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Abstract

Quantisation of a signal or data source refers to the division or classification of that

source into a discrete number of categories or states. It occurs, for example, when

analog electronic signals are converted into digital signals, or when a large amount of

data is binned into histograms. By definition, quantisation is a lossy process, which

compresses data into a more compact representation, so that the number of states in

a quantiser’s output are usually far fewer than the number of possible input values.

Most existing theory on the performance and design of quantisation schemes specify

only deterministic rules governing how data is quantised.

By contrast, stochastic quantisation is a term intended to pertain to quantisation where

the rules governing the assignment of input values to output states are stochastic, rather

than deterministic. One form of stochastic quantisation that has already been widely

studied is dithering. However, the stochastic aspect of dithering is usually restricted

so that it is equivalent to adding random noise to a signal, prior to quantisation. The

term stochastic quantisation is intended to be far more general, and apply to the situation

where the rules of the quantisation process are stochastic.

The inspiration for this study comes from a phenomenon known as stochastic resonance,

which is said to occur when the presence of noise in a system provides a better perfor-

mance than the absence of noise. Specifically, this thesis discusses a particular form

of stochastic resonance known as suprathreshold stochastic resonance, which occurs

in an array of identical, but independently noisy threshold devices, and demonstrates

how this effect is essentially a form of stochastic quantisation.

The motivation for this study is two fold. Firstly, stochastic resonance has been ob-

served in many forms of neurons and neural systems, both in models and in real phys-

iological experiments. The model in which suprathreshold stochastic resonance occurs

was designed to model a population of neurons, rather than a single neuron. Unlike sin-

gle neurons, the suprathreshold stochastic resonance model supports stochastic reso-

nance for input signals that are not entirely or predominantly subthreshold. Hence,

it has been conjectured that the suprathreshold stochastic resonance effect is utilised

by populations of neurons to encode noisy sensory information, for example, in the

cochlear nerve.
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Abstract

Secondly, although stochastic resonance has been observed in many different systems,

in a wide variety of scientific fields, to date very few applications inspired by stochas-

tic resonance have been proposed. One of the reasons for this is that in many circum-

stances, utilising stochastic resonance to improve a system is sub-optimal when com-

pared to systems optimised to operate without requiring stochastic resonance. How-

ever, given that stochastic resonance is so widespread in nature, and that many new

technologies have been inspired by natural systems—particularly biological systems—

applications incorporating aspects of stochastic resonance may yet prove revolutionary

in fields such as distributed sensor networks, nano-electronics and biomedical pros-

thetics.

Hence, as a necessary step towards confirming the above two hypotheses, this thesis

addresses in detail for the first time various theoretical aspects of stochastic quantisa-

tion, in the context of the suprathreshold stochastic resonance effect. The original work

on suprathreshold stochastic resonance considers the effect from the point of view of an

information channel. This thesis comprehensively reviews all such previous work. It

then extends such work in several ways; firstly, it considers the suprathreshold stochas-

tic resonance effect as a form of stochastic quantisation; secondly it considers stochastic

quantisation in a model where all threshold devices are not necessarily identical, but

are still independently noisy; and thirdly, it considers various constraints and tradeoffs

in the performance of stochastic quantisers.

Page xvi



Statement of Originality

This work contains no material that has been accepted for the award of any other de-

gree or diploma in any university or other tertiary institution and, to the best of my

knowledge and belief, contains no material previously published or written by another

person, except where due reference has been made in the text.

I give consent to this copy of my thesis, when deposited in the University Library,

being made available in all forms of media, now or hereafter known.

20 February 2006

Signed Date

Page xvii



Page xviii



Acknowledgments

Completing a PhD and writing a thesis is a lengthy process, and there are many people

and organisations to thank.

Firstly, I would like to express my sincere gratitude to my primary supervisor, Profes-

sor Derek Abbott. Thankyou for all your advice, and your never-ending enthusiasm,

positivity, encouragement, support and understanding. Completing a PhD is not only

about performing quality research and fulfilling the academic requirements; I have

found that a good supervisor, as well as facilitating such academic matters, is also one

who can always make time to discuss research; one who goes beyond the call of duty to

provide support when the twists and turns of life make research difficult; encourages

the writing of papers and attendance at conferences; gently nudges towards productiv-

ity during times of slackness; and generally helps minimise the frustration of red-tape.

Derek, your assistance in all these matters greatly facilitated the research described in

this thesis.

Thankyou also to my co-supervisor, Elder Professor Charles Pearce, of the Applied

Mathematics discipline, in the School of Mathematical sciences. I have greatly appreci-

ated your insightful comments on aspects of the mathematics presented in this work,

your general encouragement, and feedback on my thesis.

My warmest appreciation also goes to Dr Nigel Stocks, of the School of Engineering, at

The University of Warwick, UK. I have been fortunate enough to visit Warwick three

times through the course of this PhD, where I have thoroughly enjoyed our lengthy

discussions. Thankyou very much for your collaboration, and I look forward to con-

tinuing post-PhD. While at Warwick university, I have also appreciated the assistance

of Nigel’s postdoctoral researchers, David Allingham, and Sasha Nikitin.

Thankyou also to Nigel’s collaborator, Dr Rob Morse, formerly of The Mackay Insti-

tute of Communication and Neuroscience, at Keele University, UK, and now at Aston

University, UK. I very much appreciate you giving me a tour of your laboratory, and

taking the time for several stimulating discussions.

I would also like to thank several others with whom I have collaborated during this

PhD. Firstly, Ferran Martorell, who visited my university throughout 2004. Thankyou

Page xix



Acknowledgments

for our ongoing discussions. Thankyou also to Antonio Rubio, Lazslo Kish and Swami-

nathan Sethuraman.

Within the School of Electrical and Electronic Engineering, I would like to express

my gratitude to the Head of Department, Mike Liebelt, Laboratory Manager, Stephen

Guest, and to the administrators, Yadi Parrot, Colleen Greenwood, Ivana Rebellato,

and Rose-Marie Descalzi. You have all always been very happy to drop everything

and help whenever I have had a question or request, and just generally made life very

easy. Also, thankyou to the computer support staff, David Bowler and his team, for

your continuous work in making the computer systems run smoothly.

Thanks also to those with whom I have had technical discussions from time to time, in-

cluding David Haley, Andrew Allison, Said Al-Sarawi, David O’Carroll, Bruce Davis,

Riccardo Mannella and Stuart Nankivell.

It has been very enjoyable having an office in the Centre for Biomedical Engineering

Laboratory. Many thanks to all the co-students with whom I have enjoyed coffee and

beers, including (in chronological order) Leonard Hall, Greg Harmer, Sam Mickan,

Brad Ferguson, Sreeja Rajesh, Leo Lee, Dominic Osborne, Matthew Berryman, Adrian

Flitney, Gretel Png, Inke Jones and Frederic Bonnet. Also to those who aren’t actually

in the lab, but still have been there for the occasional coffee and beer—Brian Ng, Ben

Jamali, Nigel Brine, Bobby Yau, and Damath Ranasinghe. Apologies to anyone I’ve

temporarily forgotten!

Special thanks must go to Matthew Berryman, who proof read my thesis and provided

many comments that greatly improved its clarity. I owe you, Matt.

Writing this thesis has been greatly assisted by music from The Killers and Coldplay.

Thankyou very much to the following agencies, who have either provided me with

living scholarships for this PhD, or provided funding for travel to overseas collabora-

tions or conferences: The Department of Education, Science and Training (DEST); the

Cooperative Research Centre for Sensor, Signal and Information Processing (CSSIP);

The University of Adelaide; The School of Electrical and Electronic Engineering at

The University of Adelaide; The Australian Research Council (ARC); The Australian

Academy of Science (AAS); The Australian Federation of University Women (AFUW);

The Institute of Electrical and Electronics Engineers (IEEE), SA Section; The Santa Fe

Institute; The IEEE International Symposium on Information Theory (ISIT) 2004 and

Page xx



Acknowledgments

the United States Air Force Research Laboratory; the Leverhulme Trust; and finally,

the DR Stranks Travelling Fellowship.

I have also been employed from time to time during this PhD, both part-time and

during a leave-of-absence. I greatly appreciate the support of Neal Young and Ian

Allison, both from the Australian Antarctic Division, as well as Chris Coleman, for

your support in providing me with this work.

Many thanks also to Stuart Nankivell for some photoshop magic.

Finally, I wish to acknowledge the greatest helpers of all during this PhD—my family.

Thankyou to Mum, Dad, Grandma, Andrew, and the rest of my family for providing

me with the upbringing and family life that has brought me to this point. With all my

love.

And last, but foremost, all my love and gratitude to my wife, Juliet. This thesis is

dedicated to you.

– Mark D. McDonnell

Page xxi



Acknowledgments

Derek Abbott’s ‘Stochastic group’ at The University of Adelaide. Photo taken in

Santa Fe, USA, 19 June 2003. From left: Adrian Flitney, Mark McDonnell, Andrew

Allison, Derek Abbott and Matthew Berryman.

 

Nigel Stocks’ Warwick University ‘stochastic resonance’ group. Photo taken at

Warwick University, UK, August 2005. From left: Rob Morse, Nigel Stocks, Mark

McDonnell, David Allingham and Sasha Nikitin.

 

Dr Rob Morse, and his lab at The Mackay Institute of Communication and

Neuroscience, at Keele University, UK, 17 August 2005.

Page xxii

A 
NOTE:   

     This figure/table/image has been removed  
         to comply with copyright regulations.  
     It is included in the print copy of the thesis  
     held by the University of Adelaide Library. 

A 
NOTE:   

     This figure/table/image has been removed  
         to comply with copyright regulations.  
     It is included in the print copy of the thesis  
     held by the University of Adelaide Library. 

A 
NOTE:   

     This figure/table/image has been removed  
         to comply with copyright regulations.  
     It is included in the print copy of the thesis  
     held by the University of Adelaide Library. 



Thesis Conventions

Typesetting This thesis is typeset using the LATEX2e software. Processed plots and

images were generated using Matlab 6.1 (Mathworks Inc.). WinEdt build 5.3 was

used as an effective interface to the Miktex version of LATEX.

Spelling Australian English spelling is adopted, as defined by the Macquarie English

Dictionary (Delbridge et al. 1997).

Referencing The Harvard style is used for referencing and citation in this thesis.

Page xxiii



Page xxiv



Publications

Book Chapters

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., ABBOTT-D. (2006). Information transfer

through parallel neurons with stochastic resonance, Emerging Brain-Inspired Nano-Architectures,

Eds. V. Beiu & U. Rueckert, Imperial College Press (accepted 14 Jun. 2005).

Journal Publications

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2006). Optimal informa-

tion transmission in nonlinear arrays through suprathreshold stochastic resonance, Physics Letters A

(accepted 16 Nov. 2005, In Press).

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2005). Quantization in the

presence of large amplitude threshold noise, Fluctuation and Noise Letters, 5, pp. L457–L468.

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2003). Stochastic resonance

and the data processing inequality, Electronics Letters (IEE), 39, pp. 1287–1288.

MCDONNELL-M. D., ABBOTT-D., AND PEARCE-C. E. M. (2002). A characterization of suprathreshold

stochastic resonance in an array of comparators by correlation coefficient, Fluctuation and Noise

Letters, 2, pp. L205–L220.

MCDONNELL-M. D., ABBOTT-D., AND PEARCE-C. E. M. (2002). An analysis of noise enhanced infor-

mation transmission in an array of comparators, Microelectronics Journal, 33, pp. 1079–1089.

Conference Publications

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2005). How to use noise

to reduce complexity in quantization, in A. Bender. (ed.), Proc. SPIE Complex Systems, Brisbane,

Australia, Vol. 6039, pp. 115-126.

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2005). Optimal quantization

and suprathreshold stochastic resonance, in N. G. Stocks., D. Abbott., and R. P. Morse. (eds.), Proc.

SPIE Noise in Biological, Biophysical, and Biomedical Systems III, Austin, USA, Vol. 5841, pp. 164–

173.

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C., AND ABBOTT-D. (2005). Analog to digital conver-

sion using suprathreshold stochastic resonance, in S. F. Al-Sarawi. (ed.), Proc. SPIE Smart Structures,

Devices, and Systems II, Sydney, Australia, Vol. 5649, pp. 75–84.

MCDONNELL-M. D., AND ABBOTT-D. (2004). Optimal quantization in neural coding, Proc. IEEE

International Symposium on Information Theory, Chicago, USA, p. 496.

Page xxv



Publications

MCDONNELL-M. D., AND ABBOTT-D. (2004). Signal reconstruction via noise through a system of

parallel threshold nonlinearities, Proc. 2004 IEEE International Conference on Acoustics, Speech, and

Signal Processing, Montreal, Canada, Vol. 2, pp. 809–812.

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2004). Optimal quanti-

zation for energy-efficient information transfer in a population of neuron-like devices, in Z. Gingl.,

J. M. Sancho., L. Schimansky-Geier., and J. Kertesz. (eds.), Proc. SPIE Noise in Complex Systems and

Stochastic Dynamics II, Maspalomas, Spain, Vol. 5471, pp. 222–232.

MCDONNELL-M. D., SETHURAMAN-S., KISH-L. B., AND ABBOTT-D. (2004). Cross-spectral measure-

ment of neural signal transfer, in Z. Gingl., J. M. Sancho., L. Schimansky-Geier., and J. Kertesz. (eds.),

Proc. SPIE Noise in Complex Systems and Stochastic Dynamics II, Maspalomas, Spain, Vol. 5471,

pp. 550–559.

MCDONNELL-M. D., AND ABBOTT-D, AND PEARCE-C. E. M. (2003). The data processing inequality

and stochastic resonance, in L. Schimansky-Geier., D. Abbott., A. Neiman., and C. Van den Broeck.

(eds.), Proc. SPIE Noise in Complex Systems and Stochastic Dynamics, Santa Fe, USA, Vol. 5114,

pp. 249–260.

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2003). Neural mechanisms

for analog to digital conversion, in D. V. Nicolau. (ed.), Proc. SPIE BioMEMS and Nanoengineering,

Perth, Australia, Vol. 5275, pp. 278–286.

MCDONNELL-M. D., AND ABBOTT-D. (2002). Open questions for suprathreshold stochastic reso-

nance in sensory neural models for motion detection using artificial insect vision, in S. M. Bezrukov.

(ed.), UPoN 2002: Third International Conference on Unsolved Problems of Noise and Fluctuations

in Physics, Biology, and High Technology, Washington D.C., USA, Vol. 665, American Institute of

Physics, pp. 51–58.

MCDONNELL-M. D., STOCKS-N. G., PEARCE-C. E. M., AND ABBOTT-D. (2002). Maximising in-

formation transfer through nonlinear noisy devices, in D. V. Nicolau. (ed.), Proc. SPIE Biomedical

Applications of Micro and Nanoengineering, Melbourne, Australia, Vol. 4937, pp. 254–263.

MCDONNELL-M. D., PEARCE-C. E. M., AND ABBOTT-D. (2001). Neural information transfer in a

noisy environment, in N. W. Bergmann. (ed.), Proc. SPIE Electronics and Structures for MEMS II,

Adelaide, Australia, Vol. 4591, pp. 59–69.

MARTORELL-F., MCDONNELL-M. D., RUBIO-A., AND ABBOTT-D. (2005). Using noise to break the

noise barrier in circuits, in S. F. Al-Sarawi. (ed.), Proc. SPIE Smart Structures, Devices, and Systems II,

Sydney, Australia, Vol. 5649, pp. 53–66.

MARTORELL-F., MCDONNELL-M. D., ABBOTT-D., AND RUBIO-A. (2004). Generalized noise reso-

nance: Using noise for signal enhancement, in D. Abbott., S. M. Bezrukov., A. Der., and A. Sánchez.

(eds.), Proc. SPIE Fluctuations and Noise in Biological, Biophysical, and Biomedical Systems II, Mas-

palomas, Spain, Vol. 5467, pp. 163–174.

Page xxvi



List of Figures

Figure Page

1.1 Typical stochastic resonance plot . . . . . . . . . . . . . . . . . . . . . . . 2

2.1 Frequency of stochastic resonance papers by year . . . . . . . . . . . . . 12

2.2 Qualitative illustration of SR occurring in a simple threshold based system 25

2.3 Thresholding a periodic signal at its mean . . . . . . . . . . . . . . . . . . 30

2.4 Threshold SR for a periodic, but not sinusoidal signal . . . . . . . . . . . 32

2.5 Ensemble averages of thresholded and unthresholded signals . . . . . . 33

3.1 Generic nonlinear system . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.2 Channel capacity for several channels . . . . . . . . . . . . . . . . . . . . 61

3.3 Ratio of C2 to C1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.4 Bandpass signal example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.5 PSD of bandpass signal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.6 PSDs and CSD of input and output signals . . . . . . . . . . . . . . . . . 76

3.7 Output SNR against frequency . . . . . . . . . . . . . . . . . . . . . . . . 76

3.8 Output SNR against input noise . . . . . . . . . . . . . . . . . . . . . . . . 77

3.9 Coherence magnitude against input noise . . . . . . . . . . . . . . . . . . 77

4.1 Array of N noisy threshold devices . . . . . . . . . . . . . . . . . . . . . . 85

4.2 Mutual information for the case of P(x) = R(θ − x) . . . . . . . . . . . . 98

4.3 Various probability distributions . . . . . . . . . . . . . . . . . . . . . . . 102

4.4 Q(τ) for various even PDFs and θ = 0 . . . . . . . . . . . . . . . . . . . . 104

4.5 Relative entropy between P(x) and R(x) . . . . . . . . . . . . . . . . . . . 105

4.6 PDF of a random phase sine wave . . . . . . . . . . . . . . . . . . . . . . 106

4.7 Exact I(x, y) for uniform signal and noise and σ ≤ 1 . . . . . . . . . . . . 111

Page xxvii



List of Figures

4.8 I(x, y), H(y|x) and H(y) for Gaussian signal and noise . . . . . . . . . . 114

4.9 I(x, y), H(y|x) and H(y) for uniform signal and noise . . . . . . . . . . . 115

4.10 I(x, y), H(y|x) and H(y) for Laplacian signal and noise . . . . . . . . . . 115

4.11 I(x, y), H(y|x) and H(y) for logistic signal and noise . . . . . . . . . . . 116

4.12 I(x, y), H(y|x) and H(y) for Cauchy signal and noise . . . . . . . . . . . 116

4.13 I(x, y), H(y|x) and H(y) for N = 127 and five signal and noise pairs

with even PDFs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.14 I(x, y), H(y|x) and H(y) for Rayleigh signal and noise . . . . . . . . . . 119

4.15 I(x, y), H(y|x) and H(y) for exponential signal and noise . . . . . . . . . 119

4.16 I(x, y), H(y|x) and H(y) for N = 127 and the Rayleigh and exponential

cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.17 I(x, y), H(y|x) and H(y) for a uniform signal and Gaussian noise . . . . 122

4.18 I(x, y), H(y|x) and H(y) for a Laplacian signal and Gaussian noise . . . 122

4.19 I(x, y), H(y|x) and H(y) for a logistic signal and Gaussian noise . . . . . 123

4.20 I(x, y), H(y|x) and H(y) for a Cauchy signal and Gaussian noise . . . . 123

4.21 I(x, y), H(y|x) and H(y) for a Rayleigh signal and Gaussian noise . . . . 124

4.22 I(x, y), H(y|x) and H(y) for N = 127, various signals and Gaussian noise 125

4.23 Optimal σ for Gaussian, Laplacian and logistic signal and noise . . . . . 128

4.24 Channel capacity for matched signal and noise . . . . . . . . . . . . . . . 130

4.25 Coding efficiency for matched signal and noise . . . . . . . . . . . . . . . 134

4.26 Random threshold distribution for Gaussian signal and noise . . . . . . 136

4.27 Average transfer function, and its variance for SSR . . . . . . . . . . . . . 138

5.1 Mutual information for σ = 1 and large N . . . . . . . . . . . . . . . . . . 153

5.2 Error in large N approximations to I(x, y) for σ = 1 . . . . . . . . . . . . 154

5.3 Error comparison for large N approximations to I(x, y) for σ = 1 . . . . 154

5.4 Mutual information for uniform signal and noise and large N . . . . . . 157

5.5 Error in mutual information for uniform signal and noise and large N . 158

5.6 Error in the large N approximation to Ĥ(y|x) . . . . . . . . . . . . . . . . 163
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