7\/@
(T = T 2T

STL’ S S

g S S
\/7\/7 Z F (ETM ETnM + mazxs,n) €s

\ﬁ (5.3.10)
\/E $p
ZF <nTn7 Tnazxs,n) €s
>
b ( A Gg<u>dLW<u,o>) N,
0
where G3(-) = [ f2(-,z)dz, W is the standard Brownian motion on [0,1] and N is a

standard normal random variable independent of W, and Lyy is the local-time process of
wW.

Meanwhile, using Cauchy-Schwarz inequality gives

~/ =~/ ~/ ~/ ~ ~

[F o2 < [F |78, F A2 < IF 22 '3 < (107118117,

|72 < (1671117, 761 < 171110117, A < 1P (111>
where || - || signifies the Euclidean norm.

In addition, it follows once again from Theorem 1.3.1 that

LlF P = > P

sy Xsn)
V1,0, ~o (S s
o)’ 4 Z P (G T+ VT
\/ n0 S
—— ZFQ <ETTL7 V Tno'zxs,n>

(5.3.11)

_>P/0 /OO f2(t, z)dzd Ly (t,0),

since F2(-,-) is in Class (HI) with normal function f2(¢,2) and homogeneity power v(-)?
due to Assumption 6.10 (b).
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Also, since xs , and e5 (s = 1, - -+, n) satisfy Assumption B, using martingale difference
structure, similar to the proof of Theorem 5.2.1, we have

Va0 pGreyr = YT

nv(T,)? no(T,)?

nﬁ:;E(%)Q nﬂ"; ZEIT I

o E||¥|?,

Therefore, in order to complete the convergence of 11; it suffices to demonstrate that

as n — oo,
16]1* = PO, 17112 — O, (5.3.12a)
VT, e VT, s
7}3 5|12 —o, _Von_p 0. 5.3.12b

To begin with the proof of (5.3.12a), similar to the counterpart in the proof of Theorem
5.2.1,

2
EH(SHZ ZE Z Z bzg@]Tn tsn Qz(tsna sn)
1=0 j=p;+1
2
n k [e%S) n k 1
=22 | X bawin(tea) | SeMTRR >
s=11i=0 \j=p;+1 s=1 i=0 p;

go(1)T3—Zk = o(1)n!FPrstm=dm 0,
min
by virtue of Assumption L.9, which in turn implies ||6|> —p 0.
In addition, it follows from (4.4.8) with r = 3 that as n — oo

2
ElWP =) ERZ =3 E| > > bijeir.(tsn)Qiltsn, Xon)
s=1 s=1 i=k+1 j=0
— E E b?(tsn Z Z )b ( s,n7D3m)
s=1li=k+1 =1 izt "
[e's) 1 n ) ; 3
B TN —9) W2 s(tsn, D
Z l(Z— 1)(1 —2) ZU (t51 )bz 3(ts, m)
i=k+1 s—1
=4 E: —— = <Al 1
~ A -6 -2) (4o

=A(1 +o(1))n'=2" — 0,
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by Assumption L.8, L.9, where A is the uniform bound of v(¢)3b? (¢, D3m).

Now we are to prove (5.3.12b). It follows from the expressions of 0y that

\/Tn N VTn = N
E|0'|? = > EP]
s=1

nv(T,)? no(Ty)?
2
\/T n k (o0
:TLU(Tn)2 Z E Z Z Qi PFT, (ts,n)Qi(tS,ans,n)
ns=1 i=0 j=p;+1

2

T, n k o0
T 2wt

2 G -
|aj]
ny/Tnv(Th)? s:uz—; j—%;rl !
2
k o

9 1
TP 2 7 (2 ’

oWk _ o) s—ammmf2

VT2 v(T)? v(Th)?

as n — oo by Assumptions L.10 (a) and L.2.

Analogously, we have as n — oo

Vo B = VTS i

(T, )2 T 2 B
2
VAR
:nU(Tn)2 ZE Z Zaijgpan(tsm)Qi(t&naXs,n)
" s=1 i=k+1 j=0

2

Tn n oo o
:m)\{T:)QZ D aiem, tan)

s=1i=k+1 \j=0

2
2\/1Tn n [oe] o0
< W s
AL IP IR P

o0 o0

2 .
Si\/fnv(Tn)?k A

i=k+1 \j=0
o(1)

—K1—K3/2 =0
o(T)2"
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on account of Assumption L.2 as n — oo.
We are now in a position to prove Il —p 0 as n — oo.

Notice that IIs can be rephrased as

\“/Tgf o X' X A(r, )
VIU(Tn) \/Proax || A(T, @) |12
 Tho. T,
_nU(T%dTn) Pmaxl||A(T, z) |
« an(Tn) - T
VT A D)
:=ITg1 x (Ilgg + Ila3),

Iy = [0(7, 2) + (7, 2)]

o X' XA(r,x)

where

VIno, T,

nU(Tn)Q(Tn> pmaxHA(Tv :U)H
\/ﬁ\/mQ(Tn) 5(7_7 .13), Iy — \/ﬁ\/mQ(Tn) 7(7_’ :L‘)

T VTAR o)l VI A2

To complete the convergence of Ily, we are going to show that Ils; converges to some

H21 = Oé/X/XA(T, l’),

random variable in probability, while both Ilss and Ilo3 are convergent to zero.
It follows from (5.3.7) that

\/Tno'z T
nv(Tn)e(Th) Pmax | AT, )|
o \/ﬁaz N B N - I e

\/70}
“nu(Ty)e(Tn)

H21 e O/X/XA(T7:I:)
~l~ o~~~ ~I~ o~ ~ o~ .
FG-0G-FG+Fi+F7— 8> - 275 — |7

Nevertheless, (5.3.11) and (5.3.12b) as well as Cauchy-Schwarz inequality suggest that

in order to obtain the limit of Ilo;, one only needs to find the limits of

\/ﬁaz = = an \/702 2
ooyt & LGl

Indeed, similar to (5.3.11) we have

\/70,2 2 \/702 ~9
T IC 1" = g(TnP;G“s’”’X&")
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\/70Z Z G2 ( - —Tnu + \/ﬁazm&n)
F o, Z o2 (%Tn \/le”,n)

Sp / / 2(¢, 2)dawd Ly (£, 0),

~ \/ﬁaz o n
G= ——- = F 755 n XS,” F ts,n, Xs,n
nv(Ty)o(1h) ; e . |

and

maz
nu(Ty)o(Th)

VIno - s
- (f ny nH+ V O'szn> ( T, Tn/~L+ V szsn)

:nU(Tn)Q(Tn) 1

o maz
B nU(Tn) Q(Tn)

Il Hji
Sk

M:

S S
F (ETTM V Tno'zws,n) G (;Tna V Tnazxs,n>

s=1

1 o)
Sp /0 / St @)g(t)dwdL (1),

by virtue of Theorem 1.3.1 and Assumption L.10 (b).

Hence, we have Ily; —p fol 75 f(t,@)g(t, x)dad Ly (t,0).

Regarding g, because o, is a constant, and in view of the estimation O(1)kpmin <
Tol|A(T,2)|> < O(1)kpmax and b;; = (%)2@(17;’) where ¢;(b]) is the j-th coefficient in
the expansion of b}, we have,

N/ T,)
\/>4 Pmax0(Th) Z Z bisoi, (T)Qi(r, @)
\/UZ Tn ”A T, =0 j=p;+1

e (2 )

V'V ProaxTn0(Tn )@(Zk:Tﬁ’y
\Y% kpmlnr i=0 p?

<01 )\/mT VEVT,
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1
1 2\ 3
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=0
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<o(1)
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as n — oo where we use Assumption L.8(d) , Assumption L.9 and L.10 (a) for ¢ and
truncation parameters.

Analogously, by (4.4.8) with r = 2,

\/H\/ pmaxQ(Tn)
IIo3| = T, T
sl = oo ")
_ \/ﬁ\/pmaxQ<Tn) > b
= i(T)Q4 (T,
VEAT AT, 2)| ; (i)
o \/ﬁ\/ pmaxQ(Tn = D2
= T, Qi(t,x
JTVT AT, )| %;ﬁ )Qtr2)

<O(1) Y Pmaxln i—l o(1) L2 Pmaxln L
W\/kpmln Zrt ( —1)\6 é/T\/kpmmk /4

:0(1)n§+5(R2_”2)+(L_Z)“3_Z"fl 0,

as n — oo in view of Assumption L.10 (a).

Up to now, the first part of the theorem is finished. In what follows we shall prove the
second part.

It follows from (5.3.4) that

VT, o X' X A(T, x) (Fi(r.2) — m(r. )
VI (T)va(VTo:) P A(r @) ’
\/an o' X! XA(T x)

fvl( W) V2(VT02) \/Pmax||A(T, ) |2
x [A'(r,2)(X X)le (0+~+¢e)—d(r,z) —y(r,x)]

1 Tn o
=Ty oV Ton) | o O T

VT o X'X AT, z)
Vo (Ty)va (Vo) /Dl A(T, x)”?[ (1,2) + (7, )]

Z:H3 — H4.

We are about to show that I3 is convergent in probability to the desired stochastic
integral and IIy —p 0.

Observe that in view of (5.3.7a) we have

1 T

Hs = \f’UI( U2(\/70z> pmaxa

'X'(6+~+e¢)
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~ V(T (VTaos)
1

\fvl( )Uz(\/ O’z)
><(F6—55—75+F/7—g’7—7’}/4-]?‘,5—5’5—?’5).

(F -5 —7)(6+7+e)

It follows from the proof (not the result) of Theorem 1.5.1 that

1 ~/ 1 no
Vnui(T, )UZ(\ﬁUz)Fg Voo (T, )UQ(FUZ)EZ:F(tS’n’Xsm)eS

1
= V(T >v2 (VTnos) > Pttt + VTl
s=1

= T EF o VEOEEsa)e

1 - S
=TT 2 - (T VIoszen) e

—>P/0 f(r, W(r))dU(r), (5.3.13)

on account of Assumption L.10 (¢) where (W (r),U(r)) is the limit of (W, (r), Uy, (r)) in
Assumption B.

Also, for the same reason we have

—_

~/
1% =

2
(VTno>) vi(Tn)v (Waz ;F s Kon)

= F ytsn + V1o,
)U%razszz: STL s,n an

n

= F? 02Tsn
- ( )’U%(\/ia'z) SZ (ts,na \/ﬁ , )

n

1
= 2 ) SE: F? (%Tna mgzxs,n>

nv(Ty)v

NN

—_

—_

—p /U f2(r, W (r))dr, (5.3.14)

on account of Assumption L.10 (d).
Notice that the parameters involved in both 6 and v are k and p; (i = 0,--- , k) which

satisfy Assumption 1.9, as the case in the first part of the theorem, and the coefficients
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of the expansion of m(t,z) in both § and 4 remain unchanged; meanwhile, & and 5 are
the same as in the first part since {a;;} is still the sequence in Assumption L.2 and the
truncation parameters are the same. Whence, (5.3.12) is still valid in this part with a
modification that v(7},) is superceded by v1(T},). Therefore, Cauchy-Schwarz inequality
and (5.3.14) imply all the terms of II3 except for (5.3.13) are approaching to zero in
probability, hence I3 —p fol f(r,W(r))dU(r).

Now we are ready to prove that II4 —p 0. Rewrite
B VT, o X' X A(r,x)
VoL (T)va (Vo) v/Prax|[A(T, )2
i=Iyy x (g2 + Tly3)

114

[0(7,2) + (7, 2)]

where
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VT A(r,2) || s
and
H43 :\/ﬁ\/pmaxQI(Tn)QQ(\/ﬁUz)’y(T’x)‘

VIn|[A(T, 2]
It follows from (5.3.7) that
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Once again, due to the proof of Theorem 1.5.1, Assumption L.10 (d), we similarly have
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1
—>p/0 > (r, W (r))dr. (5.3.15)

Thus, Cauchy-Schwarz inequality as well as (5.3.12b),(5.3.14), (5.3.15) suggests that

~) ~

all the terms in II4; except for the one containing F G converge in probability to zero.

Hence, to find out the limit of I'4; it suffices to find that of that term. In fact,

1 e
nvy (Tp)va(VTho2)01(Th) 02(VTho)
1
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— n n

1
S /0 £r, W () g(r, W (r)dr,

as n — oo by the proof of Theorem 1.5.1 and Assumption L.10 (d), so that II4; converges
to the same limit as above in probability.

Now let us turn to prove both IIjo — 0 and IIy3 — 0, as n — oo. Recall that
O(1)kpmin < Th|lA(T,2)||? < O(1)kpmax. Because §(7,x) and (7, ) remain the same as

in the first part, we have
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1,1 1z
So(l)n§+§l€1+§(ﬁ2*K2)+(b1+§L2+§)K3*§K2 — 0,

as n — oo by the condition for the parameters of Assumption L.10 (c).

Meanwhile, once again on account of Assumption L.8 using (4.4.8) with r = 2, we have

f\/pmaxgl )QQ(\/ﬁaz)

T3] = [y(7, @)
VL[ A(T, z)||
\/ﬁ\/pmaxQI(Tn)92<anO—z) i i
= — bij i1, (T)Qi(T, )
TnHA(T’ IE)H i=k+1 j=0
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VPl T WT) | g 7,
VLIAmDl |22,
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VLAl |2, \/
1
VPuax T TR
Vv kpmin k3/4
:O(l)n%Jr%(RQ*N2)+(L1+%L2)K3*%K1 =0,
where Assumption L.10 (c) are used.
This finishes the whole proof. O
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Chapter 6

Conclusions and discussion

What has been done

Homogeneous functional f(B(t)) and time-inhomogeneous functional f(t, B(t)), given that
f satisfies some not quite rigorous conditions respectively, have been expanded into or-
thogonal series, the so-called Fourier series in respective Hilbert space. Subsequently,
everything happens automatically by virtue of Hilbert space. Different time horizons are
considered from the application point of view. The key point behind doing so is to find
appropriate Hilbert space which contains the functionals we are interested in and then to
find some complete orthogonal polynomial sequence in the Hilbert space. What orthogo-
nal polynomial systems we utilise in this situation are Hermite and Laguerre polynomial
sequences as well as a trigonometric sequence on a fixed interval. These expansions enable
us to estimate an unknown functional form in a class of general econometric models. The
estimated form is explicit and the asymptotic distributions of the estimators according
to different time horizons and sampling styles are shown as mixed normal for two cases
where either the time zone is infinity or the time zone is compact associated with sample
size and moving to infinity, and a stochastic integral in the case where the time zone is
fixed.

For the same purposes, we consider a more general scenario where the underlying
process is replaced by the Lévy process. Definitely, we face more challenges since we
cannot rely on any particular distribution of the process. One thing is to illuminate the
existence of orthogonal polynomial system which has the density function or probability

distribution function of the underlying process as its weight. We thus define the classical
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polynomial system for some Lévy processes which encompass not only continuous processes
such as Brownian motion but also discrete processes like the Poisson process. By virtue of
hypergeometric differential /difference equations, we have shown the explicit expressions
of the orthogonal polynomial system and their squared norms of the polynomials. These
are crucial for the following developments.

Similar to the first part, homogeneous functional f(Z(t)) and time-inhomogeneous
functional f(¢,Z(t)) where Z(t) is a Lévy process are expanded into Fourier series in
respective Hilbert spaces. We also estimate unknown functionals of the Lévy processes
in a general class of econometric models. Similarly, asymptotic distributions for different
estimators according to the different time horizons are derived as well. The limits of
the estimators on the infinite interval and compact interval which approaches infinity are
different from the limit of the estimator on the fixed time zone. Moreover, the convergence
rates of the estimators depend on sample size (as conventional regression estimator) and
function forms produced by values of the basis at sampling points.

The existing results in the literature regarding of the asymptotic theory are not appli-
cable for this research and it is mainly because a time variable is involved in the regressor.
The exploration of asymptotic theory is exhibited in Chapter 1, which contains two large
classes functionals and displays asymptotic theorems for both sample mean and sample
covariance. As a result, the existing studies become a special case of the asymptotic theory
developed in this paper.

As shown in Chapter 3 and 5, asymptotic theory plays a vital role for the application of
the proposed expansions. More precisely, it determines for what kinds of functional forms
involved in our derivation we can obtain their asymptotic distribution. Therefore, asymp-
totic theory amounts to a bottleneck. We establish asymptotic theory for two rudimentary
classes of functionals, namely, functionals in Assumption C and regular functionals, and
two extended classes of functionals, viz., Class T(HI) and Class 7(HH) in Chapter 1.
Our results indicate that the asymptotic theory enables us to apply the expansion in

relative general functional forms.

More potential applications

Apart from the econometric estimation displayed in this thesis, the proposed method of

Lévy process functional expansion may also be used in some relevant fields of economics
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and finance to tackle the nonlinear and nonstationary problems.

We would consider a traditional maximum utility question on agent consumption and
habits. The form of utility, according to a prominent explanation of aggregate stock
market behaviour, is a power function of the difference between aggregate consumption
and a habit level. Thus, it is the habit function that plays a central role in such a theory.

The question is addressed to maximise the utility

N (o Ol
U=E) 6 o ,
t=0

where 0 is the time preference factor, X; is the level of habit such that 0 < X; < C4.
However, the theory does not provide precise guidelines about the functional form of the
habit. In the literature such as Chen and Ludvigson (2009), Campbell and Cochrane (1999,
2000) and Constantinides (1990), the habit function is formulated as a function of past
and contemporaneous consumption levels, viz., X; = f(Cy,Cy—1,--- ,Ci—1). Moreover,
to tackle the nonstationarity of the data, researchers presume that the habit function is

homogeneous of order one which allows to rephrase the function as

Cio1 CtL)

Xt=0t9(0t7 o

Definitely, such a pre-assumption restricts the applicabilities of the theory and real-
world data sets. We can do better by relaxing such a particular form as a general form
and rewrite X; = f(Cy,Ci—1,-++ ,Ci—p) = g(ACy—1,- -+ ,ACi_1+1,Cy—1) where A is the
forward difference operation. Noting that the difference sequence of consumption is i.i.d.,
we then expand the function g and estimate the coefficients and hence obtain the habit
function.

Furthermore, in economics there are a great deal of models with conditional moment

restrictions containing unknown functionals in nonstationary processes. See Ai and Chen

(2003, 2007). Such models take a general form as
E(p(Z,9)IW,g) =0,

where (ZT,WT) is a vector of observable random variables, and W may or may not be in-
cluded in Z. Here p is a one-dimensional residual function known up to g. The conditional
expectation is taken with respect to conditional distribution Z given W and g, assumed
unknown. The parameter of interest is g which is infinite dimensional. Interestingly, this

model covers several commonly encountered nonparametric and semiparametric models:
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Regular nonparametric regression
Y =g(W)+e¢,

given E(e|W) = 0. Let Z = (Y, W). With p(Z,9) =Y —g(W) it becomes the parent

model.

Single index model
Y = h(WT) +¢,
given E(g|W) = 0. The parameter of interest is (h,67) where h is nonparametric.
Let Z = (Y, W), g = (h,07) and p(Z,g9) = Y — h(WT). It returns to the parent

model.

Nonparametric IV regression
Y =g(X)+e,

where X is an endogenous regressor such that FE(¢|X) # 0. Suppose there is an
instrumental variable W observable for which E(e|WW) = 0. Define Z = (Y, X) and
p(Z,9) =Y — g(X). It is rewritten as the parent model.

Nonparametric quantile IV regression
Y =¢g(X)+e, Ple<0W)=n,

where the unknown function ¢ is of interest and 7 € (0, 1) is known and fixed. With
p(Z,g9) =1(Y < g(X)) — v where Z = (Y, X), we have the parent model.

However, in the literature researchers assumed that the observations of (Z, W) are
identical and independent distributed data (Z;, W;) (i = 1,--- ,n). See, for example, Liao
and Jiang (2011).

In finance, more often than not, the derivative pricing problem is associated with a
functional, very popular nowadays, in a general Lévy process rather than only a Brownian
motion. It can be expected that our expansion method is applicable in complete financial
markets to deal with the perfect hedging problems and in incomplete financial markets to
tackle the mean-variance hedging problems.

Note that two significant features of our proposed method are dealing with nonstation-
ary data sets and unknown functional forms. The orthogonal expansion of the unknown
functionals involving in the above models would be a sharper weapon to obtain the esti-

mations of parameters and unknown function of interest.
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Future work

There remain some researches about this topic to do in the future. We would study the
expansion of Lévy process functionals for more general forms. In particular, the functional
including time variable and two independent different Lévy processes is worthy to be stud-
ied. In addition, more classes of functionals need to be investigated in asymptotic theory
that will widen our scope of applicability of proposed method and theory. Moreover, there
is an urgent need to do some simulations on the convergence of the orthogonal expansions
of Lévy process functionals and the estimators of unknown functionals in econometric
models.

As an application of the proposed method and theory, the aforementioned problems
in economics and finance would be investigated in next step, which may resolve the long-
standing theoretical issues. All application studies will provide evidence of the necessity of
proposing the method and theory in this thesis. Hopefully, reasonable and sound results

can be achieved.
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Appendix A

Miscellaneous

This chapter reports an alternative method for the expansion of the Brownian motion
functional, particularly, the quadratic Brownian motion. More precisely, the proposed
method adopts stochastic integral to construct a complete orthogonal basis for a complete
subspace of L?(Q2), then any element in the subspace including the quadratic Brownian

motion can be expanded as a Fourier series.

A.1 Background and motivation

Recall that there are several existing expansions of Brownian motion in literature exploit-
ing different choices of bases in L? space. Orthogonal decomposition of Brownian motion
gives a convenient way to simulate Brownian motion, and theoretically it is helpful to
understand what the Brownian motion is.
In Yeh (1973), noting that there is a complete orthonormal system {¢, ()}, n =0,1,...,
in L2[0, 7], where
1 2
do(t) = 7 and ¢, (t) = \/;cos(nt), n=12..., te|0,n], (A.1.1)
and using the transformation I(f) = [ f(z)dB(z), f € L?*[0,x], this basis {¢,(t)} is
mapped from L?[0, 7] into a complete subspace of L?(Q2) and the image forms a complete
orthonormal system in the subspace. Denote by {Z,,n = 0,1,...} the image of {¢,},
n=0,1,..., hence Z, = [ ¢n(x)dB(z). Then for every n, Z, follows normal distribution

N(0, 1) and they are independent each other. Based on this orthonormal system, Brownian
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motion is expanded as

B(t) = \/;ZO + i \/Zsmilnt)zn, te [0, . (A.1.2)
n=1

In Mikosch (1998), there are another two versions of Brownian motion expansions.

One is the Paley-Wiener representation

B(t,w) :Zg(w)\/%—i—\;ZZn(w)Sin(nt/z), t [0, 27), (A13)
n=1

n

where Z,, are i.i.d. N(0,1) random variables.

Another one, more generally, is the Levy-Ciesielski representation
0 t
B(t,w) = ZZn(w)/ bn(z)dz, te0.1], (A.1.4)
n=1 0

where Z,, are i.i.d N(0, 1) random variables and (¢,,) is a complete orthogonal system on
[0, 1].

However, to the best of my knowledge, there is no existing expansion for Brownian
motion functionals into orthogonal series. Note that such expansions potentially have a
variety application in solving stochastic differential equations and in modeling two random
variables with unknown relationships. Nevertheless, the difficulty of decomposing function
f(B(t)) into orthogonal series is overwhelming because of the arbitrariness of f(-). This
chapter dwells on a simple function f(z) = 22, and it can be seen that this method is
applicable for any power function f(x) = z".

Suppose that Brownian motion is defined on probability space (£, F, P) and interval

[0,00). To begin with, we introduce the following definition of a kind of stochastic integral.

Definition A.1.1. Suppose B(t) is a standard Brownian motion on (2, F, P). Let F(¢,-)

be a function defined on [a, b] x Q satisfying integrability conditions
e F(t,B(t)) is B x F-measurable, where B denotes the Borel o-field on [a, b];

e F(t,-) is adapted with natural filtration F; = o(B(t)) generated by Brownian mo-

tion;

b ) b —+o00 1 y72 )
E[F*(t,B(t dt:// e 2t F*(t,y)dydx < oo.
J O
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Suppose that an arbitrary partition is described by a sequence of points on [a, b],
Tnla,bl: a = tg < t1 < -+ < th—1 < t, = b. Denote by At; = t; — t;—; and At =

max;{Az;}. Define a stochastic integral

I(F) := /bF(t,B(t))dB(t), (A.1.5)

as a mean square limit of the following summation
n
> F(tio1, B(tio1))(B(ti) — B(wio1)).
i=1

Remark A.1.1. The integrability conditions are normal requirements in usual text book
about Ito integral. In addition, this definition is almost the same as that in general
stochastic integral text book (Mikosch, 1998); the only difference is that here the integrand
stochastic process is of the particular form F(¢, B(t)). This is only for the sake of later
use in this study. Furthermore, it can be seen that this integral of F' with respect to
Brownian motion is actually a mean square limit of stochastic integrals of a sequence of

simple processes.

A.2 Expansion using stochastic integrals

In what follows, our aim is finding a transformation between L?[a,b] and L?(Q2) and then
studying expansion of B2%(t), a particular functional of Brownian motion. To this end, we

will focus on the case of F(t, B(t)) = % f(t)B(t) and introduce the subsequent definition.

Definition A.2.1. Suppose f(t) € L?[a,b] and a > 0. Define a transformation .7 between
L?[a,b] and L?(2) as
0
T (f;a,b]) = —=B(t)dB(t). (A.2.1)
o Vit
Remark A.2.1. When it is necessary to stress the interval [a, b] we put it into the notation,
but mostly we use the notation without interval. It is crucial to ensure that the trans-
formation we defined exists for every f € L?[a,b]. We can verify this fact by checking

whether it satisfies the three integrability conditions in Definition A.1.1. Obviously we

only need to check the last one:

/abE (JL;(/?B(t)fdt:/ab"Ci(t)E[B(t)z]dtz /ab FA(#)dt < co.
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Therefore the transformation .7 (f;[a, b]) is a mapping from L?[a, b] into random variables.

It can be seen that .7 (f) € L?(2) from the following theorem.

Theorem A.2.1. Suppose f(x),g(x) € L*[a,b] and a > 0. The transformation in Defi-
nition (A.2.1) satisfies

(¢) EIZ(f)] = 0;
(0) (7)), T(9) = (f,9);
() 17 (72 = I1£13. hence T(f) € L*(Q);

(d) T(cif + c29)(w) = 1.7 (f)(w) + 2T (g)(w) for every w € §, where c1,cy are real

constants.

Proof. Denote by 7,[a, b] an arbitrary partition on interval [a,b]: a =ty < t; < --- < t, =
b, where n is any positive integer number. Let At = max;{t; —t;_1}. For f € L?[a,b],
denote by S™(f) the sum corresponding to the partition 7,|a, b]

sm(p) =y iy

i1 Vi1

B(ti—1)(B(xi) — B(ti-1))-

By the independence of increments of Brownian motion and its distribution, it follows

easily that

Bs™ () = Y U= i, BB - B =0
(a). Since E[S™(f)] = 0, by Jensen inequality we have

{EL7(NY ={E[Z (5] - E[S™ (N} = {E[T(f) - S™(/)]}?
<E[Z(f)=8™"(f)]* =0, asn— oo,

which implies E[.7 (f)] = 0.
(b). Since .7 (f) and 7 (g) are mean square limit of sequence S™(f) and S™(g) re-

spectively, it follows from continuity of inner product in Hilbert space L?(£2) that

(7(0.7@) = { Jim, 5(7). Jim 57(5))
= lim (S7(£).5™(9)) = Jim_ E[S™()S™(g)]
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Aﬂkijfalgim1)Ew%m4nEuBm>—Ba%ﬂ>]
n b
Jim S f(t)g(tio) (i —tia) = | f@)g(a)de = (£.9)

(c). This is a particular case of property (b) when f = g.

(d). For arbitrary constants ¢y, ca,

T (erf + cag) = lim ST”(clf + c29)

o c1f(ti1) + cag(ti-1) . .
_Alirg(); \/tzj B<tz—1)(B(tl) - B(tl—l))

c1f(ti—1) _1)(B(t;) — B(ti—1))

Atﬁoz vt

At_mz e tz_ll tz 1)(B(tz) - B(tifl))

qwmzf;ymnwm—mH»

At—0 4
=1

+ c2 Alglo > g(ti'fl)B(ti—l)(B(ti) — B(ti-1))

B bf(t) b g(t)
) / E2 BB + o, / L2 BB

=17 (f) + 27 (g)-
O

Apart from the properties listed in the previous theorem, .7 (f) possesses other char-

acteristics of the usual integral, for example, linearity on adjacent intervals and continuity

about lower limit ¢ and upper limit b. Linearity on adjacent intervals says that if a < ¢ < b,
T (f;]a,b]) = T(f;]a,c])+ T (f;]c,b]); while continuity about a means that if a’ — a the

integral .7 (f;[a’,b]) will converge to the integral .7 (f;[a,b]) in mean square sense.
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Now concentration moves to the interval [0,7],7 > 0 and fixed. The main reason why
we shift to this case is simply that customarily the standard Brownian motion starts at
point zero. Moreover this relaxes the restriction that ¢ > 0. However, the movement is
not trivial. Since 1/4/z is undefined at the point zero, the mapping .7 cannot be used on
interval [0, 7] directly. It is therefore reasonable to apply improper integration to it. The
transformation .7 from L?[0,T] to L?(Q) is defined as

T(f;0, 7)) = lim F(f;[e,T]) sa+0/ /) dB(t) (in norm). (A.2.2)

e—+0

It raises the question of whether the improper integrations exist for the functions we

are studying, i.e. for h(t) € L?[0,T], does 7 (h;[0,T]) exist? To answer this question, let

T h(t)
70 =71 = [ "D BB,
e Vit
As has been shown, .7 (h) is always well defined for 0 < ¢ < T, and .Z.(h) € L?(Q2).

us define

Lemma A.2.1. For Vh(t) € L?[0,T), the improper integral 7 (h;[0,T)) exists.

Proof. To begin with, suppose {d,,} is a positive sequence which converges to zero. Con-
sequently there is a sequence {7, (h)} in L?(Q) for h € L?[0,T). The aim is to show that
{75, (h)} is a Cauchy sequence. Actually,

175 (F) — Zo (1) Py H/ "0 pioyas() - /’“’”Ba)dB(t)

Vit
6nv6mﬁ
/Mém s

nVom
:/ RE(t)dt — 0, (as n,m — 00)
d

n /\6771

2

which implies the sequence .75, (h) is a Cauchy sequence in L?(2).

Since L%(Q) is a Hilbert space, every Cauchy sequence has a limit in the space. Suppose
lim,, 400 5, (h) = & in L?-norm for the function h and the sequence {§,}, where ¢ is a
random variable in L?(2). The problem is, for any other positive sequence, {e,} say,
which converges to zero, whether the corresponding sequence 7, (h) converges in norm

to another random variable n? In fact,
1€ = nllz2@) < 1€ = T, (W + 175, (h) = Te, (W) + | Te,, (h) —
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OnVen

= T W) + / B2 (8)dt + || 72, (h) —

On/Nen

—0, (asn— o0)

which implies & = 1 in L?(2). Now that for every positive sequence d,, which converges to
zero, the integral sequence 5 (h) converges to the same random variable, £ say, the limit

of Zz(h) as € — 0 also should be £. Actually it follows from following inequality,
e (h) = &llr2(0) <[lLe(h) — 15, (R)]| + |15, (h) = &]|

on Ve
- / R2(8)dt + || I, (h) — €] — 0,
)

n/\€

as & — 0,m — co. This finishes the proof. O
Theorem A.2.2. For any f,g € L*[0,T] and constants c1,cz, the following hold:

(a) E[Z(f;[0,T])] = 0;

(b) (Z(f:10,T1), 7(g;0,T))) = (£, 9);

(c) |7 (HI3(Q) = II£13;

(d) T(c1f +cag; [0, T)(w) = 1. T (f;[0, T])(w) + 27 (g; [0, T])(w) for every w € €.

Proof. For Ve : 0 < e < T, Z.(-) is defined as before, and .7 (-) is the mean square limit
of 7.(-) ase — 0.
(a). It follows from E[.Z.(f)] = 0 and Jensen inequality that

{E[7(NY ={E[7 ()] - ELZ(N}? = {ET(f) - (N}
< E[7(f)— Z:(f)]? =0 ase— 40,

hence E[I(f)] = 0.
(b). Using the definition of transformation .7 (-) and the continuity of inner product

in Hilbert space, we have

(70, 7)) = ( tim, Z27). Jim, T2(0)) = lim, (7207). T2(0)

e+

T T
- hm/e f(t)g(t)dtZ/O f(®)g(t)dt = (f,9),

e—+0

where the property (b) in theorem A.2.1 is used to derive (Z(f), Z:(g)).
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(c). This equality is the particular case of (b).
(d). This property can be proved similarly as the counterpart in theorem A.2.1 except

that here it is needed to take limit for € — 40. Therefore the proof is neglected. O

In order to continue the investigation on the transformation .7, denote by © the image
of L?[0,T] under the mapping. Then the properties of .7 mapping L?[0,T] onto © are

studied in the sequel.

Theorem A.2.3. The stochastic integral T of (A.2.2) defines an one-to-one mapping
from L2[0,T] to ©. The image © of L?[0,T] under the mapping 7 is a closed linear
subspace of L*(Q). Furthermore, the transformation 7 is an isomorphism as well between
L?[0,T) and Hilbert space ©.

Proof. To begin with, if f,g € L?[0,T] and f # g, then ||f — g|l2 # 0. This implies
T(f—9)=T(f)— T(g) # 0 since J(f — g) is a random variable with zero mean and
variance || f — g||2, so that 7 (f) # 7 (g). On the other hand, if { € © and 7 (f) = £ and
T (g) = & for f,g € L?[0,T]. Because 7 (f —g) = T(f) — T (g9) = £ — & = 0, the variance
of 7(f — g) is definitely zero, i.e. ||f — g|]l2 = 0 and this means f = g. Therefore 7 is
one-to-one.

It is evident that © is a linear subspace of L?(Q) as the transformation 7 is linear.
To show O is closed, suppose that {£,} is a sequence in © and ¢ is an element in L?(£2)
such that ||&, — &|] — 0. As .7 is one-to-one there is a sequence {f,} € L?[0,T] such that
T (fn) = &n. Moreover, .7 preserves metric, which indicates || f,|| is a Cauchy sequence
since || fo = fmllz = |7 (fa = fa)lle2) = 17 (fn) = T (Fm)ll = 60 — Emllr2) and {&n}
is of Cauchy. Thus, there exists a function f € L2[0,7] such that ||f, — f||2 — 0. Once
again by the property of the mapping we have ||&, — 7 (f)[2(Q) = (|7 (fn) = 7 ()l L2(2) =
| fn — fll2 = 0. Then the inequality

1€ = T (Fllrz) < 16n = EllL2@) + 16 — T (Hll2(@) — 0

as n — oo implies £ = 7 (f) € ©. This proves that © is closed.
Finally, as a closed linear subspace of Hilbert space L?(Q2), © is Hilbert space as well.
It follows from (b) and (d) in Theorem A.2.2 that .7 is isomorphism. O

Corollary A.2.1. If {f,} is a full orthonormal system in L2[0,T), then {7 (f.)} is a full

orthonormal system in ©. The inverse is also true.
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Proof. What needs to prove is merely that when {f,} is full in L?[0,T], {7 (f.)} is
complete in L?(2). Denote &, = J(fn),n = 1,--- ,00. For any & € O, there is one
and only one f € L?[0,T] such that & = .7(f). This f can be uniquely represented as
= cnfn,sothat = T(f) =D 00 cnT (fn) = Y ney cnyn and the representation
is unique. Thus, {{,} is a complete orthogonal system.

The inverse is true as .7 is an one-to-one mapping. ]

Theorem A.2.4. Let 7 be a transformation from L?[0,T] into L*(Q) defined by equation
(A.2.2) and {f,} be an orthonormal system in L*[0,T]. Let &, = 7 (fn),n =1,2,---. For
any £ € © with £ = 7 (f), we have

n

=D (&) =D _(f. fa)ns

n=1 n=1

where the convergence of the infinite series is in the sense of norm in L*(Q). Furthermore,

§w) =D (& n)kn(w) =D (f, fa)énlw),  in probability
n=1 n=1

Proof. According to the theory of Fourier expansion, the representation is evident and the
coefficients (¢, &,,) are called Fourier coefficients. Since .7 is isomorphism, (£, &,) = (f, fn)-

Because convergence in norm implies convergence in probability, the second expression

is valid. ]

Theorem A.2.5. Suppose B(t) is standard Brownian motion on [0,00) and {f,} is an
arbitrary full orthonormal system in L%[0,T] where T > 0 is a finite real number. The

stochastic process B2(t) for t € [0,T] can be expanded as
B(t) =t +2) (VtXjoy, f)n, (A.2.3)
n=1

where Xjg 4 is the indicator function on [0,t], and &, = T (fn).

Proof. This is a particular case of Theorem A.2.4. For any 0 < ¢t < T, let f(s) =
V'5&(0,4(s). Then
t
1
7() = [ B)ab(s) = 552 1),
On the other hand, 7 (f) = Y02, (f, fa)én = 2021 (vV/5X(0.4, fn)én. Thus the expansion
follows. O
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Example A.1 Let T'=m. On [0, 7], a full orthonormal system is { f,} where

fo(z) = \%, and fp(x) = \/Zcos(nw), n=12--.

To get the decomposition of B(t), (0 < t < ), let f(s) = /sX|gy(s) for 0 < t < m.

Compute

e = colt) = (/. fo) = /f Vfols ds—/fds— ft?’/?

cn = cn(t) = (f, fn) /f ) fn(s dx—\/>/ V/scos(ns)d

The corresponding orthonormal system in L?(Q) is

=700 = [ 1 B(s)dB(s),
b0 = T(fn) = \f / Os15) sy (s)
Thus -
—t—I-QZCn(
n=0

Example A.2 In L2[0,T] there is an orthonormal system consisting of

fn(t):\/zsin<<n+;> ;t), te0,T], n=0,1,2,---

Again, to expand B%(t) (0 <t <T), let f(s) = \/sX|g4(s), where 0 <t < T.

w=eol®) = (£.o) = [ " 1) fo(s)ds = \/E / Vs (s ds
= (f f) = /OTf(s)fn(s)dm - \/E/Ot /s sin <<n+ ;) ;s> ds.

The corresponding orthonormal system in L2(Q) is

=7 =2 [ =sin () BaBG)
T (fn) = \f/ sm<<n+ );>B()dB()

2t)y=t+2 i cn(t)én (A.2.4)
n=0

Thus
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Remark A.2.2. All studies on interval [0, 7] in this part can revert to [a,b]. This means
all results about interval [0, 7] are valid for [a,b] ,a > 0, under mapping .7 (f;[a,b]) from
L?[a,b] into L?(€2). The only change is that Brownian motion starts at a and almost surely
is zero at point a.

Additionally, the drawback of the method, as can be seen in the examples, is that
the coefficients in the expansions cannot be calculated precisely and the basis &, is only
phrased as stochastic integrals. Therefore, in practice in order to utilise such an expansion,

one has to make use of a computer for its powerful computation ability.
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