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Abstract

The caloron correspondence (introduced in [32] and generalised in [25, 33, 41]) is a tool
that gives an equivalence between principal G-bundles based over the manifold M x S*
and principal LG-bundles on M, where LG is the Fréchet Lie group of smooth loops in the
Lie group G. This thesis uses the caloron correspondence to construct certain differential
forms called string potentials that play the same role as Chern-Simons forms for loop group
bundles. Following their construction, the string potentials are used to define degree 1
differential characteristic classes for QU (n)-bundles.

The notion of an  vector bundle is introduced and a caloron correspondence is developed
for these objects. Finally, string potentials and €2 vector bundles are used to define an €2
bundle version of the structured vector bundles of [38]. The 2 model of odd differential
K-theory is constructed using these objects and an elementary differential extension of
odd K-theory appearing in [40].
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Introduction

The caloron correspondence appeared initially in the guise of a bijection between certain
isomorphism classes of periodic instantons, or calorons, on R* and isomorphism classes of
monopoles on R3.

Considering monopoles for loop groups and their twistor theory, Garland and Murray
established in [16] a correspondence between SU (n)-calorons on R* and monopoles on R3
with structure group LSU(n), the Fréchet Lie group of smooth loops in SU(n). By virtue
of being periodic, a caloron on R* may be naturally viewed as an instanton on R? x S, thus
the work of Garland and Murray may be viewed as establishing a relationship between
certain geometric data on SU(n)-bundles over R?x S and similar data on LSU (n)-bundles
on R3.

The underlying principle of this original caloron correspondence—as it was first described
by Murray and Stevenson [32]—is that, for any compact Lie group G and manifold M,
there is a bijective correspondence between G-bundles over M x S' and LG-bundles over
M, with LG the Fréchet Lie group of smooth loops in G. This procedure gives a sort of
fake dimensional reduction, whereby the circle direction of the G-bundle P — M x S is
hidden in the fibres to obtain an LG-bundle P — M and vice-versa.

The caloron correspondence may be thought of as the bundle-theoretic generalisation of
the following simple observation. If X,Y and Z are sets, then denoting by YX the set of
all functions X — Y, there is a bijection

et 22V s (2)X (1.1)

given by sending f — f with )
f(@)(y) = f(z,y)

for x € X and y € Y. In the case that X,Y and Z are finite-dimensional manifolds,
let Map(X,Y) be the set of all smooth maps X — Y. If Y is compact then Map(Y, Z)
becomes a (smooth) Fréchet manifold. The map (I.1) now gives a method by which one
may study smooth maps from X into the infinite-dimensional manifold Map(Y, Z) by
instead studying smooth maps from X x Y into Z. In fact, in the case that X = M,
Y = S' and Z = G, the map (I.1) gives a bijective correspondence between the space
of sections of the trivial G-bundle over M x S' and the space of sections of the trivial
LG-bundle over M. For general (non-trivial) G-bundles, the caloron correspondence is a
twisted version of this equivalence.

The caloron correspondence outlined thus far gives a means by which one may more
easily study LG-bundles, which are necessarily infinite-dimensional manifolds, by instead
studying their finite-dimensional G-bundle counterparts. Perhaps more importantly, the



caloron correspondence may be extended to incorporate geometric data. In [32] it was
shown that a G-bundle over M x S! equipped with a G-connection is equivalent to an
LG-bundle over M equipped with an LG-connection and an extra geometric datum called
a Higgs field, which is essentially the component of a connection on a G-bundle over M x S*
in the S* direction.

Using this geometric caloron correspondence together with the machinery of bundle gerbes,
Murray and Stevenson developed a useful generalisation of string classes. String classes
first appeared in the work of Killingback [27] on string structures; the string theory versions
of the spin structures that are important in quantum field theory. Taking a compact Lie
group G one may ask whether a given LG-bundle P — M admits a lifting of the structure
group to the Kac-Moody group LG, which is a central extension of LG by S' (see [36], for
example). The obstruction to such a lift is a class in the degree three integral cohomology
of M. In the case that P = LG — LM is given by taking smooth loops in a G-bundle
Q — M, Killingback showed that this obstruction is given by transgressing the first
Pontryagin class p1(Q) of @. Thus the string class is

s(P) = /S ov* pr(Q) € H3(LM)

—

where ev: S x LM — M is the evaluation map and | g1 denotes integration over the
fibre in integral cohomology. The string class of P measures the obstruction to P having
string structure; i.e. a lifting to an LG-bundle. String structures are important in string
theory because, as the work of Killingback shows, the loop bundle L — LM has a
Dirac-Ramond operator if and only if LQ has a string structure.

Murray and Stevenson used the caloron correspondence to extend the work of Killingback
by first defining the string class for all LG-bundles P — M and showing that it satisfies

—

)= [ ()

where p;(P) is the first Pontryagin class of the caloron transform P of P. They also
showed, using bundle gerbes, that a de Rham representative for the string class is given
by

1

—— [ (F,V®
471'2 Sl< ’ >

where F is the curvature of a chosen LG-connection on P, V® is the covariant derivative
of a chosen Higgs field ® on P and (-,-) is the (normalised) Killing form.

In his PhD thesis [41] and together with Murray in [33], Vozzo generalised the caloron
correspondence to principal bundles with structure group QG; the Fréchet Lie group of
smooth loops in GG based at the identity. The key innovation here is the use of framings
to establish a correspondence between QG-bundles over M and G-bundles over M x S*
equipped with a distinguished section over M x {0}. As before, this correspondence
generalises to incorporate connective data, which must necessarily be compatible with the
framing data on the G-bundle side.

Murray and Vozzo also defined (higher) string classes, which are characteristic classes
for QG-bundles that live in odd integral cohomology. Fixing the 2G-bundle P — M and
choosing an 2G-connection A and Higgs field ®, explicit de Rham representatives for these



characteristic classes called string forms are given by

sp(A,®) =k f(VO,F, ... F),
Sl R/_/
k — 1 times
where f is an ad-invariant symmetric polynomial on the Lie algebra g of G of degree k and
F, V® are as above. If A denotes the corresponding connection on the caloron transform
P of P, it turns out that the string forms satisfy

—

sp(A, ®) = /Slclﬂf(A),

where cw(A) is the Chern-Weil form associated to f and A. The higher string classes give
a version of Chern-Weil theory for loop group bundles different from the more analytic
approach of [35]. In addition, by considering the path fibration PG — G which is a
smooth model for the universal QG-bundle, Murray and Vozzo show that the construction
of the higher string classes provides a geometric interpretation of Borel’s transgression
map 7: H**(BG) — H*~1(G) (see [2] for details).

This thesis grew out of the attempt to answer a natural question that arises when one
contrasts the theory of string classes for loop group bundles to the familiar Chern-Weil
theory. In Chern-Weil theory, differential form representatives for characteristic classes
of the G-bundle P — X are given in terms of the curvature of a chosen connection
A on P. Whilst the characteristic cohomology classes of the bundle P are necessarily
independent of the choice of A, the differential form representatives are not. There are
well-known differential forms, the Chern-Simons forms introduced in [11], that measure
the dependence of the Chern-Weil forms on the choice of connection. It is natural to
ask, therefore, whether such forms exists in the context of loop group bundles and string
classes.

The first part of this thesis deals with the construction of the string potentials, which are
the analogues of Chern-Simons forms for loop group bundles. Like Chern-Simons forms,
the string potentials come in two different flavours: one has relative string potentials,
which live on the base space of a loop group bundle and encode the dependence of the
string forms on the choice of connection and Higgs field; and total string potentials, which
live on the total space and carry secondary geometric data associated to a particular choice
of connection and Higgs field.

Within the framework of the differential characters of Cheeger and Simons [10], the total
Chern-Simons forms become differential characteristic classes (characteristic classes valued
in differential cohomology). This thesis hints at a similar interpretation for the total string
potentials by constructing such classes in a limited setting.

The interpretation of the relative string potential forms is more involved and proceeds
by analogy with the codification of relative Chern-Simons forms given by Simons and
Sullivan in [38]. In that paper, the authors use relative Chern-Simons forms to define an
equivalence relation on the space of connections on a given vector bundle. The space of
isomorphism classes of structured vector bundles, i.e. vector bundles equipped with such
an equivalence class of connections, determines a functor from the category of compact
manifolds with corners to the category of abelian semi-rings. Passing to the Grothendieck
group completion, one obtains a multiplicative differential extension of the even-degree
part of topological K-theory. By a result of Bunke and Schick [6] this differential extension,



denoted here by KV, is isomorphic to any other differential extension of even K-theory via
a unique isomorphism.

The Simons-Sullivan model of even differential K-theory is built upon vector bundles
rather than principal bundles!, since the even topological K-theory of a compact manifold
M has a natural construction in terms of vector bundles over M. Topological K-theory
is a generalised cohomology theory and as such has a ‘homotopy-invariant’ representation
as homotopy classes of maps into a spectrum KU. By the well-known Bott Periodicity
Theorem this spectrum is 2-periodic and in fact

K%M) = [M,BU x7) and K Y(M)=[M,U],

where U = hg U(n) is the stabilised unitary group and BU is its classifying space. Using
this representation, it is clear why even K-theory K°(M) may be represented by vector
bundles over M. In fact, as M is taken to be a smooth manifold, one may define K°(M)
using only smooth vector bundles.

The odd K-theory of M is a little more subtle and is usually defined in terms of vector
bundles over XM, the reduced suspension of M := M U {*}. This is problematic when
attempting to construct a differential extension after the fashion of Simons-Sullivan as
YM™ is rarely a smooth manifold so it is not clear how to incorporate differential form
data. The homotopy-theoretic model for K~1(M) gives a clue as to how to resolve this
issue: by pulling back the path fibration PU — U one may construct odd K-theory using
QU-bundles, or rather their associated vector bundles, over M. The benefits of this are
two-fold since the building blocks of the theory are bundles over M that may additionally
be taken to be smooth without loss of generality.

The latter part of this thesis introduces §2 vector bundles, which are the associated vector
bundles of QG L, (C)- and QU (n)-bundles. As with their frame bundles, there is a caloron
correspondence for ) vector bundles that may be extended to incorporate the appropriate
connective data. A model for odd topological K-theory is given in terms of € vector
bundles and the odd Chern character is computed in this model in terms of characteristic
classes of the underlying {2 vector bundles. Using the relative string potentials to define
an equivalence relation on connective data, this model is refined to give a differential
extension of odd K-theory: the © model. Using the work of Bunke and Schick [5, 6, 7]
and Tradler, Wilson and Zeinalian [40] it is shown that the € model is isomorphic to the
odd part of differential K-theory, thereby giving the desired codification of relative string
potentials.

An outline of this thesis is:

Chapter 1. This chapter gives a detailed review of the construction of the caloron
correspondence as formulated by Murray and Stevenson [32] for free loop groups and
Murray and Vozzo [33] for based loop groups. Following this, an in-depth exposition of
the construction of string forms and string classes is presented.

Chapter 2. This chapter describes the construction of the relative and total string
potential forms for loop group bundles and collects some facts about these objects used
in subsequent chapters. Following a brief review of differential cohomology, in particular
Cheeger-Simons differential characters, the total string potentials are used to construct
degree 1 differential characteristic classes for QU (n)-bundles.

Lthough, of course, the two are naturally related by the frame bundle and associated vector bundle
functors.



Chapter 3. This chapter focusses on the introduction of 2 vector bundles. These ob-
jects are Fréchet vector bundles with typical fibre LV and structure group QG for some
complex vector space V' and matrix group G C GL(V) with its standard action on V. A
caloron correspondence is developed relating €2 vector bundles over M to framed vector
bundles over M x S' that respects the frame bundle functor and principal bundle caloron
correspondence. A version of the Serre-Swan theorem is proved for €2 vector bundles,
which shows that every Q) vector bundle over compact M may be regarded as a smoothly-
varying family of modules for the ring LC over M. This module structure is used to define
connective data (module connections and vector bundle Higgs fields) on € vector bundles,
which fit into a geometric caloron correspondence for vector bundles.

After introducing the analogue of Hermitian structures for {2 vector bundles, together with
an associated caloron correspondence, a model for odd K-theory is defined by applying
the Grothendieck group completion to the abelian semi-group of isomorphism classes of 2
vector bundles. The odd Chern character is computed in this model of odd K-theory in
terms of string forms of the underlying €2 vector bundles.

Chapter 4. Based on the results of Chapters 2 and 3 and following a review of the Simons-
Sullivan construction of [38], a differential extension of odd K-theory is constructed in
terms of €2 vector bundles. This construction uses the relative string potential forms to
generate an equivalence relation on the space of module connections and Higgs fields of a
given {2 vector bundle, an equivalence class of which is called a string datum. The 2 model
is given by applying the Grothendieck group completion device to the abelian semi-group
of (a certain collection of) isomorphism classes of structured Q0 vector bundles; € vector
bundles equipped with string data.

Bunke and Schick showed in [6] that differential extensions of odd K-theory are non-unique
and that additional structure is required in order to obtain differential K-theory, which is
unique up to unique isomorphism. Nevertheless, by relating the 2 model to a differential
extension appearing in a recent paper of Tradler, Wilson and Zeinalian [40], the caloron
transform is used to show that the 2 model defines the odd part of differential K-theory.
The effect of this it two-fold, as it provides a sort of homotopy-theoretic interpretation of
the 2 model as well as a proof that the TWZ differential extension defines odd differential
K-theory, a result not previously obtained.

Appendices. Appendix A provides background material on Fréchet spaces and Fréchet
manifolds, a proof that the path fibration PG — G gives a model for the universal QG-
bundle and some results on direct limits of directed systems of manifolds. Appendix B
discusses the integration over the fibre operations on differential forms and in singular
cohomology. Appendix C records the Bunke-Schick definition of differential extensions
together with some results that are required in this thesis.

Remark on conventions. Unless stated otherwise all smooth finite-dimensional mani-
folds are taken to be paracompact and Hausdorff (so that they admit smooth partitions
of unity) and all maps between smooth manifolds are smooth. All unadorned cohomol-
ogy groups H*® represent integer-valued singular cohomology and Q4—o(M) denotes the
space of closed differential forms on the smooth manifold M. The symbol G shall usu-
ally denote a smooth connected finite-dimensional Lie group, with © its (left-invariant)
Maurer-Cartan form and g = Lie(G) its Lie algebra. The terms ‘G-bundle’ and ‘principal
G-bundle’ are used interchangeably. The circle group S! is regarded as the quotient of R
modulo the equivalence relation z ~ y < x = y + 2kn for some k € Z and the equivalence



class of 0 defines a distingl/lished basepoint for S', which is also denoted 0. The integration
over the fibre operation |, g1 is always taken with respect to the canonical orientation on
S1 inherited from R. The Fréchet Lie group of smooth maps S' — G with pointwise
group operations is denoted by LG and the subgroup of those maps sending 0 € S' to the
identity in G is denoted QG.



Chapter 1

The caloron correspondence

This chapter gives a detailed treatment of the underlying constructions needed throughout
this thesis. It begins with an in-depth review of the caloron correspondence for LG-
bundles, then continues by reviewing a variant of the correspondence—the ‘based case’—
that is of singular importance in the sequel. Finally, some results are collected from the
classifying theory of QQG-bundles.

To aid the exposition some technical material that, strictly speaking, should form a part
of the discourse has been relegated to the appendices.

1.1 The caloron correspondence

The caloron correspondence is a bijective correspondence between isomorphism classes of
G-bundles over M x S' and isomorphism classes of LG-bundles over M. The correspon-
dence may be thought of as a sort of fake dimensional reduction; given a G-bundle over
M x S' it allows one to simplify the base manifold by ‘hiding’ the circle direction in the
fibres resulting in an LG-bundle over M.

The underlying idea of the caloron correspondence appeared initially in [16] in the study of
the relationship between LG-valued monopoles on R? and calorons—periodic G-instantons
on R%. In [32], the authors realised the caloron correspondence as a relationship between
G-bundles over M x S' and LG-bundles over M, for any manifold M.

The caloron correspondence enables one to represent the total space of an LG-bundle,
which is necessarily an infinite-dimensional Fréchet manifold (cf. Appendix A), in terms
of a finite-dimensional manifold. However, at this level the caloron correspondence is not
especially exotic. What is perhaps surprising is that the caloron correspondence allows one
to transfer certain geometric data, such as connections and Higgs fields (Definition 1.1.6),
from the infinite-dimensional setting to the finite-dimensional setting and vice-versa. The
caloron correspondence thus becomes a powerful tool for elucidating the properties of
loop group bundles. In particular, via a modification of the classical Chern-Weil theory,
it allows one to construct explicitly a suite of characteristic classes for such bundles.



1.1.1 The caloron correspondence

Before detailing the caloron correspondence, some basic definitions are needed.

Definition 1.1.1. Let Bung be the category whose objects are principal G-bundles and
whose morphisms are G-bundle maps, that is, smooth G-equivariant maps on the total
spaces.

For a fixed manifold M, let Bung(M) be the groupoid of all G-bundles P — M with
morphisms those bundle maps covering the identity on M. There is a canonical faithful
functor Bung (M) — Bung.

Definition 1.1.2. Define S'Bun to be the category whose objects are those G-bundles
of the form P — M x S* for some manifold M. The morphisms of S Bung are given by
G-bundle maps covering maps of the form f x id: N x St — M x S*.

As above, for fixed M let S'Bung(M) be the groupoid of all G-bundles P — M x S*
with morphisms those bundle maps covering the identity on M x S*. There is a canonical
faithful functor S'Bung(M) — S'Bung.

The caloron correspondence may now be phrased succinctly as an equivalence of categories
between Bunyg and S'Bung. This equivalence is given by a pair of functors

C: Bunyg — S'Bung

and
C_li SIBUDG — BunLg,

called the caloron transform and inverse caloron transform respectively. It is important to
notice that the notation C~! is somewhat misleading since the inverse caloron transform is
only a pseudo-inverse for C; i.e. C~! is the inverse of C only up to a natural isomorphism.

The action of the caloron transform on objects is given by sending the LG-bundle Q — M
to the space

C(Q) :=(QxS'x@)/LG,

the quotient taken with respect to the LG-action (¢, 8, g)-v = (¢7,0,v(0)"'g), where one

denotes the equivalence class of (g, 6, g) by [q,0, g]. A straightforward argument using the
local triviality of Q shows that the space C(Q) has a smooth manifold structure. Moreover,
writing 7: Q — M for the projection, C(Q) is naturally a G-bundle over M x S with (free
and transitive) right action

9,0, 9] - h:= [q,0, gh]
and projection map
9,0, 9] — (7(a),0).
The action of C on the morphism f: Q — P is given by
C(f): C(Q) — C(P)
9,0, 9] — [ (q), 0. 9]

which is clearly well-defined, G-equivariant and covers a map fx id: N xSt — M x S,
hence is a morphism in S'Bung.



Conversely, the inverse caloron transform C~! works by taking sections. That is, C~*
sends the G-bundle P — M x S! to the LG-bundle C~1(P) — M whose fibre over m € M
is precisely the set of sections I'({m} x S, P) with the obvious pointwise LG-action. This
construction may be realised globally as follows. Applying the functor L = Map(S*,-) of
smooth maps to P — M x S1 gives the LG-bundle LP — L(M x S1). There is a natural
smooth map

n: M —s L(M x S*) (1.1.1)

sending m € M to the loop 6 — (m,#). Using n to pull back LP yields the LG-bundle
CY(P)—=M

CY(P):=n*LP LP

M L(M x 8Y)

and from the construction the fibre C~1(P),, = ['({m} x S, P) for all m € M. The action
of C~! on the morphism f: P — @ is simply the induced map

cl(f):cHP)—CHQ)
p— fop,

which is a morphism in Buny.

Remark 1.1.3. One may view the inverse caloron transform in sheaf theory terms, namely
if I'p is the sheaf of smooth sections of the G-bundle P — M x S! then C~!(P) is the
LG-bundle whose sheaf of smooth sections is exactly w.I'p, where w: M x S L5 M is the
projection.

The caloron transform functors defined above give a way of constructing a G-bundle given
an LG-bundle and conversely. It remains to be seen that C and C~! do indeed define an
equivalence of categories between S'Bung and Bunrg. That is, one requires the existence
of natural isomorphisms

a: C 1o C — idpun,

and
B:CoC ' — idgipun,

To construct the natural isomorphism «, one first takes the LG-bundle Q — M. Denoting
Q@ :=C(Q), define the smooth map

7: Q — LQ
by setting 7(q)(0) := [q, 0, 1] for § € S1. This map is LG-equivariant since for any v € LG

M(g)(0) = lg7,0,1]
= [q,0,~7(0)]
= ((q) - ) (0).



This gives the bundle map

Q LQ

M L(M x S%)

which, recalling the construction of C~!, defines an isomorphism aq: C~}(C(Q)) — Q
of LG-bundles. It is easy to see that for any morphism f: Q — P in Bunyg one has
ap o C7YC(f)) = foaq so that «a is indeed a natural transformation from C~! o C to
idBunLG-

To define the natural isomorphism £, first take any G-bundle P — M x S'. Since the
construction of P := C~!(P) is such that

P, =T({m} x S, P) (1.1.2)
for all m € M, it follows that the fibre of C(P) over (m,0) € M x S* is
(Pm x {0} x G)/LG = {p: S' = P | mop(f) = (m,0) for all 0 € S*} x {0} x G
with w: P — M the projection. Then Sp is the map
Bp: [p,0, 9] — p(0)g,

which is an isomorphism of G-bundles covering the identity. For any morphism f: P — Q
in S'Bung, it is clear that Bg o C(C™1(f)) = f o Bp so that 8 is a natural transformation
from C o C~! to idgigyn,,- This completes the proof of

Theorem 1.1.4 ([32, 33]). The caloron correspondence
C: Bunzg — S'Bung and C': $'Bung — Bun;g

18 an equivalence of categories that, for any manifold M, restricts to an equivalence of
groupoids

C: Bunyg(M) — S'Bung(M) and C': S'Bung(M) — Bunzg(M).

The following result establishes that the caloron correspondence truly is the bundle-
theoretic version of the bijection ¢: f — f of (L.1).

Lemma 1.1.5. Take any G-bundle P — M x S'. If {U,} is an open cover of M for
which there are local sections s, € T'(U, x S*, P) then the LG-bundle P := C~1(P) has
local sections 3o € I'(Uq, P).

Moreover, if Top are the transition functions of P with respect to the sections s, then the
transition functions of P with respect to the sections 3, are precisely To3.

The converse is also true.

10



Proof. Since P is constructed by looping P, the map $,(m)(0) := sqo(m, ) is a section of
P over U,. Moreover, on the intersections U,g := U, N Ug one has

sg(m,0) = sq(m,0) - To3(m,0) and 3g(m) = 54(m) - vag(m)
so evaluating the latter expression at 6 € S' gives

Uaﬁ(m) (9) = Taﬁ(ma ‘9)

and hence v,3 = 7o3. The converse is essentially the above argument. O

1.1.2 Higgs fields and connections

As mentioned previously, the true power of the caloron correspondence lies in its ability
to translate certain geometric data from loop group bundles to finite-dimensional bundles
and vice-versa. More specifically, there is a functorial equivalence between G-bundles
P — M x S' equipped with a G-connection and LG-bundles Q — M equipped with an
LG-connection and Higgs field (Definition 1.1.6).

Definition 1.1.6 ([32, 33]). A Higgs field on the LG-bundle Q — M is a smooth map
®: Q — Lg that satisfies the twisted equivariance condition

®(qy) =ad(y )®(q) +y 'Oy (1.1.3)

for all ¢ € Q and v € LG, where 0 denotes differentiation of the loop v in the S! direction.
The space of Higgs fields Hq on a fixed LG-bundle Q — M is an affine space.

As a result of the caloron correspondence for bundles with connection, it will become
apparent that Higgs fields really encode the S' component of a connection on a G-bundle
over M x S'. The following result guarantees the existence of Higgs fields on any LG-
bundle Q — M.

Lemma 1.1.7 ([33, 41]). Higgs fields exist.

Proof. 1t is evident that a convex combination of Higgs fields is again a Higgs field and
that any trivial LG-bundle admits the trivial Higgs field

LG — Lg
v — 7‘187.

The result follows by choosing a smooth partition of unity for M subordinate to a given
trivialisation. O

Having established this result, one is almost in a position to describe the geometric caloron
correspondence.

Definition 1.1.8. Let SlBung to be the category whose objects are objects of S'Bung
equipped with G-connections and whose morphisms are the connection-preserving mor-
phisms of S'Bung.

For a fixed manifold M, define S'Bung, (M) to be the groupoid with objects the G-bundles
P — M x S' equipped with connection, with morphisms those connection-preserving
bundle maps covering the identity.

11



Moreover, in the case that the group is a loop group, define Bun}, to be the category
whose objects are LG-bundles equipped with LG-connections and Higgs fields. Morphisms
of this category are LG-bundle maps that preserve the additional structure. For a fixed
manifold M, the groupoid Bun{ (M) is defined similarly to the above.

To define the geometric caloron transform, a functor
C: Bun§, — S'Bung,
first take the LG-bundle Q — M equipped with LG-connection A and Higgs field ®.
Define the 1-form A on Q x S! x G by
Ao =2ad(g ") (Aq(0) + @(q)(0)d0) + O, (1.1.4)

with © the Maurer-Cartan form on G.

Lemma 1.1.9 ([32, 33, 41]). The 1-form A defined by equation (1.1.4) descends to a
G-connection, also called A, on the caloron transform Q = C(Q) = (Q x S' x G)/LG.

Proof. The proof is essentially that of [33, Proposition 3.9]. To show that equation (1.1.4)
determines a well-defined 1-form on C(Q), one must show that it is basic for the projection

Q x S x G — C(Q).

Take any X € Tj, 4 4@ and suppose that X, X' are lifts of the vector X to Q x St x G.
Without loss of generality, one may suppose that

X €Tp)(Qx S'xG) and X' € Tyyp,,(Q x S' x G).

Since X and X’ are both lifts of X, one has that the pushforward dR,Y)A( of X by the (right)
action I, of v satisfies dRyX — X'+V for some vertical vector V. It is therefore sufficient
to show that A is invariant under the LG-action and that it annihilates vertical vectors.
For simplicity of calculation, one supposes G to have a faithful matrix representation' so
that the exponential map may be written as exp(t£) = 1 + £ + O(?). Thus any vertical
vector at (g, 0, g) is of the form

0.0 ew9)} = (6,0.-¢0)0)

V=—
dt t=

for some & € Lg, where 7 is the fundamental vector field on Q generated by &. The action
of A on such a vector is

Alg0.9)(V) = ad(g7")(£(0)) — g7€()g = 0.
To see that A is basic suppose that

d
X(q,@,g) = a{(fyx(t%a + tx,gexp(to)} 0 = (X7xng)'

t=
Then for v € LG, the pushforward dR, (X) is given by

N d
ARy (X)(q.0.9)7 = @{(%‘(t)% 6+ t,3(0 + tx) g exp(iC)) }t:O

= (AR, (x),z,7(0) "9 [¢ = wad(g~")(@v(0))v(6)]) -

since this thesis deals exclusively with G a compact Lie group or G = GL,(C) for some n, this
assumption is not restrictive. This assumption is not required in the general case.

1
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Consequently,

R;A(Qﬁ,g)( ) A(qvﬂv(@) 19)(dR7
= ad(g~'(0)) (ad((0)~

/‘\
\_/
H\_/

+ ¢ —zad(g” )(87(9))7(9)’1
=ad(g™") ( a0 (0) +2®(q)(0)) + ¢
= A(qﬂ,g)( )

This shows that the 1-form defined in (1.1.4) does indeed descend to a form on @, which
shall also be called A.

To see that A is a G-connection, one must show that it reproduces the Lie algebra gener-
ators of fundamental vector fields on () and that it is equivariant for the G-action. Notice
that the vertical vector generated by £ € g at [¢,0, g] € Q is

d

V= dt{[qﬁ gexp(té)]}to (0,0, g¢]

so that Ay g (V) = € as required. It remains only to show that Ry A(X) = ad(h™1)A(X)
for all h € G and vector fields X. If X =[x, z, g¢] € Tjy9,4@ then

R} Ay 0.0/(X) = A o.9m (X, 2, ghad(h) 7€)
=ad(h'g™") (A(X)(0) + 2 ®(q)(0)) + ad(h~ )¢
=ad(h™")Ap,4(X)

which completes the proof. O

Having this result, one defines the geometric caloron transform of the LG-bundle Q — M
with LG-connection A and Higgs field ® as the G-bundle C(Q) — M x S! equipped
with the connection A determined by (1.1.4). Since a morphism f: Q — P in Bun%,
is required to respect the geometric data, the expression (1.1.4) and the definition of C
together imply that the G-bundle morphism C(f): C(Q) — C(P) as defined previously
respects the connective data and so is a morphism of § 1Bungw.

To define the geometric inverse caloron transform, a functor
C': S'Bung — Bun$,

first take a G-bundle P — M x S' with connection A. Recalling that P := C~!(P) is
defined essentially by looping P, one defines the LG-connection A on P via the expression

Aq(x)(0) := Ago) (X(0)), (1.1.5)

as the tangent vector x € TP is naturally equivalent to a section of the pullback vector
bundle ¢*TP — S' (see [20, Example 4.3.3] or Appendix A). It is immediate that A
satisfies the properties required of an LG-connection simply by virtue of the fact that A
is a connection.

Writing O for the canonical vector field on S, one defines a Higgs field ® on P via the
expression

P(q)(0) == q" A9(0). (1.1.6)
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To see that ® satisfies the twisted equivariance condition (1.1.3), take v € LG so that

(q7)(8) = (a7)" 49(0)
= Agtoyyo) (4R 0)(9a(0)) + (1(0) ' 0(0))*)
— ad(y(6) ) @(q)(6) +1(6)"'01(0)

as required. Notice that this formulation justifies the remark following Definition 1.1.6,
since the Higgs field constructed above really is the S' component of the connection A.

The geometric inverse caloron transform is given by sending the G-bundle P — M x S!
with G-connection A to the LG-bundle C~*(P) — M with the LG-connection A and Higgs
field ® given by (1.1.5) and (1.1.6) respectively. As for C, the action of C™! on morphisms
is straightforward by virtue of the fact that morphisms in SlBung necessarily preserve
the connective data.

Theorem 1.1.10 ([32, 33]). The geometric caloron correspondence
C: Bun, — S'Bung and C~': S'Bung — Bun§

18 an equivalence of categories that, for any manifold M, restricts to an equivalence of
groupoids

C: Bun§ (M) — S'Bung (M) and C~': S'Bung (M) — Bun§(M).
Proof. It suffices to show that the natural isomorphisms Sp and aq of Theorem 1.1.4

preserve the connective data. If one starts with the LG-bundle Q — M with connection
A and Higgs field ® then the connection A’ on Q" := C~(C(Q)) is given by

AL()(6) = Ay0) (X ()

where @ := C(Q) is equipped with caloron-transformed connection A. Recall that the
natural isomorphism aq: C~1(C(Q)) — Q satisfies

aél(q) = (0 — [q,0, 1])

so that
(ag ) AL (0) = Apge,11([x, 0,0]) := Ay (x)(6).

Thus aq preserves the LG-connections and an analogous argument holds for the Higgs
fields.

On the other hand, if one begins with a G-bundle P — M x S' with connection A, then
the connection A’ on P’ := C(C~1(P)) is given by

Al 5o = ad(g™) (Ap(0) + (p)(0)d0) + Oy,

with A and ® repsectively the connection and Higgs field on the (inverse) caloron transform
P :=C~!(P) of P. Recall that 3p is given by sending

[p,0, 9] — p(0)g,

so considering the tangent vector

d
Xipo.g = @{ [ (1), 6 +tw7geXp(tC)}} [, , (]

=0
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one obtains

d
dBp(X)p()g = a{%((t)(ﬁ +tx)g exp(tC)}tzo = X(0)g + zdp(8)g + iy,
Hence

B Ap,o.g(X) = ad(g™") (Ape) (x(0)) + Ay, (0p(0))) + ¢ = A, 5 1(X).
This completes the proof. O

1.1.3 String classes

The enhanced caloron correspondence of Theorem 1.1.10 turns out to be a very useful
tool, particularly for constructing characteristic classes for LG-bundles. The procedure is
a relatively simple variation of the standard Chern-Weil theory and relies on the caloron
transform and integration over the fibre (cf. Appendix B).

First, one recalls briefly the theory of characteristic classes; classical references for this
material are [29, 39]. For any Lie group G there is a universal G-bundle EG — BG
such that the total space EG is contractible. A key property of the universal bundle
is that for any (topological) G-bundle P — M there is a classifying map f: M — BG
such that the pullback f*EG is isomorphic to P. The homotopy class of the classifying
map f is uniquely determined by P and for any two homotopic maps fy, fi: M — BG
the pullbacks f;EG and f{EG are isomorphic as G-bundles over M. This establishes
a bijective correspondence between principal G-bundles over M and homotopy classes of
maps M — BG. It is important to notice that in general neither EG or BG are assumed
to be smooth manifolds and that they are unique only up to homotopy equivalence.

A characteristic class associates to a G-bundle P — M a class ¢(P) in the cohomology of
M that is natural in the sense that if f: N — M is a continuous (or, in the setting of the
caloron correspondence, smooth) map then f*c(P) = ¢(f*(P)). Since all G-bundles are
pullbacks of the universal G-bundle EG — BG, characteristic classes correspond precisely
with cohomology classes of BG.

One important method for manufacturing characteristic classes is Chern-Weil theory. Let
g®k :g®®g7
——
k times

then an invariant polynomial of degree k on g is a symmetric multilinear map g®* — R
that is invariant under the adjoint action of G on g®*. The set of invariant polynomials
of degree k is denoted I*(g). Invariant polynomials multiply in a natural way so that
I*(g) = @2, I*(g) is a graded algebra.

Denote by QP(M;g®?) the space of differential p-forms on M taking values in g®4. There
is a wedge product A: QP (M; g®7) x QP (M; g®7) — QPP (M; g®917) given by

aAB(Xl,...,Xp+p/) = Z (—1)‘U|OA(XU(1),... g(p) ®B( a(p+1)s- - Xg(erp/))
T€Sp1p

for vector fields X1,..., Xyt on M, where Sy, is the group of permutations on {1,...,k}
and |o| is the sign of the permutation o. If a € QP(M;g) and 3 € Q¥ (M; g) set

[Oé, B](le s 7Xp+p') = Z (_1)|J| [a(XO'(l)7 sy Xa(p)),ﬂ(XU(p-H)a cee aXa(p-l-p’))]
UESP+F
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and there is also an exterior derivative d: QP(M; g®9) — QPFL(M; g®9). If f € I¥(g) and
w; € QPi(M;g) for i =1,..., k write

f(wlv s ,Wk) = f(wl ARER /\Wk) € Qp1+"'+Pk(M).

The ad-invariance of f implies

k
S (=)t fwy L w @), wk) = 0

i=1

for any @ € Q(M;g) (cf. [11] or [41, Lemma 3.2.6] for the case that w has degree p > 1).
The following is well-known

Theorem 1.1.11 (Chern-Weil Homomorphism). Given a G-bundle P — M with connec-
tion A and curvature F, for any f € I*(g) the real-valued 2k-form

cwy(A) == f(F,..., F)
N——
k times
on P is closed and descends to a form on M whose class in de Rham cohomology is
independent of the choice of connection A. Using the de Rham isomorphism, this defines
a map
cw: I*(g) — H?**(M;R),

which is an algebra homomorphism.

For a detailed treatment of Chern-Weil theory, including a proof of this result, see [12]. An
immediate consequence is that the cohomology class of cw(A) gives a characteristic class
cw(P) € H*(M;R) for any f € I*(g). By a result of H. Cartan [9], if G is compact then
all characteristic classes for G-bundles in R-valued cohomology are Chern-Weil classes (see
also [12, Theorem 8.1]).

In a similar vein, one may use the caloron correspondence and the Chern-Weil homo-
morphism to construct characteristic classes for LG-bundles; classes constructed in this
manner are called string classes. To construct the string classes of the LG-bundle Q — M,
choose any LG-connection A and Higgs field ® on Q. Applying the caloron transform gives
the G-bundle Q — M x S! equipped with the G-connection A.

Definition 1.1.12 ([33, 41]). The string form associated to f € I*(g) is

—

sp(A, @) := /Slcwf(A), (1.1.7)

which is a closed (2k — 1)-form on M. The operation f/S\l here denotes integration over
the fibre of differential forms (see Appendix B).

Since the exterior derivative commutes with integration over the fibre (Lemma B.1.5)
Theorem 1.1.11 implies that the cohomology class of s¢(A, ®) depends neither on the LG-
connection A nor on the Higgs field ®—this can also be seen immediately as a result of
the construction of the string potential forms in Chapter 2, in particular Theorem 2.1.8.
Therefore, taking the cohomology class and applying the de Rham isomorphism gives the
string class

s1(Q) € H**1(M;R), (1.1.8)
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which is a characteristic class for any f € I*(g).

This construction of the string classes naturally provides differential form representatives
that seem to depend on data on the caloron transform. However, the caloron correspon-
dence allows one to write these representatives entirely in terms of data on the underlying
LG-bundle. Namely, given the LG-bundle Q — M with connection A and Higgs field @,
let @ := C(Q) be its caloron transform with caloron-transformed connection A. The string
form associated to the invariant polynomial f € I*(g) is then

—

5(A, @) = /Slf(F,..-,F)
k times

with F the curvature of the connection A on Q. Recall F = dA+ 3[A, A] and that, in this
case, the connection A is given by (1.1.4) so one may write F in terms of A and ®; first
notice that

[A, A] = [ad(g7") (A + @d) + ©,ad(g™ ") (A + db) + O]
=ad(g™") (A, A] + 2[A, @] A df) +2[0,ad(g~")A] + 2[0, ad(g )] A db.
Recall also that dw(X,Y) = {X(w(Y)) — Y(w(X)) — w([X,Y])} for a 1-form w and vector

fields X, Y. If X and Y are the vector fields on ) whose values at the point [g,0, g] € Q
are

d
Xlg0.9) = @{(Vx(t)ﬂ + tw,gexp(tC))}tfo = (x, 7, 9C)

d
Yv[q,e,g] = %{(7&@)7 0+ ty, g exp(tf)) }t—O = (ﬁv Y, gf)

then
[X¢ Y][q,@,g} = ([X? H]v 07 g[Ca é])
First, one calculates d(ad(g~1)A) by noticing that at the point [g, 0, g]

X (ad(g™HA(Y)) = jt{(l—tC AL (O +t)g(L+10) )
_ %{ad(g }t o ad(g oA, ()(6)

- 1[G ad(g_l)Aq(/ﬂ)(G ]

and hence
d(ad(g~")A) = ad(g")dA + OA A dO — [O©,ad(g”)A],

where JA is the Lg-valued 1-form on Q given by differentiating A in the S! direction.

Applying the same argument to ad(g—!)® df this all gives
d(ad(g~")®df) = ad(g~")d® A df — [©,ad(g~")®] A db,

so recalling that the Maurer-Cartan form © satisfies d© + 5[0, 0] = 0 gives
F =ad(g~ )(dA+ [A,A] + (d<I>+[A,<I>]—8A)/\d9>.
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Writing F = dA + %[A,A] for the curvature of A and defining the Higgs field covariant
derivative? V® := d® + [A, ®] — OA, one obtains

F=ad(g ") (F+VdAdb). (1.1.9)

Using the properties of f € I*(g) yields the expression

st(A, @)=k f(V®, F ... F) (1.1.10)
Sl R,—/
k —1 times
for the string form associated to f. Note that the integration symbol in (1.1.10) denotes
the standard integration operation on functions S' — R and not integration over the fibre.

Ezample 1.1.13. In [27] Killingback studied the notion of a string structure, which is the
string-theoretic analogue of a spin structure. If G is a compact, simple, simply-connected
Lie group then it is well-known (see [36], for example) that there is a universal central
extension

0—S'— LG — LG—0

of the loop group LG. A string structure on M is then given by a lifting of the LG-bundle
Q — M to an LG-bundle Q — M and there is an integral three-class—the original string
class—that measures the obstruction to such a lift. Using the machinery of bundle gerbes,
which give smooth geometric representatives for degree three integral cohomology through
their Dixmier-Douady classes, Murray and Stevenson [32] gave an explicit formula for a
de Rham representative of this class, namely

1
- ) .
o /Sl<v F)

In this expression, F and V& are respectively the curvature of a connection and covariant
derivative of a Higgs field on Q and (-,-) is the Killing form on g normalised so that the
longest root has length /2. It is clear that this string class is simply the string class (in
the sense of (1.1.8)) corresponding to the ad-invariant polynomial

Fo)i= g

Notice in particular that if () is the caloron transform of Q equipped with the caloron-
transformed connection A then

—

5@ = [ m(@

where p1(Q) is the first Pontryagin class of Q.

1.2 The based case

In Section 1.1, the main objects under consideration were LG-bundles over M and the
corresponding G-bundles over M x S'. It turns out that with a little more work, one

Zone might be tempted to call V® the ‘Higgs field curvature’, however there is a generalised version of
the caloron correspondence in which an additional term Fs appears on the right-hand side of the expression
(1.1.9) [25, pp. 238]. In this context it is more appropriate to call Fo the Higgs field curvature, so this
terminology is used here for consistency.
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may extend all of the results of Section 1.1 to give a caloron correspondence for principal
bundles whose structure group is the based loop group

0G :={y € LG | y(0) =1},

a Fréchet Lie subgroup of LG. The key innovation here is the use of framings (Definition
1.2.1) on the finite-dimensional side to reduce the structure group on the Fréchet side from
LG to QG. The discussion presented here is largely based off of [33, 41].

Definition 1.2.1. Let P — X be a G-bundle and Xy C X a submanifold. Then P is
framed over Xy if there is a distinguished section sy € I'( Xy, P). Write Py = so(Xo) C P
for the image of sg.

In what follows, if P — M x S' is a G-bundle then, unless stated otherwise, the framing
shall be taken over the submanifold My := M x {0}.

Definition 1.2.2. Define frBung to be the category whose objects are framed G-bundles
P — M x S' and whose morphisms are G-bundle maps that preserve the framings and
cover a map of the form f x id: N x St — M x S1.

For a fixed manifold M, let frBung (M) be the groupoid with objects the framed G-bundles
P — M x S! with morphisms those bundle maps preserving the framing and covering the
identity on M x S!.

The based caloron transform is then the functor
C: Bungg — frBung

constructed as in Section 1.1.1, i.e. by sending the 2G-bundle Q — M to the associated
bundle
C(Q):=(Qx S'x 3)/QG.

This bundle has a canonical framing given by
So(m, 0) = [Qa 0, 1]7

where ¢ is any point in the fibre of Q over m, and so is an object of frBung. The action
of C on morphisms is given analogously to the free loop case, noting of course that if
f: Q — P is a morphism in Bungg, then C(f): C(Q) — C(P) preserves the framings and
therefore gives a morphism in frBung.

Conversely, the based inverse caloron transform is a functor
¢! frBung — Bungg .

defined similary to the free loop case, i.e. by first looping and then pulling back by the
map 7 of (1.1.1). The distinction here is that instead of applying the smooth loop functor
L = Map(S',-) to the framed G-bundle P — M x S! one takes based loops. If X is a
smooth (finite-dimensional) manifold with submanifold Xy C X, define the based loop
manifold

Qx, X := {p: S' = X smooth | p(0) € Xo}.

The based inverse caloron transform is given by first taking the based loop bundle

QPOP —)QM()(M X Sl),
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which is an QG-bundle, and then pulling back by 7 to obtain the 2G-bundle C~!(P) — M.
The action of C~! on morphisms is defined similarly to the free loop case and, as before,

Theorem 1.2.3 ([33, 41]). The based caloron correspondence
C: Bungg — frBung and C~': frBung — Bungg

is an equivalence of categories that, for any manifold M, restricts to an equivalence of
groupoids

C: Bungg(M) — frBung(M) and C': frBung(M) — Bungg(M).

Proof. The natural isomorphisms « and § are constructed in an analogous fashion to the
natural isomorphisms of Theorem 1.1.4 and, following the arguments presented there, are
easily seen to satisfy the required properties. ]

As in the free loop case, there is an extension of the based caloron correspondence to
bundles with connection. In this setting, connections on the G-bundle side are required
to satisfy a compatibility condition with respect to the framings.

Definition 1.2.4. Let P — X be a framed G-bundle with framing sop € I'(Xp, P). A
connection A on P is framed (with respect to so) if s§{A = 0.

This framing condition is required to guarantee that the connections constructed on the
Fréchet side are indeed valued in Qg = Lie(2G). Framed connections exist on framed
bundles provided, as is assumed in this thesis, that the base manifold admits smooth
partitions of unity [33, Lemma 3.5].

Definition 1.2.5. Let frBung to be the category whose objects are objects of frBung
equipped with framed G-connections and whose morphisms are the connection-preserving
morphisms of frBung.

For a fixed manifold M, frBung, (M) denotes the groupoid with objects the framed G-
bundles P — M xS' equipped with framed connection and with morphisms the connection-
preserving bundle maps covering the identity that also preserve the framing.

In order to formulate the geometric caloron correspondence for based loop group bundles,
one requires the correct notion of Higgs field for 2G-bundles. It turns out that this is
given exactly by replacing LG in Definition 1.1.6 by QG.

Remark 1.2.6. Higgs fields on Q2G-bundles still map into Lg, not {2g as one might suspect.
This is because in general v~19y ¢ Qg for v € QG, so a Higgs field cannot both map into
Qg and satisfy the twisted equivariance condition.

Lemma 1.1.7 may be easily adapted to show that every (2G-bundle admits a Higgs field.

Define the categories Bung, and Bung-(M) exactly as in Definition 1.1.8 (with LG
replaced by QG). The based geometric caloron transform is the functor

C: Bungg — frBung

defined by sending the Q2G-bundle Q — M with Q2G-connection A and Higgs field ® to
the framed G-bundle C(Q) — M x S! (as defined above) equipped with the connection A
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given by the expression (1.1.4). To see that this is well-defined, one must verify that the
connection A is framed. Recall that the framing of C(Q) is the section

so: (m,0) — [q,0,1].

Therefore, taking any X € T{,, 0)Mo (so that dso(X) = [x,0,0] for some tangent vector x
to Q), one obtains

804 (m,0)(X) = Apg,0,1)([x; 0,0]) = Ag(x)(0) =0

since A is valued in 2g. The action of C on morphisms is essentially the same as in the
free loop case.

Conversely, the based inverse geometric caloron transform is a functor
-1, c c
C": frBung — Bungg

sends the framed G-bundle P — M x S! with framed connection A to an QG-bundle
P — M equipped with QG-connection A and Higgs field ®. Here P := C~!(P) is the
based inverse caloron transform as above and the connection A and Higgs field ® are given
respectively by (1.1.5) and (1.1.6). Since it is clear that ® is well-defined, the only thing
that needs to be shown is that the connection A is indeed an 2G-connection. To see this,
take any x € T},P noting that x(0) € T}, P is in the image of the map dso: TMy — TFy.
Thus

Ap(X)(0) = Ap0)(X(0)) = 55A(m,0)(X) =0
where p(0) is in the fibre of P over (m,0) and dso(X) = x(0). Once again, the action of
C~! on morphisms is essentially the same as in the free loop case.

One may verify that the natural isomorphisms of Theorem 1.2.3 respect the connective
data, the arguments proceeding exactly as in the free loop case, so that

Theorem 1.2.7 ([33, 41]). The based geometric caloron correspondence
C: Bunhy — fiBung, and C': fiBung — Bung

1s an equivalence of categories that, for any manifold M, restricts to an equivalence of
groupoids

C: Bunfq(M) — frBun& (M) and C™': frBunf (M) — Bungg(M).

1.2.1 The path fibration and string classes

The argument that constructed the string classes of Section 1.1.3 may easily be adapted
in order to construct characteristic classes for (0G-bundles, which are also called string
classes.

Explicitly, for an QG-bundle Q — M equipped with connection A and Higgs field ® and

for any invariant polynomial f € I*¥(g), one obtains the closed string form

sp(A, @)=k Slf(VqS, F,...,F)

k — 1 times
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noticing that this is exactly the expression (1.1.10)—the only thing that has changed is
that the connection and Higgs field now live on an QG-bundle. As in the free loop case,
the corresponding class in the real-valued cohomology of M is the string class

51(Q) € H*Y(M;R),

which is independent of the choice of A and ®.

So far, there have not been any particularly novel features of the based case. One advantage
of working with based loops instead of free loops is that there is a smooth model for
the universal QG-bundle—the path fibration—that allows one to explicitly compute the
universal string classes.

QG

PG

evar

G

Let PG be the space of all smooth maps p: R — G such that p(0) is the identity and
p~10p is periodic with period 27. There is a natural action of QG on PG that gives PG
the structure of an (2G-bundle over G. The projection PG — G is simply evaluation of
paths at 27 and it turns out that PG is (smoothly) contractible. Therefore PG — G is a
model for the universal 2G-bundle, which also shows that BQ2G = G in this case. For a
rigorous treatment see Appendix A.

Since PG is a smooth manifold one may talk about connective data directly on the uni-
versal 0G-bundle. Recall that a tangent vector x € T, PG is canonically identified with a
section of p*T'G' — R so that a vertical vector for PG — G is a tangent vector such that

x(2m) = 0.

Choosing a smooth function a: R — R satisfying «a(t) = 0 for ¢ < 0 and «(t) = 1 for
t > 2w, a complementary horizontal subspace at p € PG is given by

Hy = {x € T,PG | x(0) = a(0)dR,)(§) for some & € g}
(see also [32, pp. 552-553]). The horizontal projection of any tangent vector x € T,PG is

X"(0) = a(0)dRyy(am)-1,(0) (X(27)) -

and the value of the Q2G-connection corresponding to this splitting of the tangent bundle
at p € PG is
Axs(0) = ©(0) — a(f) ad (p(0) ") evs, ©

with © the Maurer-Cartan form on QG3 and © the right-invariant Maurer-Cartan form
on GG. There is a canonical Higgs field on PG given by

Poo(p) =p~'0p

Sgiven by ©4(£)(0) := (0c)~(0)(£(0)) where v € QG, £ € T,QG and ©¢ momentarily denotes the
Maurer-Cartan form on G.
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and some straightforward calculations (as in [41, Section 3.1.2]) show that

Foo = —%a(l —a)ad(p ) evh, ([(:),@]) and V&, = z—(g ad(p~ 1) evi ((:)) (1.2.1)

Assuming a fixed choice of smooth function «, Ax and @, are respectively the standard

connection and Higgs field for PG.

One is now in a position to explicitly calculate the universal string forms, which are odd-
degree forms on G, as follows. Taking any f € I*(g) gives

Lemma 1.2.8 ([33, 41]). The string form of the standard connection and Higgs field of
the path fibration over G is

k—1
S <_;> m]f(@,[@,@],...,{@,@])

k —1 times

with © the Maurer-Cartan form on G.

Proof. Plugging the expressions from (1.2.1) into the formula (1.1.10) and using the fact
that ©, = ad(g~1)0, gives
1" k1 k—1da
5f(Ase, Poo) =k | —2 1 - ==db | f(©,[0,0],...,(0,0]).
2 st do

k — 1 times

The integral is evaluated as

/51 aF (1 - O‘)k_lcc% do = /01 11— pptar = & _(21]2!_(1“1; 2k

using the beta function, which completes the proof. O

Remark 1.2.9. The de Rham cohomology classes of the forms 7; appearing in Lemma
1.2.8 are well-known (cf. [11, 24]) to be precisely the cohomology classes on G obtained
by transgressing classes on BG. H®*(G;R) is generated as an exterior algebra by (finitely
many) such transgressed classes [2, Theorem 18.1].

Another major advantage that comes from working with based loop group bundles is that
classifying maps are easy to describe. Namely, given an QQG-bundle Q — M a choice of
Higgs field ® on Q is equivalent to choosing a smooth classifying map M — G for Q in
the following manner. At the point ¢ € Q the equation

®(q) = g(q)~'dg(q) (1.2.2)

for g = g(q) € PG has a unique solution by the Picard-Lindeléf Theorem. The holonomy
of the Higgs field ® is then the map holg: Q — PG that sends

g+ hola(q) :=g¢g

with ¢ satisfying (1.2.2). As ® is smooth, holg is also smooth and notice also that holg is
QG-equivariant, for if v € QG and g = holg(q) then

(97)'0(g7) = ad(y Hg '0g + 70y = ®(qv)

implies that holg(gy) = holg(gq)y. Hence holg descends to a map M — G, which shall
also be called holg, proving
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Proposition 1.2.10 ([33]). If Q — M is an QG-bundle and ® is any Higgs field on Q
then holg: M — G is a smooth classifying map for Q.

Writing
7: I°(g) — H*'(G;R)

for the map f ~— [7¢], with 7 the forms of Lemma 1.2.8, by naturality of the string classes
and using (1.1.7) one obtains

Theorem 1.2.11 ([33]). If Q — M is an QG-bundle and
s(Q): I*(g) — H*7'(M;R)

is the map f — s§(Q) then the diagram

I*(g) Q) g2 x S1R)
s5(Q) _
T Js1
holy
H* 1(G;R) H?**~1(M;R)

commutes for any choice of Higgs field ® on Q, where Q := C(Q) is the caloron transform.
Here f51 : H*(M x SY;R) — H* Y (M;R) is the integration over the fibre map in singular
cohomology.

An immediate consequence of this is that for any choice of connection A and Higgs field
® on Q there is some (2k — 2)-form w on M such that

s¢(A, ®) = holg 7¢ + dw.

As shown in Proposition 1.2.14 below, for each choice of A and @ there is a corresponding
canonical choice of w. The fact that there is a canonical choice of w plays an important role
in relating the € model of Chapter 4 to the TWZ differential extension of odd K-theory
in Section 4.2.1.

It is important for the construction of these canonical forms to understand how the Higgs
field holonomy is related to the conventional notion of holonomy of a connection. First
take a G-bundle m: P — X with framing sg over Xy and framed connection A. Writing
Py = s0(Xo) as before and taking based loops? gives the QG-bundle Qp, P — Qx, X, as
in the construction of the based inverse caloron transform functor. Take a loop p € Qp, P
and project down to Qx,X to obtain 7 o p. Taking the horizontal lift p of = o p through
so(m o p(0)) with respect to the connection A, one has

p = phol(p)

for some hol(p) € PG. Notice that hol is QG-equivariant since py = p for each v € QG
and so

py = pyhol(py) = hol(py) = hol(p)~.

“recalling that, for example, Qx, X = {y € LX | v(0) € Xo}.
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Thus, hol descends to a map hol: Qx,X — G such that the diagram

QPO P hol PG

QXO _X hol G

commutes. In particular, hol is a classifying map for Q2p, P and agrees with the traditional
notion of holonomy (see also [8, Section 3]). Recalling the map n: M — Qpy, (M x S1) of
(1.1.1) used in the definition of the caloron correspondence one has

Lemma 1.2.12 ([33, 41]). Let Q — M be an QG-bundle with connection A and Higgs
field ®. Write Q — M x S* for its caloron transform, with the framed connection A. Then
the Higgs field holonomy is related to the usual holonomy (with respect to A) by

holg = holon.

For a proof of this fact see [41, Lemma 3.1.1]. In [41, Lemma 3.1.2] it is also shown that®

Lemma 1.2.13 ([41]). For differential k-forms on M x S*

—_—

e
St St

where ev: Qg (M x SY) x St — M x S is the evaluation map (v,0) — v(0).

With these results, one is able to prove

Proposition 1.2.14. Let Q — M be an QG-bundle. For any f € I*(g), and choice of
QG-connection A and Higgs field ® on Q, there is a canonical choice of (2k — 2)-form x
on M such that

s¢(A, @) = holg 77 + dx.

Proof. The proof is essentially that of [41, Proposition 3.2.7] and [33, Proposition 4.15].
Let Q@ — M x S' be the caloron transform, with framing so € I'(Mp, Q) and framed
connection A. Pulling back by the evaluation map ev: Qpz (M x S1) x [0,1] — M x S1
one obtains the G-bundle ev*Q — Q1 (M x S1) x [0,1]. This bundle is in fact trivial,
since it has a section

h: Qup (M x SY) x [0,1] — ev*Q

given by h(p,t) := p(t), where p is the horizontal lift of p through so(p(0)) with respect to
the connection A on Q). Setting

~

A:=h"ev* A,

since Qpz, (M x S1) x [0,1] is a product manifold one may write

h*ev*F:—gtﬁ/\dt+ﬁ:—at/TAdt+ﬁ

5in fact, the argument presented there proves this only for the case k = 4 but the argument is sufficiently
general to hold for all k.
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where F' is the curvature of A and, if ¢;: p — (p,t) is the slice map, g;kF\ is the curvature
of ¢/ A.
Putting this aside for one moment, considering the Chern-Weil forms on M x S' one has
s¢(A, @) :/ cwy(A) = 77*/ evicws(A) = 17*/ cwy(ev'A)
St St St
for any f € I*(g) by Lemma 1.2.13. Inserting the above expression for h*ev* F and
treating S' as [0, 1] with endpoints identified® gives

—_

1
cp = / cwy(evA) = —k:/ f(atA,F, . .,F) dt.
Sl 0 N—
k —1 times
Using the formula F = dA + 2 [ﬁ A], this becomes
k—1

__k;zl(k_l)!/lf(aﬁ dA dA,[A, Al (A ) dt
Cf = Z’:()Zii!(k_l_i)! 0 t41, Yoy , 1A, Al ..., A,

k —1— 1 times i times

Fori=0,...,k—1 set

~ ~

fi ::f(at;{a dga---adfa:’[;{7 ]7-'%[2{7 ])7

k —1 — 1 times i times

which, acting on tangent vectors at a point p € Qago (M x SY), is a map St — R. Using
the shorthand A’ to mean A repeated j times as an argument of f, using the Leibniz rule
for d gives

~

/ £i(t) dt = / F(d(8,A), A, dA*271 (A, A]') dt
0 0

~ ~

1 1
—i—i/ f(8A, A, dAF271 d[A, A], A, ]“)dt—d/ f(8A, A dAR21 (A, A)) at
0 0

and integrating by parts in the [0, 1] direction gives

/1 fl(t) dt = Fl(l) — Fl(O) — (k‘ -1 ’L) /1 f(A\7 at(dzzl\),dgk—Q—i7 [A\7
0 0

~

where F; := f(ﬁ, dﬁkilﬂ', [E’ ]Z)

By the ad-invariance of f,

F(8A, A, dA*271 d[A, A], A, A]7Y)
=2f([afﬁ] A, dAFTI7 A AJTY) — 2f (8, A, dAMTL (A, A)Y)
—2(k — 2 —4)f (DA, A, [dA, A], dAF=27 [A, A1)

= f(A[A, ],A,dAk’ =0 (A, A)7Y) — 2f (8, A, dA*=71 (A, A]Y)
— (k—2—19)f(9A, A, d[A, A],dAF=2 [A, AJ'7Y).

bs0 as to avoid an excess of factors of 27 that are integrated out in any case.
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Using this and combining the two expressions for fol fi(t) dt above gives

~

1 1
(k + i)/o fi(t)dt = Fy(1) — F;(0) — (k — 1 — z’)d/o F(0uA, A, dAR=271 (A, A]") dt.

This gives the expression

k—
Z [ 2 Zv —U L m- Fi(O)}] +dp

— —1—7,)'k+z
where
—k — 1! ! T F o Tk—2—i (] Y
B = ;2” _2_1)/(]f(8tA,A,dA A, A)) dt.

Notice that h(p,0) = h(p,1) hol(p) so that
Ay = ad(hol ") A; 4 hol~* dhol

where A; := gZ‘A\ Since h(p,0) € Py = so(Mp) for all p € Qpy, (M x S1), the composition
e/yoh o ¢p sends the loop p to sp(p(0)). Recall that A is framed with respect to sg, so
A = 0 which gives

~

Ay = —(dhol) hol ™!

and F;(0) = 0 for each i = 0,...,k — 1. Thus, if O is the right-invariant Maurer-Cartan
form on G
A1 = — hol* C)

and hence )
dA, = 5 [(d@hol) hol !, (d hol) hol ]

since dO + 1 [(:) ©] = 0. Using 0, = ad(g_l)@g and the ad-invariance of f gives
P o 1 k—1—i
E(l) = f(A7 dAk_l_Z? [A7 ]Z) = - <_2> hOI* f(@, [@7 G]k_l)

so that

o = ot (-1} lki V' 16,10, 011) + 48
! 2 il(k —1—z'k‘—|—z T '

Recalling the beta function
k—1

k—1)Y(k—1) v _ E—1)! (=1)
: (Qk)—(l)! E Bk :/O 11— o) 1dt:;i!(]i—1zi)!(k+)z‘

finally gives

1)H Mk =116, 10,051) + d.

= hol* =
r=ne < 2 2k — 1)!

Pulling back by 1 and using hole = holon gives

k—1 _
s¢(A, ®) = holj <—;> ]Mf(G, [©,0]%71) +dx
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and hence the result, since

Sk (k-1
R o B i : T A JAk—2—i [ A A
X:=np=n ;:o 2iz'!(k:—2—z')!/0 F(0eA, A, d AR (A, A]Y) dt

is a (2k — 2)-form on M determined entirely by A and ®. Note that since A depends on

both A and @, the form y also depends on both of these data. O

Unwinding the proof above gives

Corollary 1.2.15. If g: N — M is smooth, on the pullback ¢g*Q — N equipped with the
pullback connection g*A and Higgs field g*® one has

s1(g"A, g"®) = holj.q 75 + dx’

for some canonical form x'. Then X' = g*x, with x as in Proposition 1.2.14.
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Chapter 2

The string potentials

The discussion of the caloron correspondence in Chapter 1 culminated in the construction
of characteristic classes for loop group bundles. Since these classes live in the cohomology
of the base manifold and depend only on the isomorphism class of the bundle, they define
topological invariants. More importantly, the construction provides explicit differential
form representatives for these classes, given some data on the total space.

This chapter is devoted to the construction of new objects on loop group bundles: the
string potentials. The string potentials are differential forms measuring the dependence of
the string forms (of some given loop group bundle) on a particular choice of connection and
Higgs field. In this manner, the string potentials may be thought of as ‘looped’ versions
of the well-known Chern-Simons forms.

2.1 Construction of the string potentials

In the setting of finite-dimensional principal bundles, recall that a connection A on the
G-bundle P — M determines the Chern-Weil forms: closed real-valued differential forms

cwp(A) = f(F,...,F) € Q**(M),
k times

where f € I*(g) and F is the curvature form of A. As discussed in Section 1.1.3 (in
particular Theorem 1.1.11) the cohomology class associated to cwy(A) is independent of
the chosen connection A and defines a characteristic class of the bundle. The characteristic
classes that arise in this manner are primary topological invariants of the bundle P — M.

In [11], the study of the dependence of the forms cw;(A) on the connection A led to
the discovery of secondary geometric invariants called Chern-Simons forms. The Chern-
Simons form associated to the connection A and polynomial f € I*(g) is the (2k — 1)-form
on P given by

Loy k-1
CS;(A) ::Z(—2> (k+j)(!(k_i_j)!f(A,[A,A],..v.,[A,A],F,...,F).

7 times k —j—1 times

j=1
[11, equation (3.5)]. An important property of the Chern-Simons forms is that
dCSy(A) = m*cwy(A)
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with m: P — M the projection [11, Proposition 3.2]. The discovery of the Chern-Simons
forms motivated the work of Cheeger and Simons [10], in which the theory of differential
characters was developed. Differential characters provide a refinement of integral cohomol-
ogy that naturally includes differential forms: refer to [19] for a detailed treatment. In [10]
it is shown that the Chern-Simons forms descend to the base manifold M as differential
characters and, in fact, that these differential characters define differential characteristic
classes for the G-bundle P — M.

The initial situation for loop group bundles is not too dissimilar to the finite-dimensional
setting: associated to a connection A and Higgs field ® on the LG-bundle Q — M there
are the string forms

sp(A,®) =k [ f(VO, F,....F)eQ* (M)
Sl H/_/
k — 1 times
that play the role of the Chern-Weil forms. Before introducing the total string potentials,
which play the role of the Chern-Simons forms in the loop group setting, the discussion
focusses on the relative string potentials. These latter objects are constructed by analogy
with the relative Chern-Simons forms—see [14, Appendix A] for a discussion of these
objects.

The following result is used in the construction of the total string potentials.

Lemma 2.1.1. Let m: Q — M be a loop group bundle with caloron transform the G-bundle
II: Q — M x S'. Then the diagram

Q*(Q x S x G) —2! Q*-1(Q % G)
Q°(Q) (sxid)* 5
L = 2l(Q)
wxid)* et
. 1 /f:‘?\l o—1 /
Q% (M x 1) Q- 1(M)

commutes, with s the section q — (gq,1) and the map Q°*(Q) — Q*(Q x S' x G) given by
the pullback of the quotient map.

Proof. The result follows from Lemma B.1.3 and the fact that

QxStx@a Q
sxid II
Q x St mxid M x St

commutes, which is consequence of the construction of the caloron transform functor C
and the fact that pullback is contravariantly functorial. O
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Remark 2.1.2. Take the loop group bundle Q — M equipped with connection A and Higgs
field ®. Using the formula (1.1.4) for the caloron transform connection A on @ := C(Q)
gives

(s % id)" A0y = Ag(6) + D(q)(6)d0
on Q x St and hence, using (1.1.9),
(s x id)* (dA+ 1[A, A]) = Fo(0) + V&4(0) A db.

The diagram of Lemma 2.1.1 then implies that whenever an expression on Q or M is given
in terms of the connection A on @ or its curvature F' and then integrated over the fibre,
the (schematic) expressions

A=A+®d) and F=F+VdAdl (2.1.1)

may be used instead of (1.1.4) and (1.1.9).

In order to construct the string potentials, one requires a notion of smooth n-cubes in the
spaces of connections and Higgs fields on the loop group bundle Q — M. In general there
is no obvious smooth structure on these spaces so a key concept in the construction of the
string potentials is the following

Definition 2.1.3. Let P — M be a fixed G-bundle. A smooth n-cube of G-connections
on P is a G-connection A on the G-bundle P x [0,1]" — M x [0,1]" satisfying 1x A = 0
for any vector field X on P x [0,1]" that is vertical for the projection P x [0,1]" — P.
Here 1x denotes contraction with the vector field X.

Consequently, any such A may be written at (pyt1,...,tn) € P x[0,1]" as

A(p,tl,...,tn) = f(p7 tla e 7tn> pI‘>]I_< w(p,tl,...,tn)

for some 1-form w on P and smooth function f on P x [0,1]". Taking the Lie derivative
L gives

d . ; of *
<#A>(p,t1,“.,tn) = (EatiA) (Pt1sestn) = 5(10;751, o ) DT Wiptyot) (2.1.2)

where 9y, is the vector field on P x [0,1]" generated by the i-th coordinate function ¢;.

In the case that Q — M is a loop group bundle, there is the related notion

Definition 2.1.4. A smooth n-cube of Higgs fields on the loop group bundle Q — M is a
Higgs field ® on Q x [0,1]" — M x [0, 1]" with respect to the loop group action

(q,tl,---,tn) 7: (q/%tla”'?t'fl)’

As with (2.1.2),

d g : 0%
<dti q>> (@1, tn) = (ﬁaticb) (@15 tn) = E(q,tl,...,tn), (2.1.3)

For any product manifold of the form X x [0,1]" define the smooth slice map

g(tl,...,tn): X — X x [0, 1]71
x> (2, t1,. .., ty).
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Fix a loop group bundle Q — M, recall the notation Hq for the space of Higgs fields on
Q (Definition 1.1.6) and write Aq for the affine space of connections on Q.

Definition 2.1.5. A smooth map ~: [0,1]" — Aq x Hq is an assignment

vty tn) — (A(tl,...,tn)v(I)(tl,...,tn))

with
A(tlr--atn) = g?tl,...,tn)A’y and (p(tlr--»tn) = g{tl,...7tn)@’y

for some smooth n-cube of connections A” and smooth n-cube of Higgs fields 7 on Q.
Thus, specifying such a smooth map -y is equivalent to specifying smooth n-cubes A” and
®7 in Aq and Hq.

Remark 2.1.6. When the base manifold M is compact, Aq and Hq may be given Fréchet
manifold structures as in Appendix A or [20]. In this case, a map ~y is smooth in the sense
of Definition 2.1.5 if and only if it is smooth as a map between (Fréchet) manifolds.

2.1.1 The relative string potentials

With all this machinery in place, one is able to define the relative string potentials
Definition 2.1.7. For any f € I*(g) and smooth path ~y: [0, 1] — Aq x Hq, the associated

(relative) string potential is

1
Sy() = k/o /S ((k ~1)f(Be,Fey...,Fi, Vi®) + f(Fe,...,Fu, got)) dt € Q*2(Q)

k—2 times k—1 times

where F; is the curvature of A;, V;® is the Higgs field covariant derivative of ®; and
B := glgk (ﬁatAV) and Pt = C: (ﬁaz (I)’Y)
are the ‘time derivatives’ of A; and ®; at t € [0,1].

Theorem 2.1.8. The string potential of Definition 2.1.7 descends to a form on M, also
called Sy(v), which satisfies the equation

de(’y) = Sf(Al, (I)l) — Sf(Ao, (I)o).

Proof. Start with the smooth path v: [0,1] — Aq xHq, with AY and ®7 the corresponding
smooth 1-cubes (i.e. connection and Higgs field) on Q x [0,1]. Write F? for the curvature

of A7 and V®7 for the Higgs field covariant derivative of ®7. Cartan’s Magic Formula
({s,d} = L) gives

19,F =19, (dAY + F[A7,A7]) = Ly,A7 and
19,V = 15,(d®7 + [A7, ®7] — OAY) = L, ®

so that ¢f19,F?" = B; and ¢/19, V®7 = ¢;. Then
s, F(FOF VDY) = (k — 1) f (10,F7, (F)F 2, V) + ¢ f((F)F 1,15,V D7)
= (k—1)f(Bi, FF 2, V@) + f(Fi 1, )
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so that .
Sr(v) = / F1g,5¢(AT, ®7) dt. (2.1.4)
0
Since the string form s(AY, ®7) lives on M x [0, 1], this shows that Sf(v) descends to M.

The proof is completed by the calculation
1
dS¢(vy) = / dsfrg,s5(AY, ®7) dt
0
1
— [ s [y (w07 as
0

Lid
= —s¢ (A7, D7
| [Gesan

= sf(Ala (I)l) - Sf(A07 (1)0)7

(t) dt

using Stokes’ Theorem and Cartan’s Magic Formula. O

There is a close relationship (1.1.7) between string forms and Chern-Weil forms, so it seems
reasonable to expect a similar relationship between the relative string potentials and the
relative Chern-Simons forms. Via the caloron correspondence one can see that the smooth
n-cubes A of connections and & of Higgs fields on Q determine a smooth n-cube A of
connections on @ := C(Q) and conversely. Thus, a smooth map

v:10,1]" — Aq x Hq
is equivalent to a smooth map
C’y: [O, 1]” — .AQ,

with Ag the space of all connections on (). The relative Chern-Simons form given by the
map Cv associated to f € I*(g) is

1
CSf(C’Y):k/ f(Bt,Ft,...,Ft)dt
0 —

k — 1 times

where F; = ¢/ F is the curvature of the connection 4; at ‘time’ ¢ € [0,1] and B; = ¢ L5, A
is the time derivative at ¢. Using (2.1.1),

—

ol
/Csf(cry):k/ / F(Bt + pedd, (Fy + VA dO) 1) dt
St st Jo
LT
- k:/o [/51 (f (e FEY) A a0+ (k= 1)f (Bo, FE %, V) Ad@)] dt

_ k/ol /Sl ((k; — 1) f (B, FE2,v,0) + f(Ff_l,got)) dt

so that

—_—

St(v) = SICSf(C’Y)’ (2.1.5)

which is the direct analogue of the expression (1.1.7) for the string potentials.
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Suppose that ¢: N — M is a smooth map and Q — M is a loop group bundle. Given a
smooth path v: [0,1] — Aq x Hq, one may pull back the corresponding smooth 1-cubes
to obtain a smooth path ¢*v: [0,1] = Ay-q X Hy=q. It is immediate that

Sy(™y) =¥ S5(7) (2.1.6)

for any f € I*(g) so the relative string potentials are natural.

The following result shows that, modulo exact forms, the string potential S¢(y) depends
only on the endpoints of the smooth path ~. This result is key to the construction of the
Q model for odd differential K-theory in Chapter 4.

Proposition 2.1.9. If vo,71: [0, 1] — Aq X Hq are smooth paths with the same endpoints
then S¢(y1) — Sf(70) is exact.

Proof. An explicit antiderivative is constructed by taking I': [0,1]* — Aq X Hq, which is
smooth in the sense of Definition 2.1.5, such that I'(¢,0) = o(¢) and I'(¢,1) = 1 (¢). Write
I'(t,s) = vs(t), noting that vs: [0,1] — Aq X Hq is then a smooth path for each s € [0, 1].
In the case that vy and ~; have the same endpoints, the map I' may be chosen so that the
restrictions I';(s) := I'(¢, s) are constant for ¢ = 0, 1.

Taking such a I', define
H(0)i= | Gopotanss (AT, @)
[0,1]

and notice that S(t,s) = Ss O Gt = Gt O Gs. Using Fubini’s Theorem,

. 1S Lot
/[;]1]2 g(t,s)lasdtsf(AF,(bF):/o gslas/o St aSf(lAF’@F)dtds

1
:/ 1, (57 (ATT, 1) — s p(AT0 0T0)) ds
0

=0

since the constancy condition implies 25,5 f(AFi, or i) = 0 for i« = 0,1. Using Cartan’s
Magic Formula, Stokes” Theorem, Fubini’s Theorem and (2.1.4) then gives

dHy(I') = /[0 " ()@ (10,00, 5 7 (AT, 1))
:/ S iza S (AF CI)F) — 19 is (AF <I>F)
0.1)2 (t,s) ds f ’ s dt ! ’

* * d
- /[0 1}2 St ©Gg <dslatsf(AFa (I)F)>

19, (p (AT, @7) — 5¢(A70, @) dt

|
Ly

so that the difference Sy(y1) — Sf(70) is exact as required. O
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2.1.2 The total string potentials

Having constructed the relative string potential forms, it is now possible to define the total
string potentials using a similar method to the construction of the Chern-Simons forms
(cf. [11, (3.1)]). For a fixed loop group bundle 7: Q — M, the total string potentials
depend only on a choice of connection and Higgs field on Q, rather than a smooth path
~, but live on the total space of the bundle rather than the base.

Consider the pullback bundle

™Q Q

Q ~ M

which is a trivial loop group bundle over Q. The diagonal map A: Q — 7*Q determines
the global trivialisation

(¢,97) — (4,7);

so pulling back the product connection and the trivial Higgs field on the trivial bundle
over Q gives a connection © and Higgs field ¥ on 7#*Q. There is a canonical smooth path
joining (©, V) to (A, ®), namely

vitr— (1 =10 +1tA, (1 — )T + td).

The total string potential of the pair (A, ®) is defined by pulling the form S¢(v) on 7*Q
back to Q using the diagonal section, that is

Definition 2.1.10. The total string potential of the connection A and Higgs field ® on Q
associated to f € I*(g) is

Sp(A, ®) := A*Sy(v) € 02F2(Q) (2.1.7)

where A is the diagonal map and Sy(v) is the string potential of the path v as per
Definition 2.1.7.

Proposition 2.1.11. The total string potential satisfies
dS¢(A, @) =m"s¢(A, ®),
in particular, dS¢(A, ®) descends to a form on M.
Proof. By Theorem 2.1.8
4y (v) = 75/ (A, ®) — 5(6, D),

which is a form on 7*Q. Pulling back by the diagonal section A gives the result since all
© and V¥ terms vanish. O

Since the total string potential depends only on A and ®, one might expect to be able to
write S¢(A, ®) in terms of A and ® alone. In fact
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Proposition 2.1.12. The total string potential of the connection A and Higgs field ®
associated to f € I*(g) is given by the formula

k—1 ) )
Sf(A, ‘1)) = /S1 [Zcif(q)7 [AvA]lv Fkilil)

1=0

N

-1
+ > [2ici (AL [A, @ [A AT )
1

(2

—2(k +i)e;i f (A, V®, [A AT F“i)H (2.1.8)

where the coefficients are

N\ kNk—1)!
G =\|—3 - T
2) (E+i)l(k—1—19)!
Proof. Pulling back by A eliminates all © and ¥ terms, so comparing with Definition 2.1.7
one obtains

S¢(A, @) = k/ol /51 ((k: —1)f (B, F} 2, V@) + f(FF, got)) dt

with A; = tA and ®; = t® or, using (2.1.5) and (2.1.1),

Si(A, @) = k/ol [Zf(Bthk—l)

where Fy = tF — 5(1 —t)[A, A]. Hence

dt

— —

/ f(Bt7Ftk71) f <A, (tF — %(1 _ t)[A, A])k—l)
51 )

I
T o~

—_

Il
o

i
Integrating over [0, 1] and recalling the beta function gives

SH(A, ) = g <_;> . i;ﬁfk__li!— Z_)!Zf (414,47, 1),

1=0

which has the desired coefficients. It remains only to use (2.1.1) so that one may substitute
[A,A] 4 2[A, @] A db for [A, A]. Substituting in this expression yields

- [ k-1
;ci/slf (A, [A, A]i’Fk—l—i> _ /S1 [;Cz'f(@, A, AT, FE-1-1)
k—1

+ > [2icif (A A, @], [A, AL P

=1

—2(k +i)eif (A, V&, [A, A, F’“‘H)H :
giving the result. =

36



As with (2.1.6), if ¢»: P — Q is a morphism of loop group bundles one has

P Sr(A, @) =S¢V A, D)
for any f € I*(g) so that the total string potential forms are natural.

As some first examples of applications of the total string potentials:

Ezample 2.1.13. Murray and Stevenson [32, Theorem 5.1] obtained a differential form

representative for Killingback’s string class (Example 1.1.13) using the lifting bundle gerbe
of the loop group bundle Q — M. They first gave a curving for this bundle gerbe

B=

2 Sl

(%(A, OA) — (F, q>>>

which is a 2-form on the total space of the LG-bundle 7: Q — M that depends on the
connection A and Higgs field ®. It turns out that there is a closed 3-form H on M such
that dB = 7#*H and the cohomology class of ﬁH is the string class.

Using (2.1.8) on A and ® with f(-,-) := —gkz (-, -) gives
Si(A, @) = —8% 3 (@ F) = § (@, [A A]) + 2(A,[A, B])) + (A, V)
_ —4%2 : ((@.F) — (A 0m)) —d [ s

so that )
Se(A, @) = %B + exact.

Thus, the total string potentials recover the curving of the lifting bundle gerbe of Q — M.

Ezample 2.1.14. Consider the total string potential S¢(Ax, P ) associated to the standard
connection and Higgs field on the path fibration PG — G. Denote by 2: QG — PG the
fibre inclusion (over, say, the identity of G) so that 1*A, = ©, the Maurer-Cartan form
on G, and U(v) := (1*®u.)(7y) = 7 10y for v € QG. Since the forms V®,, and F, are
horizontal, by (2.1.8), the ad-invariance of f and the fact that [©, [0, 0]] = 0 give

[ck_l f ((qz, o, @]’H)

+2(k — D)eg—1f (@7 [©, %], [6, @]k_2> }

B (‘i)k_l w /S ACACKS)D

Notice that this form is closed by Proposition 2.1.11, since 1*7*sf(Ax, Poo) = 0, so it
defines a class in H*(Q2G;R). This construction coincides with Borel’s transgression map
[2, p. 40] for the universal bundle PG — G.

1" S (Aco; Poo) :/

Sl

In the case that G is simply-connected, H*(Q2G;R) is a polynomial algebra on the even-
dimensional classes defined given by pulling back generators of the cohomology of G to
QG x S! by the evaluation map ev: (p,0) — p() and integrating over the fibre. This
process yields precisely the cohomology classes of the forms above [36, Appendix 4.11], so
that the total string forms of the path fibration give generators for the cohomology of QG.
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2.2 String potentials and secondary characteristic classes

The total string potential forms introduced above have a remarkable degree of similarity
to Chern-Simons forms: total string potentials are to string forms as the Chern-Simons
forms are to Chern-Weil forms.

In [10, 11] the Chern-Simons forms were used to construct secondary or differential char-
acteristic classes for G-bundles. There is some disagreement as to the precise meaning
of the phrase ‘secondary characteristic class’ in the literature: in this thesis it is taken
to mean characteristic classes valued in ordinary differential cohomology that are natural
with respect to connection-preserving bundle maps!.

The similarity between the total string potential forms and the Chern-Simons forms leads
one naturally to question to what extent the string potentials may be used to construct
secondary characteristic classes for loop group bundles. This section constructs such classes
in a restricted setting, indicating that a more general construction should be possible.

For this discussion, it is necessary to briefly review the theory of ordinary differential
cohomology. Ordinary differential cohomology is a multiplicative differential extension of
ordinary (smooth singular) cohomology with integer coefficients (see Appendix C for back-
ground on differential extensions). The notion of differential cohomology first appeared in
the guise of differential characters in the work of Cheeger and Simons [10]; there are now
many different models for ordinary differential cohomology, see for example [4, 22].

The sense in which it is meant that a construction is a model for ordinary differential
cohomology is made clear through the following notion of a character functor, introduced
in [37].

Definition 2.2.1. A character functor is a functor F' from the category Man of smooth
manifolds (with corners) to the category AbGrp® of graded abelian groups that is equipped
with a set of natural transformations {i1, 2, 1,02} such that the diagram

0 0

-B

/
N

HF'R/Z H*7,
/ \ ’
HFIR FFk HFR
\ / o1 deR
_ fe— d
QF-1/ar! QF

\
/

0 0

Lin the case where G is a loop group, secondary characteristic classes are required to be natural with
respect to connection- and Higgs field-preserving bundle maps.
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commutes and has exact diagonal sequences. Here, H*R denotes degree k cohomology
with coefficients in the ring R, Q% are the degree k differential forms with integral periods,

HR -2 griryz 2 ghz L gFR

is the Bockstein exact sequence arising from the exact sequence Z — R — R/Z of coeffi-

cients and

1R B Qk_l/ng d Q% deR HFR

is the exact sequence arising from the de Rham theorem. This diagram is called the
character diagram (of the character functor F').

Cheeger-Simons differential characters define such a character functor (for a detailed treat-
ment see [19, Chapter 2] or [10]). All of the models for ordinary differential cohomology
are related by the following key result

Theorem 2.2.2 ([37]). Any two character functors {F iy, i, 61,02} and {F' i}, i}, 81,55}
are equivalent via a unique natural transformation F — F' that commutes with the identity
on all other parts of the character diagram.

Remark 2.2.3. This result may be viewed as a version of the Bunke-Schick uniqueness
result (Theorem C.2.1) for differential extensions of integral cohomology.

The following discussion centres around the original differential characters of Cheeger and
Simons. Fixing a smooth manifold M, define the reduction map

p: C*(M;R) — C*(M;R/Z)
on smooth real-valued singular cochains by setting
p(c)(o) :==c(oc) mod Z

for any smooth singular k-chain o € Cy(M;R), writing ¢ = p(c) for short. Using the
integration pairing, a k-form w € Q¥(M) can be viewed as a real-valued k-cochain so that
one may take the mod Z reduction of w.

Definition 2.2.4 ([10]). The set of degree k differential characters of M is
H*(M) = {x € Hom(Z},_1(M),R/Z) | x 0 d = 1’7; for some Fy, € QF(M)}

and HO(M) := Z. Here, Zy,_1(M) is the group of integral smooth singular (k — 1)-cycles
on M.

Notice that addition on Hom(Z;_;,R/Z) induces a group operation on H*(M) and that
the degree convention used here is not the original one?. Using a chain homotopy between
the wedge product of forms and the cup product of cochains, Cheeger and Simons defined
a graded ring structure on H*(M) := @, H*(M) [10, Section 1], however this structure
is not required in this thesis.

An important property of differential characters is

2compare Definition 2.2.4 with [10, Section 1].
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Theorem 2.2.5 ([10]). There are natural exact sequences
0 — H*"Y(M;R/Z) — H*(M) - QE(M) — 0
0 — QFN(M) /5N (M) — H*(M) > H¥(M) — 0
0 — H*Y(M;R)/H" Y (M) — H*(M) 255 RE(M) — 0
where

RF(M) == {(c,w) € H*(M) x QE(M) | 2(c) = [w] € H¥(M;R)}.

The maps F' and c are the curvature and underlying class morphisms respectively using
the terminology of differential extensions.

As a first step in understanding the relationship between the total string potentials and sec-
ondary characteristic classes, one now constructs degree 1 secondary characteristic classes
for QU (n)-bundles. The reason for considering this very limited setting is that one may
easily construct the desired classes directly from the string potentials, which in this case
are functions that depend only on the Higgs field. Consider the invariant polynomial

1
tr: £ — %tr(f)

for £ € u(n). The total string form of the standard connection and Higgs field on the path
fibration PU(n) — U(n) corresponding to this polynomial is the function

1
Str = Str(Ase, Poo) 1 p — 2/ tr(p~op),
™ ) st

where p € PU(n), so that p~10p € Lu(n). In the case that this function is evaluated on a
closed path in PU(n) one obtains a ‘winding number’
Lemma 2.2.6 ([40]). For any v € QU (n)

1

— | tr(v o) e Z.
5 Jsa r(y" 0v)

Proof. The proof is essentially the same as that of [40, Lemma 3.3]. Recall that there is
an isomorphism
SU(n)xU(1) — U(n)

given by (k,g) — kg. Taking v € QU (n), write (x(0), 2(6)) — ~(#) under this isomor-
phism, so that
Yoy = (k2)0(k2) = 2 T (OK)2 4+ 27102

Applying tr, since K 10k € su(n), one obtains
tr(y10y) = tr(z7102) = n - 27102
It therefore suffices to show that

1 1t
— | 2 loz= / 2(t) R (t)dt € Z
2wt J51 2mi Jo
for any z € QU(1). Notice that the function

f(s) = z(s)telo 2(t) 7L/ (t) dt
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satisfies f(0) =1 and for all s € [0, 1]
f/(S) _ —Z(S)_QZ,(S)GIOS 2(t)"12/(t) dt + Z(S)_2Z/(S)€fos 2() 712 (t) dt _ 0

since /27! + 2(2z71) = 0. Thus f is constant on [0, 1], in particular, f(1) =1 so that
elo 27"z =1= / t)dt € 2miZ

as z(1) = 1. O

The result of Lemma 2.2.6 allows one to understand the behaviour of Si; under the action
of QU(n) on PU(n). Namely, take any p € PU(n) and v € QU(n), then

1 _ 1 _ 1 _
Suli) = 3 [0 (00 0m) = 5 [ w700 + 5= [ wr7n)
_ 1 -1
= Sulp) + 5 [ o).

In particular, modulo Z, - -
Str(pFY) = Str(p)

for all p € PU(n) and v € QU (n). This shows that Sy, descends to an R/Z-valued function,
or R/Z-valued 0-cochain, on U(n). By Proposition 2.1.11 dSy = ev}, str(Aso, Poo) and
so, writing S := Str, one has -

S 00 =5u(Aso, Poo).

Since every smooth singular 0-chain is a cycle, S is a differential character of degree 1 on
U(n). The differential character S now gives rise to a secondary characteristic class for
QU (n)-bundles in the following manner. For any QU (n)-bundle Q — M with connection
A and Higgs field ®, recall the QU (n)-equivariant Higgs field holonomy holg: Q — PU(n),
which preserves the Higgs field but not necessarily the connection. Since the total string
potential Sy (A, ®) = 7= [, tr(®) is independent of A, one has

Str(A, (13) = hOlE) Str

on the nose. The above argument shows that the mod Z reduction Si; (A, ®) of S (A, @)
descends to a differential character S(Q, A, ®) on M. Moreover, if f: P — Q is an QU (n)-
bundle map that preserves the connections and Higgs fields and covers a map f: N —> M,
it is clear from the construction that

F*S(Q.A,®) = S(P, f*A, /),
so that the assignment (Q, A, ®) — S(Q, A, ®) defines a secondary characteristic class.

Remark 2.2.7. Observe that a key step in the construction of the secondary characteristic
classes S (Q, A, ®) above was pulling back by the Higgs field holonomy map, which is not
necessarily connection-preserving. Irrespective of this, however, the resulting differential
characters are natural with respect to connection- and Higgs field-preserving maps so that
they do indeed define secondary characteristic classes.
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Chapter 3

() vector bundles

The focus of this chapter is a certain family of Fréchet vector bundles, which in this
thesis are called Q wvector bundles. In essence, €2 vector bundles are Fréchet vector bundles
with the additional property that the fibres form a smoothly-varying family of finite-rank
modules over LC, the ring of smooth loops in C with pointwise addition and multiplication.

The Q vector bundles are interesting objects because, as demonstrated below, they are
the targets on the infinite-dimensional side of a caloron correspondence for vector bundles
that is naturally related to the based caloron correspondence of Chapter 1 via the frame
bundle and associated vector bundle functors. As is the case for principal bundles, the
caloron correspondence for vector bundles may be enhanced to incorporate connective
data, specificially module connections and wvector bundle Higgs fields (Definitions 3.2.1
and 3.2.8). These data are geometric objects on the total space of an € vector bundle
that respect the LC-module structure on the fibres.

As is the case with finite-rank vector bundles, the collection of €2 vector bundles over a fixed
base manifold M is a monoidal category under the Whitney sum operation @. Passing
to isomorphism classes gives an abelian semi-group and, in the case that M is compact,
the vector bundle caloron correspondence is used to show that the Grothendieck group
completion of this semi-group gives a new model—phrased entirely in terms of smooth
bundles over M—for the odd K-theory of M.

As the name suggests, the notion of €2 vector bundles is used extensively in the construction
of the Q2 model of odd differential K-theory in Chapter 4. As such, this chapter is intended
to provide an in-depth treatment of these objects.

3.1 Preliminaries

Before presenting the definition of € vector bundles, one first fixes some terminology and
notation. In the following, take V' = C" for some n and write G = GL(V) for its general
linear group. The action of G on V is the standard action of GL(V) on V. Unless stated
otherwise, all vector bundles (whether Fréchet or finite rank) and all maps between them
are taken to be smooth. When a base manifold X is given and W is a specified vector
space, W is understood to mean the trivial vector bundle X x W — X.
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The action of a loop v in LG or QG on a loop v € LV is always taken to be the loop
y(): 0 — ~(0)(v(h)) (3.1.1)

in V, where the action on the right hand side is the standard action of G on V. This
is the loop or pointwise representation of LG (or QG) on LV. The group of all C-linear
endomorphisms of LV is denoted GL(LV') and it is clear that QG < LG < GL(LV).

The reader is assumed to be familiar with the notion of the frame bundle F(E) — M of
a vector bundle £ — M as well as the related concept of the associated vector bundle of
a G-bundle, recalling that these assignments are functorial. In particular, if £ — M is a
complex vector bundle of rank n, a frame at x € M is a linear isomorphism C"* — E,.
In the case that E — M is a Fréchet vector bundle with typical fibre LC™ a frame at
x € M is a linear isomorphism LC™ — E, of C-vector spaces. A classical reference on
frame bundles and associated vector bundles is [28].

Having established these fundamentals,

Definition 3.1.1. An Q vector bundle over M is a Fréchet vector bundle E — M with
typical fibre LV and structure group QG*'. Notice that this implies that the frame bundle
F(E) = M of E has a chosen reduction of the structure group from GL(LV) to QG. In
this context, unless explicitly stated otherwise F(E) shall be taken to mean this reduction
rather than the whole GL(LV')-bundle.

Remark 3.1.2. In order to easily distinguish €2 vector bundles from their finite-dimensional
counterparts, similarly to Chapters 1 and 2 the total space of an (2 vector bundle is usually
denoted by a sans-serif character, for example E, F or H as opposed to E, F or H.

It may seem bizarre that in this definition the typical fibre LV is the space of free loops in
V' whereas the structure group QG consists of based loops. The reason for this is explained
in Remark 3.1.5 below.

A direct consequence of Definition 3.1.1 is that the fibres of any 2 vector bundle E — M
naturally have the structure of LC-modules. To see this fix x € M and choose any local
trivialisation

Yot E|y, — Uy x LC"

of E over some open set U, C M containing x. Write C*>°(Uy, LC) for the ring of smooth
maps U, — LC with addition and multiplication defined pointwise and notice that the
set of sections of the trivial bundle U, x LC" — U, is naturally a free, finitely gener-
ated C*°(Uy, LC)-module of rank n. Since v, is C-linear, it induces the structure of a
C*°(Uy, LC)-module on I'(U,, E). Explicitly,

frsiae—= gt (f(2) - Pals(2)))

defines the action of f € C*°(U,,LC) on s € I'(Uy, E). It is straightforward to see that
this makes I'(U,, E) into a C*>°(U,, LC)-module and, moreover, that 1), is an isomorphism
of C*®°(Uy, LC)-modules. In particular, since the isomorphism v, acts fibrewise, the fibre
of E over x becomes an LC-module of rank n.

Lthat is, there is a preferred family of local trivialisations of E for which the transition functions are
valued in QG, which is taken as a subgroup of GL(LV') via the loop representation.
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If +g: E\U[3 — Ug x LC™ is another local trivialisation of E with x € Upg, then on the
intersection U,g := U, M Ug the transition functions 7,4 of E are valued in QG acting via
the loop representation. Thus the map

g otpy " Ung x LC* — Ung x LC™

(@, 0) — (2, Tap(z)(v))

is an isomorphism of C*(U,s, LC)-modules. Denote by T'(U,s, E)(® the set of sections
I'(Uqp, E) with C*°(Uag, LC)-module structure induced by the restriction of 1, to Uag as
above, with I'(Uyg, E)® defined similarly. Then there is the commuting diagram

Ygova

T(Uys x LC™) (U, x LC™)

Ya g

T (Uag, E)@ “

[(Upp, E)®)

of C*(Uap, LC)-module isomorphisms that restrict to isomorphisms of LC-modules on
each fibre. In particular the module structure on I'(Uyg, E) and, hence, the module struc-
ture on E,, is independent of the chosen trivialisation.

Denote by LOj; the sheaf of rings
U+— C>(U, LC)

on M, where the ring structure on C*°(U, LC) given pointwise by the ring structure of LC.
Denote by I'g the sheaf of sections

U +—s T(U,E)

on M. A straightforward extension of the above argument implies that I'g is a locally free
sheaf of modules of rank n over the ringed space (M, LOyy).

Definition 3.1.3. The rank of an 2 vector bundle E — M is the rank of its sheaf of
sections I'g as a sheaf of modules over the ringed space (M, LOyy).

Remark 3.1.4. Given any frame p € F(E),, there is some v € QG such that p = ¢, o7,
where 1), is the local trivialisation of E as above, restricted to the fibre E,. Since vy and ;!
are both isomorphisms of LC-modules, so is p. In general, any LC-module isomorphism
LC" — E, is of the form ! o v for some v € LG.

Remark 3.1.5. Take the 2 vector bundle E — M with typical fibre LV and structure
group 2G. Another consequence of Definition 3.1.1 is that there is an evaluation map on
E. Namely, for each 8 € S' there is a vector bundle Ey — M with rank Fy = dim 'V and
a map evyg: E — FEy of vector bundles covering the identity on M.

The bundle Ej is constructed by first choosing an open covering {Uy, }aer of M over which
there are local trivialisations

Yo: Ely, — Uy x LV
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of E. Then over U,, by evaluating loops in V' at 6 one obtains

Elp, 22 Uy x LV -2 Uy x V

which, by evaluating the QG-valued transition functions of E at 6 gives G-valued functions
over double intersections of the U,. The clutching construction gives a vector bundle
FEy — M with typical fibre V' and structure group G. The vector bundle Fy is independent
of the choices of U, and v, different choices amount simply to different local trivialisations
of Ey. Moreover, the construction determines the map

evyg: E— Fy

of vector bundles, which agrees with the regular evaluation of loops at # in the above
trivialisations. Notice that

e [ is the trivial bundle since the transition functions of E are valued in based loops
in G, in fact Ey has a distinguished global trivialisation; and

e there is a well-defined notion of an element v € E, being zero at # € S'; namely
if evg(v) agrees with the zero section in the fibre of Ey over x. Therefore one may
consistently talk about v € E, as being either zero or non-zero at 6.

It shall be seen as a result of the vector bundle caloron correspondence that there is a
vector bundle over M x S' whose restriction over M x {f} is naturally isomorphic to
FEy: this is the caloron transform of E. This is the reason for specifying that the typical
fibre is the vector space of free loops in V rather than based loops, since in the latter
case one would have Ey = M x {0}, which does not have the same rank as Ey for any
6 € S'\ {0}. The first observation above, which is a direct consequence of the fact that
the structure group is QG rather than LG, implies that there is a distinguished choice of
framing (Definition 3.1.11) of the caloron transform over M.

Some basic examples of €2 vector bundles:

Ezample 3.1.6 (the trivial © vector bundle). The trivial Q vector bundle of type V over
M is LV := M x LV — M. For any x € M the fibre F(LV), consists of precisely those
LC-module isomorphisms ©: LV — LV such that evgoty o1: V — V is the identity, with
1: V — LV the inclusion of constant loops.

Ezample 3.1.7 (the universal Q2 vector bundle). The universal Q vector bundle of type V
is the associated vector bundle? to the path fibration PG — G, denoted

E(V) = PG xqa LV — G.

It is clear that E(V') is universal for £ vector bundles modelled over LV with structure
group QG, since PG is universal for 2G-bundles. The universal property of E(V') can also
be seen as a consequence of the existence of vector bundle Higgs fields (Definition 3.2.1
and Lemma 3.2.6).

There is a pullback operation on €2 vector bundles given in exactly the same way as for
ordinary vector bundles. Namely, if ¢: N — M is a smooth map of manifolds and E — M
is an Q vector bundle, then the regular pullback ¥*E — N (as Fréchet vector bundles) is

*recall that the associated vector bundle to, say, the QGL,(C)-bundle F(E) is F(E) Xagr, () LC",
where the quotient is taken with respect to the QG L, (C)-action (p,v)y := (py,v " (v)).
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an {2 vector bundle since the transition functions of ¥*E are obtained by pulling back the
transition functions of E by 1.

Definition 3.1.8. A morphism from the () vector bundle mg: E — M to the £ vector
bundle 7¢: F — N (with n = rank E and m = rank F) is a pair of smooth maps f: E — F,
f: M — N such that

° 7T|:of:f~’o7rE; and

e for every x € M the restriction f: E, — Ff(;c) is a homomorphism of LC-modules
with the additional property that for any choice of frames p: LC" — E, and
q: LC™ — F o) the composition ¢~ o f o p is given by the pointwise action of
some v € Q2 Mat, ) (C), where Mat,, ,y(C) is the space of m x n complex-valued
matrices with its usual action on C™.

In the sequel, a morphism shall usually be written as a map f: E — F of total spaces that
covers the map f: M — N of base spaces.

An isomorphism of Q vector bundles (based over M) is a morphism f: E — F covering
the identity with the additional property that f is a diffeomorphism and f~': F — E is
also a morphism of € vector bundles covering the identity.

Remark 3.1.9. Any isomorphism f: E — F of 2 vector bundles uniquely determines an
isomorphism F(f): F(E) — F(F) of frame bundles, given simply by postcomposing frames

by f.

Conversely, given an isomorphism g: F(E) — F(F) of the frame bundles then passing to
the associated vector bundles there is an isomorphism

F(E) xaar, ) LC" — F(F) xqar, ) LC"

of  vector bundles given by
[p, v] — [g(p), v].

This determines an isomorphism E — F of € vector bundles, since there are natural
isomorphisms F(E) xqqr, () LC" — E and F(F) xqqr, () LC" — F of Q vector bundles,
ie.

.F(E) XQGL,(C) LC" > [p,v] — p(U) € E.
Thus an isomorphism of 2 vector bundles may be defined equivalently as a map f: E— F
of © vector bundles that induces an isomorphism of frame bundles.

The primary reason for dealing with Q vector bundles, at least initially, is the vector
bundle caloron correspondence. As is the case for principal bundles, the vector bundle
caloron correspondence is best phrased using the terminology of category theory.

Definition 3.1.10. For a fixed manifold M, write Q2Vect(M) for the groupoid which has
as objects the 2 vector bundles E — M. Morphisms are given by isomorphisms of €2
vector bundles covering the identity on M.

Write QVecty (M) for the subgroupoid of 2Vect(M) consisting of those Q2 vector bundles
with typical fibre LV, with its appropriate morphisms.

Observe that the assignments M — QVect(M) and M +— QVecty (M) are functorial,
acting on morphisms by pullback.
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3.1.1 The caloron correspondence for vector bundles

The caloron correspondence for vector bundles is constructed by using the based caloron
transform of Chapter 1 in tandem with the frame bundle and associated vector bundle
functors.

Definition 3.1.11. Let £ — X be a complex vector bundle and let Xy C X be a smooth
submanifold. Then F is framed over Xy if there is a distinguished trivialisation of E over
Xp. This distinguished trivialisation is equivalent to a section sy € I'(Xo, F(E)) of the
frame bundle, called a framing of E over Xy. Thus the frame bundle of a framed vector
bundle is framed (in the sense of Definition 1.2.1).

Remark 3.1.12. Unless stated otherwise, when a framed vector bundle £ — X is said to
have framing sy over Xy, the symbol sy refers to the section of F(E) over Xy determined
by the distinguished trivialisation.

Definition 3.1.13. For a fixed manifold M, let frVect(M) be the groupoid of (finite rank)
complex vector bundles E — M x S that are framed over My := M x {0}. Morphisms in
frVect(M) are vector bundle isomorphisms covering the identity that preserve the framing
over M.

Recall the caloron transform functors C and C~! from Section 1.2. The caloron transform
for vector bundles is the functor

V: QVect(M) — frVect(M)
whose action on objects is given by sending E to
V(E) :=C(F(E)) xgV — M x S*,

where E has typical fibre LV and structure group 2G. The vector bundle V(E) is equipped
with the distinguished trivialisation given by

[so(x,O)g,v] — ((13,0,9(1))) € My xV,

where sg € T'(My,C(F(E))) is the framing arising from the caloron correspondence for
principal bundles. The action of V on a morphism f: E — F in QVect(M) is given by

V(f): la,v] — [(C o F(f)) (@), 0],

which preserves the framing and covers the identity on M x S1, so that V(f): V(E) — V(F)
is indeed a morphism in frVect(M).

The inverse caloron transform for vector bundles is the functor
V7L frVect (M) — QVect(M)
that sends the object E € frVect(M) to the associated vector bundle
VUE):=C Y F(E)) xqg LV — M,

where F has typical fibre V and structure group G. As usual, the action of v € QG on
v € LV is given by the loop representation (3.1.1). The action of V=1 on the morphism
f: E— F of frVect(M) is given by

V) 0] (€710 () @)
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which is a morphism in QVect(M).

Theorem 3.1.14. The caloron correspondence for vector bundles
V: QVect(M) — frVect(M) and V™': frVect(M) — QVect(M)

s an equivalence of categories.

Proof. 1t suffices to show that for each E € QVect(M) and for each E € frVect(M) there
are natural isomorphisms ag: V"1 o V(E) = E and Bg: Vo V™ 1(E) — E.

Recall that for any vector bundle F' (modelled over V' with structure group G) there are
natural isomorphisms

nrry: F(F(F) xgV) — F(F) and np: F(F) xgV — F.

In the first instance, nrr) is defined as the inverse of the map that sends the frame
p: v — p(v) € F, to the frame v — [p,v] and, in the second instance, ng is given by
sending [p,v] — p(v). Moreover, in the case that F' is an  vector bundle, ng is readily
seen to be an isomorphism of € vector bundles. It follows from this and the definitions of V
and V™! that there are natural isomorphisms p: FolV — CoF and v: FoV™! — C 1o F.

The natural isomorphism ag is given by composing

1 i
Vo V(E) = CHF(E)) xag LV <M o=1(e(F(E))) xaa LV
with
1 lar(E)»id]
C (C(]:(E))) XQa LV ——m—— ./_"(E) XQa LV
and

F(E) xqa LV —E5 E,

where azg): C' o C(F(E)) — F(E) is the natural isomorphism of Theorem 1.2.3. Note
that each of the above maps is a natural isomorphism so that ag is also.

The construction of g is entirely analogous, noting in this case that the framing is
preserved. ]

From this proof it is also seen that

Corollary 3.1.15. The diagrams of functors

QVecty (M) > Bungg(M) frVecty (M) > frBung (M)
% C and y—t c!
frVecty (M) = frBung (M) QVecty (M) z Bungg (M)

both commute up to natural isomorphism.

Proof. The natural isomorphisms are p for the diagram on the left and v for the diagram
on the right. 0
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The functors V and V~! may be described heuristically in more concrete terms as follows.
By Theorem 1.2.3, up to isomorphism the frame bundle F(E) of E € QVecty (M) may be
regarded as loops in some P € frBung(M). That is

F(E), 2To({z} x S, P)

for any x € M, where the subscript 0 denotes that the sections agree with the given section
of P over M x {0}. The evaluation map evy of Remark 3.1.5 then acts as

evy: [p,v] — [p(0),v(0)]

where the image lies in the fibre of the associated vector bundle P xg V over (z,6). Thus
(up to isomorphism) V(E) — M x S! is the vector bundle whose restriction to M x {6} is
eVg(E) — M.

There is also a more direct description of V=1 that is useful in the sequel. Recalling the
construction of the inverse caloron transform C~!, in particular the map n of (1.1.1), notice
that

CH o F(E) = 11" (Quy (i) F(E))

so that a point ¢ in the fibre of C™1 o F(E) over x € M is precisely a smoothly-varying
assignment of a C-linear isomorphism gp: V' — E, gy for every 0 € S1. Consider the Q
vector bundle n*LE — M, which has frame bundle " (€, () F (E)) — M. There is a
natural isomorphism

\g: V' YE) —~= n*LE (3.1.2)
given by sending [g,v] € V™1(E) to the loop

q(v): 0 — q(0)(v(0)) € E(g)-

In particular, Ag is a fibrewise LC-module isomorphism that allows one to interpret V!
as a sort of looping operation on framed vector bundles.

3.1.2 Operations on Vect

This section describes some adaptations of familiar operations on vector bundles, such as
the direct sum and tensor product, to the setting of ) vector bundles. These operations on
QVect(M) are first constructed using the caloron correspondence of Theorem 3.1.14—in
order to easily obtain information such as coherence diagrams and associators—then they
are described in concrete terms.

In order to apply the caloron correspondence, however, one must understand how framings
on framed vector bundles behave with respect to direct sums and tensor products. Take
two vector bundles E, F — M with respective ranks n and m that are framed over M by
the sections so € I'(Mp, F(E)) and ro € I'(My, F(F')) respectively. Observe that any local
section s € T'(U, F(E)) corresponds to a local trivialisation s™': E|y — U x C", where
s~Y(e) := (z,s(x)"1(e)) for e € E,. Thus the direct sum of so and rq is the framing on
E @& F corresponding to the trivialisation

(v,w) —> (sal(v),ro_l(w)) eC'eoC™.

This framing turns £ @ F into a framed vector bundle and it is easy to see that this framed
direct sum operation @ determines a monoidal product on frVect(M).
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In a similar fashion, the standard tensor product operation ® on vector bundles gives a
monoidal structure on frVect(M). The tensor product of the framings so and g is the
framing on E ® F' corresponding to the trivialisation that acts on homogeneous elements
by

v Wt (s5(v) @1yt (w)).

Here t: C" @ C™ — C™*™ is the isomorphism that acts on products of the standard basis
vectors by
€e; &® ej — e(i,l)mﬂ-.

As with the framed direct sum operation, the framed tensor product ® defines a monoidal
product on frVect(X).

The monoidal products @ and ® on frVect(M) induce monoidal products on QVect(M)
via the caloron correspondence. For any E,F € QVect(M ), the direct sum of E and F is

EQF:=V Y (V(E) @ V(F)).

That the bifunctor @ is a monoidal product on QVect(M) comes from applying Theorem
3.1.14 to the coherence diagrams of the framed direct sum operation & on frVect(M).

Lemma 3.1.16. For any E,F € QVect(M) and x € M there is a natural LC-module
isomorphism
(E D F)x SEAEN E;: ®rc Fs

that varies smoothly with x € M. In particular E®F is naturally isomorphic to the reqular
Whitney sum of E and F as § vector bundles.
Proof. Comparing with the observation following Corollary 3.1.15 and using the natural
isomorphisms ag and af of Theorem 3.1.14, there are natural isomorphisms

E. — T'({z} x SY,E) and F, == T'({z} x S, F)

of LC-modules that depend smoothly on € M, where E = V(E) and F = V(F) are the
caloron transforms. By the same argument there is also a natural isomorphism

(E®F), —T{z} xSLE®F)
depending smoothly on =z.
It remains only to notice that there is a natural LC-module isomorphism
F{z} x SL,E@ F) == T({z} x SY, E) ®rc T({z} x S*, F)

induced by the projection maps. O

Similarly, the honed tensor product E® F of E,F € QVect(M) is defined as
E®F: =V (V(E) @ V(F)).

As with the direct sum operation on QVect(M), the fact that ® is a monoidal product
comes directly from the caloron correspondence. Notice that the honed tensor product
is not the same operation as the standard fibrewise tensor product ® on QVect(M). As
the name suggests, the honed tensor product is a finer operation: supposing that E, F are
respectively modelled over LV and LW, then E ® F has typical fibre L(V ® W) instead of
the larger space LV ® LW.
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Lemma 3.1.17. For any E,F € QVect(M) and x € M there is a natural LC-module
isomorphism
(E ® F)a: — E: ®rcFa

that smoothly varies with x.

Proof. As in the proof of Lemma 3.1.16, there are natural LC-module isomorphisms
E. — T({z} x S", E) and F, ——=T({z} xS F)

that depend smoothly on x € M, where E = V(E) and F' = V(F). Similarly, there is a
natural isomorphism
(E®F), —T'({z} x SL, E® F).

There is also a natural isomorphism of LC-modules
F{z} x SL,E® F) == T{z} x S, E) ®rc T({z} x S1, F)

from which the result follows. O

Remark 3.1.18. Notice that frVect(M) is a bimonoidal category with respect to @ and ®,
i.e. ® distributes over & up to natural isomorphism. Applying the caloron correspondence
implies that QVect(M) is a bimonoidal category with respect to @ and ®. As a result,

the assignment
M — QVect(M)

may be viewed as a contravariant functor
OVect: Man — BimonCat

from the category of smooth manifolds to the category of bimonoidal categories, where
the action of (QVect on morphisms is given by pullback.

Importantly for the discussion of Hermitian structures on €2 vector bundles in Section 3.3
there is also a dual operation in QVect(M). The dual operation sends the € vector bundle
E — M with typical fibre LV to an € vector bundle E* — M with typical fibre L(V*),
where V* is the dual of the finite-dimensional vector space V. The dual E* is defined
using the machinery of associated vector bundles, however it is shown below that E* is
equivalently given by taking the fibrewise dual of E with respect to LC.

To see how this works, take the {2 vector bundle E — M with typical fibre LV and
structure group QG. An element v of LG or QG acts on A € L(V*) by

Y(N): 6 — A(B) oy L(6), (3.1.3)

this is the dual loop or dual pointwise representation (cf. (3.1.1)). The notation LG, QG
denotes LG or G respectively acting in the dual loop representation. The honed dual E*
of E is defined as

E* := F(E) xqg L(V™).

As with the honed tensor product, the honed dual is a finer operation than simply taking
the regular dual of E as a Fréchet vector bundle since it respects the LC-module structures
on the fibres.
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Lemma 3.1.19. For any E € QVect(M) and x € M there is a natural LC-module iso-
morphism
Er —— Hompc(E,, LC).

Proof. For any x € M, by definition one has E} := F(E), xgg L(V*). Any element
[f,A] € E} determines an LC-module homomorphism E, — LC by sending v € E, to the
loop

6 — A(O) (£ (0)(6)
in C, noting that this is well-defined. This gives a homomorphism EX — Hom¢(E;, LC)
of LC-modules.

Suppose that for every v € E, and 6 € S!
AB) (7 ()(8)) = 0.

As f is an LC-module isomorphism LV — E, one must have A = 0 so that [f, A] coincides
with the zero section over x. Therefore the map E} — Hompc(E,, LC) is injective.

To see that this map is surjective take any o € Homc(E,, LC), so that for any f € F(E),
the composition o o f: LV — LC may be viewed as an element of L(V*), since f is an
LC-module isomorphism LV — E,. Then for any v € E,

0 — o (v)(8) = (a0 f)(O)(f(v)(9))

is the image of [f, o o f] € EX, which proves surjectivity. O
From this it follows that

Corollary 3.1.20. There is a ‘dual pairing’
E ® E* — &7

which is a homomorphism of  vector bundles.

Proof. This is an immediate consequence of the canonical pairing
E; ®rc Homyc(E,, LC) — LC
and of Lemmas 3.1.17 and 3.1.19. O

More generally, given two objects E,F € QVect(M) modelled respectively over LV and
LW with structure groups QG and QH (acting by the loop respresentation) one may define
an 2 vector bundle Homyc(E, F) € QVect(M) using the clutching construction as follows.
Suppose that {U,} is an open covering of M over which E and F are both trivialised with
transition functions 7,5 and wvag respectively. Transition functions for Homyc(E,F) are
given on Uyg := U, N Ug by

Uap x Hompc(LV,LW) — U,p x Hompc(LV, LW)
(2, A) — (2, Tap - A - Vgq).
In this manner, Hom/¢(E,F) becomes an Q vector bundle over M with typical fibre
Homyc(LV,LW) = LHomc(V,W) and structure group Q(G x H) = QG x QH. The

frame bundle of Homyc(E,F) is isomorphic to the fibre product F(E) x s F(F) and, by
construction,
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Lemma 3.1.21. For any E,F € QVect(M) and x € M there is a natural LC-module
isomorphism
Homc(E,F), — Hompc(Eg, Fy)

that smoothly varies with x.

This gives an alternative way to obtain the honed dual and Corollary 3.1.20.

3.1.3  vector bundles and LC*>(M)-modules

In this section, the caloron correspondence for vector bundles is used to obtain a convenient
global algebraic description of 2 vector bundles. Specifically, one proves an adaptation of
the well-known Serre-Swan Theorem that states that €2 vector bundles based over compact
M are equivalent to finitely-generated projective modules over the ring LC*° (M) of smooth
maps M — LC (with ring operations defined pointwise®). Notice that LC>(M) is, in fact,
a Fréchet space: this is one reason for requiring that M be compact.

This algebraic description of 2 vector bundles comes about as a direct consequence of the
fact that there is an isomorphism

LC®(M) — C>°(M x S*;C) (3.1.4)
of Fréchet spaces respecting the ring structure. This isomorphism is given by sending
7 € LC®(M) to r € C®°(M x S';C) with

7 (x,0) — 7 (x)(0),

i.e. the set-theoretic caloron correspondence (I.1).

Theorem 3.1.22. For any E € QVect(M) the set of global sections T'(E) of E is a finitely-
generated projective LC* (M )-module.

Proof. Write E := V(E) — M x S! for the caloron transform of E, with 7 the projection
E — M x S' and let rank E = rank £ = m, say. Recall that the smooth Grassmannian
manifolds

Gr,, (CF) := {W c C* | W is a subspace and dim W = m}

come equipped with smooth vector bundles v™(CF) — Gr,,(C¥), where
A™(CF) := {(v,W) | v € W and W € Gr,,(C¥)} € C¥ x Gr,,(CH),

and that the Gr,,(C¥) are n-classifying for complex vector bundles of rank m, i.e. for any
n there is some k depending on m and n such that every complex vector bundle £ — X
of rank m with dim X < n is isomorphic to a pullback of v™(CF) by some continuous
map X — Gr,,(CF) that is unique up to homotopy (see, for example, [31, Section 5]).
Observe that the vector bundle 4(C*) — Gr,,(C¥) has a canonical framing over the

point zp := span{ey,...,ey} € Grp, ((Ck) corresponding to the trivialisation
m m
(Z f’ei,x()) b (mo,ZfleZ) € {zo} x C™,
i=1 i=1

3it is perhaps more appropriate to define LC™ (M) as the ring resulting from applying the looping
functor to C*°(M;C); however these definitions are readily seen to be equivalent with the help of the
set-theoretic caloron correspondence (I.1).
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where e; denotes the i-th standard basis vector in C™.

The strategy of this proof is to first construct a map of vector bundles f: E — ’ym(Ck)~
that covers a smooth map f: M x S — Gr,,(C*) and preserves the framing so that f
is constant on My = M x {0}: this implies a canonical isomorphism E = f*y™(CF) of
bundles framed over My. To construct such a map f, note that E is trivial over My and
hence trivial over some (open) tubular neighbourhood T of My in M x S*, where one may
choose a trivialisation ¢: E|p — T x C™ that agrees with the distinguished trivialisation
(i.e. framing) of E over Mj.

Proceeding as in the proof of [31, Lemma 5.3], let T, Uy, . .., U, be a covering of M x S* by
open sets over which F is trivial, noting that this requires the compactness of M. Without
loss of generality, one may suppose that My is not contained in any of the Uy,...,U,.
Write Uy := T and take open sets Vj, ..., V, covering M x S' such that V; C U; for each
i=0,...,r and My C Vp. Similarly, take Wy, ..., W, covering M x S! with W; C V; and
My C Wy.

Now let g;: M x S — R be a smooth bump function taking the value 1 on W; and the
value 0 outside of V;. Since FE is trivial over each of the U;, there are smooth maps

t;: E‘Ui — Cc™

that restrict to linear isomorphisms on each fibre. Using the above trivialisation ¢ of E
over T, one may suppose that for every x € M, ty(€;(x,0)) = e; is the i-th standard basis
vector of C™, where the €; are the sections of E over My determined by the framing.
Define the maps T;: £ — C™ by

0 if Vi
Tife) = ifm(e) ¢
oi(m(e))ti(e) if w(e) € U;
noting that the T; are smooth and linear on each fibre and that for every z € M
A 0 ifj#0
T](el(x70)) - e
e, ifj=0.

Now define the smooth map

fiE—C"®. .-@Cmxclthn
—_——

r 4+ 1 times

by f(e) := (Ty(e), Ti(e), ..., Tr(e)), noting that f is linear and injective on each fibre.
Taking k = (r + 1)m, the map f: E — y™(CF) given by

~ ~

1) = (F(e), ] (Bx) )
is a smooth vector bundle map. Additionally, for any x € My, by construction one has
f(@i(w,0)) = (es,0) € 7™ (CF)yy

so that f preserves the framing. Thus f covers a smooth map f: M x S' — Gr,,(CF)
that sends My to xo and there is a canonical isomorphism E 2 f*4™(CF) that preserves
the framing.
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Recall that there is a diffeomorphism Gr,,(C¥) — Grj_,,(CF) given by sending the sub-
space W € Gr,,(CF) to its orthogonal complement W+ € Gry_,,(C¥). Thus Gr,,(CF)
comes equipped with another smooth vector bundle v*~(C*) — Gr,,(C*), where the
projection is given by (v, W+) +— W. Observe that v*~™(C*) — Gr,,(CF) also has a
canonical framing over the point 2o € Gr,,(C¥) corresponding to the trivialisation

k k
< > fieial'OL> — <$0, > fiez'> € {zo} x C™,

i=m-+1 i=m-+1

and moreover that the framed vector bundle y™(C*) @ ~*=™(CF) is isomorphic to the
trivial bundle of rank k over Gr,,(C*) with its obvious framing over xg.

Now, the pullback F := f*vk_m(Ck) — M x S! has a canonical framing over My and by
virtue of its construction there is a smooth isomorphism E @ F — CF of framed vector
bundles. Write F := V~1(F), so that taking the caloron transform and applying natural
isomorphisms as necessary gives an isomorphism

EdF " LCF

of Q vector bundles over M. Notice that I'(LCF) is a finitely-generated free module of
rank k over LC™ (M), with basis at x € M given by &;(x): 0 — e; with e; the canonical
basis for C¥. In particular, I'(E) @ T'(F) and T'(LCF) are isomorphic as LC> (M )-modules
(the module structures on I'(E) and I'(F) having been previously established). Thus

I(E) & T'(F) = I'(LC") = LC®(M)*,
which shows that I'(E) is a finitely-generated projective LC>(M )-module. O

There are two immediate consequences of this proof:

Corollary 3.1.23. Every  vector bundle E — M, with M compact, has an inverse,
i.e. there is some Q vector bundle F — M such that E ® F is trivial.

Corollary 3.1.24. If M is compact, then for any framed vector bundle E — M x S*
of rank m there is a smooth map M x S* — Gr,,(C¥) for some k that sends My to the
basepoint of Gr,,(CF) with the additional property that E and f*y™(C¥) are isomorphic
as framed vector bundles over M x St.

The converse to Theorem 3.1.22 also holds, giving the  vector bundle version of the
Serre-Swan Theorem:

Theorem 3.1.25. An LC*(M)-module P is isomorphic to the set of sections I'(E) of
some € vector bundle E over M if and only if P is finitely-generated and projective.

Proof. One direction is Theorem 3.1.22. For the other direction, one closely follows the
proof of [34, Theorem 11.32].

Suppose that the LC*(M)-module P is finitely-generated and projective. Up to isomor-
phism, the free LC®(M)-module on k generators is I'(LCF) and hence, for some k, there
is an isomorphism

¥: P Q — I'(LC)
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for some LC>(M)-module Q. Let ev, be the evaluation map at € M and define

Py = {evzot(p) | p € P}

with @, defined similarly. As all of the maps involved are LC*°(M )-homomorphisms, P,
and Q, are C-linear vector subspaces of LC*. One proceeds now by showing that the P,
are the fibres of some () vector bundle P over M.

First take any v € LCF and choose s € I'(LCF) extending v, i.e. s(z) = v. Then
s = ¢¥(p + q) for some unique p € P and ¢ € @ and hence s(z) = v € P, + Q,, which
shows that P, + Q, = LCF.

Suppose that v € P, N Q, so that v = ev, 0y (p) = ev, 01 (q) for some p € P and g € Q.
Writing (p) and 9(g) in terms of the standard basis elements &; = v (p; + ¢;) of I'(LCF),

one obtains
k

k k

G(p) — () =Y flei =Y f )+ Y fe(a)
i=1 i=1 i=1

for some f1,..., f¥ € LC(M). The functions f* € LC must vanish at 2 and by the direct

sum decomposition of I'(LCF)

k
b(p) = Fe(p),
=1

so that v = ev, 0 (p) = 0. This shows that LC* = P, @ Q..

It remains to show that the vector spaces P, determine an €2 vector bundle. Fix x € M
and # € S and set P, (0) := evy(P,), so that P,(0) ®Q.(#) = C¥ as C-vector spaces. This
gives an isomorphism P, () = C*®9) for some n(z,6) < k. Now choose py, . .. s Pn(z,0) € P
such that the ev, ot (p;) form a basis for P,(). Since the v (p;) are smooth sections of
LC*, n(z,0) = dim P,(#) is an upper semi-continuous function of 2 € M and 6 € S'.
The same holds for dim @, (0), so since dim P,(0) + dim Q. (0) = k is constant, dim P, (0)
is a locally constant function of x and 6. In particular, there is some n < k such that
P, =2 LC™ as LC-modules for all x € M.

For a fixed x € M choose n elements vq,...,v, generating P, as an LC-module, so
that the evy(v;) form a basis for P,(0) for all # € S' with the additional property that
evo(v;) = e;, with {e;}!; the standard basis of C". Choosing p1,...,p, € P such that
v; = evzo1)(p;), by compactness of S one may find a neighbourhood U of x in M such
that the vectors v;(z,6) := evgoev, o1(p;) are linearly independent elements of P,(#) for
all (z,0) € U x S*. Writing v;(2): 6 — v;(2,6), the map

n n

S fio s (z,szzm@)

i=0 i=0

gives a local basis for the family of LC-modules P, that depends smoothly on x. Thus
the family P, determines an open covering of {Uy }acr of M over which there are trivial 2
vector bundles. Moreover, by construction these trivial {2 vector bundles patch together
on double overlaps of the U, via LC-module isomorphisms that correspond to the action
of elements of Q2GL, (C). This determines an 2 vector bundle P — M of rank n whose
fibre over x € M is P,.

By the construction of P, the map ¢): P — I'(P) is an injective homomorphism of LC> (M )-
modules. Take sp € I'(P) and identify with the corresponding element s € T'(LCF) so that

o7



s = ¢¥(p + ¢) for some unique p € P and ¢ € Q. Applying ev, to this equation gives
evy ot (q) =0 for all z € M so that ¢ = 0 and sp lies in the image of v, in particular v is
an isomorphism of LC*>(M)-modules. O

This section is concluded by recording a relationship between the sections of E € frVect(M)
and its caloron transform E € QVect(M ). This relationship can be thought of as the vector
bundle version of (1.1.2) and is crucial to the constructions of Section 3.2.

Proposition 3.1.26. For each E € frVect(M), there is a natural isomorphism
pg: T(E) — T(E)

of LC>(M)-modules, where E := V~1(E).

Proof. Recalling the map 7 of (1.1.1), each section s € I'(E) may be viewed as a section
s e I'(n*LE) via

3(x): 60— s(x,0)
and conversely. Moreover, the assignment s — § is an LC*(M)-module isomorphism

so that composing with the map AEl of (3.1.2) gives an LC*(M )-module isomorphism.
Denote by pg this composition. O

There is a similar map pg corresponding to each E € QVect(M). In this case, write
E :=V(E) and set ug = ag o ug where ag is the natural isomorphism of Theorem 3.1.14.
Then this is an isomorphism

pe: T(E) — I'(E)
of LC*>(M )-modules.
One occasionally also requires local versions of the maps pr and pg. It is readily seen
from the argument of Proposition 3.1.26 that for every U C M there are isomorphisms
pe: T(U x SYE) — T(U,VY(E))
pe: T(U x SYV(E)) — I'(U,E)

of LC*>(U)-modules. Whether the local or global versions of ug and pg are used depends
on the context.

3.2 Higgs fields and module connections

As in the case for principal bundles, there is a refinement of Theorem 3.1.14 incorporating
connective data that greatly increases the utility of the vector bundle caloron correspon-
dence. This geometric vector bundle caloron correspondence can be obtained directly by
applying the frame bundle functors to C and C~! (as with the construction of V and V1);
however it is perhaps more illuminating to see how the geometric data behaves directly.

To begin with, one must first define the appropriate connective data.
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Definition 3.2.1. Let E — M be an Q vector bundle. A (vector bundle) Higgs field on E
is a smooth vector bundle endomorphism ¢: E — E covering the identity such that

o(fv) = fo(v) +9(f)v
for all f € LC and v € E. The map 9 is the derivation

. of
8.f%>39

on LC and juxtaposition denotes the product given by the LC-module structure on the
fibres. Write Hg for the space of Higgs fields on E, which is an affine space modelled over
the vector space of sections of Hompc(E, E).

Ezample 3.2.2 (the trivial Higgs field). The trivial Q vector bundle LC*¥ — M has a
canonical Higgs field called the trivial Higgs field, namely

0: (z,v) — (x,gZ)

Ezample 3.2.3. Recall from Example 3.1.7 the universal Q vector bundle E(V) — G of
type V. Using Lemma 3.2.5 below applied to PG equipped with the standard Higgs field
® ., gives a vector bundle Higgs field ¢y called the standard Higgs field for E(V').

Similarly to Lemma 1.1.7 on the existence of Higgs fields on principal bundles, one has

Lemma 3.2.4. FEvery Q) vector bundle E — M has a Higgs field.

Proof. A convex combination of Higgs fields is again a Higgs field. The result follows from
the fact that E is locally trivial and since M admits smooth partitions of unity. O

As the name might suggest, there is an important relationship between principal bundle
Higgs fields and vector bundle Higgs fields:

Lemma 3.2.5. Higgs fields on the Q) vector bundle E — M are in bijective correspondence
with Higgs fields on the frame bundle F(E) — M.

Proof. Suppose that rankE = n. Let ¢ be a Higgs field on E and suppose that over the
open set U, C M there is a framing

a: Uy x LC" — Ely,,

so that « is an isomorphism of LC-modules on each fibre over U,. This amounts to having
n sections &; € I'(U,, E) that form a basis for the LC-module structure of each fibre of E
over U,. Fixing z € U,, take any v = f'¢; € E, (with summation over repeated indices
understood) so that

¢(v) = f'o(&) + A(f')é:.
Write ¢(&;) = @(a)géj, where <I>g € LC for each 4,7 =1,...,n, then

$(v) = (Of7 + flo(a))) e;.
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Y N
Now, g = Lie(G) = End(C") so that the data {@(a)ﬂ- } . determine a map
Z?J:

d(a): S' — Lg
by sending € to the matrix whose (i, j)-th entry is @(a)f(@).
If
ﬁ: Ug x LC" — E|UB

is another such local framing of E then on U, one has oo = 3 o 7,4 for some 7,4 valued in
QG. As before, write f; for the basis for the LC-module structure given by the framing 5.
Then

éz‘ == (Taﬂ)gfja
with (Taﬂ)g’(e) the (7,7)-th component of 7,3(6) € G. Choosing any = € U,g and any
element v = f'&; = f!(7,p)}f; € E; one obtains
6(v) = (o F1(rap)] } + F(rap) @ (BYL)
= (017)8; + 1 (0(7ap)])Ej + [ (7ap)F B(B)LE;.
Comparing this with the above expression yields
D(a) = 7;618(7'&5) + ad(T;ﬁl)@(ﬂ).

The data {®(«)} define a Higgs field ® on F(E) as follows: given a frame a € F(E),
choose some local framing « of E extending a. Then take ®(a) to be the restriction of
® () to the fibre of E over z, noting that this is independent of the chosen extension of a.
Since the action of QG on F(E) is given by precomposition, the above equation implies
that if b = R, (a) for some v € QG then

©(b) = ad(y"")®(a) +77 'y

which is the required twisted equivariance condition. It remains to notice that the map
®: F(E) — Lg is indeed smooth, since ¢ is. It is evident from this argument that ¢
uniquely determines ® and conversely so the result follows. O

Many of the operations on {2 vector bundles may also be adapted to Higgs fields. The first
of these operations is pullback: given an ) vector bundle E — M equipped with Higgs
field ¢ and a smooth map f: N — M, one may define the pullback f*¢ as the unique
Higgs field on f*E that acts on pullback sections f*s by

(f*¢) (f7s) := f*(¢(s))

for any section s of E. It follows from the argument of Lemma 3.2.5 that the Higgs field
on F(f*E) corresponding to f*¢ is the pullback of the Higgs field on F(E) corresponding
to ¢. In the case that f: F — E is an isomorphism of € vector bundles

fro:=f"togolf.

The direct sum and honed product of €2 vector bundles also extend to Higgs fields. If
E — M and F — M have Higgs fields ¢ and 1 respectively, then via the identification of
Lemma 3.1.16 the formula

(0@ v)(v,w) = ($(v), ¥ (w))
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defines a Higgs field on E & F, called the direct sum of ¢ and 1. Similarly, using the
identification of Lemma 3.1.17

(p®Y)(v@w) :=d(v) ®w+v X Y(w)

defines the product Higgs field on E ® F, the products ® above understood to be over the
ring LC.

As in the principal bundle case, there is a notion of the holonomy of a Higgs field ¢ on
E — M. Writing ® for the Higgs field on F(E) associated to ¢ via Lemma 3.2.5, the
holonomy of ¢ is simply the homomorphism of €2 vector bundles

h01¢: JT(E) xXaoa LV — E(V)

that sends
holy : [p, v] = [hols(p), v],

noting that this is well-defined. As in the case of 2G-bundles, hol, descends to a map
holy: M — G (in fact, holy and hole agree as maps M — G) so that

Lemma 3.2.6. The holonomy map holy is a smooth classifying map for E.

Remark 3.2.7. Comparing with the discussion preceding Proposition 1.2.10, one can also
see that, up to isomorphism, the pullback Higgs field holé‘, ¢y coincides with the original
Higgs field ¢ on E.

The second geometric datum required for the geometric caloron correspondence for vector
bundles is a module connection, which is a connection on the €2 vector bundle E — M that
respects the LC*° (M )-module structure. First notice that for any E € QVect(M) there is
an absorbing isomorphism

meg: Q.(M; L(C) ®LC<>0(M) P(E) — Q.(M) & P(E)
This is simply the natural map
(Q*(M) ® LC®(M)) ®@pcoo(ary T(E) —— Q°(M) @ T'(E)

since by definition Q°*(M;LC) = Q*(M) ® LC*°(M). The unadorned tensor products
above are understood to be over the ring C*>°(M;C) and the map mg may be thought of
as absorbing all of the S! dependence of an LC-valued form into the I'(E) factor.

Definition 3.2.8. A connection A: T'(E) — Q! (M)®TI'(E) on the Q vector bundle E — M
is a module connection if for all z € LC*°(M) and v € T'(E)

A(zv) = zA(v) + me(dz @ v)
where dz € Q'(M; LC) is the standard exterior derivative of z.

Remark 3.2.9. In this thesis, module connections are commmonly denoted by A (rather
than the more standard notation V for a connection) in order to emphasise the fact that
they are module connections. This notation also helps one to differentiate between a
module connection and its caloron transform.
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Ezample 3.2.10 (the trivial module connection). The trivial  vector bundle LC* — M
has a canonical module connection, namely

§: v —> mpcr(dv)
for v € T'(LC*). This is the trivial module connection.

Ezample 3.2.11. Using Lemma 3.2.13 below applied to PG equipped with its standard
connection Ay, gives a module connection Ay on E(V) — G, called the standard module
connection.

The existence of module connections is guaranteed by

Lemma 3.2.12. Every ) vector bundle M has a module connection.

Proof. A convex combination of module connections is again a module connection. The
result follows from local triviality since M admits smooth partitions of unity. O

Similarly to the relationship between Higgs fields on E and its frame bundle F(E), there
is a relationship between module connections on E and principal connections on the frame
bundle F(E). This relationship reflects the fact that the structure group of E is QG instead
of the larger group GL(LV):

Lemma 3.2.13. Fiz an  vector bundle E — M with typical fibre LV and structure
group QG. Module connections on E are in bijective correspondence with LG-connections
on F(E).

Proof. Let rank E = n. Let A be a module connection on E and suppose that
a: Uy x LC" — E|y,

is a framing over the open set U, C M, so « is an isomorphism of LC-modules on each fibre
over U,. As in the proof of Lemma 3.2.5, let &; € I'(U,, E) be the sections corresponding
to a. Then for any v € I'(U,, E), observe that v = f&; for some f!,..., f* € LC so that

A(v) = FIA(&) + me(df' @ &)

since A is a module connection. Write A(&;) = (Aa)géj, where (A,)! € QY(U,, LC) for
t,7=1,...,n. Thus

A(v) = f'(Aa)l&; + me(df' ® &).

7

Recalling that g = Lie(G) = End(C"), the collection {(Aa)]}n , determines an Lg-
Z7‘7:
valued 1-form A, on U,.

I
B: Ug x LC" — E|y,

is another such framing then on U,g := U, N Ug one has a = § o 7,4 for some 7,5 valued
in QG. As before, write f; for sections corresponding to the framing 8. Then

&; = (Tap)if;
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with (Taﬁ>gi S! — C the map given by taking the (i, j)-th component of 7,5: S' — g.
Now take any v = f'&; = f(1ap) f; € T(Uap, E) so that

AW) = f'(rap)i (As)ti + med(f (rap)) @)
= ["(1ap)! (Ag)SEk + me(df' ® &) + f'me(d(Tap)] @ 1))

Comparing this with the above expression yields

Ay = T;BIdTaﬁ + ad(rgﬁl)AB,
which is precisely the local transformation law for an LG-connection on F(E). Thus the
data {A,} are the local connection 1-forms of an Lg-valued connection A on F(E) (i.e.
a*A = A,, with a viewed as a local section of F(E)). This argument also shows that
module connections on E uniquely determine LG-connections on F(E) and conversely. [J

Remark 3.2.14. The curvature of the module connection A is the Lg-valued 2-form defined
by its action on the section s € I'(E) as

R(X, Y)S = AxAyS — AyAXs — A[X7y]8

for tangent vectors X and Y to M. If A is the principal connection on the frame bundle
corresponding to A and F = dA + %[A, A] is its curvature form, then by a straightforward
adaptation of the standard argument (for finite rank vector bundles) one may show that
R=F.

Remark 3.2.15. Notice that Lemma 3.2.13 is phrased in terms of LG-connections on F(E)
rather than (2G-connections. This is because, via the clutching construction for example,
F(E) may be taken to be an LG-bundle.

Definition 3.2.16. A module connection A on E is based if the corresponding connection
form A on F(E) is an QG-connection. The space of all based module connections on the
Q vector bundle E — M is denoted Mg and is an affine space modelled over Q'(M;Qg).

Given an ) vector bundle E — M equipped with (based) module connection A and a
smooth map f: N — M, one may define the pullback f*A as the unique (based) module
connection on f*E that acts on pullback sections f*s by

(f*A)x (f*s) = " (Agrx)s)

for any section s of E and vector field X on N. Observe that not every section of f*E is
a pullback; however it is sufficient to define f*A on pullback sections since these deter-
mine local frames for f*E. It is straightforward to verify that the connection on F(f*E)
corresponding to f*A via Lemma 3.2.13 is given by pulling back the connection on F(E)
corresponding to A. In the case that f: F — E is an isomorphism of 2 vector bundles,

fA = (ideof)Af
omitting composition signs.

If E—+ M and F — M have module connections A and A’ respectively, then via the
identification of Lemma 3.1.16 the formula

(A®A)(v,w) = (Av, A'w)
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defines a module connection on E @ F called the direct sum of A and A’. Similarly, using
the identification of Lemma 3.1.17 the formula

(A@A’)X(v®w) = A){U@'LU‘FU@AIXU}

defines the product module connection on E ® F where, as was the case for Higgs fields,
the products ® above understood to be over the ring LC and not C. If A and A’ are
based, so too are their direct sum and product.

Definition 3.2.17. Let QVect®(M) be the groupoid whose objects are triples (E, A, ¢)
where E € QVect(M) and A, ¢ are respectively a based module connection and Higgs field
on E. Morphisms of QVect®(M) are the morphisms of QVect(M) respect the additional
data.

Write QVect{, (M) for the subgroupoid of QVect®(M) consisting of those €2 vector bundles
over M with based module connection and Higgs field that are modelled over LV, with
its appropriate morphisms.

As with QVect, one may view the assignment
M — QVect(M)
as a contravariant functor
QVect®: Man — BimonCat

acting on morphisms by pullback.

3.2.1 The geometric caloron correspondence

One now has almost all of the machinery required for the geometric caloron correspondence
for vector bundles. The only notion not yet defined is a special class of connections that,
in a fashion completely analogous to Definition 1.2.4, respect the framing data of a framed
vector bundle.

Definition 3.2.18. Suppose that £ — X is framed over Xy C X with framing sg, say.
A connection V: T'(E) — QY (M) @ T'(E) is framed (with respect to sq) if

(id®sy ')k, V =dosg’,
with 1x,: Xo < X the inclusion map.

Remark 3.2.19. Given such a framed bundle £ — X, observe that the framing determines
trivialising sections eq,...,e, of E over Xy. The condition that the connection V on E
be framed with respect to sg is precisely the requirement that the sections e; are parallel
for V, i.e. Vye; = 0 for each i and tangent vector Y to Xj.

To see that the above definition really is the vector bundle version of Definition 1.2.4, one
observes

Lemma 3.2.20. A connection V on E € frVect(X) is framed if and only if the associated
connection A on F(E) is framed.
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Proof. Following the standard argument (compare with Lemma 3.2.13) gives
(id®sy ')k, V =dosy' + s34,

where A is the connection on F(FE) corresponding to V. Thus V is framed if and only if
53 A vanishes. ]

This result guarantees the existence of framed connections on framed vector bundles since
their frame bundles have framed connections.

It is clear from the definition that pullbacks, direct sums and (tensor) products of framed
connections are also framed (with respect to the pullback, direct sum and product framings
respectively).

Definition 3.2.21. Write frVect®(M) for the groupoid whose objects are pairs (E,V)
with £ € frVect(M) and V a framed connection on E. Morphisms of frVect®(M) are
given by the connection-preserving morphisms of frVect(M).

Write frVect,(X) for the subgroupoid consisting of pairs (E, V), where E € frVecty (X),
equipped with the appropriate morphisms.

Notice that frVect®(M) is a bimonoidal category with respect to the operations of (framed)
direct sum @ and (framed) tensor product ®.

One is now finally in a position to discuss the geometric caloron correspondence for vector
bundles. The isomorphisms pp and pg of Proposition 3.1.26 play a crucial role in the
construction; write § = pg(s) so that any section with a check on it is understood to
be a section of an 2 vector bundle and unadorned sections live on finite-rank bundles.
This notation is chosen in order to be consistent with the shorthand used to denote the
isomorphism LC>®(M) — C®(M x S*;C) of (3.1.4).

To construct the caloron correspondences, one must first know how to construct a framed
connection on F := V(E) from a based module connection and Higgs field on E.

Proposition 3.2.22. Given (E, A, ¢) € QVect®(M), the formula
V:z(prh@uE)vouE—l—dG@( oqﬁoluE) (3.2.1)

defines a framed connection on E = V(E), where pry;: M x S* — M s the projection
map.

Proof. To see that the map V: T'(E) — Q'(M)®T(E) defined by (3.2.22) is a connection,
since it is clearly C-linear one need only verify that it satisfies the Leibniz property. Take
any s € ['(E) and g € C*°(M x S';C), then

V(gs) = (priy @ pg ') A(g5) + db @ (ug' o ¢ (35))
= (prir@ug") (9AG3) + me(dg ® ) +do @ pg ' (99 (3) + 9(9)3)
= g(priy @ pg ) A(3) + (dag) ® s+ gdf @ pg ' (B(3)) + (9g) db @ s
=gV(s)+dg®s,

since dg = dprg + Og df, where djpr momentarily denotes differentiation in the M direction
on M x St
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Let sg be the framing of F; it remains only to show that V is framed with respect to so.
For each x € M choose an open neighbourhood U C M of x such that F is trivial over
U x S'—this is always possible, for example if U is contractible. Choose a framing s;; of
E over U x S' such that sy and sq agree over Uy := U x {0}.

Taking n = rank ¥ = rank E, the framing sy determines n sections ey, ..., e, that form
a basis for T(U x S, E) as a C*(U x S',C)-module. Let & := pg(e;), then the &
determine a basis for I'(U,E) as an LC*(U)-module and therefore determine a section
sy € T'(U, F(E)). Then

i @ (ug' o ¢(&:))

Ve, = (pri; @ pg') +
A)le; +d0 @ (g (@(50)le;))

HAg;
= (@ pe) (55

so that at (z,0) € U x S!

Vei(z,0) = (55A:(0))]e;(z,0) + df © (2(3u())(6))]e;(w,6),
where A and ® are the connection and Higgs field corresponding to A and ¢ on F(E). But
Vei = (syA) ey,

with A the connection on F(E) corresponding to V. Pulling back by the canonical inclu-
sion 17: U x {0} < U x St gives

15, Az = (17817 A)z = 57A2(0) =0

since A is 2g-valued. This shows that V is framed, since A is. O

Corollary 3.2.23. The diagram of functors

OVectS, (M) z Bung,; (M)
1% C
frVect§ (M) z frBung, (M)

commutes up to the natural isomorphism p of Corollary 3.1.15.

Proof. This follows readily from the argument of Proposition 3.2.22 since the expression
0" Apg) = G AL(0) + D(6(2)) (0)d0

is the pullback of (1.1.4) by the local section a € T'(U x S', F(E)) corresponding to the
section & € T'(U, F(E)). O

The geometric caloron transform for vector bundles is the functor
V: QVect®(M) — frVect®(M)

that sends the object (E, A, ) to the object (E,V), with F = V(E) and V given as in
Proposition 3.2.22. The action of V on the morphism f of QVect®(M) is simply V(f) as
defined above, since
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Lemma 3.2.24. Writing (E,V) = V(E,A,¢) and (F,V') = V(F,A',¢'), if f: E = F
preserves the connective data, i.e. f*A' = A and f*¢' = ¢, then

V(f)'V' =V
so that V(f): E — F is also connection-preserving.

Proof. Tt suffices to observe that f o ug = pur o V(f) and f~1 o up = pg o V(f71), so the
result follows from (3.2.1). O

For the other direction of the geometric caloron correspondence for vector bundles, one
must construct a based module connection and Higgs field on E := V~!(E) from a framed
connection on E € frVect(M).

Proposition 3.2.25. Given (E,V) € frVect®(M), the formula
A= (Z*M ® HE) oVo uEl (3.2.2)

defines a based module connection on E = V~1(E), where 1pr: M x {0} < M x S! is the
inclusion.

Proof. Since A is clearly a C-linear map I'(E) — Q!(M) ® T'(E) it suffices to verify that
it satisfies the module connection condition as this implies the Leibniz rule. Take any
g€ LC®(M) and s € I'(E), then

since (v}; ® pp)(dg ® s) = me(dg ® §) and (v}, @ pE)(gV(s)) = gA(3). Thus A is indeed
a module connection.

To see that A is based, as in Lemma 3.2.13 let & be a framing of E over U corresponding
to the trivialising sections &, ...,&,. Then for any v = f‘&; € I'(U, E)
A(v) = fi(a"A)le; +me(df @ &)
= fi(a*AYle; +0a ' (v)
with § the trivial module connection of Example 3.2.10 and A the LG-connection on
F(E) corresponding to A. To demonstrate that A is based, one wishes to show that A

is Qg-valued. Similarly to the proof of Proposition 3.2.22, take e; := uEl(éi) with « the
corresponding section of F(E) over U x S'. Then

Aé; = (1 @ up)Ve; = (4 @ pp)(a*A)le;,
with A the principal connection corresponding to V, which implies

&AL (0) = o Ay,

for all z € U and § € S'. Since a agrees with the framing sy of E over their mutual
domain and sjA = 0, setting § = 0 in this expression gives &*A;(0) = 0 as required. [
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To see how to obtain a Higgs field on E, first write 9 for the canonical vector field in the
St direction on M x S (cf. p. 13). Then

Proposition 3.2.26. Given (E,V) € frVect®(M), for any v € E; choose some section
s € T'(E) extending v. The formula

¢(v) := [pE o Voo ug' (3)] (z) (3.2.3)

determines the action of a Higgs field ¢ on the fibre E,.

Proof. It must first be seen that ¢ is well-defined. Take any two $,7 € T'(E) extending v
so that s(z,0) = r(z,0) for all § € S'. Then

Va(s)(x,0) = Va(r)(x,0)

for all # € S! so applying ur and evaluating at x shows that ¢ is well-defined.

To see that ¢ is a Higgs field, first notice that it is a smooth vector bundle homomorphism
E — E covering the identity. Taking any v € E, and f € LC, choose 5 € T'(E) and
g € LC*°(M) extending v and f respectively. Then

¢(fv) == pE o Va(gs)(z)
= ur[gVa(s) + d(g)s] (x)
= §(x)¢(v) + 0(g)(x) 5(x)
= fo(v) +0(f) v,

since the ring isomorphism of (3.1.4) commutes with differentiation along the S! direction.
O

Corollary 3.2.27. The diagram of functors

frVect§, (M) - frBun, (M)
y—1 ¢!
OVect, (M) z Bung,; (M)

commutes up to the natural isomorphism v of Corollary 3.1.15.

Proof. One must show that v preserves the connections and Higgs fields. For connections,
this follows directly from the proof of Proposition 3.2.2, since &*A;(f) = a*A(, 4 is the
pullback of (1.1.5) by the local section a € T'(U x St, F(E)) corresponding to the section
ael' (U F(E)).

For Higgs fields, taking €; and e; as in the proof of Proposition 3.2.25, for any x € U

Using (3.2.3)



and hence for all § € S1, ®(c(z))(0) = a(x)*Ayg(d), where one uses v to view &(z) as a
section a&(x) € T({x} x S, F(E)). This expression coincides with (1.1.6), so the result
follows. H

The inverse geometric caloron transform for vector bundles is the functor
V1 fiVect(M) — QVect®(M)

that sends the object (E,V) to (E,A, ), with E = V71(E) (as above) and A, ¢ given
respectively by Propositions 3.2.25 and 3.2.26. As for V, the action of V~! on the morphism
f of frVect®(M) is simply V~1(f) as before, since

Lemma 3.2.28. Writing (E,A,¢) = V™YE,V) and (F,A',¢') = V7YF, V'), then if
f: E — F is connection-preserving, i.e. f*V' =V, then

A=V)A and 6=V()'
so that V=Y(f): E — F also preserves the connective data.

Proof. The proof is completely analogous to Lemma 3.2.24. O

One is at last in a position to prove

Theorem 3.2.29. The geometric caloron correspondence for vector bundles
V: QVect®(M) — frVect®(M) and V™1: frVect®(M) — QVect®(M)

s an equivalence of categories.

Proof. It suffices to show that the geometric data behaves well with respect to the natural
isomorphisms of Theorem 3.1.14, which (recalling the definitions of ag and Sg) follows
from Corollaries 3.2.23 and 3.2.27 and the based geometric caloron correspondence of
Theorem 1.2.7.

Alternatively, by unwinding the definitions one observes that S = ,ugl o py-1(p) and
QE = UE© N;(lEy O

3.3 Hermitian structures

This section introduces a version of Hermitian structures suited to the 2 vector bundle
setting. Interestingly, there are extensions of Theorems 3.1.14 and 3.2.29 that demonstrate
that a Hermitian structure on the € vector bundle E arises from a Hermitian structure
(in the usual sense) on V(E) via the caloron correspondence and conversely. Recall the
evaluation map of Remark 3.1.5 and for the € vector bundle E — M denote by E — M
the Q vector bundle obtained from E by complex conjugation.

Definition 3.3.1. A Hermitian structure on E € QVect(M) is a smooth section (-,-) of
the Q vector bundle (E ® E)* — M such that

1. {v,v)(0) > 0 whenever evy(v) # 0; and
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2. (v,w)(@) = (w,v)() for all v,w € E, and § € S!, where the overline denotes
complex conjugation.

A Hermitian Q vector bundle is a pair (E, h) with E € QVect(M) and h = (-,-) a Hermitian
structure on E.

Remark 3.3.2. As with finite-rank vector bundles, equipping E € QVectcn (M) with a
Hermitian structure h = (-,-) determines a reduction of the structure group of E from
QGL,(C) to QU (n). This fact relies on the existence of a local basis &; for the fibres of E
as LC-modules that is orthonomal in the sense that

o 1 ifi=j
(6:.2)(0) {0 i
for all @ € S*. The existence of such a local basis is guaranteed by applying a generalisation
of the Gram-Schmidt process to a locally trivialising basis of sections f;. The collection
of all frames that are orthonormal for the Hermitian structure h then gives a reduction
Fo(E) of the frame bundle F(E), where the former is an QU (n)-bundle and the latter is
an QG Ly, (C)-bundle.

In order to see how Hermitian structures behave under the caloron transform functors, one
must first understand how Hermitian structures interact with the framing on the object
E € frVect(M). The idea is that a Hermitian structure on E must be compatible with
the framing in order to take its caloron transform. Suppose that E is modelled over C™,
with framing sg over My. The framing sg is equivalent to n linearly independent sections

eiEF(Mo,E), 1=1,...,n

that trivialise E over Mj. In what follows, a Hermitian structure h on E € frVect(M) is
understood to mean a Hermitian structure on E for which the sections e; are orthonormal
(strictly speaking, such a Hermitian structure ought to be called ‘framed’). Note that such
objects exist: they may be constructed directly by using the Tietze Extension Theorem
and convexity.

Proposition 3.3.3. Any (framed) Hermitian structure h = (-,-) on E uniquely determines
a Hermitian structure h = (--) on E = V7"1(E) and conversely.

Proof. Recalling the isomorphism pp of Proposition 3.1.26, take any v,w € E, so that,
for example, ¥ = ug(v). Notice that v € T'({z} x S', E) so for any § € S! one has
v(0) € E(3,6- With this in mind, set

(0,@)(0) := (v(0),w(0)).

Using the properties of pg and h it follows that h is a Hermitian structure on E. Moreover,
it is apparent that this construction gives a bijective correspondence between Hermitian
structures h and h. O

The exact same argument, using pg in place of ug, gives

Proposition 3.3.4. Any Hermitian structure h = (-,-) on E uniquely determines a
(framed) Hermitian structure h = (-,-) on V(E) and conversely.
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In order to write the Hermitian caloron correspondence in category-theoretic terms, one
must introduce appropriate notation, to wit

Definition 3.3.5. Denote by QVecty(M) the groupoid whose objects are Hermitian 2
vector bundles over M and whose morphisms f: (E,h) — (F,h’) are those morphisms f of
QVect(M) preserving the Hermitian structure.

Write frVecty (M) for the groupoid whose objects are pairs (E, h) with E € frVect(M) and
h a (framed) Hermitian structure on E. Morphisms f: (E,h) — (F,}h’) are the Hermitian
structure preserving morphisms of frVect.

Propositions 3.3.3 and 3.3.4 together imply the existence of functors
V: QVecty(M) — frVecty(M) and V™ ': fiVecty(M) — QVecty(M).

The action of these functors on morphisms is given by the action of the standard vector
bundle caloron transform functors, noting that Hermitian structure preserving morphisms
are mapped to Hermitian structure preserving morphisms (as can be seen directly from
the proofs of Propositions 3.3.3 and 3.3.4).

Theorem 3.3.6. The caloron correspondence for Hermitian vector bundles
V: QVecty(M) — frVecty(M) and V™ ': frVecty(M) — QVecty(M)

s an equivalence of categories.

Proof. Tt suffices to notice that the natural isomorphisms Sr and ag of Theorem 3.1.14
preserve the Hermitian structures since fg = Mgl ° py-1(g) and ag = pg o M;(IE) (as in
Theorem 3.2.29). O

3.3.1 Hermitian Higgs fields and module connections

A natural question to ask, given the caloron correspondences of Theorems 3.2.29 and 3.3.6,
is whether there is a version of the caloron correspondence for Hermitian vector bundles
with Hermitian connections (and Higgs fields). The answer is affirmative and the result is
established by directly combining the geometric and Hermitian caloron correspondences
for vector bundles.

Before this correspondence is established, one first records some results relating connective
data on Hermitian € vector bundles to connective data on their (unitary) frame bundles. In
particular, one develops a notion of module connections and Higgs fields being compatible
with a given Hermitian structure.

In the following, take (E, h) € QVecty (M) where rank E = n so that E has structure group
QU (n).

Definition 3.3.7. A based module connection A on (E, h) is compatible with the Hermitian
structure h = (-,-) if

d{v,w) = (A(v),w) + (v, A(w)) (3.3.1)
as LC-valued forms on M for all v,w € I'(E).
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The following result is the direct analogue of Lemma 3.2.13 to the Hermitian setting;:

Lemma 3.3.8. If the based module connection A on E is compatible with h = (-,-) then
it uniquely determines an Qu(n)-valued connection A on Fo(E) (as in Remark 3.5.2) and
conversely.

Proof. Let a be a framing of E over U, so that as usual one obtains the local (LC-module)
basis &; for the fibres of E over U. Requiring a to be a section of Fy(E) over U implies
that the &; are orthonormal for h and for any v = f'&; € I'(U, E)

A(v) = fi(AL)]&j + me(df' ® &),

where A, == o*A. If w = g’¢; € I'(U,, E), the compatibility condition (3.3.1) now reads
locally as - S S

d(f'g") =g'df' + fldg' + f'F (Aa)! + [T (Aa)}
where the overline denotes complex conjugation as usual. Using the Leibniz rule, this
implies

(A)] + (Aa)i =0

(2

and hence (A,) € Q(U,Qu(n)) as A is based. This shows that the connection A on Fy(E)
is Qu(n)-valued when restricted to orthonormal frames, so gives an QU (n)-connection on
Fo(E). The result follows from Lemma 3.2.13. O

The compatibility condition for Higgs fields is
Definition 3.3.9. A Higgs field ¢ on (E, h) is compatible with the Hermitian structure

h= () if
v, w) = (p(v), w) + (v, p(w)) (3.3.2)

for all v,w € T'(E), where @ as usual denotes differentiation in the S! direction.

The analogue of Lemma 3.2.5 in the Hermitian setting is

Lemma 3.3.10. If the Higgs field ¢ is compatible with h = {-,-) then it uniquely deter-
mines an Lu(n)-valued Higgs field ® on Fy(E) and conversely.

Proof. Let &; be trivialising orthonormal sections over U C M as in the proof of Lemma
3.3.8, so that for any v = f‘¢; € I'(U, E)

p(v) = (O + o ()))e;.
If w = g’&; € I'(U, E), the compatibility condition (3.3.2) then reads locally as
o(f'g") = FOf + f105 + fF®(a)] + fiFP(a);.
Using the Leibniz rule for 9 gives
O(a)] + ®(a); =0

and hence ®(«a) is Lu(n)-valued. The rest of the argument is essentially that of Lemma
3.2.5. O
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Definition 3.3.11. Denote by QVectf; (M) the groupoid whose objects are quadruples
(E,h,A,¢) where (E,h) € QVecty(M) and A and ¢ are respectively a based module
connection and Higgs field on E that are compatible with h. Morphisms are given by
connection- and Higgs field-preserving morphisms of QVecty(M).

Similarly, write frVectf;(M) for the groupoid whose objects are triples (F,h,V) with
(E,h) € frVecty(M) and V a framed connection on E compatible with h. Morphisms are
precisely the connection-preserving morphisms of frVecty(M).

The geometric caloron correspondence for Hermitian vector bundles relies on the following
two results

Proposition 3.3.12. If the framed connection V on E € frVect(M) is compatible with
the Hermitian structure h = (-,-) then the module connection A and Higgs field ¢ on
(E,h) := V=Y E,h) given respectively by (3.2.2) and (3.2.3) are compatible with h = (-,-).

Proof. Recall (cf. Theorem 3.2.29) that V' = (8g)*V, where

V' = (priy; @ pg') Ao e +do @ (ug' o ¢ o ue)

is the connection on E’ = V o V~}(E). Therefore V' is compatible with the induced
Hermitian structure b’ = (Bg(-), Be(-)) = (-,-) g on E'.

Take any ©,w € I'(E), then
dv,w)p = (V'(v),w)p + (v, V'(w)) &

where, for example, ¥ = ug(v). Now, for all § € S*

and
(V'(0)(0), w(0))pr = (A(D),w)(0) + (6(3),w)(0) db
so that
{0, w) = (A7), 0) + (0, A(w)) and (v, 0) = (¢(0), W) + (v, p(w))
as required. O

Essentially the same argument gives

Proposition 3.3.13. If the module connection A and Higgs field ¢ on E € QVect(M)
are compatible with the Hermitian structure h = (-,-) then the framed connection V on
(E,h) :=V(E, h) given by (3.2.1) is compatible with h = (-,-).

Combining all of these results, one arrives at the geometric caloron correspondence for
Hermitian vector bundles:

Theorem 3.3.14. The geometric caloron correspondence for Hermitian vector bundles
V: QVect (M) — friVect§ (M) and V7': frVect§ (M) — QVect§; (M)

s an equivalence of categories.

73



Remark 3.3.15. As was observed in Remark 3.3.2, a Hermitian structure on the € vector
bundle E — M determines a reduction of the structure group from QGL,(C) to QU (n)
(where n = rank E).

Conversely, if E comes equipped with a preferred reduction of the structure group from
QGL,(C) to QU(n), then it has a Hermitian structure h = (-,-) as follows. Pick an open
cover {Uy taer of M over which E is trivialised (by maps v, say), so that the transition
functions {7,3} are QU (n)-valued. Using the trivialisation

Yo Ely, — Uy x LC"

one may define a Hermitian structure on E|y, that acts on elements v, w in the fibre of E
over x € U, by

(v, w)a(0) = (a(v)(0), Ya(w)(0)),

where (-,-) is the standard inner product on C". Over double intersections Uy := U, NUsg,
one has

Ygothyt: Uy x LC™ — Uyp x LC™

(2, 0) — (2, Tap(x)(v))

so that for any x € Uy,g

(v, w)p(0) = (Y3(v)(0), 1hs(w)(0)) = (Tap(@)(0) - Ya(V)(0), Tag(x)(0) - Ya(w)(0))
= (Ya(v)(0), Ya(w)(0)) = (v, w)a(0)

since the 7,5 are QU (n)-valued. Therefore the (-,-)o patch together to give a Hermitian
structure h = (-,-) on E that does not depend on the choice of cover {U,} of M. From
here on, any Q vector bundle E — M with structure group QU(n) is understood to be
equipped with this Hermitian structure.

Ezample 3.3.16 (the canonical €2 vector bundles). The associated 2 vector bundle to the
path fibration PU(n) — U(n) is the canonical Hermitian Q vector bundle of rank n,
denoted E(n) — U(n). Applying Lemmas 3.3.8 and 3.3.10 to the standard connection A
and Higgs field &, on PU(n), one obtains the based module connection A(n) and Higgs
field ¢(n) on E(n), noting that these are both compatible with the Hermitian structure.
Since U(n) is universal for QU (n)-bundles, E(n) — U(n) is the universal Hermitian
vector bundle of rank n, however it is not necessarily universal for Hermitian 2 vector
bundles with connection; this is the reason for the disctinction in terminology between
universal and canonical.

3.4 Applications to K-theory

Having given a detailed treatment of 2 vector bundles in previous sections, one is now in
a position to discuss an interesting application of the theory. It turns out that €2 vector
bundles give convenient objects with which to describe odd topological K-theory. Despite
being extravagant in dimensions, working with ) vector bundles is advantageous since it
allows one to phrase the odd K-theory of M entirely in terms of smooth bundles that are
based over M. This smoothness is critical to the construction of the 2 model in Chapter
4.
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3.4.1 Topological K-theory

Topological K-theory was introduced in the late 1950s by Atiyah and Hirzebruch as a
generalised cohomology theory that provides a useful tool for studying vector bundles
on topological spaces. Since its first appearance (topological) K-theory has become an
extremely active area of algebraic topology that has been used in the proofs of some very
far-reaching results, notably the Atiyah-Singer Index Theorem. Some of the most well-
known results of algebraic topology, such as the result of Adams giving the maximum
number of linearly independent vector fields on the n-sphere, have relatively simple proofs
using K-theory. K-theory (and, in particular, twisted and differential K-theory) has also
found uses in physics, where it enjoys an important role in the developing understanding
of T-duality (see [7, Section 1.1] for a discussion).

Topological K theory is related to the notion of stable isomorphism. Over a fixed base
space X, complex vector bundles E, F — X are stably isomorphic if

EeC'=FaC"

for some n > 0. If X is compact and Hausdorff, one defines the abelian group K (X)
of formal differences E — F' of vector bundles over X modulo the equivalence relation
E—-F~FE —F & E®F and E' ® F are stably isomorphic*. The group operation on
K(X) is given by (E — F)+ (E' — F') := (E® E') — (F @ F'), the identity element is
E — E (for any choice of E) and the inverse of E — F' is F' — E. Alternatively, the group
K (X) may be obtained from the category Vect(X) of (topological) vector bundles over X
by applying the Grothendieck group completion device as follows.

Recall (cf. [1, Section 2.1]) that the Grothendieck construction produces from a given
abelian semi-group (A, @) a universal abelian group called K(A) and a homomorphism
a: A — K(A) of semi-groups. The group K(A) is universal in the sense that given
any abelian group G and semi-group homomorphism #: A — G there is a unique homo-
morphism 7: K(A) — G such that § = vy o a. Thus, if K(A) exists it is unique up to
isomorphism.

To construct K (A), first write F'(A) for the free abelian group generated by elements of A
and E(A) for the subgroup of F(A) generated by those elements of the form a+a’—(a®a’).
The K-group of A is defined to be

K(4) = F(4)/E(A)
with a: A — K(A) the obvious map.

There is an alternative construction of K (A) that is often quite useful. Recall the diagonal
map A: A — A x A, which is a semi-group homomorphism, and define K(A) as the
quotient semi-group

K(A) := (A x A)/A(A).

Since (b,a) is clearly the additive inverse of (a,b), K(A) is in fact a group and one often
writes (a,b) as a — b so that elements of K(A) may be viewed as formal differences of ele-
ments of A. The homomorphism a: A — K(A) that characterises the universal property
in this case is given by sending a to the coset of (a @ a,a), or the coset of (a,0) when
A has unit 0. It is readily seen from the construction that the assignment A — K(A) is
functorial.

4the compactness condition on X is required to show that this equivalence relation is transitive.
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For any compact Hausdorff space X, Vect(X)? is a symmetric monoidal category under the
direct sum operation @ on vector bundles, with identity the rank zero bundle X x{0} — X.
Passing to isomorphism classes® gives the abelian semi-group (mVect(X), ®) and one sets

K(X) := K (mVect(X)).

Since A — K(A) and X — moVect(X) are both functorial, the assignment X — K(X)
determines a contravariant functor from the category of compact Hausdorff topological
spaces to the category of abelian groups. In the case that X is also a smooth manifold,
one may restrict to smooth vector bundles over X; since every topological vector bundle

based over a smooth manifold is isomorphic to a smooth vector bundle’, this gives the
same K (X).

As discussed above, elements of K(X) are virtual vector bundles over X, that is, formal
differences E'— F', where E and F are (isomorphism classes of ) vector bundles over X. The
rank of the virtual vector bundle E — F' is simply the difference rank ' — rank F', which
is constant on connected components of X. Using the Serre-Swan Theorem (cf. Remark
3.4.2 or [1, Section 2.1]) every element of K (X) may be written as E — C" for some n, so
for any £ —C", F —C™ € K(X)

E-C'=F-C"<FEFoCPxeFagCt

for some p and gq.

When X is a pointed space with basepoint xg, define K (X) to be the kernel of the map
"1 K(X) — K({wo}), where 1: {9} < X is the basepoint inclusion. If rank £ = m and
rank F' = n, the map +* sends E — F to C™ — C" so that elements of K(X) are virtual
vector bundles of rank zero on the connected component of zp in X. Elements of K ({z¢})
are virtual vector bundles characterised entirely by their rank, so K({z¢}) = Z and there
is a split exact sequence

0— K(X) — K(X) — Z — 0.

The group K (X) is referred to as the reduced K group of X.

One may extend K (X) to a cohomology theory, which in the case that X does not come
equipped with a basepoint is done in the following fashion. Write X := X U {x(}, which
is now a pointed space with basepoint zg. Then for n € Z define (cf. [1, Definition 2.2.2])

KMX) =K (2'”'(){*)),
where X" denotes the |n|-th iterated reduced suspension®. Then, for example,
K%(X) = K(X) and K '(X)=K ((X xS")/(X x {0})),

where (X 1) 2 (X x S1)/(X x {0}) is equipped with basepoint (X x {0})/(X x {0}).

Sthe category whose objects are vector bundles over X and whose morphisms are vector bundle maps
covering the identity.

Srecall that for a category C, moC denotes the isomorphism classes of C.

"this can be seen, for example, by choosing a continuous classifying map into some Grassmannian and
then using [3, Proposition 17.8] to find a homotopic smooth map, as in Theorem 3.4.3.

Srecall that the reduced suspension of the pointed space (Y, o) is the space XY := (S* x Y)/(S* VY),
where S* VY := 8" x {0} U {0} x Y, equipped with the basepoint [0, yo].
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It is well-known that
K*(X) =@ E"(X)
nez
naturally has the structure of a graded ring? and that the assignment X + K*(X) deter-
mines a generalised (Eilenberg-Steenrod) cohomology theory. The famous Bott Periodicity
Theorem asserts that
Kn+2(X) ~ Kn(X)

for any n and hence it suffices to talk only about the even and odd K-theory of X, which
are given by K°(X) and K~!(X) respectively. As topological K-theory is a 2-periodic
generalised cohomology theory, it has a spectrum consisting of two spaces

K%X)=[X,BU x7Z] and K }(X)=[X,U]

where
U:=limU (n)
is the stabilised unitary group (Appendix A) and BU is its classifying space. Since spectra

are determined up to homotopy equivalence, one may alternatively take BGL x Z and GL
respectively as the classifying spaces for even and odd K-theory, where

GL = liy GL,(C)

is the stabilised general linear group and BGL is its classifying space.

3.4.2 The functor X!

In this section, the theory of €2 vector bundles is used to give a model for the odd K-theory
of an unpointed compact manifold M that is phrased entirely in terms of smooth objects
based over M instead of topological vector bundles over XM ™. In the same way that even
K-theory is given in terms of virtual vector bundles, odd K-theory is given by virtual €2
vector bundles of rank zero.

Definition 3.4.1. Let M be a compact manifold and recall that (2Vect(M),®) is an
abelian semi-group. Choose a basepoint xg € M and define

K~Y(M) := K (moQVect(M)),

the abelian group obtained by using the Grothendieck group completion and then restrict-
ing to the kernel of the map K (myQVect(M)) — K (mo2Vect({xo})). This definition is
independent of the choice of basepoint zy (even if M is not connected) as the rank of
an € vector bundle is constant. Since the assignment M — QVect(M) is functorial, the
assignment M + K~1(M) clearly determines a contravariant functor that acts on smooth
maps by pullback.

Elements of X~1(M) are virtual Q vector bundles of rank zero, that is formal differences
E — F where E,F — M are () vector bundles with rank E = rank F. Strictly speaking, one
should write [E] — [F] instead, with [E| the isomorphism class of E, however this leads to
an excess of notation.

%just as the group structure is induced by @, the ring structure is defined using the tensor product
®—see [1, Section 2.6] for example.
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Remark 3.4.2. One observes some immediate consequences of the definition:

e Take any E — F € K~1(M), then by Corollary 3.1.23 there is some 2 vector bundle
G — M such that F® G = LC" for some n. Then

E-F=E+G-F-G=E® G- LC".
Thus every element of X ~!(M) may be written in the form E— LC™ where n = rank E.

e Suppose E—F =0 in K~!(M). Then there is some G such that E® G = F @ G as Q
vector bundles over M. Invoking Corollary 3.1.23 again gives that there is some H
such that G @ H is trivial and hence

E®G2FOG = E® LC"=F® LC"
so E and F are stably isomorphic. Conversely, if E and F are stably isomorphic then
it is clear that E — F = 0 in KX~1(M).

e Similarly, E—F = E'—F in K~!(M) if and only if EGF'® LC™ = E'¢F® LC" for some
n. In particular, E — LC" = F — LC™ in K~Y(M) if and only if E® LCP = F @ LC?
for some p and q.

The fact that K~1(M) gives the odd K-theory of M comes from the characterisation of
K~1(M) given above, that is

K YM)=K(S(M")) =K (M x SY)/(M x {0})).

The underlying idea (glossing over smoothness requirements for now) is that a vector
bundle on (M x S1)/(M x {0}) is equivalent to a vector bundle over M x S with a
distinguished framing over My := M x {0} and hence, via the caloron transform, to an
vector bundle over M.

Consider the reduction functor
R: QVect(M) — Vect (M x S*)/ M)

defined as follows. Given an € vector bundle E — M, its caloron transform E := V(E)
is a framed vector bundle over M x S!, so has a distinguished section sy € I'(My, F(E)).
Define an equivalence relation on E over My by setting

en~eé <:>pr20351(e) :prQOso_l(e’)

recalling the notation of p. 50, with pry: My x C™ — C™ the projection, and extend this to
all of E by the identity. Denote by E/sy the quotient space of E given by this equivalence
relation, then

E/sq — (M x S%)/ My

is a topological vector bundle (see [1, Lemma 1.4.7], for example). The action of the
reduction functor on E is given by

R(E) := V(E)/so € Vect (M x S*)/ Mp).

If f: E — F is a morphism in frVect(M) (with framings sgp and sp on E and F re-
spectively) it is clear from the construction that the induced map [f]: E/sgp — F/sp is
an isomorphism. The action of R on morphisms is then given by sending f: E — F to

V()]s R(E) = R(F).
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Recall that a functor F': C — D is essentially surjective if every object of D is isomorphic
to an object in the image of F.

Theorem 3.4.3. The reduction functor
R: QVect(M) — Vect ((M x S*)/ My)

1s essentially surjective, in particular the induced map on isomorphism classes is surjective.

Proof. To see that R is essentially surjective, take any vector bundle E over (M x S1)/Mj
and let m: M x S* — (M x S1)/Mj be the quotient map. Consider the pullback E' := m*E,
which is a topological vector bundle over M x S! with the additional property that for

any two x, 2’ € M there is an isomorphism EEI,O) — Eéz',o) given by

EE%O) > (x,0,e) — (2/,0,¢e) € Eém,70).

!
(-'EO»O)
a framing ro of E' over My, in particular E’|y, is trivial. Note that E’/rg is clearly

isomorphic to E.

Pick a classifying map f: M x S' — Gr,,,(CF) for E’ so that E' = f*y™(CF). As both
M x S and Gr,,,(CF) are smooth manifolds, one may find a smooth map g homotopic to f
[3, Proposition 17.8]. Since the pullbacks of any bundle by homotopic maps are isomorphic
(see, for example, [1, Lemma 1.4.3]) E’ is isomorphic to some smooth vector bundle
F := g*y™(CF) = M x S', which is trivial over M. Pick an isomorphism f: E' — F and
consider the framing forg induced on F', which is not necessarily smooth. However, forg is
homotopic to a smooth framing sg of F, so since the quotient construction depends on the
framing only up to homotopy [1, Lemma 1.4.7] there is an isomorphism F'/syp = E'/ro = E.

Fix some xg € M and let rank ' = m, so that picking a frame p: C™ — FE determines

Setting F := V~1(F), recall that V(F) and F' are isomorphic as framed vector bundles and
hence so too are their quotients with respect to their respective framings. In particular,
R(F) is isomorphic to F'/sy and hence to E, so R is essentially surjective. O

One wishes to show that R induces a bijection on isomorphism classes. It suffices to verify
that whenever R(E) and R(F) are isomorphic in Vect((M x S')/ M) then E and F are
isomorphic in QVect(M). Suppose that there is an isomorphism f: R(E) — R(F), where
R(E) = E/so and R(F) = F/rg, say. Similarly to the proof of Theorem 3.4.3 above, one
can see that f lifts to a continuous isomorphism f’: E — F that respects the framings, i.e.
ro = f o sg. One now requires a smooth isomorphism £ — F' that respects the framings,
since applying the caloron transform and natural isomorphisms as necessary implies the
result.

Let m = rank ¥ = rank F' and recall from Corollary 3.1.24 that ¥ and F' are smoothly
isomorphic as framed vector bundles to some f*y™(CF) and g*~y™(CF) respectively, where
the smooth maps f: M x S — Gr;,(C*) and g: M x S — G, (CF) send My onto the
respective basepoints. Denote by f, § the maps on (M x S')/M; induced by f and g.

Recall, since Gr,,(CF) is a quotient of GL(C), that there are embeddings
Gr, (C™) < Gryp, (C™Y) < Grpp (C™F2) s - -
lifting to smooth vector bundle maps

,ym<(cm) SN Vm(cm-i-l) N ,Ym((cm—f—2) s ...
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that respect the framings. If Vect,,(X) denotes the space of isomorphism classes of rank
m complex vector bundles over X, recall also

Theorem 3.4.4. The map
lig[X, Gy, (CF)] — Vect,, (X)

induced by pulling back the bundles Y™(C*) — Gr,,,(CF) is an isomorphism for all compact
Hausdorff spaces X.

For a proof see [1, Theorem 1.4.15]. Since (M x S') /My is compact and Hausdorff, there
is a homotopy h: (M x SY)/My x [0,1] — Gr,,(CK) from f to g for some K > k, k.
This implies that there is a homotopy h: M x S' — Gr,,(CX) from f to ¢ that sends
My x [0,1] to the basepoint of Gr,,(CK). Since f and g are homotopic relative to My,
they are smoothly homotopic relative to My [30, Theorem 6.29].

Lemma 3.4.5. If f,g: M x S' — Gr,,(CF) are smooth maps both sending My to the
basepoint xy of Grm(Ck) that are smoothly homotopic relative to My, then there is a
smooth isomorphism f*y™(CF) 22 g*4™(CF) of framed bundles.

Proof. Take any such homotopy h: M x S' x [0,1] — Gr,,,(C¥) from f to g, writing
hi(x,0) = h(z,0,t). Recall that the framing of 4™(CF) over x¢ is given by taking the
first m standard basis vectors e, ..., e, € C™**. By pulling back this framing by h (or,
more precisely, by pulling back the corresponding trivialisation) one obtains a framing of
h*y™(CF) over My x [0, 1], namely the framing corresponding to the trivialising sections
h*ey,...,h*e, € T'(My x [0, 1], h*y™(CF)).

Now, if V is a connection on 7™ (C¥) then the pullback connection h*V acts on the h*e;
by
(h*V)x(h*ei) = h* (Van(x)ei) =0

for any vector X tangent to Mo x [0,1], as dh(X) = 0. Let p(,g): [0,1] — Gr, (CF) be
the smooth curve p(, ¢y(t) = h(z,0,t) and let o;: hiy™(CF) — hiy™(CF) be the smooth
isomorphism determined by parallel transport along the curves p(, g).

Since the tangent vector p(, 0)(t) to p(, ) lies tangent to Mo x [0, 1] for any ¢ € [0, 1], by
the above one has

t= (h*v>ﬁ(x,o)(t)(h*ei) =0

so that the sections h*e; are parallel for the pullback connection. It follows from the
uniqueness of parallel transport that the isomorphisms o; preserve the framing. But
ho = f and h; = g so there is a smooth isomorphism f*y™(CF) = g*y™(CF) preserving
the framing. O

Using this result, one at last has that f*y™(CK) and ¢*y™(CX) are smoothly isomorphic
as framed vector bundles and, hence, that F and F' are smoothly isomorphic as framed
vector bundles. This completes the proof of

Theorem 3.4.6. The map on isomorphism classes induced by the reduction functor R is
injective and hence, by Theorem 3.4.3, is a bijection.
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Notice also that if E, F are framed bundles over M x S' with framings sg, 7o respectively
then there is an isomorphism

E/so@ Flro= (E®F)/(so®ro)
and hence R(E® F) = R(E) @ R(F) since V(E® F) = V(E) & V(F).
Corollary 3.4.7. The map on isomorphism classes
ToQ2Vect(M) — moVect (M x S*)/ M)

induced by R is an isomorphism of semi-groups.

Passing to the group completions, observe that the isomorphism
K (moQVect(M)) — K ((M x S') /(M x {0}))

given by E — F — R(E) — R(F) preserves the rank, since rank R(E) = rank E. Restricting
to the rank zero subgroups gives

Theorem 3.4.8. For any compact manifold M, the map
R: KN (M) — K~ (M)

given by
R:E—Fr— R(E) —R(F)

is an isomorphism. In particular, K=1(M) is the odd K-theory of M.

Remark 3.4.9. Another way of obtaining the isomorphism K£~! — K1 of Theorem 3.4.8
is to use the homotopy-theoretic model of odd K-theory, i.e. K~Y(M) = [M,GL]. The
group operation on K~ (M) is given by [g] + [h] := [¢ @ h], with g @ h the pointwise block
sum of g and h. At the level of homotopy, the group operations given by block sum and
the matrix product are equal so the inverse of [g] € K~!(M) is the homotopy class of
the map g~ ': x +— (g(z))~! (see [40], for example). As M is compact the image of any
map f: M — GL is contained in GL,(C) for some sufficiently large n (Proposition A.4.4)
and one may find a smooth map ¢g: M — GL,(C) homotopic to f [3, Proposition 17.8].
Similarly, if any two smooth maps f,g: M — GL,(C) are continuously homotopic then
they are also smoothly homotopic [30, Theorem 6.29].

One constructs the isomorphism R: K~(M) — [M, GL] by sending E— LC™ € K~1(M) to
the homotopy class [g], where g is any classifying map (equivalently, Higgs field holonomy)
for E. Observe that R is surjective, since any homotopy class [f] € [M, GL] has a smooth
representative g: M — GL,(C), in which case g*E(C™) — LC" is mapped to [f] by R'". To
see that R is injective, suppose that R(E — LC") = [id] so that any classifying map for E
is homotopic to the constant map sending M to the identity in GL. Let g: M — GL,,(C)
be any smooth classifying map for E, then there is a smooth homotopy from g & id to id
inside G L,,1(C) for some k sufficiently large. But (g @ id)*E(C"**) = ¢*E(C") @ LC* so
that g*E(C") @ LC* = LC"** and hence E — LC" = 0 in K~*(M). That R is a group
homomorphism follows from the fact that g*E(C™) & h*E(C™) = (g & h)*E(C™T™).

0recalling the universal € vector bundles of Example 3.1.7.
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Remark 3.4.10. By considering isomorphism classes of Hermitian structured §2 vector
bundles over M one obtains a Hermitian version of X~'(M), denoted temporarily by
Kﬂgl(M ). The argument of Remark 3.4.9 demonstrates that there is an isomorphism
Kg'(M) = [M,U], with U the stabilised unitary group. As U and GL are homo-
topy equivalent this implies that the map Kz'(M) — K~1(M) given by discarding the
Hermitian structure is an isomorphism and, consequently, that one may view elements
E—F € K~1(M) as virtual Hermitian § vector bundles.

3.4.3 The total string form and the Chern character

The primary motivation for using €2 vector bundles to define odd K-theory is that they
are smooth objects that may be readily equipped with extra differential form data in the
guise of based module connections and Higgs fields. As demonstrated in Chapter 4, this
allows one to construct a differential refinement of K~! that provides a codification of
vector bundles with connective data. To provide additional motivation for this discussion
it is shown that the odd Chern character may be constructed on X! using characteristic
classes of the underlying 2 vector bundles.

Let M be a compact manifold. Recall that the Chern character is a natural map
ch: K*(M) — H*(M;C)
that induces an isomorphism
ch: K*(M)®C — H*(M;C)

of Zo-graded rings (with the Zg-grading on H*C given by taking the even and odd degree
parts). In the case of even K-theory, the Chern character may be realised explicitly as
follows. Recall from Section 3.4.1 that an element of K°(M) is a formal difference £ — F
with E and F' (isomorphism classes of ) smooth complex vector bundles over M. Choosing
a connection V on F, write R for the curvature of V and consider the even complex-valued
form

e (o) =S LY
Ch(V) := tr <e2 >_;)j! oo tr(RAt. A R) (3.4.1)
= j times

on M. If E has typical fibre C", one can check that the degree 2k piece of Ch(V) is exactly

k times

where A is the connection on the frame bundle corresponding to V, with curvature form
F = R, and try is the (normalised) k-th symmetrised trace, i.e. the C-valued invariant
polynomial of degree k on gl,,(C) given by

Hk(fla e ,gk) = (k")2(1277‘2)k Z tr(ég(l) cee fo(k)) (3.4.2)

og€ESy,

for &1,...,& € gl,(C), with Sy the group of permutations on {1,...,k}. It follows from
Theorem 1.1.11 that Ch(V) is closed and the class of Ch(V) in de Rham cohomology
is independent of V. Write Ch(E) € H®"(M;C) for the image of the de Rham class
[Ch(V)] under the de Rham isomorphism. It is well-known that

Ch(V@® V') =Ch(V)+ Ch(V') and Ch(V ® V') = Ch(V)AChV'),
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so the even Chern character
ch: K°(M) — H®*"(M;C)

given by
ch: E— F+— Ch(E) — Ch(F)

is a ring homomorphism.

In the case of odd K-theory, it is easier to discuss the Chern character using the homotopy-
theoretic model for K~! from the end of Section 3.4.1, i.e. K~1(M) = [M,GL]. As
mentioned above, the group operation on K ~!(M) is given by block sum and [¢g71] is the
inverse of [g]. The odd Chern character of [g] € K~'(M) may be computed directly by
taking a smooth representative g € [g] and setting

= —J' 1\ 1 1

E — tr(g”"dg A ---Ng “dg) mod exact (3.4.3)
(27 +1)! ( 2m)

J=0 ] 2j + 1 times

(see [17, Proposition 1.2], for example). Since (g @ h)~td(g@® h) = (9 dg) ® (h~ dh) and
(g7")'dg™' = —(dg)g™" one has

ch(lg) + [1]) = ch(lg @ h]) = ch([g]) + ch([h]) and ch(~[g]) = ch(lg~"]) = —ch([g]),

which explicitly demonstrates that the odd Chern character ch: K~1(M) — H°%¥(M;C)
is a group homomorphism.

The present aim is to define the odd Chern character directly on X~!(M) using the total
string forms (Definition 3.4.11) of the underlying 2 vector bundles. Given the Q vector
bundle E — M equipped with based module connection A and Higgs field ¢, write A and
® for the corresponding connection and Higgs field on the frame bundle F(E). Recall from
Remark 3.2.14 that if R is the curvature of A and F is the curvature of A then R = F, in
particular R is Qg-valued. Define the Higgs field covariant derivative as

A(p) := V& =dd + [A, @] — 0A,
where the notation is chosen so as to indicate that A(¢) depends both on A and on ¢.

Definition 3.4.11. The total string form of the object (E, A, ¢) € QVect®(M) is

J 7 — 1 times
which is an odd complex-valued form on M.

Comparing with the string forms on F(E), similarly to Ch(V) notice that the degree 2k —1
piece of s(A, ¢) is
Str,, (A, @) = k/ trp(V®, F,... F), (3.4.4)
Sl \—v—/

k — 1 times

with try the k-th symmetrised trace. In particular, s(A, ¢) is closed and its cohomology
class, which is independent of A and ¢, is a characteristic class for 0 vector bundles.
Similarly to (3.4.1) one also has

S(A, ) = 2; /S o (e2lm'R/\A(¢)>. (3.4.5)
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The following result demonstrates that the total string forms are additive
Lemma 3.4.12. For any (E, A, ¢), (F,A’,¢') € QVect®(M)
sS(ADA oD @) =s(A,¢) +s(A,¢).

Proof. The curvature of A @ A’ is the block sum Ra @ Ra/, with Ra, Ra/ respectively
the curvatures of A and A’. Similarly, the Higgs field covariant derivative of ¢ @ ¢’ is the
block sum A(¢) & A’(¢'). Since trace is additive, for every j7 > 0

tr (Ra @ Rar ) ™Y) A (A(g) @ A'(¢)) = tr (RJ’A—l A A(¢)) Ftr (RjA_,l A A’(¢’)>
and the result follows. O

For any €2 vector bundle E — M write s(E) € H°%(M;C) for the image of the cohomology
class [s(A, ¢)] under the de Rham isomorphism, with A and ¢ any choice of based module
connection and Higgs field on E. By Lemma 3.4.12 the map

E+— s(E) (3.4.6)

is a semi-group homomorphism moQVect(M) — H°(M;C), which extends to a group
homomorphism

s: K=Y M) — H¥(M;C).
Explicitly, the action of s on E — F € K~1(M) is
s: E—F+— s(E) — s(F).

One now shows that s is indeed the odd Chern character on X ~1(M), realised in terms of
Q vector bundles.

Theorem 3.4.13. The diagram of group homomorphisms

R

K= (M) K=(M)

H (M C)
commutes, with R the map isomorphism of Theorem 3.4.8. In particular,
s: K™Y M) — H°¥(M;C)
is the odd Chern character.
Proof. In the homotopy-theoretic model for K~!, the isomorphism R is given by
E-Fe gl =gan]

where g, h: M — GL,(C) are smooth classifying maps for E and F respectively for some
sufficiently large n (see Remark 3.4.9).
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Choose based module connections A, A’ and Higgs fields ¢, ¢’ on E and F respectively.
By Lemma 3.2.6 one may take g = hol, and h = holy, in which case by Lemma 1.2.8 and
Theorem 1.2.11 one has, for example,

T Y A A (R V). =
A ¢) = ]z::lg 7 (tr;) = ; (—2> (2]7)'9 tr;(0,[0,0)7") + exact,
with © the Maurer-Cartan form on GL,(C). Now,
r;(0,[0,011) = 27 e¥,
I jl(2mi)d
and ¢*© = g~'dg, so that
-1 ’ —1; 32j-1
; 2= 1) < 27m'> tr ((9'dg)¥ ") + exact.

Shifting the degree of the sum, by the additivity of trace

s(E—F) = i (2;?1)‘ <—271”,>j+1 tr <[(g eh ) ld(ge h‘l)} 2j+1> + exact.

Comparing this with the expression (3.4.3) for the odd Chern character gives
s(E—F) =ch([g®h™']) = ch(R(E — F))
as required. ]

If ©® now denotes the Maurer-Cartan form on GL (see Appendix A), set

o0

=) ot (L Ly tr (©%711) (3.4.7)
TGL ‘= = 2j + 1) o r 4.

and define the space of closed odd degree complex-valued forms
Ner (M) :=={g"1¢r | g: M — GL is smooth}. (3.4.8)

Under the pointwise block sum and matrix inversion operations on the space of smooth
maps M — GL one has

(9@ h)*1ar = g*tar + Wrar and (971 = —g* 761
so that Agr(M) is a subgroup of Q°4¢(M;C). The proof of Theorem 3.4.13 gives

Corollary 3.4.14. If s: K~(M) — HS (M;C) is the odd Chern character on K~1(M)
valued in complex de Rham cohomology, then ims = Agr(M) mod exact and so Ngr(M)
generates the odd complexr de Rham cohomology of M.

In light of Remark 3.4.10, there is also a Hermitian version of the odd Chern character
that maps K~!(M) into real-valued singular cohomology. It is given by sending the vir-
tual Hermitian €2 vector bundle E — F to the cohomology class of the closed real-valued
differential form s(A, @) — s(A’,¢'), where A and A’, ¢ and ¢’ are any choice of based
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module connections and Higgs fields on E and F respectively that are compatible with the
Hermitian structure. The reason that s(A, ¢), for example, is a real-valued form is that

—_

s(A,¢) = | Ch(V)
Sl

where V is the caloron-transformed connection: since V is compatible with the caloron-
transformed Hermitian structure, if R denotes its curvature then the form %R takes values
in Hermitian matrices so Ch(V) is a real-valued form.

One may prove a Hermitian version of Theorem 3.4.13 following the same argument as

above, and setting
) _]' 1 Jj+1 2it1
Z GRS <—2m> tr (©%11) (3.4.9)
7=0

with © the Maurer-Cartan form on U, one defines the space of closed odd degree real-
valued forms
Ao (M) :={¢g"1 | g: M — U is smooth}. (3.4.10)

Similarly to Agr(M), Ay(M) has an abelian group structure induced by the block sum
operation on smooth maps M — U. One also has

Corollary 3.4.15. If s: K~Y(M) — HS% (M) is the odd Chern character on K~—1(M)
valued in de Rham cohomology, then ims = Ay(M) mod exact and so N\y(M) generates
the odd de Rham cohomology of M.
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Chapter 4

The () model for odd differential
K-theory

In this chapter, the theory of 2 vector bundles developed in Chapter 3 is used to construct
a differential extension of odd topological K-theory—the {2 model—which is shown to be
a model for odd differential K-theory.

A differential extension E of the generalised (Eilenberg-Steenrod) cohomology theory F
is a geometric refinement of E that naturally includes additional differential form data.
When the underlying cohomology theory E is multiplicative, the differential extension E is
multiplicative if it has a graded ring structure that respects the cohomological and differen-
tial form data. In their seminal paper [26], Hopkins and Singer demonstrated that every
generalised cohomology theory has a differential extension. Following this, Bunke and
Schick [5, 6, 7] provided an axiomatic characterisation of differential extensions together
with a result, under certain mild conditions on the underlying cohomology theory, that
guarantees the uniqueness of multiplicative differential extensions up to unique isomor-
phism (these axioms and uniqueness results are recorded in Appendix C). In point of fact,
this unique isomorphism can be constructed without a multiplciative structure provided
that the differential extension has a special pushforward map called an S'-integration. In
particular, since K-theory satisfies the requisite conditions, any two differential extensions
of K-theory with S'-integration are isomorphic via a unique isomorphism: this is what is
meant by differential K-theory.

Differential K-theory has been studied extensively in recent years. Consequently, there are
a variety of different constructions of differential K-theory; for a detailed survey see [7].
As with ordinary K-theory, the additive structure of differential K-theory splits into even
and odd degree parts resulting in even and odd differential K-theory. The Bunke-Schick
uniqueness results are sufficient to guarantee that any two differential extensions of the
even part of K-theory are uniquely isomorphic, even without a multiplicative structure or
an S'-integration. Consequently, any differential extension of the even part of K-theory
defines even differential K-theory. However, this is not true for odd K-theory and in fact
one can show that there are infinitely many non-isomorphic differential extensions of odd
K-theory [6].

It is particularly important to have accessible geometric models for differential extensions,
not least because this is the most common way that differential extensions appear in
physics. In gauge theory, for example, gauge fields are described by ordinary differential
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cohomology and it is suggested by Freed [13] that differential K-theory (or rather, twisted
differential K-theory) describes Ramond-Ramond fields in type II string theory.

In [38], Simons and Sullivan construct a simple geometric model for the even degree part
of differential K-theory using vector bundles with connection. The principle behind this
construction is that, insofar as even K-theory is related to stable isomorphism classes
of vector bundles, even differential K-theory is related to stable isomorphism classes of
vector bundles with connection, where the stability condition is extended to connective
data using the Chern-Simons forms. This model of even differential K-theory provides a
straightforward codification of vector bundles with connection.

In this chapter, an analogous geometric model for odd differential K-theory is constructed
by using 2 vector bundles and their associated geometric data in place of vector bundles:
this is the  model for odd differential K-theory. Motivated by the results of Section
3.4.2, where it was shown that virtual © vector bundles of rank zero give odd K-theory,
one shows that the odd part of differential K-theory may be obtained in a similar fashion
by using ) vector bundles equipped with based module connections and Higgs fields. The
string potentials of Chapter 2 play a central role in the construction of the 2 model, which
gives a straightforward geometric model for odd differential K-theory complementing the
work of Simons and Sullivan.

To aid the discussion, an explicit isomorphism is constructed between the €2 model and an
elementary differential extension of odd K-theory described recently by Tradler, Wilson
and Zeinalian [40]. This isomorphism provides a homotopy-theoretic interpretation of the
) model as well as a proof that the TWZ extension does indeed define odd differential
K-theory, this latter result being speculated but not proved in [40].

Throughout this chapter, unless stated otherwise M shall always be taken to be a compact
finite-dimensional manifold, possibly with corners, and all €2 vector bundles are taken to
be Hermitian.

4.1 Structured vector bundles

The primary ingredient in the construction of the €2 model is the notion of structured 2
vector bundles. These are {2 vector bundles equipped with a certain equivalence class of
based module connections and Higgs fields.

4.1.1 The Simons-Sullivan model

The construction of the £ model is motivated by the Simons-Sullivan model' for even
differential K-theory developed in [38]. Consider a complex, finite-rank Hermitian vector
bundle £ — M with compatible connection V. Recall that the Chern character of £ may
be represented by the real-valued closed form

1/ 1\
Ch(V)=>_ y(m) tr(RA -+ AR),
Jj=0 7 times

Lin this thesis, one considers only the Hermitian version of the Simons-Sullivan construction—there is
also a version that does not use Hermitian structures.
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with R the curvature of V. If v: ¢t — V; is a smooth path of connections? on F with B;
the time derivative of the path v, the Chern-Simons form of ~ is

o0

J orl
CS() :Z(]ll)'<21ﬂ'l> /0 tr(By A Ry A - A\ Ry) dt,

7 — 1 times

with R; the curvature of V. It is well-known that dCS(y) = Ch(V1) — Ch(Vy).

Since spaces of connections are affine, there is always a smooth path between any pair of
connections on E. If there is a path v from Vj to Vi such that CS(v) is exact then it
turns out that CS(v) is exact for any smooth path v from Vj to V1 [38, Proposition 1.1]
and, in particular, Ch(V() = Ch(V1). Setting

CS(Vo; V1) := CS(y) mod exact

for any smooth path v from Vg to V1, one defines an equivalence relation on the space of
connections on E by setting Vo ~ Vi < CS(Vo; Vi) =0 mod exact.

Definition 4.1.1 ([38]). A structured vector bundle over M is a pair E = (E, [V]) with
E — M a Hermitian vector bundle and V an equivalence class of compatible connections
on F.

Ezample 4.1.2 (The trivial structured bundle of rank n). The trivial structured bundle of
rank n over M is n = (C",[d]), with C" = M x C" — M the trivial bundle of rank n
(with its canonical Hermitian structure) and d the trivial connection.

The equivalence relation on connections described above behaves well with respect to
pullbacks. In particular, one may pull back structured vector bundles by smooth maps
and there is a natural notion of isomorphism for structured vector bundles. The direct
sum and tensor product operations on vector bundles with connection also give rise to
well-defined operations & and ® on structured vector bundles; for details the interested
reader is referred to [38].

Definition 4.1.3 ([38]). Define Struct(M) to be the set of all isomorphism classes of
structured vector bundles over M, which is a commutative semi-ring under the operations
@ and ®. To avoid excessive notation, elements of Struct(M) are denoted E rather than
[E]. The assignment

M —— Struct(M)

determines a contravariant functor
Struct: Man — SemiRing

from the category of smooth compact manifolds with corners to the category of semi-rings.

The following special types of structured bundles are important for understanding how
structured vector bundles give rise to even differential K-theory.

Definition 4.1.4 ([38]). A structured vector bundle E = (E, [V]) is stably trivial if there
is some k such that E @ CF =~ C"tF. Write

Struct” (M) := {E € Struct(M) | E is stably trivial}

2defined similarly to Definition 2.1.3.
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for the semi-group of those isomorphism classes in Struct(M) containing a stably trivial
structured vector bundle.

A structured vector bundle FE is stably flat if E ® k = n + k for some k. Write
Struct? (M) := {E € Struct(M) | E is stably flat}

for the semi-group of those isomorphism classes in Struct(M) containing a stably flat
structured vector bundle. Clearly Struct? (M) C Struct” (M) and is a sub-semi-group.

The Grothendieck group completion applied to Struct(M) gives the commutative ring
K°(M) := K (Struct(M)), (4.1.1)

where, as usual, elements of K°(M) are denoted as formal differences E — F. Every
structured bundle FE has an inverse, i.e. a structured bundle F' such that £ @& F = n for
some 7, so one may write any element of K°(M) in the form E — n [38, Theorem 1.8].
One may also show that E —n =0 € K°(M) if and only if E is stably flat.

There is a natural transformation of functors
Ch: Struct(M) — Q55 (M)
given by Ch: E = (E,[V]) — Ch(V). In fact, Ch is a semi-ring homomorphism, that is
Ch(E® F)=Ch(E)+ Ch(F) and Ch(E® F)= Ch(E)NCh(F)
(38, (1.11)]. Passing to K°(M) gives the ring homomorphism
Ch: E — F — Ch(E) — Ch(F).

Write §: KO(M) — K°(M) for the obvious forgetful map that discards the connective
data, i.e. E — F — E — F. Recalling that K%(M) may be defined entirely in terms of
smooth vector bundles, it follows that & is surjective. The maps ¢ and Ch fit into the
commuting diagram of ring homomorphisms

KO(M) : KO(M)
Ch ch
Q35 (M) et HoU(M; R)

with deR the natural map given by the de Rham isomorphism and ch the even Chern
character. This gives part of the data required for a differential extension of the even part
of K-theory: Ch is the curvature morphism and 6 is the underlying class morphism of
KO(M).

The final datum that makes K°(M) a differential extension of K°(M) is the action of
forms morphism a: Q°(M)/imd — K°(M), along with the associated exact sequence.

It is useful for the constructions in the sequel to examine how this map works in some
detail.

Say that a connection V on E is Flat if it has trivial holonomy around every closed curve
[38, Definition 1.7]. This implies that the curvature of V vanishes and (by finding parallel
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sections for V) that E is isomorphic to the trivial bundle C" with the trivial connection.
Recall from (3.4.10) the space of odd forms Ay (M), then

Lemma 4.1.5 ([38]). For any pair of Flat connections V, V' on E that are compatible
with the Hermitian structure

CS(V; V') € Ay(M) mod exact.

Digressing for the moment, one also has

Lemma 4.1.6. Let d be a Flat connection on the Hermitian vector bundle E — M and
g: M — U(n) a smooth map, with n = rank E. Then there is a Flat connection d on E
and a smooth path v of connections compatible with the Hermitian structure from d to d
such that

CS(y) =g,

with T the form of (3.4.9).

Proof. Compare with the proof of [38, Lemma 2.1]. By taking a global framing of E that
is parallel for d, one may suppose that &/ = C™ with its standard Hermitian structure and
that d is the trivial product connection. Then, if © is the Maurer-Cartan form on U(n)
define the Flat compatible connection d := d 4+ ¢*© = d + g~ 'dg.

Define a smooth path of connections by v(t) := V; = d 4 tg*© noting that the curvature
of V; is given by td(g*©) + t2g*O A g*O = (t2 — t)g*(© A ©) since d© = —O A O. Then

_OO 1 ij12_j—1.r*2j—1
CS(y)_Z(. )!< > /O(t ty~tdt - tr ((g7©)% 1)
Z 2j j'l <21m> tr((g"©)* ") = g'r,

j=0

which is the desired result. O

Given any stably trivial E € Struct? (M), take trivial Hermitian vector bundles F and H
such that £ @ F = H and set

CS(E) = CS(V"; V& V") mod Ay (M)

for any choice of Flat connections V¥ on H and VI on F compatible with the Hermitian
structure, noting that this is independent of choices by Lemma 4.1.5. This defines a
semi-group homomorphism [38, Proposition 2.3]

CS: Struct” (M) — QU (M) /Ay (M),
where Ay (M) := Ay (M) + dQeve™ (M),
Theorem 4.1.7 ([38]). CS is surjective with kernel Struct” (M). Therefore
CS: Struct” (M) / Struct™ (M) — QOU(M) /Ay (M)

is a semi-group isomorphism, which implies that Struct® (M) / Struct” (M) is a group.
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By postcomposing cS - with the isomorphism
I': Struct” (M)/ Struct? (M) — ker§ (4.1.2)
that sends {E} — E — n, with n = rank E, one obtains the exact sequence
0 — QN ) /Ay (M) —— KO(M) —25 KO(M) — 0
where 1 = T'o CS _1. One defines the action of forms morphism a as the composition
QM) /imd — QM (M) ) Ay (M) —— K°(M), (4.1.3)
where the first map is the natural projection given by the identification
QU (M)/ Ay (M) = (" (M) /imd) / Ay (M).

Corollary 3.4.15 demonstrates that Ay (M) mod exact is the image of the odd Chern
character, so the sequence

KY(M) =2 Qodd(0f) fimd —% KO(M) 25 KO(M) — 0

is exact. One may also show that Ch o a = d [38, Proposition 3.2] so that K is indeed a
differential extension of even K-theory. By the Bunke-Schick uniqueness result (Theorem
C.2.2) it follows that KU is naturally isomorphic to the even part of any other differential
extension of K-theory via a unique isomorphism. The Simons-Sullivan model for even
differential K-theory has a definite geometric appeal since it provides a clear codification
of vector bundles with connection. Moreover, the construction of this model involves less
geometric data than other models; compare with the Freed-Lott model [15], which requires
an additional differential form.

Remark 4.1.8. As a concluding remark to round off this section, one makes an observation
that is required in the sequel. Given any w € Q°%(M), by definition a({w}) := E — n
where E = (E,[V]) € Struct(M) is such that

e rank ¥ =n and FE is trivial; and

e for any chosen representative V € [V] there is a smooth path 7" of connections from
some Flat connection d to V such that the Chern-Simons form

CS(y)=w mod Ay (M),
ie. OS(v') = w+ g*t+dx for some smooth g: M — U. Invoking Lemma 4.1.6, after
possibly stabilising by a trivial bundle with its trivial connection, this implies that

there is a path of connections v from some Flat connection d to V such that

CS(y) =w mod exact.

4.1.2 Structured €2 vector bundles

The construction of the {2 model proceeds by analogy with the Simons-Sullivan model;
accordingly the first notion required is that of structured ) vector bundles.
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Take the Hermitian Q vector bundle (E, h) over M (of rank n, say) equipped with based
module connection A and Higgs field ¢ that are compatible with h. From this point
onward, it shall be standard to omit explicit reference to the Hermitian structure h and
refer to E simply as a Hermitian vector bundle, with a choice of h assumed. Write R for
the curvature of A and A(¢) for the Higgs field covariant derivative of ¢, recalling the
total string form

o0 J
S(A,@:Z(j_ll)!(;ﬂ) /Sltr(R/\---/\R/\A(qb)),

j=1 7 — 1 times

which is the odd Chern character on C~!'. Just as the string forms play the role of the
Chern character on !, the relative string potentials play the part of relative Chern-
Simons forms in the €2 model.

To see how this works, as in Section 2.1 define a smooth n-cube of based module connections
on E as a based module connection A on the Q vector bundle E x [0,1]" — M x [0,1]"
such that Axs = 0 for any vector field X on M x [0,1]" that is vertical for the projection
M x [0,1]" — M and section s pulled back to M x [0,1]" from M. A smooth n-cube of
Higgs fields on E is a Higgs field ¢ on E x [0,1]™ and since E is Hermitian, smooth n-cubes
of connections and Higgs fields are required to be compatible with the Hermitian structure
induced on E x [0, 1]".

Recalling the notation of Definitions 3.2.1 and 3.2.16, let Hg and Mg respectively be the
spaces of Higgs fields and based module connections on E that are compatible with the
Hermitian structure. A smooth map

v:10,1]" — Mg x He
is an assignment
e (tla e 7tn) — (A(t1,...,tn)? qb(tl,...,tn))
with
Aty tn) = Sty and by 1) =Sy, )@

for some smooth n-cubes of based module connections A7 and Higgs fields ¢” on E. As
in the principal bundle case, specifying such a smooth map + is equivalent to specifying
smooth n-cubes A7 and ¢7. A straightforward argument using the proofs of Lemmas 3.2.5
and 3.2.13 demonstrates that smooth maps

[0,1]" — Mg x Hg and [0,1]" — ArE) X HrE)

are in bijective correspondence, with F(E) the unitary frame bundle of E determined by
the Hermitian structure.

Take a smooth path ~: [0,1] — Mg x Hg, writing F~ for the corresponding smooth path
[0,1] = ArE) X HrE)-

Definition 4.1.9. For j > 0, the j-th string potential of the path + is the (2j — 2)-form
1 — —_
S]("}/) :]/ / ((]— 1)trj(Bt,Rt,...,Rt,At(¢)) —i—trj(Rt,...,Rt,got))dt
0 Jst —_—— —_————
7—2 times 7—1 times
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where R; is the curvature of Ay, Ay(¢) is the Higgs field covariant derivative of ¢; (with
respect to A;) and
Bi:=¢/(Ly,A7) and ¢ := ¢ (Ly,¢7)

are the time derivatives of A; and ¢; along the path, which are both Qu(n)-valued forms.
The invariant polynomials try on u(n) are the symmetrised traces of (3.4.2).

The total string potential of + is the form
S =2_5;(7),
=1

whose degree 2k — 2 piece is the k-th string potential. The forms S;(v) and S(v) appear
to live on the total space E but are in fact basic by Theorem 4.1.10 below.

If Fy(t) := (A¢, ®¢) is the smooth path of connections and Higgs fields on the frame bundle
F(E) corresponding to v then Ry = F; and Ay(¢) = V&, where F, is the curvature of the
connection A;. The arguments of Lemmas 3.2.5 and 3.2.13 also show that

G (LaATO) = (Lo AY) and ¢ (£0,270)) =G (L5,07)
and hence the j-th string potential satisfies
S;(v) = Se, (F (), (4.1.4)
where the right hand side is a relative string potential form as in Chapter 2.

Theorem 4.1.10. For any smooth path ~v: [0,1] — Mg x Hg, the j-th and total string
potentials descend to M and the total string potential satisfies

dS(v) = s(A1,¢1) — s(Ao, ¢o)-
Proof. Applying Theorem 2.1.8 to the j-th string potential shows that S;(y) is basic and
dSj(v) = dSg,(F(7)) = s, (A1, @1) — s, (Ao, o),

which is precisely the degree 25 — 1 piece of s(A1, ¢1) — (Ao, ¢o)- O

Similarly to the expression (2.1.4) relating the (principal bundle) string potentials and
string forms, by (3.4.4) and (4.1.4) one has

1
S0) = [ o870 (4.15)
0
Another result that transfers over readily from the principal bundle case is

Proposition 4.1.11. Ifyy,71: [0,1] = MgxHg are smooth paths with the same endpoints
then S(v1) — S(v) is exact.

Due to this last result, one may use the string potentials to define an equivalence relation
that is analogous to Chern-Simons exactness. For any two pairs (Ag, ¢g) and (A1, ¢1)
of based module connections and Higgs fields on E compatible with the given Hermitian
structure, there is a smooth path v from (Ag, ¢o) to (A1, ¢1). Set

S(Ao, ¢o; A1, ¢1) := S(y) mod exact (4.1.6)
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for any such path, which is well-defined by Proposition 4.1.11. Moreover,

S(Ao, ¢o; Az, ¢2) = S(Ao, ¢o; A1, ¢1) + S(A1, ¢1; Ao, ¢2)

and since S(v) = 0 for a constant path one has S(Ag, ¢po; A1, p1) = —S(A1, ¢1; Ao, ¢o).

Define pairs (Ag, ¢o) and (A1, ¢1) as above to be equivalent, denoted (Ao, ¢g) ~ (A1, ¢1)
if and only if
S(Ao, po; A1, ¢1) =0 mod exact.

This is an equivalence relation and an equivalence class [A, ¢] is a string datum on E. By
direct analogy with structured vector bundles

Definition 4.1.12. A structured Q vector bundle over M is a pair E = (E, [A, ¢]), with
E — M a Hermitian  vector bundle and [A, ¢] a string datum on E. The rank of the
structured €2 vector bundle E is rank E := rank E.

Ezample 4.1.13. The trivial structured 2 vector bundle over M of rank k is
LC" = (LC*,[6,9))

where § is the trivial module connection and 0 is the trivial Higgs field on the trivial €2
vector bundle LCF over M equipped with its canonical Hermitian structure.

An important type of structured €2 vector bundle is

Ezample 4.1.14. The canonical structured §2 vector bundle of rank n is

E(n) := (E(n), [A(n), ¢(n)]),

where E(n) — U(n) is the canonical Hermitian €2 vector bundle of rank n with its standard
geometric data A(n), ¢(n)—see Example 3.3.16.

Given a structured Q vector bundle E = (E, [A, ¢]) over M and a smooth map f: N — M,
one may define the pullback f*E as (f*E, [f*A, f*¢]). This is well-defined since the string
forms and string potentials are natural so that

[*S(Ao, do; Ar, 1) = S(f* Ao, [ do; fTAL [F1).

Structured Q vector bundles E = (E, [A, ¢]) and F = (F, [A’, ¢']) are isomorphic if there is
an isomorphism f: F — E of Q vector bundles such that [A", ¢'] = f*[A, @] := [f*A, f*¢].

In this thesis it is important to know how structured 2 vector bundles behave under
smooth homotopy. Suppose that f;: N — M is a family of smooth maps depending
smoothly on the parameter ¢t € [0, 1], equivalently a smooth map F': N x [0, 1] — M where
F(-,t) = fi. Take a Hermitian  vector bundle E — M with compatible based module
connection A and Higgs field ¢ and for ¢ € [0, 1] consider the pullbacks f;(E), which are
Hermitian €2 vector bundles with compatible connections f;A and Higgs fields f}¢.

Let E be the caloron transform of E equipped with the Hermitian caloron-transformed
connection V. Define the family of smooth curves p,: [0,1] — M by py(t) := fi(x) for
x € N. Similarly to [38, p. 584] and Lemma 3.4.5, let ¢;: (fo x id)*E — (f; x id)*E
be the smooth isomorphisms determined by parallel transport along the family of curves
pro(t) == (fi(z),0), observing that the g; cover the identity on N x S*.
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1] the connection

Set F':= (fo x id)*E and V; := 0 (fo x id)*V, noting that for all ¢ € [0,
¢(t) for the tangent

V¢ is compatible with the induced Hermitian structure on F. Write p,
vector to pg ¢ at t, then

)

1
CS(Vy, Vi) = / (fe xid)*1;, ,yCh(V)dt mod exact
0 :

(cf. [38, (1.8)]). Recall that

—

s(A,¢) = [ Ch(V),
Sl

then by Lemma B.1.3 and the fact that p, ¢(¢) has no S'-component,

—_— — —_ —

/Sl(ft xid)* = ft*/sl and /Slzp'z,e(t) = Zm(t)/sl

so after integrating over the fibre one obtains

1
S(A0,¢0;A1,¢1):/ ft15,)8(A, ¢)dt - mod exact, (4.1.7)
0

where A, ¢; correspond to the connection V. This argument shows that f/E = fJE for
any t € [0, 1] and also that

1
SUSA 565 FAS16) = [ Fi5(86)dt mod exact, (4.18)
0
abusing notation slightly by omitting the isomorphism f{'E = fjE.

The direct sum operation & on QVect(M) extends to structured € vector bundles

Lemma 4.1.15. Let E, F be Q vector bundles over M and take any pair of smooth paths
v:10,1] = Mg x Hg and o: [0,1] = Mg x Hg. These together determine a smooth path

y®o:[0,1] = Megr X HeaF
via Yy @ o(t) == (A] @ A7, ¢] @ ¢7). Then
S(r@¢) =5(v)+5(9)
and by Theorem 4.1.10
dS(y® ¢) = s(A] ® AT, ¢] @ ¢7) — s(Ag & AF, dg © 7).
Moreover, for any choice of pairs (A, ¢), (A, ) on E and (A', ¢'), (A, ¢') on F
SABAN d® s ADN, 9D ¢) =S(A, ¢ A,9) + S(A, ¢; A, ¢)

Proof. Compare with [38, Lemma 1.4]. The proof of the first two assertions is essentially
that of Lemma 3.4.12, since the curvatures and time derivatives are block sums.
The last assertion follows from

SADAN, ¢ AN, 00d)=SAdA, ¢ AN, ¢ ¢)

+S(Ae A ppd; AN o)
and by using the first assertion, i.e.
SAaA so¢iAdAN, D) =S(A, ¢ A, ¢)

and similarly for the second term. O
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It follows immediately that the direct sum operation is well-defined on string data, so if
E = (E [A,¢]) and F = (F,[A’, ¢']) are structured € bundles over M then their direct sum

EoF:=(EaF [AaA, ¢®¢])
is a structured 2 bundle over M. Note there is an obvious isomorphism E® F =2 F & E.

In order to define the 2 model, it is necessary to consider a special class of structured
Hermitian §2 vector bundles, namely those structured €2 vector bundles that are pullbacks
of E(n) for some n (Example 4.1.14). Observe that if g: M — U(n) and h: M — U(m)
are smooth maps then the block sum

goh:z— <g(0x) h(Ox)>

is a smooth map g ® h: M — U(n + m) and there is an isomorphism of structured 2
vector bundles

g*E(n) ® h*E(m) —— (g ® h)*E(n + m).
The trivial structured 2 vector bundle LC" coincides with the pullback of E(n) by a
constant map M — U(n).

Definition 4.1.16. Define Structq (M) to be the set of isomorphism classes of structured
2 vector bundles

Structo (M) := {[¢"E(n)] | ¢ is a smooth map M — U(n) for some n}.

Since h*E(m) @ ¢*E(n) = ¢*E(n) ® h*E(m) = (¢ ® h)*E(n + m) for any smooth maps
g: M — U(n), h: M — U(m), Structq(M) is an abelian semi-group under the direct
sum operation on structured {2 vector bundles. A smooth map f: N — M induces the
pullback map f*: Structo(M) — Structq(N) respecting the semi-group structure, so that
the assignment

M +—— Structq(M)

determines a contravariant functor from the category of smooth compact manifolds with
corners to the category of abelian semi-groups.

Remark 4.1.17. Structq(M) is a special set of isomorphism classes of structured €2 vector
bundles. The primary reason for making this restriction is Theorem 4.1.18 below, which
guarantees that every element E of Structo(M) has an ‘inverse’, i.e. that there is some
F € Structq(M) such that E @ F is trivial. One expects that any arbitrary structured 2
vector bundle E over M (not necessarily isomorphic to a pullback of some E(n)) should
have an inverse, however a proof of this fact has not yet been found.

From Theorem 4.1.10 and the definition of string data the map
s: Structo (M) — Q5% (M) (4.1.9)

given by
(E,[A, ¢]) — s(A, )

is a well-defined semi-group homomorphism. It is shown below in Section 4.2 that after
passing to the group completion, this is the curvature morphism of the 2 model.

The following theorem is crucial to the construction of the 2 model and the proof is based
on related work appearing in [38, 40].
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Theorem 4.1.18. Let g: M — U(n) be any smooth map. Then there is an isomorphism
of structured 2 vector bundles

gE(n) ® (97')"E(n) = LC*".

Proof. As remarked above, the structured Q vector ¢*E(n) @ (¢~ )*E(n) coincides with
the pullback of E(2n) by the block sum map

-1, g(x) 0
gdg 1..’El—>< 0 g(x)—1> EU(2TI)

and the structured Q vector bundle LC?" is the pullback of E(2n) by the constant map
at the identity. The method of this proof is to construct a certain smooth homotopy from
g ® g~ "' to id and then use (4.1.8).

Similarly to [40, Lemma 3.6], define the smooth map R: [0, 5] — U(2n) by setting

R(t) = (Cost ~sin t)

sint cost

which is a block matrix consisting of n x n blocks. Writing

(g 0O (1 0
A(O 1) and B(O g_1>,

for ¢ € [0, 5] consider the map X;: M — U(2n) given by
X;:= AR(t)BR(t)"".

The assignment M X [0, 5] — U(2n) sending (x,t) — X;(x) is a smooth homotopy from
g @ g~ ! to the identity and by direct calculation

X 'o Xy = R(t)B~'JBR(t)' —J

J= (‘1) ‘01>.

Applying the exterior derivative to X; (considered as a U(2n)-valued function on M) gives

where

dX; = (dA)R()BR(t)™* + AR(t)(dB)R(t) ™!
. dg 0 -1 0 0 —1
= <0 0> R(t)BR(t)”" + AR(t) <O —g_l(dg)g_1> R(t)
since d(gg~ ') = (dg)g~! + gdg~! = 0. Consequently, for any j > 0
(X;7'dx)¥ = R()B~'[R(t) 'A~ (dA)R(t) + (dB)B~ )Y BR(t)~".
Another direct calculation gives

2 B .
R(t)"'A"YdA)R(t) + (dB)B™' = ( cos™t cost Smt) g ldg

—cost sint —cos?t
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and so

. COS2. .
[R(t)"" A" (dA)R(t) + (dB)B~']” :( 0” Cosogj t) (97 'dg)™.

I
~

By the cyclic property of tr and using R~ (t)JR(t)

B B . 2j t 0 B .
tr (Xt 19X, - (X; 1dXt)2j> = tr (J <C°SO s t) (g 1dg)23>

Changing track for the moment observe that (4.1.8) and Lemma 1.2.8 give
S(g*Am) @ (g71)A ( ), 9" d(n) @ (971)"6(n); 6,0)

- —J! 1y 2j+1
/ Xt <Z 2j +1)! (—2m> tr (07*1) )dt mod exact

J=

where p,(t) = 0, X;(z) is tangent to the curve t — X;(x). But by the above

X5, tr (0211 = (27 4+ 1) X[ tr (15,1)© - ©¥)
= (25 + 1) tr (X; 10X, - (X, 1dX)¥) =0
since X;1;,(n© = X; "0, Xy and X;70 = X; 'dX,.

This shows that the pairs (¢*A(n)® (g~ 1)*A(n), g*d(n) @ (g7 H)*¢(n)) and (6, 9) determine
the same string datum and, hence, that g*E(n) ® (¢~ )*E(n) & LC*". O

4.2 The ) model

Having gathered most of the required results, one is at last in a position to define the €2
model. Define K~!(M) to be the rank zero subgroup of K (Structo(M)), that is

K= (M) := { E—F € K (Structo(M)) | rank(E — F) = rankE —rankF =0}. (4.2.1)

Remark 4.2.1. Note that K~1(M) is defined by directly enforcing the zero rank condition,
in contrast to the definition of K~1(M) in Section 3.4.2, which used a restriction-to-
basepoint map (though of course, one could have required rank zero from the beginning).
This is because a point has non-trivial odd differential K-theory even though the odd
K-theory of a point is trivial—see Example 4.2.10.

One declares structured €2 vector bundles E and F over M to be stably isomorphic if there
is some n such that E® LC" 2 F & LC". By Theorem 4.1.18 and the definition:
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e E—F=FE —F in K"}(M) if and only if there is some G € Structg (M) such that
E®F &G X=E @F®G. By Theorem 4.1.18 there is some H € Structq (M) such
that G ®H = LC* for some k, which implies E —F = E' — F/ in K~1(M) if and only
if E® F’ and E' @ F are stably isomorphic.

e Taking any E—F € K~(M), there is some G € Structq(M) such that F@ G = LC*
for some k and so

E-F=E+G-F-G=E&G- LC"
Thus any element of K~!(M) may be written in the form E— LC" where n = rank E.

e Combining the previous two observations, E — LC" = 0 in K~!(M) if and only if
there is some k such that E @& LCF =~ LC"t*.

As mentioned above, the string form map (4.1.9) extends to a group homomorphism
5: K=Y M) — Q5% (M) (4.2.2)
given explicitly by sending
5: E—Fr— s(A,¢) —s(A)¢))
where E = (E, [A, ¢]) and F = (F,[A, ¢']). There is also a surjective map
§: KY (M) — K1 (M)
that discards the connective data, namely

§5:E—F—>E—F.

In fact, the maps § and § are natural transformations of functors and, recalling the odd
Chern character map s of (3.4.6), one has the commuting diagram of homomorphisms

6

K=1(M) K=Y (M)
Q4 (M) T HOU(M;R)

with deR the natural map given by the de Rham isomorphism. These data form the
beginnings of the sought-after differential extension of X~1(M): ¢ is the underlying class
and § is the curvature.

In order to easily obtain the remaining data required of a differential extension—namely,
the action of forms together with its associated exact sequence—one relates K1 to a
construction due to Tradler, Wilson and Zeinalian [40].

4.2.1 The TWZ extension and the action of forms on K~!

In a recent paper [40] the authors construct a differential extension of odd K-theory,
referred to in this thesis as the TWZ extension and denoted £~1. The TWZ extension

100



refines the homotopy-theoretic model of odd topological K-theory (K~1(M) = [M,U])
by using an equivalence relation on the space Map(M,U) of smooth maps M — U that
is finer than smooth homotopy. It is not shown in [40] that £~! defines the odd part of
differential K-theory.

In this section, one briefly reviews the TWZ extension before constructing an explicit
natural isomorphism K~! — £~ that is used to easily define the action of forms on X ~1.
Results relating to the TWZ extension are stated without proof: the interested reader is
referred to [40].

Definition 4.2.2 ([40]). Two smooth maps go, g1 € Map(M, U) are CS-equivalent, written
go ~cs g1, if there exists a smooth homotopy G: M X [0,1] — U from gy to g; such that

o0

. 1+1 1
—J! < 1 )ﬁ / -1 -1 25
—— | —=— tr(g; "Otgt - (9; "dgy)™) dt =0 mod exact, 4.2.3
= (29)! 2mi 0 ( ¢ Oge (9, dge) ) ( )

where g; := G(-,t): M — U. The set of equivalence classes
L7HM) := Map(M,U)/ ~cs

inherits an abelian group structure from the block sum operation on Map(M, U) and the
assignment M — ﬁfl(M ) defines a contravariant functor on the category of compact
manifolds with corners to the category of abelian groups that acts on morphisms by
pullback.

Remark 4.2.3. The condition (4.2.3) is realised below as the homotopy-theoretic analogue
of the total string potential condition that defines string data in the 2 model.

As £~ 1 is a differential extension of K1, it comes with curvature, underlying class and
action of forms maps. However, it turns out to be more convenient to work with a different
model for £=! described in [40, Appendix A], which is defined on a larger generating set.

Definition 4.2.4 ([40]). Define
S(M) :={(g, x) € Map(M,U) x Q" (M)},

which is a monoid under the operation (g1, x1) + (92, x2) := (91 ® g2, X1+ Xx2) with identity
(id,0), where id: M — U is the constant map sending M to the identity in U. Pairs
(90, x0)s (g1, x1) € S(M) are CS-equivalent, denoted (go, xo0) ~cs (g1, x1), if there exists a
smooth homotopy G: M x [0,1] — U from gg to g1 such that?

o0

—j! IEAARRY _ :
%)' <_27rz> / tr (gt Y09t - (g5 1alg,g)QJ) dt = xo — x1 mod exact, (4.2.4)
j=0 " 0

with g; := G(-,t): M — U as above. The set of equivalence classes
L7HM) = S(M)/~cs

forms an abelian group under the + operation on S(M), where the inverse of [g,x] is
[97', —x] and the identity is [id, 0]. The assignment M + £'~' (M) defines a contravariant
functor on the category of compact manifolds with corners to the category of abelian groups
that acts on morphisms by pullback.

3the right hand side of (4.2.4) differs from the expression appearing in [40, p. 27] by a factor of —1, as
the original expression fails to preserve the curvature map described below.
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Proposition 4.2.5 ([40]). The natural map L~ — L'~' given by

l9] — [g,0]

s an isomorphism respecting the differential extension data so that, in particular, it is an
isomorphism of differential extensions.

This survey of the TWZ extension is concluded by writing down the extension data of
L1

Curvature. The curvature map F: £/~1(M) — Q%% (M) is given by

= —j! 1 I 1 2j+1
n—> —— t “tdg)¥T dy.
JZZO (2j + 1)! ( 2m'> r((97"dg)™™) + dx

Notice that if g;: M x [0,1] — U is a smooth homotopy from ¢ to h then (using the
expression appearing in [40, p. 8])

o0

! AR —1 7. 1\2
d<2 @ <_2m> /0 tr (Qt Oge - (g, dgr) J) dt>
j=0
> —j! —1 37\2j+1
Z (25 +1)! ( 2%@) @)

Jj=0

so applying d to (4.2.4) shows that F is well-defined on £/~
Underlying class. The underlying class map c: £~'(M) — K~1(M) sends

c: [g,x] — gl

where on the left hand side the equivalence class is modulo CS-equivalence and on the
right hand side the equivalence class is modulo smooth homotopy.

Action of forms. The action of forms map b: Q¢*"(M)/imd — L£'~'(M) is given simply
by

b: {x} > [id, ]
with id: M — U the constant map to the identity.

One constructs a natural isomorphism K~! — £/~! by first associating to each E in
Structq(M) an element of £'~'(M) and then passing to the group completion. Take
some E = (E, [A, ¢]) € Structq(M) and fix a representative (A, ¢) € [A, ¢]. Recall from
Proposition 1.2.14 and Lemma 3.2.6 that holy is a smooth classifying map for E and that

s(A,¢) = holy, 7+ dxa ¢
for some even form xa ¢ determined entirely by A and ¢.
Proposition 4.2.6. The map n: Structg(M) — L'~ (M) that acts by

n: E— [holy, xA ¢)-

n is a well-defined semi-group homomorphism, viewing holy as a map M — U in the
obvious way.
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Proof. Fix a Hermitian  vector bundle E — M. Suppose that the pairs (A, ¢) and
(A, ¢') on E are both compatible with the Hermitian structure and define the same string
datum, i.e. for any smooth path v(t) = (A}, ¢]) of based module connections and Higgs
fields compatible with the Hermitian structure that joins (A, ¢) to (A’, ¢') the total string
potential S(7) is exact.

Invoking Proposition 1.2.14, on M x [0, 1] one has s(A7, ¢7) = holy, 7+ dxav ¢» where by
Corollary 1.2.15 the even-degree form xa~ ¢ pulls back to xo := xa,¢ and x1 := xar,¢
on M x {0} and M x {1} respectively. By (4.1.5)

1 1
S(v) = / S 19, 8(A7,¢7) dt = / gg‘zat(holzW T+ dXAw,qgw) dt.
0 0

Writing g; = holg (-, t), similarly to the proof of Theorem 4.1.18 one has

o0

1 _ A 1 J+1 1 )
% * J: -1 -1 2

holjy ) dt = == | —5— t Avge - (95 Ydg)™) dt.
/Ogtzat( ol 7) (2].)!( 2m.> /0 v (g7 Orge - (9 "dge)™)

J=0

Moreover, using Cartan’s Magic Formula and Stokes’ Theorem,

1 1
* * d *
/ St o dXxav gn dt = / Si (dtxm,m - d(@atXAw,asv)) dt = x1 — Xo + exact.
0 0

S(v) is exact since (A, ¢) and (A’, ¢') belong to the same string datum and so

o0 7]' 1 J+1 1 . ) )
Z @ <—> /0 tr (gt_ Ocgt - (g, "dagy) j) dt = xo — x1 + exact.

21
j=0

Therefore [holg, xa,¢] = [holg, XA,/ so that n is well-defined.

Note that holggg = holy, @ holy and, by comparing the proofs of Lemma 3.4.12 and
Proposition 1.2.14, one may show that xagaA’ ¢ae = XA,6 + Xar,e so it follows that 7 is
a semi-group homomorphism. O

Passing to the group completion and taking the rank zero subgroup

Theorem 4.2.7. The semi-group homomorphism n induces a group isomorphism

i K=Y M) — £7H(M)
given explicitly by
E — F — [holy, xa ¢] — [holy, xar¢] = [hol¢ @hol;/l, XAp — XA’,¢’]7
where E = (E, [A, ¢]) and F = (F,[A', ¢']).
Proof. 1t suffices to show that 7 is a bijection since Proposition 4.2.6 above guarantees
that 77 is a homomorphism.

To see that 7 is injective suppose that 7(E — LC") = [id, 0], where E = ¢*E(n), say. Since
n(LC™) = [id, 0] and n(E) = [g, 0], this implies that (g,0) ~¢cg (id,0). Consequently there
is a smooth homotopy G: M x [0,1] — U from id to g such that

0 _]' 1 J+1 1 . ] 1
Z @) <— > /0 tr (g; 'O - (g7 'dgy)?) dt = /0 S 19,G*Tdt =0 mod exact,

21
Jj=0
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with g, := G(-,t) as usual. Since M x [0,1] is compact the image of G is contained in
U(n + k) for some k (Proposition A.4.4) and so G may be viewed as a smooth homotopy
from g®id: M — U(n+k) toid: M — U(n+k). By (4.1.8), following a similar argument
to the proof of Theorem 4.1.18, one has

S(g"A(n) ® 6, 9" ¢(n) ® 9546, 0)

e —j' 1 j+1 1 .
— Z AN <_> / tr (gt_l(?tgt . (gt_ldgt)zj) dt mod exact
— (2j)! 0

271
7=0
1
= / 15, G*Tdt =0 mod exact.
0

This gives that g*E(n)® LC* = (¢®id)*E(n+k) = LC"** as structured Q vector bundles
and hence E — LC" = 0 in K~(M), completing the proof of injectivity.

Proposition 4.2.5 implies that every (g,x) € S(M) is CS-equivalent to (h,0) for some
smooth h: M — U(n). But then 5(h*E(n) — LC") = [h,0] = [g, x|, giving surjectivity. [

Notice that by virtue of its construction the isomorphism 77: K~1 — £/~! is a natural
transformation of functors and also that 7 respects the curvature and underlying class
morphisms:

Curvature. Take E — F ¢ IC*I(M ) as above and observe that
F o 77 (E - F) = hOlz T + dXA,d) - holz;)/ T — dXA/’¢/,
But s(A, ¢) = hol}) 7 + dxa 4 and similarly for s(A’,¢') so that F o = 3.

Underlying class. For E — F € K~1(M) the composition ¢ o 7 (E — F) = [hol, @ holg,l]
is precisely the underlying class map of K~'(M) mapping into the homotopy-theoretic
model K~1(M) = [M,U] so that co7 =6 (cf. Remark 3.4.10).

As mentioned above, one of the reasons for relating the 2 model to the TWZ extension is
to easily obtain an action of forms map for K~!, which one now defines as the map

a: QU (M) /imd — K~ (M)

given by a({w}) := 7~ 1([id,w]) = 7! o b({w}), with b the action of forms map for £'~1.
Using the properties of b, it follows that the sequence

ch

KO(M) — Qeven(M) fimd —% K~H(M) —25 KH(M) — 0 (4.2.5)

is exact. Since 7 respects the curvature maps it also follows that $oa = F'ob = d and so

Theorem 4.2.8. The functor M +— K1 (M) together with the maps 3, § and a define a
differential extension of odd K -theory.

Proposition 4.2.9. The natural map 7: K=' — £/~ is an isomorphism of differential
extensions of odd K -theory.

Ezample 4.2.10 (K~! on a point). It is clear that Q" (x) = Map(*,R) = R and also that
ch(K°(x)) = Z. Since K~1(x) = 0, the exact sequence (4.2.5) implies that K~!(x) 2 R/Z.
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This section is concluded by a useful interpretation of the action of forms map on K~
that is required in the next section.

Remark 4.2.11. For any {w} € QV*"(M)/im d, observe that by Proposition 4.2.5 one has
b({w}) = [id,w] = [g,0] for some smooth g: M — U. Thus there is a smooth homotopy
G: M x [0,1] = U from g to id such that

1 0 _]| 1 Jj+1 1 1 1 iy
/0 S 19, GT T dt = jgo w <—2m> /0 tr (gt Ogr - (g¢ dgr) ]) dt = —w mod exact,

where g; :== G(-,t). By Proposition A.4.4, the image of G is contained inside some U(n)
and so by (4.1.8) one has

S(0,0;9"A(n) ®6,9"¢p(n) & 0) =w mod exact
on (g @id)*E(n). Observe that a({w}) = (g ®id)*E(n) — LC" since 7} acting on the right
hand side gives [g,0] and 7 is an isomorphism.

Therefore the action of forms map a sends the class {w} to the virtual structured € vector
bundle E — LC", where E = (E, [A, ¢]) € Structq(M) is such that

e rank E = n and E is trivial; and

e for any chosen representative (A,¢) € [A, @] of the string datum there exists a
smooth path « of connections from the trivial pair (0,9) (in some trivialisation of
E) to (A, ¢) such that the total string potential

S(v) =w mod exact.

Compare this to Remark 4.1.8, which gives a similar statement for the action of forms
map in the Simons-Sullivan model.

4.2.2 0dd differential K-theory

It has been shown so far that K~ is a differential extension of odd K-theory. However, as
remarked previously one can show that in the absence of a multplicative structure there
is an infinite family of non-isomorphic differential extensions of odd K-theory [6]. In this
section, the caloron transform is adapted to structured vector bundles in order to prove
that 1 (M) does indeed give odd differential K-theory, that is K~'(M) is isomorphic to
the odd part of any differential extension of K-theory with S'-integration.

Fix a model K* of differential K-theory, i.e. a differential extension of K*®, with

e curvature morphism ch: K*(M) — Qf_,(M);

underlying class morphism §: K*(M) — K*(M);

action of forms morphism a: Q*~1(M)/imd — K*(M); and

Sl-integration f;: K*(M x SY) — K*~Y(M).
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According to the uniqueness theorem of Bunke and Schick (Theorem C.2.2) there is a
unique natural isomorphism ®q: K°(M) — K°(M) that respects all of the structure (ex-
cept, of course, the S'-integration), where K° is even differential K-theory & la Simons-
Sullivan.

Using the isomorphism ®( together with the caloron correspondence, one now defines an
isomorphism

@y KY(M) — K~Y(M).
For any E — F € K~1(M), where E = (E, [A, ¢]) and F = (F,[A’, ¢']) say, set

—

1 (E—F) = /Sl%((E, V) - (F, V). (4.2.6)

In this expression, (E, V) and (F, V') are respectively the caloron transforms of (E, A, ¢)
and (F,A’;¢') for some chosen representatives (A, ¢) € [A, ¢] and (A', ¢') € [A’,¢']. The
definition of ®; appears to depend explicitly on these choices and in general there is no
canonical choice. Nevertheless

Proposition 4.2.12. The map

1 KY M) — K1 (M)
s a well-defined group homomorphism.

Proof. This proof makes use of the homotopy formula (Theorem C.1.6), which describes
how differential extensions behave under smooth homotopies. Let E = (E,[A, ¢]) and
F = (F,[A’, ¢]) be structured €2 vector bundles as above and take any two choices of pairs
of representatives

(A07¢0)7 (Abd)l) S [Aa¢] and ( 67¢6)7( /1¢¢/1) € [A/7¢/]‘

Write Vo, Vi and V{, V] for the corresponding connections on the caloron transforms
E =V(E) and F = V(F). Showing ®;(E — F) is well-defined is thus equivalent to showing

—_— —_

[ @150 - #194) = [ @o((B.¥2) - (#[73).
St St
Define smooth paths v: [0,1] - Mg x Hg and 4': [0,1] — Mg X Hf by

Y(t) = (tA1 + (1 — 1) Ao, tp1 + (1 =)o)

with 7" defined similarly. Then by definition of string data the string potentials S(v) and
S(+') are exact. As in the principal bundle case, the caloron transform gives a smooth
path of (framed) connections V7 from Vi to Vi on F and a smooth path of (framed)
connections V7' from V{ to V| on F.

Write V; and Vj for the connections on E x [0,1] and F x [0,1] corresponding to the
smooth paths Vv and V4/. By the naturality of ®g, the homotopy formula (Theorem
C.1.6) applied to the even differential K-class T := ®o((E x [0,1],[V¢]) — (F x [0, 1], [V}]))
gives

1
(5. (1) - (R V1)) - @ol(B. 7)) - (7)) =a( [ Guoch@ar). (a2)
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But since ®( respects the curvature maps, one has
ch(®) = Ch((E x 0,1, [V)) = (F x 0,1}, [V}])) = Ch(V:) = Ch(V})

and hence
1 3 1
/ S 19, ch(T) dt = / gfzat(Ch(Vt) — C’h(Vg)) dt = CS(Vy) — CS(V’y').
0 0

The second equality uses [38, (1.5)], which is the Chern-Simons version of the expression
(2.1.4), i.e.

1
CS(Vr) = / <10, Ch(V,) dt.
0

In this setting the formula (2.1.5) relating string potentials and Chern-Simons forms gives

— —

S(y) = /S Csy) and ()= [ esy)

so that —
/ / o ch(®) dt = S(7) — 5(7)
St Jo

is exact. Recall that the S'-integration commutes with @ and so

Za(/ol S19,ch(T) dt) = a(S(v) - 5(+)) =0,

since @ vanishes on exact forms by definition. Thus applying the S'-integration map to
(4.2.7) yields

— —

[ 20((B.[50) = (R.[54D) = [ 0((.1V1) = (P.VA)).

Sl

which shows that ®q is well-defined. It is clear from the definition and the properties of
V and [q that ®; is a homomorphism. O

One proceeds by showing that ®; respects the curvature, underlying class and action of
forms maps:

Curvature. To see that ®; respects the curvature maps, i.e. ch o ®; = §, notice that for
E - F c K Y(M) as above,

—

3(E—F) =s(A,¢) —s(A,¢) = / (Ch(V) — Ch(V"))

S1
using (1.1.7). However, since the S'-integration commutes with the curvature on K*,

—

o (E=F) = [ [B((B[V) - (R.[V))]



so that ch o ®; = § as required.

Underlying class. To see that ®; respects the underlying class maps, one must show
that d o ®; = 6. Now, the map K~1(M) — K°(M x S!)

E-F—J4((E,[V])—(F[V])=E-F

is well-defined and coincides with the composition ¢* o §, where q: M x S' — S(M*) is
the projection and §: K~1(M) — K~'(M) is as above. Note also that

—_ —_ —

Soa(E-F) =3 [ a((B. V)~ (V) = [ S(EN) - (RIVD) = [ (E-F)

St St St

so it suffices to show [4 o ¢* = id acting on the image of §. Recall (cf. [6]) that if
pr: M x St — M is the projection and 2: M — M x S' is the embedding m + (m,0)
then there is a splitting K*(M x S') = impr* @ kers* since pro: = idy;. Moreover,
the quotient map ¢: M x S — %(M™T) induces an isomorphism ¢*K(X(M7T)) — kera*.
The S'-integration on K9 is deﬁne(i\as the composition of the projection onto ker+* with
(¢)~!, from which it follows that [q o ¢* = id on the image of § since ¢*(im ) C kers*.
Therefore 6 o ®; = § as required.

Action of forms. One wishes to show that ®; o a = d. To do this, first recall Remarks
4.1.8 and 4.2.11 characterising the action of forms maps in the Simons-Sullivan and the €
models. For {w} € Q¢"(M)/imd the element a({w}) € K~ (M) is defined as E — LC"
where E = (E, [A, ¢]) is such that rank E = n, E is trivial and S(6,0; A, ¢) = w mod exact
for any choice (A, ¢) € [A, ¢]. Fixing such a choice, there is a smooth path v joining (9, 9)
to (A, ¢) on E such that

S(v) =w mod exact.
Writing (E, V) for the caloron transform of (E, A, ¢), observe that

p—

Broa((w)) = [ @0((E,[V) ~n).

S

But, following a similar argument one also has
(E,[V])—n=a({swAdf+a})

for some « in the kernel of f/\Sl since by (2.1.5)

— —

/SlcS(w) — S(y) = / Lo A do.

Sl

Hence

— — —

/Sl%((E, V) - n) = /Slcpoa({;rmdam}) — a/Sl{Qlww/\dG—l—a} — a(fw)),

giving ®1 o a = a as required.

It now remains only to show that ®; is an isomorphism:
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Theorem 4.2.13. The homomorphism
1 KYM) — K~1(M)
s an isomorphism that respects all the differential extension structure.
Proof. The exact sequences (4.2.5) and (C.1.1) imply exact sequences
0 — Q= (M) /imeh —5 K~Y(M) 25 K1 — 0

and
0 — Q@ (M) /imch — K~Y(M) - K~ — 0.

One thus has the commuting diagram

0 ——— Q" (M) /im ch K=Y (M) K—1(M) 0
P,
0 Qever (M) fim ch ——= K1 (M) —— = K—1(M) 0

where the rows are exact and all unlabelled vertical arrows are the identity. The five-lemma
applied to this diagram gives that ®; is an isomorphism. O

At last, one has that the © model K~ is isomorphic to the odd part of any model of
differential K-theory. Observe that the isomorphism of Theorem 4.2.13 does not depend
on the choice of model for differential K-theory used to define it; take any two models
K* and L* for differential K-theory, then by Theorem C.2.2 there are unique natural
isomorphisms U: K® — L*, ®&y: K — K and D, : K9 — LP respecting all of the structure
and, by uniqueness, @[ = ¥ o Dy

Define maps ®;: K~! — K~ and P K~1 — L' as per (4.2.6), which are isomorphisms
respecting all of the structure by Theorem 4.2.13. For any E — F € K~!(M) one then has

—

#(E—F) = [ (2.7 - (A7)

—_—

- /Squ o @y ((E,[V]) — (F,[V'])) = Vo ® (E—F)

since ¥ commutes Wlth the S Lintegration maps. Therefore P} = Wo Py, in particular the
isomorphism ®;: K~! — K~ defined by (4.2.6) does not depend on the choice of model
of differential K-theory. Observe also that ®; is a natural isomorphism, which follows
from the naturality of @, the fact that f g (f xid)* = f* f g1 and the functoriality of the
caloron transform. Thus

Theorem 4.2.14. K~ is isomorphic to the odd part of any model of differential K -theory
via a canonical natural isomorphism respecting all of the structure, in particular it defines
odd differential K-theory.
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Remark 4.2.15. The caloron correspondence plays a crucial role in the proof of this last
result; it features explicitly in (4.2.6) as a sort of ‘differential suspension map’.

Remark 4.2.16. In Theorem 4.2.14, the isomorphism is canonical rather than unique: in
order to establish uniqueness using the results of Bunke and Schick, one requires either a
multiplicative structure or an S'-integration.

Define the structured differential extension of K-theory by setting

(M) = KO(M) if n is even
© KN (M) ifnis odd,

noting that the properties of K%(M) and K~1(M) imply that this is indeed a differential
extension of K*®. Fixing a model K*® of differential K-theory as above, denote by

o K*— K*®

the natural isomorphism that acts in even degree by ®( and in odd degree by ®1, observing
that this respects the curvature, underlying class and action of forms maps. Define

—

(KM x §Y) — K=Y M) (4.2.8)
S1
by requiring that the diagram
% 1 Ist Ce—1
K*(M x S%) Ke=H(M)
@ ®
? 1 Jst e—1
K*(M x S%) K*— (M)

commute, i.e. for z € K*(M x S1)

—_ —_

/Slx = @*/Sl@(x).

This is readily seen to define an S'-integration map, so K*® must be isomorphic to any other
differential extension of K-theory with S'-integration via a unique natural isomorphism
preserving all the structure. Since ® is natural and by definition of the S'-integration
on K*® preserves all of the additional structure it is this unique isomorphism. Thus the
map ®; defined in (4.2.6) is the unique isomorphism (in odd degree) that respects this
particular S'-integration.

Similarly, in the case where K*® is multiplicative one may also use the isomorphism
d: K* — K*® to endow K® with a multiplicative structure by setting

z-y =07 (2(x) - D(y)),

so that K® becomes a multiplicative differential extension of K-theory. By the above,
neither this S'-integration nor this multiplicative structure depend on the choice of K*°.
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Conclusions and further work

The focus of this thesis was the construction and applications of certain differential forms
associated to loop group bundles. These string potential forms were constructed using the
caloron correspondence developed in [32, 33, 41] and play the role of Chern-Simons forms
for loop group bundles. Fixing a loop group bundle Q — M, the total string potentials
are forms that live on the total space Q and depend on a fixed choice of connection and
Higgs field for Q. The relative string potentials are forms on the base M that depend on
a smooth path of connections and Higgs fields for Q. In both cases the string potential
forms describe some aspect of the dependence of the string forms—the loop group version
of Chern-Weil forms—on a particular choice of connection and Higgs field.

In the case that G is a compact, simple, simply-connected Lie group, it was shown that the
total string potential forms can be used to recover the curving of the lifting bundle gerbe of
the LG-bundle Q — M (Example 2.1.13). When G is a simply-connected Lie group, it was
shown that the total string potentials of the standard connection and Higgs field for the
path fibration PG — G pull back to give generators for the cohomology of the based loop
group QG (Example 2.1.14). Moreover, in a restricted setting the total string potential
forms were used to define secondary characteristic classes for QU (n)-bundles. Due to
their relationship with the Chern-Simons forms and motivated by this toy example, one
expects to be able to define such secondary characteristic classes corresponding to each
total string potential. The existence of these classes is an interesting problem that merits
further research.

Motivated by the work of Simons and Sullivan in [38], who used Chern-Simons forms
to define a model K° for the even part of differential K-theory, this thesis applied the
relative string potential forms to a similar purpose. Together with the notion of §2 vector
bundles developed in Chapter 3, the relative string potential forms were used to construct
a differential extension of the odd part of K-theory, referred to as the €2 model and
denoted K~1. A caloron correspondence for vector bundles was developed for € vector
bundles and played a decisive role in showing that the 2 model defines odd differential
K-theory; i.e. that KX~! is isomorphic to the odd part of any model of differential K-
theory. An isomorphism of differential extensions was constructed between K~ and an
elementary differential extension of odd K-theory appearing in [40], referred to as the
TWZ extension. The effect of this isomorphism is two-fold as it provides a ‘homotopy-
theoretic’ interpretation of the 2 model via classifying maps and also shows that the TWZ
extension defines odd differential K-theory; a result not previously obtained.

There are a few unanswered questions that arise from the treatment of string potential
forms and odd differential K-theory presented in this thesis. Firstly, as remarked above,
there ought to be a way of using total string potentials to define secondary characteristic
classes for loop group bundles. In the case that such a construction does indeed exist,
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these classes should be related to the differential Chern character mapping from KX~ into
differential cohomology with values in Q (cf. [7, Theorem 6.1]).

Secondly, Simons and Sullivan showed that K° has a multiplicative structure induced
by the tensor product operation ® on vector bundles with connection. Since there is a
(honed) tensor product ® for 2 vector bundles equipped with connective data, it seems
reasonable that there should be a way of constructing a multiplicative structure directly
on K* := KO(M) @ K~'(M) using ® and ®. It should also be possible to construct
an S'-integration map directly on K® and, additionally, one should be able to define the
action of forms map on K~! independently of the work of Tradler, Wilson and Zeinalian.

A final question that arises from the treatment presented in this thesis relates to the
construction of the  model, which uses structured € vector bundles that are classified
by the canonical bundles E(n). The canonical bundles are classifying for {2 vector bundles
equipped with Higgs fields, though this is not necessarily true when connections are taken
into account. The reason for this restriction, as observed in Remark 4.1.17, is that it
guarantees the existence of inverses, a fact that is frequently implicitly used throughout
Chapter 4. It is interesting, therefore, to ask whether such inverses exist for all structured
Q) vector bundles, in which case one should be able to define the 2 model in terms of all
such bundles, rather than just pullbacks of the canonical bundles.
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Appendix A

Infinite-dimensional manifolds

This thesis deals extensively with infinite-dimensional manifolds, in particular with loop
groups, loop vector spaces and limits of certain directed systems of manifolds—these are
all examples of infinite-dimensional manifolds. An infinite-dimensional manifold may be
thought of as an ordinary smooth manifold that, rather than being modelled over R"
or C", is modelled over a generalised sort of Euclidean space. These spaces belong to a
special family of locally convex topological vector space—usually the Fréchet spaces, but
more generally sequentially complete locally convex topological vector spaces.

This appendix gives a brief treatment of Fréchet spaces and manifolds, as well as discussing
direct limit manifolds. The exposition here follows closely that of [18, 20, 41].

A.1 Fréchet spaces and Fréchet manifolds

Fréchet spaces are special locally convex topological vector spaces that admit a natural
notion of differentiability. Importantly for the purposes of this thesis, this allows one to
talk about maps between Fréchet spaces being smooth. Recall

Definition A.1.1. A seminorm on an R- or C-linear vector space V is an R-valued
function ||-||: V' — R such that

L. |lv|| > 0 for all v € V;
2. |lv+w| <|v|| + ||w] for all v,w € V; and
3. |lav|| = |a| - ||v]| for all v € V and scalars a.

Notice that the only property distinguishing seminorms from norms is the fact that a
seminorm need not be positive-definite; that is for a seminorm ||-|| on V' one may have
some v # 0 in V for which |jv|| = 0.

Definition A.1.2. A locally convex topological vector space' is a vector space V with
topology defined by a family of seminorms {||-||; | ¢ € I} for some index set I. Thus a

tan equivalent definition of local convexity is that the origin has a neighbourhood basis of absolutely
convex absorbent sets; that is, convex sets U such that tz € U for all z € U and |t| < 1 (absolutely conver)
with the additional property that for all & € V' there is some ¢ such that t € U (absorbent).
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neighbourhood basis of v € V' is given by all sets of the form
Ul (v) :={w eV |||w—v|; <eforall j € J}
where J C [ is finite and € > 0.

A locally convex topological vector space is Hausdorff if and only if v = 0 < ||v]|; = 0 for
all ¢ € I and metrisable if and only if the topology may be defined by a countable family
of seminorms.

Definition A.1.3. A Fréchet space is a sequentially complete Hausdorff metrisable locally
convex topological vector space.

Immediate examples of Fréchet spaces are Banach spaces, where the family of seminorms
is just the given norm. Another example of key importance in this thesis is

Ezample A.1.4. Let X be a compact manifold and F — X a vector bundle. The space
I'(E) of smooth sections of E then forms a Fréchet space. The seminorms inducing the
topology in this case are given by first choosing Riemannian metrics and connections on
the vector bundles TX and F; for any v € I'(E), write D7v for its j-th covariant derivative

and set
n

[olln ==Y sup |DIv(z)],

=0 zeX

where |-| is the norm induced by the Riemannian metric. Note that the compactness of
X here is crucial.

As mentioned above, there is a sensible notion of maps between Fréchet spaces being
smooth, given by the Gateaux derivative. Suppose V and W are Fréchet spaces, U C V is
open and f: U — W is a continuous map, then

Definition A.1.5. The (Gdteauz) derivative of f at v € U in the direction of h € V' is

DF(o){h} = tim L0 = ()

t—0 t

and f is differentiable at v in the direction of h if this limit exists. One says that f is
continuously differentiable if the above limit exists for all (v, h) € U x V and if

Df:UXV —W

is continuous.

Higher derivatives are defined inductively via

k k
D f(){hy, ... hy} := lim Dot thi)ih,. ., h’“‘i} - DR )i, e}

and one says that f is of class C* if
DFf:UxVF —Ww
exists and is continuous. One says that f is smooth, or of class C*, if f is C* for all k.

The usual definition of a manifold then generalises directly.

114



Definition A.1.6. A Fréchet manifold is a Hausdorff topological space with an atlas of
coordinate charts valued in Fréchet spaces such that the coordinate transition maps are
all smooth maps .

There are direct generalisations of many other familiar concepts from differential geometry
to the Fréchet setting, in particular one may talk about tangent bundles of Fréchet man-
folds, Fréchet principal bundles and Fréchet vector bundles. For a comprehensive review,
see [20].

A.2 Mapping manifolds

There is one particular type of Fréchet manifold that features prominently in this thesis,
namely mapping manifolds. The interested reader is referred to [20, Section I.4] for a
detailed discussion.

Ezample A.2.1 (]20]). Let X be a compact finite-dimensional manifold and suppose that
m: B — X is a surjective submersion, with B a finite-dimensional manifold. Consider the
space of sections I'(B) of B, that is all the smooth maps f: X — B such that 7o f = id.
Associated to each such section f there is a vector bundle V;B — X called the vertical
tangent bundle to B at f. The fibre of VyB at x € X consists of those tangent vectors to
B at f(z) that are annihilated by dm.

Then, provided it is not empty, the space of sections I'(B) is a Fréchet manifold. Using
tubular neighbourhoods one can construct a diffeomorphism between a neighbourhood
of the zero section of the vector bundle VyB and a neighbourhood of the image of f in
B. Thus one obtains a bijective correspondence between sections near zero in I'(VyB)
and sections near f in I'(B). These maps provide coordinate charts for I'(B) since the
transition maps are smooth. Notice that in this example the coordinate charts are not all
valued in the same Fréchet space.

Taking a smooth manifold Y and setting B = X x Y in Example A.2.1 gives the Fréchet
manifold
Map(X,Y):=T(X xY)

since a section X — X x Y is equivalent to a map X — Y. An important feature of such
mapping manifolds is that if X, Y and Z are (finite-dimensional) manifolds with X and
Y compact then precomposition by a smooth map f: X — Y defines a smooth map

f*: Map(Y, Z) — Map(X, Z).
Similarly, postcomposition by a smooth map g: Y — Z defines a smooth map
g« Map(X7 Y) — Map(Xa Z)7

where here Y need not be compact.

Another important feature of mapping manifolds is that there is an easy description of their
tangent bundles using kinematic tangent vectors. A smooth path f: (a,b) — Map(X,Y)
is equivalent to a smooth map f: (a,b) x X — Y and so for each x € X one obtains a
path ¢t — f(t)(z) in Y. The tangent vector f’(¢)(x) in the ¢ direction is then a tangent
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vector to Y at f(t)(x), so that f/(¢) is a section of the pullback f*TY. Thus, one has the
canonical identification

Ty Map(X,Y) = T(f*TY).

This identification is especially useful, for instance when one wishes to discuss differential
forms on Map(X,Y).

A.3 The path fibration

Following [41], recall that for a connected Lie group the path fibration has total space
PG :={p: R — G | p is smooth, p(0) = 1 and p~'dp is periodic with period 27}

and the projection
evor: PG — G

is given by evaluation at 2w. Notice that the total space PG is isomorphic to the space
of connections on S' x G — S!, since a connection A on this trivial bundle uniquely
determines a periodic path by solving A = p~1dp subject to the initial condition p(0) = 1
and, conversely, p € PG determines a connection via p~'dp. Thus PG is smoothly
contractible as spaces of connections are affine.

To see that PG — G is in fact an QG-bundle, first take any two p,q € eVQ_Trl({g}) for some
fixed g € G. Let f(t) := (p~1q)(t + 27), noticing that f(0) = 1 and also that f satisfies
the same differential equation as p~'q. By the Picard-Lindeléf Theorem, one must have
f = p~'q so that p~lq is in fact 27w-periodic. Therefore any two p, ¢ in the same fibre of
evy, are related by p = ¢v for some v € QG. From this it follows readily that the right
action of G on the fibres is free and transitive.

To establish the local triviality of PG, consider a normal neighbourhood U C G of the
identity (so that exp is a diffeomorphism V' — U for some subset V' C g). As in [41], one

may define a map
U x QG — evy (U)

by sending
(g,7) — exp(t&)7(1),
with £ satisfying exp(27€) = g. The inverse of this map is given explicitly by
p— (p(27r),exp(tp(27r)*1)p) i

This gives a trivialisation over the neighbourhood U of the identity. To obtain a triviali-
sation over any h € G, one considers the open sets {Uh}reg. As G is connected, for any
h € G one may choose a periodic path h € PG with h(27) = h, then the map

Uh x QG — evy 1 (Uh)

given by sending _
(gh, ) — h(t) exp(t&)7(2),

with € as above, is a local trivialisation.

This shows that PG — G is indeed an {)G-bundle and, since PG is contractible, it is a
model for the universal bundle.
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A.4 Direct limit manifolds

This appendix is concluded by a brief discussion of direct limit manifolds and Lie groups
following [18]. Recall that a directed system in a category C is given by a directed set
(I, <) and a pair S := ({X;}ier, {¢ji }i<;j) where each X; is an object of C and each ¢j; is
a morphism X; — X; in C such that

1. ¢ii = idy, for each 7 € I; and
2. (bkj o¢ji = ¢ki for all 4 S] < k.
A cone over S is a pair (X, {¢i}icr) where X € C and the ¢;: X; — X are such that the

diagram
X; ik X;
X

A cone (X, {¢;}ier) over S is a direct limit of S if it has the following universal property:
for each cone (Y, {1);}icr) over S there exists a unique morphism u: X — Y such that the

diagram
PDji
X;
\ /
b

X ¥j

commutes whenever i < j.

X

Y

commutes for all ¢ < j. It is important to remark that direct limits do not always exist
in a given category C, but when they do exist they are unique up to unique isomorphism.
The direct limit is written

X = liqui

when the directed system S is understood.

Suppose T' = ({Yi }ier, {1ji }i<j) is another directed system over the same index set I, with
morphisms f;: X; — Y; such that fjo¢j; = 10 f; for all i < j. The family of morphisms
{fi}ier is said to be compatible with the directed systems S and T If (Y, {¢; }icr) is a cone
over T it follows that (Y, {t; o f;}icr) is a cone over S and one writes hg fi for the unique
morphism X = ligXi — Y determined by the above universal property. The directed
systems T and S are equivalent if the f; are isomorphisms for each q.

117



Example A.4.1 (Sets). If S := ({X;}ier, {¢ji}i<j) is a directed system of sets, then one

takes
lim X; = |_| X/~
i€l
where if z; € X; and z; € X then z; ~ x; & 3k € I such that ¢y;(x;) = dri(x;). The
maps ¢;: X; — ligXi are the obvious induced maps.

Example A.4.2 (Topological spaces). If S := ({X;}icr, {¢ji}ti<j) is a directed system of
topological spaces, then the direct limit of this system in the category of topological spaces
is given by equipping the direct limit hgrl X; of underlying sets with the final topology with
respect to the maps ¢;. Therefore a subset U C lingi is open (resp. closed) if and only
if ¢;*(U) C X; is open (resp. closed) for each i.

Example A.4.3 (Topological groups). If S := ({Gi}ier, {¢ji}i<j) is a directed system of
topological groups, one may realise the set-theoretic direct limit G := %Gi (with the
corresponding maps ¢;: G; — G) as a topological group also.

Equip G with the final topology as above, writing u;: G; X G; — G; for the multiplication
maps and ¢;: G; — G; for the inversion maps. The family of maps {u;}ics is compatible
with the directed systems T' := ({G; X Gi}tier, {¢ji X ¢ji}i<j) and S. As G x G is the
direct limit of 7" in the category of topological spaces, the multiplication on G is given by
the limit map p := h%m ;. The inversion operation on G is given by ¢ := lim¢;. Note that
G is not necessarily Hausdorff; some authors require this condition in the definition of a
topological group.

The following result on direct limits of topological spaces is used extensively in this thesis

Proposition A.4.4 ([18]). Suppose X is the direct limit of the sequence X1 C X9 C ---
of topological spaces. Then

e if each X, is locally compact then X is Hausdorff
o if each X, is T then every compact subset of X is contained in some X,.

One is now in a position to discuss direct limits of directed systems of smooth manifolds.
Direct limits of manifolds are more subtle than, say, directs limits of sets or of topological
spaces since it is not immediately clear how to obtain a smooth manifold structure on the
naive set-theoretic direct limit.

For the following discussion, it is necessary to slightly broaden the notion of infinite-
dimensional manifolds as discussed thus far in this thesis. If one relaxes the metrisability
condition of Definition A.1.3 one obtains a (Hausdorff) sequentially complete locally convex
(s.c.l.c.) topological vector space. One may then talk about derivatives in Hausdorff s.c.l.c.
vector spaces as per Definition A.1.5, in particular there is a notion of smooth manifolds
modelled over Hausdorff s.c.l.c. vector spaces, as in Definition A.1.6.

Ezxample A.4.5. Denote by R* the real vector space of R-valued sequences with finite
support. The set I of finite-dimensional subsets of R* forms a directed set under inclusion
and so one obtains the directed system ({i}icr, {¢ji}i<;) of topological vector spaces, with
¢ji: 1 — j the inclusion. This directed system has direct limit R* with the finite topology,
which is the final topology with respect to the inclusion maps 7 < R°.

The finite topology on R* coincides with the finest vector space and finest locally convex
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vector space topologies. Thus, since R* is sequentially complete, it is a Hausdorff s.c.l.c.
topological vector space. Notice that R* is not metrisable so it is not a Fréchet space (see
[18, 21] for details).

Theorem A.4.6 ([18]). If My C My C M3 C --- is a sequence of finite-dimensional
paracompact smooth manifolds such that M; is a smooth closed submanifold of M; 1 then
there exists a unique smooth manifold structure on the direct limit M := hﬂMZ that makes
M the direct limit of its submanifolds M, in the category of smooth manifolds. If M; is
modelled over R™ then M is modelled over hgrlR”Z

The proof of this fact presented in [18] uses tubular neighbourhoods to extend charts on
M; to charts on M;41. The result of this procedure is a sequence Uy C Uy C Uz C --- of
coordinate charts (with U; C M;) and a compatible family of maps U; — R™. Passing to
the direct limit gives a coordinate chart for M and the collection of all charts obtained in
this fashion gives a smooth atlas for M over th”l

In the case where each M; = G is a Lie group and the submanifold embeddings G; — G;+1
are Lie group homomorphisms one obtains

Theorem A.4.7 ([18]). If Gi € G2 C G3 C --- is a sequence of finite-dimensional
paracompact smooth Lie groups such that G; is a closed Lie subgroup of G;+1 then there
exists a unique smooth Lie group structure on the direct limit G := hglGi that makes G
the direct limit of its Lie subgroups Gy in the category of smooth Lie groups.

Moreover, if G; has Lie algebra g; then the Lie algebra of G is g := hgngZ

As a concluding remark, one notices that if © is the Maurer-Cartan form on G—defined
by its action on x € TyG as O4(x) := dL,-1(x)—and ©; is the Maurer-Cartan form on G;
then © pulls back to ©; under the submanifold inclusion G; — G.
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Appendix B

Integration over the fibre

Integration over the fibre is an important tool that is used throughout this thesis. Fibre
integration may be thought of as a special type of pushforward map that arises naturally
in the context of differential forms—in which case one is literally integrating a differential
form over the fibres of some fibre bundle—and in singular and de Rham cohomology.

In this appendix, one considers integration over the fibre on trivial bundles of the form
M x N — M, where M and N are oriented manifolds of dimensions m and n respectively
that admit smooth partitions of unity.

B.1 For differential forms

The treatment presented here largely follows that of [3, 19]. One begins by noticing that
every w € QF(M x N) is a sum of decomposable forms, that is

Lemma B.1.1. Any w € QF(M x N) may be written as a sum of forms of the form
fprywm Apry wi,

where f € C®°(M x N) and wyr, wy are forms on M and N respectively whose degrees
add to k. The maps pry,, pry are the projections of M x N onto M and N respectively.

Proof. Compare with [19, Lemma 2.4.1]. This is straightforward in the case when M = R™
and N = R" since there are global coordinate charts.

For general M and N, let {(Uy, ¢o)} and {(V3,13)} be atlases for M and N respectively.
Choose smooth partitions of unity {p.} and {og} subordinate to {U,} and {V} respec-
tively and choose a family of smooth bump functions {b,3} such that b,z is supported in
Us x Vg and identically 1 on the support of p,og.

If 6a(@) = (21(2),2%(2), .., (2)) and ¥s(y) = (4 (1), 42 (1), -, y" (1)), the restriction
wap of w to Uy X Vg may be written as

wap = Y. whh= Y (axvp) (fifde’ ndy’)

|+[J|=k H1+|J=k
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for some smooth functions fC{J , summing over all multi-indices I and J of total length k.
Set

P17 = S bl x s I = Y pdl, and = Y gt
a,f «a B

Then, for fixed multi-indices I and J,

FY7 o wir Aprh Wl =D bag ((Sa X V) F45) (01 pa dél) A (priy op dibf)
a,B

= pagbag (6o x V)" fL5) (pris dok) A (priy dyj)
op

= (Pa0sbap)w il
op

= D_ Padswal:
a.f

Summing over all multi-indices I and J with |I|+|.J| = k gives w and, hence, the result. []

Assuming N to be compact, given a form wy € Q¥(N) and a smooth function f on M x N
write | n Jwn for the function on M that sends

x»—>/ frwn
N

where f,(y) := f(z,y), noticing that this is zero if k # n.

Definition B.1.2. The integration over the fibre map on differential forms is the map
[y QF(M x N) — Q"(M) that sends the decomposable form f - prj; wy A priy wy to

/f‘pr}‘wwM/\pr}kaN::/wa-wM.
N N

Integration over the fibre is defined for general forms by invoking Lemma B.1.1 and ex-
tending by linearity, noticing that the result is independent of the chosen decomposition.

As an immediate consequence of the definition

Lemma B.1.3. If f: M — M’ is a smooth map, then the diagram

Q*(M’' x N) I Qe (M)
(fxid)* rr
. Jn .-
Q*(M x N) Q*"(M)

commutes.

When M is also compact one also has the following
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Lemma B.1.4. For any w € Q"™"(M x N)

fo= L

This is proved using the local decompositions of Lemma B.1.1 and Fubini’s Theorem on
R™ x R™.

Importantly for constructing integration over the fibre maps in de Rham cohomology, in
the case where NN is without boundary one also has

Lemma B.1.5. The integration over the fibre map commutes with the exterior derivative,
that is

Ja=df.
N N

Proof. As both [y, and d are linear, it suffices to prove the result for decomposable forms.
Taking coordinate charts and partitions of unity exactly as in Lemma B.1.1, let w be a
decomposable form on M x N. Then, for some fixed multi-indices I and J,

W= pacs($a X V)" (fopdz' Ndy).
a,

Writing gag = (¢ % 1g)* fap and taking the exterior derivative, one obtains

dw =" [9aposdpa + Jappados + pacsdgas) A doL, A i}

a,B
ga i = aga i
=y [gaﬁgﬁdpa + GopPados + pacs Z (%f dgl, + pacp Y &ﬂjﬁ dwg] A dol, A di.
a,B Jj=1 B

If |J| = n integrating over the fibre gives

/Ndw:g% [/ Tpgap A - dpa+pa2/ o 8¢f - d¢’}Ad¢
= %; [/N 08908 dwé dpa + pa - d(/NUﬂgaﬂ d%ﬂ A dgl,
- azﬁd[pa | 75905 dwé]Ami

:d/w
N

as required. If |J| < n then

[ o= D / [ga/a dog ndd + o3y agf av, A i) - dol

Jj=1 B
_Z |I| /N (Uﬁgaﬁ/\dwé)'d(bé

=0
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using Stokes’ Theorem, since N is without boundary. On the other hand,

— —~

/w:0:>d/w:0.
N N

Since the result is clearly true for |J| > n (as this implies w = 0), the result is proved. [

This implies that there is a well-defined integration over the fibre map in de Rham coho-
mology, namely

—

/N t HY (M x N) — HEZ(M)

[l

given by

By Lemma B.1.3, the diagram

. J o
HdeR(M, X N) . HdeF{L(M/)
(fxid)~ I
. Iy -
Hier (M x N) Hig (M)

commutes for any smooth map f: M — M.

B.2 For singular cohomology

One can also define integration over the fibre for singular cohomology with coefficients in
any ring R. The construction, which is necessarily algebraic, relies on a choice of cross
product for singular chains. The underlying principle is similar to that of the de Rham
isomorphism theorem, in which integration of differential forms is viewed as an algebraic
operation.

Let A™ denote the standard n-simplex in R"*!. Following [23, pp. 277-278], one now
outlines how to define a product on singular chains

X Cm(M;R) ® Cn(Na R) — Om-‘rn(M X N R)

The crucial ingredient is that there is a natural decomposition of the product A™ x A"
into (m + n)-simplices given as follows. Label the vertices of A™ by vy,...,v, and the
vertices of A" by wy,...,wy,. Thinking of pairs (¢,7) with 0 < i <m and 0 < j < n as
points on an m x n grid in R2, let  be any path from (0,0) to (m,n) formed by a sequence
of upward or rightward edges in this grid. To any such path ~ one associates the linear
map

Oy AT — ATV AT

given by sending the k-th vertex of A™*™ to (v;,,wj, ), where (i, jj) is the k-th vertex of
the path . Write || for the number of squares of the grid lying below the path .
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Ifa: A™ — M and b: A" — N are singular simplices in M and N respectively, define

axb:=Y (-1)"(axb)ot, (B.2.1)

~

which is a singular (m + n)-chain in M x N and the sum ranges over all ‘edgepaths’ .
This defines the simplicial product on homogeneous elements of C,,(M;R) ® Cy,(N; R),
which is extended to all elements by linearity. Notice that the product x means different
things on both sides of the equation (B.2.1): on the left hand side it denotes the simplicial
product and on the right hand side it denotes the product map a xb: A™ x A" — M x N.

From the definition of the singular chain product, it is easy to verify that if f: M — M’
and g: N — N’ are continuous maps and a € C,,(M) and b € C,,(N) then

(f x g)x(a xb) = fea x gib.

Moreover one can show

d(axb)=0axb+ (—1)"a x db

so that the product of two cycles is a cycle and the product of a cycle with a boundary is
a boundary. Thus the simplicial product induces a product on singular homology.

Definition B.2.1. The slant product of u € C"™t"(M x N;R) and 2z € C,(N) is the
singular cochain u/z € C"™(M; R) given by

u/z (c) :=u(e X z)

for c € Cpp(M).

The interaction of the slant product with the coboundary operator is given by

Lemma B.2.2. For any u € C™""(M x N; R) and z € C,(N)
d(h/z) =dh/z+ (—=1)"h/0z.
Proof. For any ¢ € Cp,y1(M)

d(h/z)(c) :

h(0c x z)

h(9c x 2) + ((=1)™ 4 (=1)™ (e x 0z)
h(9(c x 2)) 4+ (=1)"h(c x 0z)

dh/z+ (—1)"h/0z

as required. O

Thus, the slant product on (co)chains induces the slant product in (co)homology
/2 H"™(M x N;R) ® H,(N) — H™(M;R).

One is now able to define integration over the fibre for singular cohomology. Take N to
be without boundary, with z € H,(NN) the fundamental class of N.
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Definition B.2.3. The integration over the fibre map for singular cohomology is the map
[y H¥(M x N;R) — H*="(M; R) given by

o~

=t

Following the above discussion, one notices that for any continuous map f: M — M’ the
integration over the fibre map for singular cohomology fits into the commuting diagram

—

H*(M' x N;R) I H*"(M';R)
(fxid)* I
. In .
H*(M x N;R) H*"(M;R)

It is interesting to examine how differential forms behave under the slant product when
viewed as singular cochains via the integration pairing:

Proposition B.2.4. If the cycle z € Z,(N) represents the fundamental class of N then
for any w € QT (M x N) one has

o~

w/z:/Nw.

Proof. Compare with [19, Lemma 2.4.9]. From the outset, one may suppose that w is a
decomposable form, so that w = f - way A wn (suppressing the pullback maps). Write
z = Y, %0; for some singular n-simplices o;: A" — N. For any singular m-simplex
c: A" — M

w/z(c) = Zziw(c X 0;)

= Z zi (¢ X 0;)*w(idy, X idy,)

— Z Zi (C X O’Z)*w
%

idy, X idy,
where id,,, id, denote the identity maps on A™, A™ respectively so that id,, x id, is
a singular (m + n)-chain in A™ x A" Even though id,, x id,, is not the identity on

A" x A" by construction of the simplicial product it is a decomposition of A" x A™ into
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(m + n)-simplices whose orientations cancel on internal faces. Thus

E zz/ cxazwfg zz/ (¢ x 0;)*w

A XA

= Z Z / (¢ x idy)* (idy, X07)*w

VAL YANG

=Y. /m/n(cx id,)* (idym 03w

= Z Z / C*/ (ldm Xa—i)*w,

where the third line invokes Lemma B.1.4 and the fourth line invokes Lemma B.1.3. Notice
that for any x € A™

m X idp,

(idm x0i)" fo = 07 fa

so that, recalling the definition of the integration over the fibre map for differential forms,

one has
Zi:Zi /mc*j\"(idm xo;) w = Zi:zi /c(/A" o (fwn) .WM>
:/C<Z"”i/gif°‘w> wp
()
()
- [,

where the fourth line follows since z represents the fundamental class of N. Since every-
thing in sight is linear, one has

—

w/2(0) = [ ()

for any ¢ € C),(M) and, hence, the result. O
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Appendix C

Differential extensions

This appendix provides the background material on differential extensions required for
the discussion of differential K-theory in Chapter 4. The basic idea is that a differential
extension of a cohomology theory combines cohomological information with differential
form data in a non-trivial fashion.

Differential extensions of generalised cohomology theories are described by a relatively
small set of axioms, originally proposed in [5] and outlined below. Following the axioms,
some useful results are recorded. For a comprehensive review of differential extensions,
particularly differential K-theory, see [7].

C.1 Axioms for differential extensions

When dealing with differential extensions, the starting point is the generalised (Eilenberg-
Steenrod) cohomology theory that one wishes to extend. Suppose that E is a generalised
cohomology theory equipped with a natural transformation

ch: E(X) — H(X;V)

called the Chern character of E, where V is some graded R-vector space and H(X;V) is
singular cohomology with coefficients in V.

Definition C.1.1 ([7]). A differential extension of the pair (E,ch) is a functor
M — E(M)

from the category of smooth compact manifolds (with corners) to the category of Z-graded
groups together with the natural transformations

1. R: E(M) — Quq—o(M;V) := Qu—o(M) ®r V (the curvature);

2. cl: E(M) — E(M) (the underlying class); and

3. a: Q(M;V)/imd — E(M) (the action of forms),
with d the usual exterior derivative. The natural transformations R, ¢l and a are required

to satisfy
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1. the diagram

E(M) d E(M)
R ch
Qa=o(M; V) ot H(M;V)

commutes, with deR the map induced by the de Rham isomorphism;
2. Roa =d;
3. a is of degree 1; and

4. the sequence
BN (M) -2 Q0 Y(M; V) fimd =% BS(M) -4 E* (M) — 0 (C.1.1)
is exact.

Ezample C.1.2. As a first example of a differential extension, observe that any character
functor (Definition 2.2.1) defines a differential extension of integral singular cohomology.
The Chern character in this case is the map HZ — HR induced by the coeflicient inclusion
Z — R.

In the case that the underlying cohomology theory E is multiplicative (i.e. is valued in
Z-graded rings) and the Chern character is a homomorphism of graded rings, one can also
require that a differential extension also respects the ring structure.

Definition C.1.3 ([7]). A differential extension F of a multiplicative cohomology theory
(E, ch) is multiplicative if

1. F is a functor to Z-graded rings;
2. R and cl are multiplicative; and

3. a(w) -z = a(wA R(x)) for all z € E(M) and w € Q(M;V)/imd, with - the product

on E(M).

Ezample C.1.4. The differential characters of Cheeger-Simons (Definition 2.2.4) give a
multiplicative differential extension of ordinary integer-valued singular cohomology.

There is a special pushforward map for differential extensions that plays a central role in
obtaining the Bunke-Schick uniqueness results. Observe that any generalised cohomology
theory E has an S'-integration map
: B*(M x SY — E*Y (M),
S1
that plays the role of the suspension map (see [6, Section 1] or p. 108). Passing to
differential extensions, the corresponding extra structure is

Definition C.1.5. A differential extension E of (F,ch) has S'-integration if there is a
natural transformation

—

/ c E*(M x SV — E*Y(M)
5’1
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compatible with the natural transformations R and ¢l and the S'-integration maps on
differential forms and on E. One also requires

1. ]\S,l pri, z = 0 for each x € E*(M); and

2. f/;l(idM xt)*x = —f;l’ for all 2 € E*(M x S'), with ¢: S' — S the (orientation-
reversing) map given by complex conjugation.

It turns out that under certain mild conditions on the underlying cohomology theory F,
any multiplicative differential extension of E has a canonical choice of S'-integration [6, 7].

This section is concluded by recording an important consequence of the axioms. Since
differential extensions contain differential form data they are not homotopy invariant in
general; the homotopy formula expresses this failure to be homotopy invariant in terms of
differential form data.

Theorem C.1.6 (Homotopy Formula). Let E be a differential extension of (E,ch). If
x € E(M x [0,1]) and ¢;: M — M x [0,1] is the slice map () := (x,t) then

Gr—r = a</ R(»T))
[0,1]

where f[o 1 denotes integration over the fibre with respect to the canonical orientation on
[0, 1].

For a proof, see [7, Theorem 2.6].

Remark C.1.7. If one suppresses the relevant pullback maps, observe that any form w on
M x [0,1] is of the form w = f-a Adt + g - for some forms «, on M and smooth
functions f,g on M x [0, 1]. By Definition B.1.2,

—

/ w = fdt-a
[0,1] [0,1]

whereas if 0; is the canonical vector field on [0,1] and ¢ : m +— (m,t) is the slice map

1 1 1 -
/ gt*zazwdt:/ gt*(fa)dt:/ fdt~a:/ w.
0 0 0 [0,1]

The Homotopy Formula may then be restated as

1
gr—qr= a(/ 19, R(2) dt),
0

which is the form used in Section 4.2.2.

C.2 Uniqueness of differential extensions

The following result on uniqueness of differential extensions is due to Bunke and Schick.
It was proved originally in [6] and appears also in [7].
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Theorem C.2.1 ([6]). Suppose E is a multiplicative generalised cohomology theory that
is rationally even, i.e. E** Y (pt) @ Q = 0 for all k, and that E*(pt) is a finitely-generated
abelian group for all k € Z. Then if E' and E are any two differential extensions of E
with S -integration, there is a unique natural isomorphism E' — E compatible with all the
structure (including the S'-integration).

If E' and E do not have S'-integration, there is still a natural isomorphism of the even-
degree parts.

If E' and E are both multiplicative, the natural isomorphism is also multiplicative.

It is important to notice that the S'-integration plays a crucial role in this result. In [6],
it is shown that without such a map there is an infinite family of differential extensions of
the odd-degree part of K-theory that have non-isomorphic group structures.

Observe also that the hypotheses of Theorem C.2.1 are satisfied by topological K-theory
on compact manifolds (with corners), so as a special case one obtains

Theorem C.2.2 ([6]). Suppose K’ and K are differential extensions of complex K -theory.
Then there is a unique natural isomorphism K'¢V" — K" compatible with all the struc-
ture.

If both extensions are multiplicative this isomorphism extends uniquely to a multiplicative
isomorphism K' — K compatible with all the structure.

If both extensions are equipped with S'-integration this isomorphism extends uniquely to
an isomorphism K' — K compatible with all the structure, including the S*-integration.

Since any two differential extensions of K-theory with S'-integration are uniquely isomor-
phic, any such differential extension is called (a model for) differential K -theory. Examples
include the Freed-Lott model [15] that uses complex Hermitian vector bundles equipped
with extra form data, the cocycle model of Hopkins and Singer [26], and a model due to
Bunke and Schick that uses geometric families of Dirac operators [5]. The Simons-Sullivan
model reviewed at the beginning of Chapter 4 (see also [38]) gives a differential extension
of even K-theory and hence a model for even differential K-theory. For a detailed survey
of existing models of differential K-theory see [7].
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