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Abstract

A fundamental property of an Oka manifold Y is that every continuous map from
a Stein manifold X to Y can be deformed to a holomorphic map. In a recent
paper, Léarusson [19] considers the natural question of whether it is possible to
simultaneously deform all continuous maps f from X to Y to holomorphic maps, in
a way that depends continuously on f and does not change f if f is holomorphic to
begin with. In other words, is (X, Y’) a deformation retract of € (X,Y)? Lérusson
provided a partial answer to this question. In this thesis we further develop the
work of Larusson on the topological relationship between spaces of continuous maps
and spaces of holomorphic maps from Stein manifolds to Oka manifolds, mainly in
the context of domains in C. The main tools we use come from complex analysis,
Oka theory, algebraic topology and the theory of absolute neighbourhood retracts.
One of our main results provides a large supply of infinitely connected domains X

in C such that (X, C") is a deformation retract of €' (X,C*).
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Chapter 1

Introduction

1.1 Context

Oka theory is a recent subfield of complex analysis and complex geometry that
studies a close relationship between topology and analysis in a geometric setting.
For an overview of Oka theory, see the survey article [11]. The concepts of Stein
manifolds and Oka manifolds are fundamental in Oka theory.

Stein manifolds were introduced by K. Stein [26] in 1951. They generalise the
notion of a domain of holomorphy. Roughly speaking, Stein manifolds are complex
manifolds X with many holomorphic maps X — C. More precisely, a complex

manifold X is called Stein if:

1. holomorphic functions on X separate points, that is, if x, y € X and x # v,
then there exists a holomorphic function f: X — C with f(z) # f(y), and

2. X is holomorphically convex, that is, if Y C X is not relatively compact, then

there exists a holomorphic function f: X — C so that f|y is unbounded.

The class of Oka manifolds originates from a seminal paper by M. Gromov [13] in
1989. Say that a complex manifold Y has the convex interpolation property (CIP) if

whenever T' is a contractible closed complex submanifold of C* and f: T — Y is a
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holomorphic map, f extends to a holomorphic map C* — Y. A complex manifold Y’
is called Oka if it has the convex interpolation property. There are at least a dozen
non-trivially equivalent ways to define an Oka manifold. It is know, from Grauert’s
[12] work in 1957, that all complex Lie groups are Oka. In particular, C and C* are
Oka.

A fundamental property of an Oka manifold Y that follows, quite non-trivially,
from CIP, called the basic Oka property (BOP), is that every continuous map from
a Stein manifold X to Y can be deformed to a holomorphic map. In fact, a family of
continuous maps indexed by a compact parameter space P C R™ can be so deformed
with continuous dependence on the parameter and in such a way that a map remains
fixed during the deformation if it is holomorphic to begin with. This latter property
is called the parametric Oka property (see Definition 2.37).

In a recent paper by Lérusson [19], the question of whether this deformation can
be done with respect to the ultimate parameter space, that is, the whole space of all
continuous maps X — Y, is considered. In other words, is the space &(X,Y") of all
holomorphic maps from X to Y a (strong) deformation retract of the space € (X,Y)
of all continuous maps from X to Y7 (Following [21], we use the term deformation
retract for what is sometimes referred to as a strong deformation retract.) Larusson
uses tools from Oka theory and absolute neighbourhood retract theory to provide a
partial answer to this question.

Absolute retracts (AR’s) and absolute neighbourhood retracts (ANR’s) were
introduced by Borsuk [2], [3] in the 1930s. A metrisable space X is called an absolute
retract if whenever X is embedded in a metrisable space Y, X is a retract of Y.
A metrisable space X is called an absolute neighbourhood retract if whenever X
is embedded in a metrisable space Y, X is a neighbourhood retract of Y, that is,
there exists a neighbourhood U of X in Y so that X is a retract of U. ANR’s have
many nice properties. They are locally contractible and being an ANR is a local
property. There exists a combinatorial characterisation of ANR’s which is due to

Lefschetz [20] and Dugundji [8]. Following [19] we will call it the Dugundji-Lefschetz
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characterisation. The following characterisation of ANR’s came much later; it is due
to Cauty [5]: A metrisable space is an ANR if and only if every open subset has the
homotopy type of a CW complex.

Suppose that X is Stein and Y is Oka. Lérusson’s [19] key observation is that if
¢ (X,Y)and 0(X,Y) are ANR’s, then 0(X,Y) is a deformation retract of €' (X, Y).
Lérusson uses the Dugundji-Lefschetz characterisation to prove that 0(X,Y’) is an
ANR if X has a strictly plurisubharmonic Morse exhaustion with finitely many
critical points. A sufficient condition on X for € (X,Y) to be an ANR was already
known, namely that X is finitely dominated, formulated as [19, Proposition 8]. Note
that if X has a strictly plurisubharmonic Morse exhaustion with only finitely many
critical points, then X is finitely dominated. Larusson’s main result follows from

the above.

Theorem 1.1 (Larusson’s [19] main theorem). Let Y be an Oka manifold and X
be a Stein manifold with a strictly plurisubharmonic Morse exhaustion with finitely

many critical points. Then O(X,Y) is a deformation retract of €(X,Y).

The hypothesis on X is not necessary: for example &(X,C") and €' (X,C") are
ANR’s for any Stein manifold X. The spaces 0(X,Y) and € (X,Y) are not ANR’s in
general. For example 0(C\N, C*) and % (C\N, C*) do not even have the homotopy
type of an ANR (hence these spaces do not have the homotopy type of a CW
complex, see [5]). Yet for this very particular example, Larusson was able to prove
that ¢(C\N, C*) is a deformation retract of ¢’ (C\N, C*). His proof starts with the
fact that for a general Stein manifold X, the space of null-homotopic holomorphic
maps Oy(X,C*) and the space of null-homotopic continuous maps éo(X,C*) are
ANR’s. He then shows that it is sufficient to find a section of the divisor map
€ (C\N,C*) — ZN, that is, the map which sends a continuous map to its sequence
of winding numbers about each punture, with image in &(C\N, C*). He constructs

such a section using Weierstrass products.
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1.2 Overview of research

In this thesis we further develop the work of Larusson [19] on the topological rela-
tionship between spaces of continuous maps and spaces of holomorphic maps from
Stein manifolds to Oka manifolds, mainly in the context of domains in C.

Suppose that X is a Stein manifold. Then &(X,C) is a deformation retract of
%' (X,C). We give a proof of this fact that is different from that of [19] and is more
explicit. In fact, we prove that (X, C) is a deformation retract of € (X, C) for any
complex manifold X. The key to our proof is the Dugundji extension theorem. We
use the fact that (X, C) and € (X, C) are Fréchet spaces and that finding a continu-
ous retraction €' (X, C) — 0(X, C) is the same as finding an extension of the identity
map 0(X,C) — 0(X,C) to €(X,C). The Dugundji extension theorem tells us that
the spaces (X, C) and € (X, C) are AR’s. A retraction between AR’s is the same
as a deformation retraction and so we are done. Our proof can easily be adapted to
show that (X, D) is a deformation retract of € (X,D). An interesting consequence
of our proof is that there is a deformation retraction ¢ (C,C) — & (C, C) that maps
every non-holomorphic continuous map to a polynomial.

Again, suppose that X is a Stein manifold. We want &(X,C*) to be a defor-
mation retract of € (X,C*). Say that X is good if this is the case. A sufficient
condition for &'(X,C*) to be a deformation retract of % (X,C*) is that the quo-
tient map € (X,C*) — € (X,C*)/%,(X,C*) has a continuous section with image in
O(X,C*). For X = C\N, this is equivalent to finding a section of the divisor map
with image in &(C\N, C*). An ostensibly weaker sufficient condition is that the map
1 € (X,C*) - Hom(m (X, 2),Z), f — f., has a continuous section with image in
O(X,C*) for some (equivalently all) z € X. For X = C\N, the map -, is essentially
the divisor map. We do not know whether these two conditions are equivalent nor do
we know whether either is necessary. The latter condition is equivalent to &' (X, C*)
being a trivial 0y(X, C*)-bundle over Hom(m (X, x), Z), and € (X, C*) being a triv-

ial 6o(X, C*)-bundle also over Hom(m (X, z), Z). The former condition has a similar
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interpretation. The latter sufficient condition is better because it seems easier to
to find a section of -, than it is to find a section of the quotient map directly. If a
section of -, with image in &(X,C*) exists, then we say that X is very good.

It is rather easy to prove that if 71 (X) is finitely generated, then X is good. If,
moreover, dim X = 1, then X is very good. The reason we introduce the ostensibly
stronger property of being very good is that we can prove that certain domains
in C are very good and it is relatively easy to construct new very good domains
from old, but it seems hard or even impossible to do the same for good domains
in a non-trivial way, that is, without the new domain being biholomorphic to the
original one. The first ‘new from old’ result that we have is Proposition 3.20, which
says that the very good property travels up holomorphic homotopy equivalences.

The most important of the other such results is Proposition 3.34, which says
that if X C C is a very good domain, then you can remove a countable family of
discs and points, which do not accumulate ‘too much’, and the remaining domain is
still very good. The key technical lemma in proving this result is the construction of
continuous sections using Weierstrass products. We also need a good deal of planar
topology.

He and Schramm [15] proved in 1993 that every domain in the Riemann sphere
Py with countably many boundary components is biholomorphic to a circle domain,
that is, a domain whose boundary components are either circles or points. He and
Schramm’s result is a generalisation of the Riemann mapping theorem and a partial
answer to the conjecture, made by Koebe [18] in 1908, that every planar domain is
biholomorphic to a circle domain. This conjecture was proved by Koebe for finitely
connected domains.

We use He and Schramm’s big theorem, as well as Proposition 3.34 and the
examples of very good domains that we already have, to prove our main theorem
(Theorem 3.37). The gist of this theorem is that we can produce many infinitely
connected domains in C that are very good. The only previously known example

was C\N.
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1.3 Further directions

It is of interest whether an arbitrary domain in C is good and furthermore whether
every non-compact Riemann surface is good. It does not seem possible to generalise
the Weierstrass product idea further. So a new idea would be needed.

In this thesis we have only considered the targets C and C*. An extension of what
we have done would be to consider the other 1-dimensional Oka targets, namely the
Riemann sphere P; and tori. The case of tori would probably be similar to the case
of target C*. We expect that the case of P; would be more difficult.

Say that a pair (X,Y") of Riemann surfaces is a Winkelmann pair if every con-
tinuous map X — Y can be deformed to a holomorphic map. Winkelmann [28] in

1993 determined all such pairs. These are the pairs (X, Y’) such that:
1. X or Y is biholomorphic to C or D.
2. X is biholomorphic to P; and Y is not.
3. X is non-compact and Y is isomorphic to Py, C* or a torus.

4. 'Y is isomorphic to D* and X = Z\ |J D;, where Z is a compact Riemann
jeJ
surface, J is finite and non-empty and (D,);c;s is a family of disjoint closed

subsets of Z biholomorphic to non-degenerate closed discs.

For all other pairs (X, Y), there is a continuous map X — Y that cannot be deformed
to a holomorphic map, so 0(X,Y’) is not a deformation retract of € (X,Y). It would
be interesting to know whether €/(X,Y) is a deformation retract of € (X,Y) for all
Winkelmann pairs (X,Y), that is, whether the only obstruction to &(X,Y’) being
a deformation retract of €(X,Y) in the 1-dimensional case is that there exists a

continuous map which cannot be deformed to a holomorphic map.



Chapter 2

Background

2.1 Riemann surfaces

The reader is assumed to be familiar with the definition of a complex manifold
and what it means for a continuous map between two complex manifolds to be
holomorphic. Thus we will not give these definitions here. However, it should be
noted that we take connectedness as part of the definition of a complex manifold.

A Riemann surface is a 1-dimensional complex manifold.

Theorem 2.1 (The Runge Approximation Theorem). Suppose X is a non-compact
Riemann surface and Y is an open subset whose complement contains no compact
connected component. Then every holomorphic function on'Y can be approximated

uniformly on every compact subset of Y by holomorphic functions on X.
Proof. See [9, Theorem 25.5]. O

Theorem 2.2 (The Weierstrass Theorem). Suppose X is a non-compact Riemann
surface. If A C X is a discrete subset of X, then every function A — C can be

extended to a holomorphic function X — C.
Proof. See [9, Theorem 26.7]. O
Definition 2.3. A complex manifold X is said to be Stein if the following hold.

7
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1. Given any two points x,y € X with x # y, there exists a holomorphic function

f: X — C such that f(x) # f(y).
2. If K is a compact subset of X, then its O (X )-hull
K= {oe X :|f()] < max|f| for all f € 6(X)}
18 also compact.
Theorem 2.4. Fvery non-compact Riemann surface is Stein.

Proof. See [9, Corollary 26.8]. O

Let X be a Riemann surface. Call X elliptic if the universal covering space
of X is the Riemann sphere Py, parabolic if the universal covering space is C and

hyperbolic if the universal covering space is the unit disc.

Theorem 2.5. The Riemann sphere Py is elliptic. The complex plane C, the punc-
tured plane C* and all tori C/T", where I is a lattice in C, are parabolic. Every other

Riemann surface is hyperbolic.

Proof. See [9, Theorem 27.12]. O

2.2 Function spaces

Let X and Y be topological spaces. We denote the set of all continuous maps from
X toY by €(X,Y). There is a natural topology that we can give to € (X,Y") called
the compact-open topology. The compact-open topology can be defined as follows.

If K C X is compact and U C Y is open, define the set
KU = {f € 6(X,Y): f(K) C U}.

The compact-open topology is the coarsest topology on €’ (X,Y’) containing all sets
of the form [K, U] so that K C X is compact and U C Y is open.
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If X and Y are complex manifolds, then the collection of holomorphic functions
from X to Y, which we denote &(X,Y), is a subset of € (X,Y). We therefore give
O(X,Y) the subspace topology.

Recall that a metric d on a topological space X is called admissible if d induces
the topology on X. A topological space X is called metrisable if there exists an
admissible metric on X.

In this section we have tried to present results about ' (X,Y’) and (X,Y’) with
minimal assumptions on the source and the target. We make use of the proper-
ties Lindelof, separable and second countable. In general these properties are not
equivalent. Second countable implies separable and second countable implies Lin-
delof, but the converses to these statements need not hold. However, if the space
is metrisable, then these properties are equivalent. Not all spaces in this section
are metrisable, therefore we make the distinction between these three properties.
Of course we could take spaces to be second countable whenever we need one of
these conditions, as this would imply separable and Lindel6f, but this is often more
restrictive than necessary.

Note that the assumptions on X and Y in the results about ¢’ (X,Y) that we
present here are satisfied if X and Y are manifolds. For suppose X is a manifold. By
definition X is second countable which implies X is Lindelof and separable. Clearly
X is locally compact, that is, every point z € X has a compact neighbourhood K.
A Hausdorff, locally compact space is regular [17, p. 267]. Therefore, X is second
countable and regular. Hence by the Urysohn metrisation theorem, X is metrisable

23, p. 215].

Lemma 2.6. Suppose X, Y and Z are topological spaces. If Y is locally compact
and Hausdorff, then the map

T:¢X,Y)x¥EY,Z2)—>%€(X,2), (f,9) —~gof,

18 continuous.
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Proof. Suppose A C €(X,Z) is open. Without loss of generality, suppose that
A = [K, W], where W is an open subset of Z and K is a compact subset of X. Let
h € [K, W] and suppose h = go f, where f € €(X,Y) and g € €(Y, Z). Note that
F(K) € g (W),

A Hausdorff, locally compact space is regular [17, p. 267], so Y is regular.
Therefore, for each y € f(K) there exist open neighbourhoods U, and V;, of {y} and
Y\g ' (W) respectively such that U, N'V, = (. Since f(K) is compact, there exist
Y1, .-, Yn € f(K) such that Uy,,,...,U,, cover f(K). Set C'= CJ Y'\V,,. Note that
C' is closed. One can easily show that f(K) C C° C C C gil(él;)l.

There exists a compact subset L' C Y such that f(K) C (L')° C L' since Y is
locally compact and f(K) is compact. Therefore L = C'N L' is a compact subset of
Y and L° = C°N(L)° so f(K)C L° C L C g~ '(W). Hence [K, L°] x [L, W] is an
open neighbourhood of (f, g) in T~([K,W]). Therefore T is continuous. O]

Lemma 2.7. Suppose X, Y, Z are topological spaces and Y is locally compact
and Hausdorff. If F : X — Y is a continuous map, then the pullback map F* :
€Y, Z) = C(X,Z), f— folF is continuous. In particular, if X C Y, then the
restriction map € (Y, Z) — € (X, Z) is continuous.

Proof. Immediate from Lemma 2.6. O

Corollary 2.8. If (G,-) is a locally compact, Hausdorff topological group and X
is a topological space, then € (X,G) with pointwise multiplication - is a topological
group.

Proof. Let m : G x G — G, (g,h) = g-h,and i : G — G, g — g~*. Since G
is a topological group, m € €(G x G,G) and i € €(G,G). If f,g: X — G are
continuous, then ¢ : X — G x G, x — (f(x),g(x)), is continuous, so m o ¢ =
f-g € €(X,G). Therefore pointwise multiplication - is a binary operation on
¢ (X,G). Clearly - is associative, (X, G) has an identity element (namely the
constant map e, where e is the identity of GG), and if f € (X, G), then f has an
inverse f~! € €(X,G) (namely i o f). So (¢(X,G),") is a group.
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Let p: €(X,G) x €(X,G) —» €(X,G) and ¢ : €(X,G) — €(X,G) be the
multiplication and inversion map respectively. Note that «(f) = io f for all f €

% (X, ). Hence ¢ is continuous by Lemma 2.6. We may write p as the composition
C(X,Q) x €(X,G0) YL €(X,G x Q) ™% ¢(X, Q).

The map (-, -) is clearly continuous, and the map m o - is continuous by Lemma 2.6.

Therefore, p1 is continuous. Hence € (X, G) is a topological group. ]

Suppose X is a metric space, a € X and r > 0. Let B(a,r) denote the open ball
in X of radius > 0 centred at a.

Next we prove that if X and Y are separable metric spaces, then €(X,Y) is
second countable. In particular, if X and Y are complex manifolds, then €' (X,Y)
is second countable. It follows that the space &(X,Y’) of holomorphic maps from
X to Y is second countable and hence separable. This fact is needed in the proof

of Proposition 3.7.

Proposition 2.9. Suppose that X and Y are separable metric spaces (equivalently,
X and Y are Lindeldf metric spaces). If X is locally compact, then € (X,Y) is

second countable.

Proof. For each j € N={1,2,3,...}, let 2#7 be a countable cover of X by compact
sets each with diameter less than 2 This is possible because X is Lindelof and
each x € X has arbitrarily small compact neighbourhoods since X is Hausdorff and
locally compact [23, Theorem 29.2].

Let 2 = |J 7. Clearly £ is countable also. Since Y is separable, we can

jEN
find a countable dense subset A of Y. Let

B ={[K,B(a,1/n)]: K € X ,a € A;n € N}. (2.1)

Clearly %' is a countable collection of open subsets of €(X,Y’). Therefore, the
collection % of all finite intersections of elements of %’ is countable. We will now

show that 2 is a base for the compact-open topology on %' (X,Y’). To this end,
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suppose that V' is an open subset of € (X,Y) and that f is an arbitrary element of
V. Tt suffices to show that there exists W € # so that f € W and W C V.

It follows from the definition of the compact-open topology that V' is a union of
finite intersections of sets of the form [K, U], where K C X is compact and U C Y
is open. Therefore, if f € V', then

feNiK; U] cv,
j=1
where n € N and for each j € {1,...,n}, Kj is a compact subset of X and Uj is an

77777

open subset of Y. Let r = ?lnn }d(f( ;),Y\U;) > 0. Choose ng € N sufficiently
JE

1 1
large such that — < r. Let r' = —. For each = € U j, choose a, € A such that
no Tlo j=1

d(ag, f(z)) < (2.2)

o

and C, € # such that z € C, and

). (2.3)

C. € fH(B(f().

Then {C? : z € U K} is an open cover of U K; and therefore has a finite subcover
7j=1 7j=1

{Cyy,y...,C }. Let
ﬂ C..,, Blag,,r'/3)].

Observe that W is an element of 4. We claim that W is a neighbourhood of
fin V. It follows easily from (2.2) and (2.3) that f € W. We now show that
W cV. Ifge W and x € K, for some j € {1,2,...,n}, then x € C,, for some
ke {1,2,...,m}. Then by (2.2) and (2.3) and because g € W,

d(f(z),g(x)) < d(f(x), f(xx)) + d(f(2h), az,) + d(aa, 9(2))),

T o

E+E+§<T <.

VAN

Hence, by the definition of r, it follows that g(x) € U;. Because z € K; was taken

arbitrarily it follows that g € [K;, U;], and because j € {1,2,...,n} was arbitrary
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it follows that

g < [Kj, U]] C V,

DL

<.
Il
—

as required. O]

Lemma 2.10. Let X be a Hausdorff topological space, Y a metrisable topological
space with admissible metric d and f € €(X,Y). If K C X is a compact subset of
X and § > 0, then there exists an open neighbourhood W of f in € (X,Y") such that

sup d(f(2), 9(2)) <0

zeK

for every g € W.

Proof. Let % = {f~*(B(a,d/3)) : a € Y}. Clearly % is an open cover of X. In

particular % is an open cover of K. Let

¥ = {f(B(ay,6/3)), ..., (Blan,6/3))}

be a finite subcover of K, where ai,...,a, € Y. For each j = 1,...,m, let V; =
f~Y(B(a;,0/3)) and C; = f~* (W) N K. Each C; is the intersection of a
closed subset of X with a compact subset of X and is therefore compact. If z € K|
then z € V; N K C Cj for some j € {1,...,m}. Hence Cy,...,C,, cover K. We

claim that

n

W = (G, Bla, 8/2)]

j=1
is the desired open neighbourhood of f. Clearly W is open and f € W. Suppose
geW. If z€ K, then z € C; for some j € {1,...,m}. It follows that

A(f(2), 9(=)) < d(f(2),a;) + dla;, 9(2)) < 6/3+6/2 < .

Since z € K was arbitrary, supd(f(z),g(z)) <. O
z€EK



CHAPTER 2. BACKGROUND 14

By the previous lemma, convergence in the compact-open topology on €' (X,Y)
implies uniform convergence on compact subsets of X. It is easy to check that
uniform convergence on compact subsets of X implies convergence in the compact-

open topology on € (X,Y’). So these two modes of convergence are the same.

Proposition 2.11. If X is a topological space, then € (X, C) is a topological vector

space over C.

Proof. Let € = € (X,C). Clearly ¥ is a vector space, so all that is left for us
to show is that both addition and scalar multiplication are continuous. Addition is
continuous by Corollary 2.8 (since (C, +) is a locally compact, Hausdorff topological
group). It remains to show that scalar multiplication is continuous. To this end, let
0:Cx€—%C, (k,f)—kf.

Suppose U C ¥ is open. Without loss of generality suppose that U = [K, V],
where K is a compact subset of X and V is an open subset of C. Suppose that
(k,f) € 071(U). Let r = d(kf(K),C\V) > 0 (where d is the usual metric on C,
that is d(z,w) = |z —w|), M = rznee}?(\f(z)\, and t = max{|k|,1}. Let

r 1
wi=B(kl —— )cc
L (’3 M+2r/(3t))c

and let W5 be an open neighbourhood of f in € such that supd(f(z),h(z)) < 3
zeK

for all h € Wy (which exists by Lemma 2.10). Define W = W; x W,. Clearly W is

open neighbourhood of (k, f). If (', f') € W and = € K, then

[K'f'(2) = kf(2)|
= (K = k) f'(2) = k(f(x) = ['(x))]
<K = KIS (@) + KIS (2) = f'(2)]

r 1 r r
<t (— ). (m _) k| —
=3 (M+2r/(3t)) (M 5) + Iz
<T+r<

i b
-3 3
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Therefore, it follows from the definition of r that &' f'(x) € V. Because z € K was
arbitrary, it follows that &' f" € [K,V]. Therefore W is an open neighbourhood of
(k, f) contained in 6~1(U). O

Proposition 2.12. Suppose X and Y are topological spaces. If X is Lindelof and

locally compact, and Y 1is separable and metrisable, then the compact-open topology

on € (X,Y) is metrisable.

Proof. Let € = ¢(X,Y) and (K,);en be a sequence of compact subsets of X so
that X = (J K7. Let d be an admissible metric on Y. For each j € N define
jeN

d;i(f,9) = sup d(f(x),g(x)), fg€C(X)Y).

SEEK]'

Let D:€(X,Y) x €(X,Y) = R,

o0

22 ]1—|—d fg)

7j=1
We now show that D is an admissible metric for ¢'(X,Y) and therefore € (X,Y)

is metrisable. To show that D is an admissible metric we first prove that D is a

metric, and then we show that D induces the correct topology on €' (X,Y).

Step 1: Showing that D is a metric.

Clearly D(f,g) = D(g, f) and D(f,g) > 0 for all f,g € €. If f,g € € such
that D(f,g) = 0, then f = g. For suppose f,g € € with D(f,g) = 0. Then
d;(f,g) = 0 for every j € N. Therefore, f(z) = g(z) on K; for every j € N.
So f =g since X = |J K.

jEN
The map D satisfies the triangle inequality. For suppose f,g,h € €. Then

d;(f,h) = sup d(f(z), h(z)) < sup d(f(z),g(x)) + sup d(g(x), h(z))

:L‘GK]' !L‘GK]' mGKj

=d;(f,9) +d;(g,h),
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for i € N. Since the function F': [0,00) — R, F(x) = | °

is increasing,
+x

dj(f? h) < dj(f?.g) +dj(gv h)
1+dj(f7h) N 1+dj(f>g)+dj<g7h).

Hence,

1+d;(f,h)
o-i_4i(f,9) +di(g. )
< 1+d;(f,9) +di(g,h)

i di(f.9) d;(g,h)
’ (LHMﬂm+1+%@M

D(f,h) =

M8

1

<.
Il

M

<
I

oI

)=D@@+m%m

1

<
I

as required.

Step 2: Showing that D is an admissible metric.

Let 7¢ be the compact-open topology and 7p be the topology induced by D.
Recall that 7¢ is the coarsest topology containing all sets of the form [K, U],
where K C X is compact and U C Y is open. First we will show that 7p
contains all sets of this form and hence 7p is finer than 7. Then we will show

that 7p is also coarser than 7o and so 7¢ = 7p, as required.

Claim 1: The topology 7p induced by D contains all sets of the form [K, U],

where K C X is compact and U C Y is open.

If K C X is compact, U C Y is open and f € [K, U], then there exists ny € N
such that K € K{ UK; U---UK} . Let r = d(f(K),Y\U) > 0. We prove
that

B(f LT )C[K,U],

"om 14y
1
and therefore [K, U] € Tp. Suppose g € € and D(f,g) < oo % Then if
n T
jE {1,...,n0},

d;(f,9)
1+d;(f,9)

27 < D(f,g) <27

Y

1+
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and therefore

di(fo9) _ v
1+di(f,9) 147

from which it follows that d;(f,g) < r since on [0, c0), is strictly in-

T
1+
creasing. Now let x € K. Then = € K for some j € {1,...,n}, and therefore
d(f(z),g9(z)) < d;(f,g) <r, and hence by the definition of r, g(z) € U. Hence

g € [K, U] as required.
Claim 2: The topology 7p is coarser than the compact-open topology 7¢.

Suppose that V' € 7p. Let f be an arbitrary element of V' and suppose € > 0
is such that B(f,e) C V. We will show that there exists W € 7¢ so that
f e W C B(f,e) and therefore that V' can be written as the union of sets in

7c and hence U € 7.

Let ny € N be so large that

By Lemma 2.10 there exists W € 7¢ such that f € W and

sup {d(f(Z)yg(Z)) $Z € QK} = %

whenever g € W. We now claim that W C B(f,¢). If g € W, then

di(f,9) B .
m < di(f> g) = félll{), d(f(x),g(gj)) < 5
fort=1,...,n;,. Hence,

= 27di(fg) NS 27Udi(fg) | = 27'di(f.9)
D(f’g)_izlleri(f,g) _Z.levtdi(f,g) »s 1+di(f,9)

n1 )
<§;2‘Z+ > 2_’<§+§=e.

i=ni1+1

i=ni1+1

Therefore g is contained in B(f,€). So W C B(f,e€).
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Therefore % is metrisable as required. O

Recall that a topological vector space is called locally convex if the origin has a
neighbourhood basis whose members are convex. A Fréchet space is a locally convex

space which is complete with respect to a translation invariant metric.

Proposition 2.13. Let X be a Lindeldf, locally compact topological space. Then

% (X,C) can be given a Fréchet space structure.

Proof. Let € = €(X,C) and (Kj;),en be a sequence of compact subsets of X with the
property that U K3 = X. Such a sequence exists because X is Lindelof and locally
compact. Let iieie the usual metric on C, that is, d: C x C —» R, d(z,y) = |z — y].
Define an admissible metric D on € (X,C) as in Proposition 2.12; that is, define
D:¢(X,C)x¥(X,C)—=R

_ - —J d](fug)

where d;(f,g) = sup d(f(x),g(z)). Since d is translation invariant, it follows that
€K
D is translation invai"iant also.
We saw in Proposition 2.11 that % is a topological vector space. A neighbour-

hood basis for the origin is

{[U oun]:neN}.

Each element of this basis is convex since B(0,1/n) is convex in C.

We now show that ¢’(X, C) is complete with respect to D. To this end, suppose
that (f,)nen is a Cauchy sequence in € (X, C) with respect to D. Given j € N and
e > 0, there exists NV € N such that

2—j (fmafn)

m D(fms fn) <277

1+

x
whenever m,n > N. Since is strictly increasing it follows that d;(f,, fn) < €
T

whenever m,n > N. Therefore given 7 € N and € > 0 there exists N € N such
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that d;(fn, fn) < € whenever m,n > N. If x € X, then 2 € K; for some j € N, so
(fn(x))nen is a Cauchy sequence in C and therefore converges. Let f : X — C be
the pointwise limit of (f,,)nen-

If j € N, then f,, = f uniformly on K;. For suppose 7 € N and € > 0 are given.
Choose N € N so large that d;(fy,, fn) < % whenever m,n > N. Then if z € K;
and n > N,
€
2
where m is sufficiently large such that m > N and d(f(x), f(x)) < g Therefore

€

d(f (@), fu(@)) < d(f(2), fm(@)) + d(fm (@), fu(2)) < 5+ 5 =€

\V)

Jn — [ uniformly on Kj;. Hence f is continuous on K7. Since X = U K, it follows
n=1

that f € €. Note that f,, — f uniformly on compact subsets of X, because f,, — f

uniformly on K for each j € N and X = J K. Therefore f, converges to f in

n=1

the compact-open topology. Hence % is complete. O

Suppose that X is a domain in C. If (f,),en is a sequence of holomorphic
functions X — C converging uniformly to a function f : X — C on every compact
subset of X, then f is holomorphic on X [25, p. 53]. It easily follows that if X and
Y are arbitrary complex manifolds and (f,,)nen is a sequence of holomorphic maps
X — Y converging uniformly to a map f on every compact subset of X, then f is

holomorphic on X. Hence we have the following result.

Proposition 2.14. If X and Y are complex manifolds, then O(X,Y) is closed in
C(X,Y).
The following is an immediate consequence of Propositions 2.13 and 2.14, since

a closed subspace of a Fréchet space is a Fréchet space.

Corollary 2.15. If X is a complex manifold, then (X, C) can be given a Fréchet

space structure.

We conclude this section with a fundamental lemma about the space of continu-
ous maps from a topological space X to C*. This lemma is important to §3.2.2. In

particular, we need it to prove Proposition 3.15.
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Lemma 2.16. If X is a topological space, n € N, and v : [0,1] — X is a loop in
X, then the set

{f € €(X,C") : the winding number of f o~ about 0 is n}
is open in € (X, C*).

Proof. Suppose that f wraps v around the puncture in C* a number n times. The
image of v is a compact subset of X. Therefore, by Lemma 2.10 there exists a
neighbourhood W of f such that if g € W, then sup d(fo~(t),gov(t)) < d, where

te(0,1]

1
0 = — min |fo~(¢)]. Then H : [0,1] x [0,1] — C*,
2 te0,1]

H(s,t) =tgo~y(s)+ (1 —1t)fov(s)

is a homotopy from fo~(t) to go~y(t). Therefore fo~v(t) and go~(t) have the same

winding number about 0. [

2.3 Weierstrass products

Weierstrass products give us a way of constructing a holomorphic function with
prescribed zeros. We will use them in §3.2.3. The following definitions and theorems

are taken from [6, p. 168-169].

Definition 2.17. For p € N define E, : C — C,

Ep(z):(1—z)eXp(z+Z—2+---+Z—p).

2 p
Call these functions elementary factors.

Lemma 2.18. If |2| <1 and p > 1, then |1 — E,(2)] < |2[PTh.

Proof. See [6, Lemma 5.11]. O
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Theorem 2.19. If (a,)nen s a sequence in C such that lim |a,| = co and a, # 0

for alln > 1, then o
7(2) = T] Bulz/an) (2.1
n=1

converges in O(C). The function f is an entire function with zeros only at the points
an. If zg occurs in the sequence (a,)nen exactly m times, then f has a zero at zy of

multiplicity m.

Proof. See [6, Theorem 5.12] O

2.4 Algebraic topology

Following [14] and [21] we define a deformation retraction to be what is sometimes

referred to as a strong deformation retraction.

Definition 2.20. Suppose X is a topological space and A is a subspace of X. A
retraction of X onto A is a continuous map v : X — A such that r|A =1idy. If r is
homotopic to idx relative to A, then r is called a deformation retraction of X onto

A and we say that the space A is a deformation retract of X.

We take the following definition from [1, p. 90]. From now on let I denote the

closed unit interval [0, 1].

Definition 2.21. Suppose A and X are topological spaces. A continuous map j :
A — X is a cofibration if it satisfies the homotopy extension property (HEP). This
means that for every topological space Y and every map f : X — Y and every
homotopy H : A x I — Y satisfying H(a,0) = f(j(a)) for a € A, there exists a
homotopy H : X x I —'Y such that H(j(a),t) = H(a,t) fora € A and t € I and
such that H(z,0) = f(x) forz € X.

If j : A — X is a cofibration, then A is a subspace of X and j is the inclusion

[1, Proposition 4.16]. Moreover, if X is Hausdorff, then A is closed in X.
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This definition can be illustrated with the following diagram, where iy(z) = (x,0)
21, p. 41].

i

A Ax]T
%
J Y Jj xid
() N
X X x1I

2.5 Absolute (neighbourhood) retracts

Suppose X is a topological space and Y is a subspace of X. We say that YV is a
neighbourhood retract of X if there exists an open neighbourhood U of Y in X so
that Y is a retract of U.

Let .Z# denote the class of all separable metrisable topological spaces (or equiv-
alently second countable metrisable topological spaces). Note that if X is in A4,
then every subspace of X is also in .Y/ .

Definition 2.22. Let Y be a space in L. We say that Y is an absolute retract
(AR) if Y is a retract of every space X in S containing Y as a closed subspace.
We say that Y is an absolute neighbourhood retract (ANR) if Y is a neighbourhood

retract of every space X in LM containing Y as a closed subspace.
The following characterisation of AR’s and ANR’s will prove to be very useful.
Theorem 2.23. Let X be a space in L4 . The following statements are equivalent.

1. The space X is an A(N)R.

2. For every space Y in LH and for every closed subspace A of Y, every con-
tinuous function f: A — X can be extended to'Y (to an open neighbourhood

(depending on f) of A inY ).
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Proof. See [4, Theorem 4.2]. O

Theorem 2.24 (Borsuk homotopy extension theorem). Let A be a closed subspace
of a space X in LM, let Z be an ANR and let H : A x I — Z be a homotopy
such that Hy is extendable to a function f : X — Z. Then there is a homotopy
F: X xI— Z such that Fy = f and Fy|A = H, for everyt € I.

Proof. See [27, Theorem 1.6.3]. O

Theorem 2.25 (Dugundji extension theorem). Let X be a metric space, A a closed
subset of X, L a locally convex topological vector space and f : A — L a continuous

map. Then there exists an extension F' : X — L of f with F(X) C convf(A).
Proof. See [7, Theorem 4.1]. O

By Theorems 2.23 and 2.25, it follows that every locally convex topological vector
space in . is an AR.

A space X is called locally contractible at x € X if for every open neighbourhood
U of x in X there is an open neighbourhood V' C U of x and a homotopy H : V xI —
U such that H; is the inclusion V — U and Hj is constant. A space X is called

locally contractible if X is locally contractible at every point of X.
Proposition 2.26. If X is an ANR, then X 1is locally contractible.
Proof. See [4, p. 87]. O

Theorem 2.27. Let X be a space in LA . Then X is an AR if and only if X is a
contractible ANR.

Proof. See [27, Theorem 5.2.15]. ]

Theorem 2.28. Let X be an ANR and let U be an open subspace of X. Then U is
an ANR.

Proof. See [27, Theorem 5.4.1]. O
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Theorem 2.29. Let X be a space and suppose that X admits an open cover con-

sisting of ANR’s. Then X is an ANR.
Proof. See [27, Theorem 5.4.5]. ]

Theorem 2.30. Suppose that X is an ANR and A C X is closed. Then A is an
ANR if and only if the inclusion A — X is a cofibration.

Proof. See [1, Theorem 4.2.15]. H

A deformation retraction in the weak sense of a topological space X onto a
subspace A C X is a continuous map r : X — A so that r|4 = id4 and r is
homotopic to idy. If such a map exists, then we say that A is a deformation retract

of X in the weak sense.

Theorem 2.31. If X is an ANR and A is a subspace of X, then the following two

statements are equivalent:
1. A is a deformation retract of X.

2. A is a deformation retract of X in the weak sense.

Proof. See [16, p. 199]. O

2.6 Oka manifolds and Oka theory

In this section we give a very brief introduction to Oka manifolds. For a compre-
hensive discussion of Oka theory see the survey article [11].

There are generalisations of the Weierstrass theorem and the Runge approxima-
tion theorem to Stein manifolds called the Oka-Weil approximation theorem and
the Cartan extension theorem respectively. These theorems can be thought of as
expressing some properties of the target C. Reformulating these theorems for a gen-
eral target X leads us to the interpolation property (IP) and approximation property
(AP).
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Definition 2.32. A complex manifold Y has the interpolation property if for every
Stein manifold X with a subvariety S, a holomorphic map S — Y has a holomorphic

extension X — 'Y if it has a continuous extension.

Suppose X and Y are complex manifolds and K C X is compact. A contin-
uous map f : X — Y is said to be holomorphic on K, if there exists an open

neighbourhood of K on which f is holomorphic.

Definition 2.33. A complex manifold Y has the approximation property if for every
Stein manifold X with a holomorphically convex compact subset K, a continuous
map X — Y that is holomorphic on K can be uniformly approrimated on K by

holomorphic maps X — Y.

One can then define ostensibly weaker conditions called the convex approxima-

tion property (CAP) and the convex interpolation property (CIP).

Definition 2.34. A complex manifold Y has CIP if whenever T is a closed subman-
ifold of C™ which is biholomorphic to a convex domain in some C¥ and f : T —Y

is a holomorphic map, [ extends to a holomorphic map C" — Y.

Definition 2.35. A complex manifold Y has CAP if every holomorphic map f :
K —'Y from a compact convex set K C C™ can be approzimated uniformly on K

by holomorphic maps C* — Y.
Definition 2.36. A complex manifold Y is Oka if Y satisfies CAP.

It was proved by Forstneric that if X is a Stein manifold and Y is an Oka man-
ifold, then every continuous map X — Y can be deformed to a holomorphic map.
In fact, Forstneri¢ proved that CAP implies something much stronger, namely the
parametric Oka property with respect to approximation and interpolation (POPAI).
The property POPAI implies IP and AP mentioned above. Also POPAI implies the
basic Oka property with approximation BOPA and parametric Oka property POP
(defined below).
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Definition 2.37. A complex manifold Y satisfies the parametric Oka property if
whenever X is a Stein manifold and QQ C P are compact subsets of R™ the following
is true. For every continuous map f : X x P =Y such that f(-,q) : X = Y is
holomorphic for every q € Q, there is a continuous map F' : X x P x I — Y such
that:

1. F(-,-,O):f}
2. F(‘aqat):f('7Q)f07’6067“yq€QcmdtG],
3. F(-,p,1) is holomorphic for every p € P.

Definition 2.38. Suppose X is a complex manifold. A compact subset K C X is
O(X)-convex if K = K, where K is the 0(X)-hull of K.

Definition 2.39. A complex manifold Y satisfies the basic Oka property with ap-
prozimation if every continuous map f : X — Y from a Stein manifold X that is
holomorphic on a compact O(X)-convex subset K C X can be deformed to a holo-
morphic map g : X — Y by a homotopy of maps that are holomorphic near K and

arbitrary close to f on K.

Theorem 2.40. If X is a Stein mainfold and Y 1is an Oka manifold, then the
inclusion O(X,Y) — €(X,Y) is a weak homotopy equivalence.

Proof. This follows by appying POP with the pairs () < *, {0,1} < [0, 1], * — S*
and S* — B where B*™! is the (k + 1)-dimensional ball and S* = 9B**! is the

k-dimensional sphere for every k& > 0 [11, p. 19]. O
The following gives us a rich source of examples of Oka manifolds.
Proposition 2.41. FEvery complex Lie group is Oka.

Proof. See [10, Proposition 5.5.1]. O
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In particular the complex plane C, the punctured plane C* and all tori C/T’
are Oka manifolds. The only other example of a Riemann surface that is Oka is
the Riemann sphere P;. For suppose X is an Oka manifold and X is not one of
the aforementioned examples. Then X is hyperbolic by Theorem 2.5. Therefore the
universal covering X of X is isomorphic to the unit disc D. So any holomorphic map
C — X can be lifted to a holomorphic map C — ID. But Liouville’s theorem tells
us that every holomorphic map C — D is constant. Therefore every holomorphic

map C — X is constant. So X does not have IP and hence X is not Oka.
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Research

If X is a Stein manifold and Y is an Oka manifold, then every continuous map
X — Y can be deformed to a holomorphic map X — Y. The question is whether
this can be done for all continuous maps at once in a way that depends continuously
on f and leaves f fixed if f is holomorphic to begin with. In other words is &(X,Y") a
deformation retract of €' (X,Y)? Following [21] we use the term deformation retract
for what is sometimes referred to as a strong deformation retract.

This question is resolved in the affirmative when X is Stein, Y is Oka and
0(X,Y) and ¥ (X,Y) are absolute neighbourhood retracts (see [19, Proposition 5]).
Suppose that X is Stein and Y is Oka. Then %' (X,Y) and O(X,Y) are absolute

neighbourhood retracts if:

e X has a strictly plurisubharmonic Morse exhaustion with finitely many critical

points (see [19, Theorem 9] and [19, Proposition 7]),

e X is simply connected and Y is the quotient of C™ by a discrete subgroup (see
[19, Proposition 11]), or

o Y =C" (see [19, p. 1164]).

A deformation retraction is not constructed explicitly in the proof of [19, Propo-

sition 5]. The goal of Section §3.1 is to present a more elementary proof that (X, C)

28
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is a deformation retract of ¢’(X, C) and to define an explicit deformation retraction.

In Section §3.2 we turn our attention to the next simplest target C*. We will
see that the spaces 0(C\N,C*) and ¢ (C\N, C*) are not absolute neighbourhood
retracts and so [19, Proposition 5] does not apply. Yet it can still be proved that
O(C\N,C*) is a deformation retract of ¢ (C\N,C*) by a hands-on calculation [19,
p. 1165-1166]. We extend arguments of [19, p. 1165-1166] from C\N to a bigger

collection of domains in C, to most of which the above results do not apply.

3.1 Defining a retraction explicitly

The construction of the explicit retraction presented here is motivated by [27, Ex-
ercise 1.4.4], which is essentially an explicit direct proof of the Dugundji extension
theorem. I believe that such a proof first appeared in [7, p. 358] where a similar
formula is used.

The following is a simple observation about retracts.

Lemma 3.1. Let X be a first countable topological space and'Y C X be a retract of
X. Then'Y is closed in X.

Proof. Suppose that 7 : X — Y is a retraction of X onto Y. If (z;),en is a sequence
of points in Y converging to x € X, then by continuity of r, z; = r(z;) = r(z) € Y

as j — 0o. Therefore by uniqueness of limits x = r(z) € Y. Hence Y is closed. [J

The following lemma greatly simplifies the problem of finding a deformation
retraction. It tells us that in the special setting where X and Y are absolute retracts,

finding a deformation retraction is no harder than finding a retraction.

Lemma 3.2. If X is an AR and Y s a subspace of X, then a continuous map

r: X — Y is a deformation retraction if and only if r is a retraction.

Proof. Suppose that r is a retraction. Then Y is closed in X by Lemma 3.1. A
retract of an AR is an AR (this follows easily from Theorem 2.23). So Y is an AR.
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Let A= X x [ and
B=(Xx{0})U(Y x I)U(X x {1}),

where I = [0,1]. Then B is a closed subspace of A. The spaces X x {0}, Y x I,
X x {1}, Y x {0} and Y x {1} are AR’s by [27, Proposition 1.5.4]. Note that

Y x {0} = (X x {0})n(Y x I),
Y x {1} = (X x {0} U (Y x I)) N (X x {1}).

Since X x {0}, Y x I and (X x {0}) N (Y x I) are AR’s, (X x {0}) U (Y x I)
is an AR by [27, Theorem 1.5.9]. Then since (X x {0}) U (Y x I), X x {1} and
(X x{0})U(Y xI))N(X x{1}) are AR’s, B is an AR using [27, Theorem 1.5.9]
again. Since A contains B as a closed subspace and B is an AR, there exists a
retraction p: A — B of A onto B.

Define G: B — X,

Clat) = r(z) if (z,t) € X x {0},

T if (z,t) € (Y x I)U (X x {1}).

The map G is continuous. For X x {0}, (Y x I) U (X x {1}) are closed subspaces
of B and r(z) =z for all (z,t) € (X x {0}) N (Y x I) U (X x {1})).

One can easily check that Gop: X x I — X is the desired homotopy from r to
the identity on X relative to Y. O

Lemma 3.3. Let (X,d) be a metric space, B C X a closed subspace and A C B a
dense subset of B. For each a € A let

U,={x € X :d(z,a) <2d(z,B)},

Vo={z € X :d(x,a) < gd(ﬂf,B)}'

Then ¥V ={V,:a € A} and % = {U, : a € A} are open covers of X\B.
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Proof. For each a € A the set U, is open because
U,={re€X:0<2d(x,B)—d(z,a)}

and f, : X = R, f,(z) = 2d(x, B) — d(x,a), is continuous. Similarly, for each a € A
the set V, is open.
Suppose that there exists € X\B such that = ¢ V, for every a € A. Then

d(x,a) > gd(x, B) for every a € A. Since A is dense in B it follows that d(x,b) >

3
id(x, B) for every b € B. Therefore we have

3
=] > —
d(z, B) = inf d(z,b) > 7d(z, B),
which is a contradiction since € X\ B and therefore d(z, B) > 0. So ¥ covers
X\B. For each a € A we have V, C U,. Hence % is also a cover for X\ B. O

We say that a cover % of a topological space X is locally finite if for every point

x € X there exists a neighbourhood of = meeting only finitely many elements of % .

Lemma 3.4. Suppose (X, d) is a metric space, B C X is a closed subspace, and
(an)nen 15 a dense sequence in B. If for each n € N we define

W, = U, \ (U Vam)

m<n
with V,, and U, as above, then # = {W,, : n € N} is a locally finite open refinement
of % ={U,; : j € N} with W,, C U,, for everyn € N.

Proof. 1t is obvious that W, is open for every n € N. It is also clear that W,, C U,
for every n € N. For each z € X\B, let n(z) = min{n € N: z € U,,}. Observe
that V,,, C U,, U{a,,} for all m € N. So if m < n(z), then z ¢ V,,, since z ¢ U,,,
by definition of n(x) and  # a,, because x ¢ B. Therefore x € W,,(,). Hence # is
an open refinement of % .

It remains to be seen that # is locally finite. If z € X\ B, let m(xz) = min{n €
N:z €V, }. ThenV,,  is an open neighbourhood of x that intersects only finitely
many elements of #. Therefore #  is locally finite. O
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A family (f;);es of continuous functions X — [0, 1] is called a partition of unity
on X if each x € X has an open neighbourhood U, so that f;|y, = 0 for all but

finitely many j € J and ) f; = 1.
jed
Let (X, d) be a metric space and % a locally finite open cover for X. For each

U € % define ky : X — R,

d(z, X\U)

() = 3 e, X\V)

Note that the sum > d(xz, X\V) is finite and non-zero since % is a locally finite
open cover of X. e

These functions appear in [7, p. 355], in which the following fundamental fact
about them is proved (without actually using the term partition of unity). Following

[27, p. 27] we call these functions k-functions with respect to the cover % .

Lemma 3.5. Let (X,d) be a metric space and % a locally finite open cover for X.
Then the family (ky)vew of k-functions with respect to the cover Z is a partition

of unity on X.

Proof. Each ky is continuous. For suppose U € % . It is easy to check that xy
is continuous on any open set W intersecting only finitely many elements of %.
Because 7% is a locally finite open cover we can cover X by such sets. Therefore ki
is continuous.

Suppose that © € X. Let W be a neighbourhood of x intersecting only finitely
many elements of %. Suppose V € % and VNW = (). Then d(z, X\V) = 0 for
all z € W and hence Ky = 0 on W. So ky|w = 0 for all V € % not intersecting
W. Hence ky|w = 0 for all but finitely many V € %. It is clear from the formula

defining ky that > ky = 1. O
vew

Proposition 3.6. Suppose that X is a locally convex topological vector space, d is
an admissible metric on X, B C X 1is a closed vector subspace, and (a,)nen 1S @

dense sequence in B. Define W = {W, : n € N} as in Lemma 3.4, and let (kw )wew
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be the family of k-functions (defined on X\B) with respect to the cover (of X\B)
W . The map r: X — B defined by

x if x € B,

r(@) =9
> kw,(2) - an  if v € X\B,

15 a retraction of X onto B.

Proof. Since r is the identity on B, all that remains for us to prove is that r is
continuous. Note that (kw )wey is a partition of unity on X'\ B by Lemma 3.5. So
clearly r is continuous on X\ B.

Suppose now that x € B and that € > 0 is given. By local convexity of X there
exists a convex neighbourhood C' of r(x) = x contained in B(z,€). Let r > 0 be so
small that B(x,r) C C and r < e. Let § = r/4. We will prove that if y € X and
d(xz,y) < 0, then d(r(x),r(y)) < e. To this end, let y € X be such that d(x,y) < 0.

If y € B, then d(r(z),r(y)) = d(z,y) < 0 < €, as required.

Suppose that y € X\B. Note that d(y, B) < ¢ since x € B. Let n € N be
such that y € W,,. Since W,, C U, , d(y,a,) < 2d(y, B) < 26. Hence d(z,a,) <
d(z,y) + d(y,a,) < 0 + 20 < r. Therefore a, € C. Tt follows that

ry) =Y wwi(y) a5 =) mw,(y) - a
j=1 jeJ
is a convex combination of elements of C, where J = {m € N :y € W,,} (note
that J is finite). So r(y) € C' C B(x,¢€). Hence, d(r(z),r(y)) = d(z,r(y)) < ¢, as
required. ]

Proposition 3.7. If X is a complex manifold, then (X, C) is a deformation retract
of €(X,C).

Proof. Let ¢ = 0(X,C) and € = €(X,C). Note that & is a closed subspace
of € by Proposition 2.14. The space % is a locally convex topological space by
Proposition 2.13. It follows from Proposition 2.9 that & is separable. Let A be a
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countable dense subset of &'. Let a : N — A be a surjection. Let d be an admissible
metric on ¢, which we know to exist since ¢ is metrisable (see Proposition 2.12).

For each n € N let

U, ={f €% :d(f, a,) <2d(f,0)},

Vo= {f €4 dlf,00) < 27, 0)),

Wn:Un\<U vm>.

m<n
By Lemma 3.4, # = {W,, : n € N} is a locally finite open cover of €\&. Let
(kw)wey be the family of k-functions with respect to #'. Then by Proposition 3.6,
it follows that the map r : € — & defined by

f it fe 0,

r(f) =14
Z_:l/iwn(f)'an if fe€\0,

is a retraction.

Note that & is metrisable and second countable by Propositions 2.12 and 2.9
respectively. By Proposition 2.13, % is a locally convex topological vector space.
A locally convex topological vector space in .## is an AR (recall the comment
immediately after Theorem 2.25). So % is an AR. Hence r is a deformation retraction

by Lemma 3.2. O
We are able to say more about the nature of this retraction.

Corollary 3.8. There exists a deformation retraction €(C,C) — O(C,C) so that

each non-holomorphic continuous function C — C is mapped to a polynomial.

Proof. Let ¢ = 0(C,C), ¥ = ¢(C,C) and d be some admissible metric on C.
Let A = Q(i)[z] C @ be the subspace of polynomial functions with coefficients in
Qi) ={a+bi:a,be Q} and suppose (a,)nen is a listing of A, that is, an injective
sequence with image A. By considering Taylor series it is easy to show that A is

dense in &. Then define a retraction in the same way as in Proposition 3.7. Note
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that if f € €\O, then rxw,(f) # 0 for only finitely many j € N, from which it
follows that r(f) € C[z]. O

We conclude this section with a comment about the related topic of Bergman
projections. Suppose that X is a domain in C". We can consider the Hilbert space
L*(X) of square integrable functions X — C. This space contains the space L% (X)
of all square integrable holomorphic functions as a closed subspace. The orthogonal
projection L*(X) — L%(X) is called the Bergman projection. It is, in particular,
a retraction of L?(X) onto L% (X). However, Bergman projections are not relevant

here because our focus is on the space € (X, C), which is quite different from L?(X).

3.2 The spaces 0(X,C*) and € (X,C")

We now consider the case where the target is C* rather than C. Call a complex
manifold X good if 0(X,C*) is a deformation retract of € (X, C*).

If X was a Stein manifold and % (X,C*) and 0(X,C*) were ANR’s, then X
would be good by [19, Proposition 5|. However, as we shall see, the spaces €(X, C*)
and 0(X,C*) need not even have the homotopy type of an ANR.

A topological space X is called semi-locally contractible if it has a basis % of
open subsets such that U < X is null-homotopic for all U € % . It follows that
the path components of X are open. Suppose X and Y are topological spaces. It
is easy to see that if X is semi-locally contractible and Y is homotopy equivalent to
X, then Y is semi-locally contractible. Recall that an ANR is locally contractible,
so in particular an ANR is semi-locally contractible. Hence it follows from the next
proposition that ¢(C\N, C*) and ¢ (C\N, C*) do not have the homotopy type of an
ANR, which is the same (see [22, Theorem 1]) as to say that these spaces do not
have the homotopy type of a CW complex.

Proposition 3.9. The path components of O(C\N,C*) and € (C\N,C*) have no
interior points. So O(C\N,C*) and € (C\N,C*) do not have the homotopy type of
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an ANR or a CW complex.

Proof. Let U C € (C\N,C*) be an arbitrary open neighbourhood of the constant
map 1 € €(C\N,C*). Because U is open in the compact-open topology, U is the
union of finite intersections of elements of the form [K,V], where K C C\N is
compact and V' C C* is open. So there exist compact sets Ki,..., K, C C\N
and open sets Vi,...,V,, C C* so that 1 € ([K;,V;] C U. Let K = Lnj K; and

n

Jj=1 j=1

V = 1V,. Note that 1 € V; for j = 1,...,n, so 1 € V and hence the constant
j=1

map 1 lies in [K,V]. Clearly [K,V] C N[K;,V;] C U. We may assume that K

j=1
is 0 (C\N)-convex. For if this were not the case, then we could replace K by its

0(C\N)-hull K, which is compact since C\N is Stein.

Choose a € N such that a > 3 +sup|z|. Let ¢ : C\N — C be a continuous
function such that ¥(z) = 1 if |z — aTeg 1 and ¥(z) = 0 if |z — a] > 2. Define
f:C\N — C*,

( 1
1+

if ze C\Nand |z —a| <1,
z—a

f(z) = { exp (¢(z)log (1+ ﬁ)) if zeC\Nand 1< |z—al <2,

1 if ze C\N and 2 < |z —al,

\

where log is a holomorphic branch of the logarithm defined on B(1,1) C C. Note

that the only zero of the function C — C, 1 — ,isa—1 € N, so f indeed

z2—a
maps into C*. The map f is in [K, V] since f|x = 1. However f is not homotopic

to 1 since f has a pole of order 1 at a (and therefore f wraps a little circle about a
around the puncture in C* once).

Since f is holomorphic on (C\N)\ B(a, 2), which is an open neighbourhood of K,
BOPA (recall Definition 2.39) implies that there is a holomorphic map g € [K, V] C
U which is homotopic to f. So g € U and ¢ is not homotopic to 1.

This shows that the path components of &(C\N,C*) and ¢’ (C\N, C*) have no

interior points. ]
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3.2.1 Larusson’s sufficient condition

In this section we present a sufficient condition for a Stein manifold X to be good
(meaning that (X, C*) is a deformation retract of € (X,C*)) and prove its suffi-
ciency. The condition we present here appears in [19, p. 1165] for X = C\N.

Suppose X is a complex manifold. Let %,(X,C*) be the path component of
%' (X,C*) consisting of the null-homotopic maps. Define 0y(X, C*) similarly. ANR
theory is still relevant (even though &(X,C*) and % (X, C*) need not be ANR’s)
because of the following lemma (see [19, p. 1165]).

Lemma 3.10. Let X be a complex manifold, then €,(X,C*) and Oy(X,C*) are
ANR'’s.

Proof. In what follows we will show that %;(X,C*) is an ANR (the proof that
Oo(X,C*) is an ANR is analogous).

Recall that € (X, C) is a Fréchet space (see Proposition 2.13). Therefore (X, C)
is a locally convex topological vector space. Hence €' (X, C) is an ANR by Theorems
2.23 and 2.25. By Theorems 2.28 and 2.29, to show that %,(X,C*) is an ANR it
suffices to find a surjective local homeomorphism %' (X,C) — %, (X, C*). We claim
that exp : €(X,C) — %,(X,C*) is such a map. A continuous null-homotopic map
X — C* can be lifted via exp : C — C*, so exp : € (X, C) — %o(X, C*) is surjective.
The map exp is continuous by Lemma 2.6. We now show that exp is open.

Let (K;)jen be a sequence of connected compact sets in X such that

KICKiCK;CKyC---

11

and X = |J Kj. Define V; = [——,—,] X 1 {——,,—} for 5 € N. The collection
JEN JJ

% = {[K;,V;] : j € N} is an open neighbourhood basis for 0 € €(X,C). Fix j € N

and =y € K;. Let log : exp(V;) = V; C C be (the restriction of) the principal

branch of the logarithm. Clearly

exp([K;, V;]) C [Kj,exp(V;)] N6o(X,C).
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If f e [Kj exp(V;)]N%(X,C*), then f is null-homotopic, so f can be lifted to a
continuous function f : X — C with

S (o) = log(f (o)) (3.1)

via exp : C — C*. But then logo(f|x,) and f|Kj are both liftings of f|K; — C*, so
by Equation 3.1 and the uniqueness of lifting, f|K7 = logo(f|k,). So f(K;) CV,
that is, f € [K;,V;]. Hence f € exp([Kj,V;]) and therefore

exp([K;, Vi]) = [K, exp(V;)] 0 6o (X, C7).

Hence exp([Kj, V}]) is open for all j € N. So % is an open neighbourhood basis of
0 € (X, C) such that exp(U) is open for all U € % . Since € (X, C) is a topological
group, every f € € (X, C) has an open neighbourhood basis % such that exp(U) is
open for all U € %;. Therefore exp : € (X, C) — 6,(X,C*) is open.

Finally, we show that exp : €(X,C) — %,(X,C*) is a local homeomorphism.
Suppose f € €(X,C). Let z; € X and U = [{z1}, B(f(z1),1)]. Clearly U is
an open neighbourhood of f, so exp(U) is open in %,(X,C). Suppose that g, h €
U are such that exp(g) = exp(h). In particular, exp(g(z1)) = exp(h(x1)). So
g(x1) = h(z1) + 2nmi for some n € N. But g(xy),h(z1) € B(f(x1),1), therefore
lg(x1) — h(z1)| < 2, so n = 0. Then g and h are both liftings of expog = expoh
with h(x;) = g(z1). Therefore by uniqueness of liftings, ¢ = h. So exp is injective

on U and hence
exply : U — exp(U) (3.2)

is a homeomorphism. Since f was arbitrary, exp is a local homeomorphism. n

Proposition 3.11. If X is a Stein manifold, then Oy(X,C*) is a deformation retract
Of (50 (X, C*) .

Proof. Let Oy = 0y(X,C*) and %y = (X, C*). The space 0 is a closed subset
of €y. For if a sequence (f,)nen in Op(X,C*) converges to f € 6p(X,C*), then f
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is holomorphic (since convergence in the compact-open topology is uniform conver-
gence on compact sets). Therefore by Lemma 3.10 and Theorem 2.30 the inclusion
Oy — %, is a cofibration.

Recall that C* is an Oka manifold. Therefore if X is Stein, 0(X,C*) —
% (X,C") is a weak homotopy equivalence (see Theorem 2.40). Hence the inclu-
sion i : Op(X,C*) — (X, C*) is a weak homotopy equivalence. An ANR has the
homotopy type of a CW complex [5]. Let A and B be CW complexes which are ho-
motopy equivalent to Op(X, C*) and 6,(X, C*) respectively. Let f4 : Op(X,C*) — A
and fp : 6o(X,C*) — B be a homotopy equivalences. Let g4 and g be homotopy
inverses for f4 and fg respectively. Then fgoiogy : A — B is a weak homotopy
equivalence between CW complexes. By Whitehead’s theorem (see [21, p. 74]) the
map fgoiogy is a homotopy equivalence. Therefore ggo fgoiogso fa is a homotopy
equivalence. Therefore i : 0y(X,C*) — %o(X,C*) is a homotopy equivalence since
gp o fgpoiogao f) is homotopic to i. From now on if f,g: X — Y are continuous
maps we will write f ~ g to mean f is homotopic to g.

In what follows we use the fact that i : (X, C*) — %,(X,C*) is a homotopy
equivalence and a cofibration to prove that 0y(X,C*) is a deformation retract of
%o(X,C*). Suppose ¢’ is a homotopy inverse of i. Then ¢ oi ~ idg,, that is,
J'|e, ~ idg,. By HEP ¢ is homotopic to a continuous map g : 4y — 0y with
glo, = idg,. Note that g is a deformation retraction in the weak sense and therefore

it follows from Theorem 2.31 that &y is a deformation retract of %j. ]
The following gives us a sufficient condition for X to be good.

Proposition 3.12. Suppose X is a Stein manifold. Give € (X,C*)/€o(X,C*) the
quotient topology. If the quotient map € (X,C*) — € (X,C*)/6y(X,C*), f — [f],

has a continuous section s with image in O(X,C*), then X is good.

Note that %o(X,C*) is a normal subgroup of ¢’ (X,C*) and €' (X,C*) is a topo-
logical group, so the topological space €' (X, C*)/%y(X,C*) inherits the structure
of a topological group, namely the quotient group. Let e denote the identity
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of €(X,C*)/%,(X,C*). Note that e = [1], where 1 denotes the constant map
1 : X — C*. The quotient map ¢ (X,C*) — € (X,C*)/%(X,C*) is a continuous

homomorphism.

Proof. It f € €(X,C*), then ﬁ € %(X,C*). For

] = s = ==

The space 0y(X,C*) is a deformation retract of 6,(X,C*) by Proposition 3.11.
Let r : 6o(X,C*) — Op(X,C*) be a deformation retraction. Define R : €' (X,C*) —
&(X,C*) by

R = s (1)

The map R can be written as a composition of continuous maps, so R is continuous

(recall that multiplication and inversion are continuous maps because €' (X, C*) is

a topological group by Proposition 2.8). If f € 0(X,C*), then ﬁ € 0y(X,C"),
s

SO

R =) v (5 )=o) o =

Therefore, R is a retraction of ¢’ (X,C*) onto (X, C*). We now show that R is a
deformation retraction of € (X, C*) onto 0(X,C*). To this end, let H : €(X,C*) x
I — € (X,C*) be defined by
(g = s() 1 (1),
s([f1)

where h : 65(X,C*) x I — %5(X,C*) is a homotopy of  to the identity relative to
Oo(X,C*). The map H can be written as the composition of continuous functions
and is therefore continuous. Clearly H(-,0) = R(-), and H(-,1) = idg(x,cx).-

Suppose t € [0,1] and f € 0(X,C*). Then WJJ;D € 0y(X,C*), so

" (ﬁ’ﬁ il
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Hence H(f,t) = f. Since t € [0,1] and f € O(X,C*) were arbitrary, H(f,t) = f
for every f € 0(X,C*) and t € [0,1]. Therefore R is a deformation retraction of
% (X,C*) onto O(X,C*). O

3.2.2 ‘“Very good’ sources

In this section we define the property ‘very good’ which is an ostensibly stronger
version of good. Proposition 3.12 will be used to show that a Stein manifold X
is very good only if X is good. The reason we introduce this property is that
the calculations we do in Lemma 3.21 and Proposition 3.31 will show that certain
domains are very good and not just good. This is worth noting since there are ways
of constructing new very good complex manifolds from old that we do not have at
our disposal in the context of complex manifolds which are merely good.

Suppose X is a topological space and x € X. For each f € (X, C*), the map
Wiy @ m(C*, f(x)) — Z, which takes an element of m(C*, f(x)) to its winding
number about 0, is an isomorphism. So we will denote the composition wy(y o fs,
where f. : m (X, 2) = m(C*, f(z)) is the homomorphism induced by f, simply by
f«. Hence, we have a map -, : €(X,C*) — Hom(m (X, z),Z), f — f.. This is of

course a slight abuse of notation.

Lemma 3.13. Suppose that X is a connected, locally path connected topological
space and that v € X. If f,g: X — C* are continuous maps, then f is homotopic

to g if and only if the homomorphisms f, g. : m1(X,x) — Z are equal.

Proof. If f,g : X — C* are continuous maps and f is homotopic to g, then it is
easily shown that for all loops v in C*, fo~ and go~ have the same winding number
as each other. Hence f, = g,.

Suppose f. = g.. Without loss of generality suppose that f(z) = g(z). If this

/(@)

were not the case, then we could replace g by ﬂg ~ g. Let h = f/g. Then
g(x
he =(f/9), = f«— g« = 0. Therefore, by [23, Lemma 79.1], h can be lifted to a map
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X — C by exp : C — C*. Therefore h is null-homotopic, and hence f is homotopic
to g. O

Proposition 3.14. If X is a connected, locally path connected topological space and
xr € X, then the map

O :E¢(X,C")/6(X,C") - Hom(m (X, x),Z), [f] — fs
1S an ingjective group homomorphism.

Proof. The map ® is well defined and injective by Lemma 3.13. We now show that
® is a homomorphism. For each loop ¢ in C* based at 1, let ¢ : I — C be the
unique lifting of ¢ by exp with ©(0) = 0. Note that w(y)) = Im(:(1)), where
w(w)) is the winding number of . Suppose that [f], [¢] € € (X,C*)/%(X,C*) and
without loss of generality suppose that f(z) = g(z) = 1. We want to show that
O([f] - [9]) = @([f]) + ®([g]). To this end, suppose [y] is an arbitrary element of
m (X, z). We have

O([f1- (gD = @([f - gD ([V]) = w((f - g) ov) = Im((f - g) o ¥(1)). (3.3)

Now, observe that m + g o is also a lifting of (f - g) o+ by exp with 0 — 0.
Hence, by uniqueness of liftings (f - g) oy = m +go7. So by Equation 3.3 we
have

—~—

O([f]- [gD(2]) = Tm(f o v(1) + g o (1)) = w(f o y) +wlgo)
= (2(f) + 2(9) (1)),

as required. O

Note that the quotient map p : € (X,C*) — € (X, C*) /%, (X, C*) is a homomor-
phism. Therefore -, : €(X,C*) — Hom(m (X, z),Z) is a homomorphism (since -,
can be written as the composition ® o p).

Let X be a path connected topological space and let z € X. Give m (X, z)
and Z the discrete topology. The space €' (w1 (X, x),Z) with pointwise addition is
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a topological group by Corollary 2.8. Note that Hom(m (X, z),Z) is a subgroup of
€ (m(X,z),Z). So Hom(m (X, x),Z) is a topological group when given the subspace
topology. From now on Hom(7 (X, x),Z) will always be given this topology.

Proposition 3.15. If X is a path connected topological space and x € X, then the
map - : €(X,C*) — Hom(m (X, x),Z) is continuous.

Proof. Suppose U C Hom(m (X, x),Z) is open. Without loss of generality we may

suppose
U =[]} {b}] nHom(m (X, x), Z),

where [y] € m (X, x) and b € Z. The preimage of U under -, is then precisely the set
of all continuous functions X — C* which wrap + about the puncture in the target

b times. This set is open by Lemma 2.16. Hence -, is continuous. O]

Proposition 3.16. If X is a Stein manifold, x is a point in X and -, : €(X,C*) —

Hom(m (X, z),Z) has a continuous section with image in (X, C*), then X is good.

Proof. Define @ as in Proposition 3.14. It follows from Proposition 3.15 that & is
continuous. Suppose -, has a continuous section. Then -, is surjective. So ® is
surjective and hence a group isomorphism.

Let s : Hom(m (X, x),Z) — € (X, C*) be a continuous section of -, with image in
O(X,C*). Then so ® is a continuous section of the projection map p : € (X, C*) —
€ (X,C*) /%, (X, C*) with image in &(X,C*). For po(so®) =dlo-,050P =
$~1 o P =id. Hence X is good by Proposition 3.12. O

The reason we switch from the quotient map €(X,C*) — €(X,C*) /% (X,C*)
to -, is because it seems easier to find a section of -, than to find a section of the
quotient map directly.

Call a complex manifold X very good if for some x € X, the map -, : €(X,C*) —
Hom(m (X, z),Z) possesses a continuous section with image in &(X, C*). Note that
the choice of z € X is not important. For suppose - : € (X, C*) — Hom(m (X, y),Z)

is the analogous map defined for a different element y € X, then -, factors as follows
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¢ (X,C")

Hom(m (X, y),Z)

where ¢ is the pullback of an isomorphism 7 (X, z) — 7 (X, y) that conjugates an
element of 71 (X, z) by a fixed path from y to x. The map ¢ is a homeomorphism
by Lemma 2.7. So -, has a continuous section if and only if -, does.
The above proposition tells us that if X is Stein, then a sufficient condition for
X to be good is that X is very good. We do not know if this condition is necessary.
We will now show that if X is a non-compact Riemann surface so that (X, x)
is finitely generated, then X is very good. Since a non-compact Riemann surface is

Stein this implies that X is good. First we need the following lemma.

Lemma 3.17. If X is a non-compact Riemann surface, then -, : €(X,C*) —

Hom(m (X, z),Z) is surjective for all x € X.

Proof. By the above discussion, it suffices to prove that the map -, : ¥(X,C*) —
Hom(m (X, z),Z) is surjective for some convenient choice of z € X.

Since X is a non-compact Riemann surface, X has the homotopy type of a
CW complex with cells of dimension at most one [24, Theorem 2.2]. That is, X
is homotopy equivalent to a connected graph. A connected graph is homotopy
equivalent to a bouquet of circles [21, §4.3], so X is homotopy equivalent to a
bouquet of circles. Let Y be a bouquet of circles with basepoint y € Y homotopy
equivalent to X and F' : Y — X be a homotopy equivalence with homotopy inverse
G: X =Y. Let & be a free generating set for m (Y, y) consisting of one generator
for each circle (see [21, §2.8]). Then F..7 is a free generating set for m, (X, =), where
z = F(y).

Given a family of integers (ns)sc.r we can always find a continuous function
f:Y — C* so that f.(s) = ns for all s € .. Hence the map -, : €(Y,C*) —
Hom(m (Y, y),Z) is surjective. If b € Hom(m (X, x),Z), then the composition bo F,
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is in Hom(7 (Y, y),Z), so there exists f € € (Y, C*) such that f. = bo F,. Therefore
g=foG e ¥ (X,C) is such that g, = b. Hence -, : €(X,C*) — Hom(m (X, z),Z)

is surjective. O

Proposition 3.18. If X is a non-compact Riemann surface and m(X) is finitely

generated, then X s very good.

Proof. Suppose that x € X and that < is a finite subset of 7 (X, z) that generates
71(X, ). Then the restriction map Hom(7(X),Z) — Z“ is a continuous injection
(see Lemma 2.7). The space Z“ has the discrete topology since Z has the discrete
topology and & is finite. Therefore Hom(m (X, z),Z) has the discrete topology.
For each A\ € Hom(m (X, z),Z) let fy : X — C* be a continuous map with
(f»), = A. This is possible because -, is surjective (see Proposition 3.17). For
A € Hom(m (X, z),Z) let gy : X — C* be a holomorphic map homotopic to fy
(such g, exists by the basic Oka property). Note that (gx). = (fi)« = A for A €
Hom(m (X, z),Z). Therefore Hom(m (X, x),Z) — € (X,C), A — gy, is a section of
- with image in @(X, C*). This section is continuous because Hom(m (X, x),Z) has

the discrete topology. O

This proposition serves to give us some examples of very good complex manifolds.
Note that we needed -, to be surjective. If we simply wanted to prove that a
Stein manifold X with 71 (X) finitely generated was good, then we could avoid this

complication by using Proposition 3.12 directly as follows.

Proposition 3.19. If X is a Stein manifold so that m (X) is finitely generated,
then X 1is good.

Proof. Let € = €(X,C*) and %, be the path component of & consisting of the
null-homotopic maps. Let x € X and H C Hom(m (X, z),Z) be the image of
% (X,C*) under -, : ¢(X,C*) — Hom(m (X, z),Z). Since (X, z) is finitely gener-
ated, Hom(m (X, z),Z) has the discrete topology (as we saw in the proof of Propo-
sition 3.18). So H has the discrete topology.
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For each A € H let f\ : X — C* be a continuous map with (f\), = A and let
gr : X — C* be a holomorphic map homotopic to f, (which exists by the basic
Oka property). Note that (gx). = (fa)« = A for A € H. Define s : H — %(X,C*),
A — gx. Note that s has image in 0(X,C*) and -, o s = idy. This map s is
continuous because H has the discrete topology.

Define F' : €/%, — H, [f] — f.. The map F is continuous because -, is
continuous. The map F'is injective by Lemma 3.13 and surjective by definition of H.
The composition s o F' is a continuous section of the projection map p : ¢ — € /%o
with image in €/(X,C*), since p = F~! o-,. Therefore X is good by Proposition
3.12. O

In the next section we will see some examples of domains in C that are very good
and whose fundamental groups are not finitely generated. We do not know how to

prove directly that these examples are good. The following result will be helpful.

Proposition 3.20. Suppose X, Y are complex manifolds, x is a point in X and 1 :
X — Y is a holomorphic map so that i, : m (X, z) — m (Y, i(z)) is an isomorphism.

If Y is very good, then X is very good.

Proof. Since 1, is an isomorphism of topological groups, the pullback
(2.)" : Hom(m(Y,i(x)),Z) — Hom(m (X, x), Z)

is an isomorphism of topological groups. Suppose sy is a continuous section of

€Y, C*) — Hom(m (Y, i(z)),Z) with image in &(Y,C*). Let
sx : Hom(m (X, 1),Z) — €(X,C*), A+ sy(Ao (i, 1)) oi.

Note that sx is continuous since sy is the composition of continuous maps. The

map sy has image in &(X, C*) since 7 is holomorphic and sy has image in (Y, C*).
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If A € Hom(m (X, z),Z), then

(sx(A)s = (sy(Xo (i) 0 d)s
= (sy(Ao (i) o
=MXo (i, ') od, = A

Therefore sy is a continuous section of -, : € (X, C*) — Hom(m(X),Z) with image

in 0(X,C*), as required. O

Let X, Y and ¢ be as above. We do not know whether X is very good implies Y
is very good.

In the case of open Riemann surfaces a continuous map which induces an iso-
morphism of fundamental groups is a weak homotopy equivalence, and Whitehead’s
theorem tells us that a weak homotopy equivalence between CW complexes is a
homotopy equivalence. So if X and Y are open Riemann surfaces, then i is a holo-
morphic homotopy equivalence, where by a holomorphic homotopy equivalence we
simply mean a homotopy equivalence which is holomorphic. A homotopy inverse
of a holomorphic homotopy equivalence need not be holomorphic. For example the
map D* — C* is a holomorphic homotopy equivalence without a holomorphic ho-
motopy inverse because every holomorphic map C* — ID* is constant by Liouville’s
theorem and the identity on C* is not null-homotopic.

Note that it was relatively easy to show that if Y is very good and X — Y
is a holomorphic homotopy equivalence, then X is very good. It seems hard or
impossible to prove the analogous statement for the good property. Suppose Y
is good and f : X — Y is a holomorphic homotopy equivalence with a continuous
homotopy inverse g : Y — X. Let us try to show that X is good. Let r : €(Y,C*) —
O(Y,C*) be a deformation retraction. We want to define a deformation retraction
¢(X,C*) —» O0(X,C*). First let us try to define a retraction. We could define
p=frorogt:€(X,C*) — O(X,C*). However, there does not appear to be any
reason to expect r(h o g) o f = h for all holomorphic maps h : X — C*. We are
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not aware of any way to use a holomorphic homotopy equivalence from X to a good
complex manifold to prove that X is good. This is why we have introduced the very

good property.

3.2.3 Further examples of very good sources

Suppose A and B are topological spaces. We write B4 to mean the set of all maps
from A to B. If A\ € B* and a € A, then we write )\, to mean \(a).

If A and B are discrete spaces, then every map from A to B is continuous. So
B4 = €(A, B) (as sets). We can then give B4 the compact-open topology. Another
way to think about B4 is as the product [] B. It is therefore natural to give B4
the product topology. It is easy to verify thf;t these two topologies are the same.

We say that A is a discrete subset of B if A is closed in B, and the subspace
topology on A is the discrete topology on B. A discrete subset of C is countable,
for otherwise it will have a point of accumulation in C.

A domain in the Riemann sphere IP; is called a circle domain if every connected
component of its boundary in Py is either a circle or a point. It was proved by He and
Schramm [15, Theorem 0.1] that every domain in C, whose boundary has countably
many components, is biholomorphic to a circle domain. This is why we spend so
much time proving that a certain class of circle domains is very good in Proposition
3.31. He and Schramm’s result is a generalisation of the Riemann mapping theorem
and a partial answer to the conjecture, made by Koebe in 1908, that every planar
domain is biholomorphic to a circle domain. This conjecture was proved by Koebe
for finitely connected domains.

The following important lemma will be needed for the proof of Proposition 3.29.
This lemma has a lengthy proof which uses Weierstrass products. Our construction
of the continuous map Z7 — &(X\ A, C*) below is similar to the construction of the

continuous map Z" — ¢(C\N,C*) in [19, p. 1165-1166].

Lemma 3.21. Suppose X C C is a domain and A is a discrete subset of X. If J C N
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and a : J — A is a bijection, then there exists a continuous map Z7 — O(X\ A, C*),
X f, so that for each \ € Z7, fy is the restriction of a meromorphic function fi

on X with ord,, f)\ = Aj for every j € J.

Note that Z and J are given the discrete topology and Z” is given the topology
desribed above.

The reader may wonder why we introduce J C N rather than just consider
sequences of distinct points. The reason we introduce J is so that we can deal with

the finite case at the same time as the infinite case.

Proof. 1f J is finite, then Z” has the discrete topology and so Z7 — (X \ A, C*),
A= H (z —a;)%, is a continuous map with the desired property.

81]1;)036 that J is infinite. Without loss of generality suppose that J = N. It
suffices to find a continuous map s : (NU {0})Y — &(X\A,C*) so that for each

A€ (NU{0DY, s()) is the restriction of a holomorphic map s/(\/)\) : X — C with

ordy, sf(v)\) = \; for every j € J. For given a sequence A € ZN we can decompose
Aas A = Ay — A, where A, = max(0,\) and A\_ = max(0, —A). Then the map

A
ZN — O(X\A,C*), A — SE/\Jri, is the desired map.
s(A_

Step 1: Defining a map s : (NU{0})N — O(X\A, C*).

Let ag € X\ A and r¢g > 0 be such that B(ag,79) C X\ A. Define F : X\{ag} — C,
2 (z—ap)™ ! Let Y = F(X\{ao}) and b; = F(a;) for j € N. Observe that
{z€C:|z] >ry'} CY and |bj| <7yt forall j € N. Clearly B = {b; : j € N}
has no points of accumulation in Y, therefore it follows from boundedness of B
that Y # C. Note that C\Y # ) is compact since it is a closed bounded subset
of C. For each n € N, let ¢, be a point in C\Y such that |b, — ¢,| = d(b,, C\Y).
Note that because B is discrete in Y and bounded by 75!, b, — ¢,| — 0 as

n — Q.

For each A € (NU{O})N, let N, = Z A; if A is eventually zero; if A is not eventually

zero, let Ny = oo. For each \ € (NU {0})Y and j € N such that 1 < j < Ny + 1,
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let z;» be the j-th term in the possibly finite sequence by,...,b1,ba,...,0bs,. ..
— ——

A1 times Ao times

For each j € N and A € (NU{0})Y, let w;, = ¢, where m € N is such that
zjx = by,. Define s : (NU{0})N — O(X\A,C*),

H E, (%) if 2 € X\(AU {ao}),

s(A)(2) =

1 if 2 = ay,

where the E,, are the elementary factors in Definition 2.17. Note that this map
is well defined because f) : Y — C,

H E (zn)\ wnA) :
& = Wn A
is holomorphic on Y, non-zero on Y\B (with a zero of order \; at b;) and

lim f,(2) = 1 [6, p. 170-173)].

Step 2: Showing that for each A € (NU{0})N, s()) is the restriction of a holomorphic

map s(A) : X — C with ord,, 5(~)\) = \; for every j € N.

Fix A € (NU {0})". Suppose j € N. Since fy has a zero of order \; at b;, it is

easy to check that fyoF has a zero of order \; at a;. Also, fyoF can be extended

to ap holomorphically because lim fy(z) = 1. So clearly f\ o F' extended to ay is
Z—00

the desired map.

Step 3: Proving that the map s : (NU {0})N — &(X\ A, C*) is continuous.
Suppose U C O(X\ A, C*). Without loss of generality suppose U = [K, V], where
K C X\A is compact and V' C C* is open. Suppose A € s~ 1(U).

Let € = d(s(A)(K),C\V) > 0. Let §; € (0,1) be so small that |1 —exp(z)| < €/3
whenever z € B(0,01). Let 0 < r; < ry < 73 be such that
Blag,r3) C (X\A) N (s(\) "' (B(1,¢/3)), and (3.4)

2
|F( )l > —Sup|b Cn| +Sup|6n| (35)

51 neN neN
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for all 2 € B(ag,72)\{ao}. Let K3 = K\B(ag,r1) and Ky = K N B(ag, 7). Note
that K = K; U Ky and hence U = [K;, V]| N [K3, V]. Let Ry > 1 be such that

< Ry (36)

F(K1)

for every m € N such that 1 < m < N, + 1. It is obvious why R, exists if N, is

finite. If N, = oo, then R, exists because the product

H Zn/\ Wn,\
_ Z = Wp

converges uniformly on compact subsets of Y and hence on F(Kj) (see [6, p.

172]). Let 62 € (0, 1) be so small that |1 —exp(2)| < ﬁ whenever z € B(0, dy).

3
Choose M; so large that if j > M, then 5—|bj —¢j| < |€—¢j| for £ € F(K;) (this
2
is possible because |b; — ¢j| — 0 as j — oo and d(F(K;),C\Y) > 0). We will
prove that

W={M}x{}x - x{p} XZXZx---
is an open neighbourhood of A in s~1(U). To this end, let A € W. We will prove
that s(N) € U = [K1, V] N [Ka, V).
Claim 1: s(X) € [Ky, V].

If Ky = (), then it trivially follows that s(\') € [Ky,V]. Suppose Ky # 0. If
Ky = {ap}, then it trivially follows that s(\') € [K3, V] because s(\)(ag) =
s(A)(ag) = 1. So suppose Ks\{ap} is non-empty.

Let z € K3\{ao}. Then

Ep N — Wy N
1—F, | =22 "7 <
‘ (F(Z> _wn)\’>‘

by (3.5) and Lemma 2.18 (it may be helpful for the reader to recall the definition

n+1
Zp N — Wy N

F(Z) — wn,)\/
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of wm,\/). So

n+1
o sup by, — cn|
‘1—En( n, n, )‘< 5 neN
FGE) =wax 11 Z up b, — 0] + sup lea] — [
1 neN neN

< (012 < 2 (1/2)"%,

3 1
Now |log(1 + ()| < §|(| if |¢| < 7 Therefore

Zn N — Wy N 3 2/1 " 1 "
L S < —.— | = = | — .
(e (=25 6) o) o o

and so
%log (E (M)) < %: log (E (M))‘ <5, (3.8)
ot "\ F(2) — wp T~ "\ F(2) — wpn - ’
Hence
e () <
W, N\ 3

by our choice of d;. Therefore,

[s(A)(2) = s\ ()] < [s(N)(2) =1 +[1=s(\)(2)] <€/3+¢€/3=¢,
since Ky C B(ag,r3). Hence, s(X)(z) € V for z € Ks\{ao} by definition of e.

If 2 = ag, then s(A\)(z) = s(N)(z) = 1. So (irrespective of whether aqy € K)
s(X') € [Ky, V], since s(A) € [Ky, V] and s(X)(K\{ap}) C V.

Claim 2: s(\) € [Ky, V.
M,

As above we may assume that K; is non-empty. Let M, = Z Aj < Ny. Note
=1

that M, < Ny since \; = X} for j =1,.. . Since \; = )\’ forj=1,..., M
it follows (from how z;, and z;\ were defined in Step 1) that z;\ = z;» for

j=1,..., M,. Therefore for z € Kj,
Ny

s = [T ( w)

— Wnp,
Mo N)\/
o H B < Zp X — Wp ) H E (Zn,)\’ — Wp, N )
- n\ &=, . | n\ 7=/ N . |>
vt F(z) — wp - F(z) —wpn

n=>M>
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Ny ’ — ’

where [ E, Zn) T W is defined to be 1 if My +1 > N, (which
n=Ms+1 F(Z) - wn:)‘,

happens only if My = Ny since My < N)/). Similarly,

Zp Ay — Wy Znx — W\
E, E, ,
H ( — W > n= IJ\;IH < — Wn )‘)
o Znp — Waa : .
where [] E,|—=~——> ) isdefined to be 1 if My+1 > N, (which happens

n=Mos+1 F(Z) - wn,)\
only if My = N, since My < N,). So

Zna T Wn o\
Is¥) — s, < ( et )
A K
Ny,
H E Zn>\ Wn,\ H E Zn /\’ Wn, N
— Wnp,\ — Wn, N\
n=Ms>+1 n=Mo+1 K
Zpx — W
Note that " (M) < Ry by definition of R). Therefore, to
F(Z) - wnv/\ K

show that ||s(A) — s(A)| x, < € and hence s()\') € [K, V] it suffices to show

Ny

H E (Zn/\’ wn)\’)

W
n=Ms+1 204

€

< —
2R,

1

(3.9)

and the analogous inequality for A\. We show this inequality for X', the proof for

A\ is similar.

If My+1> Ny, then (3.9) is obvious. Suppose My +1 < N,.. Let n € N be such
that M>+1 <n < Ny +1. Then z, » = b; for some j > M; because \;, = )}, for
k=1,..., M. So by the definition of w, y in Step 1, w, » = ¢;. Hence, because

3
of the way M, was chosen, 5—\,2”,,\/ — wp x| < |€ —wy v| for every £ € F(K;). So
2

Zp, N — Wnp N
S ) ) <
- e (F )| <
1 2
< (62/3)" < 3(1/2)"02 < 302(1/2)",

n+1
Zp N — Wy N

F(Z) — 'LUm)\/

whenever z € K. In particular, if z € K7, then

Ep N — Wy N
I ) L —
‘ (F(Z> _wn,)\’>

N | —

<
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3 1
Again, |log(1 + w)| < §|w| if |w| < 7 Therefore if 2z € K,

% log (E (—Z"’X — Wn,¥ )) < % log (E (—Z"’X — Wn,x )) ‘
n=My+1 T\ (z) — wax i TA\F(z) — wax
< 3 % B Zp N — Wy N 1
-2 " F(Z) — Wp N
n=M>+1 ’
3 9 Ny
<3 3% > (1/2)" <6
n=Ms+1
Note that
N)\/ Z >\l w A/ N)\/ Z )\ w >\
1 n n, E n,\ n,\ '
oo 30w (Fm0n))) - I e (R5)
n=Ms+1 ’ n=M>+1

This equation is obvious if Ny < oo and if N,

continuity of exp. So

Ny

= 00, then this follows easily from

Wn, N

- I] E.

n=Mao+1

<Zn AT

because of the way o was chosen. Then (3.9) follows since z € K; was arbitrary.

Therefore, s(\') € [Ky, V] N [K,, V] which implies s(\) € [K, V] as required. [

< €
— Wy 3Ry

We want to use the previous lemma to prove Proposition 3.29, which states that

a very good domain with a discrete subset removed is still very good. First we

need to better understand the fundamental group of a domain with a discrete set

removed. We do this through the following sequence of lemmas.

Lemma 3.22. If X C C is a domain, A C X is discrete and xo € X\ A, then the

map i : 7 (X\A, x0) = m1(X, x0), induced by the inclusion X\ A — X, is surjective.

Proof. Suppose o € (X, z9) and v : [ — X is a loop in X based at zy such that

o =[y]. Foreacha € Alet D, C X be a disc centred at a so small that D,NA = {a}.

Note that the sets X\ A and D, for a € A form an open cover for X. There exists a

partition 0 = 59 < 51 < - -+

< 8, = 1 such that each subinterval [sy, si11] is mapped
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into one of these open sets by v. Without loss of generality we may suppose that
v(sk) & Afor k=1,...,n— 1. For if v(s;) € A for some k = 1,...,n — 1, then
remove s, from the partition. Note that v(sg) = v(s,) =20 € A. If y(s) = a € A for
some s € I, then s € (s, sg41), for some k € {0,...,n — 1}, and y([sg, Sk+1]) C Daq.
Now by dealing with v on one subinterval at a time, it is clear that we can deform
v to a loop 7' which is contained in X\ A. Then o = i([7/]). So i is surjective as
required. O

Suppose G is a group and S C G. We denote the subgroup of G that S generates
by (S).

Lemma 3.23. Suppose that G, H are groups and that f : G — H is a homomor-
phism. If S, T are subsets of G such that ker(f) C (S) and (f(T)) = im(f), then
SUT generates G.

Proof. Let g € G. Then f(g) = f(ty...t,), where ty,...,t, €T. So g(t;...t,)" ' €
ker(f). Hence g(t;...t,)"' = s1...8,, where si,...,5, € S. Therefore g =

S1...8nt1...t,, as required. ]

Suppose that Y is a topological space and v : I — Y is a path in Y. Define the
inverse path v~ : I =Y v~ (t) = ~v(1 —t).

Let X be a domain and A a discrete subset of X. For convenience, we define an
(X, A)-circle to be a loop o : I — X\ A, o(t) = a + ee*™ where a € A and € > 0 is
so small that B(a,e)\{a} C X\A.

Lemma 3.24. Suppose X C C is a domain, A C X 1is finite, v € X\A and i :
m(X\A, x) = m (X, x) is the homomorphism induced by the inclusion X\A — X.
Then ker(i) is generated by the collection Sy of all elements of the form [y-o-~7],
where o is an (X, A)-circle and v is a path in X\A from x to 0(0).

Proof. Observe that S; C ker(7). It remains to be seen that S; generates ker (7).

If A= 0, then there is nothing to prove.
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If A contains only one element a, then we can cover X by X\A and D,,
where D, is a disc centred at ¢ in X. Let o be an (X, A)-circle contained in
D, and let 2’ = ¢(0). The fundamental group m(D,\{a},2’) is generated by
[0]. By the van Kampen theorem [14, Theorem 1.20], the kernel of the map
i m(X\A,2') — m(X,2'), induced by the inclusion X\ A < X, is the normal
subgroup in m(X\ A, 2') generated by [¢]. So ker(i) is generated (as a subgroup)
by {¢-[o]- ¢t ¢ em(X\A, 2)}. It follows by conjugating by [vo], for some path
o from x to a’, that ker(i) is generated by

{[y-o-77]:~vis apath in X\A from = to 2’ = ¢(0)} C 5.

So Sy generates ker(), as required.

Suppose that this lemma is true for all A C X with |A|] = n, for some n € N.

Let A = {ag,a1,...,a,} be a subset of X with n 4+ 1 elements. Define A~ =
{ai,...,;a,}. Let iy : m(X\A,x) — m(X\A™,z) be the homomorphism induced
by the inclusion X\ A — X\ A~ and iy : m(X\A™,z) — (X, z) be the homomor-
phism induced by inclusion X\A~ < X. By assumption ker(is) is generated by
the collection S of all elements of the form [y -0 -~7], where o is an (X, A™)-circle
and 7y is a path in X\ A~ from z to ¢(0). Let & be a subset of 71 (X, x) that freely
generates (X, z), and for each a € &7, let ¢, : I — X be a representative of «
contained in X'\ A. It is possible to find such a set &7 because the fundamental group
of a non-compact Riemann surface is free (see the proof of Lemma 3.17). Then the
set So U Ty generates m1 (X \A™, z), where Ty = {[t,] : @ € &7}, by Lemma 3.23.

Note that ker(i;) is generated by elements of the form [y - o - v7|, where o is
an (X\A~, {a})-circle (and hence an (X, A)-circle) and v is a path in X\ A from
x to (0). This is simply the case of |A] = 1 with X replaced by X\A~. So
ker(i;) C (S1).

For each s € S5, there exists an element s’ € S; C m(X\A4,z) with s = i(¢).
Let Th = {[¢a] : @ € &} C m(X\A, x). Observe that i;(S; UT) D Sy UTs. So
since Sy U Ty generates m (X\A™, x) = im(é;) it follows that (i;(S; UT1)) = im(q).
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Hence 7 (X\A, x) is generated by S; UT; by Lemma 3.23.
We claim that ker(i) C m(X\A,z) is generated by S;. Suppose ¢ € ker(q).
Suppose that zi,...,z, € T} US; are such that x; # xj__ll for j = 2,...,n and

( =x129...2,.

We can assume that there does not exist a pair (j,k) € {1,...,n — 1} X
{1,...,n} so that & > j + 1, the elements z;,x); are contained in T}, z; = xj’l
and z;y1,...,25-1 € S1. For if there did exist such a pair, then replace the original
Tjt1,...,Tp—1 € S1 by a:jxj+1xj_1, ey xjxk_lxj_l € 5;1. So

C:iL‘l....Z'j,ll']qu...xk,1$k+1...$n (310)

Relabel q,..., 7,2 so that z; is the j-th term in the product in Equation 3.10.
Hence ( = z1...2, 5. Replace n by n — 2, so ( = x1...x,. One can repeat the
above procedure a finite number of times (because n is decreasing by 2 each time)
until there does not exist such a pair (7, k).

Let m = |{v € {1,...,n} : x, € T1}|. Suppose that m > 0. Let ry,79,..., 7 €
{1,...,n} be such that r <ry <--- <, and x,,, € T1. By definition of T}, i is

injective on 7. Because ( € ker(i),

e=1i(C) =1i(xy)...i(z,) = i(xy,) ... 0(x,,), (3.11)

where e is the identity in m(X,z). If m = 1, then Equation 3.11 contradicts .o
freely generating (X, z) since i(x,,) € &/. Suppose m > 2. Note that we have
assumed z,, # x,, ' forj=1,...,m—1,s0i(x,,) #i(zx,,,) forj=1,...,n—1,
by injectivity of 7. So again Equation 3.11 contradicts o freely generating m; (X, x),
since i(z,;) € &/ for j = 1,...,n. Hence we have a contradiction if m > 0. Therefore

m = 0 and hence 57 generates K. O]

Lemma 3.25. If X C C is a domain, A is a discrete subset of X and x € X\A,
then ker(m (X\A, z) — m (X, z)) is generated by elements of the form [y-o-~v7],
where o is an (X, A)-circle and 7y is a path in X\ A from x to o(0).
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Proof. This lemma is true for the case where A is finite (see Lemma 3.24). Suppose
that A is infinite. Let X, X5,... be a sequence of domains in X so that x € X3,
X; CC Xy CC X3 CC ... and U X; = X. For j e N, let A; = X; N A. Note
that A; is finite for j € N since Xj-eii relatively compact in X. Suppose [y] € ker(7),
where v : I — X\ A is aloop in X\ A based at x. Let H : [ x I — X be a homotopy
from 7 to the constant loop z. This homotopy exists because [7] is in the kernel of
t. The image of H is compact and is therefore contained in X,, for some m € N.
Let i @ (X \Am, ) = 71 (X, ). Then [y]" is contained in the kernel of 4,,. So
~ is homotopic (in X,,\A,, and hence in X\ A) to a product of loops of the desired

form by Lemma 3.24. O

Suppose X is a topological space and 71,7 : I — X are paths in X with
71(0) = 72(0) and (1) = 72(1). We write v; ~; 72 to mean 7, is homotopic to 7o

relative to endpoints.

Lemma 3.26. Suppose X C C is a domain, A C X is a discrete subset and
x € X\A. Let S be the collection of all elements of the form [y - o -~y~], where o is
an (X, A)-circle and ~y is a path from x to o(0) in X\ A. Then there exists a subset
T C m(X\A, x) such that SUT generates m (X \A, ), i is injective on T and i(T)
freely generates m (X, x), where i : m(X\A,x) — m(X,x) is the map induced by
the inclusion X\ A — X.

Proof. Let <7 be a subset of (X, x) that freely generates m1 (X, z). For each a € &7
choose an element p(«) in the preimage of o under ¢. This is possible since the map
i:m(X\A,x) — m (X, ) is surjective. We claim that 7' = {p(«) : @ € &/} has the
desired properties. By construction 7 is injective on o/ and i(</) freely generates
m (X, z). All that remains to prove is that S U T generates m(X\A,x). Note that
since i(T') generates the image (X, x), it suffices to show that ker(i) is generated

by S. This has been done already in Lemma 3.24. [

Lemma 3.27. Suppose X C C is a domain, A C X is a discrete subset and
r € X\A. Let a € A and let S, be the collection of all elements in m (X\A, z) of
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the form [y-o-~~|, where o is an (X, A)-circle centred at a and 7y is a path in X\ A
from x to o(0). If A : m(X\A,z) — Z is a homomorphism, then X is constant on

Sa-

Proof. Let o, be an (X, A)-circle centred at a. Note that each element & of S, can
be represented by v - o, - v~ for some path v from x to 0,(0). For if o is another
(X, A)-circle, then o ~y; ¥ - 0, - ~, where ¢ : I — X\A is a parameterisation of
the straight line from ¢ (0) to 0,(0). So if £ € m(X\A,x) can be represented by
7.0 -7, where T is a path from z to o(0), then 7-0 -7 ~g; 7-¢ -0, -9~ -7~ and
hence setting v = 7 -1 we have £ = [y -0, - 7]

Suppose £1,& € S,. By the above, there exist paths 7,72 : I — X\A from z
to 04(0) such that & = [y1 -0, -7 ] and & = [y2 - 04 - V5 . Then [y -0, - 75| =
[v2:v1 ] (710077 - [71:75 | and therefore, since Z is abelian and A is a homomorphism,

Mvoa-m]) =Mz 007 ))- O

Lemma 3.28. Suppose X C C is a domain, A C C is a discrete subset and x €
X\A. Leta € A. Define S, as in Lemma 3.27. If f : X\A — C* is a holomorphic

map with a zero of order n at a € A, then f.([C]) = n whenever ¢ € S,.

Proof. Since f has a zero of order n at a, there exists an open disc U centred at a and
a nowhere vanishing holomorphic function g : U — C such that f(z) = (z —a)"g(z)
for all z € U (we define f(a) = 0). Let  be an arbitrary element of S,. Let o, be
an (X, A)-circle centred at a and contained in U. As in the proof of Lemma 3.27

there exists a path v from z to ¢,(0) such that £ = [y -0, -7~]. Now,

f&) =w(f(y-0a-77)) =w(f(v) - floa) - F(77)) = w(f(0a))

= w((ga - a)ng<0a))
(

since o, is null-homotopic relative to endpoints in U and g does not vanish on U. [
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Proposition 3.29. If X is a very good domain in C and A is a discrete subset of

X, then X\ A is very good.

Proof. Let i : m(X\A, x) — 71 (X, z) be the map induced by the inclusion X\ A —
X. Let S be the collection consisting of all elements of the form [y-o-~~], where o
is an (X, A)-circle and ~ is a path in X\ A from x to ¢(0). For each a € A, let S, be
as defined in Lemma 3.27. By Lemma 3.26, there exists a subset 7' C m (X\A4, z)
so that (T freely generates m(X,x), i is injective on 7" and S U T generates
m(X\A,x). Let f : T — i(T), o — i(a). Note that f is a bijection since i is
injective.

For each A € Z'T), let E(\) be the unique extension of A to a homomorphism
7 (X,7) —= Z. The map E : Z") — Hom(m(X,),Z), A — E()), is continuous.
For suppose U C Hom(m(X,x),Z) is open. Without loss of generality, suppose
U = [{o},{n}] N Hom(m (X, z),Z), where ¢ € m(X,z) and n € Z. Suppose
0 = 010y...0py, where m € N and o; € i(T) for j = 1,2,...,m. If A\ € E71(U),
then ﬁ [{c;},{\(c;)}] is an open neighbourhood of A in E~!(U). Therefore E is
contirjn:l(l)us.

Let J C Nand J — A, j — a;, be an enumeration of A. For each j € J, let
§; be an element of S,;, C m(X\A,x). Let k : J — 8§, j = . Since X is very
good, there exists a continuous section s; of -, : (X,C*) — Hom(m (X, z),Z). Let
sy 1 Z7 — O(X\A,C*) be a continuous map with ord,, s2(A) = A; for all A € Z7
and j € J. Define s3 : Hom(m (X\A, z),Z) = O(X\A,C*), A = s1(E(Xof1))|x\a
and sy : Hom(m (X\A,2),Z) - O(X\A,C*), A\ — s9(Aok). The maps s3 and sy
are compositions of continuous maps and are therefore continuous.

Let s : Hom(m (X\A,2),Z) — O(X\A,C*), A — s3(A — s4(A).)sa(A). Let A be
an arbitrary element of Hom(m (X\A,z),Z). We want to show that s(A), = A. It
suffices to show that s(\), = XA on SUT because S UT generates m(X\A,z). Note

that

ord,,, s(A) = ord,,, $3(A — s4(N)x)ss(A) = ord,,, s4(A) = Ao k(m) = A(&,) (3.12)
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for m € J. Suppose £ € S. Then & € §,,, for some m € J. So A(&n) = A€)
by Lemma 3.27. By Equation 3.12 and Lemma 3.28, s(\).(§) = A(&n) = A(€) as
required. Let 7 =X — s4(A\).. If & € T, then

53(7)«(@) = (s1(E(1 0 f1)|x\a)«(@) = s1(E(T o f71))s 0i()

because restriction to X'\ A is simply pulling back by the inclusion X\ A < X. Note
that s;(E(To f71)). = E(r o f~1) by definition of s, and i(a) € i(T), so

si(B(ro f71)soi(a) = 7(a).

Hence

as required. O

Let X be a domain in P;. Let J C N and (D;),es be a family of closed discs
in X (which are allowed to be points). We say that (D;),es is a family of isolated
closed discs if for each j € J there is an open neighbourhood of D; which does not

intersect Dy, for k # j.

Proposition 3.30. Let Q C Py be a domain and suppose (Dj);es is a countable
family of isolated closed discs such that |J D; is closed in Q. Then Q\ |J D; is

j€J j€J
connected.

The proof below is similar to the proof of Lemma 3.22.

Proof. Without loss of generality suppose that J = {n € N : n < N} for some
N € NU {oo}. For each j € J, let U} be an open neighbourhood of D; not
intersecting Dy, for k # j. Let U} be an open neighbourhood of D; such that
7 UJ. Define U; = U7\ U U}. Note that (Uj);ecy is a family of mutually disjoint
open sets and D; C U; for each J € J. Moreover, for each j € J, by shrinking U;
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if necessary, we may assume that U, is an open disc with the same centre as D;.
Hence for each j € J, U;\D; is an open annulus and therefore is path connected.
Now let z,y € Q\ U D; and let v be a path in Q from x to y. Note that the
sets Q\ U D; and U; ]ff)i j € J form an open cover for (). There exists a partition
0 < sg <]€:9]1 < +-+ < 8, = 1 such that each subinterval [sy, sx11] is mapped into one

of these open sets by 7. Without loss of generality suppose that v(sx) & | s Dj

for k =1,...,n—1. If y(s;) was in |J D, for some k € {1,...,n — 1}, then we
jeJ

could remove s, from the partition. Note that v(so) = z,v(s,) =y &€ U D;.
jeJ
If v(s) € U D; for some s € I, then s € (sy, Sg+1) for some k € {0,...,n — 1}
jeJ
and y([sk, Sg+1]) C U for some j € J. By assumption v(si),v(sk+1) € U Dy, so
jeJ

Y(sk), Y(sk+1) € U;\D;. From the simple geometry of the situation, it is evident
that we can deform v|[sk, sk4+1] to a path 4 : [Sk, Sk+1] = U;\D; from z to y in
U;\D; relative to endpoints. Doing this for each subinterval containing such an s

yields a homotopic curve in Q\ UJ D; from z to y. O
je
Proposition 3.31. If X is a very good domain in C, J C N and (D;),e, is a family
of isolated closed discs contained in X so that |J D; is closed in X, then the domain
X\ U D; is very good. <
j€J
As in Lemma 3.21, the reason we do not simply take J = N is so that we can

deal with the finite case and the infinite case at the same time.

Proof. Let z; be the centre of D; for j € J. Clearly {z; : j € J} is a discrete subet
of X, so X\{z; : j € J} is very good by Proposition 3.29.

For each j € J, let U be an open neighbourhood of D; in X such that U; N
U Di = 0 and let ¢; > 0 be so small that B(Dj,¢;) C Uj, where B(Dj,¢;) is the
]l;zjll of radius €; around D, in C. Define U; = B(Dj,¢;/3) for j € J. Note that
UiNUp =0 for j # k. If this were not the case, then there exists z € U; N Uy.
Then there exist ¢; € D; and ¢}, € Dy so that d({;,2) < €;/3 and d((x, 2) < €;/3.

Without loss of generality suppose €, > €;. Then d((;,(x) < 2€;/3 < €. So
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(j € B(Dg,€ex) N D;, which contradicts U, N D; = ().
Define R : X\ U{#} = X\ U U,
jed jeJ
z fzeX\UU;
R(z) = =y
2, if z € U; for some j € J,
where for z € Uj, 2, is the point where the ray from z; to z intersects OU; in C.
Clearly R is continuous. It is easy to check that R and R|x\ |y p, are homotopy
jedJ
inverses for X\ |J U; — X\ U{z;} and X\ J U; — X\ U D, respectively. It fol-
j€J jeJ jet jeJ
lows that X\ J D; — X\ U{z;} is a homotopy equivalence. Therefore X\ |J D;
jed jet jeJ
is very good by Proposition 3.20. [
Suppose Y is a topological space and Z C Y is a subspace. We say that a point
y € Y is a point of accumulation of Z if whenever U is an open neighbourhood of

y, ZNU\{y} # 0. Let Dy : P(Y) — P(Y), Z — Z', where P(Y) is the power set
of Y and Z’ is the derived set of Z, that is,

Z'={z €Y : zis an accumulation point of Z}.

Note that 2y (Z) is closed in Y for every Z C Y. In particular, Z¢(Y’) is closed in
Y for every n € N. We take 22(Z) to be Z itself. It is easily shown that if Z C YV

is closed, then
Dyv(Z) = Z\{y € Z : y is an isolated point of Z}.

In what follows we will omit the subscript in 2y because we will always take Y
to be either Sz or B(X) (to be defined) and it will be clear from the context which
it is.

Let X be a domain in C. Let J C N and F = (Dj);es be a family of mutually

disjoint closed discs in X indexed by J. Define an equivalence relation ~ on (J D;
jeJ
by ¢ ~ £ if ¢ and £ belong to the same disc. Let Sz = |J D,/ ~. Give Sr the
jeJ
quotient topology (as a set, Sz is simply J, but the topology on Sz need not be
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discrete). Note that Sz D 2(S7) D 2%(Sr) D ... and 2™ 1(Sx)\2™(SF) is the
set of isolated points in 2™ 1(Sx) for m € N. A disc D is isolated in 2™ 1(Sz) if
and only if there exists an open neighbourhood of D in C not intersecting any of

the other elements of 2™ 1(Sz).

Lemma 3.32. Suppose X is a topological space, U C X 1is a closed subspace and

V' C U is closed in the subspace topology on U. Then V 1is closed in X

Proof. Clearly U\V = W N U, where W is open in X. Without loss of generality
suppose that X\U C W. If this were not the case, then we could replace W by
WU (X\U). Then

X\V=X\O)u(U\V)=(X\U)NnW)YuUnW)=W.
So V is closed in X. O

Lemma 3.33. Suppose that X C Py is a domain. Let F = (D;)je; be a countable
family of mutually disjoint closed discs in X with |JF closed in X and 2™(Sx) =0
for some n € N. Then X\ |J D; is connected.

jed
Proof. Suppose n € N is such that 2"(Sz) = 0 and 2" '(Sz) # 0. For j =
0,...,mn, let Q; = X\U2"7(Sr). Note that for j = 0,1,...,n— 1, Q41 is ob-
tained from (2; by removing a countable family of isolated closed discs, namely
DI SEN\Z" I (SF). Tt is easy to show, using the assumption that | J F is closed,
that |J 2" 771 (Sz)\2" 9 (Sx) is closed in ;. So for each j =0,1,2,...,n—1, by
Proposition 3.30, €2;4, is a domain if €); is a domain. Hence €2, is a domain since

Qp = X is a domain. O

Proposition 3.34. If X is a very good domain in C, J C N and F = (D;)jes is a

family of mutually disjoint closed discs contained in X so that |JF is closed in X
and 2™(Sxg) = 0 for some n € N, then X\ |JF is very good.

Proof. Note that X\ |JF is a domain by Lemma 3.33. If J = (), then there is
nothing to prove. So suppose J # (). Let n € N be such that 2"(Sz) = () and
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2" 1(SF) # 0. For m € NU {0}, define Z,, = X\J 2™(S#). Note that Z, ; is
very good by Proposition 3.31. If Z,, . is very good for some 1 < k < n — 1, then
Zy_1—1 is very good. For 2" *1(Sz)\2"*(Sx) is a collection of isolated closed
discs in Z,,_j, and |J(2"F1(S£)\2"*(SF)) is closed in Z,_}, since its complement

Zp_k—1 1S open. So

Znt1 = Zn-\J(@" SN2 H(SF))
is very good by Proposition 3.31. It follows that Z; is very good, as required.  [J

We now give a few examples of domains in C which are very good by the above
proposition.

Recall that domains with finitely generated fundamental groups are very good
by Proposition 3.18. So in particular C is very good. We already knew that
X, = C\{0,1, % %
C\{1,2,3,...} and X] is very good by Proposition 3.29. Note that the trick was

..} was very good because X; is biholomorphic to X| =

to biholomorphically send the point of accumulation to oo thus leaving us with a

discrete subset of C. The same trick will not work if the sequence also accumulates

11
at oo, for example X, = C\{...,2,1,0, 33
and including Proposition 3.29 could not deal with this domain. Yet X5 is very good

.. }. It seems that the results up to

by Proposition 3.34.

The domain X5 is the complement of a countable closed set in P; with two points
of accumulation. Proposition 3.34 allows us to deal with complements of some
countable closed sets with infinitely many points of accumulation. For example,

C\A, where

1
A={ex+wy :z,ye{...,2,1,0, ’§""}}’

DN | —

is very good.
Suppose that X is a domain in C. Let B(X) denote the collection of all connected
components of 90X in P;. We can give B(X) a topology as follows. Define an

equivalence relation ~ on 0X (the boundary of X in Py) by x ~ y if x and y are in
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the same connected component of 0X. Then B(X) = 0X/ ~, so we can give B(X)

the quotient topology.

Lemma 3.35. Suppose X C C is a domain and C C B(X). For every c € C\Z2(C)
there exists an open neighbourhood W of ¢ in Py which does not intersect ¢ for all

d e C\2(C) with ¢ # c.
Proof. By definition 2(C) is the set of all points of accumulation of C'in B(X), so
C\2(C) = {c € C: ¢ is not an accumulation point of C'}.

Suppose ¢ € C\Z(C). Then there exists an open neighbourhood U of ¢ in B(X)
which does not intersect C'\(2(C)U{c}). Let V = ¢ }(U), where ¢ : X — B(X) is
the quotient map. The set V' is clearly open and does not intersect ¢’ for ¢ € C\2(C)
with ¢ # c. For if such a ¢ did intersect V = ¢~ *(U), then U = ¢(¢ ' (U)) would
contain ¢ € C\(Z(C)U{c}), which is a contradiction. Then V' =W NoX for some
open subset W C C, by definition of the topology on d.X. Clearly W has the desired
property. ]

Lemma 3.36. If X is a domain in C with 2"(B(X)) = 0 for some n € N, then

0X has countably many connected components, that is, B(X) is countable.
Proof. Note that
B(X) = (B(X)\2(B(X))) U(2(B(X)\Z*(B(X)))U---
(2" (B(X)\2" 1 (B(X))) U 2" (B(X)).
If B(X) is uncountable, then for some m € {1,...,n}, 2" 1(B(X))\2"(B(X))

is uncountable. For each ¢ € 2™ 1(B(X))\2™(B(X)) let z. be a point in ¢. By

Lemma 3.35 the collection
S={z:c€ 2" Y(B(X)\2™(B(X))} Cc P, (3.13)

given the subspace topology is discrete. But S is a subspace of a second countable
space and is therefore second countable, which contradicts S being uncountable and

discrete. So B(X) is countable. O
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We now come to our main result. Here we invoke He and Schramm’s big theorem

[15, Theorem 0.1] .

Theorem 3.37. If X is a domain in C with 2"(B(X)) =0 for some n € N, then
X is very good.

Proof. Since 2™(B(X)) = 0, X has at most countably many boundary components.
A homeomorphism Y — Z of domains in P; induces a homeomorphism B(Y) —
B(Z) (see [15, Fact 1.1]). So by [15, Theorem 0.1] we may assume without loss
of generality that X is a circle domain in Py, not P, itself, with countably many
boundary components.

Suppose that (¢;)jes is a family of mutually disjoint circles in Py such that
B(X)={c;:j € J}. For each j € J, let D; be the closed disc in P; with dD; = ¢;
and D; N X = (). Then F = (D;);es is a family of mutually disjoint closed discs in
P;.

Claim: Sz is homeomorphic to B(X).

Let f: B(X) — SF, ¢; — D;. We will prove that f is a homeomorphism. Clearly
f is a bijection. Define f’: X — Sz, z — [z]. Note that f’ is the restriction of
the quotient map q : U D; — Sy to 0X and so f’ is continuous. Observe that
f'= fop, where p: 8])€(J—> B(X) is the quotient map. Therefore f is continuous

since f’ is continuous.

All that remains to prove is that f is closed. To this end, suppose that V' C B(X)
is closed. Let Jy C J be such that V = {¢; : j € Jo}. Then p~ (V) = | ¢; is
Jj€Jo

closed in 0X and hence in P;. We want to show that f(V) = {D; : j € Jo} is

closed in Sz. Since |J D; is saturated with respect to ¢, it suffices to show that

J€Jo
U D; is closed in |J D;. This follows if we can show that |J D, is closed in
jedo jeg jedo
P,. Let = be an arbitrary element of P;\ |J D; and let W be a connected open

Jj€Jo
neighbourhood of x contained in the open set P\ |J ¢;. Since W is connected,
J€Jo
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W does not intersect D} for j € Jo. Hence W is an open neighbourhood of z

contained in P\ |J D;. Therefore |J D; is closed in P;.

jedo j€Jo
If V.= B(X) in the above, then V = {¢; : j € J}. Hence we have proved that
U D; is closed in Py. The claim implies that 2"(Sr) = . So by Lemma 3.33,
{)?’]: P, \ U F is connected, that is, a domain.

We will prove that X = X’. Clearly X C X’. Suppose r € X' and = ¢ X.
Choose a point y € X and a path v from z to y in X'. Since z ¢ X and y € X,
there exists s € [0,1) such that v(s) € 0X. But this is a contradiction since
v(s) € P1\ U Dj and 90X C {J D;. Therefore X’ C X and so X = X'.

Withou{cei]oss of generalitgfeguppose that oo € U D;. Let jo € J be such that
oo € Dj,. Note that P;\D;, is a very good domaijneqn C because P;\D;, is simply
connected (see Proposition 3.18). Let F' = (D;) e yjo}- Note that F' is a family
of mutually disjoint closed discs with |JF’ closed in P;\Dj,. Clearly 2"(Sz) =0

since 2"(Sx) = (). Therefore X is very good by Proposition 3.34. [
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